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ABSTRACT

Technically, this investigation is aimed at finding the
accuracy of the photogrammetric method as used by this projeet in
evaluating the performance of airborne instruments in flight. The
extreme accuracies of stellar positions are utilized in photogram-
metric applications. This involves methods of reproducing star
images in an advantageous manner and reducing the stellar positions
to corresponding planar positions. Thereare given, in addition to
the general procedure and instrumentation, two specific photogram-
metric applications using these star images. One is a method of
checking the accuracy of tilt values in a physical sense and the
other a method of camera calibration.

OBJECT

The object of this project is to determinemethods of
photogrammetric reductions for aerial defense purposes.
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GENERAL INFORMATION

Star photography offers an excellent opportunity for studies in
photogrammetry. Among the many reasons for this are:

1. The angular positions of the stars are known to an accuracy of
at least 0.1 second of arc. This accuracy results from many years of obser-
vation by the observatories of the world. Thus, photogrammetrically the stars
can be considered an almost perfect control system with respect to accuracy.

2. The star images on a photograph are ideal from the point of view
of photogrammetry as they represent point sources of light. Such images can
be measured with very high accuracy on a film or plate.

5. Such a control system is universal as it can be used from any
point on the surface of the earth. Among the disadvantages can be numbered:

(1) Due to the diurnal motion, the control system is not stationary.

(2) Because of large differences in brightness or magnitude all images
are not reproduced equally.

(3) The stars are effectively positioned at random and hence exhibit no
symmetries.

(4) The stars are displaced from their given positions by refraction in
the atmosphere.

Star-trail photography takes advantage of all the favorable condi-
tions while at the same time eliminating to a large degree disadvantages (1)
and (3). Star trails are produced by leaving the camera shutter open for long
periods of time causing the star images to traverse the photographic plane due
to their diurnal motions. The exact angular position of any given star with
respect to the camera's position can be found for any given instant of time if
the astronomical position of the camera 1s known. Thus, disadvantage (1) is
overcome if an exact time correlation is established along with the camera's
position. It should be mentioned here that the camera's position refers to the
astronomical latitude and longitude of the camera. Also along each trail there
are now an infinite number of control points increasing greatly the control
density. For an exposure of several hours all areas of the photographic plane
are covered. This permits selection of almost any symmetry desired, overcoming
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disadvantage (3). Disadvantage (2) is caused principally by halation effects
in the images of the brighter stars. However, these images are still superior
to those of finite targets as used in conventional photogrammetry. Disadvan-
tage (L) presents no serious difficulties as the effects of atmospheric refrac-
tion on star positions have been determined by astronomers to almost any degree
of accuracy desired. Thus, this source of error can be removed.

From a practical point of view it is necessary to cause identifying
marks to appear along the trails for the purpose of time correlation. This is
most easily accomplished by closing the shutter for a few seconds at some spec-
ified time causing a break to appear in the trail. The shutter must be open
long enough so that halation effects will not close up the gap in the trail.
For the work done at this project a 5- to T-second interval was found to pro-
duce satisfactory breaks even in the stars near the pole where diurnal motion
is the least.

These breaks then constitute the control points for reduction. An
example of such a system of star trails appears in Photograph I.

LATITUDE AND LONGITUDE POSITION OF THE CAMERA STATION

The geodetic position of the camera station was determined by tri-
angulation. The astronomical position was determined by stellar observations.
The difference between the two is the deflection of the vertical at the sta-
tion. 1In the section "Absolute Check on Tilt Determination" described later,
the astronomical position was used in the final computations: When the geo-
detic position is used in the photogrammetric tilt computations a correction
for the deflection of the plumb line must be applied to the photogrammetric
tilt since these measurements are referred to the normal of the spheroid, while
the theodolite measurements of the tilt described later are referred to a sur-
face perpendicular to the plumb line. It is simpler to use the astronomical
position in the photogrammetric tilt computations than to apply the correction.

The camera station, located in building 360 on the east side of Wil-
low Run Airport, was chosen after the ground stability was checked with respect
to possible shock from aircraft landing on the airfield. Intervisibility with
three U.S. Coast and Geodetic Survey stations was another factor in the selec-
tion. A welded steel tower set on a reinforced concrete slab in a pit with
mastic between the slab base and pit walls was used for the camera mount. The
following U.S. Coast and Geodetic Survey stations were visible from the camera
station: Airport Beacon, Ford Bomber Plant (now GM) Tank, and Leland Water
Tank. The latitude and longitude as well as the plane coordinates on the Michid
gan State grid of these stations were obtained from the USC and GS, their posi-

tions having been determined by intersections from first-order triangulation
stations.
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GEODETIC POSITION

To obtain the geodetic position of the camera station, a three-point
method was used (Fig. 1). The angles P' and P" were measured. Although the
average probable error in the measured angles was * 1.29 seconds of arc, the
figure when tested was weak and extremely sensitive to slight changes in the
measured angles. Since it was possible to occupy station Airport Beacon as an
eccentric station it was decided to do so, using the distance from Airport
Beacon to the camera station, obtained from the three-point solution, to reduce
the angle to center and solve the problem as a traverse. The grid azimuths ob-
tained were reduced to geodetic azimuths and the latitude and longitude at the
camera station and the back azimuth of the lines were computed. The computa-
tions for geodetic position will be omitted since it is a standard method and
can be found in any geodesy textbook and in USC and GS special publications.
The geodetic position of the camera station was computed from two stations giv-
ing the following values:

|
|
E
|
i
s

Computed from Airport Beacon
latitude (@) = L2°-14'-17"05%
longitude (A) = 83°-30'-49"186
Computed from Ford Bomber Plant (now GM) Tank
oo 1k 171060
83°-30"-49"190

A

]

The difference in the latitude values of 0.007 second of arc is equivalent to

0.71 foot in ground position. The difference in the longitude values of 0.00k
second of arc is equivalent to 0.29 foot on the ground in this latitude. The

value obtained over the shorter line from Airport Beacon was taken as the best
value.

ESTABLISHING MERIDIAN AT THE CAMERA STATION

From the back azimuth obtained in the computations between Ford Bom-
ber Plant Tank and the camera station, angles were turned to establish true
north. The established line was then checked by observations on Polaris at
elongation. A very close agreement was found between the two azimuths. This
indicates a Laplace point in the area.

ASTRONOMICAL POSITION OF THE CAMERA STATION

As already. stated, the difference between geodetic position and as-
tronomical position is the deflection of the plumb line at the station. In
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Island Water Station
X = 527 668.87 NORTH
Y = 282 135.64 y

Ford Bomber
Plant Tank

Y = 269 326.72 Mo —— Camera Station
Eccentric Airport Beacon
Station X = 532 733.35

Y = 268 551.41

Fig. 1
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the absolute check on photogrammetric tilt accuracy discussed later, a correc-
tion for this deflection must be applied if the computations are based on geo-
detic position. Therefore, the astronomical position of the camera station
was determined by the following described methods.

LONGITUDE BY MERIDIAN PASSAGE OF STARS

A theodolite having a least reading of 1 second of are and equipped
with a 5-second-per-2-mm striding level and a Horrebow level (horizon level)
having the same sensitivity was used in the stellar observations. A typical
star 1list for one night's observing is shown in Table 1. The approximate time
of meridian passage was computed for each star as well as the approximate zen-
ith distance. All observed stars were later computed for their exact time of
passage for the geodetic longitude of the meridian and compared with the re-
corded time of passage to obtain the deflection of the vertical in this direc-
tion. Three individual timed sights were taken to each star (three vertical
cross-hairs) and the mean value used. The theodolite was used equally in the
direct and inverted position to eliminate instrumental errors. In all star
observations the time of passage was recorded on a brush oseillograph tape
superimposed on the time signals from radio station WWV of the Bureau of Stand-
ards. The instrumentation used was the same as that used in the calibration
work of Fig. 2 except the cams were not used. Instead, a microswitch at the
theodolite was used to send a pulse through a 6-volt battery circuit to the
brush recorder. The brush was run at a speed of 25 mm per second. This per-
mitted scaling the time of each pulse to the nearest 0.0l second, In addition
to recording the time of meridian passage, the zenith distance was measured to
obtain latitude. This is not an approved method for determining latitude due
to the larger correction for atmospheric refraction at greater zenith distances)
In our case, however, because of the large number of observations the mean
value proved to be a good check on the "equal zenith distance" method used.

