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This paper studies contingent claim valuation of risky assets in a stochastic interest rate economy.
The model employed generalizes the approach utilized by Heath, Jarrow, and Morton (1992) by
imbedding their stochastic interest rate economy into one containing an arbitrary number of addi-
tional risky assets. We derive closed form formulae for certain types of European options in this
context, notably call and put options on risky assets, forward contracts, and futures contracts. We
also value American contingent claims whose payoffs are permitted to be general functions of both
the term structure and asset prices generalizing Bensoussan (1984) and Karatzas (1988) in this re-
gard. Here, we provide an example where an American call’s value is well defined, yet there does
not exist an optimal trading strategy which attains this value. Furthermore, this example is not
pathological as it is a generalization of Roll’s (1977) formula for a call option on a stock that pays
discrete dividends.

KEywoRrDs: American call valuation, option pricing, stochastic interest rates, martingale
measures

1. INTRODUCTION

This paper makes three contributions to the literature on the arbitrage-free pricing of
contingent claims. The first contribution is to generalize Heath, Jarrow, and Morton’s
(1992) interest rate option pricing model to include additional risky assets. This extension
enables the HIM methodology to be utilized, for example, to price options on common
stocks under stochastic interest rates (generalizing Merton 1973) or options on futures
(generalizing Black 1976 and Jarrow 1987). To illustrate these procedures, closed form
solutions for European type call and put options on risky assets, forward contracts, and
futures contracts are provided.

The second contribution of this paper is to extend HIM (1992) to incorporate American-
type options. Consequently, this analysis generalizes Bensoussan (1984) and Karatzas
(1988) to unbounded interest rate processes and claims whose payoffs are dependent on
the term structure of interest rates. Finally, the third contribution of this paper is to pro-
vide an example of a discontinuous sample path price process where the American call’s
value is well defined but where there exists no trading strategy attaining this value. This
example highlights the important role that sample path continuity of the price process
plays in the existing literature on American claim valuation. This example is also of
independent interest as it generalizes Roll (1977).

I This paper includes the content from earlier papers by K. Amin, “Pricing American Options in a Term
Structure Economy,” 1989, and R. Jarrow, “Option Valuation of Risky Assets in a Stochastic Interest Rate
Economy,” 1988. Helpful comments from Robin Brenner, Peter Carr, David Heath, and the participants of the
Finance Workshop at Cornell University are gratefully acknowledged.

Manuscript received May 1991; final version received May 1992.
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An outline for this paper is as follows. Section 2 reviews the HIM economy. Section 3
extends this economy to include trading in an arbitrary number of risky assets. Section 4
prices American-type contingent claims, Section 5 provides the example demonstrating
the nonexistence of optimal trading strategies, and Section 6 concludes the paper.

2. THE TERM STRUCTURE MODEL

This section briefly reviews the HIM (1992) setup for pricing interest rate options. Consider
a probability space (), F, Q) with an augmented Brownian filtration {F,: ¢t € (0, 7]}
generated by an n-dimensional Brownian motion {W (), . . . , W,(0): t € [0, 7]; 7 < o0}
initialized at zero. Let the trading interval be [0, 7] and define A as the Lebesgue measure
on the Borel subsets of [0, 7]. Define f(t, T), 0 < t = T =< 7, to be the forward rate
contracted at time ¢ for instantaneous borrowing and lending at time 7.

ASSUMPTION 2.1.  Given an initial forward rate curve { f(0, T): T € [0, 71}, forward
rates satisfy the following stochastic integral equation:

2

Q.1) f, T)=f0,T) + fo o(u, T, w) du

"oorr
+ > Lo Tow) dWiw)  forall0=r=Tand0=T=r,
i=1

where o(t, T, w) and oi(t, T, w) for i = 1, . . ., n are assumed to be adapted with
respect to F, and jointly measurable and uniformly bounded on {(¢t, v): 0 = t = v = T}

x Q.

Define an accumulation factor (corresponding to a continuously rolled over money
market account) by B(f) = exp{[§ r(y) dy], where r(y) equals the instantaneous spot rate
attime y, i.e., r(y) = f(y, y).

Next, let P(t, T) be the time ¢ price of a pure discount bond paying $1 at time
T(T = r). By definition of the forward rates,

T
22y P T = exp[ —J' fi, v dv} forall TE [0, 7], t€ [0, T]
t

The discounted value of the T-maturity bond is
2.3) Z(t, T) = P(1, T)Y/B(n).
Applying Ito’s lemma to Z(t, T) (for details see HIM 1992),

.4) dZ(t, T) = b(t, TYZ(t, T) dt

n
+ > ait, T)Zt, T) dWi(r)y  forall TE [0, 7], € [0, T],
i=1
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where
T
a(t, T) = —j oi(t, u,w)ydu fori=1,...,n
t

and
2

T n T
b(t, T) = —ft oft, u) du + %2 Ut oi(t, u, f(1, u)) du] .

i=1

Given Assumption 2.1, ¢;(t, T)fori = 1, . . ., nand b(¢, T) are uniformly bounded on
[0, 7] X [0, 7] x Q.
This completes the setup of the term structure component of our economy.

