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PREFACE

Project MICHIGAN is a continuing, long-range research and development pro-
gram for advancing the Army's combat-surveillance and target—aclquisition capa-
bilities. The program is carried out by a full-time Institute of Science and Tech-
nology staff of specialists in physics, engineering, mathematics, and related fields,
by members of the teaching faculty, by graduate students, and by members of other

research groups and laboratories of The University of Michigan.

The emphasis of the Project is upon research in imaging radar, MTI radar,
infrared, radio location, image processing, and special investigations. Particular
attention is given to all-weather, long-range, high-resolution sensory and location

techniques.

Project MICHIGAN was established by the U. S. Army Signal Corps at The
University of Michigan in 1953 and has received continuing support from the U. S.
Army. The Project constitutes a major portion of the diversified program of re-
search conducted by the Institute of Science and Technology in order to make avail-
able to government and industry the resources of The University of Michigan and
to broaden the educational opportunities for students in the scientific and engineering

disciplines.

Documents issued in this series of Technical Memorandums are published by
the Institute of Science and Technology in order to disseminate scientific and en-
gineering information as speedily and as widely as possible. The work reported
may be incomplete, but it is considered to be useful, interesting, or suggestive
enough to warrant this early publication. Any conclusions are tentative, of course.
Also included in this series are reports of work in progress which will later be
combined with other materials to form a more comprehensive contribution in the

field.
Progress and results described in reports are continually reassessed by Proj-

ect MICHIGAN, Comments and suggestions from readers are invited.

Robert L. Hess
Director
Project MICHIGAN
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AN OPERATOR THEORETIC FORMULATION OF LINEAR
DIFFERENTIAL SYSTEMS

ABSTRACT

In this report the linear differential system

k(t) = AR)x(t) + BOut)  x(t,) = x°

is reduced to a canonical operator theoretic form. This representation consists
of a parameterized family of bounded linear transformations into a cartesian
product of the underlying scalar field. It gives immediate results for the mini-

mum energy control problem.

1
INTRODUCTION
A number of recent articles have utilized the function-space approach to the analysis of
control problems. The attractiveness of this approach stems from the manner in which the
technical "underbrush" is cleared away, leaving the essential features in clear view. In this

report the linear time varying system differential equation
(t) = A(t)x(t) + B(t)u(t) x(t,) = x° 1)

is reduced to a simple operator-theoretical form which in itself yields considerable insight
into the structure of the system. In Equation 1 the symbols x(t) and u(t) denote the column vec-
tors x(t) = col(xl(t), Ce e, xn(t)), uft) = col(ul(t), c e, um(t)), and A(t), B(t) d.enote n Xn and

n X m matrices, respectively. It is well known that under fairly general conditions the solution
to Equation 1 exists, is unique, and is expressible in the following matrix integral form:

t
x (b t, x) = @, t 60+ 8t t) L a(t, s)B(s)u(s)ds 2)
(0]
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To make these statements precise, define T as a fixed interval on the real line; then the

following theorem summarizes the properties important to this discussion [1, 2].

Theorem 1: Let || A(t)|| denote the norm of A(t) at time t; then if || A(t)]] < m(t), where mit)
is an integrable function on T, there existsa unique matrix &(t, to), which is absolutely contin-

uous on T and satisfies the differential equation

b(t) = A(t)(t) &(to) =1t t €T (3)

almost everywhere on T.

In this theorem, it is assumed that || A(t)|| is the norm induced by any suitable norm on
x(t). The solution guaranteed by the theorem is, of course, the matrix &(t, to) used in Equation
2.

2
THE OPERATOR THEORETIC FORMULATION
A moments reflection on Equation 2 emphasizes the extent to which the operations in-
volved are concrete. It is also true that in many cases the abstraction of physical problems
affords a clearer insight into the basic character of the problem. Such is the case with dif-

ferential systems. To shorten the following treatment, let us agree on the standard notations:
C(T) = {x(t) | x(t) is a continuous function for t € T}

Lp(T) ={x(t) | x(t) is measurable' on T andlz[r lx(t)lpdt}l/p < oo} T 1<p<ow

A direct consequence of Theorem 1 is that if each element of B(t) is bounded and meas-
urable on T, and if each uj € LI(T)’ j=1, ..., m, then Equation 2 represents the unique solu-
tion of Equation 1. Theorem 1 states, in addition, that &(t, to) is absolutely continuous, which
implies that each element (pij(t) of this matrix is in C(T), i, j=1, ..., n. Since every contin-
uous function takes on an absolute maximum and minimum on any finite interval, it is easy to
show that <pij(t, to) € Lp(T) foranyl<p<wandi, j=1,..., n Thus the functions goij(t, to)

may be considered as elements in any of these function spaces.

T?hat is, measurable in the sense of Lebesque. In the case p = o, the integral is replaced
by ess. sup.|x(t)].
teT
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It is not essential, but convenient, to assume that B(t) is also a matrix of continuous func-
tions so that the matrix Z(t) = <I>(to, t)B(t) is a continuous n X m matrix. Let Zij(t) denote the
elements of Z(t) and let Zi(t) = [zﬂ(t), C e, Zim(t)] denote the i-th row of Z(t). Define the

operation [Zij’ u](s) by

Then the reader can easily verify that <I>(to, s)B(s)u(s) is an nx1 vector, the i-th component of

which is given by [Zi’ u](s). Thus we have

[2,, u)(e)

t t
f ott, o)BenE) = [ | as @)

0 b [z, uj(s)

t

In all cases, integrals of the forrnf zij(s)uj(s)ds are involved. For fixed t, the form of this
t
o)

expression is that of a linear functional [3]. We have remarked earlier that if zij (t) is contin-
uous on T, it qualifies as an element of any Lp(T) for 1< p < . Thus if uj(t) € Lp,(T), then
zij(t) € Lp(T), where 1/p + 1/p' = 1, and the functional fijt defined by

t
f.. (u,) éj zij(s)uj(s)ds

exists and is the general representation2 of an element of the space L*p(T).

