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CONDUCTORS* 
POTENTIALS I N  HOMOGENEOUS VOLUME 

By Franklin Davis Johnston 
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Frank N. Wilson struggled for several years during the 'twenties to convince 
physicians and physiologists that laws governing the flow of currents and the 
distribution of potentials in volume conductors must be applied to electro- 
cardiography. I n  1932 he had already completed a long, basic paper largely 
devoted to this subject, and this was published as a monograph by the Uni- 
versity of Michigan Press the following year.' Several of the figures used to 
illustrate my brief discussion of the matters under consideration have been 
taken from that monograph. 

FIGURE 1 indicates that A. Waller, in the last century, had a good concept of 
the distribution of currents and potentials arising from the heart. In  this 
figure, voltages produced by the heart are represented by two poles of a battery 
A and B, and a few of the infinite number of paths of current flow are indicated 
by the fine dotted lines. The solid lines surrounding pole A and the dashed 
and dotted lines close to pole B represent regions of equal potential. Thus, if 
A is the positive and B the negative pole of the battery, all points on each 
dashed and dotted line are equally positive in potential, and all points on each 
solid line are equally negative in potential. I t  may be pointed out that a vector 
collinear with the current axis through A and B may be used to represent the 
magnitude and direction of the electromotive force (E.M.F.) of the battery, 
and that a line drawn perpendicular to the line joining the poles of the battery 
a t  its mid-point, that is, the zero potential line, should be an  excellent reference 
point for the measurement of potential anywhere in the medium. 

Before the Einthoven triangle concept and subsequent developments are 
discussed, a few words should be said about some of the mathematical expres- 
sions that may be employed to determine the potential of any point in volume 
conductors of different kinds. Such expressions are available only for homo- 
geneous conductors of simple types, and some of these are shown in FIGURE 2A. 
EQUATIONS 1 and 2 apply to a plane lamina infinite in extent, and EQUATION 3 
applies to a circular lamina of radius R. EQUATIONS 4 and 5 apply to a homo- 
geneous medium of infinite extent in all directions, and (6)  applies to a spherical 
medium of radius R. For the derivation of these equations, the interested 
reader is referred to the monograph of Wilson and his associates' mentioned 
above. 

During the 1920s, when Wilson was working to prove that laws pertaining 
to the flow of currents in volume conductors must apply to electrocardiography, 
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FIGURE 1. A and B are 2 points of the apex and base, respectively. A straight line be- 
tween A and B represents the axis of current between A and B if any inequality of potential 
should arise between the two points. The dotted lines (c )  represent lines of current diffusion; 
the broken lines (a) represent equipotential lines surrounding the point A ; and the continuous 
lines ( b )  represent equipotential lines surrounding the point B. A straight line at  right angles 
to the current axis represents the line of zero potential. 

Craib2-4 was engaged in similar studies employing strips of cardiac and skeletal 
muscle and medullated nerve fibers. The results of Craib’s studies were pub- 
lished before Wilson had completed all of his work, but the opinions of the 
two workers on opposite sides of the Atlantic Ocean were in harmony. In  
this connection, Wilson’ wrote: “In stating that work on the general subject 
of this monograph was begun in this laboratory a number of years before Craib’s 
first paper was published (see Wilson, Wishart and Herrmann, 1926,6 and 
Wilson, 193OS) and that many of the facts to which he has called attention 
were known to one of us long before that paper appeared, we do not wish to 
raise any question of priority or in any way to claim any share of the credit 
due Craib for the fine work he has done. Inasmuch as our work has been done 
independently of his, we have naturally followed our own point of view. 
Craib’s work has, however, made it unnecessary for us to carry out experiments 
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FIGURE 2. In FIGIIRE 2B the top  tiirz’e represents a direct lead from a point on the surface 
of the auricle of a large dog, midway between the upper end of the sulcus terminalis and the 
tip of the right auricular appendix. An upward deflection indicates the relative negativity 
of the exploring electrode. Ten mv. equals 
2 cm. There is slight 
overshooting, and the string is not quite aperiodic. The duration of the intrinsic auricular 
deflection is about 0.0036 (Lucas comparator). The lower curoe represents the exploring 
electrode near the junction of the superior vena cava and the right auricle, possibly on the 
vein. The indifferent electrode is on the right hind leg. (Reproduced by permission of the 
University of Michigan Press, Ann Arbor, Mich.) 

upon simple tissue strips or to enter a t  length upon subjects that have been 
adequately discussed in his papers.” 

