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ABSTRACT

Studies on the Asymptotic Behavior of Parameters in Optimal Scalar Quantization
by
Victoria B. Yee

Chair: David L. Neuhoff

The goal in digital device design is to achieve high performance at low cost, and
to pursue this goal, all components of the device must be designed accordingly. A
principal component common in digital devices is the quantizer, and frequently used
is the minimum mean-squared error (MSE) or optimal, fixed-rate scalar quantizer. In
this thesis, we focus on aids to the design of such quantizers.

For an exponential source with variance o2, we estimate the largest finite quan-
tization threshold by providing upper and lower bounds which are functions of the
number of quantization levels V. The upper bound is 30 log N, N > 1, and the lower
bound is 3o0log N + oy (1) 0 — 1.46004 0, N > 9. Using these bounds, we derive an
upper bound to the convergence rate of N?D (N) to the Panter-Dite constant, where
D (N) is the least MSE of any N-level scalar quantizer. Furthermore, we present two,
very simple, non-iterative and non-recursive suboptimal quantizer design methods for
exponential sources that produce quantizers with good MSE performance.

For an improved understanding of the half steps and quantization thresholds in
optimal quantizers as functions of N, we use as inspiration the result by Nitadori [19]
where, exploiting a key side effect of the source’s memoryless property, he derived an
infinite sequence such that for any N, the kth term of the sequence is equal to the
kth half step (counting from the right) of the optimal N-level quantizer designed for
a unit variance exponential source. In our work, using an asymptotic version of this
key side effect which holds for general exponential (GE) sources parameterized by
an exponential power p and a utilizing a method of our own devising, we show that
for such a source, the kth half step of an optimal N-level quantizer multiplied by the
(p—1)st power of the kth threshold approaches the kth term of the Nitadori sequence



as N grows to infinity. Thus, the Nitadori sequence asymptotically characterizes the

cells of MMSE quantizers for GE-sources, as well as exponential.
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CHAPTER 1

Introduction

1.1 Motivation and Problem Statement.

We live in a digital world. Everywhere we look, there is plenty of evidence to sup-
port the claim that society has certainly embraced the conveniences afforded by using
digital devices such as cell phones, PDAs and laptop computers. The pervasiveness of
society’s use of digital machines is, in large part, due to technological advances which
have improved the speed, accuracy and precision with which these machines perform
tasks. Lower production and operating costs, also important factors, can often times
be brought about by improvements in the design and development of devices as well.
All of these factors, improved performance and lower cost, lead to wide availability,
affordability and utility for the public which results in the ubiquitous use of these
devices in our daily lives.

Justifiably, much of the gain in performance of these devices has been attributed
to progress made in the design and development of central processing units (CPUs)
and of the algorithms run by CPUs. This makes sense because, as seen in Figure 1.1,
each digital device contains a CPU and the CPU utilizes algorithms to manage the
process of completing a task. Thus, if the CPU has increased capability (e.g., faster
processing speed, lower operating temperature, etc.) to oversee a task, then this gain
will manifest itself in the device’s performance. Concentrating solely on improving
device performance through advances in CPU and algorithm technology, however,
limits the gains that can be achieved. This is because the CPU, through its algorithm,
acts on binary/numerical input that represents information regarding a real-world
event (e.g., outdoor temperature at 5 p.m.). If the numerical input data provided to
the CPU through the device’s interface components is crude, then the effectiveness
of the CPU to manage the task through its output is clearly hindered. Thus, to

achieve the best performance gain for the device, all components of the device must



be considered for improvement. In this thesis, our focus centers on one of the other

components common to digital devices: the quantizer.
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Figure 1.1: Simplified schematic of a general digital device showing its component
parts and processing chain.

Housed inside of the source coder (see Figure 1.1), a quantizer takes samples z
of an analog input, modeled as a random variable X, and produces a discrete-valued
output which is then converted into bits by the binary encoder. One of the most
simple, yet commonly used quantizers is the fixed-size scalar quantizer which takes
the real value x and maps it to another real value p; belonging to a finite subset
of N real numbers {ui}i\il called quantization levels.! In other words, a quantizer
effectively partitions the real numbers into N subsets {Si}ﬁ\il and assigns to each
subset S; = [t;,t;—1), a real-value yu; so that to each analog input x received by the
quantizer, the output u; that is produced corresponds to the particular subset S; that
x belongs to, i.e., x € S;. From this description, it is clear that the output value u;
produced by the quantizer is generally an approximation of the input value x and
that increasing N should serve to improve the approximation. However, increasing
N increases the complexity of not only the quantizer’s implementation, but also of
its output which is seen as an increase in the range of possible output values. Since

increased complexity in the quantizer’s output requires increased complexity in all of

'The quantizer described is known in the literature as a fixed-rate scalar quantizer, and from this
point on, any reference to a quantizer will be of this type.



the other device components following it in the processing chain shown in Figure 1.1,
it is clear that increasing N translates to a rise in overall cost. Thus, while creating

a quantizer involves

e deciding on the size N of the partition,

e deciding how to partition the real numbers into a set of N intervals [¢;,t; 1),

and

e for each interval [t;,¢;_1) of the partition, deciding which value p; to assign to
it,
it is the job of the quantizer designer to formulate a quantizer that provides a sufficient

level of approximation accuracy to the CPU while keeping N as small as possible in

order to minimize cost.

Minimum mean-squared error (MMSE) or optimal quantizers. A com-
monly used measure of accuracy is mean-squared error and N-level minimum mean-
squared error (MMSE) quantizers are quantizers which achieve the lowest mean-
squared error for a given partition size N. (See Figure 1.2 for a diagram of an optimal
quantizer.) The MMSE or optimal quantizer is a popular design choice that is favored
for several reasons: Performance is mathematically-based and tractable (as opposed
to task-dependent performance criteria); there is available the Lloyd-Max algorithm
([13], [15]), a general, iterative algorithm for designing optimal quantizers for a va-
riety of input sources ([7] and [23]); and perhaps most importantly, these quantizers
work pretty well for a variety of applications (i.e., low MSE seems to correspond to
high task-based accuracy). Therefore, for a given value of N, the optimal quantizer
designer must determine the positions of the quantization thresholds t; which define a
partition of the real numbers while also designating the values y; (one value for each
subset of the partition) so that the mean-squared error produced by the quantizer is

minimized.

Our goal. In this thesis, we seek to provide aids to the design of optimal quantizers
by investigating the structural relationships that exist between the partition thresh-
olds t; (called quantization thresholds) and the quantizer output values p; (called
reconstruction levels) of optimal quantizers. In particular, our study focuses on ana-
lyzing the behavior of the difference p; — t; which we will refer to as the half step of
the ith quantization cell as it relates to the corresponding half steps of neighboring

quantization cells.



1.2 Background and Known Results.

Optimal quantizer design: The Lloyd-Max algorithm. The Lloyd-Max algo-
rithm ([13], [15]) is a general design method which can be used to design quantizers
for a variety of input sources.? The method is based on the observation (made inde-
pendently by Lloyd [13] and by Max [15]) that the thresholds and levels of optimal
quantizers must satisfy two optimality conditions: 1) u; must be the centroid of the
set to which it belongs, and 2) the threshold ¢; lying between any two adjacent levels
Wi, Wir1 be equidistant from them. After being initialized with an estimate of the key
parameter or support threshold (the largest finite threshold) of the desired quantizer,
the algorithm uses the optimality conditions to iteratively converge to a numerical
solution, consisting of the set of thresholds and levels that characterize the requi-
site quantizer. The significance of starting the algorithm with an accurate support
threshold approximation can be seen by observing that fewer algorithmic iterations
are required the closer the support threshold estimate is to the optimal value. Thus,
the sensitivity of the algorithm (as measured by the number of iterations performed)
to the accuracy of the initializing support threshold estimate complicates use of this
method since it necessitates some knowledge of the desired quantizer before it has yet

been designed.
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Figure 1.2: Diagram of a 5-level optimal scalar quantizer, where t,(QN) are the quanti-

zation thresholds, ,u,(CN) are the quantization levels and é,(CN) are the half
steps. Note: The notation used in this figure will be formally defined in
Chapter II.

Optimal exponential quantizer design: Nitadori’s method. In the special

case of optimal quantizer design for exponential sources, there exists a non-iterative,

2For more information on this topic, see Chapter II, Section 2.2, under Optimality Conditions
(especially the footnote in that discussion), where under certain source conditions, satisfying the
optimality criteria becomes sufficient to guarantee that the solution produced by the Lloyd-Max
algorithm is both unique and optimal.



recursive design method devised by Nitadori [19] that produces the exact specifi-
cation for such quantizers. His method [19], which also uses the optimality condi-
tions ([13], [15]), advantageously exploits a special property exclusive to exponential
sources, the memoryless property. This property allows for the construction of a
generating equation, called the Nitadori generator, which when solved, yields the
quantizer specifications as sequence. In more detail, the solution sequence, referred
to as the Nitadori sequence [19], is an infinite series of values such that for any N,
the kth term of the sequence is equal to the kth half step, defined as the distance
between the quantization level ;. and the lower threshold ¢ of the kth quantization
cell (see Figure 1.2), of the optimal N-level quantizer designed for a unit variance ex-
ponential source. Solving the Nitadori generator in order to determine the sequence
values is, however, a recursive process, which generates the next sequence value based
on knowing the previous value, that can only be done numerically. Thus, while this
method is unlike the Lloyd-Max algorithm in that it is a non-iterative way to design
optimal exponential quantizers, the numerically generated solutions it produces ob-
scures, just as is the case when using the Lloyd-Max algorithm, any perception of the
relationships that exist between the parameters (¢;, ;) of such quantizers.