Error Consideration in the Longitude Determination.—It is possible
to investigate the error of each longitude determiration. It will be composed
of the following:

Constant errors
1. Error in time signals; negligible
2. Error in meridian; * 1.5 seconds of arc, 0.10 second of time
3. Error in collimation; balanced out
Random errors
4. FError in meridian setting; ¥ 1.0 second of arc, 0.07 second of
time
5. Error in determining the exact instant of passage; * 0.14 second
of time
Error in reading the oscillograph tape; X 0.0l second of time
Error in horizontal axis; correction applied
Refraction; X 1.0 second of arc

6
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TABLE 1.
Meridian Passage, 26 August 1954

UNIVERSITY OF MICHIGAN
TYPICAL STAR LIST

Longitude of theodolite station (L9.47 £t west of camera station) = 5834T0%S30k

Name of Star

Approximate Time of

Approximate Zenith

Passage (EST) Distance
£ Serpentis 198508098 5723l
58 Ophiuchi 19-55-51 63-21
X Sagittarii 19-59-50 70-00
v Ophiuchi 20-11-38 51-59
y Sagittarii 20-17-59 72-39
p Sagittarii 20-27-57 63-17
& Sagittarii 20-33-09 T72-02
N\ Sagittarii 20-40-11 67-39
o Seuti 20-47-45 50=-30
§ Scuti 20-54-46 51-19
¢ Sagittarii 20-57-28 69-14
B Scuti ' 21-00-44 L7-01
o Sagittarii 21-07-25 68-33
¢t Sagittarii 21-09-58 63-22
N Aquilae 21-18-46 h7-10
% Sagittarii 21-21-59 63-18
20 Aquilae 21-26-07 50-15
v Sagittarii 21-34-01 58-15
186 Sagittarii 21-39-27 T2-0k
52 Sagittarii 21-49-20 67-13
58 Sagittarii 21-54-45 58-26
56 Sagittarii 21-58-31 62-06
51 Aquilae 22-03-05 53-07
61 Sagittarii 22-10-10 57-49
62 Sagittarii 22-14-39 70-02
6 Aquilae 22-23-42 hz-12
Q" Capricorni 22-2G9-52 54-55
Capricorni 22-30-16 54 -50
p Capricorni 22-33-11 57-09
69 Aquilae 22-41-59 45-15
29G Capricorni po-hl_36 52-13
v Capricorni 22-53-03 60-30
¢ Aquilae 22-59-53 51-54
u Aquarii 23-04-51 51-24
64G Capricorni 23-09-46 58-26
11 Aquarii 23-12-47 47-08
6 Capricorni 23=17-30 59-39
v Aquarii 23-20-57 53-47
58G Microscopii 23-25-12 70-03
¢ Capricorni 23-34-17 59-16
t Capricorni 23-38-37 6451
B Aquarii 23-43-42 48-00
¢ Aquarii 23-49-51 50-18
7 Capricorni 23-52-05 59-06
® Capricorni 23.59~01 58-34

T

]
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LATITUDE BY EQUAL ZENITH DISTANCES

having nearly equal zenith distances with one star north and one star south of
the zenith (Table 2). When the zenith distances are 15 to 20 degrees the re-
fractlion correction is not only small but varies only about 1 second per degree.
The latitude (@) is computed from

where 8; and 82 are the declination of the stars and Zy and Zs the zenith dis-
tances corrected for refraction.

Discussion of Errors in Longitude Determination.—

Examination of the reports "Deviations and Adjustments of Standard
Frequencies and Time Signals as Broadcast by the National Bureau of
Standards," Station WWV, for the specific dates shows that the small
error of a few milliseconds 1s negligible when compared with errors
from other sources.
The probable error of two nights' observations on Polaris at elonga-
tion was X 1.5 seconds of arc = 0.1 second of time.
The error in collimation was largely elimated by using an equal num-
ber of direct and indirect pointings with the theodolite.
Meridian setting * 1 second of arc - 0.07 second of time.
The error in determining the exact instant of star passage, that is,
when the star is exactly bisected by a vertical cross-hair, is more
difficult to obtain. Examination of the passage of 25 consecutive
stars across the three vertical cross-hairs gave the following: The
mean time was computed and compared with the value obtained from the
middle cross-hair. For the 25 stars the mean difference between the
value for the middle hair and that obtained from the mean of three
crogs~hairs was 0.14 second of time. The time recorded on the middle
hair showed 10 stars to be 0.133 second early and 15 stars 0.147 sec-
onds of time late when compared with the mean.
The oscillograph tape was run at a speed of 25 mm per second permit-
ting reading to * 0.0l second of time. ;
Error in horizontal axis: A 5-second-per-2-mm striding level was read
during each observation and a correction applied when required. By
the law of error propagation the probable error of a single observa-
tion is found to be 0.16 second of time = 2.4 seconds of arc. The
probable error 1/nth of this sum equals 0.16 second/Nn time or 2.4/
n seconds of arc which is the probable error of the arithmetical mean
of n observations. For n = 25 the probable error of the mean equals
0.16 seconds/ N25 equals * 0.032 second of time equals 0.480 second
of arc or the equivalent to 36.10 feet on the ground. As already
stated, the probable error of the mean in longitude determination was
23,5 feet.

A more precise way to obtain latitude is by observing pairs of stars

¢ = 1/2(51 + 82) + 1/2(Zy + Z2)

8
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TABLE 2. TYPICAL STAR LIST

Latitude by Equal Zenith Distance Stars, 16 November 1954

Approximate Time of

Approximate Zenith

Neme of Star Magnitude Passage (EST) Distance
O Cephi 2.6 18809%308 20209'N
2 Pegasi h.76 18-20-12 18-47 S

13H Cephi 5.97 18-38-40 15-03 N

16 Pegasi 5.05 18-43-05 16-31 S
n Pegasi 4,38 19-00-00 9-16 S
B Lacertae .58 19-13-56 9-46 N

38 Pegasi 5.51 19-19-56 9-56 S
a Lacertae 3.85 19-21-21 9-48 N
n Pegasi 3.10 19-32-47 12-15 S
i Pegasi 3.67 19-29-57 17-53 &
B Pegasi 2.61 19-53-41 14-23 8

Bradly 3077 5.65 20-03-10 1441 N
Cassiopeiae
T Pegasi k.55 20-10-28 18-47 S
4 cassiopeiae 5.20 20-14-37 19-48 N
® Piscium 4. 45 20-17-41 36-06 S
y Cephei 3.42 20-29-30 35-09 N

41 Cephei 5.02 20-37-30 25-20 N

¢ Pegasi 5.23 20-41-55 23-25 3

The values obtained for the astronomical position of the camera sta-

tion are given below along with the geodetic position to show the value ob-
tained for the deflection of the vertical.

Geodetic latitude 42214117705%
Astronomical latitude L42214111%h411

The difference of 5.642 seconds of arc is equivalent to 572 feet on the ground.

Geodetic longitude 5%3hg03§280
Astronomical longitude 5-34=035091

9
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The difference of 0.189 second of time is equal to 2.835 seconds of arc and cor-
responds to 213 feet on the ground in this latitude.