I t  is clear from the above that Wilson was in full agreement with the work 
Craib had done with muscle strips and other simple preparations, and it re- 
mained only to prove that laws governing the flow of currents in volume con- 
ductors applied equally to the mammalian heart beating in the experimental 
animal. To accomplish this, essentially unipolar electrocardiograms (FIG- 
URE 2B) were recorded midway from the upper end of the sulcus terminalis to 

The indifferent electrode is on the left hind leg. 
The deflection time of the string for 10 rnv. is about 0.0028 sec. 
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the tip of the right auricular appendix of a large dog. I t  was then shown that 
curves obtained from mathematical expressions derived from the basic equa- 
tions of FIGURE 2A were almost identical to the complexes, in the direct lead, 
that represented accession in the auricular muscle. 

Only two of the expressions derived by Wilson and his associates’ will be 
mentioned here. The first is 

7 - 1 
( d ( x  - a)z + b2 d ( x  + + b2 

v = C’ 

which applies to the simple situation illustrated in FIGURE 3A. Here the 2 
poles of a dipole separated by a distance Za are assumed to be moving a t  a 
uniform velocity along the X axis from left to right. V is the potential at  
any point P located a t  a distance b from the X axis. If the arbitrary values 
for C‘, a, and b are used in the above equation, the curve that it represents is 
shown in FIGURE 3B. It will be observed that this curve closely resembles the 
complex in FIGURE 2B (marked X )  obtained from the electrode on the auricular 
muscle. 

A more complicated case, but one that represents the actual conditions in 
the auricle quite closely, is illustrated in FIGURE 4A. The equation representing 
the potential a t  any point P and the corresponding curve are shown in FIG- 
URES 4B and 4C. I t  will be noticed that this curve is very much like the com- 
plex marked X in FIGURE 2B. 

This concept relates records 
taken with electrodes on the extremities to electrical events in the heart; al- 
though its inaccuracies have been recognized for a long time, it has been, and 
probably will continue for many years to be, valuable in clinical electrocardi- 
ography. FIGURE 5A illustrates the ideas involved and shows graphically the 
relations between a voltage OE acting in the heart and what is recorded in the 
standard limb leads. FIGURE 5B gives an algebraic statement of voltages in 
the limb leads in terms of the vector p q  or E and the angle alpha (a). Under- 
lying the equilateral triangle idea is the assumption that the body can be repre- 
sented by a homogeneous conducting medium of large extent. It does not 
matter whether one assumes this to be a triangle, a circular disc, an infinite 
lamina, or a sphere of large or infinite radius, provided the three electrodes are 
symmetrically located about a centrally placed equivalent dipole whose positive 
and negative poles are close together compared to the equal distances between 
the center of the dipole and the three electrodes. 

It should be pointed out that the vectors OE and E in FIGURES 5A and 5B 
may be considered either the summation of all cardiac E.hl.F.s over a period 
of time (for example, the vector representing all cardiac E.M.F.s during the 
QRS interval, that is, the mean electrical axis of QRS) or the summation of all 
voltages acting in the heart a t  any instant of time during a period of cardiac 
activity. FIGURE 6 shows the mean instantaneous electrical vectors a t  inter- 
vals of 0.01 sec. during the inscription of the QRS complex (01 , 0 2 ,  0 3  , etc.) 
and the mean electrical axis of QRS ( O X ) .  If the tips of all of the former are 
joined by a smooth curved line, one has the vectorcardiogram that represents, 

Let us now return to the Einthoven triangle. 
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in a different way, the same information seen in the scalar leads 1, 2, and 3. I t  
should be emphasized that the limb leads, the Einthoven triangle arrangement, 
and the vectorcardiogram shown in FIGURE 6 are concerned with components 
of cardiac voltages in the frontal plane. 

