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PREFACE

Project MICHIGAN 1s a continuing, lpng-unge rescarch and development program for
a(lvancinz the Army's cth-suMl!tam and target-iqqﬁis;ﬂon capabilities. The program
ts carried out by a full-time Institute of Science and T§chmlogy staff of specialists in the
ﬁelds of physics, epgimr(ng.' ihathcinmcc. and psyeholégy.by members of the teaching
faculty, by graduate studenta, and by other tesearch groups and laboratories of The Univer-
sity of Michigan,

The emphasis of the Project is upon research in imaging Mur. MTI radar, infrared,
radlo location, image processing, and special Investigations. Particular attention is given to
all-weather, fong-range, high-resolution sensory and-location techaiques.

Project MICHIGAN was established by the U, 8, Army Slgml Corps at The University of
Michigan in 1953 and has received continuing support from the U, 8. Army. The Project con-
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Progress and results deacribed in reports are continually reassessed by Project
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OPTIMUM CH.ARACTERISTICS OF SOME MOTIOM-COMPENSATION SYSTEMS
Volume I: Theory and Application of Doppler- Inertial Systems

ABSTRACT.

A side-looking radar system employling synthetic-antenna techniques can ob-
taln azimuth resolution finer than that afforded by the radar beamwidth, The ca-
pabilities of such systems depend In part on the accurate sensing of vehicle per-
turbation from a reference path'and subsequent phase compensation for:this motlon,

This volume deals with the optimization, for such motion-compensation activ-
ities, of a family of doppler-inertial systems. By use of the variational calculus
techniques of the Wiener filter theory, functional relationships between optimum
system performance and sensor nolao errors are developed; ‘and systems with and
without dynamically induced errors ave compared,

‘.
INTRODUCTION

-Over the past several years, high-resolution radar systems have rapidly advanced in sophistication,
Unfortu,;\ately. this broad progress has been mnr.red by pockets of technical depression. The technical
problem of prlma‘ry importance today is the development of spphisticated optimum motlon—cqmpensatlon
systems with capabilities and performed profiles that remove the primary obstacle to a “really" high

résolution system,

Although it has been recognized for several years that the lnadequacles of the motion-compensation
technology were the main stumbllng b!ock to high-resolution perl’ormance. curlonsly enough, no compre-
hensive analysis of mouon~compensation systems has (until the present study) beeu undertaken, Past ef-
forts on such systems were based partly or wholly upon ideas of syst.ém desigy ad.'1pted trom navigation
applications. These appllcnﬂonadld. not stress high-fidelity, instantaneous acéuracy, but wgl*e mainly
concerned with long-term werageT acecuracy, As a consequence of the AN/(.'Pli-l (airborne hlgh—resolution
radar) program, new ideas on system deslgn were found to be necesunry. Development of new technlquen,

however, is an arduous tnl(.

Furthermore, the navigational philosophy of system design has many Idiosyncrasies within itself, These
have resulted {n a multitude of system forms, and hence confusion and delay in the implementation of

effective research progress.

We stfll arl)ltrarily assume noise sys(cms with known spectral forms and rely upon linear system

analysis — two assumptions which run contmry to actual physical realitics, The outlook i8 not completely
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bl»éak, however. Although many new developments are still necessary, some progress has been made, The
conclusions presented in Reference 1 and In this report ave the first in'a series of assaults on the problem.

We hope that they will serve to guide present system developments and to measure future progress In the

research programs that should follow.

2
SYSTEM REPRESENTATION

2.1.. GENERAL BLOCK DIAGRAM

‘The seeiningly endless variety of block diagrams usable for the description of doppler-inertial sys-
tems has its advantages. . However, the design engineer many times 1s faced with such a diverse selection
that the posslbmttes aré bewildering, In thlé’secuon;'ra systematic ax‘>p>roach to system representation iak
presented with she following objectives: (1) to emphasize certaln aspects which the author feels have not
been completely understood; (2) to show that the m;t‘it‘m-com;emmon application Is compatible with thé,
concept of generalized system opthhlzatlon.

Figure 1 is a block dlagram for the crosstrack channel of a D-1 system. I -a single accelerometer is
to be used, this figure comprehends most of the possible methods for eoupling the doppler and the inertial

systems for motion-compensation dp'pllcations. ‘The hotations used on Figure 1 are as follows:’

A
1/s ‘:VB

Hl(s) ‘ . .l[cﬂo
Hy(s) ~ B
‘G —

6 oo o B
9 a| t ea
—{ 8)4—*—-—+ A 1/s 1/R ,54(3)
il ] b
(Gyro)

- Hyls)

FIGURE 1. A GENERAL D-I SYSTEM



Instituts of Scisnce and Technology The Univarsity of iAichigan

€ = acceleremeter error, gyro drift rate, and doppler nolse, respectively

o ‘G D
8 = verticality error
. & R = gravity fleld and earth radius, rcspccuvely
30 = accelerometer tilt angle from a level position
aﬂo and cﬂo = gin po and cos po, respectlvely:
A ) . . v
03. 0 = system estimates of along-the-beam velocity and vertieality, respectively
AB' [} u.-.t_rué_ along-the-beam acceleration and vertteal direction, respectively
°- VX
To illustrate the general nature of this block dfagram, we will derhm the various érror equuﬁonn and, by

subsequent idenuﬂcation of the filter transfer functions H (s), H (s). H (s). and H ‘(s), we will relate this

system to the varioiis possible forms,

2.1.1. ERROR ANALYSIS, Equations 1, 2,ind 3 are derived from signal summation on Figure 1.

0,(8) ¢ (8) +A(s) - gof 05(:) - Bx"’vp‘f"f + a zgs?v“(.) + Ht_‘”fb"’ ‘ m
6(:) = (I/B)tc(s) + ( 1 )e (s) (v (sn/ Ro » @
es(s) = [;;: H 4(-'i)] Vg (8) - Hy(a)V  (8) - Hyfe)e (e) ®

SInee Vs(s) cquals the lntegrnl ofe (s). it toﬂowc that

. gcﬂ’ s },‘V(l) ,vn(ﬂ.)‘ _’fvaz(a
v (s)- ""’*v (s)--——b(s)- R (s)]—9~ [cpo—?-—-] Veis) v"[ﬂ’of;-y]tb(s) @

If we substitute Equations 2 and 3 fpto this gmmsstpn."at fqltows'umc &

H (8 2 € (8) ch ‘ H(s) .2 -
G (s)[h-—s— +‘-2-H (sﬂ-—-g—— ——;—-c {s) + [——i—-- *g—cﬁﬂ (oi]e (8)+V (a)

)
H,(e) ﬂcao ncp
°""T”. H(s)+._._i..._V(s) (9
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which may be reduced to
V(o [s%+sh o) o0 = ok 6
VRl [T+ sH () o QH ()] = N, 5y + 87V (8) + {5l L8V e [U+ H SRV (8)  (6)

where the lsl(-zxtiflcatibn
MNe, s) = Stﬂ(b) gcﬁocG(s) r [s!lz(s)qio +Q cﬁoﬂs(sﬂco(s) 7

has been made. Solving Equation 4 for \'}ﬁ(s) yields

2‘ & 2 P .
A N(c. s) s Vgl * {s"z""c“o LA “3""} Vearl®
Vale) = 73 R R R ®
[s + sul(s) +Q Hqts] [s R slil(s)'+ Q 114(53'-