3. THE EXPANDED RISKY ASSET ECONOMY

This section extends the previous term structure economy to include trading in an arbi-
trary number of risky assets. We do not restrict our asset set to be finite as in Bensoussan
(1984), Karatzas (1988), or Merton (1973). This added level of generality is needed, for
example, to price foreign currency options where an infinite number of foreign bonds
must be considered (see Amin and Jarrow 1991). We enlarge the previous economy to
include d — n additional independent Brownian motions where ® > d > n. The new
probability space is (2, G, Q) where {G,: ¢ € [0, 7]} is the augmented filtration generated
by the d-dimensional standard Brownian motion {W,(¢), . . ., Wy(0): t € [0, 7]} initial-
ized at zero.

Let X be the arbitrary index set of asset types in the economy with x and y € X denoting

generic elements. Let S(7, x, w) be the price at time r of asset type x € X under state
w € Q.

ASSUMPTION 3.1. Trading takes place continuously in time and there are no trans-
action costs, taxes, restrictions on short selling or “‘other market imperfections’ in the
economy.

ASSUMPTION 3.2.  Risky asset prices satisfy the stochastic integral equation

t
3.1) S x, w) = SO, x) exp[JO(,u.(v, x, @) — s(v, x, w)

d a
- (% 2 82(v, x, w))) dv + 2 o 8,(v, x, w) dW,-(v)] a.e. Q,
i=1 i1

where s(t, x, w), u(t, x, ), and 8;(t, x, w) for i = 1, ..., dare G,-adapted, jointly
measurable in (1, w) € [0, 7] X § and uniformly bounded in (t, x, ®) € [0, 7] X X
X Q, and E{[p |u(t, x, w) — s(t, x, o)|? di] < = for all x € X.

Given Assumption 3.2, (3.1) can be written as the solution to

(3.2) d5(¢, x, w) = [u(t, x, @) — s(t, x, @)]S(, x, w) dt
d
+ D 8;(1, x, @)S(t, x, @) dW,(2).
i=1
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Here, s(z, x, w) represents the dividend rate at time ¢ for asset x. Its sign is unrestricted.
Next, consider an individual who owns the asset and continuously reinvests his dividends
(s(t, x, w)) by purchasing additional units of the asset. Define the stochastic process Z(t,
x) to represent the discounted value of these accumulated holdings, i.e.,

_8(1, x) f’
(3.3) Z(1, x) = ——B(t) exp[ o s(v, x) dv:|.

This stochastic process satisfies

d
(3.4) dz(t, x) = Z(1, x)liZ B;(t, x) dW (1) + {ult, x) — r(D)] dt].
i=1

Fix d — n assets indexed by x;forj =1,...,(d — n) and consider n bonds of
maturities T; fori = 1, ..., n, where0 < T, < T, < --- < T, = 7. From a theoretical
perspective, however, we could have chosen any d assets (and no bonds). We want to find
a probability measure Q (if it exists) which is equivalent to Q such that Z(z, x;) and Z(1,

T;) are Q-martingales forj=1,...,(d—-nmnandi=1,...,n
Define
[ b(t, T)) ]
(3.5) 4, = |20 T

(u(r, x1) = ()]

[t, xg-) — r(0)]

and
_le(t, T)) a6 T) O 0 ]
A, = gl(z, T) - -a, T, O ce 0
012, x1) o 8,(t x) Bt X)) cct 8408 xy)
_51(’: Xgon) o Bl Xgm ) Bt (8, xg2,) < - B, Xg-n)]

AsSsUMPTION 3.3. A, is nonsingular a.e. A X Q.

Definen(t, Ty, ..., Tix,...,x4-,)a d—dimensiénal vector, to be the solution to
(3.6) A + Aym =0
on the set {) where it exists, and define it to be zero on the (null measurable) set where it

does not. Given Assumption 3.3, the solution to (3.6) is unique (modulo modifications).
Equation (3.6) implies that

d
3.7 u(t, x) — rp = —21 8;(t, x)m:(n ae. Q.
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Hence, the ‘‘excess” return on each risky asset is proportional to its variance component
with each 7, the proportionality factor. The components of % are termed the market prices
of risk corresponding to the sources of randomness in the economy.

Examining the solution to (3.6) reveals that the first » components (n;, . . ., n,) of
are identical to those in HIM (1992). A sufficient condition in HIM to guarantee the
existence of forward rate processes consistent with no arbitrage is that (n, . . . , n,,) are

bounded. As Bensoussan (1984) and Karatzas (1988) also require this assumption, we
impose

AssUMPTION 3.4. m;(v, Ty, . . ., Tsxy, . .., xg-,) fori =1,...,dare
uniformly bounded on (v, w) € [0, 7] X Q.

An immediate consequence is that (u(z, x, w) — r(¢)) is uniformly bounded for every
xE€{x;, x5, ..., x4-,ton [0, 7] X Q. Itis now clear why one can not assume that u
is bounded as in Karatzas [1988] and Bensoussan [1984]. Indeed, as r is unbounded, one
must allow w to be unbounded.