In many applications, the functions uy ), ..., um(t) represent independent inputs to a

physical system. Hence it is desirable to consider them as elements from distinct function

spaces. Restricting ourselves to Lp (T) spaces, we have

(t)eL (T j=1,...,m
WO L (1=

Let the space U be defined by the equation®

UA= Lpl(T) X Lp 2(T) X..o.oX L.pm(T)

®If X is a linear space, then X* denotes the space of all bounded linear functionals defined
on X. X* is called the conjugate of X. See Reference 3, page 185, for details.

3This notation denotes the cartesian product of function spaces. See Section 4, page 121 of
Reference 4.
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Then every input vector u(t) = (u 1(t N um(t)) is an element of U. The functionals fit,
i=1,...,n,on U can be defined in the natural way by
i m ¢ m st t
f¢@=Z:t.mJ=Z:f z(@mmms=f (2., ul(s)ds
i ij g ij o i
: - t t
j=1 j=1 o o
where, indeed f.t eUxk=L* (T)X...xL* (T) =1 n
1 p 1 p m 3 )

In terms of these definitions, we can now reformulate Equation 2. First, using Equation 4,

we note that the forced response can be rewritten as

t Yu)

1

tt)J s)B(s)u(s)ds = (t, t ) - (5)
f (u
n

<fit, u>. Then, denoting the

>

Let each functional fit(u) be written in the dyadic notation fit(u)

j-th column of &(t, to) by w.(t, ,to)>, we see that Equation 5 reduces to

o(t, t)j s)B(s)u(s)ds = Zw(t t ><f ,u>
i=1

If the operator F' is defined by

n|>

< t
Z i(t, t0)> <f,

j=1
then we have just proved the following theorem.
Theorem 2: Every differential system obeying

*x(t) = A(t)x(t) + B(t)u(t) x(to) =0 (6)

for which [||A(t)H dt < o and u e [Ll(T)]m can be described as a parameterized family of

4
bounded linear transforms Ft each with finite dimensional range.

*The proof that Ft is bounded follows from the fact that each fi is bounded.
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In the terminology of Theorem 2, the variable t is considered as parameter of the trans-
formatlon The columns <p1(t) L, @ (t) of the transforn; matrix span the range space of
F for every value of the parameter t. The range RF of F~ is then contained in
L(col(t s o ey wn(t)) = Rn. Ft is then a parameterized mapping of U into Rn, written Ft:U - Rn.

Let us consider the initial-condition response of the system. This term is given by

a(t, to)xo. If R" denotes the space of real n-tuplets, then clearly x° € Rn. Ife, ..., e de-

1
notes the rows of the identity matrix on Rn, it is also clear that the i-th component xio of x°

L 0
is given by <e, X > and, hence

n
o _ 0
o(t, to)x = E (pi(t, t0)><ei, X >
i=1

Let us define the linear transformation Jt by

n

ta

J° = E wi(t, to)><ei (7)
i=1

t t
Then &(t, to)x0 =J%°andJ :Rn-L(cpl(t), ce e <pn(t). Observe also that the ranges of Jt and F'

. . t . . .
are identical. J ', however, is one-to-one and onto and, hence, is nonsingular.

It is possible to incorporate the total system response within the present framework. To

do this, let the augmented input space V be defined by V = R" X U. The elements of V are then

of the form v = [xlo, cee xno, ul(t), cee, um(t)]. Noting that Equation 2 has the form
xu(t, to’ xo) = tho + Ftu, let us define the operator ’I‘t = Jt ® Ft by

Ttv = tho + Ftu (8)
Since Jt and Ft have the same range space, namely R" = = L(op (t) e, @ (t) 1t is clear that

Tt:V - L(<p1(t), ey q)n(t)) and that T is linear. From th1s it follows that T must have an

n-term dyadic expansion. In fact, let the functionals {gl, Ceay gn} on V be defined by
t o\ 0. t
g (v) =<e;, X >+<fi ,u>

Then, combining Equations 6, 7, and 8, we have

=

n n
xu(t, t; X) = T =Z @, (t t, )><e x°> Z o.(t, t, )><f, t, u> =Z cpi(t, to)><git’ v>  (9)

i=1 i=1 i=1
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The following theorem summarizes these results.

Theorem 3: If A(t) is a square matrix for which fT [|A(t)|] dt < «, and if each element of the

vector B(t)u(t) is integrable on T, then the differential system

k() = A(Dx(t) + BOu(t)  x(t)=x,t, teT
can be represented as a parameterized family of bounded linear transformations onto a finite

dimensional range.

3
DISCUSSION
The intent of this report is not the detailed exploitation of the above representation, for
the implications are many and varied. It seems appropriate, however, to mention in passing
some of the salient advantages of this approach to systems analysis. First let us note that

generalization of the present result to systems of the form
%(t) = A@Mx(t) + BOu(®)  x(t ) =x°
y(t) = C(t)x(t) + D(t)u(t)

can be managed with little modification in the previous arguments. More important is the
fact that although this report isconcerned with continuous time systems, it can be shown that
discrete time and, in fact, any linear dynamic system can be reduced to a representation of
the above form [5, 6]. Thus the present approach emphasizes the similarities rather than the

differences between the various types of linear systems.

