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ABSTRACT

In an effort to extend the investigations of refraction to high-tilt
or oblique photography, it was not possible to assume a "flat" earth as in the
previous report since in oblique photographs the nadir point is appreciably
displaced from the principal point. The following report gives the angular
. displacement due to refraction as a function of altitude and vertical angle of

sight.

OBJECTIVE

The objective of this project is to determine methods of photogram-
metric reductions for aerial-defense purposes.
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The purpose of this supplement is to expand the considerations of
refraction to high-tilt or oblique photography. This problem is basically the
same as in the above report, except that it is not possible in this case to
assume a "flat" earth. Since in high-tilt photographs the nadir point is ap-
preciably displaced from the principal point, one cannot simply ratio the re-
fraction displacement to the photograph and assume it to be radial in direction.

We are able in this case to give only the refraction displacement in
angular component with direction radial to the ground nadir point. In this way
the angular displacement A is a function of altitude H and vertical angle of
sight @ (Fig. 1). The correction on the photograph requires the position of
the nadir point, which may not be known. 1In such a case it is necessary for
tilt computation either to estimate the nadir point or to use some iterative
procedure to incorporate the refraction correction.
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As before, the angular distance 6, on the surface of the earth is

Ry +H dR
eo = - \/;{oo RI:__RZ#R)a _ ]?E ) (l)

where K = p(Ry + H) sin & and R, is the mean radius of the earth.

This can be expressed generally,

From the geometry we have

Ry sin 64
H + 2R, sin® 6,/2

(3)

a' = tan “%

and, consequently, we get

A = a-a' = F(Ha) . (4)

If we can find the function f(H,a) in Equation (2), then the func-
tion F(H,a) is established and we can find AQ for any combination of H and Q.

To find f(H,x), it is necessary to integrate Equation (1). To do
this we first find an approximate p(R)® in the form

A B
)2=—+§+C. (5)

u(R R2

Using Humphrey's data as before, we get

A = 1,895,272,657 ,
B = -592,945.4535 , and
C = L7.37652247 .

This is for R varying between R, and Ry+20 km. R, is taken to be
6370.9 km. The integral now becomes

Ro+H KaR
% = |. = (6)
o R R(A + BR + CRZ - k2)*
(@]
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or

horizon.
to the earth's surface. In Equation (7) this is the condition

Integrating this we get

(p(0) @ - 112 + 2 N

w

eO = ;\- 1n RO rdn.
cot O + A +®
Ro+ H
Where we have introduced the notation
P(H) = A+ B(Ry + H) + C(Ro + H)?,
Q = [P(E) sin® a]™ , and
N = (ag - 1)M/?
w = BQ/E}\.
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As these functions are somewhat complex to enumerate, the calcula-

tions were done on an electronic computer with the results given in Table I
and the curves in Figs. 2, 3, and L.

The incorporation of the curved surface introduces the concept of
The visible horizon occurs when the refracted ray becomes tangential

P(O) Q = 1

sina = [Eigl]l/z .

P(H)

The geometric horizon for altitude H imposes the condition

Ro

Ro + H

sin QOf = 3

and we have for AQ

(8)

(10)
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H, Elevation Above Sea lLevel in feet
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This gives the horizon deflection which is shown in Fig. 5. The an-
gle shows the apparent elevation of the horizon. As this is of interest to
the photogrammetrist, the angle 90°-a or the dip of the horizon is shown in
Fig. 6.

The relief consideration is for all practical purposes the same as

in the body of the report. For a ground point of relief h and a camera at al-
titude H, the angular deflection is

AaH_h = AOlH - Aah . (12)

These values can be taken from the curves in Figs. 2, 3, and k.

In the case of the horizon dip and deflection, a relief correction
can be found. Equations (9) and (10) then become

sin a@ = [%%%%] 1/ (13)
and

sin o' = §°+§ . (1k)
O+

Here, h is the relief of the horizon. In general, the relief at the horizon
is a difficult concept as, with the exception of water horizons, the irregular
terrain imposes conditions that are in general insoluble with photographic data.

ERROR CONSIDERATIONS

In the same manner as with the flat terrain, we find for variations
in p from normal conditions the approximate relation

H |tan a sec® o
Rod6o = 3 [ Nk ]Aua . (15)

The error in Ax, which we shall call da, becomes

1
dod = 7 tan o sec a cos(6y + a)a® . (16)




UNIVERSITY OF MICHIGAN

ENGINEERING RESEARCH INSTITUTE

000°09

000*0G

000°‘0%

000°02

000°0T

HT

T

Ehl
oY
| B

00T

ooz

00€

ool

00§

009

00L

00g

10




— ENGINEERING RESEARCH INSTITUTE -+ UNIVERSITY OF MICHIGAN

60,000

50,000

40,000

AN RN
T

F
30,000

20,000

10,000

nnnnnnnnnn

280

260

240

220

200

180

160H

140
120
100
80
60
40
20

11



r— ENGINEERING RESEARCH INSTITUTE - UNIVERSITY OF MICHIGAN —

As 64 is a very small angle, this becomes

do = %tan anu® . (17)

This relation is valid for @ almost up to the horizon. Useful values of  in
photogrammetry extend only up to around 70°, where it becomes difficult to dis-

tinguish ground points. This, of course, varies with atmospheric conditions,
targets, ete.

At T0° we have

da = 1.hap® . (18)
From the gas laws we find for typical maximum variations

Mm% = 0.000033 . (19)

This gives, in Equation (18),
do =« 4,7x10° rdn . (20)

This is about 0.007 mm in the focal plane of a six-inch lens and cer-
tainly can be considered negligible when compared to measuring accuracy in a
point at that elevation.

Near the horizon a + €5 nears 90° and relation (16) indicates the
error do becomes very small and even vanishes at the horizon itself.

The above error considerations are only valid for uniform variations
in p. This is sufficient for all angles that are not near the horizon eleva-
tion. There are actually many local variations in p due to thermal currents
in the atmosphere. These effects are more extreme at low altitudes. When the
path of the light ray passes through the lower levels of the atmosphere, it
suffers many variations of different magnitudes. The longer this path, the
worse the variations. In the case of small @, this path is short and the de-
viations are less important. But when & approaches the horizon, this path be-
comes quite long and the effect becomes important. As noted in the main re-
port, for vertical photographs this effect can be neglected. A well-known ex-
ample of these effects is the shimmering effect on a hot day.

Unfortunately, this effect cannot be treated accurately by theoreti-
cal methods as the conditions very too widely. Since the photogrammetrist can

12
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only use the horizon itself in this region, the effect is not very troublesome.
This results from the fact that the horizon on a photograph has a wide expanse,
causing these local variations to mean out over the photograph.
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