ProPOSITION 3.1.  Under Assumptions (3.1)—(3.4), there exists an equivalent proba-
bility measure QT]“_,T";M“_,X"_J such that Z(1, x;) and Z(1, T;) are martingales with
respectto{G,0=t<rtjforj=1,...,(d—nandi=1,...,n

Proof. Let Q = Qr,
equivalent to Q and is defined by

.... T,x,....x,., DE @ probability measure on ({2, G) which is

dg & om
= =exp| X | MmO Ty, Ty Xy e oy Xgoy) dW(V)
(3.8) dQ i=170

1< (n
—521 0 WO Ty, Ty Xy ey Xgoy) dv ).
=
Let E be the expectation w.r.t. 0. By Girsanov’s theorem,
~ t
(3.9 W) = Wi(t) — L m; dv fori=1,...,4d,

is a d-dimensional Brownian motion with respect to 0.
Defining Z(¢) = [Z(t, Ty), . . ., Z(t, T,)); Z{1, x), . . ., Z(1, x4_ )]’ and substituting
(3.9) into (2.4) and (3.4), we can write the vector equation

(3.10) az

Il

Z[A, dt + A, dW(1)],

(3.11) dZ = Z[A, dW(D)].
Since ||A, | is bounded, Novikov’s condition implies Z(f) is a Q-martingale. []

ProposiTION 3.2. The equivalent martingale measure identified in Proposition 3.1 is
unique. ’
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Proof. If Q is another probability measure on (£, G), which is equivalent to Q, and
under which Z(7) is a martingale with respect to G,, then define 8 = dQ/dQ. By Liptser
and Shiryayev (1977, p. 234) there exist G,-adapted processes Y;(#) forj = 1, ..., d,
such that [3 (Y;(1)? dt < = a.e. Q and

d 4
B(H = BO) + > fo Y;(v) dW,(v) forall0 <t <7,
=

where B(f) = E[B | G,]. Now let {;(v) = ,B‘I(V)Yj(v). Using Liptser and Shiryayev
(1977, Theorem 6.4, p._234), Wj(t) = Wj(t) - [} Cj(v) dv is a d-dimensional Brownian
motion with respect to Q. Substituting this into (3.10) and rearranging, we get

(3.12) dZ = Z[[A, + Ayl di + A,dW,].

Now, Z is a §-martingale by hypothesis. This implies that the drift term must be a.s. zero
in (3.16). Therefore, { = m a.s. Q because Ehe solutionto A, + A,{ = Ois a.s. unique.
Hence we obtain the equivalence of @ and Q. []

The martingale measure in Proposition 3.2 depends upon the assets 7y, . . . , T, and
X{, . . . - X4—,. To obtain a martingale measure independent of the assets selected,
we add

AsSSUMPTION 3.5. %, (¢, Ty, ..., T3 xy. .., x4_,) is independent of T\, ..., T,;
Xyy .- Xg_pforeacht € [0, rlandk =1, . .., ,d

Henceforth, we will denote the market prices of risk by the vector ¢(r) = ($(2), . . .,
¢q() and write Q7,7 .. . = Q. Brennan and Schwartz (1979), implicitly, and
HIM (1992), explicitly, require this assumption to obtain their pricing relationships across
all maturity bonds.

Using Harrison and Pliska (1981) or the analysis in Section 4, we can now price Eu-
ropean options as the expected value, under Q, of the discounted payoffs to the option at
maturity. This present value operator is often called the “‘risk-neutral” operator. To illus-
trate this procedure, we provide an example.

EXAMPLE (Merton 1973). This example corresponds to an extension of the economy
analyzed by Merton (1973) to include a random evolution of the entire term structure of
interest rates. We provide explicit solutions for the values of European call options on a
risky asset, a forward contract, and a futures contract. The corresponding put option
formulae are obtainable by put-call parity.

We consider a case where n = | and d = 2. The forward rate process, satisfying
Assumption 2.1, is given by

(3.13) dfit, T) = a(t, T, w) dt + o(t, T) dW (1),

where o: {(u, v) : 0 = u < v = 7} = R is a bounded, deterministic, strictly nonzero
function.
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The risky asset satisfies
(3.14) dS(r) = uS(t) dt + 6,S(r) dW (1) + 855(2) dW,(1),
where 8, 8,, and S(0) > 0 are positive constants and u satisfies the conditions in As-

sumption 3.2.
It is easy to see that Assumption 3.2 and 3.3 are satisfied. Define 7 (¢), 1, (?) by

b(t, T) at, 0 | [m@] _ [o
G19 [“ - ’(’)] ’ [51 81] [772(’)] [0]’

where
T T 1 [rr 2
a(t, T) = —J o, vydv and b(t, T) = ——f alt, v) dv + -2- |:f a(t, v) a’v] .
4 ! t

We assume that the conditions of Assumptions 3.4 and 3.5 hold. By Proposition 3.1,
there exists a probability measure Q on {(Q}, G), {G,: t € [0, 7]}} making Z(z, T) = P(t,
T)/B(t) and z(t) = S(1)/B(1) Q-martingales. Note that

3.16) dz(t, T)z(t, T) | _ [ac. YO | | a0
' dz(1)/z(1) 8 8| |dW, |
where
t
G.17 Wi(r) = Wi(5) — fo 7n;(v) dv fori = 1,2

are Brownian motions with respect to Q. Our goal is to write out explicit representations
of B(1), §(2), and P(¢, T) in terms of the parameters of the system. It can be shown that
(see HIM 1992)

t t
(3.18) B(t) = P(Ol ) exp{%f als, 2 ds — fo a(s, 1) dWl(s)},

0

where [§ a(s, 1) dWl(s) is normal (0, [§ a(s, 1)? ds) under Q. Further, tedious algebra
yields