The form of Equation 5 itself is worth comment. Let us inquire into the linear dependence

or independence of the funcﬁonals <f1t, ey <fnt. Definition: Any operator A of the form
n
A =Z q)j><fj will be called P-normal if the sets ¢,>, ..., ¢ >and <f;, ..., < are both
j=1
linearly independent.
In the present case, the Pir -y @, are the n-linearly independent solutions to the homo-
geneous differential system and the independence of the set F = {<f1, e ey <fn} is the only

issue.
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The definition of P-normality has a close relationship to the oft-mentioned general posi-
tion condition [7] and the practically identical controllability concept [8]. It can be shown that
the P-normal condition is both more general and satisfying in that it covers discrete, continuous,

and composite systems in a single stroke [9].

Let the input spaces be restricted to being replicas of the Hilbert space H = L2(T). The
space U is also a Hilbert space (with respect to the usual inner product for cartesian spaces)
and the functionals <fj on U are inner products with vectors in U. Let us denote the functional
and the vector by the same symbol fj’ j=1,...,n. Then, if L(fl, e, fn) is the linear

manifold spanned by f ) fn, we may make the decomposition U = L ® L=, and from

10"

Equation 5 it is clear that the null space N, of T1 is equal to L. Since L is n-dimensional,

T
this implies that there are only n-linearly independent input signals which "efficiently' affect
the output. Reference 10 presents a thorough discussion of this and other matters in a more

general setting.

Finally, let us note that the operators Jt and Tt, defined by Equations 5 and 8, are time
varying in nature. If a fixed-arrival-time problem is formulated in the present manner with
arrival time t = tf then th;V -~ R%. In this case any basis for R" can be used to decompose
T f, since the relation between the various decompositions is simply a nonsingular change of
variables. If the arrival time tf is not fixed, but is to be determined (as in the Bolza problem
of the calculus of variations), t, may be considered as a parameter; this case is treated as

before.

REFERENCES

1. W. A. Porter, Modern Foundations of Systems Analysis, Textbook, to appear,
Chapters I and III.

2. E. A, Coddington and N. Levison, Theory of Ordinary Differential Equations,
McGraw-Hill, New York, 1955, Chapter II.

3. A. E. Taylor, Introduction to Functional Analysis, John Wiley, New York, 1958,
p. 33.

. 4. G. F. Simmons, Introduction to Topology in Modern Analysis, McGraw-Hill,
New York, 1962, p. 121.

5. W. A. Porter, Representation Problems in General Dynamic Systems, Report
No. 2900-463-R, Institute of Science and Technology, The University of Michi-
gan, Ann Arbor, Mich., in publication.




Institute of Science and Technology

The University of Michigan

10.

. W. A, Porter, A Functional Decomposition for Linear Discrete Systems, Re-

port No. 2900-459-R, Institute of Science and Technology, The University of Mich-
igan, Ann Arbor, Mich., in publication.

. L. S. Pontryagin et al., Mathematical Theory of Optimal Processes, John Wiley,

New York, 1962,

. R. E. Kalman, Y. C. Ho, and K. S. Narendra, Controllability of Linear Dynamic

Systems Contributions to Differential Equations, Vol. I, John Wiley, New York,
1961. ]

. W. A, Porter, "The P-Normal Condition for the General Linear Dynamic System,"

Article, to appear.

W. A. Porter, ""A New Approach to the General Minimum Energy Problem," Pro-
ceedings of the Joint Automatic Control Conference, Summer 1964, to appear.




Institute of Science and Technology The University of Michigan

PROJECT MICHIGAN DISTRIBUTION LIST 1
1 April 1963 —Effective Date

Copy No. Addressee Copy No. Addressee

1 Office, Secretary of Defense, Security Services 72-74 Director, U.S. Army Engineer
Room 3B-916, The Pentagon Geodesy, Intelligence & Mapping R&D Agency
Washington 25, D. C. Fort Belvoir, Virginia 22060

(72) ATTN: Intelligence Division
(73) ATTN: Chief, Photogrammetry Division
(74) ATTN: Research and Analysis Division

2-26 Defense Documentation Center, Cameron Station
Alexandria, Virginia 22314

ATTN: TISIA
75 Commanding Officer, U.S. Army Combat Developments
27 Director, Weapons Systems Evaluation Group (WSEG) Command, Infantry Agency
Room 1D 847, The Pentagon Fort Benning, Georgia 31905

Washington, D. C. 20301
6 Commanding Officer, U.S. Army Combat Developments

28 Office, Chief of Research and Development Command
Department of the Army Air Defense Agency
Washington, D. C. 20310 Fort Bliss, Texas 79916

ATTN: Chief, Physical Sciences Division, ARO . .
77-78 Commanding Officer, U.S. Army Combat Developments

29 The Assistant Chief of Staff for Force Development Commam’i, Intelligence Agency
Department of the Army Fort Holabird, Maryland 21219

Washington, D. C. 20310
9 U.S. Army Combat Developments Command
ATTN: Concepts Branch Communications-Electronics Agency