Supposing that the assumption underlying the Einthoven triangle is strictly 
true, Wilson and his associates7 showed in the early 1930s that a network by 
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which the electrodes on the right arm, left arm, and left leg are connected to 
a common point through equal resistances of at  least 5000 ohms established 
an indifferent electrode with small potential variations throughout the cardiac 
cycle. Wilson fully 
appreciated the inaccuracies of the central-terminal electrode, but he believed 
that i t  served as the best indifferent electrode available for the registration of 

FIGURE 7A shows this scheme in diagrammatic form. 
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nearly unipolar precordial leads and, further, that i t  provided an electrode 
with such small voltage changes that it could be used to obtain tracings that 
represented, approximately at least, the potential variations of the extremities. 
A few years later GoldbergeP pointed out the modification of the central-ter- 
minal circuit needed to take augmented unipolar extremity leads (FIGURE 7B) 
(aV, , aVL , and aV,) and, thereafter, so-called unipolar electrocardiography 
assumed the place it holds today. 

I have often wondered if Wilson was not somewhat surprised at  the nearly 
universal acceptance of the central-terminal technique. In any event, he 
fully appreciated and welcomed the lead-vector concept when it was first de- 
scribed by Burger and van Milaang* lo about ten years ago. This idea is very 
important, since it provides a tool for the determination of the behavior of any 
lead, free of most of the restrictions imposed by the assumption that underlies 
the Einthoven triangle. 

Since the lead vector has served as the basis for much important work in the 
last few years and has been perhaps a somewhat difficult concept for the average 
physician, a few words describing it are in order. In  FIGURE 8A the voltages 
in the heart are represented by a single equivalent dipole, the size and direction 
of which are represented by the vector E. This vector may be replaced, of 
course, by its three orthogonal components x, y, and z .  Suppose vector E 
has a purely transverse direction, in which case the y and z components are 
zero. Under these circumstances the voltage produced by E (or x )  in any 
bipolar lead (for example, lead 1) is Ax, where A is a constant or coefficient 
that involves matters such as inhomogeneity of the tissues and the spatial 
relations between the E.M.F. (Ex) and the electrodes of the lead employed. 
Similarly, if the direction of E is purely vertical the transverse and sagittal 
components x and z are zero, and the lead voltage V is By, where B is again a 
constant coefficient that describes the reaction of the lead in question to a 
vertically oriented voltage located at  a specified point in the heart. If these 
conditions are true, by the superposition theorem the lead voltage V is equal 
to Ax + By + Cz. Burger and van Milaan further pointed out that the co- 
e5cients A, B, and C may be considered as the x, y, and z components of a 
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If V -  lead voltage 
V -  Ax t By+ Cz 

where A. B. and C 
are the x. y, and z 
components of the 
lead vector, L. + - +  

V - L *  E 

V l - 4 x t  B l y t C l z  
V, A, x t B, y t C,z 

FIGURE 8. FIGURE 8B is reproduced by permission of Grune andstratton, Inc., New York, 
N. Y .  

vector, which is the lead vector L ,  and this fully describes the performance of a 
particular lead. I t  should be emphasized that, for a given lead, determination 
of the coefficients A ,  B,  and C establishes the behavior of the lead for only a 
single position of the equivalent dipole in the heart. If the dipole is moved 
these coefficients may change appreciably. Burger and van Milaan also 
showed that the lead voltage V equals the scalar product of the lead vector L 
and the vector E that represents the equivalent dipole in the heart. Thus V 
equals L.E. 

It is not possible to estimate the coefficients that establish lead vectors di- 
rectly in man, but Burger and van Milaan and many other workers more re- 
cently, by the use of models or of cadavers, have determined them for many 
commonly used leads in approximate fashion. This is possible since voltages 
of known size and direction can be introduced into the cardiac area of the model 
and, if the voltage produced in a lead is measured with the dipole oriented 
successively in the x, y, and z directions, 3 equations with only 3 unknowns, 
A ,  B, and C, are available, and these can be solved for the coefficients. Thus 
in the equation = Ax, where VI is the lead voltage, the dipole of known 
strength is oriented in a strictly transverse manner. Under such circum- 
stances y and z are zero, and the general equation reduces to V1 = Ax. Ori- 
entation of the dipole in the vertical and sagittal directions gives the equations 
Vz = By and V 3  = Cz and allows calculation of B and C. If the lead vectors 
are known for 3 independent leads either in models or man, the size and direc- 
tion of the equivalent cardiac dipole can be calculated. Thus the equations 