Also in [19], Nitadori showed that the MSE of an optimal, N-level, unit variance
exponential quantizer is exactly equal to the square of the Nth term of the Nitadori

sequence.

Asymptotic quantization theory and asymptotically optimal quantizers.
In addition to directly studying the structure of optimal quantizers, asymptotic quan-
tization theory, which considers the case when the number of levels NV is large in
a quantizer, along with the study of asymptotically optimal quantizers, quantizers
whose N-level MSE performance divided by the least achievable N-level MSE perfor-
mance converges to 1 as the number of levels N increases to infinity, have together
yielded important relationships related to the number of levels N in such quantizers.

The combined results by Bennett [2], and Panter and Dite [20] in these areas give:

e An implementation method for realizing asymptotically optimal quantizers that

utilizes companding (asymptotically optimal companding system)

e An expression (in N) for the support threshold of asymptotically optimal com-

panding systems (which does not yet exist for optimal quantizers)

e A limiting relationship that indicates how the MSE of optimal quantizers decays

as a function of N



e An asymptotically optimal compressor function (part of an asymptotically op-
timal companding system) which can be interpreted as a distribution-like func-
tion which “predicts” the distribution of quantization levels as a function of N

according to a specific location along the real axis (optimal point densities)

Since the connection between the MSE performance of asymptotically optimal quan-
tizers and the MSE performance of optimal quantizers is asymptotic in N, it would
seem natural that the structure of asymptotically optimal quantizers and the struc-
ture of optimal quantizers (in terms of thresholds t;, levels u; and half steps u; — t;)
should also resemble each other asymptotically in N as well. This idea that quantizers
with similar performance should have similar structure (in terms of the placement of

thresholds and levels) is the seed for some of the following results discussed next.

Known support threshold estimation results. Work on developing support
threshold estimation techniques has mostly relied on adhoc methods to produce es-
timates. Bucklew and Gallagher[3] used the support threshold of an asymptotically
optimal companding system to approximate the support threshold for an optimal
quantizer. Lu and Wise [14] constructed an estimator of the form c¢; log N + ¢5 via
curve-fitting, by first computing the exact support thresholds of optimal quantizers
(for Gaussian, Laplacian and Rayleigh sources) with N = 4 to 64 levels. The con-
stants ¢; and ¢y were then determined using least squares and extrapolation was used
to generate estimates for values N > 64. Na and Neuhoff [17] proposed a numerical
method of estimating the support threshold that is based on minimizing an approx-
imation (from asymptotically optimal quantization theory) to the MSE of optimal
quantizers. Na and Neuhoff [18] also developed several other adhoc (non-numerical)
estimators (for the quantization of generalized gamma sources). All of these esti-
mators possessed the same dominant function (in NV, according to the source being
quantized) which indicated the likelihood that their estimators had captured the
“correct” growth rate (in V) of the optimal support threshold function. Numerical
evaluation of these estimators against the true support threshold values appear to
confirm this.

Rigorous theoretical work on support threshold estimation for optimal quantizers
has been more difficult to come by. For optimal quantizers, only the following results

related to optimal, unit variance Laplacian quantizers (Na [16]) have been reported:

1. The ratio of the support threshold over the function % log N (which is the

estimator given in [3]) goes to 1 as N — 0.



2. The limsup (in V) of the difference between the support threshold and % log N

is less than a small constant 0.0669.

In regards to support threshold estimation of N-level uniform scalar quantizers, a
suboptimal class of quantizers in which quantizers use N equal-sized intervals to
partition the real numbers, along with output values which are the midpoints of those
intervals, Hui and Neuhoff [10] rigorously derived the support threshold functions (in

N) of such quantizers for the family of generalized gamma sources.

1.3 Contributions.

Chapter III: Aids to the design of optimal exponential quantizers. Since
our primary interest is to study the relationships that govern the placement of thresh-
olds and levels in optimal quantizers in general so as to improve our understanding of
how to design such quantizers, we focus on the exponential case because, even though
the Nitadori design method eliminates the need to find another procedure for creating
optimal exponential quantizers, it still remains unclear how the thresholds and levels
are related to one another. Any information we ascertain, we hope to generalize as
aid in the construction of optimal quantizers designed for other sources. Thus, in a
way, the exponential case is a natural starting point from which to glean intuition on
these relationships since there already exists an expression (the Nitadori generator,
albeit an obscure one) that relates the half steps of neighboring quantization cells to
one another.

In this chapter, we focus our work primarily on the problem of rigorous support
threshold estimation in optimal exponential quantizers. From our efforts, we were

able to achieve the following results:

e We have derived theoretical bounds to the support threshold function of op-
timal, fixed-rate quantizers designed for one-sided, exponential sources with
variance o2, where the difference between the bounds converges to a constant
that depends only on 0. From this result, it is clear that the ratio of the bounds
converges to 1 as N — oo, as was shown by Na [16]. The upper bound we pro-
vide, 30 log N, for N > 1, is tighter than the lim sup bound stated in [16], and
the lower bound given, 30log N + oy (1) 0 — 1.46004 o, for N > 9, is the first
to be reported. In addition, our result analytically confirms that the support
threshold grows logarithmically in N and that the estimates given in [3] and [18§]

are essentially correct.



e Regarding the well-known fact established by Panter and Dite [20] that N2D (N)
— 1% as N — oo, where D (N) is the least MSE of an N-level quantizer and
B (a source dependent constant) is the Panter-Dite constant [20], we have, in
addition, used our approach to support threshold estimation to derive a result
which concerns when it is effective to use the Panter-Dite formula [20] to esti-
mate the mean-squared error performance D (N) of optimal exponential quan-
tizers. More specifically, we have derived an upper bound to the convergence

rate of N2D (N) to £ as a function of N. This is the first such bound.

e From our approach to constructing the support threshold lower bound, we
present two, non-iterative and non-recursive, Nitadori-like suboptimal quan-
tizer design methods for exponential sources. These methods are so simple to
use that designing one of these quantizers does not require the use of a com-
puter or a huge database of tabulated values. They can be designed by-hand,
knowing only the first eight values of the Nitadori sequence. Moreover, quantiz-
ers produced in this manner yield good (low) mean-squared error performance.
(Example: For a quantizer designed using the sequence v, = N, 1< k < 8,
and v, = %, k > 9, and N = 64, the ratio of the MSE for the v, quantizer
over the MSE of an optimal quantizer with 64 levels is less than 1.0014. By
comparison, for the same number of levels (N = 64), the ratio of the MSE
for an asymptotically optimal companding system over the MSE of an optimal

quantizer is greater than 1.0169.)

Chapter IV: An extension of Nitadori’s sequence in relation to optimal
quantization of sources other than exponential. The desire to continue
our pursuit to amass information on the ties that exist between the parameters of
MMSE quantizers with the goal of providing aid the problem of optimal quantizer
design provided the main impetus behind the work described in Chapter IV. In this
chapter, we set out to find a way to generalize the result by Nitadori [19] to optimal
quantizers designed for sources other than exponential. Since Nitadori’s method
depends on the memoryless property which is unique to the exponential source, a
direct generalization was not revealed in our studies. However, our investigation
into the asymptotic behavior of the parameters of optimal quantizers (half steps and
quantization thresholds, refer to Figure 1.2) designed for general exponential (GE)
sources, parameterized by an exponential power p, led to a surprising result: We show
that for a GE-source, the kth half step of an optimal N-level quantizer multiplied
by the (p — 1)st power of the kth threshold approaches the kth term of the Nitadori



sequence as N grows to infinity. Thus, the Nitadori sequence not only provides the
specifications for optimal exponential quantizers, it also asymptotically characterizes
the cells of MMSE quantizers for GE-sources.



CHAPTER 11

Quantization Review

This chapter provides a brief review of minimum mean-squared error (MMSE) or
optimal scalar quantization. We only describe the results from the literature that
are relevant to the work reported in this thesis. During this discussion, we will be
introducing much of the notation and symbols used to indicate quantization param-
eters of interest. For the sake of clarity, we only discuss the quantization of one-
sided, non-negative, finite variance, real-valued sources that have support equal to
the contiguous half open interval [0, c0). We remark that the extension to two-sided,
real-valued sources with finite variance and contiguous support over all of the real
numbers is a fairly straightforward extension of the one-sided case. Also, whenever

we refer to quantization, we mean scalar quantization.

2.1 Scalar Quantization.

Let X be a non-negative, real-valued, scalar random variable with finite mean,
finite variance and infinite support. Suppose we want to represent the values we
observe from the random variable X and suppose we will only be able to distinguish
between at most N different values. Questions concerning this scenario arise quickly:
Which N non-negative real numbers would best represent observed/sample values
of the source X and how should the sample values of X be assigned to these N
representative real numbers? Before addressing possible answers to the question of
what the “best representation” for X would be, we first clarify the functionality of a
“machine” who’s input is X > 0 and produces an output representation of the sample
values of X, the scalar quantizer.