(3.19) S(1) = SO)B(1) exp{— 483 + 831t + &, W, (1) + 8,WoH(0)},
wheve 8, W, (1) + 8, W,(¢) is normal (0, [8% + 83]7) and

T (1t
(3.20) P(t, T) = I—)(—O’—Tl exp{j Jo a(y, s)a(y, s) dy ds
t

PO, 1
[ (T 3
- fo Ut a(y, $) dS] dW1(y)},
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t T t T 2
where fo [J a(y, 5) ds] dWl(y) 1s normal (O, fo [f o(y, §) ds] dy) under Q
t t

Consider a European call option on the risky asset S(¢) with an exercise price of K and
a maturity date T << 7. The call’s value at time O is:

(3.21) C(0) = E(max(S(T) — K, 0)/B(T)).
A calculation yields

(3.22) C(0) = S(O)P(h) — KP(O, T)®(h — ),
where

_ log (SQ)/KP@©, T)) + } 42
")b ’

T

h

T

a(t, T) dr + f a(t, T)? dr,

¢2=(5%+3§]T—25,f .

0
and ®(-) is the cumulative normal distribution. This is Merton’s (1973) call option for-
mula for a bond price process given by (3.20).

Now consider forward and futures contracts on this risky asset. It is easy to show that
the forward price, K(z), at time ¢, corresponding to contract maturity 7, is given by

(3.23) K@ = S(0/P(t, 7).

The value of a European call option, with maturity date 7 and exercise price M > 0, on
this forward contract is

Cx(0) = E(max(K(T) — M, 0)/B(T)).
Substituting (3.23) and the expressions for S(T), P(T, 7), and B(T) yields

(3.24) Cx(0) = 5(0) PO, 7) e®(h) — MPO, TY®(h — 1),
PO, 7)

where

'S
|

T T ] T T 2
= §, fo [L oy, v) dv] dy + EJO [L oy, v) dv] dy

T T
- L fo oy, va(y, v) dy dv,

i 205} L L
n | B\pPo, M) T 2"
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and

T . 2
n = fo [61 + fT ols, v) dv — a(s, t)] ds + 83T.

We now consider a futures contract. Again, a standard argument shows that the futures
price, k(1), is a O martingale. Therefore,

(3.25) KT) = ES(D) | Gy) = Pf;T)T) exp[—&1 f; a(s, 1) ds + f; a(s, 7)2 a's].

Given (3.25) for the futures price, (3.23) implies that

(3.26) KD = K@) expl:—al f a(s, 7) ds + f a(s, )2 ds].
1 1

The futures price equals the forward price times an adjustment factor. If §; > 0, the
futures prices can exceed the forward price as the adjustment factor, exp{—8, [ a(s, )
ds + [ a(s, H? ds} will be greater than 1 since a(s, 1) = — [La(s,v) dv < 0.

A European option on the futures contract with a maturity date 7 < 7 and exercise
price M has a terminal payoff equal to C;(T) = max (k(T) — M, 0). Thus,

max(k(T) — M, 0))

O = E< B(T)

3 S(T) B J’
E (max(P(T, D exp[ o1 . a(s, 7) ds

+ f; a(s, )2 ds} - M, 0>/B(T)>.

Substitution of the appropriate expressions yields

I

- 50 PO oy — -
(3.27) Cul0) = S(0) 57 e 0(h) — MPO, Db(h ~ ),

where

T fr 1 (7T ¢ 2
¢ = 81f0 [fTU(y, v) dv:‘ dy + Efo [JTU(y, 12) dv} dy
. (T
- L fo oy, via(y, v) dy dv,

A= —§ fT a(s, 7) ds + L a(s, 7% ds,

_1 S0 2
h = . [10g<P(0, T)M) + (1/2)n ],
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and
T , 2
n = J'O [81 + fT a(s, v) dv — a(s, t):| ds + &3T.

This valuation formula differs from that of a forward option through the parameter A,
which is positive if §; > 0 (since a(s, 1) = —[L a(s, v) dv), so that Cx(0) < C,(0).
Interest rates being nonstochastic (i.e., o(s, v) = 0) is a sufficient condition for this
formula to collapse to that of the forward option. This completes the example.

4. VALUING AMERICAN CONTINGENT CLAIMS

To extend the previous model to value American contingent claims we need to investigate
the concept of a “trading strategy.”

DEFINITION 4.1.  An American contingent claim is a triplet (734, ¢, Y) consisting of

(i) An expiration date 7, € (0, 7].
(ii) A continuous, nonnegative, G,-adapted cash flow ¢(z) per unit time on [0, 7p,].
(iii) The selection of an exercise date 8 and a continuous, nonnegative,G,-adapted pay-
off Y(6). Y(8) is the reward on the exercise date 6.

The exercise date 6 is chosen from 6 € 7, 1, where 7 ., 1 is the class of all stopping

times in (0, 7y,]. As written, an American contingent claims has intermediate cash flows.
To simplify the mathematics, we can transform this American contingent claim into one
without intermediate cash flows by reinvesting the intermediate cash flows into a fund (a
money market account) which earns the riskless rate. We will denote the amount of wealth
invested in this fund at time ¢ to be F(#). Last, we require that only additions (and no
withdrawals) be allowed from this fund as the cash flows are assumed to be nonnegative.