In order to get a further check on the deflection in this area the
geodetic position of the meridian cirecle 10 miles away at the University of
Michigan observatory was determined from a nearby geodetic station. When com-
pared with the astronomical position the difference was found to be 6.3 seconds
of arc (637 feet) in latitude and 4.9 seconds of arc (367 feet) in longitude.
The differences obtained are in the same direction as those found at the camera
station but differ by 65 feet in latitude and 154 feet in longitude. If one
can assume that no appreciable change takes place in 10 miles, the difference
of 65 feet is reasonable since our average probable error in latitude was * 75
feet. On the same assumption the difference of 154 feet is large since our
average probable error in longitude was * 23.5 feet. On the above assumption
this would indicate a constant error of about 2 seconds of arc in the meridian
which of course would not show in the residuals.

The latitude and longitude were determined by solving each night's
work separately and determining the probable error. A star having a large re-
gidual was discarded. This was usually a case of misidentification giving dis-
cordant values for both latitude and longitude.

Error Consideration in Latitude Determination.—With the exception
of refraction, the errors discussed in the longitude determination have little
effect on the latitude determination whieh involves a measurement of the zenith
distance., The more important errors are listed below.

1. Errors in leveling the bubble and reading the vertical ecircle; £ 1.0
second

2. Refraction; £ 1.0 second

3. Errors in graduated circle assumed O

4. Bisection of the star with horizontal cross-hair assumed * 1.0 second

Again by the law of error propagation the probable error of a single
observation is 1.73 seconds of arc and the probable error of the arithmetic

mean of n observations is 1.73/n.

Discussion 9{ Errors 12 Latitude Determination.—

1. The combined probable error of releveling the bubble and reading the
vertical circle was found by a series of readings with the telescope
in the same pogition and the bubble releveled before each reading,

The probable error of the mean of the series was 0.15 second of arc
and the probable error of a single observation was 0.47 second of arc.
These readings were made with the advantage of daylight, the instru-
ment shaded from the direct rays of the sun, and with ample time to
observe the bubble. Under actual observation conditions, the error in

10
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a single observation will be greater than 0.47 second; therefore, a
value 1.0 second has been assumed.

2. When the zenith distance of a star is 15 to 20 degrees, the refraction
correction is small and varies about 1 second per degree. For 65 de-
grees the variation is about 5—1/2 geconds per degree. Even for the
latter case there should be no difficulty in obtaining refraction to
+ 1.0 second.

3. The errors in the graduated circle of the theodolite are not known but
they can be assumed to be small as compared to other errors.

L. Since the star is a point source of light, at infinity, bisection with
the horizontal cross-hair should not exceed ¥ 1.0 second of arc. As
already stated the probable error of the mean of all latitude observa-
tions was 0.75 second of arc or the equivalent of 75 feet on the ground
Since the mean value of the latitude varied different nights there is
little doubt that there are errors in the determination that are not
revealed in the residuals. However, it is unlikely that the mean of
all observations will be in error by more than X 75 feet.

INSTRUMENTATION

THE CAMERA

The camera should be clamped in a rigid structure where it is protected
from shock and accidental motion. Space should be provided for loading and any
equipment desired for experimentation. At this project a T-11 camera was used
and mounted on a steel tower. This tower is set on a concrete base in a build-
ing to protect it from the weather. The camera installation is in an unheated
part of the building which is open enough to assure the same temperature inside
as outside; this holds the temperature gradients as uniform as possible. Ac-
cess to the sky is provided by an opening in the roof. The mount and camera
are illustrated in Photographs II and III. The camera is equipped with a plate
holder since glass plates are generally preferable to film in this type of work.
The camera shutter is left open and takes no part in the experiment. This is
a further protection against shock to the camera during exposure.

As in all photogrammetric work the fiducials are vital as reference
axes fixed in the camera. These must also be reproduced on the plate during
exposure. Since the T-11 is equipped with artificial illumination for the fi-
ducials, this was no problem for our work. However, many cameras depend on
natural illumination through the lens. In this case it is necessary to provide
some system of illumination. Since this is discussed thoroughly in reference
3, it will not be discussed further here.

The camera is equipped with an external shutter to replace the unused
internal shutter. The shutter mechanism must not touch the camera installation

11
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Photograph II. This shows the camera in place with the shutter also in position.
Note that the shutter is suspended from the building and does not touch the cam-

era. The top of the tower of Photograph III appears at the bottom. The T-5
camera is clamped rigidly in an angle-iron mount.

Photograph III. This is a view of the tower showing its construction.

12
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as its shock would then defeat its purpose. It is vital that the camera not
be disturbed during exposure. In our case the solenoid-driven shutter illus-
trated in Photograph IV is mounted on the building independent of the camera
installation. There is no light leak problem with such a shutter as exposure
is made at night. It is necessary that no artificial lights shine directly on
the camera from the side or from above.

TIME CORRELATION

It is necessary to establish an exact time correlation with each break
on the photograph. This is done as follows: The source of exact time is the
time signal broadcast by station WWV. These signals are amplified and repro-
duced on a brush oscillograph where they appear as sharp pips. The pulses that
activate the shutter solenoids are superimposed on the same trace. Thus, the
desired time correlation appears on the tape of the oscillograph.

A block diagram of the wiring of the equipment as used on this project
is shown in Fig. 2. The filter amplifier circuit is shown in Fig. 3. The time
sequence of events is illustrated on the sample tape of Photograph V. By this
method the time can be found to about 0.1 second. The three cams, mounted on
one shaft, are driven by a l-rpm motor producing one break per minute along
each trail. Cam 1 activates the brush oscillograph motor. This is to conserve
tape by operating the oscillograph only during the period covering the break;
cam 2 activates the relay system closing the shutter; and cam 3 activates the
system opening the shutter. The time delays in the system are short enough to
be imperceptible on the time scale provided by the tape and may be ignored.

In Photograph V the method of finding the exact time that the star in question
was at the center of the break is illustrated. The center of the break is used
for reasons of symmetry in measuring. In the photograph the appearance of a
typical break is shown with the time correlation.

This equipment with the exception of the shutter is in a separate part
of the building. This is to provide heated quarters for the operators who must
sometimes spend an entire.evening getting one good exposure.

PLATES AND DEVELOPMENT

The plates used by this project were Kodak Tri-X, Panchromatic Type B.
Plate dimensions are 9-1/2 x 9-1/2 x 1/4 inches. These thick plates were used
to hold the plane of the emulsion as flat as possible. Thin plates might bow
depending on the type of support in the plate holder. Panchromatic plates are
preferable as they take fullest advantage of the availlable stellar spectrum.

Development was made in D-11 for 5 minutes at 68°F. After fixing and
washing, the plates were dried in a horizontal position to hold emulsion shifts
to a minimum.

15
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vy

Photograph IV. This is a top view of the camera mount showing the shutter open.
The solenoids that operate the shutter are illustrated. This photograph was
taken through the opening in the roof.

- i;ﬁ* == o

PRINT*D IN US.A.

Photograph V. This illustrates the appearance of the oscillograph tape. The time
sequence of events is: A, about 09Z47E54S6 p.m., brush oscillograph starts op-
erating to record the break interval (cam 1); B, O9-h7m5635 p.m., shutter closes
starting break (cam 2); C, O9~h7m59s5 p.m., star at center of break; D, 092480
00%0 p.m., exact WWV time; E, 0924880257 p.m., shutter opens ending break (cam
3); and F, about O9-h8m05 5 p.m., oscillograph stops to await next trail break
(cam 1). These times are found by scaling where 1 mm equals 0.2 second.

14
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Filter and Amplifier Circuit
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Fig. 3. A brief description of the filter amplifier circuit is as follows: Time
signals from the receiver are filtered by 1000-cps high-pass filter sufficiently
to remove 4hO-or 600-cps tone and allow the clock pulse (5 cycles of the 1000-
cps note) to be recorded. The filter feeds a grounded grid amplifier which feeds
another amplifier. The signal is fed to an oscillograph through the cathode fol-
lower amplifier.