An N-level, scalar quantizer is defined by three objects:

e A set of quantization thresholds t,, k = 0,1,..., N, where tg = 400 and ty >

10



i 221N
o A set of reconstruction levels pup >0, k=1,2,..., N

e A quantization rule q : [0,00) — [0, 00) such that q () = py, if © € [ty, tx—1) for
all z >0

In other words, it is clear that for any observed value x > 0, a quantizer, with
thresholds {t;}X, levels {u;}YY, and quantization rule ¢, maps z to the value of s
if « belongs to the kth quantization cell [ty,tx_1).

Before leaving this brief discussion of the definition of a scalar quantizer, we point
out that the indexing scheme used in the definition begins with the quantization cell
that is farthest away from the origin, and so quantization cell indexing begins from
the right and moves left toward the origin as the index is increased. This particular
indexing scheme is a great aid to our work and this is why we call attention to it.

This indexing scheme is shown in Figure 2.1.

I — — I !
: és A5 é4 A4 ég AS éz Az : él A1 :
S Sy O S >l - - - T S L >I
| I I I I I I I i I !
: I I I I I I I i I :
L M5 ‘ 4 ! M3 ! 2 | H1 |
N‘< =N X Fa %t N R llA N N N S N \)#\ L W W L |

8::::;3 ‘ % f i | o
I |

ts ts ts to t to
! I |
! I I
! I I
! I I
! |
I : I

inner or support region | ==— outer region —=

Figure 2.1: Illustration of a 5-level scalar quantizer.

Traditionally, the support region of the random variable X, in our case, the non-
negative reals, is divided into two quantization regions: The inner or support region
of the quantizer [0,¢;) is defined to be the distance from the support threshold t, to
the origin, and the outer or overload region of the quantizer [t;,00) is defined to be
region of the reals that is greater than or equal to the support threshold ¢;. This
quantization region should not be confused with what we refer to as the tail region of
the source which is the region where x >> 0 or when x is far from the origin, though
often times, the outer region and tail region of the source may, in fact, coincide, as is

the case when t; >> 0.

11



2.2  Quantizer Performance: Mean-Squared Error.

Returning to the question, “What is the best representation of X?” we arrive at
the topic of quantizer performance.

The performance of a quantizer is assessed by how well accuracy is achieved for
a given cost or constraint. Accuracy is determined by choosing a fidelity criteria (or
goodness measure) by which the effectiveness of the quantizer’s ability to present the
values of X will be measured. For our work, we have chosen the popular and tractable
mean-squared error (MSE) criterion as our “goodness” measure and we have chosen
to track the number of levels N in a quantizer as our cost variable. Thus comparing
the performance of two different N-level quantizers designed for the same source
becomes simply a matter of looking at the MSE corresponding to each quantizer
and the quantizer with the lower MSE is deemed to be superior. Note that in the
quantization literature, the number of levels N is related to the rate R = log, N or
bits used by the quantizer to index/distinguish between quantization cells, and thus
we could use rate R as our cost variable, but for our work, using N is preferable.

Assuming that X has a probability density function (pdf) f (x), z > 0 (this is an
assumption that we will use throughout this thesis), the MSE or MSE distortion of

an N-level quantizer designed for X is

Bl -a)] 2D@2 Y [ (o= s (@) do. (22,1

This is a static statistic that can be compared against the MSE of other N-level
quantizers designed for the same random variable. An N-level quantizer with the
lowest or minimum mean-squared error (MMSE) is judged to be optimal. (Through-
out this thesis, whenever we refer to an optimal quantizer, we mean a quantizer that
minimizes mean-squared error.)

Thus, with a fixed number of levels N, the goal in MMSE quantizer design is to

find a quantizer that performs with mean-squared error equal to

min B [(X - q(X))Q} :

{ti}ilo, {mitis,

In the quantization literature, the optimum performance theoretically attainable

(OPTA) function, which gives the least MSE distortion of any scalar quantizer with

12



not more than N levels, is

2

D(NY2 min D(q), (2.2.2)

¢:N(g)<N
where N (¢) equals the number of level in the quantizer ¢.! Thus, when designing
with MMSE performance in mind, the goal of MMSE quantizer design becomes a
search to find the thresholds {tEN) N, and reconstruction levels {/J,Z(-N) N in an N-
level quantizer that attains the MSE given by D (N).

Optimality conditions: An aid to MMSE quantizer design. Given a fixed
source X with pdf f(z), MMSE quantization design is simplified by knowing that
the thresholds and reconstruction levels of an MMSE quantizer must adhere to the

optimality conditions [13], [15]:

1. Centroid condition. The reconstruction levels MéN), k=1,2,...,N,areequal

to the centroids of the quantization cells to which they belong

wa
™) j;g\;) uf (u) du
= 223)
ftl(CNj (w) dw

where it is clear that the centroid of kth quantization cell is equal to the con-

ditional mean of X given X € [t,gN), tl(ﬁ) ).

2. Nearest Neighbor condition. The quantization threshold t,iN) lying between

)

any two adjacent finite reconstruction levels ,u,gN , u,(ﬁ)l lies halfway between the

two thresholds, i.e.,

N N N N
ul) =1 =1 — (2.24)

forall k=1,2,...,N — 1.

The optimality conditions are, in general, only necessary conditions for optimality,
i.e., for a quantizer to minimize mean-squared error. However, for exponential sources

and sources with strictly log convex pdfs, the thresholds and reconstruction levels for

!The OPTA is generally defined using “inf” instead of “min” in the literature. However, for finite
dimensional quantization, the OPTA is always achievable at each value of NV, and thus, we state the
OPTA definition in (2.2.2) using “min”.
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an N-level MSE quantizer that satisfy the optimality conditions are unique,? i.e., the
optimality conditions are sufficient for determining the single N-level quantizer that

minimizes MSE.

2.3 Quantizer Re-parametrization Using Half Steps.

As shown in Figure 2.1, an alternative, yet equivalent characterization of a scalar
quantizer that is more useful for our work discussed in Chapters III and IV specifies
the positions of the quantization thresholds and reconstruction levels of an N-level
scalar quantizer in terms of the lower half steps or just half steps A, 2 e — tk
and upper half steps A}, = tg—1 — pp where k= 1,2,... N is the quantization cell
index of the quantizer. With the step size of the kth quantization cell defined to be
Ay 2 te_1—tp, k=1,2,..., N, the 1 — 1 correspondence between a set of half steps
and a set of quantization thresholds and reconstruction levels is made clear by the

following relationships:
1. tg =00,ty =0,
2. th=3 A= AN k=1,2,..., N,
3. =ty +4,, k=1,2... N.

For an N-level, optimal scalar quantizer, the definition of the upper half step ZIEN),

k= 1,2,...,N, is actually not necessary since adherence to the nearest neighbor
condition causes Z,iN) = é,(ﬁ)l, k=2,3,...,N. In this case, the 1 — 1 correspondence

between the set of (lower) half steps é,(cN), kE=1,2,...,N, of an N-level optimal
scalar quantizer and its set of quantization thresholds {tZ(-N)}f\L0 and reconstruction

levels {,uZ(-N)}f\il becomes
L) o, £ g,
2.t = A + AN N oA =12, N,
3.4 =t L AN p =12 .. N

Thus we see that if the set of thresholds and levels for an N-level optimal scalar
quantizer is unique, then so is the set of half steps for the same quantizer. Since

knowing the set of half steps {AEN)}ﬁil belonging to an N-level optimal quantizer is

2Uniqueness for strictly log convex sources was proved by Fleischer in [7]. Fleischer [7] also
proposed uniqueness for exponential sources, but his argument was later corrected by Trushkin [23].
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sufficient to knowing {t™ 1 and {4 }¥, (as shown in Figure 2.2), in our work, we
focus on determining the values of A, k =1,2..., N when trying to define N-level

optimal quantizers.
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Figure 2.2: A 5-level optimal scalar quantizer with half step parametrization shown.

Before proceeding, we remark briefly that the use of half steps in gauging quantizer
performance is also possible and indeed, in the case of exponential optimal quantiza-
tion, half steps provide a means of determining the exact MSE performance of such

quantizers [19]. We leave, however, this discussion for Chapters III and IV.

2.4 The Lloyd-Max (LM) Design Algorithm for MMSE Scalar
Quantizers and Support Threshold Estimation.

Historically, the first published algorithm for designing MMSE quantizers was in-
dependently formulated by Lloyd [13] in 1957 and Max [15] in 1960. In short, the
algorithm produces a set of thresholds and reconstruction levels that adheres to the
optimality conditions (see (2.2.3) and (2.2.4)) based on an initial estimate of the
support threshold or key parameter th). Since the algorithm’s performance, as mea-
sured by the number of iterations it takes to produce an acceptable design solution,
relies heavily on the accuracy of the support threshold estimate that the algorithm
is initialized with (e.g., for a unit variance Laplacian source, an accuracy criteria of
§d =1x107° and N = 1000, the algorithm initialized with the support threshold es-
timator proposed by Na and Neuhoff in [17] required 37.5% fewer iterations than the
number required by the algorithm initialized with the Bucklew and Gallagher estima-
tor given in [3]), there is interest in finding methods for accurate support threshold
estimation as a function of N. To shed more light on the impact of the initial support

threshold estimate on algorithm performance, we give the following overview:

Suppose the goal is to design an N-level quantizer for a given source

that is optimal or, in reality, close to optimal. Since the LM algorithm
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is iterative, a stopping criteria which indicates how close to optimal a
quantizer generated after the ith iteration is must be chosen. Examples of
stopping criteria are: Stop when the decrease in MSE between consecutive
design iterations falls below a prescribed value or stop when the estimated
threshold for tg\],v) is within a preset distance of the origin.