The running discounted payoff from the contingent claim (7, ¢, ¥) is then the dis-
counted accumulated payoff from the claim if exercised at time ¢, i.e.,

JX0 [
“@.n U@ = B() + o B

By construction, U(?) is a continuous, nonnegative, and G,-adapted process on [0, 7,].
We will price claims which satisfy

r
4.2) E|:< sup U(t)) ] < for some p > 1.

1€[0,7p]

It can be shown that the common types of options (calls and puts) satisfy this assumption.
This assumption is different from that employed by either Bensoussan (1984) or Karatzas
(1988). An equivalent version of this assumption under the martingale measure is needed
later. To obtain this version, we require a lemma.
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LeEMMA 4.1. Given a nonnegative random variable R € G., with E(RP) < = for p
> 1, then E(R9) < , where g = \/1_7> 1.

Proof. By the Radon-Nikodym theorem

4.3) E(R9) = E[RIN(7y)],
where

16
“4.4) N(1 = E(:ig ‘ G,).

An application of [to’s lemma confirms that

d d ¢,
NIt = exp[z fM h; (1) dWi(n) — Y, fM% h2(1) dz]
(4.5) =170 =170

d
™
X exp{zl , R —mmie d:],
“

where h satisfies 1/qg + 1/h = 1. Using the boundedness of 7; and Novikov’s theorem,
E[N(7)s)"*] < co. Since Holder’s inequality gives

(4.6) E[RIN(1)] = [E(RP)IVIE(N(Tp)M] 1
and the first factor is finite by hypothesis, we are done. []

Lemma 4.1 and expression (4.2) imply

q
4.7 E[ sup U(t)] <o for some g > 1.

1€[0,7p}

For ease of notation, we will denote the money market account as asset 0, the bonds
T,,...,T,asassets 1, ... ,nandtheriskyassetsxjforj =1,...,(d — n)as assets
(n + 1), ..., d The prices of these assets will be denoted S;(r) forj = 0, . . ., d. To
be consistent, note that s = O forj = 0, ..., n(dividend rates are zero for these
assets). Let Bl-j(t) be the variance coefficient of W;(¢) for the jth asset price. Note that by
3.5), 8,-]-(t) =0fori=(n+1),...,dandj = 1, ..., n By the definition of the
money market account, B(), we also have that 8,,(t) = Ofori = 1, ..., d. Given the
previous framework, the S,j(t)’s are well defined.

We will also restrict our “trading strategies” to include only these d assets. From the
subsequent discussion, it will become clear that we can replicate the payoffs from any
other traded asset in the economy using only these assets.

Let (1) be the number of shares owned of asset j at time tforj=0,...,d. Atrading
strategy w(t) = {m;j(1): j = 0, ..., d} is a G,-adapted process which satisfies

4 7;()S:(1) ?
BV ASE At At . o | =
4.8) lél o [ B(1) ] 8,](t) dt < a.s. Q for i 1, ...,d
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Expression (4.8) is an integrability condition required to define the stochastic integral in
(4.10). Next, define V(¢) to be the corresponding value process given by

d
4.9) V() = 2, m(0)S;(1).

Jj=0

DEFINITION 4.2. A trading strategy 7 is admissible and self-financing (s.f.t.s.) s V(¢)
=0a.e. Qforallt €10, 7,1, and

(i) There exists a nonnegative, right-continuous, G,-adapted process F(f), with
F(0) = 0, such that

d 1 d t
(4.10) V(1) + F(1) = V(0) + Ef m;(v) dS;(v) + Ef (V)8 (V)s(v) dv
j=0-0 j=0-0

4
+ fo Fv)r(v) dv a.s. Q for all ¢ € [0, 71,

and

(ii) F(1)/B(?) is a.s. nondecreasing on [0, 7], i.e., withdrawals from the fund are not
allowed.

Equation (4.10) is the self-financing constraint where the last term incorporates the in-
vestment in a fund, F(f), which earns the spot rate. The purpose of this fund is to allow
cash inputs into an otherwise self-financing trading strategy. These cash inputs are needed
in the construction of a synthetic American contingent claim as we must match any inter-
mediate cash flows received on the American contingent claim (see the discussion below
Definition 4.1).

Let us consider an arbitrary self-financing trading strategy (m, F). We define the dis-
counted value process (corresponding to the total payoff) of this trading strategy as

V Fi
“.11) Vp(t) = B—Eg + Fp(n) where Fp(f) = E%

By a standard argument (see Karatzas 1988), for any admissible self-financing trading
strategy (7, F), Vp(?) is a Q-supermartingale with respect to G,. The optional stopping
theorem now yields

(4.12) E(Vp(0) = V(0)  forall t € [0, Ty,].

This implies that

(4.13) E(Fp(D) = V(0)  forall t € [0, 7]

In other words, the nonnegativity requirement that V(#) = 0 restricts the amount of money

that can be put into the fund to be no greater (in expectation) than the initial value of the
trading strategy.
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DEeFINITION 4.3.  The arbitrage free price for the claim (7, ¢, Y) at time ¢t = 0 is
given by SUPser .. E(U(9)).

