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TILT BY AREA DISTORTION

INTRODUCTION

At pregent the method of tilt determination used by this project
is the Church pyramid method with slight modification. This is an analytic,
precise procedure. However, it has several drawbacks with reference to the
purposes of this project. First, the procedure 1g iterstive and conse-
quently cumbersome and time-consuming in computation. This is especially
evident when many solutions are sought, as in the case of flights over
control areas for instrument calibration. In addition, this method is
oversensitive to errors in the plate coordinates, because only three con-
trol points are used in one solution. Such coordinate errors result from
errors in measurement, emulsion creep or film distortion, lens distortion,
etc.

A new method of tilt determination has been developed by per-
sonnel of this project which to a large extent reduces the above dif-
ficulties. The calculations are easier, as they are noniterative and there
are no irrational operations such as square roots. A single solution uses
a minimm of four control points, and if desired an unlimited number of
control points may be used in one solution. The more points used, the less
the error in tilt due to errorg in plate coordinates.

This method is based on area distortion and is well suited to
the type of ground control used by the Church method. Also, this method,
like the latter, is theoretically precise and subject to only errors in
the given data. ’
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DERIVATION OF FORMULAE

Let us first briefly consider the geometry of the tilted photo-
graph (Fig. 1):

ABCD ground control

abcd image on plate
of ABCD

g focal length

H altitude

PP principal point

N nedir point

L lens node

Fig. 1

If we reduce the scale of the ground system by f£/H, it becomes
the equivelent vertical photogreph with of course, a possible rotation
of axes with respect to the axes of the tilted photograph. Thus the area
of triangle BCD (ABCD) becomes ABCDx (f/H)2 in our equivalent vertical
photograph., The corresponding aree in the tilted photograph is Ay ;. As
was demonstrated in the report '"Application of the Rectification Transfor-
maetion" by E. Schmidt, Engineering Research Institute, University of
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Michigen, December 1951, the relation between an area in a tilted photo-
graph and its equivalent area in the vertical photograph ig:*

A' = JZ{ JaA (1)

vhere J, the Jacobian of the rectification transformation is:

7. (£12) — (2)
(R XYy +£2)3
In our case, A' = Apx (£/6)2, A = Aeg

Integrating over the plate triangle bcd we get:

(£1£)7
hpor® (28 = 2 ot 2 2
(xnxb+ynyb+f )(xnxc+ynyc+f )(xnxd+ynyd +£<)

vhere (xb,yb) are the coordinates of point b, etc. By rearranging:

) Apeg(2'E)3 B (3)

5
op T

(xnxc+ynyc+f2)(xnxb+ynyb+f2)(xnxd+ynya+f2)

Repeating the procedure for triangle abd, we get at once:

apal£'9)? ¥

A f2
AABD f

(xnxa+ynya+f2 ) (XpZp+ l‘ﬁ’n.'Y‘b*'f-'2 ) (XpZ3+¥nYa +£2) < (4)

Dividing Equetion (3) by Equation (4):

xnxc+ynyc+f2 Abcdx AAED

s =
xnxa+ynya+f Aabdx ABCD

Now if the ground control is known and the plate coordinates
have been measured, the areas involved can be found, as well as X s Ty
X,, and yo. Setting the right-hand side of (5) equal to K;, we may
rewrite (5) as:

* gee the above mentioned report, page 1.
** This the Jacobian at the point (x,y) when the nadir point is
(x,,7,), £ is the focal length, and ' = (x2+y2+£2)1/2
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(X-KqXg ) Xp+(Yo-K1¥g ) ¥y = £2(E1-1) . (6)

Repeating the argument for triangles abc and adc, we get, in the
game manner:

(Xy=Kpxg )X+ (=KoY ) Vp = f2(K2_1) . (7)

where:

K, = Aapc® Aanc
Aadcx A'ABC

Equations (6) and (7) ere a simple linear system and can be
solved directly for X, and yn, and of course t, = ten~t (xn/f), ty =
tan'l(yn/f). Knowing x, and y,, H may be computed from (3), (4), or
the equivalent equations from triangles abc and adc. The latter com-
putations can serve as & check on the problem. '

The foregoing 1s the four-point solution. If desired as meny
equations such as (6) and (7) may be obtained as the control permits.
Any four points on the photograph may be employed in thie menner. With
all the possible independent equations, it is possible to solve for
x, and y, by least squares. The latter procedure will reduce errors due
to coordinate errors on the plate.