16
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REDUCTION OF STAR DATA

For most photogrammetric purposes it is desirable for the control to
lie in a plane. Since we have only angular components it is preferable to pro-
Ject these points into some plane. The plane is selected at the astronomical
zenith of the camera station and is perpendicular to the line from the camera
station to the zenith. The astronomical zenith may be defined as the piercing
point of the true plumb line (or gravitation vector) on the celestial sphere
for a given geographic position. There are two reasons for selecting this
plane. One of these will be explained in the section "Absolute Check on Tilt
Determination;" the other reason lies with atmospheric refraction which is a
function of the distance of a star from the zenith. The choice of this plane
simplifies the calculation of this refraction.

The planar positions are cbtained as follows: Consider Fig. 4 which
illustrates the preceding data as well as the following reduction. The zenith
distance (Z) is obtained from the following equation:

cos Z = sin ¢ sin & + cos @ cos & cos t (1)

where ¢ = gstronomical latitude of the camera,
d = star's declination, and
t = star's hour angle = local sidereal time* - right ascension of
star.

The azimuth A is obtained from

cos & sin t
gin A = 1o 7 (2)

The details of these formulas are dealt with in any book on practical
astronomy and will not be amplified further here. The declination and right
ascension of the brighter stars are catalogued. At this project it was found
that the catalogue '"Apparent Places of Fundamental Stars," Her Majesty's Sta-
tionary Office, London, was sufficient. This is published annually for each
year and applies to that year only.

The zenith distance computed is the actual distance and does not take
into account the effect of the atmosphere. Due to refraction in the atmosphere
the star image appears closer to the zenith than the computed value. The amount
of this refraction can be computed knowing the temperature and barometer at the

*Local sidereal time must be computed from astronomical longitude.
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camera. There are several approximate formulas for finding this refraction as
well as tables. A sufficient formula is

983 - b

AZ" tan Z
h60 + T (3)
where b = barometric pressure in inches and
T = temperature Fahrenheit.

The error in this formula is less than 1 second of arc. The zenith
distance as seen by the camera is then

7' = 7 - A . (%)
Now the radial distance in the plane is R tan Z'. Inasmuch as R is

arbitrary, it is assumed to be unity. Hence, we can find the planar position
in coordinates (&,n) from

tan Z sin A and (5)
tan Z cos A . (6)

[

n

These latter two equations then give the planar coordinates of the
star in question with the astronomical zenith as origin and one axis the north-
south line and the other the east-west line. These coordinates are called re-
duced coordinates. Thus, by using Equations 1 through 6 the reduced coordi-
nates of each trail break can be computed and the entire system of angular con-
trol projected into a convenient plane.

ERRCR CONSIDERATION

There are two primary sources of error in the star-trail photography
method that appear in the computed reduced coordinates of the star breaks.
The largest of these is due to the errors in time correlation. As noted under
that topic the accuracy in time is 0.1 second. This contributes an angular
position error of 1.5 seconds of arc in the extreme case. The second source
of error is in the correction for atmospheric refraction. As noted this error
is about 1 second of arc which contributes directly to the position error.
The remaining errors are of the order of 0.1 second of arc. In view of these
errors a sufficient accuracy to carry in the computations is 0.1 second in
time and right ascension and 0.1 second of arc in all other angles. This sim-
plifies the use of the star catalogues as short-term corrections can usuvally
be neglected.

The overall error in position is about 1.8 seconds of arc and cer-
tainly less than 2 seconds of arc. With a 6-inch focal-length camera this cor-
regponds to a maximum error on the focal plane of 0.0015 mm. From previous
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investigations we have found that the combined error on the plate, due to both
emulsion effects and measuring accuracy, is about 0.007 mm. Thus,'the control
accuracy exceeds the photographic accuracy by a factor of 5 approximately.
This is more than sufficient for most photogrammetric investigations.

ABSOLUTE CHECK ON TILT DETERMINATION

The first application to be discussed is that of obtaining experimen-
tally a check on photogrammetric tilt. This is to be done by actually measur-
ing the tilt of the camera during exposure and then comparing the photogram-
metric result with the measurement.

The photogrammetric tilt is obtained by the method of area distortion
as derived in reference 5. The star-trail breaks are used as control points.
Four independent solutions were worked to get a fairly strong value for tilt.

The problem of measuring the tilt is much more difficult than the
photogrammetric method. Some of the difficulties are:

1. The tilt must be measured in the principal plane of the photograph or
a plane parallel to it.

2. The measurement must be made without disturbing the camera to assure
that the same tilt is being obtained in both cases.

3. The measuring accuracy must exceed the photogrammetric.

k. Systematic errors must be held to a minimum.

The following considerations were used in devising a method to accom-
plish the measurement. From previous experience we knew that the probable er-
ror in the photogrammetric tilt would probably be of the order of less than 5
seconds of arc. To exceed this value a l-second measuring instrument would be
required. To be sure that the camera is not disturbed, a method utilizing re-
flected light beams is preferable. Systematic errors can be reduced by measur-
ing as directly as possible the angle between the photographic plate and the
Plane of control reference. The measurement can be made in the principal plane
in the following manner. Disregarding the scale involved, one can consider
both the photographic and the control planes to be tangent to a sphere. The
two points of tangency and the lens or center of the sphere then determine the
principal plane. If we had an autocollimator that turned only on an axis per-
pendicular to its line of sight, then the only possible position from which the
autocollimator could set on both the above planes is that in which the axis is
perpendicular to the principal plane. Hence, by positioning the autocollimator
until it can be set on both planes the instrument can be set to turn in a plane
parallel to the principal plane. To take advantage of this situation it is necH
essary to be able to measure the angle turned by the autocollimator to at least
1 second of arc.

20
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EXPERIMENTAL ARRANGEMENT

Using the above considerations the following experimental arrange-
ment was set up and used.

The Autocollimator.—The ideal instrument meeting the above condi-
tions would be an autocollimating theodolite reading to 1 second of arc. Since
we did not have such an instrument we used an ordinary theodolite equipped with
an external cross-hair in front of the objective. This cross-hair is brought
to the collimation axis of the telescope by adjusting its image to coincidence
with the internal cross-hair in a reflecting surface. When coincidence is ob-
tained, both direct and reversed, the external cross-hair lies on the required
axis and the instrument can serve as an autocollimator. We egquipped a Wild
T-2 theodolite with an external cross-hair and calibrated the instrument for
autocollimation to within about 2 seconds of arc.

The Reflecting Photographic and Control Planes.—The photographic
plane reflecting was made by using the back surface of the photographic plate.
Access to this surface is obtained by cutting a small hole in the back of the
plate holder. This hole is cut in the center of the plate holder. It is
masked to all but perpendicular access to hold plate fogging to a minimum. In-
asmuch as the center of the plate is not needed for tilt evaluation, the fog-
ging at the center 1s harmless.

The control plane was chosen at the astronomical zenith because it is
then parallel to a level surface such as a liquid surface. Hence, by placing
a pan of oil beneath the theodolite we have obtained a reflecting surface that
is parallel to the plane of control reference.

Procedure.—Figure 5 illustrates the arrangement actually used. The
procedure of the experiment follows. First, the camera is loaded and before the
shutter is opened the theodolite is positioned by obtaining coincidence in both
the level reflecting surface and the back of the plate. Next,the fiducial
lights are flashed to record the fiducial system on the plate. The shutter
mechanism is then started and we are ready to make the measurements. The the-
odolite is brought to coincidence on the level surface and the vernier reading
recorded. This is repeated for the plate surface and then repeated again on
the level surface as a check on any possible disturbance of the thieodolite.
These readings are then repeated with the theodolite in reversed position. The
differences in the scale reading are the supplement of the tilt as measured.
When the measurements have been completed by at least two observers, the mean
value and probable error of the angle are obtained.
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ERRCR CONSIDERATION

There are several sources of error in the experiment, both random
and systematiec. Dividing the experiment into photogrammetric tilt and meas-
ured tilt we should expect the following errors.