A A
Since VB(s) is an estimate of VB' we identify the pertinent error in this quantity as VB(s) - VB(_s); hence

X(e, 8) ]
{s "+ 5*!1('5) + 2H“(s)]

A A
EVB(S) = VB(S) - VB(S) =

0? 2.,
. '{SHI-(B) +Q°H 4(s)] Vgie) + {sl-{e(s)cBo +Q cpolllf Ha(g)]}_v ct(s.) @
[524 sH () + 2 °H (s)]

Noting that VB(s) = cﬂovct(s) - s,SOVZ(s) it follows that

N(e, )
s + sHl(s) + ﬂ2H4(s)

A
EVB(S) =

(10)

2 3 2
{sﬂz(s) + 92[1 + Hs(é)[ - sH‘(s) - Q H4(s)} Cliovct(s) ¥ sﬂo [sii‘(s) fﬂ H_Js)] Vz(s)
3

2 nz
8 *snl(s)* H‘(s)

We note that in Equation 10, H l(s) and llq(s). H 2(s) and Hs(s) oecur in particular combination. In an
attempt to simplify this netation, let us identify these combinations by the two filter forms Hs(s) and HG‘(s,)
which will be defised as

H (s) = H ) + 33 H.(9) (11)
Q
.8 ,
) = Byl + = 0 (12)
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Through this new notation, Equation 10 reduces to

9 H 5(3)»4- Hﬁ(s) + l] cﬂo\l‘c‘(s) + Hﬁ(s)sllovz(s)
3 +07) 2 2 (13)
s+ n"us(s) s +Q nﬁ(s)

A _ N{e, 8)
BVB(S) = >

2.1.2. RELATED SYSTEM FORMS. The various forms of system configuration under consideration
for- purposes of motion compemmtlon can now be identified as particular members of the {amily of systems
depicted in Figure 1. This polnt can be illustrated by use of Table I, which presents all systgm forms,
ranging from pure inertlal with level acceler ome&er toa comp{cte!y couple& doppler lnertial with tilted
aceelerometer. The conclusion to be drawn from thls d(splay of systems is simply that !'lgure 1 has
sufficient mobility to represent this broad scope of systems. , A less complleated block diagram wou]d be
more convenient, however, provided this mwtlity {s not lost. The prése_nt 4hmmz can be simimﬂed by
co;\sideratibri of Equations 11 and 12 of the last seetion, which show that i Is not necessary to have 4in-
dependent rlliers. As a matter of fact, H l(s) ahd H (s) in I-‘Igure 1 san be omittéd i H (s) and H (s) take
on tbe forms of H (s) and H (s). Furthermore, if we dre interested in minimizing the error eftects of
true erossttack ‘motion, a glance at Equaﬂon 13 suggests the auxillary constraint

Hois) +H () +1=0 (14)
In this case, Figure 1 redaces to either one of the two particular forms depicted in Figures 2 and 3, where
Qls) = Hgls)
H(g) = H“(')

Since these two forms represent idenucal systems, the form wh(ch leads to the simplest error
equauons can be. seloctod This form is shown in Flgure 2, We shou!d note here that it is quite simmr
t.o ;he blockkc_llngram used in Reference 1, where &hcarc,_tical opﬂmh,atlon studies have been carried out
both with and without the constraint of Equation 14. For Figure 2, the pertinent error equation then becomes

A . N, Qa) + ﬂ 8 Q(s)vz(:)
EVl) = = 2 : (15)
s 4!2 Q(s)’

where the Identification

2
Nle, Q(s)] = s _(s) - el Q‘G(s) -R e (1 - Qlep(a) {16)

has been used.
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TABLE 1. SYSTEM IDENTIFICATION

Qnsc‘ s | H(s) "3@ H. }io :’va Type
8¢ a(-) - utG(l)
1 0 0 [] 1 ] =3 3 Pure Inertial
s+ ) .
i se _(s) - ge (8) - SYV_(8) o
u | v |o }o 1 o | Es—t—" Pure Iertial -
sTevaefl” Self-damped
: . : “a(') - grc(s) + |Q'(i - K) - 8v) Vap) R
m Y o lo K 10 - 3 - - Self-damped &
o tyss e Detuned
) . lea(n) - ReGla) (v + ﬂlekD(s) : :
v k4 Y K {1+K 0 - 2 - 3 Doppler Damped
s +ys+fl(1+ & Detuned .
. 2 ‘ .
. 1 (8¢ _(8) - goB ¢ (8)) ¢ cB [-IH () +2°(-H (s))]v I v
v [He o Jo H (o) 8, a oG or ! - A dct Tilted Selt-
: ' ‘sz URORY L KON damped & Detuned
% fnl(sxfn "4"‘]":"’ ,
lz + lHl(l) + ﬂzH _‘(s)
o se, (0) - g8 ¢ ) + [sh,(s) »ﬂzeaouam]com ' S
VI H | e | M| Lo | 8 ; — e Tilted Doppler
. : s UHI'(S) + 271+ Rta)) Damped & Tuned
oH (0)(1 - €8V _(8)
| sZeati (o) s Q%150 () ‘
1 3
) e B
. om0 420 e o] s v 00
l2 + IHI(B)' &ﬂzll *Aﬂz(""
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‘a(s)
Fe=———==f-q 4
A | B T
By e 1 »é_i. Vs B,
- | + [
: | S -4
(Accelerometer) ¢
D
geh, Ved, N b
+X - { i v
é L + ,'
—— o
QAs) (Doppler
€
] G
vctgs) [ Ar'""f'p""' "':
Rs .- + N +
1/ /R
——.O‘_:.— s 4-{;)41——+ y .
(Gyro)
FIGURE 2. ALTERNATIVE D-1SYSTEM, FORM i1
‘h(s)
e e = e 2o e e A
== § q
A H . + ) vB
BS , 1 > — l/g ; - ‘;
- L= __ 3
(Accelerometer) ¢
gcﬂo
€8
A M -7 ,
Ts_gent ! [ +q >1/R “‘%9‘—‘—
Lo o o e med Vo8
(Gyro)

FIGURF. 3, ALTERNATIVE D-I SYSTEM, FORM #2
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In the above reference, it was found convenivnt to introduce the filter form

I(s) = m—zn it 1"
s +0 Q(s)

In terms of I(s), Equation 15 reduces to

Eca(s) = [1-1(8)e _(s) + Us)e, () as)
where
A v 2

€ Is) - .2 {ez (s) - gcﬂoe B - 1] cﬁoeb(s)] (19)
€, (8) = €(6) +88 V, ) (20)

In partial summary, we have demonstrated that a wide range of systems (a few of which are listed in
Table [) can be discussed or deseribed ii terms of the géneralizéd <n§tatlnn of Equatfons 15 and 18 and/for
Figures 1 and 2, "The following sections M.ll‘ show that: 1) underséandlng,of these éysteins is enhanced
by this approach; anc{ 2) more hixpoﬁantly. failure ‘to abp.rbacb‘ éyst‘em selection in thlﬂ_s_ manner can lead

to false conclusions.