Using ¢ as the iteration index, at the outset of each iteration of the LM
algorithm, an estimate of the support threshold " is made. Using 5*"*,
along with the knowledge that all thresholds and reconstruction levels in
optimal quantizers must adhere to the optimality constraints, the remain-
ing estimated values of the quantization thresholds t{*', k = 2,3,..., N
and reconstruction levels stm” k=1,2,..., N are computed. To see how

this is accomplished, with ;%! = oo, for each k =1,2,..., N — 1,

1. pp®® is the centroid of [t ¢, _,%b1).

est,1 est,1 __ est,1 est,1

satisfies the nearest neighbor

=t since g1

2. s Lok
optimality condition.

est,1 est,l) est,1

3. Since fig1 is the centroid of [ty %51, t , solve for tg,q

Once all N+1 thresholds and N reconstruction levels have been estimated,
the stopping condition is checked, and if it is satisfied, the algorithm halts
and the quantizer design process is complete. If the stopping condition has
not been satisfied, the iteration index is increased (i — i+ 1) and an up-

dated estimate of the support threshold t?t’iﬂ is created so that the algo-

rithm can run again, producing an updated set of N —1 thresholds ¢!,
k=2,3,...,N and N reconstruction levels p{™"*' k=1,2,..., N, and

another check against the stopping criteria is made.

It is noted that since the resulting MSE produced by the quantizers gener-
ated at the end of each iteration of the algorithm decreases, the number of
completed iterations is finite, with the final iteration being the one that
produces a quantizer with MSE or an estimate for tg\],v) that meets the

stopping criteria.

It should be clear from the discussion above that an accurate initial estimate ¢;*" for

would reduce the number of iterations that the algorithm must complete in order

to produce an acceptable design solution, and hence the need for accurate support

threshold estimation. For optimal quantization of exponential sources, the topic of

support threshold estimation is discussed in Chapter III.
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2.5 Quantizer Implementation and Design: Companding.

Companding systems or companders are one method of implementing a quantizer
design. The popularity of companding as a means of quantizer implementation stems
from two facts: i) any N-level scalar quantizer can be realized through use of a
companding system, and ii) companding systems utilize the simpler-to-execute N-
level uniform scalar quantizer (USQ), a scalar quantizer that has quantization cells all
of the same size and reconstruction levels set to the midpoints of the quantization cells.
Moreover, companding system performance analysis in the case when the number of
levels N is large has yielded some important facts and relationships. We defer that

discussion for later. For now, a quick review of companding is presented.

N-level companding: Overview and optimal quantization. As shown in Fig-
ure 2.3, for a finite number of levels N, a compander (C, q]l\J,SQ, C~1) is a quantization

system that consists of three components sequentially applied to the input source X:

1. A non-linear, strictly increasing, continuous, differentiable compressor or com-
pressing function C':[0,00) — [0,1] which maps the source’s support region
onto [0, 1]

2. An N-level uniform scalar quantizer ¢5°“ with finite support over [0,1] that
consists of IV quantization cells, all of which have the same step size equal to
Ayso.n 2 %, with thresholds t;, = 1 — %, 1 =20,1,..., N, and reconstruction

levels,u,-:%:1—%—#%,2':1,2,...,]\7

3. A non-linear decompressing function C~! : [0,1] — [0, 00) which is the inverse
to C

Thus the output from a compander that operates on X is ¢y (X) = C 1 (q%SQ (C (x)))

and the MSE performance of the overall quantizer ¢y is equal to

B0 - av (0] = £ | (x -0 (&2 c @) . (255)

Since an N-level USQ is used in every companding system that realizes an N-level
quantizer, clearly, it is the compressing function C' that determines the “identity” of
the overall quantizer qy.

By virtue of the fact that any N-level quantizer can be realized by a compand-

ing system and thus, existence of a function C' which corresponds to a companding
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system realizing a quantizer is assured, it is important to understand how to con-
struct a compressor function for a companding system. Given a set of levels puy,
k=1,2,...,N, and thresholds t;, £ = 0,1,..., N, the compressor function C' must

satisfy two requirements:

e For each £ =0,1,..., N, C must map t, to 1 — %, the k-th threshold of the
UsQ.

1

5> the kth reconstruction

e Foreach k=1,2,..., N, C' must map uy tol—%+
level of the USQ.

We point out that the two necessary conditions stated are not sufficient to uniquely
identify C, because for any x € [ty,tx_1), qv () = p, there exist many compres-
sor functions C' and hence companding systems, that can realize the same N-level
quantizer. Thus, while there may be a single, unique optimal scalar quantizer for a
given value of N, there are many companding systems that achieve the lowest possi-
ble MSE performance. Nevertheless, we still consider C' to characterize the identity
of an N-level quantizer, and thus, for a companding system that realizes an N-level
optimal quantizer, its compressor function C'is referred to as an optimal compressing
function. In this case, since the reconstruction thresholds and levels depend on the
source pdf f (z), so does C, which reinforces the observation that C' is the identifying

component of a companding system of an optimal quantizer.

- C@) N-USQ Cl(z)
X . [ I — u ax(X)
e

Figure 2.3: Schematic of a compander that realizes the quantizer ¢y, where C' is the
compressor function, N-USQ denotes an N-level uniform scalar quantizer
and C~! is the inverse to the compressor function C'.

2.6 Asymptotically Optimal Quantization.

Designing optimal scalar quantizers becomes more difficult when the number of

levels NV is large. In general, when N is increased, the MSE distortion decreases
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and, by itself, it is of interest to understand how MSE distortion changes as the
number of quantization levels is increased in optimal scalar quantization. Aside from
pure intellectual interest, however, knowledge of the relationship between MSE per-
formance and N yields methods of designing high level or high rate quantizers that
have near-optimal performance with fewer design costs. For these reasons, asymptot-
ically optimal scalar quantization has been a much studied topic in the quantization
literature.

Consider two sequences of MSE quantizers, all of which have been designed for
the same random variable X: ¢y, N = 1,2,..., and gan, N = 1,2,..., where
N is the number of reconstruction levels in a quantizer. Suppose the first sequence
of quantizers ¢; x consists of optimal quantizers and suppose the second sequence
¢2,n consists of quantizers that are not necessarily optimal. We say the sequence of
quantizers g n is asymptotically optimal if

E [(X — @2,N (X))z] D (qa,n)

N=oo B (X = qi,n (X))z] N—o D (q1,n)

i.e., the ratio of the MSE performance of g2 y to the MSE performance of ¢; y goes
to 1 as the number of levels N increases. Clearly, a sequence of optimal N-level
quantizers is also asymptotically optimal by definition.

Note: The topic of asymptotically optimal quantization is also referred to as high
resolution quantization theory, where the term “high resolution” refers to the case
when the number of levels N is large, the cells in the support region of the quantizer
are small and the support threshold is sufficiently large so that the distortion or MSE
due to x € [t1, 00) is small compared to the MSE distortion of the quantizer (over all

quantization cells).

Asymptotically optimal quantizer design - Companding revisited. The
study of companding systems that realize high resolution quantizers has yielded much
insight into the relationship between N and both the design (placement of quantiza-
tion thresholds and levels) and the MSE performance of these quantizers. Here, we

recount two well-known results/theorems that are relevant to our work.

Performance of companding systems when N is large.

Theorem I1.1. (Bennett’s Theorem [2]. From [}].) Let X be a source such that
E[X?%] < oo for some € > 0. Then for any quantizer qy designed for X that is

realized by a companding system (C, Q%SQ, C~Y), when the number of levels N is large
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and the distortion due to the overload region is negligible compared to the distortion

from the inner region, Bennett’s integral

1
=B (C)

>

L [ f@
12N2 | 2 (x)d
0

X

provides an approzimation to E[(X — qn (X))2] in the sense that

s Jo S d 12}\72 0OO c];((z)) dx

R E[(X—aw (0] N [(X —o (g (0 @))))1 B

where ¢ (z) 2 40O ().

In other words, Theorem II.1 says that the approximation

1 [ f@)

1Nz &2 (x)
0

dx

E[(X — qv (X))*]

holds when N is large if (C, q]l\J,SQ,C_l) is a realization of ¢y. Since there always
exists a companding system that realizes a given N-level quantizer, Bennett’s integral
provides a general method of approximating the MSE performance of any quantizer
with a large number of levels. Thus, it is clear that if ¢; y is an optimal N-level

quantizer, then

1
12N?

E[(X —qn(X))?] ~ B(Cyn)
if (C’LN,Q%SQ,CLN_l) is a companding system that corresponds to ¢y and N is

large.

Gauging optimal and asymptotically optimal quantizer performance with
Bennett’s Integral. Here, we summarize a connection between optimal quanti-
zation performance, asymptotically optimal quantization performance and Bennett’s
integral. Since Bennett’s integral is intimately connected to a compressing system
realization of a given quantizer through the system’s compressing function C, we first

consider an asymptotically optimal compressing function [20] which is defined to be a
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compressor C* that minimizes the Bennett integral?

A : [ 1@
C* = argmin d
0:02%012]\72 5 c (LU)

z. (2.6.7)

We point out that, in order to determine a suitable compressing function C*, the
minimization of Bennett’s integral occurs over all possible compressor functions C
and that this minimization is performed irrespective of the value of N. In other words,
C* minimizes Bennett’s integral for all values of N. So, how does C* or B (C*) relate
to the performance of optimal quantizers and/or asymptotically optimal quantizers?

