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ABSTRACT

The semiparametric linear model is an important alternative to the Cox propor-
tional hazards model for censored survival outcomes. In this dissertation, we provide
some new insights for the parameter estimators and their asymptotic properties in
the semiparametric linear model with censored data.

In Chapter 2, we have shown that in a linear regression model, where the outcome
variable is subject to right censoring and the error distribution is unspecified, the
intercept parameter is consistent and asymptotically normal when the support of
some covariates with nonzero coefficients is unbounded. This holds even with finite
follow-up times. In a practical setting, it makes the prediction of survival time pos-
sible under a linear regression model when the covariate range is wide. Without the
commonly assumed regularity condition of bounded covariates, we have also shown
that the slope estimators obtained by solving the Gehan-weighted rank based esti-
mating equation are consistent and asymptotically normal, which provides a crucial
condition for the asymptotic properties of the intercept estimator.

In Chapter 3, we have proposed a new approach to estimate the slope parameters
in the semiparametric linear model by directly maximizing the log likelihood function
in a sieve space, in which the log hazard function of the error term is approximated
by B-splines. The maximization can be achieved through the gradient-based search
algorithm over the sieve space. The resulting slope estimators have been shown to

be consistent and asymptotically normal. In addition, the limiting covariance matrix



of the proposed estimators reaches the semiparametric efficiency bound and can be
estimated nicely by inverting either the information matrix based on the efficient
score function of the regression parameters or the observed information matrix for
all parameters including the “nuisance” parameters for estimating the log hazard

function.
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CHAPTER I

Introduction

Censored survival data often appear in biomedical research. The Cox propor-
tional hazards model (Cox 1972) and the semiparametric transformed linear model
are the two major approaches for analyzing such data. Instead of modeling the haz-
ard function, the later model postulates a direct relationship between failure time
and predictors. In this dissertation, we focus on the semiparametric linear model
with unspecified error distribution and provide some new insights for the parameter

estimates and corresponding asymptotic properties.

1.1 Estimation of the Intercept in the Accelerated Failure Time Model

The accelerated failure time (AFT) model assumes

h(ﬂ):a0+Xz/ﬁ0+Cla izla"'vna

where T; are the survival times that are subject to censoring, h is a pre-specified
monotone function, e.g. the logarithm function, «y is the intercept, 3, is the slope,
and (; are the independent random errors following an unknown distribution that is
assumed to have zero mean and bounded variance.

There is a rich literature on the slope parameter estimation in the above regression

model. We provide a brief review about existing slope estimating methods in Section



3.2.1. A good summary can be found in Chapter 7 of Kalbfleisch and Prentice (2002).

However, the estimation of intercept has not been thoroughly studied mostly
because the follow-up time is usually finite in practice so the intercept, directly
related to the mean survival time, is likely to be underestimated. Buckley and James
(1979) first claimed that the intercept cannot be estimated consistently due to the
existence of censoring. However, through simulation studies, Schneider and Weissfeld
(1986) and Heller and Simonoff (1990) found that the intercept can sometimes be
estimated very well using the Buckley-James method. Motivated by the existing
literature of consistent estimation of the mean survival time, which is reviewed in
Section 2.1, in this thesis we show that the aforementioned concern is not always
necessary. In fact, the intercept can be consistently estimated and an “approximated”
estimator is asymptotically normal when the support of some covariates with nonzero
coefficients is unbounded. This result holds even with limited follow-up times, which
is always the case in most human disease studies. It makes the prediction of survival
time possible under a linear regression model when the covariate support is wide in
the practice.

Without the commonly assumed regularity condition of bounded covariates, addi-
tional consideration on the slope estimation is required since its theoretical develop-
ments to date are mostly under the bounded covariates assumption. We next show
that, without the restriction of bounded covariates, the slope estimators obtained by
solving the rank-based estimating equations with Gehan weights are still consistent
and asymptotically normal, which provides a crucial condition for the asymptotic
properties of the intercept estimator.

The theoretical findings are further verified for finite samples by simulation stud-

ies. Simulations also show that, when both models are correctly specified, the semi-



parametric linear model yields reasonable mean square prediction errors and outper-
forms the Cox model for censored data, particularly for heavy censoring and short
follow-up time. An illustrative example using the AFT model to predict the failure

times is given in Section 2.5.

1.2 Sieve Maximum Likelihood Estimation of the Slope Parameter in
the AFT Model

It is well known that the partial likelihood estimator in the Cox proportional haz-
ards model is semiparametric efficient. Despite previous research efforts, developing
an efficient estimator in the semiparametric linear model is not completely satisfac-
tory. In this thesis, we propose a different approach to the existing semiparametric
estimating equation methods that are known to be statistically inefficient. Specifi-
cally, we directly maximize the log likelihood function over a sieve space, in which
the log hazard function is approximated by a linear span of a set of basis functions
in that sieve space. Such bases can be B-splines, trigonometric polynomials, her-
mite polynomials or wavelets. We consider the B-splines basis (Schumaker 1981)
in this proposed method because of its computational convenience. The numeri-
cal implementation can be achieved through the conventional gradient-based search
algorithms such as the Newton-Raphson algorithm.

We show that the proposed estimators are consistent and asymptotically normal.
Moreover, the limiting covariance matrix of the estimators reaches the semipara-
metric efficiency bound. The proof of the asymptotic normality and semiparametric
efficiency of the proposed estimators is based on our extended general theorem on
the asymptotic normality of semiparametric M-estimators, where the infinite di-
mensional nuisance parameter is a function of the parameters of interest. This is the

case for the semiparametric linear regression model since the likelihood is built upon



residuals, which is a function of the slope parameters.

We propose two ways to estimate the variance of the estimators. The first ap-
proach is to invert the information matrix based on the efficient score function of
the slope parameters derived by Ritov and Wellner (1988). The second approach is
to invert the observed information matrix of all parameters including the “nuisance”
parameters in the sieve space for the log hazard function. Although the second
method does not have a theoretical justification, simulation studies show that it is
numerically robust and yields quite similar variance estimates as the first method.
Simulation studies also demonstrate that the proposed method performs well in prac-
tical settings and yields more efficient estimates than existing estimating equation
based methods. Illustrations with two real data examples are provided in Section

3.5.



CHAPTER II

Asymptotics of the Intercept Estimator in the
Semiparametric Accelerated Failure Time Model

2.1 Introduction

As an important alternative to the Cox model (Cox 1972), the linear regression
model for transformed censored survival data including the accelerated failure time
model (Kalbfleisch and Prentice 2002) as a special case has been extensively studied
in recent years, see e.g. Wei et al. (1990), Tsiatis (1990), Ritov (1990), Ying (1993),
and Jin et al. (2003), among many others. This type of model appeals in many ways
because it models the failure time directly and thus has a more intuitive interpre-
tation. In situations where proportional hazards assumption is violated, this model
may provide more accurate summarization of the data. Since it directly models the
failure time, there might be chances that the linear model can be used to predict the
failure time in a straightforward way.

The study of such a linear model has primarily focused on the slope parameter
estimation. Commonly used estimating methods include: the Buckley-James method
(Buckley and James 1979) that imputes the censored failure time by its estimated
conditional expectation given the corresponding censoring time and covariates, the
weighted least squares method of Stute (1993, 1996) with weights obtained from

the Kaplan-Meier estimator for the transformed survival time, and the rank-based



method (Prentice 1978; Tsiatis 1990; Ying 1993) that is derived by using linear rank
tests for the right censored data. Ritov (1990) showed that the class of weighted
rank-based estimating functions of Tsiatis (1990) is asymptotically equivalent to the
class of Buckley-James estimating functions on transformed residuals.

The estimation of intercept when the error distribution is unspecified, however,
has not been thoroughly studied mostly because the follow-up time is usually finite
in practice so the intercept, directly related to the mean survival time, is generally
believed to be underestimated. Obviously, a good prediction of survival time re-
quires a good estimator for the intercept parameter which is the expectation of the
error term in the semiparametric linear model. The inconsistency of the intercept
estimator was first claimed by Buckley and James (1979). In some of their simula-
tions, however, Schneider and Weissfeld (1986) and Heller and Simonoff (1990) found
that the intercept can sometimes be estimated quite well using the Buckley-James
method. Based on the work of Susarla and Van Ryzin (1980) and Susarla et al.
(1984), Wang et al. (2008) conjectured that the intercept can be consistently esti-
mated when the supports of some covariates are not restricted to finite intervals. In
this chapter, we confirm such a conjecture by formally establishing the consistency
result for the intercept estimator, as well as the asymptotic normality for an “ap-
proximated” estimator. This result makes the prediction of survival time possible
under a linear regression model when covariate support is wide in a practical setting.

Without the presence of covariates, using an integration by parts argument with
a truncation technique, Susarla and Van Ryzin (1980) showed that when the sup-
port of censoring time distribution contains the support of failure time distribution
together with appropriate assumptions for the tail probability, the mean failure time

estimation based on a Kaplan-Meier type estimator is consistent almost surely under



random censoring. Using the reverse martingale approach, Stute and Wang (1993)
established more general strong consistency results including the mean failure time
estimation without using the truncation argument. When covariates are present and
a linear model is considered for the transformed failure time, the intercept estimation
is equivalent to the mean failure time estimation on the residual scale if true values
of the slope parameters are given. In reality, however, the slope parameters need to
be estimated, which dramatically complicates the study of asymptotic properties of
the intercept estimation. For the consistency of intercept estimation when slopes are
estimated, to the best of our knowledge, we are only aware of Lai and Ying (1991)
who assumed bounded covariates, bounded support of the failure time distribution
and wider support of the censoring time distribution. Their latter assumption, how-
ever, is often violated in practice due to the nature of limited follow-up time in, for
example, most of the human disease studies. Instead of assuming wider support of
the censoring time distribution, we consider the setting that the supports of some
covariates with nonzero coefficients are not restricted to finite intervals, which how-
ever requires additional consideration on the slope estimation because its theoretical
developments to date are primarily under the assumption of bounded covariates.
The unbounded covariate support is a technical condition, and corresponds to the
practical situation where the ranges of the explanatory covariates are wide.

The rest of the chapter is organized as follows. In Section 2.2 we present a gen-
eral strong consistency property of the intercept estimator under the assumption of
unbounded covariates, followed by the asymptotic normality result for an “approxi-
mated” intercept estimator where the modification is applied to simplify the technical
derivation. In Section 2.3 we present the both in probability and almost sure consis-

tency properties as well as the asymptotic normality result for the Gehan-weighted



rank based slope estimators without assuming bounded covariates. In Section 2.4 we
conduct simulation studies by varying the covariate support and the censoring rate
under different error distributions with different sample sizes. We also compare the
failure time prediction performance of the semiparametric model to that of the Cox
model under the standard extreme value error distribution for which both models fit
the data correctly. In Section 2.5 we provide an application to a major medical study,
the Mayo primary biliary cirrhosis (PBC) study, for illustration. We provide some
concluding remarks in Section 2.6. Proofs of the technical results heavily depend on

the empirical process theory and are deferred to the Appendix.

2.2 Intercept Estimation

2.2.1 The Model and Notation

Consider the linear regression model:
(2.1) Ti=ao+X, 00+ G, i=1,...,n,

where (;, i = 1,...,n, are independent and identically distributed (i.i.d.) with zero
mean. The response variable T; for the ¢th subject is the failure time transformed
by a known monotone function, e.g. the logarithm transformation that yields the
so-called accelerated failure time model (Kalbfleisch and Prentice 2002, Chap. 7).
When T; is subject to right censoring, we only observe (Y;, A;, X;), where Y; =
min(7;, C;), C; is the censoring time transformed by the same function that yields
T;, and A; = 1(T; < C;). Here we assume that (X;,C;), i = 1,...,n, are i.i.d. and
independent of (;.

Throughout the sequel we consider one-dimensional [, for notational simplicity

and assume that its parameter space B is compact. For any § € B we denote

epi =1; — BXi, eoi =T, — BoXi =0+,



and

€3 =Y — BXi, €0 =Y — [oXi.

Here, eg,; are the transformed failure time in the residual scale with (3, being replaced
by 3, €, is the corresponding observed time in the residual scale for a fixed 3, and
ep; is the error term that has absorbed the intercept in model (2.1). We shall use
F and G to denote the distribution functions of ¢p; and C;, and f and g to denote
their density functions, respectively. Now we adopt the empirical process notation
of van der Vaart and Wellner (1996). In particular, for a function f of a random
variable U that follows distribution P,
Pf = [ ft) ap)

n

P.f = n') f(U),

Gnf = nml;’i - P)/f,
and refer all the details to the reference. Set e5 =Y — X and ¢g =Y — 5, X, and
define
22)  HOBs) =Pu{lles < s.A=1}, hO(3s) = P{1{es < 5,8 = };
(2.3)  HWY(B,s) = P.{1(es > s)}, A (3, s) = P{1(eg > s)}.

Since oy = Eey; = f_oooot dF (t), if the slope (3 is known, then a natural estimator

of ay is given by
(2.4) Qi :/ t dF,(1),
where F,(t) is the Kaplan-Meier estimator of the distribution function F(t) of ey =
T — (GpX. In a regression setting, however, (3, is unknown and hence has to be

estimated. Let Bn be an estimator of 3y, a direct extension of (2.4) yields

(2.5) dn,ﬁn = / t an,Bn(t)>

—00
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where F, 5(t) is the Kaplan-Meier estimator of the distribution function Fs(t) of

eg =1 — X and is given by

26 B =111 0= —m
( ) 7ﬂ(t) iieﬁ]:z[ﬁt{ H?sl)(ﬁ7 6570

Note that the above estimator does not automatically provide a consistent estimator
of Fp(t) because T'— X and C' — X are not independent except when § = f.
We will follow the method used by Lai and Ying (1991) to argue that Fn 5, (t) does
converge to F'(t) when Bn converges to 3y with a certain polynomial rate.

When there is no covariates (equivalently Gy = 0) or [y is given, Susarla and
Van Ryzin (1980) and Stute and Wang (1993) studied the asymptotic properties of
the mean survival time estimator (2.4). They provided the following key sufficient

condition
(2.7) {t : t € the support of T'— 5y X} C {t:t € the support of C' — G, X}

for the consistency of (2.4). Now we replace 3y by its estimator Bn and want to show
the consistency of (2.5). The proof of Stute and Wang (1993) for the consistence of
the mean survival time estimation makes use of the martingale theory that cannot
be directly adopted here due to the dependence between T'— X and C' — X when
6 # [(y. We shall use the empirical process theory as well as the properties of
stochastic integrals with censored data in Lai and Ying (1988) to show the desirable

result.

2.2.2 Counsistency
First we introduce the following regularity conditions:

Condition 1. The covariates X, are i.i.d. random variables with finite second

moment.
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Condition 2. The error ey’s density f and its derivative f are bounded and

/_ T/ 0) ) di < oo

e}

Condition 3. The conditional density of C' given X is continuous and uniformly

bounded for all possible values of X. That is,

sup  gex(t | X =) < oo,
zeX, teC

where X and C denote the support of X and C, respectively.
Condition 4. The error ey has a finite second moment, i.e., FeZ < co.

Condition 1 is different to the common assumption of bounded covariates in Tsiatis
(1990), Lai and Ying (1991), Ying (1993), and many others. Here we do not assume
bounded covariates. Instead, we only assume finite second moment. Hence, even
with a short follow-up time, the support of the censoring time in the residual scale
can be extended to infinity provided that the support of X is the real line and
By # 0, which yields that the supports of ¢y and C'— 5y X are equivalent and thus the
sufficient condition (2.7) is satisfied. Condition 2 is exactly the same as Condition 2
in Ying (1993). Condition 3 implies Condition 3 in Ying (1993) and also Condition
(3.5) in Lai and Ying (1991) when X; are bounded. Condition 4 implies Condition
4 in Ying (1993) with 6y = 2.

We then have the consistency results given in the following Theorems 2.2.1 and
2.2.2. We omit the constants in front of the rate expressions to simplify the notation.

Theorem 2.2.1. Suppose Conditions 1-3 hold, and define

2.8) F(5,1) = 1_eXp{_/uSt %},
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with A0 (3,u) and hV(3,u) being defined in (2.2) and (2.3), respectively. Then for

every € > (0, with probability 1 we have

(2.9) sup{]Fn,g(t) — F(B,t)|: B e B,HV(5,t) > n=) = O(H,%Hg)’

(2.10)  sup{|F(8,t) = F(t)| : | = o] <n~*, B0 (B,1) > n~*} = O(n™),

where ), 4(t) is given in (2.6). In addition, for every 0 < & < £, with probability 1

we have
(2.11) sup {|Fn5(t) —F@#)|: |8 = Bo| <n ¥, HY(,t) > n*}=0(n").

Introduced by Lai and Ying (1991), F'(,t) defined in (2.8) is an important inter-
mediate quantity. On one hand, it is the limit of the Kaplan-Meier estimator Fnﬂ(t)
for a fixed (3; on the other hand, it equals to F'(¢), the true distribution function of
the error ey, when f3 is replaced by the true slope [y in (2.8).

Theorem 2.2.2. Suppose Conditions 1-4 hold, and in addition, assume [y # 0 and
that the support of X, X' is the whole real line, i.e., fx(x) > 0 for all —oo < z < 0.

Then for every 0 < & < %, with probability 1 we have

(2.12) Sup{‘/ LdFy () — ao

B = Bol < n7, HO(3,0) > n} — o)),

Theorem 2.2.2 implies that &, 5 = ffooot dﬁn,Bn (t) is a consistent estimator of
the intercept oy when Bn is a consistent estimator of the slope (3, with polynomial

convergence rate. Define
(2.13) T, =sup {t: HW(3,t) >n"%, |8 — B < n=%},

so the restriction on t inside the supremum is equivalent to set the Kaplan-Meier
estimator F, 5(t) to 1 for t > T, and thus [*°_t dFy, 5(t) = [*" t dF, 4(t) within the

set {t : H,(ll)(ﬁ,t) > n"c |3 — Bo| < n3¥}. Then the unbounded covariate support
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assumption plays an important role to guarantee that 7,, — oo as n — oo, and hence
ff:ot dF, 5(t) — [*_t dF(t) almost surely when |3 — By| < n~%. Susarla et al.
(1984) showed that the above &, ;5 is identical to the Buckley-James estimator of

a for a fixed Bn

2.2.3 Asymptotic Normality

In the situation of no covariates or equivalently 5 = [y, to the best of our knowl-
edge, we are only aware of Susarla and Van Ryzin (1980), who proved the asymptotic
normality result for the mean survival time estimator. A truncation technique was
used in their proof and some stringent conditions on the tail probability were intro-
duced, which are often very difficult to justify. Even for the Kaplan-Meier estimator
itself without covariates, there has also been much effort to show its asymptotic
normality for the past two decades. See e.g. Wellner (2007). When covariates are
present, besides the complexity from the estimated slope parameter Bn, another chal-
lenge comes from the integrand in the intercept estimator in (2.5), which integrates
from —oo up to 1,,, with T,, — oo as n — oo. In this section, we try to avoid assuming
the hard-to-justify technical condition for the tail probability of the error term and
to simply the derivation, therefore, instead of showing the asymptotic normality for
the original intercept estimator in (2.5), we consider the following “approximated”

intercept estimator

T*
(2.14) dil,@n = / tdr, 5,
where S* and T™ are any fixed time points with —oco < S* < T* < oo. Bn is

an estimate of 0 which is consistent and asymptotically normal. The asymptotic

normality result for the estimator in (2.14) is stated in the following theorem.
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Theorem 2.2.3. Suppose Conditions 1-4 hold, and in addition, assume (3, # 0
and that the support of X is the whole real line, i.e., fx(z) > 0 for all —oo < z < 0.
Let & 5 be the “approximated” intercept estimator defined in (2.14) with Bn being

a consistent and asymptotically normal estimate of 5. Let af = [, ;*t dF(t), then

n1/2<éé* A

n,0n

— o) is asymptotically normal with the following asymptotic representa-

tion

(215)n'%(a;, ; — aj)
= GH{T* [F(T*)(ml(ﬁo, €0, T*) + mg(ﬁo, €0, T*, A)) + Fﬁ(ﬁo, T*)mg(ﬁo, €0; X, A)}
—S*[F(S*)(ma1(Bo, €05 S*) + ma(Bo, €05 S, A)) + F3(Bo, S*)ma(Bo, €0; X, A)]

- / [F(t) (ma (Bo, €03 ) + ma(fo, €05 £, A)) + E(Bo, t)ms(Bo, €0; X, A)] dt}

*

+0,(1).

The functions m; and ms in the above representation are defined as

mo ()
PONEEIL)
(2.17) my(B, s;t, A) = IOk

The function m3(fy, €0; X, A) is the influence function such that

n1/2<3’rz - BO) = Gn{mii(ﬁOa €0, X7 A)} + Op(l)u

where the explicit form of ms(Go, €0; X, A) is given in (2.21). Fj5(6,t) is the derivative
of F((,t) with respect to .

This theorem does not provide the asymptotic normality result for the original
intercept estimator. However, since S* and T™ can be arbitrarily large, in practice

one is often able to find two values to bound the observed residual time.
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2.3 Slope Estimation with Unbounded Covariates

It is easily seen from Theorem 2.2.2 that we can obtain the consistency of &, 5
in probability and almost surely by providing a consistent estimator Bn with certain
polynomial convergence rate in probability and almost surely, respectively. We con-
sider both in this section using the estimator obtained by the Gehan-weighted rank

based estimating method.

Define
(2.18) Hff)(ﬂ, s) =P,{1(eg > s)X} and h(2)(ﬁ, s) = P{l(eg > 5)X},

Then the general rank-based estimating function of Tsiatis (1990) is given by

(2.19) P {n(rea) | X - %] a}

where w, (8, s) is a weight function and H"(3,s) = P,{1(eg > s)} is defined in
(2.3). We consider the Gehan weight function w, (5, s) = HT(LI)(B, s), which yields the

following estimating function

(2.20) U (0, HyY HP) = Po{[HP (B, €5)X — H (5, ¢5)|A}.

n n

2.3.1 Convergence in Probability and Asymptotic Normality

The only reason of assuming bounded covariates and/or truncated residual time
in the current literature is to bound the denominator H,(LI)(H, €s) in (2.19) away from
zero. Such an issue disappears in (2.20) and hence none of such assumptions is
needed when the Gehan weight function is used. Fygenson and Ritov (1994) showed
that the estimating function ¥, (5, HY, H,SQ)) in (2.20) is monotone in f3.

Proposition 2.2.4. Suppose Conditions 1-3 hold. Assume (3, € B is the unique

root of W(3, AV, K@) = P{[hM(83,e5)X — h'P (8, e5)]A}. Then,
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(1) The approximate root 3, satisfying \Dn(ﬁn, HS)(Bn, ), 285 (Bn, ) =o0,(1) is a
consistent estimator of (.

(2) Suppose (B, h?) is differentiable with bounded continuous derivative
(3, RM(3,-), h?(B,-)) in a neighborhood of Gy, and Ws(Bs, V(S ), h®(Bo, -))

is nonsingular. Then for an approximate root Ba satisfying

\Dn(ﬁn7 H7(L1)(Bn7 ')’ H?SQ) (Bn> )) = Op(n_1/2)7

we have |6, — Bo| = O,(n"1/2).
(3) Suppose the same assumptions given in (2) hold, then n!/2(3, — 3,) is asymp-

totically normal with the following asymptotic representation

n1/2(6n - ﬁ(]) = Gn{mfi(ﬁm €05 A? X)} + Op(l>a

where

(221) mg(ﬂo,Go; A,X)
= {=Ws(B0, K (Bo, ), K (o, '))}_I{W”(ﬂo, )X = 2 (o, )] A

— /[1(60 > ) X] dP.,a(t, 1) + /[1(60 > )]z dP., A x(t, l,x)}.

The estimator Bn is in fact in a neighborhood of the zero-crossing point due
to the discrete nature of W, (3, Y, Hﬁz)), see e.g. Kalbfleisch and Prentice (2002).
Proposition 2.2.4 implies that |Bn—60| = Op(n~3) forany 0 < e < % with probability

approaching to 1. Hence by Theorem 2.2.2, &, 5 converges to g in probability.
2.3.2 Almost Sure Convergence with Polynomial Rate
Following by the Theorem 5 in Ying (1993), the almost sure consistency of the

slope estimator with a polynomial rate can be also achieved under the unbounded

covariate support assumption, which is given in the following proposition.
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Proposition 2.2.5. Suppose Conditions 1-4 hold, and in addition assume that the

tail probability of the covariate X satisfies
(2.22) P(|X]| > t) < Mt exp(—nt?)

for some constants M > 0, —oo < 6§ < oo, n > 0, and v > 0. Then the estimator
B, satistying U, (B, H (Bp, ), H? By, ) = o(n~/2) almost surely converges with
probability 1 to 8y with a polynomial rate, that is, |3, — 3| = o(n~'/2*) almost
surely for every € > 0.

Comparing to Proposition 2.2.4, an exponential tail probability bound for the
covariate is assumed to guarantee the almost sure consistency of Bn with a polynomial
rate. Such assumption yields the relaxed Condition 1 in Ying (1993), page 83, i.e.,
max; <, | X;| = o(n®) almost surely for every ¢ > 0. This is because when (2.22) holds,

for every ¢t > 0 we have

P(m<ax|XZ-| >t)=1- P(m<ax | X;| <t)
= 1—[1=P(X[>1)]" <1—[1 = Mt’exp(—nt")]"
<1 —[1 —nMt’ exp(—nt")] = nMt’ exp(—nt?),

where the last inequality holds due to the fact that (1 —s)" > 1 —mns for 0 < s < 1.