2.2, SECOND-ORDER/THIRD-ORDER DILEMMA

An unfortunate side effect of the unsystematic description of D-I systems {5 the number of amblguities
in the current nomenclature of certain systems. For instance, the use of the térmk "second order_" and
“third order” {to déélgnate the familiar éonﬁgumtlon shown in Figure 4) is fhaccorate, This terminology
derives Irom the fact that the characteristic equations of those two speciﬂc syswms are of order 2 and
3 respectively. Hox\ever. we shall show in the following sections that there are'a number of posslblg

second-order systems, each with distinguishing characteristics.

Lét us begin by defining a second-order system.as a systera whose characteristic equation has the
form s2 +ys+(1+ a)Slz. For Instance, the error eqhation of Flgﬁre 41s giireh by

-ge () +5¢_(8) + (rs + aRDre_(8)
G ] . D
B o) = ~ , (21)
8 +ys+(l+af

This error equation describes system performanee when, as {s common practice, the calculated velocity
is taken directly from‘the output of the integrator, However, let us select our output from another spot

tn the system. For fnstance, as shown in Figure 5, the output of thé accelerometer may be fed toa



Institute of Sciency and Technology he University of Michigan

Vi) = Vi) + Ela)
— D

1
Vs + o v
, | 1
| R |
{Doppler
) { Radar)
b 4
E
| —— - 1
L+t . : -,
i—o@q—j—— Vs VR: 4—-———-1®4-
1 +F
{ SEPECI S

===

N
VR @

FIGURE §. SECOND-ORDER D-1 SYSTEM #2
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separate integrator, thus ylelding a new caleulation of velocity. 1et us denote the error in this calculation
by E'v(s). 1t can be shown that this crror is given by the expression
+

~g(1 + V/S)GG(S) + 92(0 ~'7/5)€n(’5) +(s+ y)e (s)
i : [ 4
E'v(s)_ =

(22)
sz+ ys +(1 +a)02

Comparing Equations 21 anq 22, we-sce that the high-frequency dobpleri nofse affects the first output
position through a gain = ':'. whereas it affects the second output through a gaih = iﬁ Thus the con~
clusion that seqond—order systams are necessarily plagued by this hlghffneqﬁency :?olse is unmerited.
Note that tlJe second_k:onﬁgumtlon has the disadvantage of an oéen-ldop lntggrator. which may cause low-
frequency drift problems, However, consider a third ex-ampié given in Figure 6, where the Equation
»E"v(s) is given by

{8+ e () - B+ vfs)s c® f-ﬂz(a - v/s)eu(s)

E"(s) = (23)

sz +ys+(1+ q)nz
Clearly this is a second-order system whose sensitivity to high-frequency doppler noise is as good as
that of the second example, and avoids open-loop integrator opera:lém

¢ V"=V +E"
a
[ X+
. ] :
5—&%{)——4—- 1 t o /s
- A |
IR O |
(Accelerometer)
£
Fo
Y -a8
S+Yy
- - " . 1 "
‘9——>®:—r— /s Det— I/R «————-—-Qboi
H b T+ L +
(SRR g
(Gyro)

FIGURE 6. SECOND-ORDER D-] SYSTEM #3

10
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By this time it i3 apparent that further examples can be concocted. For example, we may extract in-

formation from any of Figurcs 4, 5, and 6, directly ahead of the “division by R,” and thus ;ierlve additional

possibilities for second-order systems. Similar ambiguities can be found in fnertial self-damped lysteliu.

where the system ervors are functions of the pnrﬂéul"'ar daxﬁplng and output positions.

tn Yight of these examples, we can conclude that ﬁy failing to approach the system from a general

view, enc may reach false conclueions about system lHmltaticna,

2.3. UNCOUPLED HYBRIDIZATION

So far we have concentrated on D-1' systems which are coupled by sig'nal mixlng within the sysmn

framework. Thls secuon will show that equivalent operatlons cap he performed wlthout dlaturblng the

autonomies of the two component systems. Let us begin with the generalized system represenutlon in

Figure 7.

In Figure 7 therc are two possible outputs — if we e\:clude the possibllity of uslng an open-loop inte-

grator and ignore direct readout from the doppler radar itself. . Equations 24 and 25 describe the signals

at these points.

V(s = vis) + 1o + R2Qen ™! [se (o) - ge_(0) - 21 - Qe (s @4
1 a G ) D

A - : :
Vg = vio + 18+ 0o {sqtoc 0~ sQtsregee - Q) @9

178 |
( Accelerometer)
s.
(1 o 4]
V/BS ey : /s -~ /R
+
L_——-1_J
(Gyro)-

( Doppler Radar)

FIGURE 7. THE PRIMARY GENERAL D-1 SYSTEM

n
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We denote the errors in these signals as

1

2

£, @ - (5" s %™ fac @ - geger - 21 - Qi) (26)

Ey o = 15" + 201 {sQe, 0 - stsieg o) + 't - Qo) (27

In comparing Eqliations 26 and 27, we note that apparently the first position would be much less sensitive

to the high~frequency noise contributed by € l-)(s). flowever, the optimum Q{s) would not be the same for

both velocity output positions; that is, optimizing Equations 26 ahd 27 will give different Q(s) forms for

minimum error. . Indeed it will shortly be shown that these respective minimum errors can be identical

or not, according to how the optimization is conducted.

We shall use the term "uncoupled hybridization” te designate those D-I systems which function with-

out intercoupling and whose hybridization is carried out by simplé signal mixing in an output channel.

This hybridization {s represented in Figure 8.

Pure.Inertfal

Vv
/s !
{Accelerometer)
.
&
Y(s) \'
-8 + o
'—v
V/Rs - 1
Méi-’-— ‘1/s 1/R
5 L
T
v I« ! VD
+ 1
| i
| I
(Doppler
Radar)

FIGURE 8. UNCOUPLED D-i SYSTEM

12
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We shall use the designation V‘(s) and VD(s) for the velocHy output of a pure inertial and a pure dop-
pler system. The system output is computed by mixink s&gnal's V‘(s) and VD(s). It can be shown that the

two signals are glven by

se_ (s) - ge;(8)

V. (3) = V(s) + (28)
1 .2 R Qz
VD.(s) = V(8) + eD_(s) {29)
Hence the output Vo(s) ean be computed. to be
‘ se_(s) - ge (8} o
'V°(8) = V(s) + Y(s} . + [ < y(s) I:D(s)l (30)
s +0
We ghall designate the error in Vo as Ev' (s)- which is defined by
-0
se (o) - ge (o) |
E., (8) = Y(s) |-———e— | + 1 - {[Y(s)e _(8)] (£2))
v : 2 2 b
o 8+ 0

To show that this open-loop hybridization produces the same signal as the closed-loop configuration in
Figure 7, let 0s rewrite Equations 26 and 27 as follows:.