To address the question, first consider a sequence of optimal N-level quantizers
¢y realized by (Cy v, 5%, C1x). Then for each value of N > 1,

N S ) 1 [ @ 1

- — < —_

N2B(C ) 12N2% | 2 (a:)dx ~ 12N? ] ¢ N2 (:L')dx N2B(01’N)’
0 0

since C* minimizes Bennett’s integral and C} y is just one particular compressing
function that may not necessarily minimize Bennett’s integral. Dividing by D (¢1 ),

the inequality just stated becomes

D(qin) D (q1,n) - D (qi,n) "~ D(q)

* L [ _f(z) L (o _f(=)
ﬁB(C) 12N2 Jo c*2(:c)d$ < 12N2 Jo cl,N2(z)dx_ ﬁB(CLN)

for every N, and thus, using (2.6.6), we have

lim sup M < lim W =1. (2.6.8)
Nooo D(q1n) N—oo D (qn)

Now, consider the sequence of quantizers ¢,y (indexed by N) realized by
(C*, q][\],SQ, C*~1), a sequence of companding systems (also indexed by N) that utilizes
an asymptotically optimal compressing function C*. Comparing the performance of
an optimal N-level quantizer ¢; y to the performance of an N-level quantizer built
using C*, it is clear that

D (Q2,N) . ﬁB (C*) D (Q2,N)

D(qn) Dl(qn) 2B(C*)

3Existence of C* is guaranteed by the Panter-Dite Theorem to be discussed shortly.
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and thus,

. D(Q2 N) NLB( *) . D(QzN)
lim su 2 = limsu - lim —————
N—>oop (q1.n) N—>oop D(qpn) N—o —B (C*)
L *) (2.6.8)
LD gy BP0

Since ¢ y is a sequence of optimal quantizers, we know that

sup (2.6.9)

N—oo

>1

for all N > 1, and this fact implies

lim inf L (g2.5)
N—oo D (q1,n)

)

. . D(g2,~n) .
Therefore, existence of limy_ % is assured and
q1,N

> 1.

D
lim (C_I2,N)

— L =1, 2.6.10
N—oo D (q1,n) ( )

Thus it is clear that the sequence of quantizers ¢, y, constructed about an asymp-
totically optimal compressor C*, is a sequence of asymptotically optimal quantizers.
Moreover, from (2.6.6), since the performance of this sequence of asymptotically op-
timal quantizers can be approximated by the Bennett integral evaluated at C* when
N is large, it is clear that the OPTA function D (V) can also be approximated by

the Bennett integral evaluated at C* in the sense that

lim D (N)

—— =1 2.6.11

since for each N > 1, the OPTA function D (N) = D (¢; ). We remind ourselves at
this point that the relationships in (2.6.10) and (2.6.11) depend on the fact that C*

exists and is well-defined. The following theorem guarantees the existence of C*.

Asymptotic performance results from companding: The Panter-Dite The-
orem. The theorem stated below connects/links Bennett’s integral approximation
for MSE quantizer performance to the performance of both asymptotically optimal

and optimal quantizers.
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Theorem I1.2. (Panter-Dite Theorem [20]. From [4].) Let X be a random
variable with pdf f and suppose E [x*7¢] < oo for some € > 0. Then

1
: 2 _ 2
Z&l_r)r(l)oN D(N) = 757 £,

where D (N) is the OPTA function for the source X and

s(/s
0

is the Panter-Dite constant?® for the source X.

>
Wl

p (z) dx (2.6.12)

While not transparent in this review, when solving for § in (2.6.12), the proof
of this theorem also guarantees not only the existence of an asymptotically optimal
compressing function C* (defined in (2.6.7)) that minimizes the Bennett integral, but

also yields the form of it

C* (z) = / #du (2.6.13)

We note that 3 depends on the source X through its pdf f (z) but is otherwise
independent of the source variance 2. Since we will only compare quantizer perfor-
mance across quantizers that have been designed for the same source, the actual value
of # being discussed should be clear and we feel it is unnecessary to notate explicitly
the dependence of § on X.

Thus, if gy is a sequence of quantizers that is realized by (C*, q%SQ, C*™1), then

the sequence is asymptotically optimal (from the argument in the previous section)

4In the literature, % is also referred to as the Panter-Dite constant, with § defined as in (2.6.12).
We will use both conventions in our text, but we will include the explicit formula that we are referring
to in order to make clear our intent. Also in the literature, —o— is referred to as the Panter-Dite

) T2N2
formula.
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and

Another approach to asymptotically optimal quantization - Point densi-
ties. For an alternate, yet related point of view on high resolution quantization, we
review the use of point densities in the design and performance of optimal and nearly
optimal quantizers when NN is large. When designing an N-level quantizer for a source
X, instead of focusing on locating the exact placement of reconstruction levels (or
equivalently, the reconstruction thresholds), it is beneficial to think of the reconstruc-
tion levels or reconstruction points of the quantizer as being distributed throughout
the support region of the source X. Using this notion, asymptotically optimal design
can be construed as determining the asymptotic distribution of reconstruction points
in the support region of X. We characterize this distribution of points as a density
which we call an asymptotically optimal point density of X.

Informally, the concept of a point density can be described when N is large:
Consider a sequence of quantizers gy indexed by N. Fix A > 0 small. When N is

large, suppose there exists a function Ay (x) such that
fraction of reconstruction levels in [z, z + A) = Ay () A

for all z > 0. If Ay (z) is an integrable function, then for an arbitrary half open
interval [a,b) with b > a > 0,

152 b

fraction of reconstruction levels in[a, b) ~ Z Av(a+i-A)- A /)\N () dx.
i=0

a

Now suppose that for this sequence of quantizers gy, the corresponding sequence
A () converges to a well-defined limiting function A (z) as N — oo in some sense.
In this case, the limiting function A (x) is referred to as the point density belonging
to the sequence of quantizers qy.

More formally, a point density Ay (x) for a sequence of quantizers gy (indexed by

N) over [0,00) is defined to be a function that satisfies
1. Ay (z) > 0 for all z > 0.

2. [ A (z)de = 1.
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3. For any [s,%),t > s >0,

[M Ay (z) da

lim : . — = 1.
N—oo fraction of reconstruction levels or points in [s, )

A point density that satisfies the criteria just stated is generally referred to as a
normalized point density definition. In the literature, there is also an unnormalized
point density which is similarly defined, with the exception that the unnormalized
point density gives a count of the number of levels rather than the fraction of levels in
any particular interval. Throughout this thesis, however, reference to a point density

will always be consistent with the normalized definition.

Point densities and companding. Connecting the idea of a point density to com-
panding systems and their associated compressor functions, consider a quantizer gy

realized by the companding system (C, Q%SQ, C~1). From the definition of a compres-

sor function, it is clear that ¢ (z) = ZLC'(z) is a point density for the quantizer gy.
To see why this is so, we note that the compressing function C' can be viewed as a
cumulative distribution function (CDF) of reconstruction points for ¢y over [0, 00)

since it satisfies all of the following properties:
1. lim, (C (z) = 0.
2. lim, oo C'(z) = 1.
3. (' is right-continuous.
4. C is monotone increasing.

5. The CDF interpretation of C'is reinforced by the observation that if the number
of levels N is large, then for any x > 0, C'(x) approximately equals the fraction

of levels to the left of the value z.

We remark that the first four properties stated come directly from the definition of a
CDF, and that the fifth property draws the connection between C' as a CDF and the
quantizer gy, through ¢y’s set of reconstruction points. Since it has been established
that C' is a CDF and hence, its derivative is a pdf (which is well-defined by C’s
definition), it is clear that ¢ (z) = 2£C (z) can, in turn, also be interpreted as a point
density for ¢y, where, for any given half open interval [s,t), ¢ > s > 0, the fraction

of levels or reconstruction points in [s,t) is approximately equal to C (t) — C (s) =

f: c(z) dx.
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Bennett’s Integral — The point density version. Since every compressor func-
tion C is a CDF and any quantizer can be realized by a companding system, Bennett’s
asymptotic approximation to the MSE distortion of a quantizer can be re-expressed
in terms of point densities. For a sequence of quantizers ¢y (indexed by N) for whom

A is the corresponding point density for each value of N, we have

E[(X = gv (X))7]

li =1 2.6.14
Noo LB (A) ' ( )
where
1 A 1 [ [
P W =58 [ ™

0

is the point density version of the Bennett integral and A (z) 2 Jo A (w) du.

Panter-Dite Theorem — Remarks from the point density perspective. An
alternative proof of the Panter-Dite Theorem [20] using point densities, in particular,
using the point density version of Bennett’s integral, can also be shown. In this
proof, the optimal point density function \*, a point density that minimizes the point
density version of Bennett’s integral,

N c I ()

, (2.6.15)
is used instead of the optimal compressor function C* (and the companding version
of Bennett’s integral), and the same results are obtained. (See Figure 2.4 for an
illustration of A*.)

While it may appear that the point density perspective is no different than the
compressor function perspective, point densities are a more direct, yet general way of
thinking about asymptotically optimal quantizer design and analysis than compressor
functions because companding systems are a method of implementation, albeit a

universal one.