Fort Huachuca, Arizona 85613
30 Office, Assistant Chief of Staff for Intelligence, DA
Systems Development Division ATTN: CAGCE-ASD
Washington, D. C. 20310
80 Commanding Officer, U.S. Army Combat Developments
31 U.S. Army Personnel Research Office Command
Washington, D. C. 20315 Armor Agency
Fort Knox, Kentucky 40121

32-34 Commanding General, U.S. Army Materiel Command

Washington, D. C. 20315 81 Commanding Officer, U.S. Army Air Defense Engineering
Agency
(32) ATTN: AMCRD-RP-E Fort George G. Meade, Maryland 20755

(33-34) ATTN: AMCRD-DE-E
82 Commanding Officer, U.S. Army Combat Developments
Command
Artillery Agency
Fort Sill, Oklahoma 73504

35 Headquarters, United States Combat Developments
Command
Fort Belvoir, Virginia 22060

83-84 Director, U.S. Army Engineer Research and

36 Commanding General, U.S. Army Electronics Command Development Laboratories
Fort Monmouth, New Jersey 07703 Fort Belvoir, Virginia 22060
ATTN: AMSEL-CB-A ATTN: Administration Services Department

85 Director, U.S. Army Cold Regions Research &
Engineering Laboratory
P.O. Box 282
Hanover, New Hampshire

37-38 Redstone Scientific Information Center
U.S. Army Missile Command
Redstone Arsenal, Alabama 35809

ATTN: Chief, Document Section
86-87 Commanding Officer, Harry Diamond Laboratories

39-66 Commanding Officer, U.S. Army Electronics R&D Washington, D. C. 20438

Laboratories ATTN: Library
Fort Monmouth, New Jersey 07703
(39) ATTN: SELRA/ADO-RHA 88 Commanding Officer
(40-66) ATTN: SELRA/ADT Picatinny Arsenal
Dover, New Jersey 07801
67-70 Chief, U.S. Army Security Agency “ATTN: SMUPA-DW9

Arlington Hall Station
Arlington, Virginia 22212
89 Commanding Officer, U.S. Army Research Office

(67) ATTN: ACofS, Developments (Durham)
(68) ATTN: IACON Box CM, Duke Station
(69-70) ATTN: ACofS, G3 Durham, North Carolina 27706

ATTN: Chief, Information Processing Office
1 Commanding Officer, U.S. Army Combat Developments

Command 90 U.S. Army Aviation Human Research Unit
Engineer Agency Post Office Box 428
Fort Belvoir, Virginia 22060 Fort Rucker, Alabama 36362



Institute of Science and Technology

The University of Michigan

PROJECT MICHIGAN DISTRIBUTION LIST 1 (Continued)

Copy No. Addressee

91-92

93

94

95

96

917

98

99

100

101

102-103

104

105

106

107-108

109

Commanding General, U.S. Army Combat

Developments Command, Experimentation Center

Fort Ord, California 93941
ATTN: CDEC-AG
Commanding General, U.S. Army Electronic

Proving Ground
Fort Huachuca, Arizona 85613

ATTN: AG Technical Library

Commanding Officer

Aberdeen Proving Ground, Maryland 21005
ATTN: STEAP-DS-TF

Commandant, U.S. Army War College

Carlisle Barracks, Pennsylvania 17013

ATTN: Library

Commandant, U.S. Army Command and General

Staff College
Fort Leavenworth, Kansas 66027

ATTN: Library Division

Commandant, U.S. Army Engineer School
Fort Belvoir, Virginia 22060

ATTN: AIBBES-SY

Commandant, U.S. Army Air Defense School
Fort Bliss, Texas 79916

ATTN: AKBAAS-DP-R

President, U.S. Army Infantry Board
Fort Benning, Georgia 31905

President, U.S. Army Artillery Board
Fort Sill, Oklahoma 73504

ATTN: STEBA-GD

President, U.S. Army Air Defense Board
Fort Bliss, Texas 79916

President, U.S. Army Aviation Test Board
Fort Rucker, Alabama 36362

ATTN: STEBG-TP

President, U.S. Army Airborne Electronics and
Special Warfare Board
Fort Bragg, North Carolina 28307

U.S. Army Security Agency Board
Arlington Hall Station
Arlington, Virginia 22212

USAELRDL Liaison Office, Rome Development Center

Griffiss AFB, New York 13442
ATTN: RAOL
U.S. Army Research Liaison Office

MIT- Lincoln Laboratory
Lexington, Massachusetts 02173

Office of Naval Research
17th and Constitution Avenues
Washington, D. C. 20360

ATTN: Code 461

10

Copy No.

110

111

112-113
(112)

(113)

114

115-116

117

118

119

120

121-123

(121)

(122)

(123)
124

125-126

127
128

129

130

131-132

Addressee

Chief of Naval Operations (Op-07T)
Technical Analysis and Advisory Group
Navy Department

Washington, D, C. 20330

Commander, U.S. Naval Oceanographic Office
Washington, D. C. 20390

ATTN: Library (Code 1640)

Chief, Bureau of Ships, Department of the Navy
Washington, D, C. 20360

ATTN: Command and Control Systems
Management Office (Code 607)

ATTN: Code 680

Bureau of Naval Weapons (RRRE-3)
Department of the Navy
Washington, D. C. 20360

Director, U.S. Naval Research Laboratory
Washington, D. C. 20390

ATTN: Code 2027

Commanding Officer
U.S. Naval Ordnance Laboratory
Corona, California 91720

ATTN: Library

Commanding Officer and Director
U.S. Navy Electronics Laboratory
San Diego, California 92152
ATTN: Library