Therefore, for every fixed t > 0 and € > 0,
231 P(n max |X;| > t) = z; P(I?SZX | X;| > n°t)
< ZnM(nEt)e exp{—n(n°t)"} < co.
n=1

It then follows by the Borel-Cantelli lemma that P(lim,,_,. n~° max;<, | X;| = 0) = 1,
i.e., max;<, | X;| = o(n®) almost surely. As mentioned in Section 2.2.2, Conditions 2-4

imply Conditions 2-4 in Ying (1993), respectively. Furthermore, Ying (1993) pointed
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out that the Gehan weights satisfy their Condition 5 and (4.7). Hence the conclusion
in Proposition 2.2.5 follows directly from their (4.8) in Theorem 5 of Ying (1993).
The detailed argument is thus omitted. The exponential tail probability condition
holds for many commonly used distributions such as normal, weibull, extreme value

distributions and etc.

2.4 Simulations

We conduct extensive simulations to investigate the finite sample performance of
the intercept estimator and the slope estimator under different scenarios. Failure

times are generated from the following model
T=2+X+¢,

where five different error distributions are considered, which are (a) ¢ ~ N(0,0.5%);
(b) ¢ ~ Gumbel(—0.57,0.5) that has mean zero, where 7 is the Euler constant;
(¢) ¢ ~ Laplace(0,0.5); (d) ¢ ~ Logistic(0,0.5); and (e) ¢ ~ t(0,df = 30). In
each scenario, three different settings of covariate X are investigated, which are (1)
X ~ N(0,1); (2) X ~U(-2,2); and (3) X ~ U(—1,1). The censoring distribution
is C'~ U(0,4) A7, here 7 is the follow-up time. We choose 7 = 1 and 7 = 3 to yield
censoring rate ranges (75%, 92%) and (51%, 53%), respectively. For each setting, we
simulate 1000 runs with four different sample sizes: 50, 200, 500 and 2000. Since
7 = 1 yields very high censoring rate that causes numerical instability, we drop 7 =1
for sample size 50. The simulation results are summarized in Table 2.1.

The first covariate setting corresponds to the unbounded covariate support. It
is clearly seen that the bias of the intercept estimator is minimal even with a short
follow-up time 7 = 1 for all error distributions. The bias is also very small in the

second covariate setting, where the support of X is bounded, but wide. The bias
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becomes noticeable when the support of X gets narrow in the third setting with
the short follow-up time 7 = 1. With the longer follow-up time 7 = 3, the bias of
the intercept estimator is negligible even for a small sample size (n = 50) under all
error distributions. The bias for the slope estimator is minimal across all simulation
settings.

For the short follow-up setting (7 = 1), Figure 2.1 displays the Kaplan-Meier
curves of the estimated residual survival time T} — ﬁAnXi under five error distributions
with sample size n = 2000. The left panel corresponds to the unbounded covariate
scenario with X ~ N(0, 1), the middle panel corresponds to the scenario with X ~
U(—2,2), and the right panel corresponds to the scenario with X ~ U(—1,1). We
notice that none of the Kaplan-Meier curves in the right panel goes to zero in the
right tail when the support of X is narrow. This implies that the condition {¢ :
t in the support of T — BHX} C {t : t in the support of C' — BnX} is violated in this
situation, and hence the intercept estimators are biased. With unbounded X, all
five Kaplan-Meier curves go to zero in the right tail, which indicates that a good
estimator of the intercept can be obtained. The similar pattern is also observed
for the case with bounded but wide support X, i.e., X ~ U(—2,2). This type of
plot is suggested to examine the quality of the intercept estimation in the real data
analysis. Based on additional simulations (results are not shown here), we suggest
that if the right tail of the Kaplan-Meier curve goes below 0.1-0.15, a good estimate
of the intercept can be obtained.

Moreover, for 7 = 3, we plot the empirical variances of &, 5, and Bn versus the
reciprocal of the sample sizes respectively, and display the graphs in Figure 2.2. It
is clear that there is a linear relationship between the empirical variances of each

estimator and the reciprocal of the sample size. This provides numerical evidence of
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the root-n convergence rate for both &, 5 and Bn

We also study the survival time prediction accuracy of the semiparametric linear
model via simulations and compare it to the Cox model. In order to have a fair
comparison, we generate data from the following model:

(2.23) WT) = X + e,

where ¢ follows the standard extreme value distribution with F(t) = 1 — e_et,

and h(-) is some monotone transformation. In such a setting, we have f, = 1 and
ag = Fey = —~, where ~ is the Euler constant. Note that this is different to the
previous simulation setting with ¢ ~ Gumbel(—0.57,0.5) where the mean is shifted
to zero and the scale parameter is 0.5. It is well known that both the semiparametric
linear regression model and the Cox model correctly fit the data generated from
(2.23). We choose the censoring distribution as h(C') ~ U(—3,3) A 7, where 7 is
a fixed follow-up time taking different values to generate different censoring rates.
As in the first simulation study, covariate X is generated from three distributions,
namely, N(0,1), U(—2,2) and U(—1,1) . Two transformations are considered: the
identity (with a constant added to shift all the survival times to positive values) and
the logarithm transformations. For each simulation setting, two independent data
sets of equal size are generated from the same model, namely the training set and the
test set. Both the semiparametric linear model and the Cox model are fitted using
the training set, and survival times are predicted for the test set using the fitted
models. For the linear regression model, the predicted survival time is calculated by
TER — b= (G4 BERX ), where X7 is the observed covariate for the ith subject in the
test set, B,fR is solved by the Gehan-weighted rank based estimating equation, and &,,
is estimated from (2.5). For the Cox model, the predicted survival time is calculated

by 769" = [t d(1 — exp{—on’n(t)eBEOIXi*}), where Ag,(t) is the Breslow estimator
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of the baseline cumulative hazard function Ag(t) and 5 is the partial likelihood

estimator. We use the following measure to determine the prediction accuracy:

n

1 .
(2.24) MSE, =~ > (Tr - Ty,

%
=1

where T} is either TiLR or T'iCox depending on which model is used and T7* is the true
survival time for the 7th subject in the test set. Two sample sizes are considered:
n = 200 and n = 2000, and 1000 runs are conducted for each simulation setting.
The results are summarized in Table 2.2. For each scenario, in addition to the
empirical mean and standard deviation of MSE,, given in the parenthesis, we also
calculate the relative prediction accuracy to the uncensored case, that is, the ratio of
the empirical mean M SFE, under uncensored case to that under each corresponding
censored case. The MSE, obtained from ordinary least squares (OLS) is also listed
for each uncensored scenario.

Under both transformations and all three covariate distributions, the semipara-
metric linear model yields larger relative prediction accuracy than the Cox model
for all censored cases with four different censoring rates. Even with short follow-up
times, the relative prediction accuracy is close to 1 under the semiparametric linear
model, especially with large sample size, but much smaller than 1 under the Cox
model for both sample sizes. This is not surprising because for the Cox model, the
baseline hazard function after the last observation time in the training set is not es-
timable. For a study with the follow-up time 7, without any parametric assumption
for the baseline hazard function, the convention is to set Ag,(t) = oo for t > 7.
This will introduce bias when predicting the survival time for new observations and
obviously, the bias becomes more severe when follow-up time is shorter.

Moreover, under the identity transformation, the absolute M SE, value from the
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semiparametric linear model is smaller compared to that from the Cox model, espe-
cially when the follow-up time is short. In the scenario when X has an unbounded
or a wide support, i.e., X ~ N(0,1) or X ~ U(—2,2), the linear model yields larger
relative prediction accuracy and smaller absolute M SE, value comparing with the
scenario when X ~ U(—1,1). One possible explanation for this finding is that the
intercept estimate is more accurate under the situation when the support of X is
unbounded or wide. It also can be seen that when there is no censoring, both models
yield the same MSFE, value as that obtained by the ordinary least squares. Under
the logarithm transformation, the absolute M SE), value from the linear model is also
smaller than that from the Cox model when censoring exists, except for the longest
follow-up case under X ~ U(—1,1). While there is no censoring, the Cox model
yields smaller M SE, compared to that obtained by both the semiparametric linear
model and the ordinary least squares. This is because the linear model predicts the

EQogT) ' which underestimates ET and hence causes bias.

survival time as e

In Figure 2.3, we plot the predicted survival time versus the true survival time for
both semiparametric linear model and Cox model under the identity transformation
with X ~ N(0,1) for the follow-up time 7 = —2 and 0 (n = 2000). It is clearly seen
that the semiparametric linear model provides a nice prediction of the survival time
even with a short follow-up time. However the prediction from the Cox model under

two scenarios are both poor and we observe more severe bias when follow-up time is

shorter.

2.5 A Real Data Example

We consider the well-known Mayo primary biliary cirrhosis (PBC) study as an

illustrative example (Fleming and Harrington 1991, app. D.1). The data contain



23

information about the survival time and prognostic factors for 418 patients. Jin
et al. (2003) and Jin et al. (2006) fitted the accelerated failure time model with
five covariates, namely age, log(albumin), log(bilirubin), edema, and log(protime).
They used the rank-based and least squares estimators and reported only the slope
estimators for the five covariates. We fit the same model with the slope estimators
obtained by the rank based estimating equation with Gehan weights and the intercept
estimator obtained by (2.5). The estimated coefficients for the five prognostic factors
are -0.025, 1.498, -0.554, -0.904, and -2.822 with estimated standard errors of 0.005,
0.479, 0.052, 0.234 and 0.923. Our estimates are similar to those reported in Jin
et al. (2003). The intercept estimator is 8.692. The Kaplan-Meier curve of the
residual survival time under the estimated slope parameters goes to zero in the right
tail (shown in Figure 2.4a), which indicates no evidence that the intercept estimator
obtained by (2.5) is biased.

We then perform the leave-one-out cross-validation to check the prediction per-
formance of the model. If the fitted model is adequate, the predicted survival time
is expected to be close to the observed time for those patients who failed. On the
other hand, for patients who were censored, the predicted survival time is expected
to be greater than the observed time. Figure 2.4b shows the predicted survival time
against the observed time in the logarithm scale. The circles correspond to the pa-
tients who failed and the triangles correspond to the patients who were censored.
The figure suggests that the accelerated failure time model provides reasonably good
prediction of the survival time for this dataset, except for a few subjects who might
be outliers. For example, subject 87 (circled in Figure 2.4b) was a 37 year old woman
with quite good prognostic status: no edema, good albumin (4.4), low bilirubin (1.1)

and moderate protime (10.7). Yet she survived for no longer than roughly half a
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year. Subject 293, on the other hand, was a 57 year old woman with poor prognostic
status. In spite of low albumin (2.98), high bilirubin (8.5) and protime (12.3), and
edema resistent to diuretics, she remains alive after more than 3.5 years. This same
subject was also detected as an outlier in the residual plot for the covariate edema

from a Cox model for the same data (Fleming and Harrington 1991, p. 184).

2.6 Concluding Remarks

Other important features such as the asymptotic distribution of the original in-
tercept estimator (2.5) and the procedure to estimate its variance remain unknown
and are worth further investigation.

In a practical situation with a finite follow-up time 7, instead of estimating the
unconditional expectation of the squared error loss [T — E(T|X)]* to assess the
model prediction performance, it seems more reasonable to consider the conditional

expectation by conditioning on that the survival time is no greater than 7, i.e.,
(2.25) E{T - E(T|IX)?|T <7}

This is because the model is believed to be correct only for the individuals whose
survival time is no greater than 7. Then as an analogue to the M SE, in (2.24), a
natural finite sample estimation of (2.25) is
MSE,, =n"Y [(T; —T))*- LT} < 7)),
i=1
where n, = Y. 1(Ty < 7), T; is the predicted survival time and T} is the true
survival time for individual 7. Simulations (results are not shown here) reveal that

when the follow-up time 7 is short, the Cox model cannot provide a reasonable

MSE, . value, while the linear model estimates the MSE,, . reasonably well.
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In the real data analysis, model checking is a very important issue. One possible
procedure is to follow the method developed for the Cox model by plotting the
cumulative sums of the martingale-based residuals to assess how unusual the observed
residual patterns would be, see e.g. Lin et al. (1993) and Lin et al. (1996).

Bias and variance trade-off plays an important role in assessing prediction errors,
which requires knowing the asymptotic joint distribution of both the intercept and
slope parameter estimators. We do not consider it here. We also want to point out
that any prediction beyond the last observed failure time needs to be interpreted
cautiously because it lacks empirical verification without obtaining new data with

longer observed survival times.

2.7 Appendix: Proofs of the Technical Results

In this section, we provide the proofs of Theorems 2.2.1-2.2.3 and Proposition

2.3.4. We first provide several lemmas that will be used for the proofs.

2.7.1 Technical Lemmas

Lemma A.1. For every € > 0, with probability one we have

sup  n'2|HF(3,5) — M (B, 5)| = o(nf),

BEB,—oco<s< 0
where H (B,s) and h*¥)(B,5), k = 0,1, are defined in (2.2) and (2.3) respectively.
Proof: We shall use the empirical process theory to prove this result. Since the
class of indicator functions of half spaces is a VC-class, see e.g. Exercise 9 on page
151 and Exercise 14 on page 152 in van der Vaart and Wellner (1996), and thus a
Donsker class. Then the sets of functions Fy = {1(eg < s, A = 1)}={Al(eg < s)}
and F; = {1(es > s)} are both Donsker classes. Let F be the closure of Fy, k = 0,1,

respectively. Then g (3,5) and h®)(3,s) are in the convex hull of Fy, k = 0,1,
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and thus belong to Donsker classes. See e.g. Theorems 2.10.2 and 2.10.3 in van der
Vaart and Wellner (1996). Hence by their Theorem 2.6.7 and Theorem 2.14.9, it

follows that for every ¢ > 0,

P< sup  n'?|HP(B,5) — B (3, 5)| > t) < MtVe

BEB,—co<s <00
where M > 0 is a constant and V' = 2V (F) — 2 with V(F) being the index of the
VC-class F, which is 4 in this case for one-dimensional [y, hence V" = 6. When
By € RY for a fixed d, the index of the VC-class is V(F) = d + 3 and the following

argument still holds. Then for any € > 0, let

An,s = sup n1/27€‘H’r(Lk) (67 3) - h(k) (ﬁa S)|

BEB,—co<s<0
Since ¢tV < €15 for large enough ¢ > 0 and a fixed V > 0, then

iPﬂAn,e — 0] >1t) < Miexp{—0.5(n€t)2} < 00.

n=1 n=1

It then follows by the Borel-Cantelli lemma that P( lim A, . = ()) = 1. Hence we

obtain the desired result.

Lemma A.2. Assume Conditions 1-3 hold, then for every ¢ > 0 we have

sup K9 (8,5) = KO, 8')] = O(n™9),

|B=B'|+|s—s'|[<n~=
where h®)(3,s), k = 0,1 and 2, are defined in (2.2), (2.3) and (2.18) respectively.
Proof: Since ¢y = T — X is independent of (X, C), the joint density function of

(T',C, X) can then be decomposed as

frox(t,c,x) = fe,ox(t — Box,c,x) = f(t — Box) fe,x (¢, x)

where f is the density of ey. So

f(t = pox) = friex(t|C =c, X =2) = frx(t|X = 7).
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Then the joint density function of (Y, A, X) follows

Tyax(y,6,2) = fly— Box)’ Fy — Box)'~ 90|X(y\X = x)lféécp((yp( =)’ fx(z),

where F(-) =1 — F(:) and Goix(-|X =2) =1 — Goix (-|X = z).
For h(®)(3, s), the joint sub-density function of (Y, A = 1, X) can be written as

frax(,1,2) = f(y — Box)Geox (y| X = z) fx(x). So
O3, s) = P{1(esg < s,A =1)}

= [{[ s 6= mnGa(u+ 5elX =) du pxo) do

Then for any 3,3 € X and —oo < s < 0o, by the mean value theorem, there exists

a value 3 between (3 and (' such that

198, s) — KOS, 5)|

/X{/;[f(u + (8 — Bo)x)Geyx (u + S| X = z)

— Flut (8 = Bo)a)Gopx (u + Bl X = o) dU}fx(fB) da

/)‘({/_s [f(u + (B - ﬁo)x)éqx(u + B%‘X =)
— flu+ (B = Bo)r)gerx (u+ Bz|X = 2)] (8 — B du}fx(x) .

IN

IH—B’IL{[;\f(U+(5—6o)w)ch(U+5x|XZZ‘)

— Fut (B = Bo)a)genx (u+ BalX = )] du}|x|fx<x> dn

IN

cilg =1 [ { [ 1#u+ (G- )l + fut (5= ) du el () do

Ci16 - ﬁ!/{/ W)l + f(w) u}\x!fx@:) o

< 0102\5—5‘/X‘37|fx x

IN

where the second inequality holds for some Cy > 1 such that gox(-|X = z) < ¢4

uniformly, which is guaranteed by Condition 3; the third inequality holds since both
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| f(u)| and f(u) are nonnegative and thus for any s, 3 and z, the following inequality

holds:

1+ = o)l + S+ (5= o) du

—0o0

s+(B-Bo)r oo
-/ f@l+ f@ du< [ 1Fw)]+ fu) du

and the last inequality holds since under Condition 2, it follows by the Cauchy-

Schwartz inequality that

Ui d“} < [T (Y o [ (i a
= {/Z(%)ﬂu) du} 1< oo,
so we can find a constant Cy > 1 such that

/OO )|+ f(u) du = /°° )] dut1<Cy

Therefore, by Condition 1 that X has a finite second moment and thus a finite first

moment, it follows that

KO3, 5) — kO3, s)| = O(]3 - 3)

for all 5,3 € B and —oo < s < 0o. Moreover, for any § € B and —oo < 8,5 < 00,

we have

W08, 5) = (3, )]
/X { / " Flut (8 — Bo)e) G (u + falX = ) du}fxm dz

J

C’3|5—5’|/Xfx(x) dz = O(|s — &),

IN

/S flu+ (8= po)r) du|fx(z) dx

IA
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where C3 > 0 is a constant such that f(-) < Cj, which is guaranteed by Condition

2. Hence, for any 3, € X and —oo < 5,5 < 00, it follows that

KO3, s) — KO3, s")]

(18, 5) = KO(F, 5)| + |KO (3, 5) = hO(3', 5")]

IN

= O(IB =) +0(s =),
and therefore for any € > 0, we have

sup K8, 5) = KO3, 8')| = O(n™).

|8=5"|+|s—s'|[<n™®

For h) (3, s), it is easy to obtain that
(2.26) P{l(eg > s)|X =z} = F(s+ (8 — Bo)x)Gex (s + Bz X = x).

Then for any 3,5 € X and —oo < s < 00, by the mean value theorem, there exists

a value 3 between 3 and 3’ such that
[RD(B,5) = BB, 5)| = [P{1(eg > )} = P{1(egr > 5)}|
= ‘/X{F(s + (8 = Bo)x)Gex (s + fz|X = )

— F(s+ (8 — Bo)z)Geix (s + B'z|X = 2)} fx(z) dx

/X{_f(s + (B - 50)$)60|x(8 + B:L"|X =)

— F(s+ (B — Bo)x)geyx (s + x| X = 2)} (3 — B)afx(z) du

<|3-g /X (s + (B — B0)2) + g (s + Bl X = o) el fx () de
< (Cr+Ca)lB - B /X 2] fx (z) dz = O(| — 7).

where € and Cj are two constants such that goix(-|X = z) < C; and f(-) < Cs

(defined before), and the last equality holds because E|X| < co. Moreover, for any
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0 € Band —0 < s,8 < oo, by the mean value theorem, there exists a value §

between s and s’ such that

[ (8,5) = BV (B, )| = [P{1(es > 5)} — P{1(es > ')}

/X{—f(§ + (8 — Bo)x)Goyx (5 + Pz|X = z)

— F(5+ (B = Bo)x)goix (5 + Bz|X = 2) }(s — ') fx(x) dz
<l|s— 4 /X{f(g + (8= Bo)x) + goix (5 + Bz|X = 2) } fx(z) d

< (C1 + C3)|s — ¢ / fx(x) dz=0(s — §|).
X
Hence, for any € > 0, we have

sup K8, 5) = B3, s)| = O(n™9).

|B—pB'|+|s—s"|<n—¢
Finally for h®(3, s), by using the similar argument for h")(3, s), we can easily
obtain that
R (8,5) = (3, 5)| = [P{1(e > 5)X} — P{1(ep > 5)X}|

< (Cr+Cy)3— B /X 2 fx () dz = 08 - §]),
and

(8, 5) = W28, 8")| = |P{1(es > 5)X} — P{1(es > s)X}|

<(CL+Cy)ls — o / 2l fx(z) dz = O(ls — &']).
X
Therefore, for any € > 0, we have

sup 28, 5) = W25, s") = O(n~*).

[B=0'|+]s—s'|<n~*
Thus, we have proved Lemma A.2.
Lemma A.3. Let U,(f3,s) be random variables for which there exist non-random

Borel functions w, (3, s) such that for every ¢ > 0,
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(A1) sup U (8,5) — un(8,5)| = o(n~1/*%) almost surely.

BEB,—0<s<00
(A2) U,(B,s) has a bounded variation in s uniformly on B, that is,

sup/ |dU,, (B, s)| = O(1) almost surely.

BeB Js=—

(A3) u, satisfies

sup  un (8, 5)] = O(1).

BeEB,—co<s< o
Then under Conditions 1-3, for every 0 < € < 1/2, with probability 1 we have

Y

[ oo an0e. - [1 w5 )

S=—00

sup = o(n~1/2+e),

BeEB,—o<y<oo

Proof: By the triangle inequality and integration by parts, we have

) Y
/ Un(B.5) dHO(8, 5) — / wn(B,3) O (5, 3)

Y
< / [Un(B,5) = un(B, 5)] dh® (8, ) + [Un(8, y) (" (8, y) = h*(5,9))]
+/y |H7(10)<ﬁ7 S) - h(O)(ﬁv 8)‘ ‘dUn<ﬁ, 8)‘

Then it is easy to see that each term on the right hand side of the above inequality

is o(n~1/2%¢) almost surely under (A1)-(A3) and Lemma A.1.

2.7.2 Proof of Theorem 2.2.1

By the first order Taylor expansion of function log(1 — x), for large n we have

Fos(t) = 1—exp{ 3 log(l—Ai—/n)}

iieg i <t H7(11) (ﬁv Eﬁ,i)
dH,” (5, w) .
= 1—€Xp{—/7;§t M _Zgjéto({nHT(LIMﬁ’Eﬁﬂ)} 2)}
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Then by the mean value theorem and the fact that e* < 1 for any x < 0, it follows

that

Frslt) = F(8,0)
ol [ )

- exp{—/t i— 2> O(HD(B,es)” )H

-0 n (6 U ieg ; <t

dH(O) ) (1 dh i
‘/ ﬁ _/oo h<1>(( * D O(HD (B, 7) .

1:€g,; <t

Under the condition Hﬁl)(ﬂ, t) > n~¢, we have
n2 Z O(Hle)(ﬁ, eB,i)_Q) <n2.0(n*) -n=0n"1%) = o(n_%”a).
ieg, <t
So in order to show (2.9), we only need to show

(2.27)
dH tdhO (B, u)
SWH/ ‘[mhmum

almost surely. Now we define T, = sup{t : 3 € B, HT(LI)(B, t) > nc}, and let

5eBHMw>>nE}ZWf*%

HY(B,1), ift<T,

HP(5,1) =

a8, T,), ift>T,.
Then ]Zl,sl)(ﬁ,t) >n~c for all f € Band —oco <t < co. Define ﬁ(l)(ﬁ,t) similarly
as H (ﬁ, t) and apply Lemma A.3 to U,(5,u) = n*ZE/]:Ir(Ll)(B, u) and u,(B,u) =
n~2 /hM(3,u), we obtain (2.27) and thus (2.9) holds.

Next we show (2.10). Notice that F(t) = F(fo,t), then under the restriction
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{18 — Bo| < n=3, KV (B,t) > n~¢}, we have

|F'(8,t) — F(t)| = [F(B,t) — F(Bo, )]
B dh© (3, u) dh® (3o, u)
- ex"{_ / (5, ) } B eXp{‘ / h (5o, u) H
dh(O) (57 ’LL) dh(O) (ﬂOa U)
/u<t h(l)(ﬁu U) - /u<t h(l)(ﬂo, U)
d{h(o) (B,u) — 1) (Bo, u)}
/ugt h(l)(@ U)
RV (By, u) — h (B, u) ©
/ugt< R (B, w)h D (Bo, u) ) dh® (B, w)
< {n° +n*hO (8o, 1)} - sup{|h (Bo, t) — BV (5, )[}

— O(ne—&s) + O<n2e—35) — O(n—a),

IA

IN

+

where the third inequality holds since for any u <t

1 1
" B (B ) S R (8,0) S ne’ and the

second to last equality holds because 2(0)(3,,t) < 1 and |V (B3,t) — AV (B, t)| =
O(|6 — fo|) by Lemma A.2. Thus (2.10) holds. Finally, (2.11) can be easily obtained
by applying the triangle inequality to (2.9) and (2.10) provided that —% +3e < —¢,
le,0<e<4.

2.7.3 Proof of Theorem 2.2.2

Notice that

040:/ LAF(t /{1— }dt—/_oooF(t)dt.

We thus have

/thﬁnﬂ(t)—ao:/ t dF, 5(t) /:tdF
(2.28) _ {/000{1_15”,5( T dt—/ (1- F(t)} dt}
- {/_: E, 5(t) dt—/_(; F(t) dt}.