--f+ 

v1 = A1x + B1y + ClZ 
V2 = A2x + B2y + CZZ 
v3 = A 3 X  + B3y + C3z 



972 Annals New York Academy of Sciences 
where VI , V Z  , and V3 are known lead voltages, and A 1 ,  B 1 ,  C1, etc. are the 
known lead vector coefficients for the respective leads, can be solved for x, y,  
and z, the 3 orthogonal components of the vectOr E. 

The concept of the lead field has been described in detail by McFee and John- 
ston.”-I3 It is not an entirely new concept, since the tubes of influence men- 
tioned by Lepeschkinl4 represent essentially the same idea. The lead field 
depends entirely on the reciprocity theorem of Helmholtz; consequently it is 
essential that this theorem be clearly understood. In his derivation of the 
reciprocity theorem, Helmholtz was considering the effect of an electromotive 
surface in a volume conductor on the deflection of a galvanometer connected 
to that conductor. “Every 
single element of an electromotive surface will produce a flow of the same quan- 
tity of electricity through the galvanometer as would flow through that element 
itself if its electromotive force were impressed on the galvanometer wire. If 
one adds the effects of all the electromotive surface elements, the effects of each 
of which are found in the manner described, he will have the value of the total 
current through the galvanometer.”* 

Referring to FIGURE 8B, an element of the electromotive surface in the heart, 
e, will produce the same current in the external galvanometer circuit as would 
flow through the element e were its voltage impressed on the galvanometer 
circuit. This reciprocal relationship is expressed in more general terms by the 

E i  equation - = - (EQUATION 1 in the figure), where e, as before, is the voltage of 
e I  

the element in the heart, E is the voltage impressed on the galvanometer cir- 
cuit, i is the current through the element in the heart, and I is the current in 

the galvanometer circuit. EQUATION 2, I = - , is EQUATION 1 rearranged 

and solved for I .  By Ohm’s law the current I in the galvanometer circuit 
equals the lead voltage V divided by the total resistance between the 2 elec- 

V trodes R. Thus EQUATION 3 is I = - . If another battery of voltage E is 
R 

impressed in the galvanometer circuit it  is clear that the current in the gal- 
E vanometer circuit now becomes EQUATION 4, I’ = - . If the values for I 
R 

in EQUATION 3 and for E in EQUATION 4 are substituted in EQUATION 2, the fol- 
ie ei lowing expression is obtained: = - or V = - a  Finally, if the volt- R I’R I‘ 

age of the battery in the external circuit is altered so that unit current is intro- 
duced into the lead, I’ becomes 1, and the final equation (5) is V = ei.  This 
is the basic expression in the lead-field concept, and it states that the voltage 
in any lead due to an electromotive element in the heart equals the product of 
this element e and the current that passes through the element if unit current 
is introduced into the lead. This idea may be extended to all elements of elec- 
tromotive force in the heart. 

V = elil + eziz + e3i3 + 

He stated the theorem in the following w a y P  

ie 
E 

Thus in 
. . (6 )  

* Wilson made this clear and concise translation from Helmholtz’s original paper.” 
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where V is the open-circuit voltage of a lead, the e’s are the potential differences 
of the electromotive-force elements, and the i’s are the currents passing through 
the elements when a unit current is introduced into a lead. 