Photogrammetric Errors.-—The major random errors in the photogrammet-
ric procedure arise from measuring errors and random emulsion effects. From
considerable experience in measuring we have found that the measuring errors
are of the order of 0.005 mm. Also as a result of experiments with the glass
plates used here, we find the average random emulsion displacement to be of
the order of 0.005 mm. The remaining random errors arising from the residuals
of systematic errors are of a lower order and do not add appreciably to the
major errors. Combining these two major errors we get a mean random displace-
ment of 0.007 mm in the plane of the photograph. The control error of 0.0015
mm does not add to this significantly. These errors should produce a corres-
ponding average tilt error of less than 5 seconds of arc. All the above er-
rors represent probable errors of the mean.

The systematic errors result from camera calibration, temperature
effects, and emulsion creep. The first-order effects of all the above effec-
tively change the focal length of the camera. We shall define the effective
focal length to be that focal length which gives the true scale of the photo-
graph as measured. If the effective focal length can be found, its use will
eliminate the systematic errors to the first order. Of these systematic er-
rors only emulsion creep has significant residuals and this is treated under
random errors.

The effective focal length for each exposure can be found easily
since in star-trail photography the "altitude" is known. By "altitude" is
meant the radius of the sphere of Fig. 4. Since we made this unity the photo-
grammetric altitude must also be unity. The effective focal length gives the
correct altitude or, in this case, one. In a given photogrammetric problem, let
fe and He be the calibrated focal length and corresponding altitude, respec-
tively. Also let f, and Hg be the effective values. Then this ratio holds
approximately

e = (7)
fe He
In our case since Hy = 1,
f
fe = =& (8)

()
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By successively working the problem and applying Equation 8, fo can
be found to any accuracy desired. In practice, Equation 8 gives a sufficiently
accurate value after one solution. From previous investigations we know that
the error in H(AH) is related to the error in tilt by

AH < < HAt . (9)

For H = 1 and At = 5 seconds of arc, we get

ME< < 2.4 x 1077 . (10)

From Equation 8, since H, & 1,

Afe = ToAH . (11)
For a 6-inch lens fo = 155 mm and therefore,

AMfe < < 0.004 mm . (12)

Now it can be shown that if there is an error Af in f, the corres-
ponding error in tilt At is

~ Af tan t
AL ¥ == x _ren v 1
f 1 + tanet (13)

The tilts we are working with are about 3 degrees. Using a 6-inch
lens (153 mm) and Af from Equation 12 we get from Equation 13

At < < 0.28 second of arc . (14)

From this it is clear that the use of the effective focal length
eliminates the first-order systematic errors from the solution for all practi-
cal purposes.

Errors in Theodolite Measurements.—In measuring, the random errors
are easily dealt with as the only source in reading error with the autocolli-
mating theodolite. We found that the probable error in this case was less than
2 seconds of arc.

The major systematic errors arise from collimation errors in the the-
odolite and deviations between the reflecting surfaces and their corresponding
photogrammetric surfaces.

The collimation errors can be divided into errors in the plane of
measurement and at right angles to that plane. Errors in the plane cancel out
at once as we are taking differences from similar settings. Errors at right
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angles have the effect of throwing the measurements out of the principal plane.
This introduces a correction factor of the cosine of the collimation error.

The theodolite was collimated to an accuracy of less than 10 seconds of arc at
the most. Since the cosine of 10 seconds is unity to at least 7 digits this
source of systematic error can safely be neglected.

The systematic errors from the deviations of the planar surfaces can
be treated as follows. The plane of reduced coordinates and the level surface
comprise one set of such surfaces. The other is the plane of the emulsion and
the back surface of the photographic plate.

In the first case the error lies directly in the accuracy of deter-
mining the astronomical position of the camera. If this position were known
exactly then the two surfaces would be parallel. The overall discrepancy in
the position determination was about 1 second of arc. The component of this
error in the principal plane is the actual error appearing in the results. As
this component cannot be greater than the given error we can say that the sys-
tematic error from thissource is less than 1 second of arc.

The second case arises from the fact that the photographic plates are
not plane parallel. As this varies considerably from plate to plate the wedge
angle must be measured in each case. The angle must then be projected into the
prineipal plane to be able to apply a correction. The wedge angle was measured
with the theodolite in much the same manner as the main measurements were made.
The reading error was correspondingly the same (about 2 seconds). Since this
error is random it must add to the other random error in reading. Of course,
this addition must be by the law of error propagation.

The errors that contribute to the difference between photogrammetric
and measured tilt can now be summarized.

Photogrammetric tilt
Random errors, 5 seconds
Systematic errors, negligible
Measured tilt
Random errors, 3 seconds
Systematic errors, 1 second

This gives a total error of 6 seconds of arc. The random errors rep-
resent the upper limits of the probable error of the mean and in practice one
would expect the errors to be less than given. The total error represents the
predicted difference between the two tilt determinations.

25



— ENGINEERING RESEARCH INSTITUTE - UNIVERSITY OF MICHIGAN —

RESULTS

Four plates were used in this experiment to test the validity of the
method. The final results are given below. The correction for wedge appears
in the value for photogrammetric tilt.

Photogrammetric
Plate Tilt PEM Measured Tilt PEM Difference
April 8, 1954 32071063 592 3206L57"3 12 9.0
June 22, 1954 32041138 343 3204818k 15 476
June 23, 1954 32005143 2"3 32021180 0.3 37
August 3, 195k 3203496 301 3203.50'5 30k 0l9
Avg. 35 Avg. 176 Avg. 416

It is of interest to note that the average errors fall well within
the expected values. Also the difference is well within its predicted value.
If the above figures represented a large number of trials then one could safely
say that the photogrammetric tilt is true. However, due to only having four
trials we will conclude that there is a good indication that photogrammetric
tilt is true providing that systematic errors be removed.

NUMERICAL EXAMPLE

For a numerical example we shall take one problem from the plate of
April 8, 1954, and work through the reduction to find the reduced coordinates.
The standard tilt solution will be omitted along with the reduction of the the-
odolite readings as obvious and unnecessary.

Photograph VI illustrates the plate of April 8, 1954. DNote the cen-
tral fogging caused by the use of the theodolite. As can be seen this fogging
is well localized and will not interfere with the experiment. The fogging at
the side was caused by the moon which Jjust started to appear on the plate. It
should be noted that the moon could disrupt the experiment and shouldbe avoided.
The first break on this plate was made at 8:29 p.m. EST and the last at 11:02
p.m. EST. The average temperature during exposure was 3%2°F and the barometer
29.9 inches.

Breaks selected were 9-16-2-6. The measured coordinates of these
breaks, corrected for lens distortion, were found to be:

Break X gmmg Y gmm}

9 93.202 ok .87k
16 -64.037 82.70%
2 -63.967 -76.509
6 95.248 -38.195
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The camera was a T-11 with given focal length of 153%.210 mm.

The selected stars were identified and the catalogue gave the follow-
ing results for the time of the desired break:

Break Star Declination (8) Right Ascension
9 ¢ Ursa Major 56212118"7 12850058
16 o Ursa Major 602525341 8h06m315),
) @ Leonis 12211501"1 1080585852
6 5 Leonis 20246L19"5 11B11M08g

The next table gives the exact time that the star was at the center
of its break, the corresponding local sidereal time, and the hour angle. At
this point the astronomical longitude is needed. It has been determined to be

503100381 ,
Break Exact Time (EST) Local Sidereal Time (LST) Hour Angle (t)
9 883085955 9lokBooS2 57201109"0
16 1084985682 1180300088 42125510
2 11820185950 1183580486 -22221136"0
6 ghoglsgs), 90105958 32225L06" 5

Next we use Equation 1. For this we need astronomical latitude which
o] "
is 422141114, AZ is from Equation 3 and (&n) from Equations 5 and 6. Equa-
tions 2 and 4 though applied are not listed.