34

Since fx(x) > 0 for all —oco < z < oo, from the proof of Lemma A.2, we then have

A (3,t) = /_OO F(t+ (8 = Bo)x)Gex (t + Bz|X = z) fx(z) dz.

o0

With 3y # 0, when (3 satisfies |3 — By| < n™%, we have 3 # 0 for sufficiently large
n. Then for any fixed § # 0 and t € (—o00,00), one can always find a range of
z such that Goyx(t + Bz|X = z) > 0 and F(t + (8 — By)z) > 0 (since F(t) > 0
for all t < oo, even with 3 = 3, we still have F(t + (3 — By)x) > 0). Therefore,
we have h()(3,t) > 0 for all t € (—o0,00). Moreover, since HS(8,t) — hMV(8,t)
almost surely as n — oo, then with n sufficiently large, we have i (8,t) > 0 almost
surely for any fixed 5 # 0 and t € (—00,00). Hence T,, — oo as n — oo, where
T, = sup {t : H,(ll)(ﬁ, t)y>n"< |8 — Bl < n_3€}, as defined in (2.13).
Then at 3 = ([, by the independence of ¢y and C — Gy X and the Markov’s
inequality, it follows that
WY (60, Tw) = P{l(eo > T)}- P{1(C = foX > T,,)}

< P{l(eg>T,)} < ET—?.

Since Hfll)(ﬁg,Tn) > n~¢ implies AV (5o, T},) > n~¢, i.e., 1/RW(By, Ty,) < nf, together
with Condition 4 that Ee? < oo, we have T? < EeZ/h(5y,T,) = O(n?), i.e.,
T,, < O(n¥/?). This implies that T}, — 0o in a rate no faster than n/2.

Since the Kaplan-Meier estimator F, 4(t) is set to 1 for t > T}, equation (2.28)

becomes

/ t dF, 5(t) — g

—00

_ {/OT"{1 ~ Fus(t)) di — /000{1 — F(t) dt}

—{/(; F, 5(t) dt — /Ooo F(t) dt}

Tn

= [P0 - By de- [ 0-Faya- [ {Ruan - Fo)
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Then by Theorem 2.2.1, we have

Tn
oo [ 10 = Fus0] b 15—l < 07} 27,0607 2 0

almost surely. For the second term, by the Markov’s inequality,

[ele} 0 e’e] E 2 E 2
(1— F(t)} dt < / P{1(eo] > )} dt < / B g < £ _ y1),
T, T, T, U T,
For the third term, we have
0 ~
| Fust) - P} a
0 R —Tn .
~ [ B -Fay s [ (B0 - PO}

where for the first part, similarly we have

sup{ [ 1F@) = Faa0l e 15— g <o } < T, O(n~) < O(n™H)

-T,

almost surely. For the second part, it follows that

/_ TR — Fugn)] dt < / R di / R dt

e} —0o0 —00

= /oo F(—t) dt + /Tn E,5(t) dt < Eej +0o(1) = o(1),

Th —00 Tn

where the last inequality holds because of the Markov’s inequality

F(~) = P{1(er < ~1)} < P1(Jeo] 2 1)} < 220

and the fact f:g;” F, 5(t) dt — 0 as n — oo. Therefore,

SUP{'/OO tdb, p(t) —ao| : |8 — o] <%, HV(5,1) > n—a} = o(1).

We now have proved Theorem 2.2.2.
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2.7.4 Proof of Theorem 2.2.3

Throughout the proof, we consider 3 € BX = {3 : |8 — By| < Kn~'/?}, where
K > 0 is a constant. By the rule of integration by parts for the stochastic integral,
which is warranted by the fact that ﬁ’nﬁ(t) is a right continuous non-decreasing

submartingale, we notice that

(2.29) w255 - af) = [t (B0 - ()}

= T2 (E o(T7) — F(T*)) = §0Y2(F, 5(57) — F(57))

B / ) nV2(E,5(t) — F(t)) dt,

*

where
n!2(F,p(t) = F(t)) = n'*(Fup(t) — F(B,1) +n'/*(F(B,t) — F(t))

with F((,t) being defined in (2.8) and ¢ € [S*, T"].

Then by mean value theorem, term n'/2(F, 5(t) — F(f3,t)) can be rewritten as

n'2(F, 5(t) — F(f,1))
t o JhO (3 u
- wrfnf [ 202

- eXp{—/; M— Y OHY(Bes)” )H

n (ﬁ, Qe i<t
_ e [0 A Bt dhO(5 )
= 2,(8,t)-n' 2{/_00 Hle)(ﬂ,u) /_OO hW (3, u)

Y OHND(b,ess)” )},

ireg i<t
where

- b dh©(3,u)
(2.30)(8,1) = eXP{—A/OO RO(B,u)

-a-|f G e 5 oLt (5,627 |

1
—0 HT(L (ﬁ7u) i:eg <t
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is an intermediate value with A € (0, 1). Notice that 0 < z,(0,t) < 1 for any (3, t and
n. For any fixed 3 and n, J28S (ﬁ, u) is decreasing as u increasing, so for eg; <t < T™,
we have H)' (ﬁ €3;) > él)(ﬁ, T*). Since H (ﬁ T*) > 0 almost surely, which
is shown in the proof of Theorem 2.2.2; we have O(Hj, (ﬁ, T*)7?) = 0,(1) and
therefore,
n'?n Y O(HM(Be5:)7%) <n V2 O(HD (B,T7)7) = Op(n1/?) = 0,(1),
iegi<t

Then term n'/2(F, 4(t) — F(j3,t)) can be further rewritten as

nl/z(ﬁn,ﬁ(t) — F(3,t))
¢ 03 4 t ©)(3.u
= 2.(8,1) .n1/2{/ dHn (B, u) _/ dh—(ﬁ))} +0p(1).

o HPBu) S PI(Bu
By subtracting and adding the term ffoo %, we get
/2 { / dH" (B,u) / dh®) (5, u)}
—00 Hél)(ﬁ,u) —00 h(l)(ﬁau)
_ ) [0 dED B [T dHY (B )
—00 Hn (ﬁ,u) —00 h (/B’U’)
toqHY 0
(2.32) + nl/Q{/ —E ) —/ —aTT (ﬁ’w}.
oo WD(Bu) S WG, u)

Term (2.31) can be rewritten as

b —n 2D (8,1) = B (8, )
(2.31) = /_OO Hﬁl)(ﬁ,u)h(l)(ﬂﬂ)

t —Gn{l(Gg > U)} O3
/ (G (g,a)
_ 1 —G{1(eg > €5.4) } A

z€ﬁz<t H(l) (8, €,) R (B, €5,1)

1 Z —Gn{l(es > €5)Ail(€5: < 1)
nE HD (B es)h (B es)

B 1= Ail(es > e5)1(ep; < 1)
= Gn{nz :

i=1 Hr(ll)(@ GB,i)h(l)(ﬁu Eﬂ,i)

dH (3, u)
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where t is any fixed time point between S* and T™. Now for a given ¢, define

Al(eg > s)1(s <'t) and  Ay(d,5:1) Al(eg > s)1(s < t).

Ai(B,s;t) = HU (3, 5)h D (3. 5) - (3, 5)2

As the same argument in the proof of Lemma A.1, the class of indicator functions
of a half space is a VC-class, and thus a Donsker class. So {Al(eg > s)1(s < t)}
belongs to a Donsker class. Also as shown in Lemma A.1, HY' (ﬁ, s) and hM(3, s)
are both Donsker classes. Moveover, for s < t < T*, we have already shown that
H,Sl)(ﬁ, s) is bounded away from zero in probability and h()(3, s) is bounded away
from zero. Hence {A1(3,s;t)} and {As(53, s;t)} are both Donsker classes. Then the
convex combinations

{Z —A1(0, €g3t } = { Z A 1(€ﬁ > egi)1(€pi < t)}

= HY (B, e5,)hD(B, e5,)

and

A, 1(65 > 6501(6/31' < t)}
A ﬁae iy } - {_ :
{Z . 2 e
belong to the convex hull of {A;(3, s)} and {A3(3, s)} respectively, and thus are also

Donsker classes. We then show that

12A165>6g11(6ﬁi§t> 1 _ 1
n - h(l) ﬁ?Eﬁl) H»,(ll)(ﬁ, 6/31) h(l)(ﬁa 6,@,1')
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converges to zero in quadratic mean through the following argument.

1 = Ajl(y — Bz > e5)1(ez; <) 1 1 ?
It 2 W) [Hw(ﬁ, c2) PO, ) e

1

1 <& 1 1 1 2
- - dPY,X
/{ n Zz:; h’(l) (ﬁ? 6ﬁ,i> Hél) (6, Eﬁ,i) h(l) (ﬁa Eﬁ,i) }
1 1 1 2
< S sup - } /1 dPy,
{h(l)(ﬁvT*) BeEBE S*<s<T* Hr(Ll)(ﬁ,S) h(l)(ﬁa 8) nx
1 1 1 2
TR0 )2 Sup ) ~ 0
RO (B,T)*  pesre se<s<<| HV(B,5) W (B,s)
1 2
S SUP H7(11) 57 S) — h(l) ﬁa S }
W (B, T*)*HSY (8, T+)? {ﬂerf,S*gng* [H,7 (5. 5) (5,5)1

- {W * OP“)} o) =0l

where the second to last equality holds since

|H7(zl)(ﬁ73> - h(l)(ﬁ7 8)| = |(Pn - P)l(ég > S)|7

with {1(es > s)} being a Donsker class, and thus a Glivenko-Cantelli class, therefore,
sup  [HV(8,5) = h(8,5)| = 0,(1),
BEBK 5% <s<T*
and in addition, 1/H" (8, T*) = 1/hM(3,T*) + 0,(1) since AV (B, T*) is away from
0 by the argument in the proof of Theorem 2.2.2. Hence by the relationship between

the Donsker and the equicontinuity condition by Corollary 2.3.12 of van der Vaart

and Wellner (1996), we have

n

I <= Ail(eg > egi)leg; <) 1 Ail(e >62161§t
Gn{_z (1()5 5.)1(es, } { 3 6 5.)1(es, )}+0p<1)7
ni= Hy (B, ep:)hV(6, €54) i=1 R

and thus

S|

(2.31) = -G, {n 2 Ailles 2 fgi;(jﬁ = t)} + 0p(1).

Now for a given t, define

o I [AL(s > eg )1t > €5) ) Al(s > e5)1(t > €p)
0= Z{ BB, 5.)? R G T e
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and we further show that

G {min (B, EBEt)} = G, {mi (5, €B§t)} + Op(l)v

where mq (3, s;t) is defined in (2.16). First, using the same argument as before,
{A1(s > €5)1(t > €5) /Y (B, €5)?} belongs to a Donsker class. Then my, (8, s;t) and
m1 (83, s;t) are in the convex hull of {A1(s > e3)1(t > ¢3)/hM (B, ¢5)?} and thus also

belong to Donsker classes. Moreover,

/{mln(ﬁ7 Eﬂ)t) - m1(67 €B7t)}2 dPY,X

- [{e - p[Ro otz o]V

Al(s > eg)1(t > eg)] }2/
< su P, — P 1 dP
B ﬁeB§7—£<s<oo{( ){ h(l)(ﬁ, Eﬁ)z -
}2

Al(s > eg)l(t > 65)]
where the last equality holds because {A1(s > €5)1(t > €5)/hV (3, €5)?} is a Donsker

_ { sup ‘m%—Pﬁ

BeEBE  —co<s<oo

= op(1),

h(l)(ﬁ’ 65)2

class, and thus a Glivenko-Cantelli class, it follows that

- )|

sup
BEBE  —co<s<oo

h(l)(ﬁv 6g)2

AKSZ%ﬂ@Z%q’eO

in probability. Again by corollary 2.3.12 in van der Vaart and Wellner (1996), we

have (2.31) = G, {m1(8, eg;t)} + 0,(1). Next we will show that

Gp{mi(B,€e5:t)} = Gp{mi(Bo, €05 t)} + 0p(1).

Since we have already shown that {m,(3, s;t)} belongs to a Donsker class, we only

have to show that my (5, €s;t) — my(Bo, €0;t) converges to zero in quadratic mean.
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First, it follows that

/{ml(ﬁa eg;t) —my(Bo, €0;t)}? dPy x

h(l)(ﬁ,eﬁ)Q h(l)(ﬁo,Eo)Q Y, X

/ PI* dPy x

1
<
N h(l)(ﬂaT*)Qh’(l)(ﬂmT*)Q

1
{—h(l)(ﬁo,T*)‘l + 0(1)} /P[2 dPyJ(,

where

I=1(y — B > ex) 1t > e)h M (5o, €0)° = Uy — fox > o) 1(t > co)h'V (5, ¢5)*.
Since both the indicator and A" functions are between 0 and 1, so —1 < I < 1 and
it follows that
I’ < |1(?J — Br > e5)1(t > e5)h M (By, €0)* — 1(y — Box > €0)1(t > o)V (3, Eﬁﬂ

< 1y — Br 2 )Lt = e5)| A (B, 0)* — KD (B, e5)°]
+ hD(8,65)*[1(y — Bz > g) Lt > €5) — 1(y — for > €0)1(t > &)
< 2/hM(Bo, €0) — D (B, €5)]
+ [H{eg < min(y — Bz, 1)} — H{eo < min(y — fFoz, 1)}
< 2{[n (B0, €0) — BN (B, )| + [AV (o, €5) — (B, €9)|}
+ |Heg < min(y — Bz, 1)} — H{eg < min(y — Soz, )}
+ [1{eg < min(y — oz, ¢)} — 1{eo < min(y — Foz, t)}]
= 2{L + L} + I3+ 14
For I, by Lemma A.2 we have I} = O(|eg —€g]) = O(|(8 — o) X|), Then together

with Condition 1, it follows that PI; = O(|3— f|) = O(n~'/?). For I, it also follows

by lemma A.2 that

Pl < Sup |h(1)(50, s) — h(l)(ﬁ,s)’ =O(|8 - po]) = O(”_1/2)~

BEBE —co<s<oo
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Then for I3, since the joint density for (Y, X) follows
fY,X(yax) = {f(y - 50I)GC|X(?J|X =)+ QC|X(?J|X = I)F@ - ﬁox)}fx(x),
it is easily seen that for any s and ¢/,

Pll(eg < 5) — 1(eg < &)
= P|II(Y —BX <s)— LY — BX < &)

00 Br+max(s,s’) - i
= / {/ﬁ [f(y — Box)Gepx (y|r) + goix (y]o) F(y — ﬁox)} dy}fx(x) dx

—© z+min(s,s)
o0 Bx+max(s,s’)
< / {/ (o) [f(y - 501') + gC|X(y|x)] dy}f)((l') dx
- Bx+min(s,s

< (O +Cy)ls - s|/ fx(@) dz = (C1 + Cy)|s' — 5|,

where (7 and (3 are two constants introduced in the proof of Lemma A.2 such
that f(-) < C5 and goix(-|X = z) < (4, guaranteed by Conditions 2 and 3. So
Pl; < (Ci+C3)|(y—Bz) — (y— fox)| = (C1+C3)|(8— Fo)z|. Finally for I, similarly
it follows that for any s,
Pll(eg < s) —1(ep < s)|

oo max(Sz,Box)+s _ _
= / {/ [f(y = Box)Geyx (ylx) + gopx (y]x) F(y — Box)] dy}fx(a:) dx

—00 min(Bz,Box)+s
< ©+Clo—nl [ lalsnta) da
= 0(|8 = Bol) = O(n~"72).

Hence PI, = P|1{es < min(y—Byx,t)} — 1{eo < min(y— Boz,t)}| = O(n~/?). Thus,
/PF dPyx < /{O(n_l/z) + (C1 + C5)|(B — Bo)x|} dPyx
=0 )+ 0(5 = ) [ lal dPyx = O %),

Therefore,

/{ml(ﬂ, €5 1) — ma(Bo. o 1)} dPy.x = O(n™'?) = o(1).
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By corollary 2.3.12 of van der Vaart and Wellner (1996), we have

Gp{mi(B,€e5:1)} = Gp{mi(Bo, €05 t)} + 0p(1).

Thus, term (2.31) = G,,{m1 (0o, €0; )} + 0,(1).

Next we look at term (2.32). For any fixed time point ¢ € [S*,T%], it follows that

Edn'2(HY (5, u) — B3, u))
(2.32) = /_ N (5 )
¢ dGn{Al(Gﬁ < U)}
[. =

o] [ e

B Al(EB S t) - m €
= G Tl | = Gulmldieait, )

where ma(3, s;t, A) is defined in (2.17). Then we will show that
(2.33) Gn{ma(0, €p;t, A) } = G {ma(bo, €0; t, A)} + 0,(1).

By the same argument as before, {Al(eg < t)/hV(8,¢5)} is a Donsker class. Fur-

thermore,

Alleg <t)  Al(eg<t) )? "
/{ (B, €5) o RO (B, €0) } Y,A X

< TR ] (e < 080 = L £ 906, ) P

1
< {Wﬂm} / [1(eg < R (o, €0) — 1(eo < AV (8, €5)| dPy,x

[W + 0(1)} O(n™'7?) = o(1),

where the first equality holds since by the similar argument as for [ PI? dPy x, we

have

/ [1(es < YD (Bo, ) — 1eo < DRV (B, €5)] dPyx = O(n~Y2).
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Again, by corollary 2.3.12 of van der Vaart and Wellner (1996), equation (2.33) holds.
Hence we have
(2.34)

Gn{mi(B,es;t) + ma(B,€e5:t, A)} = Go{mi(Bo, €0:t) + ma(Bo, €05 t, A)} + 0p(1),

and thus

n'2(E.s(t) = F(5,1))
= Zn(ﬁvt) ) GN{m1<ﬁ? €6 t) + m2(ﬁ7 2 A)} + Op(l)
= (L=F(B,1) - Gu{m(B, eg; 1) +ma(f, €5;1, A)} + 0p(1)

= F(t) - G, {mi(Bo, €0;t) + ma(Bo, €0; t, A)} + 0,(1),

where the second equality holds because ﬁ’nﬁ(t) — F(f,t) as n — oo, and thus

) = ep{— [ SO 1

with z,(0,t) being defined in (2.30), and the last equality holds because of equation

(2.34) and the fact that
L= F(B.t) = 1~ F(fo,t) + o(1) = F(t) + o{1)

for 8 € BX. Finally for the term n'/2(F(83,t) — F(t)), first order Taylor expansion

gives
n'?(F(B,t) — F(t)) = n'*(F(B,t) — F(f,1))
=n'?(8 = Bo){Fs(Bo, t) + 0p(1)},

where Fg(ﬁ, t) is the derivative of F(f3,t) with respect to 3. Proposition 2.3.4 shows

that n'/2(8 — () converges to a normal random variable when 3 € BX | i.e.,

n'2(8 — Bo) = G {ms(Bo, €0; X, A)} + 0,(1),
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where the representation of mg3(fy, €0; X, A) is given in Proposition 2.3.4. Hence

n'2(F(B,1) = F(t)) = Fs(o, 1) - Gu{ms(Bo, 0; X, A)} + 0,(1),
and therefore
n'2( By 5(t) — F(1))
= Gn{p(t)(ml(ﬁo, €o; t) + ma(fo, €03 t, A)) + Fﬁ(ﬁo,t)mg(ﬁo, €0; X, A)} + 0,(1).
Thus by (2.29) and the above representation, when Bn is a consistent and asymp-
totically normal estimate of 3, n'/ 2((34;7 5~ ) is asymptotically normal with the
following asymptotic representation:
nl/Q(d;,Bn —ap)
= Gn{T* [F(T*)(m1(Bo, €0; T*) + ma(Bo, €0; T*, A)) + Fa(Bo, T*)ms (o, €03 X, A)]
— S*[F(S*)(m1(Bo, €0; S*) + ma(Bo, €03 5™, A)) + F3(Bo, S*)ms(Bo, €03 X, A)]
_ /i’“ [F’(t)(ml(ﬁo, €o;t) + ma(fo, €0;t, A)) + Fg(ﬁo,t)mg(ﬁo, €0; X, A)] dt}
+ 0,(1).
2.7.5 Proof of Proposition 2.3.4
We will show the consistency of Bn first, then prove the root-n convergence rate

and finally prove the asymptotic normality.

(1) For any [ € B, first we show that with probability approaching to one,

(2.35) 1@ (3, HyY, H?) = ® (8, kD, 1) — 0,
where || - || denotes the supremum norm. By the triangle inequality, we have

(5, HEY, HE) w3105

< (B = PHEHDDX — HP)AM + | P{HD — BY) XA}

+ IP{(H? — h®)AY|
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By the same argument in the proof of Lemma A.1, the class of functions {1(ez > t)}
is a VC-class and thus a Donsker class, and the set of functions {1(eg > t) X} is also
a Donsker class when X is a random variable with a finite second moment. Since

Donsker classes are Glivenko-Cantelli classes, it follows that,
1D (8,1) = BD @B, = [Py — P)Les 2 t)[| — 0
in probability and
122 (5,1) = B2 (@B, 0)] = [|(Bn — P){1(es = )X} — 0
in probability. Since P|XA| < P|X| < oo and P|A| < 1, we then have
IP{(H — W) XA < [[HD — AV PIXA| — 0

and

IP{(HP — ')A < |HP — P P|A] — 0

in probability. Since H,(Lk)(ﬁ,t) and h®)(B,t), k = 1,2, are in the convex hull of
{1(eg > t)} and {1(eg > t)X}, respectively, by Theorems 2.10.2 and 2.10.3 in
van der Vaart and Wellner (1996), HP (B,t) and h®)(3,t) are Donsker classes and
thus Glivenko-Cantelli classes. Since both X and A have finite second moments,
{(HS)X — Hﬁz))A} is also a Donsker class and thus a Glivenko-Cantelli class. So we

have
(P, — PY{(HX — HP)AY| — 0

in probability. Therefore, (2.35) holds. Together with the assumption that Bn satis-
fying the equation

\Iln(Bm H’r(Ll)(/éT“ ')7 H7(L2)(Bm )) - 0}7(1)7
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we have the following inequalities:

|\I/(Bn, h(l)(Bm ')7 h(2) (Bna ))’
+ |\Ij(3m h(l)(ﬁm ')7 h(z) (Bny )) - \Dn(ﬁ’ru Hy(Ll) (Bm ')a Hg) (Bm ))l

(2.36) <o,(1) + (|0, (8, HP, HP) — ¥ (8, kD, M) = 0,(1).

Since f3 is the unique solution to W(8, AV)(8,-), ¥ (B,-)) = 0, then for any fixed

e > 0, there exists a ¢ > 0 such that
{Bn : |Bn - ﬁO| > 5} - {Bn : |\Ij(5mh(l)(6m ')7 h(2)(ﬁm )) - 0‘ > 5}

From (2.36), for any § > 0, we have P{|%(3,, kW (3,,-), A (B, ) —0| > 6} — 0 as
n — 0. Hence P{|B3, — fo| >} — 0 as n — oo, i.e., |3 — Bo| = op(1).
(2) Now let By C B be a neighborhood of 3y and || - ||o be the supremum norm in

By. For any (8 € By, we have
(2.37) ||n'/2{ (8, HO(B,t), HP(8,1)) — W(B, kD (8,4), h® (8,4))}],

= |[n"2(®, — PY{[HD(B.)X — HP(B,1)|A}

+ 0! PP{H(8,1) — k'Y (8, )] XA} + 02 P{HP (6,1) — k' (8, )] A},

IN

|G {[HP (3,6)X — HP (3,1)]A}

+ |Ga{Les > 1)}|( PIXA] + |Gn{l(es = 1) X Ho PIA].

Since {1(eg > t)}, {1(eg > t) X} and {[H(8,6)X — HY (8, 1)) A} are all Donsker
classes, and P|XA| < oo, P|A| <1, we have (2.37) = O,(1). Together with the fact

that W(Go, AV (8o, -), @ (Bo,-)) = 0 and 02U, (B, HY (B, ), H (B, ) = 0,(1),
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we have

OP<1) = _nl/Q{an(Bm Hr(zl)(ﬁm ')7 HY(?) (Bm )) - ‘IJ(BW h(l)(ﬁm ')7 h(2)<Bm >>}
= 0p(1) + 02U (B, K (B, ), K (B, ) = 02 (B, kY (Bo, ), B (Bo. -))

= Op(l) + nl/Q(Bn - ﬁO)‘IIﬁ(Ba h(l)(B’ ')7 h(2)(6, ))7

where 3 is a value between 3, and 3,, and thus | B — Bo| = 0,(1). By the continuity

of (8, hM(3,-), (8, ")) we have

Op(1) = 0p(1) +n'(B = Bo) {0550, k¥ (Bo, ), k(o)) + 0,(1)}

and by the assumption that Wz(Gy, bV (B, -), h? (B, ) is nonsingular, it follows

that

2B = Bo) = W' (Bo, B (Bo, ), B (B0, ) Op(1) + 0,(1) = O,(1).

Therefore, |5, — o] = O,(n~1/2).
(3) Now we prove the asymptotic normality of 3,. First, we show that (B, 1)
and h®(3,t) are differentiable in 3 with uniformly bounded and continuous deriva-

tives. The conditional density of Y| X is

FrixWIX =) = fly — BoX)Geox (Y| X = 2) + gox (WX = 2)F(y — Box),

which is uniformly bounded and continuous by Conditions 2 and 3. Then

KO (5,8) = P{L(Y — BX > 1)} = / T Byt 4 BalX = 2)fx(a) de,

and

1 &
On'V(B,t) _/ —fY\X(t+ﬁx|X = x)xfx(z) dr.

B )

Since fy|x(-|X = x) is uniformly bounded and X has a finite second moment, then

/OO fyix(t+ Bz X = z)|z|fx(x) de < co.
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oM (Bt) -

Hence 5 ) is bounded and continuous. Similarly, h?)(3,t) also has an uniformly

bounded and continuous derivative in 3. Then by the dominated convergence theo-
rem, W(3,hV(3,-), ¥ (B,-)) is differentiable with respect to 3 and the derivative is
continuous and bounded.