This definition can be justified by similar arguments as in Karatzas (1988). In the next
proposition, we prove that this supremum can be attained by a suitable trading strategy
which at all times maintains at least as much wealth in the fund as the cumulative cash
flows generated by the contingent claim. Furthermore, the value process from this trading
strategy, if exercised, is always greater than or equal to the payoff of the claim.

PROPOSITION 4.1. There exists an admissible self-financing trading strategy with a
value process V(t) which satisfies

(4.14) ZQ:esssu E[U®) | G,] ae. 0
: B() ey hoae s

and a fund process F(t) such that F(£) 2 [} c(v) exp (J!, r(u) du) dv.

Proof. The proof is similar to Karatzas (1988, Theorem 5.4). From Fakeev (1970,
Theorem 1), there exists a nonnegative supermartingale X(r) with RCLL paths such that

(4.15) sup E[U®)) = E[X(D)
”E’(z,'M)
and
(4.16) X(1) = ess sup E[U(O) | G,] ae. Q.
9ef(tv,M)

By Theorem 4 in Fakeev (1970), the random variabie 6(¢) = inf {v: v = £, X(v) = U(v)}
is optimal for the problem. Given that E[sup,E[O,,M ] U(1]2 < o« for some g > 1 (notice
that we have proved this under different conditions), we can write (see lemma 5.5 in
Karatzas 1988),

4.17) X() = X(0) + M) — A1),
where M(¢) is a Q-martingale with M(0) = 0 and A(r) is a continuous, nondecreasing

process of bounded variation with A(Q) = 0. Applying a martingale representation theo-
rem (Karatzas and Shreve 1988; p. 184) yields

4 rt
(4.18) X(1) = X(©0) + >, fo g:(v) dW,(v) — A,
i=1

where g,(v) are adapted processes which satisfy fgw gHv)dv <oa.s. Ofori=1,...,

d. Define V() as the solution to the following equation:

v f few) o _
(4.19) [B(t)] )y B du = X(0.
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Substituting this equation into (4.18) and integrating,

(4.20) [V—(Q]

J't C(M) ft d J't -
50|t o B @t ) A = X(O) 21 , &) AW, ).

0 B(u) 0

Now define Fp, (1) (= F(1)/B(?)), A(1), and V() by

. [ ! e(u)
4.21) Fp(r) = fo dA(u) + J;) _B(u) du,
Al f’
(4.22) B - Jo dA(u),
. 3 V() _
(4.23) Fp(t) = __B(r) + Fp().

As A(?) is nondecreasing, (4.21) implies that F,(£) = f§ c(v) explf}§ r(w) du] dv. Noting
that X(0) = V(0), (4.20) can be rewritten as

- d
- Vi - - ! -
(4.24) Vp(t) = [—Big] + Fp(t) = V(0) + Z] fo g:(v) dWi(v).

Now define the trading strategy m(¢) as the solution to

(4.25) gi(1) = i (1) expl — [§ s(v) dv]S;()d;;(1)
j=1 B(®

fori=1,...,d

and

d

(4.26) o ()B(1) = V(1) — 21 (1S (1).
£

As A, is invertible (assumption 3.3), the above system of equations has a unique solution.
As s(v) is bounded and [ e g,z(v) dv < o a.s. 0, this satisfies the definition of a trading
Strategy.

Now, substituting (3.11) and (4.25) into (4.24), we get

B 4 t
4.27) Vp(t) = V(O) + 120 4[0 7'rj(v) exp[—fo s(v) a’v] de(v).

An application of Ito’s lemma shows that this satisfies (4.10). To complete the proof that
it is both admissible and self-financing, we only need to show that V(f) = 0. Theorem 2
in Fakeev (1970) gives us the result that X(¢) is the smallest, nonnegative, supermartingale
that majorizes U(7). This implies that X(z) = U(7) and X(ryy) = U(ry,). Hence, V() =
Y(#) and V(1) = Y(7),). In particular, V(7) = 0 because Y(¢) = 0 by assumption. []
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Proposition 4.1 allows us to value any contingent claim satisfying expression (4.2).
Unfortunately, no general closed-form solutions to (4.18) are known under stochastic
interest rates. Consequently, the standard procedure for determining these values is to
resort to numerical approximation techniques.

5. EXAMPLE: NONEXISTENCE OF OPTIMAL EXERCISE STRATEGIES

In previous sections, given that the accumulated price process (3.3) is continuous a.e.,
we have shown both the existence of the American claim’s value and an appropriate
trading strategy which attains this value. Here we analyze an example where this analysis
fails in the presence of a discontinuity. This example generalizes Roll’s (1977) formula
for an American call option on a stock with known discrete dividends on fixed dates. For
this example, the value function exists and can be characterized but there does not exist
an optimal “early exercise strategy” nor a trading strategy that generates the claim’s
value. As Roll’s formula is widely used in the academic literature, this example is of
considerable interest.
Consider the introduction of an additional stock §*(¢) in the economy. Let

S¥(0) = S(t, xz) + d1P(t, T pepey,

i.e.,

d
Zl 82(u, xd)] du

B | e

t
S*(1) = S0, x,) exp[J' [p,(u, xg) —
(5.1) 0

d 1
+ Zl , 3w xp) dW,-(u)] + dP(1, T epsy,

where d; is the fixed dividend paid at date T*, and 1(+ < T*) is the indicator function
equal to one if + < T* and zero otherwise. Note that the stock price is everywhere right-
continuous, but discontinuous from the left at r = T*. The assets S* can be viewed as a
portfolio consisting of the risky asset S(z, x;) which does not pay any dividends and d,
bonds with maturity T*. With this insight, it will be easier to understand the subsequent
manipulations. At this stage, we add one additional assumption.