[sea(s)'-gc (s)J
E, (8) = Y (3) |- |+ [1- Y _(s)]€ (8) 32)
Yy ! s2+q? D

where

2 2
vy = 22— 33
8 +Q2°Q(9

and :
€ a(S) - er(s

8 )
E, (8) = Y (8) |——5———] +[1~Y (s)]e_(8) (34)
v, 2 [ s2eq? ) 27" p

where
® + 2%,
Y, (8 = — =
2 s% * 9292(3;

(35)

Becuuse the fme_’rs and error sources appear in identical fashion in Equations 31, 32, and 34, the optimi-
zation process will lead to identical minimum errors. Although the optimum filters Y oo(s). Y l(s). and
| ! o

13
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Y (s) will be identical, it is apparent from l'quaticms 33 and 35 that the optimum filters Q (s) given by
Eqmtjon 33, and Qoz(s) glven by Equation 35, will dnffer. In fact, eqmting Y (s) and Y (s) shows that

2 .
1 2.2
Wz |agm T ] @

We will now show that if the optimization process is performed from the intercoupled equations, the
resulting minimum errors given by Equations 26 and 27 will differ. In Reference 1, a filter I(s) war defined
as

2
I(s) =-—,_,3—9-}23’—— @n
s +7°Q(s)

By use of this filter, Equations 26 and 27 may be written

2
(5) = I(s)[e (8)1 ¥~ I(S)l[“e (s) --—i (S) D(-'-)] (38)
l s s
s R .«12
E, (8) = Ks) |— € (s) - — €.(8) - — e _(s)f + {1 - I(s)]{e (s)} (39)
V2 QZ a Q2 -G Q2 D D

If Hs) is optimized without constraints in Equations 38 and 39, the resulting minimum errors will be
tdentical, (This Is obvious, since we have merely rewritten Equations 26 and 27.) . However, if we cons
strain ihe poles of I(s) to the left half of the. cémp!ex s plane, the different forms of the noise sources in

Equations 38 and 39 cause different minimum e_rr&s.

~The crux of u_\is argurpent is .ihét the optimum filters lo l'(s). given by Equation 32, and Io 2(s). given
by Equation 39, are optimized, inthe constrained case, through a process which uses the separation of a
polynomial into left4half and right-half plane parts. This operation is ~_"hon]inear“ and }!oes not commute
with the oper‘ation of substitution. To illustrate, let us perform a portion ot‘ the calculations.‘ (Reference 1
gives detailed definitions of {he following quantities.)

: 1ra2 .
N RE [s CRORES WORY R nz)z%(sﬂ )
kz 2 2 2 22
¥y (s)9,(-s) = -g; [s ‘I’G(s) “8d (s)+(s + Q) d’D(s)] 1)

14
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“hence
| 1 Rz
4’A(!)¢A('!) 2 -??ﬁv(s)'l'v( -8) (42)
2
i = lg 4 = n -
L A(S) §§¥v(s) s #v( 8) (43)
2
‘ T PR (Y] _ .
¢ A(-S) —iﬁk‘v( -8) Y wv( 8) “9
Now we'd,eﬂne the combinations:
d(s)=¢ (s)+ {s) = -l (s)-s% st + 0P (45)
\ P aa®* %aa 2 g% B o)+ (s + ) (s
B =t (o) +& () (s +2D)8 (5) 45)
2 aaV’ "~ ‘inv '92 | 3 A
. By comparing Equations 45 and 46, we can see that
2 g . 2 o'
¢l(s) =Q ‘hz(s), -(szl‘z)d‘v(s)d-v( -5) = Q 'bz(l) ,-:gd‘v(s)#*v(:» 4"
Now the optimum system fornis are determined by the equutions
¢ (s)
1 2"
lov = d‘v( el [—»———v(._q] (48)
thp
$ (9)
1 1 .
oA " E:\-(;"{“Ahs)] “9)
-4 thp
Substituting 43, 44, and 47 in"49, we have
4
.2 B | »
0,6) -5 40 (-8)
I = 8 d (so)
oA 2 2
oyt L
: Thp
2 sd (9)
[ Y s 2
.= ~— )] - ~y s (51)
oA 2 [l v ] a2 [# ('5’]
Q e’v“) hp Q 'v(s) v Ihp

15
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which redaces to

s 5"!2(8)

I, (8) = 1= oo | e (52)
2 ¥ (-

oA 2%y v tho

Hence f the condition of Equation 52 is to be consistent with the expression

2
8
'o A(s) =1- -3 lov(s) (53) ,
L
then
4'2’(5) l’s@ (8).
IEE T -
- ~hp ~Thp
which {s cleafly not always true.
-3

SPECIFIC CONFIGURATION COMPARISONS

We turn our attention now to speclfic-cnlculétiohs of the available accuracy of several of the system
. eonfigurations mentioned in Sections 2, 3, and 4. To do this, we will select a standard set of error sources
(representing actual hardware reasonably well) and carry out optimization for the various configuratlons

studied. The resultant maximum system performance can then be computed for each configuration,

3.1. PARAMETER DEFINITION OF ERROR-SOURCE POWER SPECTRA
The discussion of the power-épectra functlons & (w), $ (w'). and'$ (w) {2,°3, 4, 5] indicates that ‘I>

will usually .consist mainly of low frequency content, and ¢ (w) mainly of high- frequency content. Gener-
ally, & (w) contalns both low and high frequenciles. .

In the rollowing gxample. the units used-will be those of the mks system: éc‘(w) is measured in (rad/

) -2 ‘ . ‘ 2
sec)z/unit bandwidth; & (w) is measured in {m/sec )2/unu bandwidth; and (bD(w) is measured in (m/sec) /
unit bandwidth., The power spectra used in this calculation will be

015100 2 x 10712

Gzc Y (rad/sec)z/(rad/sec) (55)
WG + W

@ =

16
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th(w) = 1002 (n)/scc)zl(rnd/scc) (56)

d-“'(w; = maz x w's (m/secz)zl (rad/sec) : ()
~ In more familiar terminology, {t can be shown that Equation 55 represents a typical gyro-dﬂft-rate
spectrum with a stamlard deviation of 0,1 g ¢ degrees/ hour and a correlation time of llwc seconds.
l-:quauon 56 repreaenu a velocily . «asor with a white-noise error- whose varlance/unu bandwidth is cnz
(m/sec) ) Equauon 57 represcnts an accelerometer wuh a varlance/unlt bandwldth of [ 10 (m/scc)z

or rou;hly o 10° g s.

In this as {n other‘problems.lhe__ analysls {s considerably simplified by lntr()ducing dimensfonless
‘parameters and variables. This p_ai-ticu!ar cateulation will be simpliied by three such identifications:

‘ &= Z.»G/n {dimensionless) ~(.58)
‘ Lt 1/8

‘ . 2/ 2

A= 4;12(606 /’D ) (dlnaenglonleas) (59) -

W=s/RA (d;me{mion)ess) (60)

At this point thg definition of Equation:59 is far from obvious; suffice to say that when the quantﬁy
¢v(s)¢v( -s) s ‘expresscd in terms of the yéxﬁhﬁe w, it a;sumes an easﬂy fac'tdrible form. The vﬁyiable
changg of ,Equnupn 60 can, of course, be spelled out in more detail. If the complex variable W has the
real ‘and‘lmag'imry parts W = £ +j8, and the eor_gplex variable s has the real and fmaginary forms = o
+ Jw, then Equation 60 is equlvnleﬁt to the two eq:uatlont f=wMAand § = 0/05A.A'

" To provide a range of pafnmtei»considemﬂon which realtjstlcallly fepreéénts actual gyros, accelerom-

eters, and velocity radars, the parameters will ve assumed tobé'ivitﬁ!n the following limits:

4

- L R
.o.m:ucf.ﬂ {sec’) - | ®1)
xg’an s 3 (V™ m/sec) 61,)
0.1£9 503 (Y710 'misecd) (61,)
vd = a:- w . a
'o.ag_uci 10 (tenths of degreea/hour} 61 ‘)