Since we have already shown that | B, — Bo| = O,(n~'/?), now we consider a root-
n neighborhood of fy, i.e., BE = {3 € B: |8 — By| < Kn~'?}, where K > 0 is a

constant. For any 3 € BX | it follows that

3 {08, HO (B, e5), HP (8, ¢5)) — Wn(Bo, HP (Bo, o), HP (B, €0)) }
= —naP {[HP (8, ¢5) — H By, o)) A} + n2 P {[H](8, €5) — HD (5o, €0)| XA}
= —Gu{[HP(B,¢5) — HP (o, c0)]A} —n> P{[HP (B, e5) — HP By, e0)] A}

+ Gu{[HV (B, e5) — HV (Bo, o)) X A} +n2 P{[H (8, e5) — H(V (By, o) X A}

= A1+ Ay + Az + As.

Term A; converges to zero in probability because {H,(f)(ﬁ ,-)A} belongs to a Donsker
class and {[HT(LZ)(ﬁ, €g) — HY (o, €0)]A} converges to zero in quadratic mean, which

is warranted through the following argument.

P{[H(5,e5) — H? (fo, €0)]? A%}

< P{|Hv(12)(ﬁ7 66) - HY(LQ)(50,€0)|}
< P{HP(B,e5) — K (B,e5)| + [nP)(B,e5) — K (B0, €0)]

+ [hP(By, €0) — HP (Bo, €0)| }
= o(1) + PIn? (B, e5) = h® (o, co)| + o(1)
= o(1) +O(n'*) 4+ 0(1) = o(1),
where the first inequality holds since both H,(l2)(~, -) and A are between 0 and 1;

the first equality holds since {1(eg > t)X} is a Glivenko-Cantelli class and thus
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HP(8, t)—h?(B,t) = (P,—P){1(es > )X} = o(1) for any 8 € Band —oco < t < o0;
and the second equality holds since |eg — €| = (8 — (o) X|, it follows by Lemma
A.2 that for any § € BL, [h®(8,e5) — h® (6o, €0)] = O(|5 = Bol + (8 — Bo)X|) =
O(n~Y2) + O(n=Y2)|X|, thus P|h® (B, e5) — hP(By, €0)| = O(n~*/2) by Condition 1.
Then let t' =t — (8 — o)z, term Ay can be rewritten as
Ay = —n'PP{HP(8,e5) — h?(B, e5)]A} + n' 2 P{H? (Bo, €0) — h® (Bo, €0)] A}
= n'2P{RP (B, €5) = ) (Do, €0)] A}
= - / {[H?(B.t)) — P (8,1)]A} dP.ya x(t,6,7)
+ nlf? / {[HP(B,t) — (3, 1)]A} dPeyax(t, 6, )
= n'2P{[M? (8, e5) — K2 (o, €0)] A}
= — /Gn{l(eﬁ >t X} dPyax(t,1,2)+ /Gn{l(eo > )X} dPyax(t,1,2)
= 028 = Go) P{h (5, e5) )
- - / Gu{[1(es > ) — 1(eg > )X} dPy ax (1.1, )
— 023 = Go) P{h (5, e) A},
where 3 is an intermediate value between 3 and 3, and h(BQ) is the derivative of
h®) with respect to 3. Since {l1(es > t)X} is a Donsker class and by using the
similar argument for /3 and I, in the proof of Theorem 2.2.3, it is easy to show that
{[1(eg > t') — 1(ep > t)] X} converges to zero in quadratic mean. Therefore, term
Gn{[l(eg > t') — 1(eg > t)] X} = 0,(1). Moreover, since Iig)(ﬁ, €g) is continuous in

B, and |6 — Bo| = O(n=/2), we have

(3 — Bo) P{hG (B, e5) A} = —n2(8 — Bo)P{RS (Bo, €0) A + 0,(1)}.

Therefore, Ay = —n'/?(3 — ﬁO)P{Ii/(;)(ﬁO,EO)A} + 0,(1). Finally, by the similar

argument for Aq, it can be shown that term As converges to zero in probability. And
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by using the same argument for A,, term A, can be re-written as

Ay =n"?(B — Bo)P{h (o, €0) XA} + 0,(1).

Therefore,

n2 {‘I' (8, H (ﬁ €s), 1(12)(57 €3)) — Vo (Bo, H (50760) 9(507 50))}
— —n2(8 = Bo) P{h (B, c0) A} + n'*(5 — o) PR (5o, €0) X A} + 0,(1)

=n'?(8 = Bo)Us(Bo, k' (Bo, ), ) (Bo, ) + 0p(1).

Replacing 3 by 3, and using the assumption that nl/z\lfn(ﬁn, Hﬁl)(ﬁn, s HP (Bn, ) =

0p(1) will yield the asymptotic linearity of W, which further yields:

n 2B, = Bo) = {=Ws(Bo, bV (Bo, ), B (Bo, )}
020, (Bo, HY (Bo, ), HD (Bo, ) + 0p(1).

Direct calculation with the fact that P{[h()(8y, )X — h® (B, -)]A} = 0 gives

n1/2‘y (ﬁ(]? 1)(507 ) Hq?)(ﬁ(b )) = n1/2Pn{[Hr(Ll) (ﬁU? )X - H7g,2)<ﬁ07 )]A}
= Gu{[H) (5o, ) = WD (Bo, )| XA} = Gu{[HP (Bo, ) = 2 (5o, )] A}
+ nl/QP{[HS)(Bm ) - h(l)(ﬁm )]XA} 1/2P{ ﬁOa ) (2) (ﬁoa )]A}
+ Gu{ (R (o, ) X — h® (5o, )]A}
= As + Ao + A7 + As + G {[M (8o, ) X — W) (By, )AL
For term As, since both {H,(LI)(BO,~)XA} and {R(V(3, )X A} belong to Donsker
classes and {[H\" (8o, €0) — KV (B0, €0)] XA} converges to zero in quadratic mean
through the following argument:
P{[H, Y (Bo, €0) — )(ﬁ07€0)]2X2A2} < H[Hle)(ﬂoa t) —h W (B, 1)] 7| P{X*A%}

< |8 = P)1(eo > ]| P{X2} = 0(1),
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where the second inequality holds since both HT(LD and h(M are between 0 and 1, it

follows that
[HV (8o, t) — KV (8o, )] < [H (Bo,t) — BY (B, t)| < |(Bn — P)[L(eo > )],

and the last equality holds because X has a finite second moment and {1(eq > t)}
is a Donsker class and thus a Glivenko-Cantelli class. Hence by corollary 2.3.12 of
van der Vaart and Wellner (1996), term As = 0,(1). By the same argument for term

A;, we also have Ag = 0,(1). Finally, for terms A7 and Ag, they can be re-written as

A7 = /Gn{l(éo Z t)}l‘ dP€O7A7x(t, 1,ZL’),

Ay = —/Gn{l(eozt)X} APy A(t,1).

Therefore,

20, (G0, H (6o, ) HY (Bo, -))
_ /Gn{l(eo > e dPy a x(t1,7) — /Gn{l(eo > )X} APy a(t1)

+ Gn{[hV (B0, )X — kP (Bo, )]A} + 0,(1).

Thus, we have proved the asymptotic normality of Bn with the following representa-

tion form
n1/2(3n - ﬁO)
= {=0s(B0, 11V (Bo, ). h® (6o, -))}‘1Gn{[h<”<ﬂo, )X = h® (5o, ))A

_ /[1(60 > ) X] dPya(t, 1)+ /[1(60 > t)]x dP.y A x(t, 1,:10)}

+0,(1).
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Table 2.1: Summary of the simulation statistics. The slope estimator is obtained by solving the

Gehan-weighted rank based estimating equation and the intercept estimator is obtained
by (2.5). The true parameters are & = 2 and § = 1. The empirical mean (standard
deviation) for each of the two parameters is provided. (a) ¢ ~ N(0,0.5%); (b) ¢ ~
Gumbel(—0.57,0.5); (c) ¢ ~ Laplace(0,0.5); (d) ¢ ~ Logistic(0,0.5); and (e) ¢ ~
T(0,df =30). : T=1and {: 7= 3.

Err. Cen. n = 50 n = 200 n = 500 n = 2000
dist rate « Jé] « B « B « Ié]
X ~ N(0,1):
(a) .84f — — 1.99 (.18) 1.00 (.12) 2.00 (.11) 1.00 (.08) 2.00 (.06) 1.00 (.04)
52F 2.00 (.11) 1.01(.11) 2.00 (.05) 1.00 (.05) 2.00 (.03) 1.00 (.03) 2.00 (.02) 1.00 (.02)
(b) .82f — — 1.95 (.16) 1.00 (.10) 1.97 (.10) 1.00 (.07) 1.99 (.05) 1.00 (.03)
528 1.99 (.14)  1.00 (.12)  1.99 (.07)  1.00 (.05)  2.00 (.04) 1.00 (.03) 2.00 (.02) 1.00 (.02)
(c) 82t — — 1.98 (.24)  1.00 (.18) 1.98 (.15) 1.01 (.12) 1.99 (.08)  1.00 (.06)
52t 1.99 (.14)  1.01 (.14)  2.00 (.07) 1.00 (.07)  2.00 (.04) 1.00 (.04) 2.00 (.02)  1.00 (.02)
(d) .80f — — 1.96 (.23) 1.01 (.16) 1.96 (.14) 1.00 (.10) 1.98 (.07) 1.00 (.05)
52% 1.98 (.18) 1.01 (.19) 2.00 (.09) 1.01 (.09) 2.00 (.06) 1.00 (.06) 2.00 (.03) 1.00 (.03)
(e) 78T — — 1.94 (.22) 1.00 (.16) 1.96 (.14) 1.01 (.10) 1.97 (.07) 1.00 (.05)
528 1.99 (.21)  1.02 (.21)  1.99 (.10)  1.00 (.10)  1.99 (.06)  1.00 (.06) 2.00 (.03)  1.00 (.03)
X ~U(-2,2):
(a) 78T — — 2.00 (.19) 1.01 (.14) 2.00 (.11) 1.00 (.08) 2.00 (.06) 1.00 (.04)
52F 2.00 (.12) 1.00 (.11) 2.00 (.06) 1.00 (.05) 2.00 (.04) 1.00 (.03) 2.00 (.02) 1.00 (.02)
(b) Néd — — 1.95 (.17) 1.00 (.12) 1.96 (.10) 1.00 (.07) 1.96 (.05) 1.00 (.03)
528 1.99 (.14)  1.01 (.10)  2.00 (.07) 1.00 (.05)  2.00 (.04) 1.00 (.03) 2.00 (.02)  1.00 (.01)
(c) ed — — 1.99 (.25) 1.02 (.18) 1.98 (.15) 1.01 (.11) 1.97 (.07)  1.00 (.06)
53Y 2,00 (.16) 1.01 (.14)  2.00 (.08)  1.00 (.07)  2.00 (.05) 1.00 (.04) 2.00 (.02)  1.00 (.02)
(d) 76t — — 1.95 (.23) 1.02 (.17) 1.94 (.14) 1.01 (.10) 1.94 (.07) 1.00 (.05)
52F 2.00 (.19) 1.01 (.16) 1.99 (.09) 1.00 (.08) 2.00 (.06) 1.00 (.05) 2.00 (.03) 1.00 (.03)
(e) .75t — — 1.91 (21)  1.02 (16) 1.91 (.13)  1.01 (.10)  1.91 (.06)  1.00 (.05)
52F 2.00 (.21) 1.00 (.19) 2.00 (.11) 1.00 (.09) 2.00 (.07) 1.00 (.06) 2.00 (.03) 1.00 (.03)
X ~U(-1,1):
(a) .92f — — 1.85 (.32) 1.08 (.37) 1.81 (.16) 1.02 (.19) 1.80 (.08) 1.00 (.09)
52F 2.00 (.10) 1.01 (.18) 2.00 (.05) 1.00 (.08) 2.00 (.03) 1.00 (.05) 2.00 (.02) 1.00 (.03)
(b) 90" — — 1.77 (.20) 1.03 (.25) 1.76 (.13) 1.01 (.15) 1.76 (.06) 1.01 (.07)
51F 1.98 (.12) 1.00 (.18) 1.99 (.06) 1.00 (.08) 1.99 (.04) 1.00 (.05) 1.99 (.02) 1.00 (.03)
(c) 891 — — 1.79 (.33)  1.06 (.40) 1.77 (.19) 1.03 (.23)  1.75 (.09)  1.00 (.12)
52% 1.98 (.13) 1.00 (.22) 1.99 (.06) 1.00 (.10) 1.99 (.04) 1.00 (.06) 1.99 (.02) 1.00 (.03)
(d) 85T — — 1.67 (.23) 1.03 (.31) 1.66 (.14) 1.02 (.19) 1.66 (.07) 1.00 (.09)
.52F 1.96 (.17) 1.01 (.30) 1.98 (.08) 1.00 (.13) 1.99 (.05) 1.00 (.09) 1.99 (.03) 1.00 (.04)
(e) 82t — — 1.59 (.19)  1.02 (.27) 1.59 (.12) 1.01 (.16) 1.59 (.06)  1.00 (.08)

528 1.97 (.18)  1.01 (.33) 1.98 (.10) 1.00 (.16) 1.98 (.06) 1.00 (.10) 1.99 (.03)  1.00 (.05)
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Table 2.2: Comparison of prediction accuracy between the semiparametric linear model and the
Cox model. Relative prediction accuracy to the uncensored case, i.e., the ratio of the
empirical mean MSE, under the uncensored case to that under each corresponding
censored case, is listed. The empirical mean + standard deviation of M SE, under each
scenario is given in the parenthesis. The MSE, obtained from ordinary least squares
(OLS) is also listed for each uncensored scenario.

Cen.
rate

Sample Size

X T n = 200 n = 2000

Linear Cox Linear Cox

Identity Transformation:

N(,1) -2 .86  0.86 (1.95 £ 0.51) 0.33 (5.08 + 0.41)  0.98 (1.68 = 0.08)  0.33 (4.98 & 0.12)
-1 72 0.97 (1.72 £ 0.29) 0.58 (2.90 £ 0.29)  0.99 (1.66 + 0.08)  0.58 (2.86 & 0.09)
0 .55  0.99 (1.69 % 0.25) 0.84 (2.00 + 0.24)  1.00 (1.65 & 0.08)  0.84 (1.96 & 0.08)
1 44 1.00 (1.67 £ 0.24) 0.97 (1.72 £ 0.23)  1.00 (1.64 + 0.08)  0.97 (1.70 + 0.08)
~ .00 1.67 +0.25 1.67 £ 0.25 1.65 & 0.08 1.65 + 0.08
OLS 1.67 + 0.25 1.65 + 0.08
U(-2,2) -2 .82  0.85 (1.93 £ 0.48) 0.31 (5.38 £ 0.44)  0.96 (1.71 + 0.09)  0.31 (5.28 & 0.12)
-1 .67 0.96 (1.71 & 0.28) 0.53 (3.12 + 0.32)  1.00 (1.65 & 0.08)  0.54 (3.08 & 0.09)
0 54 0.99 (1.67 + 0.26) 0.80 (2.07 £ 0.27)  1.00 (1.65 + 0.08)  0.80 (2.05 & 0.08)
1 46  0.99 (1.66 & 0.25) 0.96 (1.72 + 0.26)  1.00 (1.65 & 0.08)  0.96 (1.71 & 0.08)
-~ .00 1.65 + 0.25 1.65 £ 0.25 1.65 + 0.08 1.65 + 0.08
OLS 1.65 & 0.25 1.65 & 0.08
U(-1,1) -2 .86  0.68 (2.41 + 0.58) 0.37 (4.51 + 0.36)  0.74 (2.24 £ 0.18)  0.38 (4.38 & 0.09)
-1 .72 0.94 (1.75 £ 0.28) 0.67 (247 £ 0.28)  0.97 (1.70 + 0.08)  0.67 (2.45 & 0.08)
0 .55  0.99 (1.66 + 0.26) 0.93 (1.78 + 0.26)  1.00 (1.65 = 0.08)  0.93 (1.77 & 0.08)
1 44  1.00 (1.65 & 0.25) 1.00 (1.65 + 0.25)  1.00 (1.65 & 0.08)  1.00 (1.65 = 0.08)
- .00 1.65 + 0.25 1.65 & 0.25 1.65 + 0.08 1.65 + 0.08
OLS 1.65 + 0.25 1.65 = 0.08

Logarithm Transformation:

N(,1) -2 .83  0.74 (12.09 £ 12.76)  0.56 (14.50 + 12.52)  0.96 (9.02 & 3.99)  0.51 (14.36 % 4.79)
-1 .69 0.88(10.25 £ 10.55)  0.59 (13.91 & 12.44)  0.98 (8.82 & 3.69)  0.54 (13.76 & 4.77)
0 .55  0.98(9.16 + 888)  0.64 (12.75 & 12.24)  0.98 (8.82 + 3.68)  0.59 (12.58 + 4.71)
1 45 1.00 (8.99 & 8.73)  0.74 (11.05 + 11.79)  0.98 (8.82 + 3.66)  0.68 (10.81 % 4.57)
-~ .00 9.00 + 8.60 8.19 + 8.16 8.67 + 3.25 7.39 + 2.73
OLS 8.99 + 8.51 8.68 + 3.26
U(-2,2) -2 .82  0.83(9.64+512) 053 (12.99 + 4.65) 0.92 (8.85 + 1.32)  0.52 (13.19 + 1.41)
-1 .67 095 (844 £4.11)  0.56 (12.33 £ 4.56)  0.99 (8.21 & 1.15)  0.55 (12.52 % 1.39)
0 .54 099 (8.07+358)  0.62 (11.00 +4.36) 1.00 (8.15 + 1.11)  0.61 (11.12 + 1.32)
1 46 1.00 (8.04 + 3.58) 0.76 (9.00 + 3.95)  1.00 (8.15 £ 1.09)  0.76 (9.00 + 1.19)
-~ .00 8.03 + 3.59 6.86 + 2.88 8.14 + 1.08 6.83 4 0.87
OLS 8.03 + 3.59 8.14 + 1.08
U(-1,1) -2 .86  0.77 (2.81 + 1.75) 0.55 (3.33 £ 0.87)  0.78 (2.79 + 0.27)  0.54 (3.35 % 0.26)
-1 .72 0.91(2.35 £ 0.76) 0.62 (2.96 + 0.83)  0.92 (2.36 £ 0.23)  0.61 (2.98 + 0.25)
0 .55 0.9 (2.18 + 0.71) 0.76 (2.40 £ 0.75)  0.99 (2.18 £ 0.21)  0.76 (2.40 + 0.22)
1 .44  1.00 (2.15 £ 0.70) 0.94 (1.94 + 0.65)  1.00 (2.17 + 0.21)  0.94 (1.93 % 0.19)
- .00 2.15 + 0.69 1.83 4 0.55 2.17 £ 0.20 1.82 + 0.16
OLS 2.15 + 0.69 2.17 + 0.20
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Figure 2.1: Kaplan-Meier curves of the estimated residual survival time (T — BnX ) under 7 = 1.

(a)-(e): X ~ N(0,1) with ¢ ~ N(0,0.5%), ¢ ~ Gumbel(—0.5v,0.5), ¢ ~ Laplace(0,0.5),

¢ ~ Logistic(0,0.5) and ¢ ~ T'(0,df = 30), respectively; (f)-(j): X ~ U(—2,2) with the
same corresponding error distributions under (a)-(e); (k)-(0): X ~ U(—1,1) with the
same corresponding error distributions under (a)-(e).
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Figure 2.2: Empirical variances of the intercept and slope estimators with 7 = 3.

(d)

T T T T T
0.000 0.005 0.010 0.015 0.020

1/n

(e)

0.000 0.005 0.010 0.015

1/n

®

0.000 0.005 0.010 0.015 0.020

1/n

the

(a)-(c):

intercept estimators under X ~ N(0,1), X ~ U(—2,2) and X ~ U(—1, 1), respectively;

(e)-(f):

the slope estimators under X ~ N(0,1), X ~ U(—2,2) and X ~ U(—1,1),

respectively. Solid line: ¢ ~ N(0,0.5?); dashed line: ¢ ~ Gumbel(—0.57v,0.5); dotted
line: ¢ ~ Laplace(0,0.5); dotted dash line: ¢ ~ Logistic(0,0.5); and long dashed line:

¢ ~ T(0,df = 30).
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Figure 2.3: The predicted survival time versus the true survival time for the data generated from
model (2.23) with X ~ N(0, 1) under the identity transformation. (a): semiparametric
linear model with 7 = —2; (b): semiparametric linear model with 7 = 0; (¢): Cox model
with 7 = —2; and (d): Cox model with 7 = 0. A constant 8 was added to shift all the
simulated survival times to positive values.
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(a): Kaplan-Meier curve of the estimated residual survival time for the PBC data.
(b): Predicted survival time versus the observed time points (both in the logarithm
scale) for the PBC data by fitting the accelerated failure time model via leave-one-out
cross-validation. The circles correspond to the individuals who failed and the triangles
correspond to the individuals who were censored. Subject 87 and 293 are two potential
outliers.



CHAPTER III

Sieve Maximum Likelihood Estimation Using B-Spline
Smoothing for the Slope Estimators in the AFT Model

3.1 Introduction

The transformed linear regression model (Kalbfleisch and Prentice 2002) relates
the failure time under a monotone transformation to the covariates directly, it pro-
vides a straightforward interpretation of the data and serves as an attractive alter-
native to the Cox proportional hazards model in many applications.

The challenge in analyzing the semiparametric linear model comes from the pres-
ence of censoring in failure time data. Several estimators of the slope parameters
have been proposed in the literature since late 70’s. Prentice (1978) proposed the
rank estimators based on the well-known weighted log-rank statistics. Another major
estimating method is based on a modified least-squares estimator to accommodate
censoring, namely, the Buckley-James estimator (Buckley and James 1979). Ritov
(1990), Tsiatis (1990), Lai and Ying (1991) and Ying (1993), among others, studied
the asymptotic properties of the rank-based and Buckley-James estimators.

In spite of appealing theoretical properties, estimators from the above estimating
methods do not appear to be widely used in applications. One major reason is that
these semiparametric estimating functions are discrete and can be non-monotone,

which leads to potential multiple solutions and is difficult to solve numerically. Re-
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cently, Jin et al. (2003) and Jin et al. (2006) proposed new approaches to approximate
the rank-based estimator and least-squares estimators through linear programming,
together with the re-sampling procedures to estimate the limiting covariance ma-
trices. However, none of the estimators from the above estimating methods are
fully semiparametric efficient. It is also known that the linear programming with
re-sampling technique is computational intensive and infeasible for large samples.
Recently, Zeng and Lin (2007) developed an efficient estimator for the AFT model
by maximizing a kernel-smoothed profile likelihood function for the regression pa-
rameters. Their approach, however, is restricted to the log-transformed linear model
so far and may not be very flexible to accommodate more general monotone trans-
formations. Furthermore, their kernel smoothing procedure is neither intuitive nor
straightforward and thus difficult to implement in practice.

Two decades ago, Ritov and Wellner (1988) derived the semiparametric efficient
score functions for the slope parameters in the linear regression model, which involve
the derivative of the density function (or the hazard function) of the error term. We
propose a new approach by directly maximizing the log likelihood function in a sieve
space in which the log hazard function of the error term is approximated by B-splines.
Numerically, the estimator can be easily obtained by the Newton-Raphson algorithm
or any gradient-based search algorithms. We show that the proposed estimator is
consistent and asymptotically normal, and the limiting covariance matrix reaches
the semiparametric efficiency bound, which can be estimated either by inverting the
information matrix based on the efficient score function of the slope parameters, or
by inverting the observed information matrix of all parameters, taking into account
that we are also estimating the “nuisance” parameters in the sieve space for the log

hazard function.
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The organization of this chapter is as follows. Section 3.2 describes the new pro-
posed estimation approach. The regularity conditions and asymptotic properties of
the proposed estimators are provided in Section 3.3. In Section 3.4 we conduct exten-
sive simulation studies for different covariate and error distributions, censoring rates
and the sample sizes. In Section 3.5 we provide applications to two major medical
studies. In Section 3.6, we introduce an extended general theorem on the asymptotic
normality of semiparametric M-estimators, where the nuisance parameters can be a
function of the parameters of interest. The general theorem is crucial in the proof of
asymptotic normality and semiparametric efficiency of the proposed estimators given
in Theorem 3.3.2. We provide some discussion in Section 3.7. Technical details are

provided in the Appendix.

3.2 Estimating Methods in Linear Models with Censored Data

3.2.1 Accelerated Failure Time Model and Existing Estimators

Suppose that the failure time transformed by a fixed monotone transformation
h(-) is linearly related to a set of covariates, where the failure time is subject to right
censoring. Let T; denote the transformed failure time and C; denote the transformed
censoring time by the same transformation for subject 7, i = 1,--- ;n. Let Y; =
min(7;, C;) and A; = I(T; < C;). Then the semiparametric linear model we consider

here can be written as

(31) E = leﬁ() + €0,i) 1= 17 AR

where the errors e, are independent and identically distributed (not necessarily
with mean zero) with an unspecified distribution. When h(-) = log(-), this model
corresponds to the well-known accelerated failure time model. Here we assume that

(X;,Ci),i=1,...,n,areiid. and independent of ey,. This is a common assumption
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and yet a reasonable one in practice for linear models with censored survival data.
As mentioned in Section 3.1, there are two major classes of existing methods for

estimating the parameter 3y in model (3.1). One class is based on the Buckley-James

estimator (Buckley and James 1979; Ritov 1990; Lai and Ying 1991), which solves

the following estimating equation for :

(3.2)

n

_ , 1 o0 A B
;(Xz - X){A@ s(Y; — X;6)+ (1 — Ai)l - F(Y; ~X9) /Yi_xl{ﬁS(t) dF(t)} =0,

where F is the Kaplan-Meier estimator (or a modified Kaplan-Meier estimator) of F,
the distribution function of eg = T'— X’f3,, and s is some function in LY(F). When
s is the identity function, the above equation reduces to the classical estimating
equation of Buckley and James (1979). Equation (3.2) can be solved iteratively.
Another class is the weighted rank based method (Prentice 1978; Wei et al. 1990;

Tsiatis 1990; Ying 1993), which solves the following estimating equation for [:

n P XGI(Y; - X >
(3.3) ; / {X,. - Zf;;l ; (1(9- X ﬁﬁ 2>t)t>}w(t) dN;(t) =0,

where N;(t) = A;I(Y; — X3 < t) is the counting process for subject i and w(t) is a

weight function that may also depend on 3. Note that both equations (3.2) and (3.3)
are discrete. Ritov (1990) showed that these two classes of estimating equations are
asymptotically equivalent and that when s(t) = — f (t)/f(t), here f is the density
function of eg = T'— X’f3y and f is the derivative of f, the estimator obtained from
equation (3.2) is the fully semiparametric efficient estimator. Ritov and Wellner
(1988) showed that when w(t) = Ao(t)/Ao(t), here ) is the hazard function of the
error term e and A is the derivative of Ao, estimating equation (3.3) yields the most
efficient estimator for 3. Obviously, efficient estimation from either method needs

to estimate the derivative of the density (or the hazard) function of the error term,
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and developing a nonparametric approach for its estimation in addition to solving
the discrete estimating equation does not appear attractive to practitioners.