Break Cos Z AZ (sec) £ T
9 0.78278893 47.5 0.595T77533 -0.525T75539
16 0.84547659 37.7 -0.40126210 -0.48744082
2 0.81119970 43,1 ~0.45819133 0.55610800
6 0.82268924 h1.3 0.60920964 0.32551173

Now a tilt problem is worked using the measured and reduced coordi-

nates. Without giving the details of the standard computation the resulis are
t = 3-06-53.0 and
"H* = 1.000356718
Ratioing the focal length we find the effective focal length to be
153,155 mm. This gives in the solution
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t

i

3206-4970 and
HH" = 1.000001579

Working the other four problems on this plate and averaging the re-
sults gives

t = 3206L54"0%
"H" = 0.999994724 , and
fo = 153.153 mm

The wedge correction is 11"9 in the principal plane. Adding this
gives

t = 3207-06.3
The measured tilt was found to be
t = 3-06.57.3

This gives a final difference of 9 seconds of arc.

CAMERA CALTBRATION BY STAR TRAIILS

A second and perhaps major application of star-trail photography is
that of camera calibration. ©Such an application comes to mind immediately when
one congiders the accuracy with which the objeet space geometry is known.

CAMERA CALIBRATION

The general topic of camera calibration is well covered in the 1it-
erature of photogrammetry. ©Some of this literature is listed in the bibliog-
raphy of this report. It is not desired to do more here than summarize this
topie sufficiently to give an adequate background for this specific application,

An ideal lens system would reproduce an object space in its focal
plane with an exact angular reproduction. If the foeal length were known the
scale would also be known. A real lens system fails to meet this condition.
The purpose of calibration is to find the deviations in the angular field and
to find the corresponding focal length. Thus, when a camera has been calibrated
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it should be possible to take a given photographic image and compute the un-
deviated position of that image on the photograph as well as to compute the
scale of the object space. The calibration must be tied to the fiducial axes
of the camera to do this.

Photogrammetric lens systems are designed symmetrically to the cen-
tral axis of that system. For this reason it is assumed that the angular dis-
tortions in the field are also symmetric to that axis and radial to it. Actu~-
ally, there are also asymmetrical effects caused by decentering of lens ele-
ments and sometimes wedges in the form of filters, pressure plates, etc; these
produce asymmetrical distortions. For most lens systems the radial component
of distortion is much larger than the tangential or remaining elements. The
calibration to be discussed prescribes that all distortions exhibit some form
of central symmetry or are translational. Any remaining distortions will be
assumed to be small of the order of measuring accuracy and residual emulsion
creep. This assumption is valid for the modern mapping camera. It might be
mentioned that the method to be used can be adapted to calibrations where sym-
metry cannot be found. Here we shall restrict the discussion to symmetry.

The method to be given is applied to the metrogon lens. The modifi-
cation to other lens systems with different characteristic distortion patterns
should be apparent. The metrogon lens exhibits the two symmetries illustrated
in Fig. 6. These distortions are characteristic of this type of lens.

The focal length of a lens system is actually quite difficult to find.
The reason for this lies with the distortions. The focal length is found by
scaling between the image and the object space. Since the images are displaced
according to their positions on the photograph, the lens system actually has a
range of focal lengths. This difficulty is overcome by finding a focal length
that gives a specific distortion at a given position on the photograph. This
focal length is called the calibrated focal length and has significance only
if the method of selection is glven along with the corresponding distortion.

There is another point that should be discussed. In order to use
the distortions as illustrated in Fig. 6, it is necessary to know about what
point on the photograph these distortions are symmetric. This point is called
the point of symmetry.

There are in addition to the point of symmetry two other points in
calibration theory. One of these is the foot of the plate perpendicular from
the lens node and the other the trace of the central ray on the photograph.

We propose to add the calibrated principal point of reference 1. The calibra-
ted principal point is that point about which some prescribed symmetry or asym-
metry exists. Since we are prescribing symmetry the calibrated principal point
and the point of symmetry coincide in our case. If we prescribed asymmetry
these points would not coincide. The foot of the plate perpendicular has theo-
retical significance only since there is no true nodal point in a real lens
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system. In the reduetion it will be apparent that the calibrated principal
point. serves effectively as this point. The trace of the central ray has no
significance in the calibration to be carried out.

Thus, the lens system can be considered calibrated if the calibrated
focal length, the distortions, and the point of symmetry are given. There re-
mains only the problem of relating the calibration to the camera as a whole.
This is done through the fiducial marks which are fixed in the camera with re-
spect to the lens. The connection is established by finding the position of
the point of symmetry with respect to the fiducial marks. It is also customary
to measure the perpendicularity of the fiducial axes and the distance between
the ratioing markers.

From the foregoing it can be seen that there is an infinite number of
calibrations that can be made by varying the prescribed distortions in both
symmetry and magnitude. All are equivalent in the sense that from the cali-
bration the object geometry can be restored. The use of the point of symmetry
permits the ealibration to be expressed in its most compact form and is there-
fore preferable. The calibration to be made prescribes the symmetries of Fig.
6 and the calibrated focal length is chosen to make the maximum radial distor-
tion equal to that of the manufacturer's calibration.

FIELD CALIBRATION

The object of field calibration is to avoid the use of elaborate
equipment in doing the calibration. The method of star-trail calibration re-
quires only the uge of the equipment referred to previously in order to produce
the star trails with time correlation. The camera for this purpose need not be
located at an exactly surveyed point. The approximate or map position of the
camera is sufficient for this purpose. The camera need only to be mounted
rigidly with a clear view of the sky. One exposure of sufficient length to
cover the photograph adequately is enough for the entire calibration. As in
most field-type calibrations the lack of equipment is made up by the necessity
of more elaborate data reduction procedures. However, if one wished to employ
such a method for the calibration of cameras on a large scale, these reductions
could be programed for automatic computation.

DATA REDUCTION

In general this method will be to superimpose mathematically the ob-
ject space on the image space with suiltable scale and to adjust this object
space until the differences in position of corresponding points attain the de-~
sired or prescribed conditions. Then the superimposed position of the object
origin will be the point of symmetry and the scale will give the calibrated
focal length. This is possible with star-trail photography as the nature of
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the obJject space permits transformations that do not alter its angular posi-
tions.

This procedure is done in two steps. Step one is to make the large-
scale adjustment so that the remaining corrections can be made on a differen-
tial scale. Step two is to make the final adjustment to meet the prescribed
calibration conditions. The latter adjustment is made in a manner very simi-
lar to the method of R. Roelofs in reference 1.

Step one is made as follows. Consider Fig. 7 which shows only two
dimensions for simplicity. The obJject positions have been found in the plane
tangent at the approximate zenith. The photographic positions have been meas-
ured with respect to the fiducial axes.

Before proceeding, the only reason for using the approximate zenith
plane is to make the refraction corrections. From Equation 3 it can be seen
that Z could vary by 2 or % minutes without changing AZ at all to three digits.
Since AZ has only three digits for any practical zenith distances Z and also
the zenith itself need only be known to 2 or 3 minutes. For this reason the
camera position need only be known within 2 or 3 minutes corresponding to about
2 or 3 miles on the surface of the earth.