7
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From these limits it may be derived that

015651 ' {dimensionless) (4;21)

0134 b 10 (dhhvnshioﬂless) . (ﬁ22)

3.2. PURE CROSSTRACK-VELOCITY OPTIMIZATION OF D-1 SYSTEM:
In this section, we shall optimize the configuration of ,ngure 2 with lio = G°.i that is, purely crosstrack-

velocity sensing. In Reference 1, it is shown that the symbolic form for the eptimum I(s) is given by

N mWWJH v(s/n

oV 3 N N 9
thp
where
: o2 2 _
& e+ ébav‘.s/” = L+ /) (s/)) {64)
and
. ) ) 2 ' S0

b -9 = Y e/ - 8% s/ » 6” +0h g 6 (65)

In the comblmtion of »pectra in Equation 635, & (w) could 'ﬂmost be eliminated by lnspecuon. At tow
frequencies, & (w) is \\exghted with an w2 thus reducing xts size in comparison with & (w), which is largest
at low frcquencies At hlg’h frequencies, w 4’ (w) ls compared with w 6 (w) and thus again is negllgxble
It should not be surprising if ~‘ba‘w) plays a vcry minor role in dctq;rmining lov(s)

3,3. DERIVATION OF 146

By meéns of Equa;ions 63, 64, and 65, the symbolic épeciﬁcatibn of !ov(s) has been obtaiged;van:d
through Equauops 55, 56, and 57, it has been connected 'with the physical characteristics of the sensors.
This ‘cluster of information will now be reduced through a series of subs;itutidns 80 th:;t the final form of
lov(s) results, . The work ,’w‘ill begin M.th he calculation of t,"v(s). which proceeds in a straightforward »

manner.. By substituting Equations 55, 56, and 57 into, Equation 65, we find that

2 -12
Ologwu 10 .
b (og) =t GG _2 2 -8 2 22 2 -
.l’v(S)Pv(IS), 94 2.2 80 10 +(s +ﬂ)aD (v6)
va -8 .
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When the nondimensional parameter notations of Equations 58, 59, and 60 are introduced, this relation-

'shl,p is transformed thus:

2 2 -12
0.35¢°6 o .10
2 y P o
(W (W) s ———-9—9--——- %% w10t st atw? + 2 2 o
vy 4 2.2 2 A D :
: -Q°A"wW
By removal of a common factor and strﬂghtforward,manipﬁlation. the relationship reduces to
) mnzA6 »
$,WMP (-W) = (- W) (68)
v v 62 Azwz

The fact that the six zeroes of Equation 68 lie exactly on the unit circle results from the frequency-
éfale transformations of Equations 59 and 60, Tt should be élear that these transformations were evolved
from the development of Equation 68 In-the' s mtmon and are used here mere]y for simplicity Equation
68 ls easﬂy factored Into the l‘ollowlng rlght-half and left'-half p’hu parts:

o A" (wu)(w WAl 1/2

tv(w )= AW+ 6 n (69) -
_ aDA;(w - ‘1)('.vz SWED
WeW g5 @
Equation 64 can also be expressed (n terms of the W variable:
2 2.
B M e (W) =1 a’w Yo" 1)

The optimum filter, Iov(W). follows directly from Equation 63:

' 'o'Dz(x +alwhaw: o

— PR 2)
oA W - W =W
AN e

The bracketed part of Equation 72 has no left-half plane poles, Now, however, the bracketed function
approaches zero as W approacties infinity, a development which leads to the equivaleat expanded form

.7 ,
1/2] - KW +KW+K:
{x) 2 1 0
W) = Lo+ (73)
oV;b WV(W)‘. ._.D 4(W-‘1)(W3-W# o

19
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. Aot mao s o © et s et ¢ e e

where D is taken as the left-half plane part of this expression. Thus

T

. D AW+ 8

Ly = TR = +., (74)
‘v ATWH W s WD

Equation 74 may be uscd to express this result in the original variable notation

e
‘ IOV(S) = L ‘()s ‘m) ‘9 9
(s )T+ Ws <A

3.4, CALCULATION OF ¢v(w)

In this section, the optimum filter lov(s) will be substituted back into the error equation which it
minimizes. The resultant system-error power spectrum will be found'and the standard deviation of this

error calculated. To do this, recall that

B = U 00 = T 00 = 1%, (0 + 0,500 = TH G, o

I iw - lllov(-iw)dg mv(w)‘ +1 o\,(i@)lbv( -)w)%bv(u’)
. By rearrangement the equation becorhes
By = T Uk (IT g * Ty * Fayl * Gy

Ty U0, )+ By ()= TS, )+ B )+ & (e (76)

It is possible to attack Equation 76 directly with a barrage of substitutions for the various symbolic
functions, but the process can be simplified considerably by noting the following factors. Equation 74
= ~j = h ~j< Purth -
states that lov(jw) UD /wv(jw) and Iov( jw) ’ cD/; v( ju). Furthermore, the term inside the first paren

‘ - 2
6 b (i -jw). i 7 = 7
thests of Equation 76 is by definition § v(w)ﬂv( jw). - In addition we note that 4; av(w) % and Q;‘ bv(w)

= ‘Ti)av(w). With these facts in mind, we can reduce Equation 76 to

&, () = 7o, 742 (1 +nz>uovow)+lov(—jwn an
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The !unowlng caleulatiens, ke those pre 'cding. are most easily handled with the terminology of the
W variable. If Equation 74 is used, then I-qu.nlon 17 can be shown to- reduel to

_2lw'alea +l-2hA)+W2ﬂ (26A+6A3 2+ 0 A:‘(As 8)
& (W) = 2ra . 8)
v b o s 280 »

3.5. CALCULATION OF ovz

The square of the standard deviation of the system veloclty—measurerhent error can be obulned by
' lmegratlng Equauon 18 from zero to inﬂnlty. “The integration.is facilitated: by mlklng the change of -
variable § = —‘i, hence dw= fladg. Interms of the g varlnble. the Jntoml becomu

02_20 I (2+A ‘-26A )ﬁ +(26A +6A 2& l@ +(l sa° ’ﬂAdB
0

(19)
v "D 1e p |
three standard definite Integrals will be useful:
- e
j' ) dxs"";' ®0)
01 +x
o 2. -
J..d.ls. = -;- (80 2’ ‘
0 T+x ' .
0 4. '
J‘ » x dxs _;_ (803)
0 1+x . o

By dividlng Equation 79 lnto three lmegra!s ‘and applying the approprhte integral given in Equations

80l so and 80 s’ the evaluation of av becomes

o= znAaD? [(z +07 - 20a7)% + 200 *‘6“’3.".‘. g ea- 6@”)%} @1
By combining 'terms. Equatlgn Blymay be siuipllﬂed to ‘u'\eiexpre("ﬂop\:
02 - m,a;;[‘,.rg(.g )] o
Since 6< 1and & > }. a good first-order approximfl;loh of this _re's;ﬂ; woﬂdbe

2 2
™ 83
oy m:MD ‘ | (83)

2
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If the original definition of 2 {Equation 59) Is used,

v . 1/6
2 - 2 2 2
oy 8.241IQOD (MG/’D ) (841)