If unit current is introduced into the two electrodes of any lead, currents 
will flow through all parts of the body, including the heart; since, a t  any point 
in the body, the current will have a certain direction and magnitude, it may 
be considered as a vector field and be represented by J ,  where the magnitude 
of J is measured in terms of current per unit area at  every point. If the elec- 
tromotive surfaces considered in the previous paragraph are very small the 
current field will be uniform over the whole element, and the total current 
passing through it will be the product of !he component of the field perpendicular 
to the surface of the element and its area. By the fundamental equation (5) of 
the lead field, V = ei,  the voltage produced in the lead by this element will be 
the product of this total current and the potential difference of the element. 
If we now define the electromotive vector Z of any small element of electro- 
motive surface as a vector that points in the direction faced by the positive 
side of the element, and that has a magnitude equal to the potential difference 
across the element multiplied by its area, then V = J . e  or V = Jxex + Jyey + J,e,. I t  will be observed that these equations for the lead voltage are the 
same, except for some difference in the symbols employed, as those relating to 
the lead vector, and it is clear that the lead field for any point in the heart is 
identical to the lead vector for that point. EQUATION 6, above, may now be 
written 

--i - 

- 4  

4 4  -.- - -  
V = Jl.el  + Js.e2 + Js.es + . .  

and thus the essentially algebraic lead vector may be replaced by the more 
geometric and physical concept of the lead field. 

I t  must be made clear a t  this point that the lead field is determined by the 
currents that flow through the body (including the heart). When an external 
battery of proper size is connected to the electrodes of any lead, however, this 
does not in any way alter the basic fact that voltages originating in the heart 
are responsible for electrocardiograms obtained when a suitable recording in- 
strument is connected to those electrodes. Further, it  must be emphasized 
that the part of the lead field passing through the heart is the only portion 
that is important in electrocardiography. The lead field is actually a device 
that helps in understanding the behavior of any lead and the design of new 
and better ones. The following illustrations should aid in making its value 
clear. 

In FIGURE 9A the approximate lead field for lead 1 is illustrated. Here the 
heart is represented by the shaded area, and it will be observed that the current 
field produced by the external battery, that is, the lead field, passes in a gener- 
ally transverse direction through the heart. This means that lead 1 depicts 
fairly well transverse components of voltages arising in the heart. This should 
be clear from the previous discussion of the nature of the lead field, but con- 
sideration of FIGURE 9B may make this even more obvious. Here a single 
element of the lead field and 2 sources of voltage, or dipoles A and B in the 
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Lead electrodes. 
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field 

A B 
FIGURE 9. Reproduced by permission of F. A. Davis Co., Philadelphia, Pa. 

heart, both located on this element, are shown. Source A is oriented with its 
positive and negative poles parallel to the lead field, and it contributes in the 
greatest possible degree to the lead voltage. Source B,  on the other hand, is 
oriented with the positive and negative poles a t  right angles to the lead field, 
and it contributes nothing to the lead voltage. 

Although it is not possible 
to determine the exact path of the lead field through the myocardium, fortu- 
nately intuition and common sense enable us to establish its approximate course 
through the heart by the use of simple spatial relationships between the loca- 
tions of electrodes and the heart. The lead field thus provides a simple and 
powerful tool not only to explain how any type of lead will function but, even 
more important, to indicate what types of electrodes or electrode systems should 
be employed to obtain leads that are ideal for specific purposes. 

In  FIGURE 10A we see a representation of the lead field for lead aVF obtained 
from a fluid mapper as described by McFee el a1.16 It is a hydraulic analog to 
the electrical situation in the human subject for the lead mentioned. Here 
water enters the orifice in the left leg, flows upward in a shallow space, and 
passes out in equal amounts through orifices in the two arms. Paths of fluid 
flow are visualized by small crystals of soluble dye, and the flow of currents (the 
lead field) through the human body would be similar if a battery were connected 
to the terminals of lead aVF . It will be observed that the field is reasonably 
uniform and nearly vertical in direction. This suggests that this would be a 
satisfactory lead for obtaining the vertical component of cardiac voltages. 

