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SUMMARY AND CONCLUSIONS

It has been common practice to base thermodynamic calcu-
lations concerning the flow thfough ducts and across shock
waves on formulae which have been derived under the assumption
that the specific heats of air are constant. For Mach Numbers
greater than two, the range between the static and stagnation
values of the temperature is large, and the variation in the
specific heats of air between these temperatures cannot be
neglected. In this memorandum, the influence of variable spe-
cific heats on certain flow relations has been investigated.

For isentropic flow, it has been found that the error in
the ratio of the static value to the stagnation value of the
pressure, density, and temperature calculated on the basis of
a specific heat ratio of l.4, is less than 1% for flow Mach
Numbers that do not exceed two. For Mach Numbers greater
than two, the errors rise rapidly. For a Mach Number of six,
the errors in the pressure, density, and temperature ratios
are 26%, 34% and 13% respectively. Values of the ratios
versus Mach Number are plotted on Figures 2, 3 and 4. Errors
versus Mach Number are plotted on Figure 5.

For flow through a normal shock wave, the ratios of the
upstream to the downstream values of the pressure, density,
temperature ,and stagnation pressure have been plotted versus
Mach Number on Figures 6, 7, 8, and 9. On Figure 10, the

Mach Number downstream of a normal shock has been plotted




DEPARTMENT OF ENGINEERING RESEARCH

Page 2 UNIVERSITY OF MICHIGAN Report No. UMM-6

versus the Mach Number upstream. On Figure 11, the error arising
as a consequence of holding the specific heat ratio constant at
the value 1.4 is plotted versus Mach Number. For Mach Numbers
less than two, the use of a constant value for the specific heat
ratio leads to an error of less than 1% in the quantities con-
sidered. At an upstream Mach Number of six, the errors in the
downstream values of the pressure, density, temperature, and
stagnation pressure ratios are 3%, 16%, 11%, and 24% respectively.
The error in the downstream value of the ilach Number is 5%.

The calculations for flow through a shock wave have been
made for an upstream static temperature of 520°R. At lower
temperatures, the errors resulting from the use of a constant
specific heat ratio are smaller, Calculations at a Mach Number
of six using an upstream static temperature of 393°R (strato-
sphere temperature) have been made and this one point is plotted

on Figures 6 through 10.
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h = Enthalpy, Btu per 1lb mass; OR, ft 1b per slug

SYMBOLS

Local speed of sound, ft per sec

p = Pressure, 1lb per sg ft
u = Velocity, ft per sec
v = Specific volume, cu ft per slug

M = Mach Number

t=9]
" ]

Absolute temperature, degrees Hankine

RT,
u, + = ft per sec

=D a Ratio of specific heats

Cyv

Subscripts:

]

0

1

2

S

Superscripts:

3

0

T

/3

§

Y o=ut gzl , £t per sec
P

Density, slug per cu ft

Stagnation value
Position immediately upstream of shock
Position immediately downstream of shock

Arbitrary standard value

Critical value (M = 1)

Stagnation value

Specific heat at constant pressure, Btu per 1lb per degree

Specific heat at constant volume, Btu per lb per degree

The gas constant (1715 ft lb per slug per degree Rankine)
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INTRODUCTION

In aerodynamic calculations at low Lfach Numbers the
temperature variationsare sufficiently small that the specific

heat ratio ¥ = EE can be considered constant. This permits
c

v
the quantities B ,lg , and L for isentropic flow and
Po So To

the quantities P2 | L2 | 12 ang P2% ror shock flow to be
LT e W R X

expressed conveniently in terms of the flow lMach Number. At

high lfach Numbers ¥ cannot be considered constant and the

validity of formulae based on this assumption must be in-

vestigated.

In Reference 1, values of the specific heats of air at
vanishing pressure, computed from experimentally determined
data on nitrogen and oxygen, are listed for temperatures be-
tween 200°R and 6600°R. Values of the enthalpy computed from
these specific heats are shown to be accurate within close
limits, even when the pressures are very high. Values of by
have also been computed from these data and are listed in
Table 3 of Reference 1. On Figure 1 of this report, the
important parameter ( ¥ - 1) is plotted versus temperature. The
variation of this factor in the temperature range between 200°R
and 6600°R is 42%, It is interesting to note that at 6400°R,
the value of ¥ computed in Reference 1 is 1.280, which is close
to the value 1.286 predicted by Kinetic Theory for gas mole-

cules with seven degrees of freedom. The subject of variation
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in specific heats of gases with temperature is discussed in
References 2' and 3.

From the enthalpy tables of Reference 1, it is a simple
matter to compute the isentropic flow relations versus liach
Number. The flow through a normal shock is more involved and
a graphical solution to the equations is employed.

