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NOTATTIONS

least common multiple of the integers mi,ms,...,my,

integers modulo M
{0,1,2,...,M-1}

residue of X with respect to modulo mj

x{ mod my
0 <xj <my

the greatest common divisor of the integers
my,Moye.. My

X divides Y

X does not divide Y






SUMMARY

This paper investigates the conditions for a finite, redundant residue
system using the moduli m;,mp, ... mp to represent integers modulo M. It
is proved that for a general residue system (without any restriction on
moduli) it is necessary and sufficient that M be a proper divisor of the pro-
duct of moduli in order that the system be redundant and weighted. It is
also proved that for a residue system if M = <m;, mp, ... my > there exist
exactly d sets of digit weights for the system where d is called the factor

of redundancy and is given as

n
TCny
mims ... mn i=1
d = =
<ml,m2,...,mn > M

vii






I. INTRODUCTION

There has been a great deal of interest in the problem of residue number
systems., In spite of the advantage of not having carry propagation in addi-
tion, residue systems pose considerable difficulty in the determination of
sign, magnitude and division. Much of the work has been done on only the
case of residue number systems with moduli pairwise relatively prime. Such
a system is non-redundant and has the algebraic structure of an R—space,l or
can be given the structure of a Z-m.odule.2 For a more general case of a non-
redundant weighted number system, there is significant work on the necessary
and sufficient conditions on the permissible digit weights of non-redundant
weighted systems by H. L. Garner.5 It was shown that the p matrix representa-
tion of the digit weights modulo the corresponding modulus Ipi[mj can be ar-
ranged to have a lower diagonal form, with the diagonal elements relatively
prime to the corresponding modulus, only when it is g mixed base system.

Redundancy in number systems can be introduced in several ways. How-

L

ever, if a redundant system is linear” and homogeneous, then it 1s possible
that we can obtain the conditions on the digit weights. Very commonly we ob-
tain a redundant weighted system by choosing a weighted system N of cardi-
nality larger than M and forming a map ¢ : N+ Zy. The notation here is

the same as in the earlier technical note,LL where N is a system of repre-

sentation, satisfying:



(l) N=DlXD2X°-'XDn

D; ={0, 1, 2,... my-1), Dj is called the ith digit set and m;
the ith modulus.

any element x € N is of the form (%, x2 ... Xn) where Xy € D5
(2) (i) N is closed under the operation addition
X,y e N-»x +y e N.
(ii) 0 = (0, 0,...,0) € N such that x +0 =0 +x =%, x €N
(3) o mapping w : N + Zy
such that (x +y) = | o(x) +o(y) |y
we recall the definition of a weighted system from the Technical Report,iL as

a number system whose weighing function w is linear and homogeneous.

II. REDUNDANCY IN WEIGHTED SYSTEMS

n
In redundant systems, N representing ZM(M <I:r( mi); ¢ : N » Zy can be

written sometimes more conveniently as a composition of two mappings ¥ and T
such that ¢ = yf

v o N> Zﬂmi

£ ani > Iy
¥ is a non-redundant (1-1) transformation and is linear and homogeneous. N
representing Zﬂmi will be a non-redundant, linear, homogeneous function. It

is sufficient that f is a ring homomorphism, and the same arithmetic structure
as in the non-redundant case can be retained in the redundant system also.

In that case, the p; of the non-redundant system of digit weights remain

virtually the same as the digit weights of the redundant system except that



lpilM replaces o, -
If there are no arithmetic restrictions placed on the redundant system
(i.e., for example, if carry propagation to both left and right is per-

mitted), then f need not be linear. Some of these notions can be understood

from the results obtained below.

RESIDUE SYSTEM

Lemma 1. TFor a residue system N with moduli m;, mp,...,m,, we have:

PLs P2s-++50y € Zy are the digit weights if and only if

. 0 (mod M)
n (*)

1 (mod M)

N
-
—
ko]
iy
=]
[
Il

~
O
N—r
™
O
Il

Proof. Let pi, P2se v 5Py be the digit weights, and if ¢ is the weight func-

tion
¢(l) 0, O)--~;O) = P11
#(0,.0.5 1,...0) = p;
P
ith place

Adding (0, 0,...,1,...,0)m; times, we have
#(0,0,...,m;,0,...,0) = 0 = Imipi|M=O for 1i=1,2,n