26



(N) =~

I’LN ee T - - ___o____

[V RV R B R | o | | v | v - - =
00

(N) (N)

th to

Figure 2.4: An optimal quantizer gy shown with an illustration of its optimal point
density \*.

2.7 Nitadori’s Two Results for Optimal Exponential Quan-

tization.

In his 1965 paper, Nitadori [19] derived two results for optimal quantization of
Laplacian sources, but since Laplacian sources are just two-sided exponential sources
and in this thesis, we are limiting our discussion to one-sided exponential sources in
order to simplify the discourse, we state his result for the one-sided, unit variance
case. First, he solved the N-level optimal exponential quantizer design problem by
demonstrating the existence of a unique real-valued sequence n Y k=1,2,..., which

provides a complete description for the quantizer. His solution

N-1
N N
:ul(g ):tl(c )+ﬂk :ﬂN+Z2ﬂi
i=k
N-1
N N
tl(c ) = l(c+)1 T, =0yt Z 2n, +n,
i=k+1

where My which equals égv), is determined from U by solving

—(1- —(1
_ (1 — ﬂk) e (1 ﬂk) = — (1 +ﬂk—1> e ( +ﬂk*1> (2716)
with = 1. (2.7.16) is referred to as the Nitadori recursion and the sequence

of values 7, is referred to as the Nitadori sequence. Solving for n, given n, |

amounts to evaluating the principal branch of the Lambert W function W, [6] at
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— (1 + ﬂk—1> e_(Hﬂk 1> or more precisely,

=i (= (1n, ) )) n

where Wy : [-1,00) — [~1,00) is defined to be the inverse to the function zo :

[—1,00) — [—%,oo) given by

1>

2 (W) = We'.

Figure 2.5 illustrates the recursive process of solving for values of the Nitadori se-

quences using the inverse to the principal branch of the Lambert W function.
Nitadori derived (2.7.16) by taking partial derivatives of the MSE expression for

the optimal quantizer and solving the following equations

(N)
2
wz/ o= ) et =0

(N)

(N)

t;
e R

for Kk = 1,2,...,N. In Chapter IV, however, we will describe an alternate way
to derive (2.7.16) that is different from the method used by Nitadori in that no
derivatives are used. This alternate method is fundamental as a guide to the way
in which we are able to generalize Nitadori’s first result to optimal quantization of
sources other than exponential, which is the focus of that chapter.

For the second result reported in his paper [19], Nitadori used his solution sequence
1, in the expression for MSE to show that the MSE produced by an optimal quantizer

can be expressed explicitly in terms of his solution sequence n,

D(N) = (QN)Q | (2.7.17)

Figure 2.6 shows a plot of the first 64 values of n, and Table 3.1 (in Chapter III) lists

these values.
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Figure 2.5: Illustration of the function z (W) = We". Also shown are the values of
W corresponding to the values of n b My My
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Figure 2.6: The first 64 values of the Nitadori sequence n,
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CHAPTER II1

Support Threshold Estimation and Related
Asymptotic Results for Exponential Optimal

Quantizers

3.1 Introduction.

Three areas related to the design of quantizers for an exponential source are ad-
dressed in this chapter. The first (our primary subject) deals with key parameter or
support threshold estimation of optimal quantizers, which improves the understand-
ing of how a support threshold varies as a function of the number of levels in an
optimal quantizer and is useful practically since it can be used with the Lloyd-Max
algorithm ([13], [15]) to create optimal quantizers with reduced computational cost.
The second area is related to the use of the Panter-Dite formula (Theorem II1.2, Chap-
ter II) as an estimator for the MSE of optimal quantizers. The final topic concerns
a new, suboptimal quantizer design method which simplifies Nitadori-style optimal
quantizer design (Chapter 11, Section 2.7) yet still offers good MSE performance. This
basis for this design method, as well as the result regarding the Panter-Dite formula,
comes out of the work completed for the support threshold estimates to be discussed.

As stated in Chapter II, the computation time required when using the Lloyd-
Max algorithm (Chapter II, Section 2.4) is highly dependent on the accuracy of the
initial support threshold estimate. A good estimate serves to reduce the number of
iterations required to arrive at a solution to the MMSE quantizer design problem
and this reduction translates to reduced computation time. With the advent of fast
digital computing readily available nowadays, it may not be clear what actually is
the impact of this reduction in computation time. One application where the impact

of the time savings resulting from a reduction in the number of iterations of the
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algorithm performed would be evident is in adaptive quantization where the design
of a quantizer is frequently updated.

To gain a better sense of how the accuracy of the initializing support threshold
affects the runtime of the Lloyd-Max algorithm for the specific case of designing
optimal exponential quantizers, it turns out that the system of equations (that comes
from using the optimality conditions, see (2.2.3) and (2.2.4)) to be solved at each
iteration of the Lloyd-Max algorithm can be pre-determined prior to running the
algorithm: For the unit variance exponential source, at each iteration ¢, beginning
with k£ = 1, followed by k£ = 2, up to k = N, the estimated reconstruction levels and
thresholds for the kth quantization cell are determined (in order) by

' test,ie_tzs’fvl N test,ie—tzsj’f
1) MZSM = : est,t lzs_tli + 1 (311)
Pt 682)
est,1 est,i est,1 est,i
2) e =t — (=) (3.1.2)

where £ 2 0. With the relationships in (3.1.1) and (3.1.2), the sensitivity of

the algorithm to the accuracy of tf‘gt’l is made more tangible since it is easy to see

how any inaccuracy in tf‘gt’l trickles down through all of the other estimates for the
reconstruction levels and thresholds during the first iteration, which ultimately affects
all subsequent estimates in the iterations that follow.

To estimate the support threshold, since summing the half steps of an optimal
quantizer yields the quantizer’s support threshold, we adopt the half step parame-
terization view for quantizers, and look at ways to discern information regarding the
half steps of optimal quantizers. To do this, we begin by considering the half steps
of asymptotically optimal quantizers realized by companding, and this examination
leads to an upper bound on the support threshold. Next, to construct a lower bound
on the support threshold, we study the structural relationships between the half steps
of adjacent quantization cells of optimal quantizers through careful examination of
the way in which the values of these half steps are produced (numerically) by the Ni-
tadori design method for optimal exponential quantizers. While it may seem odd to
turn to a method which, at first glance, appears to obviate the need for further study
of the exponential design case (because it gives the exact specification of such quan-
tizers non-iteratively), our intent is to achieve further comprehension of the structure
of optimal quantizers (with the idea that “optimal” structure leads to optimal per-
formance), and it is to this end that we focus on the Nitadori recursion ((2.7.16) in

Chapter II). Since the recursion relates the half steps of adjacent quantization cells
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to each other (through the Lambert W function, a function that cannot be expressed
in terms of finite combinations of elementary functions'), the insight we gain on the
ties between neighboring half steps through close examination of it can be applied to

the construction of a lower bound to the support threshold.

3.2 Optimal Support for Exponential Sources - Main Result.

Definition of exponential source with variance o (or parameter o). In this

work, an exponential source X with variance o2 (or parameter o) has a pdf

1 =
fla)E=e?, w20,
o
where
EX]=0
Var [X] = o>

The main results of this section are the following theorem and corollaries, where
Corollary II1.2 addresses the use of the Panter-Dite formula to approximate the MSE
of optimal quantizers. The discussion on simplified quantizer design methods is pre-

sented later in Section 3.4.3.

2

Theorem III.1. For an exponential source with variance o=, the optimal support

threshold th) has the following bounds:

M)

a) -— < 3log N when N > 1, where equality is achieved when N = 1.

[

)

b) = >3log N + 6 (N) — 1.46004 when N > 9, where
A 3 201 3 2 8\?

Corollary II1.2. For an exponential source with variance o and pdf f (z) = %e ,

z>0,if N >3,
DN\ 8| _9/2 38
N? — <2 =
‘ (a?) 12_4<N N2)’

!Elementary functions include e?, logx and nth roots.
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3
where 3 = 2 (fooo £ (2) dx) = 27 is the Panter-Dite constant, and D (N) is defined
to be the least MSE distortion of any scalar quantizer with not more than N levels
(see (2.2.2)).

For a Laplacian source, which is a two-sided exponential source, with pdf

_V2
exp o,

@)=
xr) =

P \/50
we have the following corollary to Theorem III.1:

Corollary II1.3. Given an M-level optimal quantizer designed for a Laplacian source

with variance 2.

1. The optimal support threshold th) has the following bounds:

a) (Upper bound.) If M is even (M = 2N ) and M > 4 (or equivalently,

N > 2), then

(N)

# 3 M| 3

— < —=1 — | = —=log N. 3.24

Y A { 2J Noh (3.2.4)
If M is odd (M = 2N +1) and M > 7 (N > 3), then (3.2.4) still
holds.

b) (Lower bound.) For M > 18 and either M = 2N or M = 2N + 1,

AL M M
£ o[ 4](4]) a0

— " log N + & (N) — 1.03241,

where

M[\a3 1 21 1 3 2 s\’
(15))* et e i (i )
SENETE T N
V2N -1 4/2N? " 22N NoNZ)o

2. An upper bound to the convergence rate of M*>D (M) to the Panter-Dite constant
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M (DODY B[94 sy
o? 127 2\M M?
oo 1 3
when M > 18, whereﬁzg%< p3 (x)dx) = b4,

Comments on Corollary ITI.2. The connection between Corollary I11.2 and The-
orem III.1 and Corollary II1.2 is made more clear if we let M = 2N, for some
N = 1,2,... so that M is even. In this case, the support threshold t(M thN)
for an optimal M-level quantizer de81gned for a unit variance Laplacian source is
equal to the support threshold = t( for an optimal N-level quantizer designed for
the corresponding one-sided exponentlal source with variance % Thus, since it is easy
to see how the results of Theorem III.1 and Corollary I11.2 for exponential sources can
be translated to the case where the source is Laplacian and M is even, the proofs for
Corollary I11.2, Parts 1a) (the even case), 1b), and 2, will not be presented, aside from
the following remarks: For Part 1b) of Corollary I11.2, when M is odd, the lower bound
to th) shown holds because th) > th_l)
bound to th_l). With regards to Part 2 of Corollary I11.2, the restriction on M being

even is because the result relies on Nitadori’s MSE distortion expression for optimal

and thus th) is greater than any lower

exponential (one-sided) quantizers, and this expression does not extend to optimal
Laplacian quantizers with an odd number of levels. For Part 1 of Corollary III.2,
which deals with the upper bound to the support threshold th), Appendix A gives
a brief discussion of the proof.