RECTIFIED RECUCED COORDINATE PLANE

REDUCED COORDINATE
PLANE ZENITH "NADIR" POINT

LENS
\émm

Fig. 7
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Now we reverse the concept of image and object space and consider the
reduced coordinates the "camera system" with focal length unity. The photo-
graphic coordinates are in similar manner considered as the control. With
these data we can find the tilt and the "nadir" point in the reduced coordi-
nate system. This is done by selecting four or five strong tilt problems and
taking the mean of the solutions. The result is only approximate because the
distortions are still in the solutions. The reduced coordinate system is then
rectified to the new "nadir" point by the rectification transformation of ref-
erence 4. From Fig. 7 it can be seen that this brings the reduced coordinate
Plane to approximate opposition to the photographic plane. This removes the
large-scale tilt distortion between the two systems of coordinates (photo-
graphic and reduced). The transformation is

16 S + &8 EnTin (1-5)
£ 2 2 * "2 5 "
g: = E,Il + Tn §Il i In and (15)
En + Mpn + 1
2 2
£ S + Enfin(1-8)
n,=§n+71n S
EnE + Mpn + 1
1/2
where sz(g§+n§+1)/ ,
(&,5n,) = reduced coordinate nadir point,
(&,m) = reduced coordinate field point,
(¢',n') = transformed field point in new plane.

We know from experience with the tilt solution that error in tilt
introduced by the distortions is probably no more than 2 or 3 minutes of arc.
This small remaining tilt can certainly be dealt with on a differential scale.

Differences still remain between the (¢',n') and (x,y) systems con-
sisting of scale, rotation, and translation. Here (x,y) indicates the photo-
graphic coordinate system. These are removed by selecting a group of points
near the center of the photograph where distortion is negligible and solving
Equations 17 and 18 by least squares for the rotation (6), the scale (f), and
the translation (Ax,Ay):

X = g'fcos @+ 1 £ sin 6 - Ax and (17)

y = 7' fcos@-¢'feine -Ay . (18)
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These equations are then applied to the (&',7') system giving the ob-
Ject space coordinates (x',y'). This completes step one. Since £, 6, Ax, and
Ay were computed from points with negligible distortion, these values should
be very close to the correct values. We now have the desired condition that
the two systems of coordinates (x',y') and (x,y) differ by very small amounts.
The differences between corresponding points are the distortions. These dis-
tortions are put in the form of radial (Dy) and tangential (D) distortions and
inspected for symmetry. As symmetry here would only be accidental it will
probably be necessary to make further adjustments of the prime system to at-
tain symmetry. These adjustments are given in the second step.

Step two is made as follows. First, the residual tilt is removed to
attain the desired symmetry. The first-order expression for Equations 15 and
16 with scale f become

2
X X

X' = X - dx - - dx - —% dy and (19)
f f
N Xy

y' = y-dy - &% dy - = dx . (20)
f2 f2

Note that these expressions contain translations dx and dy. We do
not wish this type of rectification as the origins have already been superim-
posed by Equations 17 and 18. Physically the geometry with respect to tilt is
shown in Fig. 8. The transformation here is minus the translation or

2
x' = x - §§ dx - E% dy and (21)
f f
i xy
yl = y - fe d_y - }E dx 0 (22)
__REDUCED COORDI-
RECTIFIED COORDI- - LANE
NATE PLANE /”7 MR P
-
P
”
-
"’
LENS
Fig. 8
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The method of applying these equations may vary according to avail-
able control points and varying prescribed distortions. In this case we took
symmetrically opposite points and set up Equations 21 and 22 to make the ra-
dial and tangential distortions equal in the sense of Fig. 6. The method of
doing this is to find ADy and ADt as introduced by Equations 21 and 22 for each
point. These expressions will be linear in dx and dy. By equating these ex-
pressions for equality in distortions for symmetrically opposed points we will
get two linear equations in dx and dy for each set of points. By selecting
several pairs of such points a least squares solution is possible for dx and
dy. If symmetry is obtained after applying Equations 21 and 22 to the (x',y')
system, we have found the corrections. If not, the solution can be repeated
on the assumption that the correction is too large for differential solution.
If symmetry exists a sufficient number of solutions will converge to the cor-
rect results. If symmetry does not exist then the prescribed distortions must
be altered to meet the physical situation. In almost every case if symmetry
exists the first solution will be sufficient. The corrections dx/f and dy/f
should be added to £ and N> respectively, as they represent the tilt correc-
tions; it is equivalent to add them to Ax and Ay. Therefore, the coordinates
of the point of symmetry become

Ax + dx and (23)

Ay + dy . (2k)

Next the correction to f is found by making the magnitude of radial
distortion meet the prescribed conditions. This is easily done as the radial
distortion at a lens angle @ is changed by Af tan @ for a change Af in f. The
calibrated focal length is then

f + AF (25)

Finally, the angle 6 is corrected so that no residual rotation re-
mains in the distortions. This is done by finding a A® such that the sum of
all rotations produced by tangential distortion is zero. Then each tangential
distortion is corrected by rAe where r is the radial distance of the point in
question.

The values from Equations 23, 24, and 25 together with the finally
computed distortions are the calibration constants and step two is completed.

The measuring of the distance between ratioing markers and the ortho-
gonality of the fiducial axes is standard and will not be discussed here.
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NUMERICAL EXAMPLE

To explain the foregoing reductions further, a numerical example will
be given. This example is only complete enough to explain the reductions.
Consider Photograph VII which illustrates the star-trail plate of June 1-2,
1953. Four lines of breaks were selected on this plate to determine the dis-
tortions. In addition, the eight numbered breaks were selected for the purpose
of solving Equations 17 and 18. These breaks, which we shall refer to as the
central breaks, lie approximately on a circle with approximate radius of f tan
10 degrees. The other breaks are identified by numbering them from the letter
identifying the line. We shall select two symmetric pairs of points on each
diagonal line and follow the reductions with them. The points selected are
d-2, d-14, b-4, and b-12. Only one of the central group will be followed as
sufficient. Point 1 will be used for this. The solutions given however will
be from the entire system.

The reduced and measured coordinates are given data.

Measured Coordinates Reduced Coordinates

Break x (mm) y_(mm) k- 0
1 -0.124 26.888 0.0048419 0.1779866
b-4 -79.331 65.470 -0.5044412 0.44h961L
b-12 63.794 -78.712 0.4005169 -0.5222641
i-2 -85.010 -97.815 -0.5718617 -0.6179102
a-1k 78.220 10%.280 0.5315709 0.6620271

We are ready to start step one at once. Five tilt problems were se-
lected and worked. The mean result was found to be

£, = 0.000147907 and

N, = 0.002608095

Substituting in Equations 15 and 16 the transformation becomes

1.000003401& - 0.000000193" - 0.000147907
0.000L479078 + 0.002608095M + 1

1.000000011" - 0.000000193§ - 0.002608095
0.000147907¢ + 0.002608095M + 1
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A1 the points are now transformed to the new plane.

New Reduced Coordinates

Break _E b

1 0.004691 79k 0.175297007
b=k -0.504043572 0.441873581
b-12 0.400892769 -0.525557013
da-2 -0.572983298 -0.621572472
a-1h 0.53046T046 0.65823%0637

Next, Equations 17 and 18 are formed from the central breaks from
break 1.

-0.124 0.004691794 f cos © + 0.175297007 f sin © + Ax + OAy and

it

26.888 0.175297007 £ cos © - 0.004691794 f sin 6 + OAx + Ay

From the eight central breaks we get sixteen such equations. Solv-
ing them by least squares we get

sin ©

I¥

-0.029720872
f = 153.1681528 mm

Ax = -0.0394612 , and

il

Ay 0.027052

The ',n') coordinates are now substituted in the equations giving
£',n

Break _El _zi
b-4 -79.220 65.384
b-12 63.73%0 -78.611
d-2 -84 .93k -97.Thk
d-1h 78.179 103.217

The coordinate components of the distortion are now x-x' and y-y'.
These coordinates are projected on the radial line and perpendicular to the
radial line to find Dy and Di, respectively. By definition we will call Dy
positive toward the center and Dt positive for clockwise rotation. This is
regarding the distortion as going from x to x' and y to y'. The results are:

39



ENGINEERING RESEARCH INSTITUTE -+ UNIVERSITY OF MICHIGAN —
Break x-x') mm (y-y') mm Dy (mm) Dt (mm)
b-l 0.111 0.086 0.1%0 0.005
b-12 0.064 0.101 0.119 -0.014
a-2 0.076 0.071 0.10% -0.011
a-14 0.041 0.063 0.075 0.006

It is apparent from this that symmetry has not been attained. There-
fore, we proceed with step two. It was found on inspecting the results from all
the breaks on this plate that the tangential distortions were very low. The
percentage error in these distortions was so high that it was felt that they
would not contribute usefully to the next step in the reduction. Therefore,
only the radial distortions were used in the next step.