At present, the very high stagnation temperatures result-
ing from supersonic flow at Mach Numbers between three and six
are encountered only in free flight. Therefore calculations
have been based on a temperature of the undisturbed flow of
520°R at all Mach Numbers. It should be noted that in flight
at high altitudes the undisturbed flow temperature is lower
and errors in the formulae based on constant ¥ may be ex~
pected to be smaller. Cne calculation of the parameters has
been made at a Mach Number of six and an undisturbed flow
temperature of 393°R to illustrate this point.

It is also pointed out thet the temrerature rise through
a plane, or conical, obligue shock is smaller than the rise
through a normal shock under the same conditions. Therefore,
the errors indicated in this report serve as an upper limit
on the errors one may expect if ¥ is treated as a constant

in calculating the *parameters downstream of any shock wave.
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DISCUSSION

I. Isentropic Flow

The energy equation for a gas can be written:

2 o, T,
(1) &+jch =5Och
2 O P o P

If the specific heats are considered constant, the energy equation

reduces to:

¥ p . _8 R
o1 p 8-1 po

o]

Assuming further that the flow is isentropic, and employing the
relation E? equals a constant, the static to stagnation ratios

are easily derived. For = l.4

(2) B o= (1+0.202)7%0
Po

(3) L=+ 0.2152)'2‘5
Lo

) I _@a+ 0.2},{2)'l
To

For high Mach Numbers, Equations 2, 3, and 4 are invalid
because of the large variation in ¥, and air tables similar to
those of Reference 1 must be employed. In the air tables, the
values of enthalpy'jg cpdT, pressure ratio %; , and specific
volume ratio %; s arestabulated for values of the temperat:re

between 300°R and 6500°R. From these figures it is a simple

matter to determine the ratios B ,£ , and I | versus stream
Po Lo To
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Mach Number for any given value of stream temperature. This has
been done for a stream temperature of 520°R and the results have
been plotted on Figures 2, 3, and 4. A sample calculation is
given in the Appendix. For comparison, the relations for a
constant ¥ given by Equations 2, 3, and 4 are plotted on the
same figures. The correction factors which must be applied to

Equations 2, 3, and 4 are plotted versus Mach Number on Figure 5.

II. Flow Through a Normal Shock

The relations across a normal shock can be found by combining
the three equations expressing the conservation of mass, momentum,
and energy and the equation of state, in the proper manner.

These equations are listed below., The subscripts 1 and 2 refer

to positions immediately upstream and downstream of the shock,

respectively.

(5) PrY1 = Lo, conservation of mass

(6) P, - D, =/02u22 —/olul2 conservation of momentum
2 2

(7) 1_112-_ + hy = %_. + by = hy conservation of energy

(8) P é/oRT equation of state

If § is considered constant, conservation of energy can be re-

duced to:

2
_u ac  _ p41 R
=5 t¥-1 T3p-o1) @

The relations across a normal shock, using Equations 5, 6, Ta,
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and 8 and the value ¥ = 1.4, are:

Ps 5
= =1.16 - .16
(10) ;-?- =12 + 0.4 Mf} [2.8 32 - Of“]
1 5.76 1%
(11) P = [ 2oly ]2-5 2.4 M 2 ]3-5
plo 2.8 Mlz - Ooh 2 + OOLI- Lil
+ 142
(12) néz = 2 tH

7M12-1

When ¥ is considered to be a function of temperature,

Equation 74 is not available. Air tables must be used in its

place. Equations 5, 6, and 8 do not involve the specific heats.,

The four anknowns P2s P2s T2, and u, occur in these three equa-

tions and from them u, may be solved as a function of T, in the

following manner:

Substituting (8) in (6):

= 2 _ 2
LR TP L A
which becomes, after making use -of (5) and simplifying:

RT. RT
(13) u2~+.._2. =ul+.._.:_L.

u2 ul
Another value of u, is found from Equation 7

(14) u, ‘\/2("0 - h,)

Substituting this in Equation 13 yields:

RT RT.
(15) \lz(ho - h?.) +\ﬁﬁ27= ul + E.i_J;
o)
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From Equation 15 and the air tables (which give h as a function
of T), the value of the downstream static temperature T, may be
solved for any set of upstream conditions uy and Tl' A graphi=-.

cal solution shows two values of T2 that satisfy Equation 15.

One solution indicates that T2r = ’1‘l and corresponds to the

trivial case of a discontinuity of zero intensity.