The chapter is organized as follows: We first present the proofs to Theorem III.1
and Corollary II1.2. Following this, we discuss applications of these facts. We finish

the chapter with some concluding remarks and offer suggestions for future work.

3.3 Theorem III.1 and Corollary III.2 Proofs.

To facilitate the readability and reduce the notation used through out the dis-
cussion, we will present the proofs to Theorem III.1 and Corollary III.2 for the case
when the source has unit variance. The proofs for the non-unit variance exponential
source can be derived directly from the unit variance case proofs by inserting the

appropriate scale factors.

2 As stated in a footnote in Chapter II, both 1% and § are commonly referred to as the Panter-Dite
constant, where [ is defined as in (2.6.12).
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3.3.1 Useful Relationships Regarding the Centroid of [0, A) for an Expo-

nential Source.

Before proving Theorem III1.1 and Corollary II1.2, we will introduce some impor-
tant facts regarding centroids for the one-sided exponential source with unit variance.
Recall that the effect of the memoryless property of the exponential source on the
centroid of an arbitrary cell [t,t + A), t >0, A >0, is

EX|Xe[tt+A)]=t+E[X|Xe0,A),

i.e., the centroid of an arbitrary cell [¢t,¢ + A) equals the lower threshold value plus
the centroid of the cell [0, A). Thus, it is of interest to us to focus some attention on
EX|X e[0,A).

For a (general) source with pdf f(x), x > 0, we define the centroid of [0,A),
A >0, to be

when P a) > 0, where

A
Po,a) 2 /f(ff) dx,
0

and we define the distance between the centroid and the upper threshold of [0, A) to
be

Au(A)EA-A(A),

Remark 1. [t is clear from the definitions of A; (A) and A, (A) that both functions

are continuous and differentiable in A.
Remark 2. The above definitions are general and not tied to a quantization scheme.

However, if we were discussing an N-level quantizer, and if that quantizer utilized

centroids for its reconstruction levels, then for the cell at the origin [0, Ay), we would
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have
A (An) =Ay =N

since ty = 0. (See Chapter II, where A, is defined for arbitrary quantizers and é,gN)
is defined for optimal quantizers.)

Specializing to the case of the unit variance exponential source, the expressions
for A; (A) and A, (A) are

Ae 2
A (A)=1- 3.
() =1- 2 (335)
A
A, (A) = — 1. 3.
(a) =2 (330
For the derivation of (3.3.5) and (3.3.6), with f (z) = e™*, > 0, we have
A
Poay = /e‘””dx = —e‘””‘? =1—¢"?
0
and from integration by parts,
u=ux du = dx
v=—e " dv = e *dx,
we have
LT | a7
A (A) = /xf(:z:) dr= —xe " +/f(x) dx
Plo,a) Plo,a) 0
0 i 0
1 A 1 { Ae—A
= —ze | + P = —Ae A}—l—lzl—
Poa) 0 - Po,a) 1—e &
and
Ae ™2 e A A
A, (A)=A—-1 =All+—F)—-1= — 1.
(A) M- ( +1—6_A) 1—e2

We are now ready to begin the proof of Theorem III.1.
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3.3.2 The Proof of Theorem III.1.

To improve readability and to help convey the main points of the proof, we prove
Theorem III.1 for a unit variance exponential source, remarking that extension of the
proof below to the case where the variance is given by o2 > 0 is not difficult.

The proof is presented in two halves: The first half will show the upper bound to

th) and second half will derive the lower bound to th) in Theorem III.1.

3.3.2.1 Proof of upper bound to th) in Theorem III.1.

To prove Part a) of Theorem III.1, we first design a special, companding-based
quantizer ¢% (see Chapter II for a discussion on companding systems) with support
equal to 3log N. It turns out that for any N > 2, the half steps of ¢f, are always
greater than or equal to the half steps of the corresponding N-level optimal quantizer
gn- From this fact, it follows easily that the support of the ¢, quantizer is greater

than or equal to the support threshold of g} .

Our companding system for a 1-sided exponential source. Fix N > 2. Let
gy be the quantizer whose thresholds are induced by the asymptotically optimal

compressor function
* A -z
C*(z)=1—exp 3, x>0, (3.3.7)

(see Chapter II, Section 2.6, (2.6.7) and (2.6.13)) followed by an N-level quantizer
defined over [0, 1] with uniform cell size A,(ﬁ) = %, for k=1,2,--- | N (uniform step-
size quantizer), followed by the inverse companding function C* ', creating thresholds
tlg{\i) =C! (1— %), for k=0,1,---, N.

In a departure from the standard convention where the quantization levels of
a companding quantization system are derived from the midpoints of the uniform
step-size quantizer (in this case, the uniform step-size quantizer becomes a USQ),
which we will refer to as a uniform scalar quantizer companding system (USQC),
our companding system ¢4 has quantization levels set at each cell’s centroid and we
will refer to our companding system as a uniform threshold companding system with
centroid reconstruction levels (UTCC). Then the step widths, thresholds and levels
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of ¢ are given by

1
k
t](j’\;) — —310g <N) , for k= ()7 17 . ’N (339)
e =t + AR, for k=1,2,--- N (3.3.10)

where the derivation of é,(;\? = A (A,(f?) and ,u,(ﬁ) use the memoryless property of
the source. We first note that the support threshold of this companding system is
tﬁ? = 3log N and this is the upper bound in Theorem III.1. Next, we note that, as
in the case of the Nitadori sequence which is the sequence of optimal half steps [19],
the sequence of step widths A,(ﬁ) (and hence the sequence of half steps) depends on N
only for the length of the sequence, while the thresholds and the levels of ¢, depend
directly on N.

Revisiting A; (A): Centroids for our companding system. Using (3.3.5) and
(3.3.6) with (3.3.8) for ¢%/, we have

oy MRS aentd
Bpe =l-——m=1-— ]
’ 1 — e ke 1— e3log(1—E)
A(N) _1)3
=1- M (3.3.11)
= (1=’
k
and
A () pe (1= 1)’
500 - afp - oy -y - [1- S U]
’ ’ 1—(1-19)
(1-7
AR L= (=) Al - )’
— - -1
)
Ay
= 1, (3.3.12)
I=(1-3)

Lemmas used in the proof of the upper bound to Theorem III.1.

Lemma T11.4. For k > 1, Zg)l,c > AR,
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Proof. Goal: To prove that for k£ > 1,

frle > 1, (3.3.13)

we will find a lower bound to the numerator in (3.3.13) and an upper bound to the

denominator in (3.3.13) and show that the ratio of these bounds is greater than 1.

N and AY) . From (3.3.11) and (3.3.12)

Constructing Ak+170LB AVA .

A =1- 3 (3.3.14)
| 1= (1-3)
o A(N)
A = e -1, (3.3.15)
1= (1-79)

it is clear that if we replace Ag) by a lower bound in (3.3.14) and if we replace
Ag)m with a lower bound in (3.3.15), then we will be creating an upper bound to

é,(ﬁ) and a lower bound to Z,(ﬁ)lﬁ. Using a power series expansion for log (1 — z)
when 0 <z < 1 [11]

1
A,(f\? = —3log (1—%)
1 11 11 11
— — —_— —_— — P . ‘1
lk+2k2+3k3+4k4+ } (3:3.16)
gL, 11 11 11 (3.3.17)
ko 2k 3k 4kt o
and likewise, a lower bound to A,(ﬁ)lyc
1 1 1 1 1 1 1
A >3[ 4= + 2 +- } 3.3.18
kle k+1 2(k+1)7° 3(k+1)° 4(k+1) ( )
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and using these bounds, we have

—~() A’(‘ig —1 3[’%“%(k+11>2+%<k+11;3+i<kfn4} -1

Apite _ 1-(-5h) - 1-(1-2)

AR A0 1 sfi+idris+inl(-1)’
1- (1—%)3 1— 1_%)3

B 3(3k? — 3k + 1)k*(6k> + 12k + 7)

~ (18K% — 18k* + 3Kk3 + 3k2 — 5k + 3)(k + 1)(3k2 + 3k + 1)

B 54k® + 54k™ — 27kS — 2Tk5 + 21k* -
54K8 + 54k — 27kS — 27k5 — 3k* — 6k3 + k2 + Tk + 3

when k£ > 1. Thus we have shown that (3.3.13) is true for & > 1. [ ]

Remarks. From Lemma III1.4, it is clear that the thresholds t,(j’vc) relative to the
chosen levels of the companding-based ¢, do not satisfy the nearest neighbor (n.n.)
condition (Chapter IT). Furthermore, this lemma shows that for any adjacent quan-
tization cells, the upper half step of the quantization cell on the left is always larger
than the lower half step of the cell to the right. This is a key fact that will be used
later.