The ideal unipolar lead, from the lead-field standpoint, is one in which the 
field radiates symmetrically in all directions from the exploring electrode to 
the indifferent electrode (at infinity). The field obtained with a fluid mapper 
set up to represent a unipolar chest lead employing the central terminal is 
shown in FIGURE 10B. Here fluid passed into the model in equal amounts 
through orifices in the two arms and left leg and out through an  opening over 
the cardiac area. This nearly perfect field may be contrasted to the one ob- 
tained for a CR chest lead (FIGURE 10C). Here fluid (or electricity) passes 

The implications of the above should be clear. 
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FIGURE 11 

from a single orifice (or electrode) in the right arm and out through the aper- 
ture (or exploring electrode) over the heart. FIGURES 11A and 11B, respec- 
tively, illustrate sagittal views of the fields obtained with a chest lead employ- 
ing the central terminal and the same chest lead where the leg was used as the 
indifferent electrode (CF lead). I t  will be noticed that in the former the 
field radiates in quite symmetrical fashion from the exploring electrode, and 
that there is concentration of the field in the anterior parts of the heart. The 
latter must mean that leads of this kind are more sensitive to voltages on the 
anterior than on the posterior aspect of the heart. 

The lead- 
field concept makes clear the type of field that must exist in the heart if a lead 
is to be ideal for vectorcardiography. Thus, for the best possible transverse, 
vertical, and sagittal components of the cardiac E.M.F.s, the fields (associated 
with the leads employed) must be like those shown in FIGURE 12, a, b, and c, 
respectively. The type of electrode system required to obtain a good sagittal 

I wish now to emphasize a point that should by now be obvious. 
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a b C 
FIGURE 12. Reproduced by permission of F. A. Davis Co., Philadelphia, Pa. 

component and its associated lead field are shown in diagrams a and b, respec- 
tively, of FIGURE 13B. Several small electrodes, each connected through large 
equal resistances to a common electrode, are placed over the precordial areas 
anteriorly and posteriorly. The number of electrodes necessary to ensure 
that the lead field will be satisfactory will vary somewhat with heart size and 
with other factors. At the moment, it seems likely that a minimum of fifteen 
electrodes well distributed over the precordium and a somewhat fewer number 
posteriorly should be provided. The smaller the number of electrodes used, 
especially anteriorly, the more critical their placement will be. The advantage 
of the multiple-electrode grid arrangement for obtaining the sagittal compo- 
nent of cardiac E.Ri1.F.s is shown very clearly in FIGURE 13A, where the lead 
field for this system is contrasted with those that exist with the so-called cube 
and the tetrahedron arrangements. Although the lead field for the latter has 
an average anterior-posterior direction, there is considerable curvature of the 
field, indicating that lead V, (employed for the tetrahedron system) is sensitive 
to vertical as well as to sagittal components of the heart voltages. Further- 
more, this lead is more sensitive to voltages on the posterior than on the an- 
terior aspect of the heart. The lead field for leads employed with the cube 
arrangement shows marked curvature; when it is remembered that the elec- 
trodes for this lead are located on the lower chest near the right anterior and 

Cvb6 Ahdh*nu*api, 

A B 
FIGURE 13. Methods of obtaining a good sagittal component. (FIGURE 13A is reproduced 

by permission of Grune and Stratton, Inc., New York, N. Y.) 
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a b C 

FIGURE 14. Reproduced by permission of Grune & Stratton, Inc., New York, N. Y. 

posterior axillary lines, it will be clear that this arrangement records transverse 
and vertical components of cardiac voltages, as well as sagittal components. 

Finally, in FIGURE 14, a simple arrangement for improving the behavior of 
lead 1, if it is to be used for the transverse component of a vectorcardiogram, 
is shown. Thus, although the lead field for lead 1 alone (FIGURE 14a) has a 
general transverse direction, the curvature, particularly near the apex, impairs 
the accuracy of the lead for the purpose a t  hand. If, however, a lead with 
electrodes in the midaxillae slightly below the level of the heart (FIGURE 14b) 
is combined through large resistances with lead 1 (FIGURE 14c), the opposite 
curvature of the fields in a and b will tend to cancel each other, giving a resul- 
tant field with a more purely transverse direction. 

This brief discussion of the lead field is incomplete in many respects, but it 
will furnish, I hope, some indication of its power and simplicity. 

In  summary, I have tried to outline some of the basic considerations relating 
to the distribution of currents and potentials in homogeneous volume conduc- 
tors, including the use made of some of these matters by Einthoven, Wilson, 
and others. The lead vector of Burger and van Milaan has been briefly de- 
scribed, and a somewhat more detailed discussion of the lead field has been 
given. 
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