Commander, Naval Ordnance Laboratory
White Oak, Silver Spring, Maryland

Commanding Officer
U.S. Naval Photographic Interpretation Center
Washington, D. C. 20390

Commander
U.S. Naval Ordnance Test Station
China Lake, California 93557

ATTN: Code 3515

ATTN: Code 753 Technical Library
ATTN: Code 40508

Commander, U.S. Naval Missile Center
Code N223, Space Research Division
Point Mugu, California 93041

AFCIN-3D1, Headquarters, U.S. Air Force
Room 4B137, The Pentagon
Washington, D. C. 20330

Commander, Strategic Air Command (DICC)
Offutt AFB, Nebraska 68113

Commander, Tactical Air Command (OA)
Langley AFB, Virginia 23365

Commander
Tactical Air Command COMM RGN (DCETS)
Langley AFB, Virginia 23365

APGC (PGAPI)
Eglin AFB, Florida 32542

Commander

Tactical Air Reconnaissance Center
Director of Intelligence (DRI)

Shaw AFB, South Carolina 29152



Institute of Science and Technology

The University of Michigan

Copy No.

133-134

135-140

(135-137)
(138-140)

141-145

(141-143)
(144-145)

146

147-148

149-150

151-155

156

157-158

159-160

161

PROJECT MICHIGAN DISTRIBUTION LIST 1 (Continued)

Addressee

Commander 163
Rome Air Development Center (EMG)

Space Defense Systems Laboratory

Griffiss AFB, New York 13442

FTD 164
Wright-Patterson AFB, Ohio 45433

ATTN: TDBDP
ATTN: TDA

Air Force Avionics Laboratory
Wright-Patterson AFB, Ohio 45433

ATTN: AFAL (AVR)
ATTN: AVNT

Director, Air University Library
Maxwell AFB, Alabama 36112

ATTN: AUL3T-7971

Commandant of the Marine Corps
Headquarters, U.S. Marine Corps
Washington, D. C. 20380

ATTN; Code A02

Marine Corps Landing Force Development 167
Center

Marine Corps Schools

Quantico, Virginia 22134

Central Intelligence Agency
Washington, D. C. 20505

ATTN: OCR Mail Room

National Aeronautics and Space Administration 168
Manned Spacecraft Center
Houston, Texas 77001

ATTN: Chief, Technical Information Division

Scientific and Technical Information Facility
P.0..Box 5700

Bethesda, Maryland 20014

ATTN: NASA Representative (SAK/DL) 169
Cornell Aeronautical Laboratory, Inc.

4455 Genesee Street

Buffalo, New York 14221

ATTN: Librarian

VIA: Inspector of Naval Materiel
1021 Main Street

Buifalo, New York 14203 170

The RAND Corporation

1700 Main Street

Santa Monica, California 90406

VIA: Resident Office Headquarters
Los Angeles Contract Management District
United States Air Force
The RAND Corporation
Santa Monica, California 90406 172
Research Analysis Corporation
Capital Beltway & Dolley Madison Hwy
McLean, Virginia 22101

ATTN: Library

VIA: U. S. Army R&D Operations Research
Advisory Group
Capital Beltway & Dolley Madison Hwy
McLean, Virginia 22101

173-174

11

165-166

Copy No. Addressee

Remote Area Conflict Information Center
Battelle Memorial Institute

505 King Avenue

Columbus, Ohio 43201

The Ohio State University Research Foundation
1314 Kinnear Road
Columbus, Ohio 43212

ATTN: Security Officer for
Assistant Director Antenna Laboratory

VIA: Headquarters, ASD
Wright-Patterson AFB, Ohio 45433

ATTN: SEKSE

Human Resources Research Office
The George Washington University
300 North Washington Street
Alexandria, Virginia 22314

VIA: Office, Chief of R&D
Department of the Army ARO
Washington, D. C. 20310

Defense Systems Laboratory

Systems University Research Corporation
P.O. Box 26, University Station

Syracuse, New York 13210

VIA: Office of Naval Research
Department of the Navy
Washington, D. C. 20360

Jet Propulsion Laboratory
4800 Oak Grove Drive
Pasadena, California 91103

ATTN: Library

VIA: NASA Residency - JPL
4800 Oak Grove Drive
Pasadena, California 91103

U.S. Army Electronics Research Unit
Sylvania Electronic Systems - W
Electronic Defense Laboratories
P.O. Box 205

Mountain View, California 94042

ATTN: Library/Documents

Headquarters, U.S. Army Weapons Command
Rock Island Arsenal
Rock Island, Illinois 61202

Battelle Memorial Institute
Columbus, Ohio

ATTN: RACIC

Battelle Memorial Institute
1775 Massachuseits Avenue, N. W,
Washington, D. C.