Equations 21 and 22 become

Now projecting these corrections onto the radial line and taking the
proper sign convention into consideration, we get the following corrections to

Break

b-k4 Ax' = =0.2675 dx +0.2208 dy
Ay! 0.2208 dx -0.1822 dy

b-12 Ax' = 0.1731 dx 40.213%5 dy
Ay' = 0.2135 dx -0.2634 dy

a-2 Ax! -0.3075 dx -0.353%9 dy
Ay! = -0.3539 dx -0.L0T2 dy

da-1h AX' = -0.2605 dx -0.3440 dy
Ay' - -0.34h0 dax -0.4541 dy

the radial distortioms.

Break

b-4
b-12
a-2
d-14

BBEBEB
=

H K

I}

LI}

i

i

-0.3468 dx
0.2748 ax
-0.4688 ax
0.4315 ax

The condition that the radial distortions
points gives for two such points a and b

Lo

rp t ADrb

+0.2863 dy
-0.3%91 dy
-0.5395 ay
+0.5697 dy

be equal for symmetric
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From the known values this gives

b-4 and b-12 -0.6216 dx +0.6254 dy = -0.021 and

d-2 and d-14 -0.9003 dx -1.1092 dy = -0.028

The solution to a large number of such points gives by least squares

It

dx 0.025 and

dy 0.002
Equations 23 and 24 give for the point of symmetry

x -0.014  and

1]

Yy 0.029
Making the distortion equal to the maximum distortion of the manu-

facturers gives Af = -0.006 mm. Equation 25 gives for the calibrated focal
length f,

fo = 153.162 mm .

TEMPERATURE EFFECTS

The major difficulty with field calibration arises from the fact
that the calibrations are not made at a uniform tempersture. Since the exact
dimensions of the camera system are a function of temperature, the computed
focal length is also affected by the same function of temperature. If this
function together with the temperature is known, the focal length can be found
for some standard calibration temperature. For practical purposes we may re-
gard the function

F(t) = 1+ k(Ty - Tp) (26)

to express the ratios of corresponding dimensions at temperatures T1 and To.
In terms of the foecal length f Equation 26 can be expressed

Af = K(Ty - Tp) (27)

where K = fk .

L1
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The temperature effects to be considered are (1) expansions of the
glass plate between exposure and measurement and (2) expansions in the lens-
cone combination of the camera.

Since we have not been able to obtain the temperature coefficients
from the manufacturer at this time we will assume typical values. For f equals
153 mm, Equation 27 gives

for glass, AT 0.000757 mn/T = K;

i

The T-5 camera has an aluminum cone giving

for aluminum, Af = 0.001559 mm/T = K,

In each case the measuring temperature was higher than the exposure
temperature. For this reason the computed focal length is larger than that of
exposure. Using T2 degrees for the standard temperature of calibration we have
by combining the two effects

fop = £+ K (Toy = Ty) + Kp(72 - Ty) (28)

where f72 is the focal length ratiocedto 72 degrees,
fo 1is the computed focal length,
Tex 18 the exposure temperature, and
Ty is the measuring temperature.

RESULTS

Since the error considerations are too complex for theoretical inves-
tigation, we can best find the errors by repeating the calibration several
times and comparing results. With this in mind the calibration was repeated
four times. The temperature correction for focal length is given by Equation
28. A similar equation for any distance D is found by multiplying Equation 28
by D/f or D/l53. The distances and orientation of the plate are givenin Fig. 9.

The manufacturer's calibration is

Camera, T-11 Serial No. 51-193
Cone Serial No. SF220
Lens Serial No. SF220
Cal. £ (72°) 153.210 mm

A-B (72°) 237.07 mm

C-D (72°) 235.39 mm
Ratioing markers l53.2102t0.05 mm
Angle A 90° * 1!

Point sym (0.007,0.010) mm

Lo
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Our results for the same data are

A(90°+)
Plate f,(72°)mm  (dx,dy)mm A-B(mm) C-D(mm) M, (mm ) M, (mm )
1 153.181 -0.011,0.02k 7.4 237.07L 235.390 153.219 153.192
2 153.180 -0.016,0.009 -0k 237.092  235.406 153.229 15%.206

3 153.175 ~0.014,0.029 -20.7 237.080 235.4h2h  153.232 153.205
L 153.173 -0.004,0.012 -29.9 237.09% 235.375 153.218 153.206

Avg. 153.177 -0.011,0.019  -10.9  237.084 235.399 153.225 153.202
P.E. 0.002 0.00k4,0.006 12 0.007 0.01k4 0.005 0.005

The most significant thing to notice from the results is the probable
error for it gives a representative value for accuracy. The actual values for
distances unfortunately cannot be properly compared as our temperature coeffi-
cients were only typical values for the material used; however, dx and dy are
unaffected by temperature due to their magnitudes. Also the angle A is unaf-
fected by temperature. The angle A is in good agreement with the original
specifications. ©Since the calibration certificate didn't give errors for dx
and dy, we can only assume that they are at least as large as ours and hence
the two error ranges overlap giving agreement. The condition of 0.05 mm on the
ratioing markers in the certificate does not permit comparison.

It is still possible to compare f,, A-B, and C-D even without tem-
perature coefficients. Our A-B and C-D average larger than the certificate's
by about 0.011 mm. It is then reasonable to argue that our f, is also larger
since the effects of temperature are uniform. Actually our fo 1s smaller by
0.033 mm. Since both values were selected to give the same distortions this
indicates that the fo's are not in agreement.

The radial distortions obtained are illustrated in Fig. 10. This is
a composite curve for all four plates. It is possible to estimate the probable
error in this curve from its width. A reasonable estimate is 1/5 of the width.
This is about 7 or 8 microns. It is important to notice that T microns is the
average position error due to measuring and emulsion errors. This is an indi-
cation that this method of calibration is at least equal in accuracy to the
limits imposed by the emulsion and measuring accuracies. No calibration pro-
cedure can hope to exceed these limits.

For tangential distortion we found that almost all the points were
within the error limits of T microns. We are unable to find a significant pat-
tern and must conclude that this lens has negligible tangential distortion.
This is very unfortunate for our purposes since the method was devised with
the purpose in mind of finding the tangential distortion pattern along with
the radial pattern from one exposure. It would be very interesting to try
this method on a decentered lens system where the tangential distortion is
large.

Lk
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We can conclude from this experiment that one can expect the follow-
ing accuracies from this type of calibration:

Component Approximate Accuracy (P.E.)

Distortion 0.007 mm
fo 0.002 mm
Point of symmetry

in coordinates 0.005 mm
Angle between axes 12 sec
Ratioing distances 0.007 mm

CONCLUSIONS

The two most significant advantages of star-trail photography are:

1. OStar trails represent the most ideal control system from the point
of view of photography.

2. The control system can be adapted easily to any location and be ar-
bitrarily oriented to any position desired. This can be done with
no loss in accuracy.

The two examples demonstrated how such a control system can be uti-
lized in photogrametric applications where accuracy is the paramount objective.

Photogrammetrists have been using star photography for some time as
can be seen in the bibliography. It is hoped that this report will increase
the general knowledge in this field. The method in calibration used here could
be adapted to practical calibration procedure when the indicated accuracy is
desired.
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