ASSUMPTION 5.1. Nonnegative interest rates and no capital losses on zero coupon
bonds:

(i) Q(B(t + €)= B(1)) = 1 and
QB + &)>B()>0foralle >0andt €10, 7].
) Pt + e, V=Pt T) = 1and
QP(t+e,T)>P(t, T)>0foralle >0andt, T € [0, 7].

Assumption 5.1 is included to simplify the subsequent analysis. It is the simplest stochas-
tic generalization possible of a nonnegative and deterministic term structure of interest
rates. Define Z*(¢) by
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St x)  dPGTHIC< TS d
) = —L (= 1*
(5.2) 20="pn * B(1) t B =T
= Z(1, xy) T Zy(1),

where
S(t,
20, xy) = (;(;"),
(5.3) Z,( = % [P(t, THI < TH] + 1t = T*) B(T*)'

Thus, the quantity Z;(¢) corresponds to an admissible self-financing trading strategy
involving d; bonds P(z, T*) held before T* and rolled over into the money market account
after time T*. Under the Q defined in Sections 3 and 4, Z(t, x,) is a square integrable Q-
martingale (Proposition 3.1). Given Assumption 5.1, Z,(¢) is bounded and

P, T%)

(5.4) E[Z;(n] = d, BO)

Hence, Z,(?) is a Q-martingale, and correspondingly Z*(1) is a (J-martingale.

Now consider an American call option on this new stock with a strike price K and
maturity date 7, where T* < 7,,. By analogy to Section 4’s definition, the arbitrage-free
price at time t of the American call option, C(?), is defined as

cw [ sx® - k]°
o3 s - o el[“5] | o)

Next, we turn to trading strategies which attain this value.

DEFINITION 5.1.  An e-optimal early exercise strategy starting at time ¢ is a 0! €
T(1,7] SUch that for a given & > 0,

(5.6) U E{ [—~——S*(9£) — K]
B(1) B(6?)

Gt} + & ae Q.

The early exercise strategy is said to be optimal if it is 0-optimal.
The following lemma shows that e-optimal strategies exist.

LEMMA 5 ._1 (Existence of -Optimal Strategies).  (C(1)/B(1): t € [0, Ty]) is a right-
continuous Q-supermartingale, and the stopping time

(5.7) y! = inf {s E (1, Tpy) : k) _ I:S*(s) - K] . s}

B(s) B(s)

is e-optimal for e > 0.
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Proof. By Theorems 1 and 2 in Fakeev (1970), there exists a right-continuous super-
martingale f(r) such that f{r) is the minimal right-continuous supermartingale that major-
izes max{(S*(#) — K)/B(1), 0] and

f[s«0 - k|° .
(5.8) Ay = Sz[sos;l;% E{ [—232(_6)_—] I G,} a.e. (.

The call price C(#) = f(r)/B(t), and so the first part of the lemma is established. To show
y! is e-optimal, it suffices to show

. S*(t) — K|°
E = - < o,
{IE?lI)I.IT)M] l: B(n) ] }

because we can invoke Theorem 4 of Fakeev (1970). But

) s¥n — K|° - S*(2)
5.9 E ——— | Y<E
(5.9) {tef(l)l,?M] [ B(1) :I } {tefgng] B(t)}

2
i S*(1)
= Eq1 .
{ T o [B(r)] }

Applying Doob’s maximal inequality, (5.9) is less than or equal to
- S*(TM) 2 ~ S(TMy xd) dl 2
(5.10)  Ef§1 + 4| —* = FE{1 + 4 +
B(7'M) B(TM) B(TM)

2 2
. S(TM’ xd) dl
b SE{[ Blry) } ¥ (B(m)) } |

This is finite from the square integrability of S(7,,, x,)/B(7);). OO

A

Define a fictitious American contingent claim C(#; y!) to be one which has a payoff =
[S*(yl) — KT+ at date y!. Given Lemma 5.1, the proof to Proposition 4.1 yields that
there exists a trading strategy corresponding to this claim which requires a time ¢ invest-
ment of

fs*on - k7
5.11 Ey| ————
61D {[ B(y?) }

Hence, if the original American contingent claim traded, its value must be within & of
(5.11) for all £ > 0. However, for ¢ = 0, an optimal strategy does not exist as will be
shown in Proposition 5.2.

Using this analysis, (5.5) can now be given an alternative characterization.

G,} B().
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PROPOSITION 5.1.

(5.12) C(ty/B(t) = E{max [C(T*), SX(T*) + d, — KV/B(T*)| G},

where

(5.13) C(T*) = E{[S*(ry) — K1*/B(1yy) | Gp+}B(T*).