ATTN: RACIC

Commanding Officer

U.S. Army Liaison Group
Project Michigan

The University of Michigan
P.O. Box 618

Ann Arbor, Michigan






THIAISSVTIONN

I9]U8)) UOT}BIUSWNIOT

asuaya

$gS-dD 10eIIUOD
uon
-Epunog 33Ud1dg TEUOLIEN
T0ST1T
-(169)€8-AV 19BIIUOD
90100 J1V °S 'N
10010854 E "ON 309f0ad
1088L-08
6£0-9¢£-V{J 10BIUOD
puBmItIO)
SOTUOI}OIH AWy °S ‘N
'V "M ‘aexod
NVD
-IHDODA 308foxd :oqILL

QAI4ISSVIONA

AHIJISSVIONN

I9JU3)) UOTIBIUSTINIOT

asuajeq

$2¢-dD 10eIUOD
uony

-gpunoq aoualdg ._Nco._u.mz
10511

-(L89)ge-aV oEIUOD

80104 X1V °'S 'N

1001085A € "ON 109loxd
1088L-0S

6£0-96-VQ 39BIUOD
purmIwo)

SOTUOI}DATH AWIV °S ‘N

'V "M ‘xejzod
NVD

~-IHOIN 109foad :oTILL

QHIAISSVTIONN

(1940)

*wayqoxd [0I3U00 ASI9US WNWIUIW dY} I0) SINS

-ox oyeIpowrwl S9A18 Jf ‘proy Iereos Suikrspun ay} jo
10npoxd UBISI)IED B OJUI SUOIJBULIOJSURI) JBSUI] Papunoq
70 ATwey pezizajowrered B JO S)SISUOD uonEjUasaxdas
STYJ, °ULIO] 0119109y} 10jeredo [eOIUOUED B O} Paonpax si

o
oKX= (g + Mx@V =%
wosAs TRIIUSISIIIP JeaUl] 9y} 3xodax sy} uf

(1001085 € "ON 103[01d)
(10884-0S 6£0-9€-Vd 3981U0D)
(4-89%-0062 "ON WNPUBIOWS)
*sjox 01 "d g 39 ‘xdy "NVDIHOIN 309[01d JO ‘0w
*19310d 'V "M Aq SWHLSAS TVILNIYIIAId YVANIT

40 NOILLVTIANWYOA JILHYOTHL HOLVHHIdO NV
I0QIV Uy YOI JO N ‘AS0TOUYIS], PUR 20USIOS JO *ISUI

$/61 "A1d av

‘oW W PITFISSEIOUN

(x040)

*warqoad 10xju0d ASI9Us WINWIUIW Y} X0} SIINS

-2 9relpawiwil S9A18 3] *prayy xereds Surraspun ay) jo
jonpoad ue1S91IED B 0JUl SUOTJBUWLIOISUEI} IESUI] Papunoq
JO ATtwre} pazixajdwresed € JO S)S1SUOD UoIRIULSaIdax
SIYJ, ‘WJIO0J 219I09Y} 10)eIad0 TBOTUOUED B 0) PIoNpat S1

0,
Z=0Nx g+ ®xE)v=0)%
wa)SAS [erjuaIajIp Jeaul] ayy yxodax syl uy

(10070864 € *ON 309l02q)
(1088L~0S 6£0-9¢-VA 30BIIUOD)
(M-8S$-006Z *ON WNPUEBIOWSIN)
*sjea 0T *dg *$9 "a1dy "NVOIHDIN 199loxd jo “owsl
‘191104 °V "M Ad SWHLSAS TVILNAHAAAIA YVANIT

40 NOILVIANWHOA JDILHYOTHL YOLVIAdO NV
J0QIY Uuy “*yo1N JO () ‘A3010UyI9], puR 90US1OS JO *ISUT

¥/61 "A1Q av

*owaW PalyISSe[ouN

QHIAISSVTIONA

JI9JUL)) UOTIBIUSWNIO

asuajed

$25-dn PeInU0)
uon

=BPUNOJ 30Ud108 TBRUOLIEN
T0STT

~(189)ge-AV jorIIUCH

dI04 IV °S °N

10010854 € "ON 328foag
1088L-08

6£0-9€-V(Q 30BIUOD
UENEEOU

SOTU0X}OITH AWIY °S ‘N

'V ‘M ‘181104
NVD

-IHOIN 9foxg :amiL

AHIJISSYVTIONN

AHIAISSVTIONA

I9JUS) UOTIBIUINIOQ

asuajeq

$26-dD 10BIUOD
uol}

-Epunoq 3adua1dg 1BUOI}EN
T0GTT

-(L59)¢eg- AV 30BIIUOD

20104 I1V ‘S °N

1001085 € "ON 103foxd
10882-0S

6£0~9€-Vd 10'UOD
putwimo)) .

SO1UO0I309TH %E.:w ‘SN

'V "M ‘181104
NVD

-IHOIN 309foxd :oILL

HIAISSVTONNA

(x940)

*wd1qoxd 101ju0d ASI9US WNWITUIW JY) I0J SIINS

-oJ ojeIpowrunl S9A1S 3] *pyo1y Ieyeds Surfraspun oy} Jo
10onpoad UBIS9}IED B OJUl SUOIJEWIOJSURI) IBIUL] Ppapunoq
Jo ATtwrey pazirojowered € JO SISISUOD uolBIUSsaIdax
SIYJ, °ULIOJ 2139108} 10781930 TBI1UCUED B 0] Paonpat S

o
K=(vx  (eEg+@Wxv=0%
w9)sAS Te1IUSISIIIP Xeaul] oy} 3xodad sy} uy

(1001085A € *ON 02l0aq)

(1088 L-D8 6£0-9€-Vd 39BIIUOD)

(4-85%-006Z "ON WNPUBIOWAIN)

*syex 0T *d g ‘%9 *adv °NVOIHDIN 30°load jo ‘oway

‘191104 'V "M £q SWHLSAS TYILNAYTIIIA SVINIT

A0 NOILVIAWYOJI JILHAYOAHL YOLVIIJO NV
I0QIY Uuy Yo Jo °n ‘ASorouydaf, pue 90u9108 JO *ISUL