The non-smoothness of these estimating equations complicates the proofs of asymp-
totic properties of the estimators and makes numerical implementations less straight-
forward. Ritov (1990), Tsiatis (1990) and Ying (1993) derived asymptotic normality
of the estimators obtained from either equation (3.2) or equation (3.3) under sim-
ilar regularity conditions by first proving the asymptotic linearity of corresponding
estimating equation in a neighborhood of (3,. Several numerical methods have been
proposed, which include the simulated annealing approach of Lin and Geyer (1992),
the linear programming approach of Lin et al. (1998) and Jin et al. (2003), and most
recently, the hybrid Newton-type method of Yu and Nan (2006). But none of them

is as nice as the Newton-Raphson method for solving smooth equations.

3.2.2 Sieve Maximum Likelihood Estimation Using B-Spline Smoothing

Instead of solving the discrete efficient estimating equation, a likelihood based
approach with certain nonparametric estimation of the log hazard function of the
error term using the smoothing technique seems more desirable, since such a proce-
dure maximizes a smooth function of unknown parameters. This falls into the sieve
maximum likelihood estimation procedure of Geman and Hwang (1982) where the
unknown function in the log likelihood is approximated by a linear span of some
known basis functions to form a sieve log likelihood. Then we just need to maximize
the sieve log likelihood with respect to the unknown coefficients in the linear span
to obtain a sieve maximum likelihood estimator. This also significantly reduces the
dimensionality of the optimization since the number of basis functions needed to
reasonably approximate the unknown function grows at a much slower rate as the

sample size increases.
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Spline technique has been extensively used as an effective tool in dimension re-
duction for nonparametric estimation. Stone (1985, 1986) has proved in theory that
a smooth unknown function can be well approximated using splines. Some further
convergence results of spline-based sieve estimates have been developed by Shen and
Wong (1994). Therefore, we consider the spline smoothed sieve maximum likelihood
estimation for the semiparametric linear model with censored data.

Since we assume that e is independent of (C, X), the joint density function of

(T, C, X) can then be decomposed as

frox(t,c,x) = foox(t —a'B,c,x) = f(t —2'Bo) fe,x(c, x).

It is easy to see that T" and C' are independent conditional on X under the assumption

eop L (C,X). Hence we have

f(t — l‘lﬁo) == fT|C’,X(t|O =C, X = .Z’) == fT|X(t|X == .T)

Then the joint density function of (Y, A, X) can be written as

frax(y,dz) = fly— xlﬂo)é{l — F(y - 95/50)}176}[(% 6, )

(3.4) = oy —2'Bo)’ exp{—No(y — 2'B0) }H (y, 6, ),

where Ag(-) is the true cumulative hazard function for the error term ey. H(y,d, )
only depends on the conditional distribution of C' given X and the marginal distri-
bution of X, and is free of fy and \y. Thus to simplify the notation, we will ignore
the factor H from the likelihood function. Then for i.i.d. observations (Y;, A;, X;),
i=1,---,n, from equation (3.4) we obtain the log likelihood function for 5 and A

as

n

35 () = S Addog{a¥i - X)) - [ At X19) ).

i=1



65

The log likelihood given in (3.5) apparently is a semiparametric model, in which
is the finite dimensional parameter of interest and A is an unknown positive function
and treated as an infinite dimensional nuisance parameter. Let g(t) = log A(t), then
the log likelihood function for # and g, using the counting process notation, can be

written as

(3.6) In(S,9) =n"" Z{/g(t — XiB) dN;(t) — /I(Yi > t) exp{g(t — Xi3)} dt},

where N;(t) = A;I(Y; — X[ < t) is the counting process for subject i.

By taking the logarithm of the positive function A(+), the function g(-) is no longer
restricted to be positive, which eases the estimation. We now describe the spline-
based sieve maximum likelihood estimation for the AFT model. Suppose a and b are

lower and upper bounds of the observed residual time:
{K_X{ﬁBEB, 7‘217 7n}7

where B is the parameter space of 3. Assuming the transformed observation time
Y is bounded away from —oo. Under the regularity conditions stated in section
3.3, we have —oco < a < b < o00. Leta=1% <t < -+ <tg, <tg 11 =20
be a partition of [a,b] with K subintervals Ir; = [t;,tj+1), j = 0,--- , K — 1 and
Ixk = [ti,tiks1], where K = K, ~ n” with 0 < v < 1/2 being a positive number
such that maxi<j<x41|t; — tj—1| = O(n™"). Denote the set of partition points by

Tk, = {t1, - ,tk,}. Let S$,(Tk,, K, 1) be the space of polynomial splines of order

[ > 1 consisting of function s satisfying (i) the restriction of s to I is a polynomial
of order [ (or equivalently, of degree [—1) for [ < K; (ii) for ] > 2and 0 <" <[—-2,s
is " times continuously differentiable on [a, b]. This definition is phrased after Stone

(1985), which is a descriptive version of Schumaker (1981, page 108, Definition 4.1).

According to Schumaker (1981, page 117, Corollary 4.10), there exists a local
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basis {B;,1 < j < ¢,}, so called B-splines, for S,(Tk,, K,,1), where ¢, = K,, + L.
These basis functions are nonnegative and sum up to one at each point in [a, b], and
each B; is zero outside the interval [t;,¢;4]. Thus for any s € S,,(Tk, , K, 1), we can

write

37) ()= DB

Let v = {v; : 1 < j < ¢,} be the collection of all the coefficients in the represen-
tation (3.7). Under suitable smoothness assumptions, go(-) = log A\g(-) can be well
approximated by some function in S, (7T, , Kn,l). Therefore, we seek a member of
S,(Tk, , Ky, 1) together with a value of 5 € B that maximizes the log likelihood func-
tion. Specifically, let 0, = (ﬁAn,’yn) with 4, = {¥n; : 1 < j < ¢,} be the value that

maximizes

W(B7) = nZ[/Zv — X/B) dNi(t)
(33) - 1z exp{zvaja - xt0)} i

Taking the first derivatives of [,,((3,~) with respect to # and « and setting them to

zero, we obtain the following estimating equations:

aznéﬁﬁ,v) _ UX Z% — X]3) dNi(t)

Adn

(39) - / 1072 0%, S Byt - X9) exp{fjvaj —xm} ai

=1

—aléi’”) = n! nl U — X;f3) dNi(t)

(3.10) - [10iz 08,0~ X9 exp{iijvaj - Xt} af
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Since the integrals in (3.9) and (3.10) are univariate integrals, their numerical imple-
mentation can be easily done by one-dimensional Gaussian-quadrature method that
would not increase the computing cost much. Newton-Raphson algorithm or any
gradient-based search algorithms can be applied to solve the above equations for all

parameters 0 = (3,7), e.g.,
o+ — gt — F(9m)) =1 5 (g0

where (™ = (3™ ~(™)) is the parameter estimate from the mth iteration, and

8ln(577) 82ln(ﬁa'7) 82ln(ﬁﬂ/)

soy=| 7 |, He=| P >
8l”(ﬂ7’y) 82ln(ﬂ7’y) 62ln(69’y)

oy oyop! 0y0~'

is the score function and Hessian matrix of the parameter 0, respectively.

In order to make statistical inferences of [y, we have to approximate the sam-
pling distribution of (.. As stated in the next section, the distribution of 3, can
be approximated by a normal distribution when the sample size is large enough.
One way to estimate the variance matrix of B, is to approximate the (inverse of
the) information matrix under the efficient score function for fy, given in Theorem
3.3.2, by plugging in the estimated parameters (Bn, S\n()) Another way we suggest
is to invert the observed information matrix from the last Newton-Raphson itera-
tion, taking into account that we are also estimating the “nuisance” parameter 7.
This approach was also suggested by Huang (1999) in the variance estimation of Bn
in the partly linear additive Cox model. As mentioned in Huang (1999), there is
no theoretical justification for the second variance estimator so far, but heuristics
based on the finite-dimensional parametric model and simulations indicate that this

estimator also works well.
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3.3 Asymptotic Results

This section states the asymptotic properties of the proposed estimators. Denote

eg =Y — X'fand ¢g =Y — X'). We assume the following regularity conditions:
(C.1) The true parameter (3, belongs to the interior of a compact set B C R<.

(C.2) (a) The covariate X takes values in a bounded subset X C R%; (b) E(XX') is

nonsingular.

(C.3) Assume there is a truncation time 7 < oo such that, for some constant d,
P(eyp > 7|X) > § > 0 almost surely with respect to the probability measure of

X. This implies that Ay(7) < oo.

(C.4) The error ey’s density f and its derivative f are bounded and
[(50) 1w <

(C.5) The conditional density of C' given X and its derivative go|x are uniformly

bounded for all possible values of X. That is,

sup goyx (1| X = x) < Ky, sup |gox (H|X = 2)| < K,
zeX reX

for all t < 7 with some constants K7, Ky > 0, where 7 is the truncation time

defined in Condition C.4.

(C.6) Let HP denote the collection of functions h on [a, b] whose kth derivative h(¥) is

bounded, and satisfies the Lipschitz continuity condition with exponent m:
(W) (s) — KB ()| < L|s — t|™ for s,t € [a,b],

where k is a positive integer and m € (0,1] such that p = kK +m > 3, and
L € (0,00) is a constant. The true log hazard function gy = log Ay belongs to

HP, where [a, b] is a bounded interval.
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(C.7) For some n € (0,1), u'Var(X|e)u > nu' BE(X X'|eg)u a.s. for all u € R?.

These conditions are usually satisfied in practice. Condition C.1 is a common
regularity assumption that has been imposed in many papers; see e.g. Lai and
Ying (1991). Conditions C.2(a) and C.3-C.4 were also assumed in Tsiatis (1990), in
particular Condition C.3 implies that only the observations for which the observed
residual time €y; = Y; — X/By, 1 < i < n is no more than 7, are used in the log-

likelihood. Conditions C.1-C.3 guarantee that the observed residual time
{Yi—-Xf=e,—X,(B—0):0€B,i=1,---,n}

included in the likelihood is within some bounded interval [a,b]. Condition C.5
implies Condition B in Tsiatis (1990). Here we make a stronger assumption for gex:
in addition to the boundedness of gox itself, we assume it has a uniformly bounded
derivative. Condition C.6 is the smoothness condition imposed on the underlying
hazard function of the error term, which is needed for the B-spline smoothing. In
the situation when we just need to control the approximation error rate of gq itself,
only p > 1 is required. In this particular problem, however we have to also control
the approximation error rates of both the first and second derivatives of gy, which
will be clearly demonstrated in the proof of Theorem 3.3.2 later, thus we require
a stronger Lipschitz condition with p > 3 here. Finally, Condition C.7 was also
proposed for the panel count data model in Wellner and Zhang (2007). As noted
in their Remark 3.4, this Condition C.7 can be justified in many applications when
Condition C.2(b) is satisfied.

For any ¢1, 9o € H?, define the norm

b 1/2
.11) o =l ={ [ @)~ s0)? dnato)}
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For any 0, = (f1,91) and 0y = (02, ¢92) in the space of OF = B x HP, define the

following distance

(3.12) d(01,05) = {15 — B2 + g — gl 2}°,

where |31 — (5] is the Euclidean distance.

Denote S,, as an abbreviation for S,, (T, , K, ), the spline space of order [ with K,
interior knots. Let H? = {h: h € S,NH?}. Clearly we have H? C H ,, C--- C HP
for all n > 1. Denote ©2 = B x H? and the sieve estimator 6, = (3,,§y,) is the
maximizer of the empirical log-likelihood n~'l,,(0; Z) over the sieve space O, where
Z = (Y,A,X). The following theorem gives the convergence rate of the proposed
estimator 6, to the true parameter 0y = (5o, 90)-

Theorem 3.3.1. Let K,, = O(n"), where v satisfies the restriction m <v< %}

with p being the smoothness parameter defined in Condition C.6. Suppose conditions

C.1-C.7 hold and the failure time 7" satisfies model (3.1), then
d(éna 00) = Op{n_ min(p”’(l_y)/Q)}’

where d(-,-) is defined in (3.12).

This theorem implies that if v = 1/(1 4 2p), d(8,,60) = O,(n?/0+2)) which
is the optimal convergence rate in the nonparametric regression setting. Although
the overall convergence rate is lower than n~'/2, the next theorem states that the
proposed estimator of the regression parameter is still asymptotically normal and
semiparametrically efficient.

Theorem 3.3.2. Suppose the conditions given in Theorem 3.3.1 hold, then

(313) 1By — fo) = n 2T (Bo) Y Uy (Vi Ay, Xi) + 0,(1) — N(0,171(Bo))

=1

in distribution, where I(5,) = El% (Y, A, X)®* and I} (Y, A, X) is the efficient score

function for the censored linear model derived by Ritov and Wellner (1988) with the
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following form
* ’ }‘0
I, (Y, A X) = /{X —EX|)Y — X5y > t)}{_)\_o(t)} dM(t),

here M (t) is the failure counting process martingale defined as

M) = AI(Y — X'By < t) — / t I(Y — X'y > s)Mo(s) ds.

—00
Because Bn achieves this information lower bound and is asymptotically linear, it
is asymptotically efficient among all the regular estimators. We defer all the detailed

proofs of Theorems 3.3.1 and 3.3.2 to the Appendix.

3.4 Simulation Studies

Numerous simulation studies are carried out to evaluate the finite sample perfor-
mance of the proposed method. In the first set of simulations, we generate failure

times from the following model:
IOgT - 60X + €0,

where X follows a Bernoulli distribution with 0.3 success probability and the true
slope parameter is fy = 0. We consider four error distributions: mixture of two nor-
mal distributions: 0.5N(0,1) +0.5N(—1,0.5%); standard extreme-value distribution;
Gumbel distribution with location parameter —0.5y and scale parameter 0.5 with ~
being the Euler constant, denoted as Gumbel(—0.57,0.5); and Weibull distribution
with shape parameter 3 and scale parameter 1, denoted as Weibull(3,1). We generate
censoring times (logarithm transformed) from the uniform|c;, co] distribution, where
1, ¢y are chosen to produce two different censoring rates: 25% and 50%. We also
include the cases without censoring as references. The sample size is set to n = 400.

We choose to use cubic B-splines (i.e. of order 4) to approximate the log hazard

function. Three different numbers of interior knots for the B-splines are tried, which



72

are 1, 2 and 3. The results are quite similar and we just present the case with
1 interior knot. We perform the sieve maximum likelihood analysis and obtain the
estimates of the slope parameter using the Newton-Raphson algorithm which updates
(B, 7) iteratively. We stop the iterations when the change of the parameter estimates
or the gradient value is less than a pre-specified tolerance number (107° in our
simulations). We use both methods proposed in section 3.2.2 to estimate the variance
of Bn

For efficiency comparisons, we also include the log-rank and Gehan-weighted es-
timators using the R package “rankreg” by Jin et al. (2003), as well as the Buckley-
James estimator by Buckley and James (1979). We calculate the theoretical semi-

parametric efficiency bound I7!(3), and scale it by the sample size, i.e., o* =

v/ T-1(3y)/n, which serves as the reference standard error under the fully efficient
situation. The result based on 1000 simulated datasets for each scenario is summa-
rized in Table 3.1.

The proposed parameter estimator is virtually unbiased. The variance estimators
based on two methods, denoted as 'SEE and 2SEE both capture the variability of
the parameter nicely and the confidence intervals have proper coverage probabili-
ties. It is known that the log-rank estimator is asymptotically efficient under the
standard extreme-value error distribution. We observe that the proposed estimators
have similar variances as the log-rank estimators and are more efficient than both
Gehan-weighted and Buckley-James estimators. Under both the mixture normal and
the Gumbel errors, the proposed estimators are more efficient than all three other
estimators, especially the log-rank and Buckley-James estimators. Finally for the
Weibull(3,1) error, the proposed estimators are quite similar to the Gehan-weighted

and Buckley-James estimators in terms of the efficiency and are slightly more efficient
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than the log-rank estimators. Under all error distributions, the standard errors of
the proposed estimators are close to the theoretical standard errors calculated from
the efficient score function.

In addition to the slope parameter estimator Bn that is of our main interest, as a

by-product we also obtain the estimate of hazard function

;\n(t) = exp{i: Yn,i Bj (t)}

of the error term. Figure 3.1 plots the estimated hazard function over time for each
of the four error distributions under the 25% censoring rate in the solid line, and
the dashed line plots the true hazard function over time. Two lines are close to each
other in all cases except for the mixture normal error case, which indicates reasonable
estimations of the hazard functions.

In the second set of simulation studies, the failure times are generated from the
model

lOgT:2+X1+X2+€0,

where X7 is Bernoulli with success probability 0.5, X5 is independent normal with
mean 0 and standard deviation 0.5. This is the same model used by Jin et al. (2006)
and Zeng and Lin (2007). We consider six error distributions: standard normal;
standard extreme-value; mixtures of N(0,1) and N(0,3%) with mixing probabili-
ties (0.5,0.5) and (0.95,0.05), denoted by 0.5N(0,1) + 0.5N(0,3?) and 0.95N(0, 1) +
0.05N (0, 3%), respectively; Gumbel(—0.5v,0.5) and 0.5N (0, 1)+0.5N (-1, 0.5%) which
are considered in the first set of simulations. The first four distributions were also
considered by Zeng and Lin (2007). We do not choose the two Weibull distribu-
tions in Zeng and Lin (2007), namely Weibull(2,1) and Weibull(0.5,1). Although

Zeng and Lin (2007) stated that the Weibull distributions in their simulations per-
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tain to exponential of the errors, their simulation code actually reflected that the
error themselves were generated from the Weibull distributions. However, those two
Weibull distributions do not satisfy the bounded information condition in C.4, which
implies that (), the information matrix under the semiparametric efficiency, is un-
bounded and thus the likelihood based estimator has a convergence rate faster than
n~'/2. Similarly to Zeng and Lin (2007), the censoring times are generated from the
uniform|[0, ¢] distribution, where ¢ is chosen to produce a 25% censoring rate. We set
the sample size n to 200, 400 and 600.

We choose cubic B-splines with one interior knot for n = 200 and 400, two in-
terior knots for n = 600, and perform the same search algorithm as in the first set
of simulations. Log-rank and Gehan-weighted estimators are included for efficiency
comparisons. Table 3.2 summarizes the results of these studies based on 1000 simu-
lated datasets. The bias of the proposed estimators of 3; and 35 are negligible. Both
variance estimation procedures yield nice standard error estimates of the parameter
estimators and the 95% confidence intervals have proper coverage probabilities, es-
pecially when the sample size is large. For the N(0, 1) error and the two mixture of
normal errors that are also considered in Zeng and Lin (2007), the proposed estima-
tors are more efficient than the log-rank estimators and have similar variances to the
Gehan-weighted estimators, especially when sample size is large. For the standard
extreme-value error, the proposed estimators are more efficient than the Gehan-
weighted estimator and similar to the log-rank estimators, which is known to be the
most efficient estimators under this particular error. For the Gumbel(—0.5v,0.5) and
0.5N(0,1) + 0.5N(—1,0.5%) errors, the proposed estimators are most efficient com-
pared to the other two estimators. Under all six error distributions, when sample

size is large, the standard errors of the proposed estimators are quite close to the
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theoretical standard errors under the fully efficient situations.

To explicitly visualize the problems of the parameter estimations under two Weibull
errors that were used in Zeng and Lin (2007), we also conduct simulations under these
two error distributions using the same sample sizes as theirs, i.e., n = 100, 200 and
400. Table 3.3 summarizes the simulation results. All estimators are practically
unbiased. For Weibull(0.5,1), the proposed estimators yield much smaller standard
errors than the log-rank and Gehan-weighted estimators. Moreover, for all three es-
timating methods, the product of the sample size and the variance of the parameter
estimators (denoted as nSE? in Table 3.3) are diminishing as n increases, which are
supposed to be around a constant for a root-n consistent estimator. For Weibull(2,1),
the proposed estimators also yield smaller standard errors than the other two esti-
mators, although not much. The nSE? values are also decreasing as n increases for
the proposed estimators. The findings indicate that the proposed estimators have a
faster convergence rate than the usual n~'/2 rate under both Weibull errors, and all
three estimators have a faster convergence rate than n~'/2 under the Weibull(0.5,1)
error. As mentioned earlier, the covariance matrix I71(f3;) is singular under these

two Weibull distributions.

3.5 Examples

We first use the Stanford heart transplantation data (Miller and Halpern 1982) as
an illustrative example. This dataset was also reanalyzed by Jin et al. (2006) using
their proposed least squares estimators. Following their analysis, we consider the
same two models: the first one regressing the base-10 logarithm of the survival time
on the patients’ age at transplant and the T5 mismatch score for the 157 patients

with complete records on the TH measure, and the second one regressing the base-10
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logarithm of the survival time on age and age? for the 152 patients who survived
for at least 10 years after heart transplantation. For the first model, 102 patients
were deceased and 55 were still alive by February 1980, and for the second model,
97 patients were deceased and 55 patients were censored. We fit these two models
using the proposed method with five cubic B-spline basis functions (i.e. one interior
knot).

We report the parameter estimates and the standard error estimates in Table 3.4
and compare them with the Gehan-weighted estimators reported by Jin et al. (2006)
and the Buckley-James estimators reported by Miller and Halpern (1982). For the
first model, the parameter estimates for the age effect are fairly similar among all
estimators and the standard error estimate from the proposed method tends to be
smaller, while the parameter estimates for the T5 mismatch score vary across different
estimators with none of them being significant at the 0.05 level. The disparities of
the parameter estimates for the Th may due to the reason that the AFT model with
age and TH as covariates does not fit the data ideally, which was pointed out in Miller
and Halpern (1982). For the second model with age and age? being the covariates,
both parameter estimates are very close across all methods and the standard error
estimates from the proposed method are the smallest.

We consider the well-known Mayo primary biliary cirrhosis (PBC) study (Flem-
ing and Harrington 1991, app. D.1) as the second example. The dataset contains
information about the survival time and prognostic factors for 418 patients. Jin
et al. (2003), Jin et al. (2006) and Zeng and Lin (2007) fitted the accelerated failure
time model with five covariates, namely age, log(albumin), log(bilirubin), edema,
and log(protime). They used the rank-based, least squares and kernel-smoothed

profile likelihood estimators and reported the slope estimators with their estimated
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standard errors for the five covariates. We fit the same model using the proposed
method with one and two interior knots. The parameter estimates and the standard
error estimates are similar and we report the result associated with one interior knot
in Table 3.5. Our parameter estimates are close to the Gehan-weighted estimates
of Jin et al. (2003), the least squares estimates of Jin et al. (2006) and the kernel
smoothed maximal likelihood estimates of Zeng and Lin (2007), while our standard
error estimates tend to be smaller.

Since the conditional survival function at time ¢ given covariates X follows

Sit|X) = P(T>tX)=P(logT — X'By > logt — X' G| X)
= P(eg >logt — X'Go|X) = P(eg > logt — X'f3y), since eg L X

= exp{—Ao(logt — X'f3y)},
a natural estimator of S(t|X) is
(3.14) Sn(t)X) = exp{—A,(logt — X'3,)},

where A, (t) = ffoo An(s) ds with A, (s) = exp{zgil Yn,jBj(s)}. Then we can also
estimate the marginal survival function for a subgroup by averaging the conditional
survival function estimates of that subgroup. Figure 3.2 shows the estimated survival
curves for the PBC data in two groups: Edema=0 versus Edema=1. The model-
based estimates agree fairly well with the Kaplan-Meier estimates except the right
tail of the group with Edema=1. One reason for this lack of agreement is that there
are only 50 patients in the Edema=1 group and even less number of deaths by the

end of the follow-up time.
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3.6 An extended general theorem on the asymptotic normality of semi-
parametric M-estimators

In this section, we extend the general theorem introduced by Wellner and Zhang
(2007), which deals with the asymptotic normality of semiparametric M-estimators of
regression parameters when convergence rate of the estimator for nuisance parameters
is slower than n~'/2. In their theorem, the parameters of interest and the nuisance
parameters are assumed to be separate. We consider a more general setting when the
nuisance parameters can be a function of the parameters of interest. The theorem
is crucial in the proof of asymptotic normality of our proposed estimators given in
Theorem 3.3.2.

Some empirical process notation will be used from now on. We denote Pf =
[ f(z) dP(z) and P, f = n~t Y7 | f(X;), with P being a probability measure, and
denote G, f = n'/?(P, — P)f. Given i.i.d. observations X1, Xs,---,X,, we try to
estimate the unknown parameters (3, A(+, 5)) by maximizing an objective function
n~t o m(B, A, B); Xi) = Pym(B, A(+, 3); X), where (3 is the parameter of interest
with finite dimension and A is an infinite-dimensional nuisance parameter and can be
a function of (. If the objective function m is the log-likelihood function of a single
observation, then the estimator becomes the semiparametric maximum likelihood
estimator. Here we adopt the similar notation in Wellner and Zhang (2007).