After T2 has been determined for the specific upstream

conditions ! and Tl’ h2 can be found from the air tables and

; ) U
u, can be computed from Equation 14. Then R and _£ are

by relat
known, /0_2. can be computed from the continuity rela ion:/fg =2
%! L1 %
and ?2. from the equation of state:
Py
P2 _,2 k2
B T

h L1
32 can be determined for any vzlue of T P from the air tables, and
¥, computed from the definition M_ = u_g + This leaves only the

2 2
)

ratio of the stagnation pressures, which is computed from the

following expression:

0
E’gU P2 P2 P
P)° Py P op0

0
El'- is read from the curves of Part I of this discussion, P2_
0 p
P 2

can be computed from Equation 2 because the Mach Number down-

stream of the shock is less than unity. However,in this equa-

tion, care must be taken to use a value of § corresponding to
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the stagnation temperature of the flow,

0
The ratios P2 ,/22 , 12 and EEU , computed in the manner
LT T

described above, have been plotted versus Mach Number on Figures
6, 7, 8, and 9 respectively. On Figure 10, Mz has been plotted
versus Ml. On the same figures, these quantities as computed

from Equations 9 through 12 are also plotted for purpose of com-
parison. The error which arises as a result of holding { equal

to l.4 is plotted versus Mach Number on Figure 11.
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APPENDIX

I. Isentropic Flow Calculations

As an example, the flow properties are calculated for a
Mach Number of six and a static temperature of 520°R.

From the air tables (Ref. 1), corresponding to T = 520°R:

(1) a=1118 ft per sec

(2) (h - hs) = 28,77 Btu per 1b mass

(3) B =2,50
P
A ¥ -i. 59
Vs /?-
As

Then u = Ma = (6)+(1118) = 6708 ft per sec, and from the

energy equation:
(h =h_)=(h h)+112
0 S s 2
AR
= 28,77 + {6108)" 4O,
2 10

(40 x 107 converts ft 1b per slug to Btu
per lb mass)
= 928.715 Btu per lb mass
Again from the air tables (Ref. 1), corresponding to
h° - hs = 928,715 Btu ber 1b mass
T, = 3785°R

Po = 5345.0
Pg

v
O = 17.70
vS

212 -
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Then:
I 2220 - 1374
T, ~ 3785
P
B . RB.33 =(2.504) —2 = .004685
PO | Ps Po ) 5345.0 4

L _.T_ % To__1 |, .
A I A i 7 (17.70) = .003409

p
s and
Py

Assuming ¥ to be constant, the expressions for % s
0

/2 may be obtained analytically., Thus:

/% =5
R - [1 + 2-1 Mz:l o1
PO 2

= ,000630 Yor B = 1.40

The error due to assuming ¥ constant is therefore:

A (% ) = 000630 - ,0004L68 = 000162
0

The per cent error being:

2]
A(po) x 100 0162 Based on constant specific
= e = 25,7 heat ratio determination
B .000630 Of E
Po Po

Based on variable specific

- - 68%)22 g = 3h.6 Sag ratio determination

Po

II., Normal Shock Wave Calculations

As an example of these calculations the flow parameters are

computed for an upstream Mach Number of six and an upstream static
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temperature of 520°R. Equation 15 is repeated below.

(15)  +2(n, - b)) + _\/_(_____5 o+ L RTl

or by defining /3= \/2(h - h2) o (
1/2 h 5
2

RT

and ¥V =u_ + —1
1 u

1

(158) ﬁ = Y/

This gives T, and h,, (h2 = f(Tz)), expressed only in terms of
{he initial conditions upstream of the shock wave. This equation
is solved by plotting g3 against T2 for a specific v and Ti,

and observing the values of T, for which 3 =Y. See Figure 12.
Intersections may be noted for values of T2 of 520°R and 3703°R.
The first intersection represents the trivial case of a dis-

continuity of zero intensity., The remainder of the quantities may

be obtained as follows:
' where h_ = 904.43 Btu per

(1) u, = v/2(h, - hy) 1b mass? from Reference 1, _
o6 corresponding to T, = 3703.5 R.
'\/?(928 8 - 90k. A3)

1103.8 ft per sec

(2) L2, _67_%.. 6.0772
Py u,  T103.8

T
(3) 5‘3 = 1%2-%&2 = 7.1221

1

T

) P2 2. 22 .2 = (6.0772)(7.1221)

h L1 0h
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(5) M2 = 2 = 1102.8

a, 2872
= 3843
p° B0 P m :
(6) S = L o £ . 2= = (1.0997)(43.282)(.004685)
0 P2 P p0 »

= .0223
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Figure No. 1

VARIATION OF (¥~ 1) WITH TEMPERATURE
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Figure No, 2

VARIATION OF g WITH MACH NUMBER
0
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VARIATION OF/2 WITH MACH NUMBER
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