Proof. The first step is to show that the right side of (5.10) provides an upper bound
for C(t)/B(t). Take any 8 € UTEAE Then
o}

[ sx0 - k] ;][50 — K
{75 ) - Al

1 S*8, x) — K
+ E{[—_‘_ I(T*se<TM)1(s(s,xd)>K)

:

B(6)

. S(TM’ xd) - K
+ E{max[W,O Looryy | Gt

But, B(6) = B(T*) on T* = 6 < 7),. So using the optional sampling theorem and the
law of iterated expectations, the above quantity is less than or equal to

o

]8T 5 + a4 — K|
B(T*) @0<7%) L(S(,x0)7K)

U Sy, x) — K
+ E{[—B(T—M—)— lar=s<nplisoxa=x) | Or

([ Sy, x) — K|~
Al o]

The sum of the second and third terms is less than or equal to

| G
o} (552

o).

C(H/B(1H) = E{max[C(T*), S*(T*) + d, — K1/B(T*) | G,}.

~ S('TM, xd) - K T
E{[—B(TM) :I 1<T*S9§TM)

).

The first term is less than or equal to

[[s@*, x) + dy — K|
E B(T*) Lo<r

Therefore,
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The second step is to show that there exists an g-optimal strategy y? such that

lim C(£: y!) = E{max[C(T*), SX(T*) + d, — K}/B(T*) | G}B(1) a.e.
e=0

Consider

yi = {T* —& ifS(T* — &, x;) + d,\P(T* — &,¢8) — K> C(T* — &),
¢ Ty otherwise.

A calculation similar to that just completed shows that

Cliyh) _ g {max[S(T* — &, x)) + d\P(T* — e, &) — K, C(T* — s)] ~ G,}.
B(1) B(T* — &)

Letting € — 0 and using the sample path continuity of our square-integrable martingales
gives the result. []

This proposition gives a simple method for calculating the American call’s value. First,
at date T*, calculate a European call’s value with exercise price K and which matures at
time 7y, (i.e., C(T*)). Second, take the minimum of this value and that obtained by
exercising the American call at time T* (i.e., S*(T*) + d; — K). This yields the Ameri-
can call’s value at time T*. Third, discount to any earlier date by using the risk neutral
operator as given in (5.10).

Now we are in a position to prove the main result of this section.

ProproSITION 5.2. Corresponding 1o the American call option C(t), there does not
exist an optimal exercise strategy y with Q(y > 744) > 0.

Proof. Suppose there exists an optimal exercise strategy y € 7y, .,.) With @[y < 7y]
> 0. Define

ifr<y<T

y + fT*=y=m7y.

Then y* € 7, ,, 1, and y* > y if y < T*, whereas y* = yif y = T*. Further, let
L[5 - K]* H
E —_— G, |BQ)
H[ B(y) (f |BC
J[[s0m - K]
VW* = E G, |B().
H[ B(y*) ] ' ’H v

We will show that V> < V¥*_ which contradicts the optimality of y.

vy
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Now, $*(y) = S(y, x3) + d,P(s, T*)l(yq*). Hence,

2 S, xy) | di POy, T) _ K
Vy(t) - E{I: B(y) + B(y) 1(Y<T*) B(y):ll(s*(yPK)

G, }B(t).

Using the optimal stopping theorem, S(¢, x,;)/B(#) is a Q-martingale. Therefore

=l g SO*, xg) | diPO, TH K
VX () = [E[E[ (;(y*);d il Bz)v) Lyarsy — E(E]I(S*(yPK) Gy} ‘ G,]B(z)
(8%, x) | diP(y, T K
= E{[ B(y*)d + 1 B(y) (y<T*) — EG;:II(S*(—V)>K) Gt} B([)

From the definition of y*, 1(y<T*, = l(y*q*). Hence,

V(@)

il

J[S0% xp  diPe. T k|,
Al7B0m 7 By 0 T By Jleer

([s*om  «
=B Bom " By |leoro

Noting that Q(B(y*) > B(y) > 0, OB(G*) = B(») = I, and O(y < T) > 0, this
implies that Q(y* > y) > 0 and Q(y* = y) = 1. Hence,

G,}B(z)

G,} B(1).

: =) | SFO) K

But

S*(y*y — K | - S*(y*) K | )
B(y*) (S*(N>K) = B(y*) - BG™) (S*(y*)>K) a.e. Q.

This implies that

oo S0k
YO <ENBon T Bom |5

G,}B( 1),

ie., V¥ < V. O

This proposition proves that there does not exist an optimal exercise strategy for the
American call option. The intuition for this result is straightforward. As it is suboptimal
to exercise early if there are no future dividends, optimal exercise must lie in the time
interval before the dividend payment date. If it is optimal to exercise early, one would
like to exercise the option as close as possible to the dividend date. But given that the
stock price is right-continuous and there is a discrete jump at the dividend date, the time
interval over which one can exercise the option is an open interval whose supremum
cannot be attained.
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6. CONCLUSION

This paper extends HIM (1992) to include risky assets. Various closed-form solutions for
European-type options on risky assets, forward contracts, and futures contracts are pro-
vided. Secondly, it studies the pricing of American-type contingent claims on risky assets
in a stochastic interest rate economy. It generalizes the previous works of HIM (1992),
Bensoussan (1984), Karatzas (1988), and Roll (1977) in this regard. The analysis justifies
the use of the standard procedures for calculating American contingent claim values in
stochastic interest rate economies.
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