Let 0 = (3,A(-,3)), where 8 € R? and A is an infinite-dimensional parameter
in the class F. For any fixed A € F, let {A, : 7 in a neighborhood of 0 € R} be a

smooth curve in F running through A at n =0, i.e., Aj—g = A. Let

oA
H= {h:h="5" 0 Ay € F}.

For all A(+, 3) € F, assume Agg)(~, 3), the kth derivative with respect to [ exists with

k > 2. Then since for a small §, we have A(-, 3 + 8) — A(-, 3) = Ag(-, 8)d + 0(6), by
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the definition of functional derivatives, it follows that

lim < {m(5, AC, 3+ 0): ) — m(B, A 5); )}

= tim < {m(B,AC, 5) + As(, )0 +0(6):2) — m(B, A 6) + Aol 5)5;0)}
Flim < {m(5, AL B) + As(-, 8)5: ) — m(B, AC 7))}

= Jimina(8,AC, B) + Ao 8)6:2)[0(0)/0] + 1ina(, A 8); 2) [As -, )

= 1ia(B, A, B); ) [As(-, B)],

where the subscript 2 indicates that the derivatives are taking with respect to the

second argument of the function and the last equality holds because

lim 719 (6, A(-, B) + Ag(-, B)8; 2)[0(8) /5] = 0.

6—0

Similarly we have

tim < {1is (5, AC, 8+ 6); ) [B] — a3, A 5); ) 4]}

= ’ﬁlgg(ﬁ, A(7 ﬁ)a l‘)[h, Aﬁ(’ ﬁ)]

and

tig = {iia(3, A B )R 8+ 8] = a5, A, B)s2) s, O]}
= 112(8, A+, B); 2)[As (-, )]
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Thus according to the chain rule of the functional derivatives, we define

(B, A, B):2) = Vg m(3,A(,3);x)
= 1u(B, A, B); z) + 1o (B, A, B); 2)[As (-, B)],
R e I
igs(0,AC, B)ix) = Vi m(B,A(,B)ix) = Vg 1ivs(8,A(, B); )
= ina(8, Al B):2) + iina(B; A( B); 2)[As(, B)]
+ 1021 (8, A, B); 2)[Ag (-, B)
+ 12 (8, A B); 2)[As (-, 8), As(-, B)]
+ 1B, A B); ) [Ags (-, B)],
i (9 AC, st = LRI IR
= ina(8, A, B):2)[A(-, B)]
+ 192 (3, A, B);2)[As (-, 8), b, B)]
+ 1h(8, A(-, B); 2) s, B)],
ring(B,A( B);z)[h] = Vg 1na(8, A, B); z)[A(:, 5)]
= g (B, A, B); 2)[A(-, B)]
+ 7itg2 (8, A, B); @) [h(-, B), As (-, B)]
+ 1o (8, A G, B); ) s (-, B)],

maa(B, A(, B)ix) by ho] = 1iaa(B, A, B); 2) [, hol
_ V2 m(ﬁvAnj(7ﬁ)a$)
Omony nj:o,j:Lz'

n=0

As noted before, the subscript 1 or 2 in the derivatives indicates the derivatives are
taking to the first or the second argument of the function, and h inside of the square
brackets is a function denoting the direction of the functional derivative with respect

to A. Note that for the second derivatives mga and 7243, we implicitly require the
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direction h to be a differentiable function with respect to . Similarly as in Wellner

and Zhang (2007), we also define

Ss(B,A(,8)) = Prig(B, A(-, 8); X),
SABAC, B[R] = Priaa(8, A, 8); X)[h],
Sea(B.AC,0)) = Parng(8, Al 8); X),

San(BAC B[R] = Purina(8,A(, 8); X)[R],

Sap(B. A, B)) = Piings(B8,A(, 8); X),

SAA(ﬁ’A(vﬁ))[h7h] = PmAA(ﬁvA('aﬁ);X)[f%h]a

and
San(B, A, B))[h] = Sy4(8,A(-, B))[h] = Pringa (B, A(-, B): X)[h).

Furthermore, for h = (hy, hg, - -+ , hg) € H%, we denote

m/\(ﬁ7 A(’ ﬁ)a :L‘)[h] = (ml\(ﬁv A(7ﬁ)7'x>[h1]’ U 7m1\<67 A<'7ﬁ);x)[hd])/7
mﬁ/\(ﬁv A(7ﬂ)7 I)[h] = (mﬁl\(ﬁa A(,ﬂ), I){hl]a T 7m,3A(67A('7 6)7 .I)[hd]),
riag (B, A(+, B); 2)[h] = (7ap(B, AC, B); @) [ha], -+ 1iap(B, AC, B); @) [ha]),

mAA(ﬁa A(aﬁ)ﬁt)[h? h] - (mAA(ﬁa A(?ﬁ)a x)[hb h]a U >mAA(ﬁ7A('7ﬁ); Qf)[hd, h])/>

and define correspondingly

Sa(B,A(-B))[b] = Pria(8,A(-, 8); X)[h],
San(B,ACB)M] = Puria (B8, A(, 8); X)[h],
Soa(B,AC,0))[b] = Privga(8, A+, 5); X)[hl,
Sas(B, A )] = Prinag(B, A, 8); X)[h,

SAA(ﬁ’A(Jﬁ))[hJZ] = PmAA(ﬁaA(aﬁ)yX)[hah]
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In order to have the asymptotic normality result for the M-estimator Bn, the assump-
tions we need to make look similar to those in Wellner and Zhang (2007) but all the
derivatives with respect to 3 involve the chain rule and contain more components

(defined clearly in the pervious paragraph). We list the following assumptions:
A1. (Consistency and rate of convergence) |3, — 30| = 0,(1) and || A, —Ao|| = O,(n~7)

for some v > 0 and some norm || - ||.

A2. S5(B0, Ao+, Bo0)) = 0 and Sx(Bo, Ao+, Bo))[h] = 0 for all h € H.

A3. (Positive information) There exists an h* = (hy,--- , hj)’", where b} € H for
j=1,---,d, such that
Saa(Bo, No(+, Bo))[h] = San(Bo, Mo, fo)) ", k] = 0

for all h € H. Furthermore, the matrix

A = —Sgﬁ(ﬁo,Ao(',ﬁo))+5Aﬂ(ﬁ0,A0<'7ﬁO))[h*]

= —P{iingp(Bo, Mo(-, Bo); X) — ritas(Bo, Ao(-, Bo); X)[0*]}
is nonsingular.

A4. The estimator (8, A,,) satisfies

~

S (B An(-, Ba)) = 0p(n™1/%) and Sy (B, An(-, B)) 0] = 0, (n /).
A5. (Stochastic equicontinuity) For any §,, | 0 and C' > 0,

sup V(g0 — S6) (B, A+, 3))

|B—B0]<n,||A—Ao||<Cn~7

—V/n(Sgn — 95) (B0, Mo, Bo))| = 0,(1)

and

sup [V (Sam = Sa) (B, A(, 8)) [07]

|B—PB0|<dn,[|A—Ag]|<Cn—

—V/1(San = ) (Bo, Ao+, Fo)) 7] = 0,(1).
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A6. (Smoothness of the model) For some a > 1 satisfying ey > 1/2, and for (3, A)

in a neighborhood of (8, Ao) : {(8,A) : [B — fo| < dn, [[A — Ao|| < Cn™7},

|S5(8, A+, B)) = S5(Bo, Ao+, o))
— Spa(Bo, Mo(+ B0)) (B — Bo) — Saa(Bo, Ao, Bo))IA(-, B) — Ao (-, Bo)]]

= o(|B = fBol) + O([|A — Ag||)
and
}SA(ﬁ, A(, 8)) "] = Sa(Bo, Ao+, Bo)) [h7]

— Sag(Bo; Mo (-, 50))0°](8 = o) = San (o, Mo (- Bo)) (0%, A(-, B) = Ao(-, o)

= 0(|f = Bol) + O(|A = Ao[[*).

The following theorem is an extension to the Theorem 6.1 in Wellner and Zhang
(2007) where the infinite dimensional parameter A is a function of the finite-dimensional
parameter (3.

Theorem 8.6.1. Suppose that assumptions A1-A6 hold. Then

V(B =) = AT Pum (B, Aol Bo); X) + 0,(1)

—q N(0,A7'B(A™Y),
where m* (8o, Ao(+, Bo); ) = (5o, Ao(+, o) ) — ma(Bo, Ao(-, Bo); ) [h7],
B = Pm*(Bo, Ao(, B0); X)®* = P{m*(Bo, Ao (-, Bo); X)m* (Bo, Mo(-, Bo); X)'}

and A is given in assumption A3.
Proof. The proof follows along the proof for the Theorem 6.1 of Wellner and

Zhang (2007). Assumptions Al and A5 yield

V(g = 5)(Bos A B2)) = V(San = 95) (B0, Aol o)) = 0p(1)
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Since Sp (B, An(-, B)) = 0p(n71/2) by Ad and Sp(Bo, A(-, fy)) = 0 by A2, we have
VS5(Bns Mal-, B)) + vV/1S5.0(Bo, A, B)) = 0,(1).
Similarly,
VS (B A, 3)) 0] + VS (Bo, A, Bo)) 7] = 0,(1).
Combining these equalities and assumption A6 yields
S35(B0s Mol 50)) (Bn = Bo) + Ssa(Bo, Mo+, Bo)) [An(:, Ba) = Ao(-, Bo)]

(3.15) + S50 (B0, Mo (-4 50)) + 0|3 = fol) + O An — Ao||)

= Op(n_l/Q)
and

SAﬁ(ﬁo, Ao+, ﬁO))[h*](Bn — Bo) + S'AA(ﬂO, Ao(+, Bo))[h", An(a Bn) — Ao(+, Bo)]
(3.16) 4 San(Bo. Mol Bo)) 0] + 0(18, — Bol) + O(| Ay — Ao||®).

= op(n_1/2).

Since o > 1 with ay > 1/2, the rate of convergence assumption in Al implies that

VO(||A, — Ao||*) = 0,(1), then (3.15) — (3.16) together with A3 yields
(S55(50, Ao (- B0)) = Sas(Bo, No(-, B0)) 0] (B — Bo) + 0|5 — o)
= —(Ssn(Bo, Aol B0)) = San(Bo, Mo) [0]) + 0, (n~/?),
that is,
—(A+0(1))(Ba = Bo) = —Bum™(Bo, Mo (-, Fo); X) + 0p(n~ /%),
This yields

\/E(Bn _60) = (A+0(1))_1\/ﬁpnm*(50aAO('?ﬁU);X) +Op(1)

—q N(0,A7'B(ATY).
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In some situation, if in addition to the consistency, a convergence rate (possibly
sub-optimal) for the parameter estimator Bn is known, then instead of considering
the previous assumptions A;, As and Ag, we assume the following three modified

conditions:

A1’. (Rate of convergence) |3, — fo| + |[An — Aol = Op(n~7) for some v > 0 and

some norm || - ||.

A5’. (Stochastic equicontinuity) For any C' > 0,

sup IVn(Spn — S6) (B, A+, 3))

|B—Bol+IA=Ao||<Cn—

—/1(Spn — S5)(Bo, Mol Bo))| = 0,(1)
and

sup |\/E(SA,n - SA)(ﬁw/\(aﬂ))[h*]

|8=Bo|+|A=Ao||[<Cn—
(8 — 1) (B0, Aol B0)) ] = 0p(1).

A6’. (Smoothness of the model) For some « > 1 satisfying ary > 1/2, and for (3, A)

in a neighborhood of (£, Ao) : {(8,A) : |3 — Bo| + [[A = Aol| < Cn77},

‘Sﬁ(ﬂ,A(-,ﬁ)) — S3(Bo, Ao(-, Bo))
- Sﬁﬂ(ﬁo,/\o(wﬁo))(ﬂ — fo) — 5@A(ﬁo,Ao(~,ﬁo))[A(';5) = Aol ﬁo)”
= O{(I8 = Bol + 1A = N[}

and

}SA(B, A, 8)) "] = Sa(Bo, Ao+, Bo)) [h7]
- 5/\5(507/\0('750))[11*](5 — o) — SAA(507A0('750))[h*> A(- B) - AO("%)H
= O{(|8 — Bol + |A — Aol})*}-
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These modified assumptions are easier to verify when a (sub-optimal) convergence
rate for Bn is known, and we still have the asymptotic normality result for Bn under
these modified assumptions, which is summarized in the corollary below.

Corollary 3.6.2. Suppose that assumptions A1’, A2-A4, and A5-A6’ hold. Then

\/ﬁ(ﬁn - 60) = Ail\/ﬁ an*(ﬁ(J?AO("ﬂO);X) + Op(l)

—q N(0,A7'B(A™YY),

where m*(Bo, Ao(+, Bo); ) and B are given in Theorem 3.6.1 and A is given in as-
sumption A3.
Proof. The proof is almost identical to the proof of the Theorem 3.6.1 except that

equations (3.15) and (3.16) become

Sﬁﬁ(ﬁoa AO('a 50))(371 - 50) + SBA(ﬁO;AO('aﬁO))[An<'>Bn) - Ao(',ﬁo)]
(3.17) + San(Bo, Ao Bo)) + O{(18 = Bol + 1A — Aol))*}

= Op(n_1/2>
and

Sas(B0s Mo, Bo)) 0] (Bn — Bo) + Saa(Bo, Aol Bo)) 0™, A (-, 3,) — Ao(-, Bo)]
(3.18)  + Sanl(Bo. Mol Bo)) [0+ O{(18 = Bol + |A — Ao|)*}

= op(n’1/2).

Since o > 1 with ary > 1/2, the rate of convergence assumption in A1” implies that
VRO{(I8 = Bo| + [|A = Ao]))*} = O,(n'/2727) = 0,(1), then (3.17) — (3.18) together

with A3 yields

(S’ﬁﬂ(ﬁm AO('7 60)) - SAB(ﬂO, AO('a ﬁO))[h*])(ﬁAn - ﬁO)

= ~(Sp(Bo: Mol-+ 50) = S (Bo, Ao) 1) + 0, (n ™),
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that is,
—A(By = o) = —Pum” (o, Mol Go); X) + oy %)

This yields

\/E(Bn - ﬁO) = A_l\/ﬁpnm*(ﬁm AO('7 ﬁo); X) + Op(l)

—q N(0,A7'B(AY).

3.7 Discussion

Comparing to the existing methods for estimating (3 in the semiparametric model
(3.1), the proposed method has three advantages. Firstly, the estimating functions in
(3.9) and (3.10) are smooth functions in contrast to the discrete estimating functions
in (3.2) and (3.3). Thus the root search is easier and can be done fast by conventional
iterative methods such as the Newton-Raphson algorithm. Secondly, the standard
error estimates are obtained directly by inverting either the information matrix under
the efficient score function for the slope parameters or the observed information ma-
trix of all parameters, which are both more computationally tractable compared to
the re-sampling techniques. Thirdly, the proposed estimator achieves the semipara-
metric efficiency bound. The kernel-smoothed profile likelihood estimator proposed
by Zeng and Lin (2007) has also been claimed to achieve the semiparametric effi-
ciency bound, however, their approach is less intuitive and not easy to implement
numerically. Moreover, their method is restricted to the logarithm transformation
only and can be more difficult to implement for general monotone transformations.

From our simulation studies, it looks that the standard errors of either the Gehan-
weighted or the Log-rank estimators are close to the standard errors of the proposed
method. We recommend that when the sample size is small, one can compute both

the Gehan-weighted and the Log-rank estimators, and choose the one with a smaller



88

standard error. While for the large sample size, the proposed method is preferred
since it not only yields statistical efficient estimators but also estimates the variance
matrix faster.

By providing a statistically efficient and computationally feasible estimating pro-
cedures, this work makes the semiparametric linear model a more viable alternative
to the Cox proportional hazards model. In some applications, censoring occurs just
because the equipment cannot detect values under or above certain thresholds. For
such type of censored data, the semiparametric linear model is particularly more at-
tractive since in this context, the concept of hazard is not relevant. The left censored
data can be turned to the right censored data by using —7T" and —C' as the failure

and censoring variables when applying the semiparametric linear model.

3.8 Appendix: Proofs of the Technical Results

This section contains the proofs for Theorems 3.3.1 and 3.3.2. Some empirical
process theorems developed in van der Vaart and Wellner (1996) and van der Vaart
(1998) will be heavily involved. We use the symbol < to denote that the left hand
side is bounded above by a constant times the right hand side and 2 to denote that
the left hand side is bounded below by a constant times the right hand side. For
notational simplicity, we drop the superscript * in the outer probability measure P*

whenever an outer probability applies.

3.8.1 Technical Lemmas

We first introduce several lemmas that will be used for the proofs of Theorems
3.3.1 and 3.3.2.

Lemma A.1. Under Conditions C.1-C.3 and C.6, the log-likelihood

1(6,g: 7) = Ag(Y — X'B) - / 1Y > t)explglt — X'B)} di
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has bounded and continuous first and second derivatives of [(3, g; Z) with respect to
6 € B and g € HP.

Proof: This result follows by direct calculations. By the definition of the func-
tional derivatives in section 3.6, we can obtain all the first and second derivatives of

1(B, g; Z) with respect to § and g as follows:

i5(8,9; Z)
= -x{ 290 - x9) = [ 107 2 Dexwlote - XYt - X at
Io(8, 9;: Z)[h] = a%l(ﬁ, g+ 1h; Z)ly=0
_ AR(Y - X'B) — / LY > t) explg(t — X'B)Vh(t — X'B) dt,
los(8, 9: Z)
= {aiy - x0) - (1002 hexplate - X0 it - X9
+ ¢*(t — X'B)] dt},
lsg(B,9; Z)[h) = L5(B, g: Z)[I]
= —x{aiy - x5 [10v 2 Desplale - X5 i - X'
+ gt — X'B)h(t — X'B)] dt},
log (B, 9: Z)[h1, ho]
== [ 10 = D explae = X8 (e = XDt — X'5)
where h € H={h: h = 92,9, g, € H"}. All the above derivatives are continuous

and bounded due to Conditions C.1-C.3 and C.6.

Lemma A.2. For gy € HP, there exists a go,, € H? such that

Hg[),n — golloc = O(n™"").
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Proof: This is a direct result according to Corollary 6.21 of Schumaker (1981),
that is, there exists a go,, € H? such that ||go.n — gollec = O(q,?) = O(n™ ™).

Lemma A.3. Let 8y, = (8o, go.n) With go,, being defined in Lemma A.2. Denote
Fo=AU0;Z) —l(bpn; Z) : 0 € OF}. Assume that Conditions C.1-C.3 and C.6 hold,
then the e-bracketing number associated with || - ||« norm for F, is bounded by
(1/e)mt e, Nij(e, F, || - [loo) S (1/€)“mT4 for some constant ¢ > 0.

Proof: By the calculation of Shen and Wong (1994) in page 597, denote [z]
as the ceiling of the number x, then for any ¢ > 0, there exists a set of brackets
{lgF %)+ i = 1,2, [(1/)19%]} such that for any g € H2, (1) < g(t) < ¥ (¢)
for some 1 <i < [(1/e)9] and all t € [a,b], and ||g¥ — g7l < e. Since B C R% is
compact, B can be covered by [co(1/€)?] balls with radius ¢; that is, for any 3 € B,
there exists an 1 < s < [ey(1/¢)?] such that |3 — 3| < € and hence |2/(3— 3,)] < Ce
for any x € X because of Condition C.2(a), where C' > 0 is a constant. This indicates
that t — /0 € [t — ', — Ce,t — 2’ B, + Ce] for any = and t. Assume g*(t — /3, +ci'e)
and gV (t — 2'F, + c5'e) are the minimum and maximum values of g~ and gU within
the interval [t — 28, — Ce,t — 2’ B, + Ce], where ¢* and c5' are two constants that

only depend on gF, ¢V and t with |¢}'],|c5'| < C. So we have
gf(t — '8, +c'e) < gi(t —a'B) < g(t — 2'B) < g (t — 2'8) < g/ (¢ — 2B, + &5'e).
Hence we can construct a set of brackets
{[mi(2),mi(2)]i=1,--- [(1/e)*"]; s=1,---,[ea(1/)] }

that for any m(0; Z) € F,, there exists a pair (i, s) such that for any sample point
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Z, m(0; Z) € [m}(Z),m{(Z)], where
mh(2) = {Adh - X5 10 2 Delal (¢ - X5+ o) )
— 1(Oon; Z)

= {Agf(es + czl’Ys) — / 1(ep > t) exp{gZU(ts + cg’ts)} dt} —1(0p.n; 2)

mgS(Z) = {AgZU(Y — X'Bs + cé’ye) — / 1Y > t)exp{gF(t — X'B, + c’i’ts)} dt}

:{Aﬁ@+é¥wi/Mmzﬂmmﬁm+ﬁ®}ﬁ}4ﬂmzx
with
(3.19) € =Y —X'B,, =Y —X'fyand t, =t — X'(Bs — o)
for notational simplicity. It then follows that

M (Z) =mi(2)] < 9! (es+ 57 e) — gl (e + 7 e)|

b
T / lexplg? (s + c'e)} — explgl(ts + cite)}| dt

- Al +A2

For A, by subtracting and adding the terms g(e, + 5" ¢) and g(e, + 0" ¢e) and

applying the Taylor expansion to g at €5 + cil’ys, we have

Ar < g7 (s + 65 e) — gles + c5 o)+ [gles + 57 e) — gles + T e)| +

+ |gles + ¢t e) — g (es + Vo)
< 1gY = glloo + |g(es + ) (5 — el + 19 — gF oo

0,Y 0, Y
< 6P = gF oo + (5" —)e

S e+ 2Ce S,
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where the third inequality holds because ||g" — g|loo, g — 9 loo < |gY — gF|| and

g is bounded. For A,, by using the similar arguments as for A;, we have

A= [ {leslal 6+ ) — espl(t + o))
+ lexp{g(ts + ¢5'e)} — exp{g(ts + ci'e)}|
+ [exp{g(ts + \'e)} — exp{g/ (t, + &"e)}|} dt
b
= [ llental .+ &2} al - o)t + ')
+ [exp{g(ts + &)} (ey" — c")e
+ [exp{gi (ts + "o ) Hoi — 9)(t +ay'e)|} dt
S Ngf = glloo +1(e5" = el + llg = gl S &
The first equality above holds because g7 = g + £(g” — g) for some 0 < £ < 1 and
thus |gY (t)] < |g(t)| + &, which is bounded in [a,b], and similarly for ‘. Hence
|mY — mF||. < e and the e-bracketing number associated with || - ||, norm for the
class F,, follows
N Bl o) < (1250 (1/2) 5 (1)

Lemma A.4. Let hj(t) = —go(t)P(Xjleo > t), j = 1,--- ,d. This is the least
favorable direction for the score function of the nonparametric component gq, which
will be shown in the proof of Theorem 3.3.2. Assume Conditions C.1-C.6 hold, then
there exists an h},, € H such that ||h}, — hill = O(n™%).

Proof: By Conditions C.4-C.5, the conditional density of ¢y given X, i.e.,
feox(tX =2) = fF(t)Gox (t + 25| X = ) + gox (t + 2/ 6| X = ) F(t)
is uniformly bounded for all x € X', and its derivative with respect to ¢, that is,

foix (X =2) = fO)Gox(t+2' 3| X =) — f(t)gox (t + 25| X = )

+ gox (t+ 2" 6o| X = 2)F(t) — goyx (t + 2" o] X = x) f(t)
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is also uniformly bounded. Hence the density of ¢

m@=£¢mmxzwhqu

and its derivative
g@:/ﬂwmxzmﬁqu
X

are bounded. Thus the first and second derivatives of P(ey > t), i.e., —f(t) and
— fuo (), are both bounded. In addition, under Condition C.2(a), the first and second

derivatives of P[X1(ey > t)] with respect to t, i.e.,

dP[X1(eq > 1)]
dt

= —/Xl“fx(ﬂ?)feox(ﬂX =uz) dx

and
dZP[X]_(EO Z t)]
dt?

Z—Ajh@MmMXZMdﬁ

are also bounded. Therefore, P[X|ey > t] = P[X1(ey > t)]/P(ey > t) has a bounded
second derivative with respect to ¢t for ¢ < 7, where 7 is the truncation time defined in
Condition C.3. Thus P[X|ey > t] € H?. Moreover, since gy € HP for p > 3, we have
go(t) € HP~! with p —1 > 2. Thus according to Corollary 6.21 of Schumaker (1981),
there exists an h}, € Hy@P=12) — 142 quch that |7 = R3,llse = O(g,%) = O(n™).

Lemma A.5. Let hi, j =1,---,d be the function defined in Lemma A.4 and

denote the class of function
Fi(n) = {Ig(0;2)[h; — h] : 6 € O, h € M} and d(6,6p) < n, [|h — 1]l < n}.

Assume Conditions C.1-C.6 hold, then Nj (e, Fi(n),| - lo) S (n/e)?™** for some
constant ¢ > 0.

Proof: We shall use the similar argument for the bracketing number of the class



94

F, in Lemma A.3. First, define the classes of functions

HE(m) = {g9€Hh, |lg — goll2 <},
He () = {heH||h—hw<n} and

then it follows by the calculation of Shen and Wong (1994) in page 597 that
Niy(e Hy ), D+ lloo) < (n/)® and Npy(e, Hy ;(0), ||+ [l) < (n/)

for some constants c;, co > 0. In addition, since B C R? is compact, the covering
number for B(n) follows N (g, B(n), | - |loo) < c3(n/e)e.