A graph of Equation 84 and a discussion of this result are provided in Volume IL

1
The sequel includes the computation and cémpa,rison of standard dévlatmﬂs for-many other configura-
tions. The variety to be encountered makes mandatory the adoption of a standard subscript notation which
conveys the identification of error being described, Since all crrox;s to be minimi';wd are velocity-measure-
ment errors, we shail omit "V" as a subscript. The notation to be used is dz( YEx ,~
The first group will use éither DI or 1 to indicate doppler—}nért[al or inertial system, respectively.
The seéonﬂ group will use NE or E to indicate nonexact (dcpendent upon the motion itself) or exact (inde-
pendent of motion), respectively, The third group will indicate the amount of filter delay time allowed:
0 - no delay; - infinite delay; T - T seconds dela'y.‘ To mué{trate. Equatlop 84 N becames. A

- oa1/8 .
2 2f 2/°2
= 2 84
o, Eo0 8.?4 uﬂcD (GOG/oD ) (84,)

4
DELAYED-DATA OPERATION OF A D-I SYSTEM
4.1, INTRODUCTION '

In thls’ section, we shall consider the feasibility of using a delayed-data motion-sensing system for
motion coxﬁpensatlpn.- The operative rationale is that a system may be able to derive compensating signals'
of constderably imérovcd fidelity for the high-resolution x;adar system if ’thlé derivation need not be in-
stantaneous. This means, however, that the radar informhbuvon'nmst also be delayed by an equal time bln-‘ v
tgzrval; hence it is more than merely possible that the increased complexity would far overshadow any

gain in system perfomiance.

In addition, we can derive an increase in precision, basing our design on a knowledge of vehicle per-

turbations.

We begin this discussion by considering +e simplest of the many possible block diagrams. Figure 9
depicts a D-1 system whose output is fed to a linear interpolator. The ideal interpolator would yield as an
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output the tyrue velocity at a time T seeonds oo, Henee, we may judge ~or interpotitor's performance by
examining the difference between its out;ot and the ideal output, This 3.-rence has been designated E (s).
o

E (“ﬂ) 15 glven l)y
L (J) X ”(’) [H(b) e l v, (5, (85)
‘0 v T

The system of Figure 9 is identical in form to that of Figure 10, where X = the signal, n = the noise, and

Eo(s) takes the form
-sT
Eo(s) = n{s)li{s) + (I - e ~ " )X(s) (8%)

Thus, comparing Equations 85 and 86, we sec that Ev(t‘) = n(t) = the noise input to the system; and X{t)

= V(t) = the signal input to the system, In the actual case, Ev is the error in the system's measurement

of VT and hence (as has been discussed in Section 1) is a function of the various mixing configurations

chosen,

To illustrate the techniques involved in this problem, tet us make a simple introductory calculation.

<
|
i

»! D-I System > H(s)

Interpolator

3 Eo = Error

S Y- Y

e

Ideal System

FIGURE 9. DELAYED-DATA D-1SYSTEM

X — Y ws)

-sT
e

FIGURE 10. CONVENTIONAL FILTER PRORLEM

23
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4.2 ILLUSTRATIVE CALCULATION
Let us {ind by means of the Wiener filter theory the optimum realizable H{s), for estimation of X{t - T).
Our optimizing criteria is an integrated squared error. We assume for this example that the signal and

noise are independent, ~ith vespective power spectra given hy

R () ! &7
xx( = 3 (€7)
1+ w
2
w
() = (88)
nn 1+ w2
Hence
Blw) = d>xx(w) + rblm(w) =1 (89)

at all w. We assume here that $(w) is factorable inte exclusive left-half and right-half parts and hence is

expressible as

(]7(;‘,\) B 4)+(w)(];(w) (90)

+
where ¢ (w) contains all its poles amd zeros of ®(s/j) in lhp

& (w) contuins all its poles and zeros of &(s/j) in rhp

B(w) is factorable in this sense if

<
r Bw!
Toy _\?;_) <0 1)
-0 1+ W

Following standard technigues for optimization, we arrive at the conditions

Pw)d, (W
'T>+(w)}l(w)——-——--'\—(:\—m)-— =0 (92)

b ()

_ b (W (w)
H(w) = —-Il-—- F s S u(t) (93)

' (w) P (w)
where F = the Fourier transform

F_l = the inverse transform

u(t) = unit step function

i
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In this example P(w) - ideal filter = .'IUT )
@ =1 v5))
F -
W =1 (952)

For independent signal and noise we have

A xon = B

and
‘5xx(u?)l’(h9 - T )
LX) o ‘-:”'2
From the Fourler transformation calpului. it can be shown that .
. -‘ ’j“’r g -
L= [ . Tl

7
1+w ;

which ts shown in Figure 11, L(t)u(t) is shown in Figure 12,

L{t)

| 7=T

FIGURE 11. NONREALIZABLE WEIGHTING FUNCTION

u(t)L(t)

&\\Q\\\\\\

FIGURE 12, REALIZABLE WFIGHTING FUNCTION
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The impulse response of the optimum realizable filter associated with Equation 92 is give: by

hy=e ' ut) - (98)

The transfer {function H{jw) of this system {3 determined by

. o€
H(w) = I nwe T (99)
A o
_which in Mght_ of Equation 98 is
] :
H{w) = I e',h'T'e""’Tdt (100)
' 0. .. -

Evaluation of this integral results In

. e-jw’l'? e-T e—jw’r
B0 == Ta v

(101)

Equation 101 represents a stable transfer. function since the singularity at jw="1 is removable. This i3

écidgnt if we é.\pand the numerator In a Taylor serles as follows:

SjwT =T gon? g’ gun? ? i . :
e -e = _.l-jWT* R T + TR !-‘T'}E_'.ﬁ-*?.'.. (1.02)
or
T T T2 2 T 3 : ’
e -e =T(1‘IW)-'§;II'U‘4’) l"":"'.‘ll'(}w)lh... (103)
Thercfore
-jwT -T ). 2 3 ) 4 .
e -e ) T T 2. 7T ; 2
e =T'E(1+Jw)+fﬁll*j“’+0w)I*';?(l*lw)lll‘*(iw)’l&e.,v. v (104)
-sT -T

is analytic in the whole complex plane, and therefore can be represented by

Tlet jw= s, Thcne

a power serics ahout 8 = 0. If we let

e-s'l‘ R e-'l'
—==— = F(s} (105)
1-8
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then by expansion about the origin
©

F(s) = Z 0 (106)

. where

o "
L L[i“__"'.'] gon

W R PN

The optimum réallznble filter has a transfer function that can be put in the following form

T &,
Hs) = °' i Zo 'n'. (108)
pes

'fhe minimum realizable standard deviation ¢an he calculated from the expression

°tr2 ’ea j IL(l)l& (109)
~b

where c"rz = minimum realizable standard dgviauoa ‘

o‘: = minimum nonrealizable atandard deviation

Using Equation 87,
‘ 0 2. e-n
f }Lm[ dt = e (110)
Also, ¢ 2!5 fi;enby
" Tem
v ——-' ‘Pl S, o1
€0 1t 6“(:4&0 )

In our example 'Plz =v|e.’(mll2 = 1: hence we kave

2,

.2 1 ) !