¥/61 "a1Q av

‘owaw pPatyISSeoun

(1940)

*wayqoxd [0xju0d £SI9US WNWIUIW dY) X0 SINS

-9J 9jelpawwil S9A18 )] °PIolY Je[eds Suld[Iepun 3yl jo
1onpoxd uBIS31IEBD B OJUl SUOIJBULIOISUBI] JBAUI] PIpUNoq
Jo AT1urej paziaajoweaed B JO S3S1SU0D uonejuasaxdax
S1YJ, °‘WJIOJ O1}9109Y} 10)ex2d0o [BO1UOUED E 0] PIonpat Ssi

’ o
L=(Nx  Aoeg+ @xMV=0%
walsAs [BIUSIIIIP Jeaul] aYy) 3xodax sy} uy

(1001086A € *ON 309foag)
(1088L-DS 6£0-9§-VA 198IIUOD)
(4-85%-0062 "ON WNPUBIOWSIA )

*sjex 01 d g °$9 *Idv "NVOHIHOIN 309floxd jo *owsy

*I910d 'V ‘M Ad SWHALSAS TVILNIYALAIA AVANIT

J0 NOLLVININYOJd DILAYOTHL YOLVIAdO NV
JOQIY UUY ‘YOI JO °n ‘ASoTouyda ], pue 99us1dg Jo *Isul

¥/61 "A1d av

*owaw PaJISSEIOUN



AHATAISSVTIONN

ASotodog,

Axoay,

uoje3iaeN

suoryenba TeRULISIICA
suwalsAs 10IIU0D

SYOLAIHOSHA
HIAISSVTIONN

AHIJISSVTIONI

ASorodog,

Axoayg,

uonesSiaeN

suonenba [eRULIaINA
Swa}sAS [0IJUOD

SHOLATIOSHA
AHIAISSVIONNA

JHIJISSVTONA

ASo10dog,

Axoayy,

uoneSiaeN

suolyenbs 1e1ULIAING
SW)SAS T0IIU0D

SYOLJI™YOSHA
av AHIAISSVTIONN

AHIAISSYVTIONN

£8ot10dog,

Lxo9y,

uonesiaeN

suotyenba 1eRULIIING
Sw9lsAs 1011U0D

SYOLAIEDSHA
av AHIAISSVTIONN

av

av



AHIIISSVTIONA

I9]U8)) UOIBIUSTUNOOT

asuajaQ

$26-dD 10BIIUOD
uon}
-Epunoq 992Ua1dg [BUOI}EN
10611
-(L69)8€-AV 10BIUOD
90104 I1V *S °N
10070854 € "ON 109loxg
1088L-08
6£0-9€-V{ 108IIUOD
puswuio)
SO1TU0JIIOBTH hEhAw .m ‘n
'V 'm ‘aenrod
NVD
-IHDIN 193foxd :eoTILL

AQIIAISSVTIONN

AHIJISSVTIONA

I9]U8)) UOTIBIUSWNOIO]

asuaja

$25-dD 10BIUOD
uony

-EpUNoO 99UIDS [BUOT}BN
10611

-(L89)gg-AV I0RIUCD

90104 I1V °S ‘N

10010850 € "ON 303foxd
1088L-0S

6£0-9£-Vd 30BIIUOCD
purmIwo)

$01U0I}09H Away *S *n

VM ‘a81r0d
NVD

-IHOIN 309f0oxd :oMILL
AHISISSVIONN

(x2A0)

*warqoad 10xjuU0d A3I19Us WNWIUIW dY)} IOJ SIINS

-9J 9)eIpowwl S9A1S J] °PIoY IB[EOS SulAlIspun ay3 jo
jonpoad uelS9)IBD B OJUl SUOLJEWIOJSURI) JBIUI] PIPUNOQ
JO A1wrey pazlisjowered € JO S3S1SU0D uonyejuasaxdax
SIYJ, °*WLIOJ 91}9109Y} I0Jexa3d0 [EOTUOUED E 0} PIonpal s1

{¢]
JF=(Nx  n@a+Exev=0x
wasAS 1BIIUSIDFIP XeIUL] 3Y) }xodea s1yy ug

(1001085Q € "ON 300lo1qg)
(1088L-0S 6£0-9€-V 19BIUOD)
(4-86%-0067 "ON WNPUEIOWSIA)
*syox 0T *dg ‘p9 "xdy "NVDIHOIW 303l01d jo "owapy
‘193104 'V "M Aq SWHLSAS TVILNINAAAID YVANIT

A0 NOILVTINNYOA JDILHYOHTHL HOLVIHJO NV
I0QIY UUY YOI JO N ‘ASoTouyds], pur 35Ua108 JO *Isul

$/61 "A1d av

*OWAW PAIFISSEIOUN)

(x940)

*warqoxd 1013u0d ASI9US WNWIIUIW 3Y} IO) SIINS

-aJ 9)eIpawwl S9AlS )] *pIo1y IB[ROS JulAlIspun ayj jo
jonpoud UBIS9)IBD B OJUl SUOLJEWIOJSUBI) IBIUI] popunoq
30, A11ure] paziaiajoweaed € JO §)S1SU0D uonyejussaadoa
SIYJ], °‘ULIOJ D1}9JI09Y} I0j)eI9d0 TEOTUOUED B 0} PIONPaI S1

o
F=(Nx  n@a+@®xe)v=0)%
wa)sAS e1JUSISFIIP IeAUL] 9y} Jxodax s1y} ur

(1001085 ¢ *ON 300l01d)
(1088L-08 6£0-9¢-V{ 30BIIUOD)
(4-85%-006¢ "ON WNPUBIOWSIA)