Since 1 =1 mod my for i = 1,2,...,n

é(1,1,1,...,1) = 1

n
¢(l)l:---:l) = lz oi = 1

M



Assume p; € ZM such that

pim; = O(mod M) i=1,2,...,n
% p; = 1(mod M)
for any X ¢ ZM let X = x5 mod m;
Claim: X |pixi lM
X = xq{ mod my i=1,2, ,n
X o= kymy + x4 for some integers ki
Xp, = kimpy +x1p;1
Xp, = Xkolippp + X2p2
Xop = Kplpop + Xppp
Adding 0 N
-
X(p, *+ p2 +tep)ly = 221 kimip + }: X3 01
i=1 i=1 M
n
X Z Pl " = Z Xipl
i=1 M
n
i=1
D1y e oeens P, are a set of digit weights of the system N.

By using the lemma we may be able to check whether any set of numbers can be
called the digit weights if the set satisfies the two conditions of (¥%).
NOTE: In a more general case of a residue system, (1,1,...,1) may not repre-

sent 1 ¢ Zy. Here the conditions (*) are modified by a new set of
conditions (*¥) given below:



(01;9210-’JPnJM) = 1

It is easy to prove that for such a system the following Lemma 2 can be sub-
stituted for the earlier one.
Lemma 2. p1,P2,...-P, 15 a set of digit weights for the residue system N with

moduli mp,Mp,...,0n.

m. = 0 mod M

iPi

(01392:-~-)PH:M) = 1

The following theorems are for residue systems which have a representation
(1,1,...,1) for 1, and so use Lemma 1. However, they can all be proved
equally well by using Lemma 2.

Theorem 1. A necessary and sufficient condition that a congruence

};.ki %7 = 1(mod M) where M = < my,mp...mp > is solvable for ky,... ky is
{=

that (M/my, M/mp,... M/my, M) = 1.

Then there are exactly d sets of solutions to ki, kg,...,kn, such that

and



Proof. Let

_ Mamp
(my, mp) = dip, Mo = T

12
mlm2m3
(Myp, m3) = djs, Mz = ——
dyodis
‘ My Mol

(Mys, mg) = dya, My 4
dyodyadys
MyMo ...Mn
(My,n-1, mp) = din, M = Mgp =

dyzdis ... dan

d in the theorem is now obtained by

mity ... Mg
4 = B2 - dipdis ... din -

The first part of the theorem stating the necessary and sufficient condition
for solvability is well established and proved in most of the textbooks on

number theory.5 However, we will show that

(M/my, M/mg, ..., M/my, M) = 1
Let
(M/my, M/mg, ..., M/m;, M) = d
then
(M/(mad),M/(med), ..., M/(mpd), M/d) = 1
(X fmy gymg, e, gymn, M/d) = 1
So

mi | M/d for i =1,2,...n .

M/d is a common multiple of my, ms, ..., Wp.



The least common multiple, M divides all common multiples of mj,mp,.

M

AR

which is impossible unless d = 1. We have proved

(M/mg, M/mp, ..., M/m, M) = 1
n
}: M = 1 mod M
my
i=1
M M M
k1m1+k2m2 o +knﬁ = l(modM)

From the definition of di;p,...,d1n we have

M_"JMJ"') M JM>

m; nNp Mn-1
Ny .. Np mimsg ... Mn myng ... mn_gmn>
= s IR
diz..din  di2dis..din dizdyz .- din

using the formulas (1), (2) and (3) given below

(1) If (my, mp) = dio
Mo my
then.( ) = 1
di2 dio

(2) (’6’ : ( i (ta, tb) = t(a,b)

(3) (X1, Xpy «ve Xp) = ( (((xl, Xo), x3>, xg, cees Xn>

We have
<m2 Mp mims . mn> _ I3 Mn
b 2 -
dio...din  di2 ... din dis din
( mg mp = Mpmomy . mp, > - Ing mn
dyg...d1y  diodig ... dip dig din



because

M m
<"hg: '41‘> = 1; (Mip, mg) = dis; L2 = M»
dig dis dio

Continuing the process, we get

<. Mp-1 Mn mnms ... mn-zmn\> _In
, = -1
di,n-1din  dizdiz .... din din
because
( Mp-1 , Ml,n—1> - 1
di,n-1  di,n-1
m
BLv M M M) = B
my’  mp My din
M M M M _
kq o + ko e +, s tkpoa Tno1 + kp i = l(mOd M)