0 “2r] 7 4@ 12
uw’)
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'Evaluaung this integral and using Equhtlon 110 results in

2 e 3T
l‘ {T) = ““2"' + (1‘+‘ w/4) (113)

Equation 113 has a cl(\‘ssic form for this type of preblem. g (T) is compOSed of a constant 1+ a/4),"
representing the minimum u for ﬁlwxs with poles in cither hal( of the complex plane, and a contribution
due to the rcalizability constraining e - / 2, Since T is the amount o[ delay {a the filter, Equation 113

shows that the increase in accumcy. that is, deerease in o, (T), is nsymptotic with T; as anticipated.
Now returning to the V-] system case, where we have from previous work:

Ey(8) = (8) - I e (8) + 1) € (s) 14)
From Equation 85 it can be concluded that:

& (@) = HQW HE-o) B ¢w)+(ﬂaw)— 5‘”’)(u(-j;o,-e""“’-’)¢v @ (115)
i T

Obtaining ¢Ev(tu) from ‘l-:quntion 114 and s_ubstltutlng in Equation 115 results'in

% () = HGWH (5o 11061 - -1 - 18, 61 ¢ (300 - umwwbv(w)
00 - 1 1630, (@ + b )

+ [H{w) - e’jml[H(-va) - equl«bv; {w) {116)

. T .
Fquation 116 represents the power spectrum of the output error of the interpolation of Figure 9. The rms

values of this error are given by
0

2 1
o =5 » ¢ (@dw (117

To keep calculations to'a minimum, we assume that I(s) has been chosen in advanbe» possibly to minimize
Ev(s) itself. The job that remains, as in the foregoing example, is the selection of optimum H(s).
4.2.1. NONREALIZABLE CASE, If we do not require physical ‘realizability for H{s), we can use the

techniques of the previous work— which fead to the result

‘l’v’ ()
o JuT (118)

¥ (w)HI’ (w)
Ve

H(w) =

where @vT(w) ‘= power spectrum of lhé signal and d’EV(w) = power spectra of noise (independent of signal),
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Iv

" REALIZABLE CASE, .Following the’ itlustrative calculation

lv

dy = ?vT(«» + 4l (119)
Agnin we have assumed that ¢v(w) is to be factorized into 'l';(w) and 6‘;((»).' that {s,
DUV
4’v(w) = "'v@) "’v(w) (120)

where 4’ (w) contalns len-htﬂf plane poles only, and *b (w) contains right-hn![ plane poles only. The opti-
mum, H(jw). then takes the form

/3 e.’m
1 a Ve o\
HYw) =——F | F L wT) (121)
Syt | \ $y@)

~ where u(t) is the unit step function. As before, we use the notations .

‘5 (w)e
Lw = F' vT — 022)
‘I’V(M
0
2+J‘ ln(t)lzdt (123)
-00 -
or
, &, 8yt

2 o (P e P (0.2 .
O 0= 5 jw W dw + j . |u tr T)|q¢ (124)
“The first térm I Equetion 124 is a constant independent of T; the second part depends, of course, on T.
We wm assume the D-1 system to.be afreeted by a random gyro drm. rate, & (w). A random accelerometer
nok\e, $ (w). and a random doppler error, & (w) To see how o ﬂ‘) varles wnh T, we take the realistic
- error-source power spectra deflned in Equations 55-62 of Section 3.1. In Section 3.3, we have shown that

the optimum I(s) form for these error sources is

Q' fum\
(s + ﬂA)(l +QA3 +ﬂ A )

'ov"’ *

29
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and Section 3.4 shows the minimum 'bsv(w) to be

2.2 2 . :
2l w207 +1-264)+ w294 (264 +6AJ - 2A2) + (2643.3(‘33 --8)

¢ (W) =210 - e {78)
EV D o+ a8
Finally we will assume velocity-perturbation power spectrum to{bé of the form
sz-' _
¢, (W)= (125)
v T @ 2 $ w2
v
Adding Equations 78 and 125 and setting wv = 1, we find that
‘o 2 wﬂ(2A2+l~26A)+wQ(26A+6AV2A)+QA(A -5 K2
& (@ (W) = 20 L3 [ .
\'4 v D G 6 ) 2
w +QA w +1
(126)
The combined numerator, N(w), of this expression has the form
. 6 4 2 .
N(w) = Alw_ + Blw +.Flw + l')1 (127)
where
2 2.2 .2 2
A =20 70_(2‘3 *1-28 0K 2K (128)
B = 2:0:9"(2&3 veadiaad e 2’*&0292(2sz +1-268) (129)
' 2.6.3. 3
Cl 20 QA(A-6)+21¢1 Q(26A+6 -ZA) (130)
o8l 26, 233
D =@ [Kv A"+ 20 "0 (A a)] (131
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hence

Aw8'+ Bw‘;o sz +D

& (W)
v‘ v ¢ = [ . .
(w +9"A“)(w2 +1) (133
For w large,
B, C D :
4 1.1 1\ - o
N{w) = w (AI + 2 + 3 + 6) 133)
. W oW oW
For w small,
o 2wl ot 2 )
- N(w) : @ (Alw + Blw + c1 ) + Dl v {134)

At high and low frequency, the Bl'nnd Cl terms can be neglected. By comparing the relative sizes of A, B,
C, and D, we can conclude that Bl and Cl are negl»lgih!e.a,t all frequencies.

- D
6 1
ol 2)

Equation 132 reduces to

+ -
BN (W) = e (135)
VOV W @bl ey
Now we define
¥ anfa® (s
8 =p/a 136
It Wks | (136,)

For the range of parameters selected for this catculation (Equations 55-62), .‘36 can be approxtmated by

L 2,66
6. .66 Z‘tanzﬂ A
B ERA ,_..—._2.—_-— (136)
. 3
K
T
and therefore Equation 135 becomes
(ﬂ“ + ﬁﬁ

+- ) - -
B (¥ = A 37

w’+ i’ ey

K]|
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Now Equation 137 can he [actorized as follows:

; .
0%+ = (@~ W - B0 - AW B YW - B} - B (9
‘where
B, = Bleos 30° + § sin 30 - B(-? + 1%) (139)
By=¥ (140)
By= a( 2 03 ] (141)
LB oL
3_4-13.(2 i3 (142)
‘35 =«jp. (143)
(B 1)
oo
And”
6 8 :
W Y = (@Y MW - Y)W - YW - Y W - YW YD (145)

where the roots v_ through vy 4 correspond to Bl through ,’:6, respectively, except for the appropriate magni-

1
tude factor. Finally, -

Wr= @ (146)

In terms of this notation, Equation 137 can be separated into

o ;(3_)= « (s - 38.)s - B8 - 18,) am
‘J vis - .ivl)(s -vjvz)(s -_Jﬁa)(s )

and

(s-8,)(8-18.)(s - 18)
(b",(—'l)a,x : 4 5 6
17 vis - v ts - s -y s - 1)

(148)
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Now, to get L(t) from Equation 122, we need

8\ -sT,. o "
VT(J )e K, (8 - v ) - s - re”™T

T BCEL R TR we
i) » |
- Equation 149 can be put in partial fraction form:
V.\J - A . B € ., .D .| -sT
LI PRy ) -+ * e {150) .
SE] s+1 s-j3  sejB;. . (8-5R)
"‘v(’ _ [ e Pl fi’]
1t we let
2
: %o
Asl =14 Dz‘ (151
K X
' .
then 8 = AA, and the constants A, B, C,and D nre_gﬁren by the appro:dmate emmslou
ASK as2)
B= -;—AQKV(A- NWYZ-WH (159
é‘:" lk mm - Mt -A)ft +"-’-"2 | . (154)
4 v T A -
D EleKAM- YT+ T )