Then as in the proof of Lemma A.3, let €, ¢y and t; be defined in (3.19) for
notational simplicity. g and ¢g¥ are functions that bracket g with ||g¥ — gFlo < &;
hE and hY are functions that bracket h with |[hY — hk|. < &; and 3, satisfies
t—a'f € [t—a'Bs—Ce, t—a'Bs+Ce| = [ts—Ce,ts+Ce| for any x, t and some constant
C' > 0. Moreover, let ¢ and ¢}*' be two constants that (h — hy)(ts + A*te)
and (ht — hy)(ts + ™) are the minimum and maximum values of (h — hy) and
(hs —hg) in [ty — Ce, ty 4 Ce], respectively; and let i and ¢;" be two constants that
gE(ts + c'e) and gV (t, + c'e) are the minimum and maximum values of g~ and gV
in [ty — Ce, ts + C¢l, respectively. Then we can construct a set of brackets for FJ(n)

as
{[d1s(2), dig (Z2)]:1 < i< [(nfe)" ] 1<k < [(n/e)*"]; 1< s < [es(n/e)"]}
that for any [,(6; Z)[hs — h] € Fj(n), there exists a triplet (i, %, s) such that

ly(6; Z)[; — h] € [d,,(Z), ), (2)]
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for any sample point Z, where
dfys(Z) = AR = hil)(es + " e)

b
/ (6o > t)ed (tstei DR — BE)(ts + P {(W = B)(t, + ™'e) > 0} dt

}_l

b
1 (o > 1)e e (hr — REY(t, + GH (RS — h)(t, + ™) < 0} dt

and
A s(Z) = A = h)(es + "7 e)
—/bl(EO zt)egf@sﬂé’ta)(h W) (ts + M) L{(R — h)(t, + c™'e) > 0} dt
—/bl(eo > t)edt e (s — B (t, + M) L{(RE — h)(ts + 45'e) < 0} dt.
Then it follows that
|46 (Z) = di J(2)] < |(B] = B (es + 5'e) = (B = hil)(es + ™e)]
[ e s Y+ AL~ W ) 2 0)
— eI FE ) (xR (b, + SE (5 — R) (¢, + M) > 0} dt
/|egz WAED (e — )ty + ) L{(RS — B)(ts + ™) < 0)
— e D (1 B (1 + P (R — h)(t + Je) < 0} dt
= Ay + Ay + As.
For term A;, by subtracting and adding the terms hE (e, + ¢7*'s), h(e, + ?™') and
h(es + c;”k’te), and applying the Taylor expansions for A} and h, we have
A < IR (es + M) = hiles + o) + B (e + fMe) — hi(es + e
+ B (€5 + e) = hles + ci™e)| + [h(es + f'e) — hles + e

+ |h(es + AFte) — Bl (e, + AFe)|

N

5™ — e 17— hglloe + 155 = hlloo + 165" — ™ e + I1h — B lloc

S 1M = qMe+ I — il S e
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Next for Ay, first, by subtracting and adding the term e%’ “S*Cfta)(h;f —h)(ts+ P e)

we have

b - . it :
AL = / |9 (') (px LY (1, + Ple) — o D (nr — BT (8, + Fe)| dt
b

< / egiU(ts+Ci’tE)|(h;f _ hé)(ts + C;,k,ts) . (h;k . hg)(ts + C{,k,t€)| dt

a

b [ et e et SN )1+ )

= A4 +A5

By the above result for Ay, since ||¢Y[lco < [9lloe + l9¥ = 9lloo < [|9lloo + €, Which is

bounded, we have Ay < ||A1]|« f; e9! (t=+ei’e) g < ¢ Then for As, using the similar

argument for Ay, it follows that
b y y . .
Ay <05 = Wl [ {00679 — et e’ ot
+ Jesltstes’e) _ ealtetes’ )| ) gy
b
* 4 s ci’t i,
< W%-Jmm+ﬂh—hﬂk){/[é”““””@?—gﬂu+0&ﬂ

+ eS| (ct _ (Bhye| 4 st (g — gBY(t, + cs'e)]] dt}

N

(m+e){llgY — glloo + I — &'l + lg — gFlloo}

S (ntekSe,

where g = g+ &(gV — g) and §F = g+ &(gF — g) for some constants &, & € (0, 1),
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and & = ¢§' + &(c) — ¢§") for some € € (0,1). Thus A} < e. Therefore,

Ay < / ,egz (ts+cy s) — hE)(t, +c7’” ) — egiL(tercé’ts)(h; —h;g)(ts+c{’k’t5)|
- 1{(h] — h)(ts +Pe) > 0} dt
+ / et (") (7 — )2, + JFe))
(R = h)(ts + §™'e) > 0} — L{(h} — h)(ts + c}™'e) > 0} dt
S At / [H{(n o) > 0} — L{(h} — h)(ts + ¢)™'e) > 0} dt

S €+\(C‘é’k’t— i™el Se,

where the second inequality holds since ||g5||oo < ||9lloo + 1195 — 9lloe < [|9]loe + € and

thus is bounded, then

st 4" (2 — Bt + )| < e

so([l = hlloo + [1h = Bl ll) < (n+€),

which is bounded. Finally, by using the same argument as for A,, we can also show
that As S e. Hence ||df (Z) —d}), ,(Z)|ls < €. Therefore, the e-bracketing number

for the class Fi(n) is bounded by (n/e)%(n/e)2c3(n/e)?, that is,
Nii(e, B Il lloo) S (nfe)erteante,
Lemma A.6. For j =1,---,d, define the two classes of functions as
Fri () = {5,(0:2) = s, (60;2) : 0 € O, g € H™" and d(6, 60) <, 11 — goll> <},

and

F2(n) = {I,(0; 2)[03] — [y(60; 2)[13] : 0 € ©F and d(6,60) < n},

where l@(@; 7) is the jth element of i(f; Z) and h% is defined in Lemma A.4.
Assume Conditions C.1-C.6 hold, then N[](é,ff’j(n),H Neo) S (n/e)rat e and

Ny, FLim), |- lloo) S (n/e)* for some constants ¢y, ¢; > 0.
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Proof: First, for the following classes of functions

HE(m) = {9 €HE, |lg — goll2 < n},
HE ) = {geHE ]9 — goll2 < m} and

B(n) = {BeBCR,|B- 5| <n},

by the same argument in the proof of Lemma A.5, we have

Ny Hum) - lloe) < (/2) 5 Nij(e, HE 7 (), - lloe) < (n/2),

and N (g, B(n), || - llo) < c3(n/e)? for some constants ¢, ¢z, c3 > 0.

Then using the similar argument as in the proof of Lemma A.5, let g~ and gV be
functions that bracket g with ||¢¥ — ¢¥|le < &; gF and g be functions that bracket
g with [|g¥ — gF|lee < €; and let 3, satisfy t — /8 € [t — 2/, — Ce, t — 2'B, + Ce] =
[ty — Ce,ts + Ce| for any z, t and some constant C' > 0. Moreover, let c’f’t and
5" be two constants that gL (t, 4+ ¢'e) and ¢¥(t, 4+ c5'e) are the minimum and
maximum values of gF and ¢¢ in [t, — Ce,t, + C¢|, respectively; let c§* and c* be
two constants that g*(t, + cy'e) and gV (t, + c;'¢) are the minimum and maximum
values of gF and ¢V in [t, — Ce,t, + Cég|, respectively; and let cg’t and cé’t be two
constants that A} (t, + cl'e) and hs(ts + cy'e) are the minimum and maximum values

of b} in [t, — Ce,t, + Ce]. Then we can similarly construct a set of brackets for

B
fn,j(n) as

{luins(2), uip(Z)] 1 1< i < [(n/e)]; L< k< [(n/e)*™]; 1< s < [es(n/e)"]}
that for any element in ffd (n), there exists a triplet (7, k, s) such that

I5,(0; Z) — l5,(00; Z) € [uby [(Z), uly ((2)]
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for any sample point Z (without loss of generality, assume X; is nonnegative, for

negative X, just switch the lower and upper brackets), where
. kY
h(2) = -5 { A e+ &7
b L i,t
_/ L(eo > 1) F4 gl (b, + ') 1{g(t, + ey'e) > 0} dt

b 3 .
—/ 1(eo > t)egy(tﬁczte)gﬁ(ts + clf’te)l{g(ts + clf’ts) < 0} dt} —1g,(Bo, 90: Z)
and

W (2) = —Xj{Ag,ﬂes LY
b U i,t
_/ 1(eg > t)eds U+ gl 4 cb'e)1{g(ts + cb'e) > 0} dt

b » :

- / Leo = t)es gl (1 + &5 o) 1{g (s + "e) < 0} dt} 13, (Bo, 90 2),

with €, and ¢, being defined in (3.19). Also we can construct a bracket for F ;(n) as
{Wi(2), vii(2)] : 1< i< [(n/e)]; 1 < s < [es(n/e)']}

that for any element in 7/ (1), there exists a pair (i, s) such that

L4(0: 2)[1}] = 1y(00; Z) (] € [v](2), v, (2)]
for any sample point Z, where

vk (7)) = {Ah;(es +cVe)

b

/ (e > t)es GO pe (b, + le) {3 (t, + ch'e) > 0} dt
/b

L(eo = ) 0 h3 (1, + o) L{h3 (¢, + ci'e) < 0} dt} — i, (00: Z)[12]
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and

£(2) = {atite+ 47e)
— / b 1(eo > t)egf<ts+c§’t>h;f(ts + o) 1{h(t, + cb'e) > 0} at
- / b 1(ep > t)est Gt (b, + Ble) 1{h; (t, + ') < 0} dt} —14(00; Z)[13).
By using the similar argument for the proof of Lemma A.5, we can show that

lufk s (Z) — i o(Z)]loo S € and [ (Z) = vi(Z) ]l < & Therefore,

N L), - ) S (0/2)2 (/) (nf) = (nfe)erredmd

and

Niy(e, Fo i) 1 lleo) S (n/e)" (n/e)" = (/).

3.8.2 Proof of Theorem 3.3.1

We shall apply Theorem 1 of Shen and Wong (1994) to derive the convergence rate.
First, we verify their Condition C1. Since PI(f3,g; Z) is maximized at (5o, go), its
first derivative at (0o, go) is equal to 0. By Lemma A.1 that all the second derivatives

of (8, g; Z) are continuous and bounded, so the Taylor expansion yields

PU(B, g; Z) — Pl(Bo, 903 Z)
(3.20) = %P{(ﬁ - 50)%&(50790; Z)(B = Bo) +2(8 — ﬁo)/iﬁg(ﬁoygo; Z)[g — 90
+ Iyg(Bo. 903 Z)1g — 90,9 — go] } + o(d* (0, 6))

= A+o(d*(0,6)),

where 6 = (f3,g) € ©F. By the model assumption we have P{ig(ﬁg, go; Z)[h]| X} =0

for all h € {h = %i;\nzo, gy € HP}. The result holds in conditional expectation
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because the log-likelihood I(3, g; Z) is from the conditional density of (Y, A, X') with

conditioning on X. Taking A to be gy and ¢ — gy respectively, we have

P{Ago(y X8 — / LY > ) explao(t — X'Bo)}iolt — X' o) dt’X} ~0

and

P{A@—%)(Y—X’%)— 10 2t esplante X016 a0) (0~ X5 dt'X} o

Then it follows

a = P [ 1z 0 ew{aH -l - X7
+ 200(0)8 — 50 X (g = a)) ~ (g — 900}
= =P{3 [ 10z Desplal®) (05 - )X - (o - o)) at}
320 = = [ ep{nO}P{la 2 00 - 4)X - - @ O]} d
The integrand is from a to 7 (< b) because of Condition C.3 and C.6. Denote

So(t) = —go(t), Sl(t;ﬁo,X> = 1(60 > t)(ﬁ — ﬁo),X, and Sg(t; 60) = 1(60 > t), then

P{1(e0 = D[go(t)(5 — o)’ X — (g — go)(1)]*}

= P{[so(t)s1(t; c0, X) + (9 — 90)(B)sa(ts €0))*}
(322) > SA(1)P(s) + (9 — 90) (VP (s3) — 2so(t)(g — go) () P(s152)]
Using the same argument in Wellner and Zhang (2007), page 2126, under Condition
C.7, we have [P(s1s5)]? < (1 — n)P(s2)P(s2) for some 5 € (0,1). It follows

(322) > S(H)P(s}) + (9 — g0)* (D) P(s3)
— (1=m)7 - 20so(){P(s1)}2] - [(g — 90) (N {P(s3)}?|
> {1= (1 =02 Hs5OP(sD) + (9= 90) ()P (s3)}

2 9o(t)(B = Bo) P[L(eo = ) XX'](B = Bo) + (9 — 90)*(t) P[L(e0 = 1)].
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Hence, we have

(3.21) < —{(5 — o)’ {/T exp{go(t)}g2(t) P[1(eq > t) X X] dt} (5 A
+ [ exploo}o — 900 Pl1(eo 2 1) dt}

= _(Al + Ag)
For A;, Condition C.3 implies that
Pll(ep > t)XX'| = P[XX'P(ey > t|X)] > P[XX'P(eg > 7|X)] > 6P(XX').

Then Condition C.2(b) yields that P(X X') is positive definite and thus its smallest
eigenvalue A; > 0. In addition, [ exp{go(t)}¢3(t) dt is bounded away from zero

since exp{go(t)}, g2(t) > 0 but not = 0 for ¢ € [a, 7]. Hence it follows that
Ay 2 (8= B0) P(XX')(B = Bo) > M|B = Bol* Z 18— Bol*.
For Ay, Condition C.3 with the fact that exp{go(t)} = dAo(t) yields
A2 Pla 2 7) [ (9= a0 do®) 2 llg - sl

Therefore
(3:21) £ — (16— Bol> + llg — 9oll3) = —d*(0,60),
and thus
PU(B,g9; Z) — Pl(Bo, 90: Z) S —d*(6,60) + o(d*(6, 6)) < —d*(0, ),
i.e. P(I(0y; Z) — PlL(0; Z)) = d*(0,06,) for any § € OF which implies that
inf P(l(6y: Z) = 1(6: 2)) > 2.
R (1(00; Z2) —1(0;2)) Z €

Hence Condition C1 of Shen and Wong (1994) in page 583 holds with the constant

a = 1 in their notation.
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Next we verify the Condition C2 of Shen and Wong (1994). Denote ¢ =Y — X'f3

and tg =t — X'(8 — [y) for notational simplicity. It follows that

[1(6; Z) — 1(00: Z)]?

b b
= {Ag(eﬁ) — / 1(eg > )9 dt — Ago(eo) +/ 1(eq > t)es® dt}

2

2

Aw@a—%@wP+{[fu%zkaM—&www}

N

AN

b
Blgles) = golcol? + [ en) — em O at
< Algles) — gleo)]” + Alg(eo) — go(eo))”
b b
. / [e9t9) _ a2 gy / 090 _ ca0®]2 gy

= h+DL+1I3+ 1
where the second inequality holds because of the Cauchy-Schwartz inequality
b 2 b b
{/ 1(eo > t)[eg(t@) — 6go(t)] dt} < {/ 1(e > t) dt}{/ [eg(ta) — 6go(t)]z dt}
a . a a
<(b—a) / [t — e @] dt,

and the third inequality holds by subtracting and adding the terms g(e) and e9®

For I, since g € H2! is bounded, applying Taylor expansion for g at ¢y we get

PI; = P{Alg(eo — X'(B— o)) — g(e0)]*}

< Plgleo — X'(B— o) X' (B — Bo))”
S P[X/(ﬁ - ﬁo)]Q = (5 - 50)/P(XX/)(5 - 50)
< MlB = Bol* 16— Bol,

where \; is the largest eigenvalue of P(X X'). For Iy, since the density function for

(Y,A=1,X)is

Frax(,1,2) = Aoy — 2'Bo)e W5 Gr (| X = 7) fx(2),
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it follows that

PI, = P[A(g — 90)*(¢0)]

b
(3.23) = /X{/ (9(t) = go(t))*Mo(t)e WG x (t + 2/ Bo| X = ) dt}fx(x) dx

< { / "(alt) — (02200 dt}fx<m> da
= [ lo= w3 fxle) do = llg ~ sl

Then for I3, since g € ‘H? is bounded, it follows that
b
PI, = P / [9(=X"(-50)) _ (a(0]2 gy

b -
. / e29(=X"B=B) X" (8 — By)]? dt

AN

b
| e - a
< (B—50)PIXX')(B— Bo) S 18— Bol®.
Finally for I, by the Taylor expansion for e9® at gy, we have
b
PI, = / [eg(t) _ego(t)]2 dt
(Ib )
< / 20 (g(t) — go(£))? dt
b
- / 270-000) (g (1) — go(1))? dAo()
b
< / (9(t) — go(0))? do(t) = Ilg — goll3

where §(t) = go(t) +£(g9— go)(t) for some 0 < € < 1 and hence is bounded. Therefore

we have
P(l(0; Z) — U(60; 2))* S |8 = Bol” + |lg — goll3 = d*(6, 6o)

for any 6 € ©F  which implies that

sup  Var(l(00: 2) = 1(6;2)) < sup  P(I(00: 2) = U(0; 2))* S €.
{d(6,60)<e,0€00} {d(6,60)<e,0€08}
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So Condition C2 of Shen and Wong (1994) in page 583 holds with the constant § = 1
in their notation.

Finally, we verify the Condition C3 in Shen and Wong (1994). By lemma A.3, for
Fo={U6;2)=1(000n; Z) : 0 € OP}, we have N (g, Fp, || - [|oo) S (1/€)% 4. Then by
the fact that the covering number is bounded by the bracketing number, it follows

that
H(e, Fu, || - [loo) = log N(g, Fo, || - lloo) S (cqn + d)log(1/e) S n”log(1/e).

So Condition C3 of Shen and Wong (1994) in page 583 holds with the constants
2rg = v and r = 0" in their notation.

Therefore, the constant 7 in Theorem 1 of Shen and Wong (1994), page 584, is

1-v  loglogn Since loglogn

5 Slog Sosn 0 as n — 0, we can pick a v slightly greater than v such

that 1;2’7 < 1_7” — % for n large. We still denote the © as v and then 7 = I_T”
Then by definition 6, maximizes the empirical log-likelihood P,l(6; Z) over the sieve
space OF | so 0, satisfies the inequality (1.1) in Shen and Wong (1994) with 7, = 0. By
Lemma A.2, there exists an go,, € HE such that ||go., — gollcc = O(n™?). Moreover,
by the Taylor expansion for P[l(5y, g0; Z) — 1(B,9;Z)] in (3.20) and plugging in
0 = 0o, = (B0, 90.n), the Kullback-Leilber pseudodistance of 6y, = (5o, go.n) and

60 = (ﬁo, go) follows

K(Qom, 00) = P[l(eo, Z) — l(e()’n, Z)]
= —P{ﬂ,g(ﬁo,go)[go,n — 90, 90,n — go]} + o(|lgo.n — 90||§)

= P{/a 1(eo > t) exp{go(t)}(gon(t) — go(t))* dt} +o(|lgo — 9ol12)

b
< / (Go(t) — 9o(1))” dolt) + olllgon — gol12

— ||gO,n - go||% + O(HQO,n — gOH%) — O(n—Qpl/)’
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where the last equality holds because [|go., — goll2 < ||go.n — gollcc = O(n™?”). There-
fore KY2(6y,,,00) = O(n™P). Thus by Theorem 1 of Shen and Wong (1994), we

obtain the convergence rate for én as
d(ém 6‘0) = Op{max(n—(l—l/)/Q’ n—pl/’ n—pu)} — Op{n_ min(pu7(1—1/)/2)}‘

This completes the proof of our Theorem 3.3.1.
3.8.3 Proof of Theorem 3.3.2

We prove the theorem by checking the assumptions Al’, A2-A4 and A5-A6’
of Corollary 3.6.2. Here the criterion function of a single observation is the log-
likelihood function I(f3, g; Z). So instead of using m, we use [ to denote the criterion
function. All the first and second derivatives of [(3, g; Z) with respect to 5 and g are
calculated in Lemma A.1. By Theorem 3.3.1, note that assumption A1’ holds with
v = min(pv, (1 —v)/2) and the norm || - ||» defined in (3.11). A2 automatically holds

by the model assumption. For A3, we need to find an h* = (hf,--- , h})" such that

gﬁg(ﬁo, g90)[h] — 599(507 g0)[h", Al

= P{Zﬁg(ﬂo,go; Z)[h] - Zga(ﬁo,go; Z)[h*’ h]} =0

for all h € H={h: h=%|,,9, € H"}. Note that

P{[,Bg(ﬁoago; Z)[h] - z.gg(ﬁoago; Z)[h*7 h]}

= Pl x[ahe) - [ 160z Detmoie al

b
# [ 1 = O exp{am(®MOLX (0 + () dr |
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As in the proof of Theorem 3.3.1, P{l,(80, go; Z)[h]| X } = 0 by the model assumption

for all h € H. Therefore, by taking h to be h, we have

P{-x[aite) ~ [ 1060 el ai] |
_ P{_x.p{m(eo)_/abueozt)exp{go(t)}h(t) dt‘X]}
— P{-X-0}=0.

Hence we only need to find a h* such that

P{ [ 0= estatnoixa + v a
- / ’ exp{go(t)}h(t){go(t)P[L(eo > t)X] + h*(t)P[1(eq > )]} dt = 0.
One obvious choice for h* is
(3.24) h*(t) = —go(t)
Then it follows that
I (50, 903 Z) — Iy Bo, g0; Z) 7]
= A{—go(Y — X'Bo)H{X — P(X|ey > Y — X'fi)}
- / 1Y = X' = {X — P(X]eo = ) H~dolt)} exp{an(t)} dt
_ / {X = P(Xey > t)H{~do(t)} dM ()
_ / {X = P(X|Y = X'y > ) H{—go(1)} dM(2),

which is the efficient score function for f§y with
t
M(t) = AI(Y = X'By < t) - / I(Y — X'By > s) exp{go(s)} ds.

—00

We denote the efficient score function as Iy (Y, A, X). Then by the fact that

Pls(B,9:Z) = /Ziﬁ(ﬂ,g;Z)f(zaﬁ,g) dz =0,
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where f(z;[,g) is the density function for 7 = (Y, A, X), it follows that for any

h e H,

0 = %Pzﬁ(ﬁ,g+77h;2)|no
- /Z i (8.9: 2)Wf (22, g) d= + /Z (8. 9: 2) 1, (= . g)[h] d=
— Piy(B.g: 2 + /Z i5(8,9: 2)1.(8, g =)W (2 B, g) d2
= Plgy(B,9: 2)[n] + P{Is(8, 9; 2)I, (B, g; Z)[N]},

and hence Pi'gg(ﬁ,g; Z)[h] = —P{lﬁ(ﬁ,g; Z)i;(ﬁ,g; Z)[h]} Similarly, we have

Plys(B,9: Z)[h] = —P{iy(8,9: Z2)[Mix(B,9: Z2)},
Plgs(B.9:2) = —P{is(B,9: 2)I3(B.9:Z)},
Ploy(B.9: Z)[hi,ha) = —P{iy(B,9: Z)[m]l(B, g; Z)[ha] }.