Let us note the simplicity of calculetion in this procedure.
Only the K's need to be found before solving for x, and y,, and these
congtants are made up of the ratios of simple areas. The areas may be
found from:

Aa’bc = (xa-xb)(ya,'yc);(xa'xc)(ya,"Yb) (8)
X=X ) (T4-Tr )~ (Xp-Xo) (LY
- (¥a-%p) (T3~ ) - (XX ) (Yp-Yp) ()

2

* As before (XA’YA) are the coordinates of point A, etc.
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NUMERICAL EXAMPLE

As an example, let us take & photograph of the McClure, Ohio,
control area. The camera is T-5 No. 4104 with a 6-inch lens, calibrated
focal length f, = 154,520 mm, and altitude approximately 20,000 ft.

We select four control points: Fawley, Rosa, School, and Fuller. These
are a,b,c, and d, respectively. Coordinates after reduction for lens
distortion, refraction, curvature, and relief are:

X, mm y, mm X, ft Y, ft
a -77.827 -50.178 6,780.37 11,844 .89
b -71.275 27.991 -3,829.85 12,130.6k4
c 34.977 21.338 -3,942.23 -2,251.43
d 7.842 -59.749 6,639.71 309.53

The areas from Equations (8) and (9) are:

Agpe = 4, 174.60152 T Appo ® 76,314,519.7 £42
- 5 2 - 2

acd = 3,603.17564 mm Byep = 60,853,131.4 £t
= . 2 = . 2

Abcd 4,398.09254 mm Agop 75,951,200.6 ft
- 2 = 2

Avg = 3,379.6846% mm Aypy = 61,216,450.5 ft

Refering to Equations (5) and (7) to find the K's:
Kl = 0.923858269 Ké = 1.048870057
Equations (6) and (7) become, using £, = 154.520 mm:

116.6074099xn+75.9682017yn = 1,166.84251
-78.5198965%,,+83 . 1906077y, =-1,817.99274

Solving this linear system, we get:

14.930022 mm
= =7.7615607 mm
x = 0-0191°

o]
1

ot d
=
oo
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ty = -2.8755°
t = 6.2150°
H = 19,96%.65 ft

CONCLUSION

To summarize, let us note the improvemente achieved, especially
in computational ease. All operations are ratiomal, consisting only of
addition, subtraction, multiplication, and division. There are no iter-
ative processes such as converging solutions of quadratic equation systems.
Each operation is ghort, minimizing errors, and well suited to ordinary
desk calculators.

In the example we carried more digits than the accuracy of the
initial data warranted. This was merely to avoid errors due to taking
differences.

As stated in the preface, this solution is less sensitive to coor-
dinate errors than the Church method. A complete discussion of this sen-
gitivity in both methods will be the subject of a subsequent report. Here
let us give a brief numerical example. Taking a typical three-point so-
lution by the Church method and introducing a change of one coordinate by
0,010 mm, the error in tilt varies from 7.5 sec to 35.5 sec of arc, ac-
cording to which coordinate was changed. The mean error is 19.2 sec of arc.
In the area method, each point weighs about equally with respect to sen-
gitivity., In a typical problem a change of one coordinate by 0.010 mm
changes the tilt by 8.0 sec of arc, which is also approximately the mean
error. This is due to the symmetry of the problem with respect to the
four points. In this case we have an improvement in accuracy by at least
a factor of two. This is, of course, a specific example and mey not give
the true general picture. As mentioned, a complete investigation is being
made .

This method certainly represents the simplest and most satis-
factory way of determining tilt known to the author. It will greatly
facilitate future operetions on this project.