Since § is of the order xo'a. the dominant residue in Equation 150 Is A, The function of Equation 130 has it
poles as shown in Figure 13. We can find L{t) by contour integration, the results of which are °

+De ° t<T (15%)
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—

FIGURE 13. POLE-ZERO PLOT

Applving Equation 95 (res!atéd ﬁere), :

/3 'E)e's'
. 1 _ v’l‘ j »
H(w) = T F| F " ‘s uft) (95)
LM ¢v(-) '

" We arrive at

A CE AL RS AR AR
H(s) =—
VTR |8 - 08,0 - 18y

aeST st ew 4T\ [st_ ej‘g 5T ;st i ej"’GT
x s>+l +B jﬂ4-s/+c ‘555’3 ) +D jﬁs"’ (157)

Equation 157 reduces to

. ‘“"[“3"‘71*"2

H(s) =— = , :
K 3 2 :

v [% -J(ﬂl+B2*Bs)si-@lﬂz'fﬂzﬂawlﬂa)S*JBlﬁzﬂa]

re 5T st e"gf oSt e'w 5T fost . elﬂG’l‘
L +B 5136‘5 +C 155-3 +D 336" (158)

2 v

- 3 + + ,“y

Y8 - Y, YVt Y g l"e"a
-
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Since the B, C, and D terms ure smull compared 10 the term A, a good approximation for H(s) is

[sn F a1+ VDl s oo+ Vo +§(9A$:: T
H(s) = ) R - e 2\ 1/3 —_— 2 172
2n0, 270 270,
S lamfie—— qsvals s o’ [ia—5-) a+ rafslen’ie—3
Kv . ) KV 1 V
(159)

where the 3's and 1's have been eliminated. Finally, we apply Equation 124 to get c“z(t). As stated before,
the first part of this equation is that due to the nonrealizable filter and the zccorid part is due to the realiz-
ability constraint. -

2
4.3. CALCULATION OF o~ FOR THE NONREALIZABLE CASE
Now, by using Equations 78, 125, and 132 we find that

Vot 2\ 2 wn(zA +1- zoA>+an(zoA+6A° 2A)+9A(A-6)
(w)+¢ @ =("”"’n k| 3
v EV Aw +Bw +Cw +D
T 1 1
160)
Neglecting B, and C 1 as before, we get

1

' dw 0 : N .
3, (@ () . (zmoz)x‘vz E.:"szz s1-288 s wntes +aa” - 2% + 0% %% - a)] ,

2 J' I | .1 . &
) * (w)"‘zv(ﬂ’) LI - AW +D.)
L T ® 1 -
(161)
Uslng the definite fntegrals in Equauons sol 80 and so and rioting that Al is approximately equal to
K wc write Equation 161 as
(W, (W 6

1 Vo EV i (2 ) Q%eal + 1 - 208) n"(m 8 - 229 . 2'ada’ - ) 162

) 18 v @ 16 » 172 /6 -

) 0 'QTM o “p ) o(p,) )
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Substituting for l)l in Fquation 162 gives

v (O @ 2 2
1 'r o (.,.w 2) “Q%2A% +1 - 284)
D

TS (w)+<b p, - 1/6
‘i)ﬂA(l#"w /K ) ;

~0 V

. Qea + 8% - 2A2)

RO .QGAa(Aa 4 , ‘
\ 5/6 (163)

: _ 172 -
odaf o2 2\ s s 2/ 2\
60°a (1+ 2”°D/Kv) R Y (1 +zmn/|cv )

Equation 163 can be reduced to

N ' oy L 3
o .D 287 +1 - 264 R (2+847 - 24) @ -4
DI, NE, ® 3 M6 1z - 5/6
/3 2 2 2 2 176/ 2 - 2
Kv (Kv + 21roD ) . -ZAKV(KV + 2m7D ) v 3AKV 6(‘,» # Z@D o
(164)
4.4. CALCULATION OF THE PORTION OF c DL NE DUE TO THE REAL[ZABILH‘Y CONS'_X’RA[NT
The contribution to ozm NE due to the realizability constraint is of the form
0 g
: _m B i
where L{t, T) Is given by Equation 156, repeated here:
BT B E-T) - JBE-T)

L{t, T) = Be +Ce _+De t<T {(156)

Using Equations 142, 143, 144,153, and 155 for {llumination of constants 134. ;is, Bﬁ. 37. B. C, and D, ve-
spectively, and also using the facts that B“ =3 4' and D = B*, we reduce Equation 156 to the form

| 38, 0-)
Lt T) = -Kmu - Am + ) emM‘ h, zm{ ] 165y,
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where the Re denotes the operation of taking the real part. After evaluau(m of the real part in Equation
165, we_can show that L{t, T) is.

, ‘ . ,i 2 e AG-iT o, QA;\I%.H : oo . )
Lt T) = 7K Qa(t - A)(t ‘X) P MQAKV(I"--‘A-)e. "% 10,707 cox aft - T) +.866 sin a(t - T)]
o | o o,
where a = _V;QAA-

and where
‘ e | . QAAg-'_x_) o
) 'L(‘!, T - KVQMQ -A){[“-‘—ERL] ‘MA“ ﬂ -1 ﬂm u@ 'l') + V'.sln a{‘ 'l')ﬁc } ' A‘(l.s,ﬁ)‘,

"A bold (but in'this case, accurate) npproximtloli'tor L(t. T) is gﬁen by

AJ\ -
LT =K nau A)e {(i"le) -8 cos fatt - T) - 0)} (ae7).

where 0 = inf‘}’f/ﬁ

Employing the approximation (x + y)2 < 2xz + 2y, abound on-!.z_(t. T) is given by

o @an-n . o
ngt, )¢ zxvzn’oz(n-mze ¥z {(—%\l) +sco¢ Mt - o;} (168)

For ppmo'sen of citqbl!qﬁlig-gn upper bound, we will repince cos (alt -0 -ﬁ}-by unity and,llmnoe'_obtaln '

"o 2 22 "A;l“ 1 i#ﬁ" N |
J" - Lo, Tae S 2K AT - A -—7\—) +5] e @t o (169)
- A E70 A
which when evaluated yields ’
2 oala - & [L’ ”] s 5[ 08N .
Lz(t_,ndt A 2A . 1% 10
o o “QaN/ 1 +73)
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which finally vesults in

0

‘ ' 2 ¢ 7 -2aAT
i {t, T)dt:( V-)Q K, l~A) (—l-zixA-) +5]e ’*r (173)

=0

Finally, the minimum realizable standard devlation for filters with delay time T Is found by combining

Equatlons 171 and 164~ which results in

21w K2

2 a2+ 1- 288 L2+ sa? - 2a) - RN (A -6)
b1, NE, 'r 3A - 1/6 ' : 1/2 .5/6
K 5/3(1( 2 4+ 2na 2) 280K (K .z + 20 2) . 38K 1/6( + 270, 2)
v v D W\ vV D v v D
: Y -AOAAT
1+V‘2) .'\(’ A) 1+A)‘:+s 1+Y2
( QAK A “; 7y N (172)_

Volume II of this report will Include a dtsc{xsélon of the theory of a pure inertial system as applyied to

motion compensation, and a s\thary of the results of the present volume,
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