Then together with the fact that P{Z.ﬁg(ﬂo, go; Z)[h*] — Z.gg(ﬂg, go; Z)[h*,h*|} = 0, the

matrix A in assumption A3 of Theorem 3.6.1 follows

A = P{=l3s(Bo,90: Z) + lgs(Bo, go: Z)[0"]}
= P{~I3s(Bo, 90; Z) + lyp(5o, go; Z)[0"]
+ U5 (Bo, 90: Z) 0] — Uy (Bo. 903 Z)[*, ']}
= P{i5(o, 90; Z2)i5(Bo, 903 Z) — L4(Bo, 90; Z) [0 15(5o, 90; Z)
— 15(B0, 90: 2)Ii,(Bo, go; Z) [0*] + Iy (Bo, go; Z) 071l (Bo, go: Z) [0*]}

= P{i5(Bo, 90: Z) — ly(Bo. g0: Z)[0"]}%2 = P, (Y. A, X)®2,

which is the information matrix for (3, under semiparametric efficiency and it is
non-singular by Conditions C.3-C.5.
To verify A4, we note that the first part automatically holds since (3, satisfies the

score equation (3.9), that is Sﬂ,n(Bmgﬂ) = Pnig(@n,gn; Z) = 0. Next we shall show
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that
Sgn(Bny ) [15]
= pn{Ah;(Y — X'B,) — / LY > t) exp{gn(t — X'B,) R (t — X'B,) dt}

= Op(n_1/2)>

where h3(t) = —go(t)P(Xjle0 > t), j = 1,---,d, is the jth component of h*(t)
given in (3.24). According to Lemma A.4, there exists an h}, € M, such that
W =1, llee = O(n™?"). Then by the score equation (3.10) and the fact that 7, ()
can be written as A}, (t) = >_i", 75, Bi(t) for some coefficients {77,,---,7;,. } and

the basis functions By(t) of the spline space, it follows that

Pn{m;n(y _X'8,) - / 1Y > t) explau(t — X' Bl (t — X'B0)} dt} 0.
So it suffices to show that for each 1 < 5 < d,
In = Syn(Bns ) (15 = 15,] = Puly(Bu, §u; 2) [ = 15, = 0,(n™"/?).
But I,, can be decomposed as I,, = I, + I,, where

Lin = (B = P)ly(B, gus Z)[15 — b3,
and
Lo = P{iy(Bus dn; 2) [0 = 15) = Ug(Bo, g0; Z) 15 = 5]}
because P{ig(ﬂo,gg; Z)[h; — h, ]} = 0. We will show that I1,, and I, are both
0,(n"1/%).
First for Iy,, according to Lemma A.5, the e-bracketing number associated with

| - [|oo morm for the class F(n), where

Fi(n) = {iy(0; 2)[ls — h] : 0 € OF, h € H2 and d(6,60) < n, ||h — B[l < 1},
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is bounded by (n/)®*. This implies that

log Ni 1(e, F(n), La(P)) < log Nyj(e, Fi(n), | - llee) < anlog(n/e),

which leads to the bracketing integral

i1 Fa(n), La(P)) = /077 V14 10g N (e, Filn), Lo(P)) de < q/*n.
Now we pick 7 to be 1, = O{n~™n1=)/2)1 "then
115 = Bl = O(n™2) < Ofn=mn@ =2 =
and since p > 3,
d(,,,00) = O, {n~mn@n(1=1)/2} < O fp=min@n(1-/2)} =4

Therefore, Iy(Bp, Gn; z)[h5 = h3,] € Fj(n). As in the proof of Theorem 3.3.1, denote
ts =t — X'(8 — () for notational simplicity, for any I,(6; Z) (W5 — h] € Fl(nn), it
then follows that

P{ly(6; Z)[h; — h]}*

_ p{A(h; — R)(eg) + / 1(eo > ) exp{g(ts) } (Bt — h)(t) dt}

2

2

AN

Pl — 1P + P [t O explaten)) 05 - wies) d

AN

It~ nlE+ P{ [ exp (2000} 05 - 102(05)
b
= B — B2+ R — B / Plexp{29(t5)}] di

S R = RS < s

where the second inequality holds because of the Cauchy-Schwartz inequality and

second to last inequality holds because g is bounded. Moreover, by Lemma A.1,



111

11,(0; Z) [h5 — hl|l« is bounded by some constant M > 0. Then by the maximal

inequality in Lemma 3.4.2 of van der Vaart and Wellner (1996), it follows that

J[ }(nN>F£(nn)’ LQ(P))M>

Ep|Gnll 7ty S Ju(nn,fi('rzn),Lz(P))(lJr v

1/2

< a 1/2

M+ qun
_ O{nu/Z—min(2V,(1—V)/2)} + O(nu—1/2>

_ O{TL_ min(3u/2,1/2—l/)} + O(nV—I/Q) _ 0(1)7
where the last equality holds because 0 < v < 1/2. Thus by the Markov’s inequality,
Iln = n_l/QGnl'g(én; Z)[h;k - h;k,n] = Op(n_l/2>'

Next for Iy, the Taylor expansion for I,(6,; Z PG — R

% nl at O yields

by Gus 2)[15 = 1) = Lo (o, 903 2) (A5 = b3 ]
= (Bn - ﬁO)IZﬂg<Bna gn; Z) [h; - h;,n] + lgg(én, gn; Z)[h; - h‘;n? gn - 90]7

where (8,,n) is the intermediate value between (G, go) and (3, gn). Then denote

€, =Y — X' B, and t 5, =t—X (Bn — o) for notational simplicity, it follows that
a9 (Bn: Gns Z) [0 — B3]
= ‘X{A(h}f —h:)(ez,)
b
= [ 160 esplantes } 05— )05+ 305~ 15,0005.)] |
b
S 5 = il 4 105 = allod [ exptantes, ) ot

b
+ (IR — h;znuoo{ / exp{gn(ts, )9n(t3,)} dt}
S 0 =B llse + 10 = B3l

= O(n")+0(m*)=0(n"),
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where second inequality holds because §, and its first derivative g, are bounded,
and the last equality holds due to the Corollary 6.21 of Schumaker (1981) that

1755 = 15 loe = O(n=#=1¥) = O(n™"). Thus,

(B = B0) 19 (Bus s Z) I = 1511 = 1B — fo| - O(n™™)

= 0,{n" min(pu,(l—u)/2)} -0O(n™") = 0,{n~ min((p+1)y7(1+3y)/2)}
And also

g (Bns G Z)[15 = 1 G — g0l

[ 1660 > 0 exp (e, 905 = 15,)(65,) 60 — 90)15) dt\

< 15 = 5l { [ 030100 — 00,

= 1A = hjnllec - Isn,
where by the Cauchy-Schwartz inequality and the boundedness of g,,, we have
b 2
(B = { [ ol o - mlts,) e}
b
S [ el2lts)}an - w0 (ts,) dt S 1.~ ol
Hence I3, < ||gn — gol|2 and

|lgg(ﬂm§~]n; Z)[h; - h;k',nvgn - 90” = ||h;k - h;kn”OO ) ||Qn - 90“2
_ O(n—2y) . Op{n_ min(pu,(l—u)/Q)} — Op{n_ min((p+2)y,(1+3u)/2)}‘
Finally since ﬁ <v< ﬁ, it follows that

I, = O{n—min((p+1)v7(1+3u)/2)} _ 0(n—1/2)‘

Thus we have shown that I,, = I, + I, = 0,(n~*/?) and Condition A4 holds.
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Now we verify assumption A5’. First by Lemma A.6, the e-bracketing numbers

for the classes of functions
Fil () = {ls,(0;2) — [5,(00;2) : 0 € O, g € HE™ and d(6,60) < n, ]|g — doll2 < 1}

and

F2 ;) = {1(0; 2)[15] = [4(60; 2)[1}) : 6 € ©F and d(6, 60) < n},
are both bounded by (n/e)"*4 which implies that the corresponding e-bracketing
integrals are both bounded by q,l/ 27), ie.,

T FL (), La(P)) S qi/*n and J; (0, F2,(n), L2(P)) < ¢i/*n.

Then for igj(Q; z) — igj(ﬁo; z), by applying the Cauchy-Schwartz inequality, together
with subtracting and adding the terms §(ep), e g(tg), e%°®g(tg) and e%® gy (t4),

we have
{15,(6;2) — s, (60; 2)}*
={ AX[@%vwo+X/‘m>ﬂWWﬂw )5 umﬁ

S (Al — ileol} + { [ e0i05) = en (o) o |
S {Blalen) — i)} + {Blaen) — dnleo)?)

/ { 69 (tg)) ego(tﬁ)] + [690 (ts) _ 90(t) }g

+/2“% — do(ta)]? + €D g0 (ts) — Go(V)]*} dt

- Bl+BQ+Bg+B4.

For By, since § is bounded and the largest eigenvalue of P(X X") satisfies 0 < Ay < oo
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by Condition C.2(b), it follows that
PBi < P[§(Y = X'5)X'(8 = /)]
< PIX'(B = Bo)]? < MlB = Bol?
S B=BlP<y
For Bs, by (3.23) we have
PBy, = P{A[g(co) — go(€o)]*}
b
7(t) — Go(t))*No(t) d d
< [{[ 0= aora b seto) a

- w—gmgéfamdw

= 19— gll3 <n*.
For Bj, by using the Mean Value Theorem, it follows that

b ~
PB; = P { A g = go)ta)? + e X CI X5 — )2}t dt}

AN

b
[ (o= 902@) dt + PLYG - o)
S g —gollz + 18 = Bol* < 0,
where § = go+&(g— go) for some 0 < £ < 1 and thus is bounded. The first inequality

above holds because of the boundedness of g, gy and ¢. Finally for By, since gy and

go are bounded, by the Mean Value Theorem, it follows that

PB, - P{/?ﬁW%wm»—%@@P+¥M%%m»—%aW}w}
b b 3
5!/@—%ﬂwﬁ+P/mﬁ—XW—&mYW—%Wﬁ
< 19— ol + PIX(B - Go)P

S g —allz+18 = ol < n*.
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Therefore we have P{l@ 0;7) — Zgj(eo; Z)}2 < n?. Using the similar argument, we
can show that P{lg(G; Z)[h;] — I,(6o; Z)[h;‘f]}2 < 7% By Lemma A.1, we also have
115, (05 Z) — 15,(60; Z) |00 and [|i4(8; Z)[h] — Iy(00; Z)[h}][| o are both bounded. Now
we pick n as 1, = O{n~™nE»(1=¥)/21 " then by the maximal inequality in Lemma

3.4.2 of van der Vaart and Wellner (1996), it follows that

1/2

< /2
EPHGanf’j(nn) ~ oy

M + qun

= OGP =) 4 O(n¥"3) = o(1),

where the last equality holds since p > 3 and v < 1. Similarly Ep||G,|| FI () = o(1).
Thus for v = min(py, (1 — v)/2) and Cn™" = O{n~mnE»A=1/2Y — 5 by the
Markov’s inequality,
sup Gl (8,9 2) = I, (5o, 90: 2)} = 0,(1)
18=Bol+llg—goll2<Cn=7

and

sup Gufly (8. 95 Z)[15] = 4(Bo, 90: Z) (151} = 0,(1).

|B—Bol+1lg—goll2<Cn—7

This completes the verification of assumption A5’.

Finally, assumption A6’ can be verified by using the Taylor expansion. Since the
proofs for the two equations in A6’ are essentially identical, we just prove the first
equation here. In a neighborhood of (5o, g0) : {(5,9) : |8 — Go| + |lg — goll2 < Cn~"}

with v = min(pv, (1 — v)/2), the Taylor expansion for ig(f, g; Z) yields

I5(8,9:2) = I5(80,90: Z) + 135(B,3: Z)(B — Bo) + lsg(B. 3 Z)[g — go]
= iﬂ(ﬁoago; Z) + Z.ﬂﬁ(ﬁoago; Z)(B — Bo) + Z.ﬁg(ﬁo»go; Z)g — 9o
+ {lss(B,5; Z) — l33(B0, 90: )} (B — o)

+ {[Bg(éag; Z)g — g0] — iﬁg(ﬁo?go; Z)[g — g0]},
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where (3, §) is an intermediate value between (g, go) and (3, g). So

P{is(8,9: Z) — 15(Bo, 903 Z) — L35(5o, 903 Z)(8 = Bo) — Isg (3, 3; Z)[g — go]}
= P{[ﬁﬁ(@f}; Z) - [65(50,90; Z)}(ﬁ - ﬁo)
+ P{i3,(8,3: Z)[g — go] — I54(%0, 90: Z)[g — 0]}

Then By Lemma A.1, we have
Pliss (B, Z) = L3s(Bo, 903 2
< PIXX'A{g(e5) — Goleo)}|

b .
+P{XX’ / L(eo > ){exp{dlt3) }i(t5) — explgo(t)}o(t)} dt

+ / 1(eo > t){exp{d(t5)}5*(t5) — exp{go(t)}ga(t }dt‘}
< P|A{§(€5)—QO(€O)}|+P{ / rexp{gw}é(tg)—exp{goa)}go(t)\dt}
w2{ [ oottt - explanigiol )

- 01+CQ+03.

By applying the similar argument that we are using all the time, it can be shown
that

Cr S 18 = Bol + 113 — doll2 = O(n™7) 4+ Ofn~ min(r=2m (=723,
where the first equality holds since | B—fo| < |B— o] = O(n~7), and by the Corollary
6.21 of Schumaker (1981), for g within the neighborhood of ||g — goll2 = O(n™7) =
O{n~min»(1=1)/2)1 e have ||§ — Gol|s = O{n~™m((=2»(1=1)/2Y *Similarly, it can

be shown that
Cy S 16 = Bol + 11§ — foll2 = O(n™7) + Of{n~mn{p=20=v)/2y

and

Cy S 16— ol + 1§ = dollz = O(n™7) + Ofn~ min(E=Hnl=/2y,
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Therefore, Pllsg(5,§; Z) — Lss(Bo, go; Z)| = Of{n~™™(p=2»(1-2)/21 and thus

Pﬂﬁﬁ(@g; Z) - Z.ﬁﬁ(ﬁo,go; Z)|(ﬁ - ﬁo)
_ O{n_ min((p—2)w(1—V)/2)} . O{n_ min(pv,(l—u)/Q)}

Y

_ O{n—min(Q(p—l)l/,%—l—(p—g)y,l—lx)} _ O(n—l/Q)

. . . -1 1
where the last equality holds since for p > 3, it follows that 2(p — 1)v > % > 3,
% +(p — g)u > % and 1 —v > % Moreover, followed by the similar argument for

Pligs(3,3; Z) — 135(Bo, go; Z)|, we are able to show that

Plisg(B3.3; 2)]g — g0] — ls4(Bo, 903 Z)]g — g0]|

_ O{nfmin(2(p71)u,%+(p*g)l/,lfu)} _ O(n71/2).

Hence,

\P{is(8,9; Z) — i5(Bo, go; Z) — Iss(Bos 90; Z) (B — Bo) — lg(5,5: Z)g — g0}

_ O{n_ min(2(p—l)y,%—l—(p—%)u,l—y)} _ O(n—a'y>7

where @ = min(2(p — 1)v, 5 + (p — 2)v, 1 — v)/min(pr, :5%) > 1 and ay > 1/2.

Therefore, we have verified all six assumptions of Corollary 3.6.2 and thus we have
\/E(Bn - 50) = Ail\/ﬁpnl*(ﬁm go; Z) =+ Op(l) - N(07 AilB(Ail)l%

where I*(5y, go; Z) = iﬁ(ﬁo,go; Z)—ig(ﬁo,go; Z)[h*] = ig(ﬁg,go; 7) is the efficient score
function for By and A = P{i3(Bo, go; Z)}®2 = I(f,), as shown in the verification of
the assumption A3. Hence A = B and A7'B(A™!) = A~ = I71(3,), and
VI (B, g0 Z) = n72 Y 15 (Vi A, X).
i=1

Thus equation (3.13) holds and we complete the proof of Theorem 3.3.2.
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Table 3.1: Summary statistics for the first set of simulation studies. The true slope parameter is
Bo = 0. SE is the empirical standard error of the parameter estimator, SEE is the mean
of the standard error estimators, CP is the coverage probability of the 95% confidence
interval, and o* = \/I~1(3y)/n is the sample size scaled theoretical standard error under
the fully efficient situation. 'SEE: the standard error estimates by inverting the infor-
mation matrix based on the efficient score function; 2SEE: the standard error estimates
by inverting the observed information matrix of all parameters including the “nuisance”
parameters for estimating the log hazard function. (a): 0.5N(0,1) +0.5N(—1,0.5%); (b):
standard extreme-value; (c): Gumbel(—0.5v,0.5); (d): Weibull(3,1).

Err.  Cen. B-spline MLE Log-rank Gehan-weight B-J

dist rate Bias SE ISEE (CP) ZSEE (CP) Bias SE Bias SE Bias SE o*

(a) .00 .000 .090 .088 (.938) .090 (.945) -.003 .117 -.002 .096  -.002 .102 .085
.25 -.004 .093  .092 (.937) .093 (.942) -.007 .114 -.004 .093 -.006 .101  .088
.50 .001 110  .105 (.940) .106 (.946) .001 .138 .001 111 .001  .121 .105

(-
(-
(-
(b) .00 .003 113 .107 (.934) .109 (.942) .002 .110 .002 124 .002 .137  .109
.25 .001 131 1122 (.938) 125 (.941) .002 .128  .003 151 .004  .161 126
.50 -.001 .166  .148 (.912) .152 (.923) .002 .161  .006 .189 .007  .194 154
(-
(-
(-
(-9
(-
(

() .00 .000 .057 .060
25 002 .059 .058
50 .002 .072  .068

942) .060 (.951) .001  .083 .000 .063 .000 .070 .055
946) .058 (.947) .002 .084 .002 .066 .001 .073  .058
931) .068 (.934) .004 .100 .003 .079 .003 .088 .068

(d) .00 .000 .037 .037
.25 -.001 .039 .037
.50 -.001 .044 .040

44) .038 (.954) .001  .040 .000 .037 .000 .036 .033
938) .038 (.954) -.001 .043  .000 .040 .000 .039 .036
914) .042 (.934) -.001 .048  .000 .044 .000 .043 .039
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Table 3.2: Summary statistics for the second set of simulation studies. The true slope parameters
are 31 = 1 and 3, = 1. SE, CP, 'SEE, 2SEE and ¢* have the same interpretation
as these abbreviations in Table 3.1. (a): N(0,1); (b): standard extreme-value; (c):
0.5N(0,1) + 0.5N/(0, 32), (d): 0.95N(0,1) + 0.05N(0,32); (e): Gumbel(—0.57,0.5); (f):
0.5N(0,1) + 0.5N(—1,0.5%).

Err. B-spline MLE Log-rank Gehan-weight
dist n Bias SE 'SEE (CP) “SEE (CP) Bias SE Bias SE o*
(a) 200 B .003 168 .149 (.912)  .155 (.924) .000 .170 .002 .159 .155
B2 .003 .167 .153 (.928)  .156 (.928) .004 171 .002 .160 .156
400 B:  .006 .110 .108 (.948)  .110 (.950) .005 .115 .008 .108 .110
B2 001 110 .109 (.944)  .110 (.945) .002 .116 .001 .109 110
600 (1 .001 .092 .088 (.939) .090 (.943) .001  .096 .002 .093 .090
B2 .005 .091 .089 (.945)  .090 (.944) .005  .097 .003 092  .090
(b) 200 B -.009 .180 .154 (.894) .161 (.903) -.008 .168 -.007  .190 .165
B2 .004 182 .162 (.903) .163 (.915) .005 .170 .005 195 .169
400 B1 000 126 .113 (.914)  .115 (.923) -.001 .124 .000 .143 117
B, 008 118 116 (.934) .116 (.938) 010 .116 012 135 120
600 (1 .001 .102 .093 (.919) .094 (.923) .001  .100 .000 114 .095
B2 .011  .098 .095 (.944)  .095 (.945) .011  .097 .007 .114 .098
(¢c) 200 B .014 300 .281(.930) .279 (.924) -.020 .315 -.019 292 .259
B2 .000 .306 .285 (.916) .282 (.918) .002 317 .002 .288 .260
400 B1 034 199  .206 (.955)  .200 (.949) .002 218 -.002 .201 183
Bo -.003 .207 .208 (.949) .202 (.942) 009 228 012 202 184
600 (1 .035 168 171 (.957)  .165 (.949) .003 .185 .001 .163 .150
B2 -.007 .169 .172 (.956)  .166 (.956) -.004 .190 -.002 .168 .150
(d) 200 pi -.013 172 157 (.926) .164 (.927) -.010 .181 -.007  .166 167
B2 -.004 180 .160 (.908)  .164 (.913) -.005 .184 -.005 173 .166
400 B: .003 119 113 (.944) .116 (.948) .004 .126 .006 117 118
B2 .003 117 .114 (.942)  .116 (.953) .004 .126 .003 115 118
600 B1 -.003 .097 .093 (.948)  .095 (.952) -.002 .105 .002 .097 .096
B2 .001 .096 .094 (.942)  .095 (.944) .002  .105 .003 .094  .096
(e) 200 (1 -.002 .081 .077 (.944) .078 (.946) -.008 .109 -.006  .086 .079
B2 .000 .085 .080 (.929) .078 (.934) -.007 .119 -.004 .093 .080
400 (1 -.005 .055 .055 (.946)  .055 (.951) -.003 .079 -.004  .061 .056
B2 .003 .055 .056 (.954)  .056 (.950) .003 .081 .003 .063 .056
600 [B1 -.003 .047 .045 (.940) .045 (.938) .000 .067 -.001 .052 .045
B2 -.001 .047 .046 (.944) .045 (.943) -.002 .066 -.001  .051  .046
(f) 200 @1 -.002 126 117 (.918)  .120 (.929) -.002 .159 -.001  .128 119
B2 .000 .133 .120 (.917) .121 (.926) .002 .164 .001 134 116
400 (1 -.002 .087 .084 (.949) .085 (.9 0) .003 .114 .000 .091 .084
B2 .004 .086 .086 (.951)  .086 (.953) .003 .111 .004 .090 .082
600 (1 .003 .074 .070 (.929) .070 (.931) .005 101 .001 .074 .069
B2 .003 .074 .070 (.936) .070 (.936) .009 .104 .004 .075 .067
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Table 3.3: Summary statistics for the second set of simulation studies with Weibull(0.5,1) and
Weibull(2,1) as the error distributions. The true slope parameters are f; = 1 and
B2 = 1. nSE? is the multiplication of the sample size and the square of SE.

Err. B-spline MLE Log-rank Gehan-weight
dist n Bias SE SEE CP nSE? Bias SE  nSE? Bias SE  nSE?
Weibull 100 (7 -.038 .053 .056 .953 281 -.004 312 9.73 .001 126 1.59
(0.5,1) B2 -.004 .053 .058 .985 = .281 -.001 .317 10.05 -.002 .136 1.85
200 B3 -.011 .018 .017 .933 .065 .050 184 6.77 .025 075 1.13
B2 -.002 .015 017 977 .045 -.006 .194 7.53 -.004 .080 1.28
400 (31 -.011 .009 .011 901 .032 .038 116 5.38 .017 .043 .740
B2 -.001 .009 .011 .981 .032 .000 113 5.11 .001 .044 774
Weibull 100 (1 -.002 .101 .091 .908 1.02 -.008 125 1.56 -.001 .106 1.12
(2,1) B2 -.006 104 .092 907 1.08 -.004 127 1.61 -.007 .107 1.14
200 pBp  -.005 .067 .062 925 .898 -.004 .087 1.51 -.002 .074 1.10
B2 -.003 .064 .063 .951 .819 -.003 .086 1.48 -.003 .072 1.04
400 pB1 -.002  .045 .042 .927 .810 .003 .065 1.69 .002 .054 1.17

B2 -.002 .044 .042 .936 174 -.001  .060 1.44 -.002  .052 1.08
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Table 3.4: Regression parameter estimates and standard error estimates for log; of time to death
versus age at transplant and T5 mismatch score with n = 157 Stanford heart transplant
patients. The proposed estimators (B-spline MLE) are compared with Gehan-weighted

estimators reported from Jin et al. (2003) and Buckley-James estimators reported from
Miller and Halpern (1982).

B-spline MLE Gehan-weight Buckley-James
Covariate Est. SE Est. SE Est. SE
M. 1 Age -0.0237  0.0068 -0.0211  0.0106 -0.015 0.008
T5 -0.2118  0.1271 -0.0265 0.1507 -0.003  0.134
M. 2 Age 0.1022  0.0245 0.1046  0.0474 0.107 0.037

Age® -0.0016  0.0004 -0.0017  0.0006 -0.0017  0.0005
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Table 3.5: Accelerated failure time regression for the Mayor PBC data. The proposed estimators
(B-spline MLE) are compared with Gehan-weighted estimators reported from Jin et al.
(2003), least squares estimators reported from Jin et al. (2006) and kernel smoothed
profile likelihood estimators reported from Zeng and Lin (2007).

B-spline MLE Gehan-weight Least-squares Kernel MLE (a2")
Parameter Est. SE Est. SE Est. SE Est. SE
Age -0.0295 0.0058 -0.0258  0.0059 -0.0256  0.0063 -0.0286 0.0061
log(albumin) 1.8654  0.4314 1.5906  0.5352 1.6174  0.5409 1.6212 0.4761
log(bilirubin)  -0.6138  0.0606 -0.5789  0.0698 -0.5885  0.0752 -0.6175 0.0669
Edema -0.6383  0.1930 -0.8781 0.2768 -0.8430 0.2604 -0.7985 0.3179

log(protime)  -2.3208 0.3072 -2.7680  0.9085 -2.3331  0.8543 -2.4095 0.8050
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Figure 3.1: The solid lines are the estimated hazard functions (A, (t)) by the proposed method for
the model logT' = [y X + eg, where Sy = 0 and ey follows four distributions with (a):
0.5N(0,1) + 0.5N(—1,0.5%); (b): standard extreme-value; (c): Gumbel(—0.5v,0.5) and
(d): Weibull(3,1). The dashed lines are the true hazard functions Ao (t).
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Survival probabilities

Follow-up time (years)

Figure 3.2: Estimated survival functions for the PBC data. The upper and lower solid lines are
the Kaplan-Meier estimates for the patients with Edema=0 and Edema=1; the dashed
lines are the corresponding model-based estimates.



CHAPTER IV

Future Work

The utility of novel biomarkers and clinical information for predicting future sur-
vival status for patients plays an important role in medical decision making. In
addition to the survival probabilities, the actual survival times provide more straight-
forward information and can be crucial for treatment decision making as well. The
result in Chapter 2 makes the prediction of survival times possible under a semipara-
metric linear model when covariate range is wide in practice. Then good statistical
measures of model predictive performance are desirable. One type of commonly
used prediction accuracy measures in the survival context includes Brier score (Brier
1950), integrated Brier score, time-dependent ROC curves (Heagerty et al. 2000),
and etc. All of these measures use the time-dependent survival or event status, i.e.,
I(T > t), as the quantity of interest. However, if the prediction of survival time is
of primary interest, a measure that incorporates the survival time directly would be
more attractive. The inverse probability of censoring weighted mean square error
loss (Robins and Rotnitsky 1992) is one such measure. But it depends on an ac-
curate estimate of the censoring distribution, which is not always the case. When
truncation exists, this measure does not provide a consistent estimate of the mean

square error loss. Developing straightforward yet reasonable prediction accuracy
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measures to evaluate the survival time prediction performance is worth exploration,
and investigation in this direction is one of our future research plans.

The extended general theorem on the asymptotic normality of semiparametric
M-estimators that has been proposed in Chapter 3 will be useful for the theoret-
ical justification for other semiparametric models where the nuisance parameter is
a function of the parameter of interest. One direct application would be the AFT
model with other types of censoring such as the interval censoring and current status
data. The likelihood functions in these cases are built upon residual survival times,
which is a function of the slope parameters. Another application is the proportional
hazards models with unknown link function (Wang 2004; Huang and Liu 2006). In-
stead of assuming the exponential form for the dependence of the hazard function
on covariates as in the traditional Cox proportional hazards model, a more flexible

relative risk form can be assume:

A(LX) = Ao(t) exp{e (5 X))},

where 1(+), the link function, is an unknown smooth function. Clearly, the nuisance
parameter ¢ (-) in the partial likelihood is a function of the regression parameter
(. Finally, the extended general theorem can be useful for proving the asymptotic
normality of the parameter estimates from the single index models (Ichimura 1993)
and generalized linear models with unknown links (Weisberg and Welsh 1994; Chiou

and Muller 1998, 1999).
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