*sjox 0T *d 8 %9 "Idv "NVOIHOINW 3109foxd jo *owroiy

‘193104 °V ‘M AQ SWHLSAS TVILNHFIAIAIT HVANIT

A0 NOILVINNYOA JILIMOAHL HOLVAAJO NV
J0QIV Uuy Yol Jo °n ‘ASoTouydd], pue 90uUa1dg JO *ISuUf

¥/61 "A1Q av

*OWeW PAIYISSE[OUN

QIIIISSVTONN

JI9JUI) UOTIRIUSWNIO]

asusyeqg

$2S-do joexuo)
uony
-BpUNOJ 90U91dS TBUOIIBN
T0STT
-(189)gg- AV 10vIUOD
90404 J1V¥ 'S °N
1001085 € "ON 109foxd
T088L4-0S
6€0-9€-VvQ 10B1U0D)
puBIWIO)D
SO1U0I}O9TH AWV °S °N
'V M ‘aenrog
NVD
-IHOIN 399foxgd :opy

AQUIAISSVTIONN

JHIAISSVTIONN

JI9IUID UOTIBIUBWNDOT

asuayel

$85-dD 0BIUOD
uon

-gpuno soualdg TeUO}BN
TOSTI

-(L59)€€-AV 19BIIUCD

90404 JIIV 'S °N

1001085 ¢ "ON 308foad
1088L-0S

6£0-9€-VQ 1081UOD
puswiwo)

SOTIUOI]D3TH AWV °S ‘N

'V M ‘aeaod
NVD

-IHOIN 399foxd oL

QHIAISSVTIONN

(1840)

*warqoxd [0I3U0d A3JI9US WINWIIUIW 8Y) IO0J SI[NS

-9J 9jelpawimIl 9413 3] *pIoly Jereds Sulkjxepun ayj Jo
3onpoxd UeIS9LIED B OJUl SUOIJEULIOJSUEI]} IBSUI[ POpUnoq
JO ATty pazixsjowered € Jo s1S1SU0D uonBIUasaxdax
SIYJ, 'UWLIOJ 0191081} 10}e1ado TBIIUOURD € 0] PIONPal S1

o
Z=0Nx  (neg+ @xMv=0)%
UI9)SAS TRIJUSISIJIP Ieaul] oy} 3xodad sy ug

(1001085A € *ON 309f0ag)
(1088L-08 6£0-98-V( 308IUOD)
(4-8S%-0062 "ON WNPUBIOWSIN)

*syax 0T d g *$9 *Idy °NVOIHDINW 109loxd jo ‘ows|y

193104 'V "M A9 SWHALSAS TVILNIUAIJIA YVANIT

J0 NOILLVTIANWYHOI DILIYOTHL YOLVHIJO NV
IOQIY Uuy ‘Yot Jo °n ‘ASoTouyosJ, puk 9ousldg JO *3SUl

¥/61 "a1d av

‘oweW PalyISsE[OUN

(x940)

*widjgqoad 10Jju0d ABI9US WNWIUIW 9y} I0F SI[NS

-9J 91EBIpawIwil S9A1S )] °pIoy Jeleds Surdriapun ayjl jo
jonpoad ueIS91IED B OJUl SUOIJBWIOISUBI} IBIUI] papunoq
JO Ajturej paziaajawresed € JO $1S1SU0D uoejuasaadax
STYJ, °‘WIOJ 21)9J09Y]} I01eI9d0 [BOTUOUED ¥ 0] PIINPaJ S1

o]
K=  r@E+ @Ox@V=0)%
waSAS [BIJUSIDIJIP JBUIT 9] jx0dax s1y} up

(100TO08SAE *ON 30801 d)
(10884-D8 6£0-9€-VA 30vIIUOD)
(4-8S%-0062 *ON WNPUBIOWSIA)
*sjox1 0T *d g ‘%9 "adv "NVOIHOINW 329[oxg Jo *owaly
‘103104 'V ‘M Aq SWHLSAS TVILNTHIIIIA EVANIT

A0 NOILVINWYOA JILHYOHTHL YOLVIHJO NV
JOQIY uuy ‘*yd1 JO °n ‘ASorouyos ], pue 90usIdg JO 3SUI

¥/61 AWd av

*owdW PALJISSBIOUN



212

]HIGAN
95 5

TY OF MI

|
5036

3 901

Ul NIIIVERSI

I

QIIAISSVIONN

ASot0dog,

Axoayyg,

uonB3I1ABN

suorjenba [B1IULIIIIIA
Swa)shs 10I3U0D

SHOLJIdDSHA
AHIAISSVTIONNO

THIAISSVTIONN

£3otodoyg,

Axoayy,

uone31A BN

suoyenba [e1UAISIIIA
SwalsAs [0I3U0D

SYOLAIYISHA
AHIAISSVTIONN

AHIAISSVTIONN

ABorodog,

Kxoayg,

uorjediaeN

suoryenba 1eNUBISIIIT
SwWAISAS 10IJUOD

SYOLJIYOSHA
av AQHIAISSVIONN

HIAISSVTONN

ASorodog,

Lxoayg,

uonediaeN

suoryenba eIIUSISIIWT
SwAISAs T0IU0)

SHOL4IYOSHA
av JHIAISSVIONA

av

av