&.} -IL) 3 }_/[—-, M> = l
my Mo mn
we have
M My = 1
(ﬂfﬁ’ din
and
M _
ky 7= = 1(mod my,/d1n)

kpn has exactly one solution mod mn/dlnj however, it has d;p solutions
mod mp or 0 <k, <mp_;. DNow substituting for kp one of the dl,n possible

values we obtain a congruence in n-1 variables



M M M

_ M
klm—l-+k252-+kn_lmnl = (l-knmﬁ) (mod M)

This equation is divisible on both sides by

Tp
—
din
and dividing thus we have
My, n- M, n-
ky —2T 4 gy SLBTL tkpoy S o (mod My poy)
my Mo Mp-1
Repeating the same step
M, n- M1, n- M, n- My -
< 1,0-1 1,n-1 0 M,n-1 Ml,n-1> - Un-1
m; Mo Mp-2 di,n-1

we can show that k,_; has exactly d; pn-i solutions modulo mp_; and kp-p has
dyn-2 and so on. This proves that we have a total of
din * di,n-1 din-2 ... d12 = d

solutions for kj;, kg, ..., ky. Such that 0 <kj <my - 1. Hence the theorem

is proved.

From the above theorem we have

Z ki fnd—l = 1(mod M)

which has d sets of solutions for ki, ..,kp. Such that

kiEZmi
Now applying the conditions on the digit weights of a residue system N with

the operating moduli my, ms ... my



(2) E; p; = lmodM Pi € Zy ki € Iy,

we have p; = ky M/my

n n
zpi=ZKiM/miElmodM
which has d sets of solutions for k; ... kp, O <kj <mj. Thus we have proved

the theorem stated below.

Theorem 2. For a residue system N with moduli m;, mp, .... mp representing

integers modulo M where M = <mj, mp,..., my >, there are exactly

mms ... Ip
M

sets of digit weights.

EXAMPLE: Let us take a residue system N with moduli 6, 10, 21 representing

Zo10 which has

6-10-21
@ = Z== = 6; m =6 m =10, mg = 2L

The six sets of digit weights are given below.

pP1 P2 P3
0 21 190
35 126 50 pL + p2 + pg = 1(mod 210)
175 126 120
70 21 120 mip; = mpps = maps = O(mod 210)
105 126 190
140 21 50
Theorem 5. mp, Mp, ..., Wp are the moduli of a residue system N. N can

— — ——— —— — —— — —— e e

10



Proof, If N is a residue system, thenlj P1, P2y -+-5 Pp € Zy such that

(1) pmy = Omod M
n
(2) Z p; = lmod M
1
for any i if (mj, M) = 1
psm; = O mod M
M Py
p; = ¢ M for some integer C;
= O(mod M.)

This means for any modulo that is relatively prime to M its digit weight is
zero. Such digits exist in the system as purely redundant digits. As

sume there are r such bits where O <r <n. If r =n then p; = 0 for
i=1,2,...n and 7}, p; = O(mod M vhich contradicts condition (2).

Now reordering the moduli so that the last r moduli

My_ytys Mp-r+2s -+ Mn

are the ones that are relatively prime to M.

Let
(M, my) = 45 for i =1,2,..., n-r
and
Moo
i = %
dj_>l

11



Then applying condition (1) we have

pimi = O(mod M)
= kiM
Dividing by dy
m; M
Ps __i = k. —
i i 14
m; .M
Tet Ei = m' a = L
i
such that
(m'j_) M'i) = 1
kj_ M .
p; = ﬁTﬁ M, = ¢y Y for some integer c;

This equation has solutions for p; if and only if

M M M
2, ... , M) = 1.
(dl d2 dn-r >

This is possible only if

M = < dl; dg, dn-r >
a my mo M-y

- T (R4 °? 1
m m m_

which implies that

12

for i = 1,2,.

.o nN-T.



and also divides

Now, if
Mi<m, mg, ..., my >
it is necessary to prove the following claim.

Claim. N represents Zy. If we can show that 27 P1, P2y +++y Pp Such that

(1) Z pjmy = O mod M

n
(2) }: p; = 1 mod M, then we will have the proof completed.
i=1

We know that N with moduli m;, mo, ..., mp represents Zy where
t=<m, mg, ..., my> Let p1, p2 ... py € Zt be the digit weights of the

weight functions w:N + Z;. Since Mlt we have pjmy = O mod t

pimi = O(mod t) = pimy = O(mod M)

Z p; = Ll(mod t) :;Z o, = 1(mod M)

S0 |pl|M, ...,]pn|M are the digit weights for the system N - ZM'
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