Now, we prove some general facts regarding the centroid/half step function A; (A).
Lemma II1.5. Suppose f is a pdf and let A > 0. Then:
1. 0 < Ay (A) < A (when Poay >0).

2. If f >0 a.e. (inits domain [0, 00)) then A; (A) is a strictly increasing function
of A.

3. If f is strictly decreasing, then A, (A) is a strictly increasing function of A.

Proof.

1. Suppose Py ) > 0 (because if not, A; (A) is not defined). Since f is a pdf and
fo x)dz > 0, the set Spp a) =

{x C [0, A): f( ) >0 ae.} C[0,A) has Lebesgue measure greater than zero,

i.e., m (Sp,a)) > 0 where m denotes Lebesgue measure. Then to show A; (A) >
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A

1 1
A (A) = /xf(x)dx: / zf (x)dx + / zf (x)dx
Po.a) Po.a)
0 S0,4) [0,A)\S[0,a)
1
= / xf (x)dx > 0.
Po,a)
So.a)

where the inequality is due to the fact that zf () > 0 a.e. in Sjg a).
Similarly, to show A; (A) < A,

A
A A (A) = /(A—x)f(m)dx: ! /(A—x)f(m)d:c>0
Po.a Po.a
since (A —x) f (x) > 0 a.e. in Sjg p). |

2. Fix e > 0. Since i) f > 0 a.e. and ii) Ppa), Poate >0, A (A) and A; (A +¢)
are well-defined. Then

1 A+e
A(A+e) = zf () dx
Po.a+e J
) A A+e
— /xf(x)dx—i—/:ﬁ(@dx
Pio.ate) / S
P Pla,ate
= 08 S A(A) + 2R S BIX|A<X <A +¢
P[07A+E) P[O,A—l—e)
P P
> 04) X A(A) + “1AA+g X Ay (A)
Po,ate) Po.a+e)
= A (A)

where the inequality comes from the fact that since Pa a1 > 0 (because f > 0
a.e. is assumed), F [ X | A<X <A + ¢ is well-defined, and
EIX|A<X <A+¢€>A>A/(A) by Part 1. [ |

3. Since A;(A) is differentiable and since f strictly decreasing implies f > 0
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everywhere, we have

A
d d 1
AN ) = i [ of )
0
A
Af(A
:_(Pl )fo(A)x/uf()d "[CO(A)>
0.8) / 7
A
= ;{i Az [A = A (A)] (3.3.19)
>0,

where the inequality comes from Part 1.

Then using (3.3.19), we have

d d

TAA) = [A-A @A) =1~ v [A— A (A)]
>1—Af;(AA>)[A—Al(A)} :1—%”&%,

where in the first inequality, we have used the fact that f is strictly decreasing

and the second inequality comes from Part 1. [ |

Corollary IIL.6. Related to Lemma II1.5, parts 2 and 3: Let A > 0 and suppose f
s a pdf. Then:

1. A is a strictly increasing function of A; when f > 0 everywhere.

2. A 1s a strictly increasing function of A, when f is strictly decreasing.

Proof. These properties follow from the Inverse Function Theorem. [ |

We are now ready to finish the proof of the upper bound in Theorem III.1.

Lemma IIL7. For any N >2, A{Y) > AV k=2,3,... | N.

Proof. By induction. Fix N > 2.
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Let k = 2. By straightforward calculation using (3.3.8) and (3.3.12),

_ 8
ALY — = -3log2 — 1 ~ 13765,

and by the translation invariance of the lower half step of optimal quantizers and

because optimal quantizers satisfy n.n. optimality,
(V) N

Since Zg\? > ZéN) and because A is strictly increasing in A, (Corollary II1.6), we
see that Ag,\g) > AgN).

Now, assume that Ag) > AlgN) forall2 <k <m< N.

Let K =m + 1. Then we know the following:

(N)

At > AR) (Lemma I11.4)

m,C

> AN (previous assumption and from Corollary I11.6)

= KSLV le (n.n. condition satisfied by half steps of optimal quantizers).

Since A is strictly increasing in A, (Corollary I11.6), it is clear that A%\ZZLC > A%\Ql.
Thus for all k = 2,3,..., N, A" > APV, ]

With Lemma II1.7, proof of Part 1 of Theorem III.1 is a simple matter of com-
paring the sums of the step sizes of ¢x and ¢%:
N N
N N N N
=3 (80) < A =
= k=2

k=2

Since tg) = 3log N, we conclude that th) < 3log N.
This is the end of the proof to the upper bound in Theorem III.1. [ |

Remarks. We remark that since for any V, A,(ﬁ) > A,(CN) for all £ > 2, the difference
between tg{? and th) is strictly increasing in N.

We also remark that the sequence of step sizes A,(ﬁ) from the companding-based
quantization system in ¢ is, like the Nitadori sequence, a fixed set of values that do
not change as the number of levels N is altered. This phenomenon comes from two

facts:
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1. The structure of the companding system requires that each quantization cell of

such an N-level quantizer has what we will call measure equal to

1

My,ne = N (3.3.20)

where the measure of the kth quantization cell of an N-level companding system
is
s

k—1,c

My 2 / A(z) dx (3.3.21)

(N)
tk c

and A (z) = %e‘§ is the point density of the companding system.

2. Memoryless property with respect to My, n .. The point density of the compand-
ing system, being equal to the derivative of the compressor function C* (), has
the form of an exponential pdf (with mean F[X] = 3 and variance 0% = 9)
over [0,00). Expanding the definition of our measure, we define the measure of
reconstruction points in [t,t + A) fort >0 and A > 0 to be

t+A
M([tt+A) 2 / A (2) da.

t

We can think of the measure M as characterizing a random variable Y in the

sense that, for an arbitrary interval [t,t + A),
PYE[M—!—A) =M ([t: t+ A)) :

Thus Y has a memoryless property which, using the convention M (Y €lt, t+A))=
M([t,t+ A)), can be expressed as

MY >s+t]Y >s)=M(Y >1) (3.3.22)

Using (3.3.22), we have

MY et t+A)=MY >t)- M{E<Y <t+A|Y >1)
Y >1)-MO<Y <A). (3.3.23)



Fix N > 1. Using (3.3.20) and applying (3.3.23) to (3.3.21), we have

el
% = My, = / Aa)de =M (Y € 1), 67 + al))
£
—m (v =) m(0<y < all) (3.3.24)

Since
M (Y =) :M<Ye

(3.3.24) becomes

R — <
NoN M (O Y <A} )
or equivalently,
(N) 1
< = 3.
M(O Y<Ak7c) R (3.3.26)

which shows that the measure of [0, Ag)) is independent of N. From (3.3.26), the

expression for A,(ﬁ) can be determined
_1AM 1
—e 3 k,c + ]_) —_
( :

or equivalently,

or finally,

1
Ag) = —3log (1 - E) :

Thus we see that since the measure of A,(j’vc) is independent of N, we can conclude
that the step sizes A,(ﬁ) also do not depend on the value of N. Furthermore, the
fact that the step sizes A,(;\Q depend only on the value of k (which is less than or
equal to N) is in contrast to the fact that the thresholds t,(j’vc) are determined by the
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relationship in (3.3.25) that is a function of both £ and N. As a final observation, in
contrast to the Nitadori sequence 1, and optimal quantizers, where the sequence of
half steps AECN) =1, is fixed, irrespective of N, for these companding systems, it is
the sequence of step sizes (not half step sizes) that is fixed and does not depend on
N.

3.3.2.2 Proof of lower bound to th) in Theorem III.1.

To show
™) > 3log N + 6 (N) — 1.46004 (3.3.27)

where 0 (V) has been defined in (3.2.3), we divide the analysis into two steps:

1. Show there exists a sequence s that is a term-by-term lower bound to the

Nitadori sequence, i.e.,

S <1, (3.3.28)
for all £ > 1, which subsequently, implies that s, satisfies
N-1 N-1
Y =ty 2 sy 2D s (3.3.29)
k=2 k=2
2. Show that for N > 9
N-1
si+sy+2Y s> 3log N +6(N)— 1.46004 (3.3.30)
k=2
(3.3.27) follows from Steps 1 and 2.
Execution of Step 1. Define the sequence s; as
3
sp=1,, fork=12,...,8, and Sp = ﬁQk , k>0, (3.3.31)
where for k > 9,
2 8)\:
A
U=(1--+—=] . .3.32
k ( - + k2) (3.3.32)
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As seen in Table 3.1, when 1 < k < 64, it appears that s, < s and this observation
supports (3.3.28). However, proving (3.3.28) when k£ > 9 is difficult to do directly
since 7, is not easily expressed in a closed form that would facilitate a term-by-term

comparison. In fact, 7, is defined recursively via
Ny =G (n,) +1, fork>1, (3.3.33)

where G is the Nitadori generator function (refer to Chapter II) and 7, 2 1. Thus we
take an indirect approach to arrive at (3.3.28). We will construct a function F' that

satisfies
Spa1 < F(sp)+1< M (3.3.34)

for k£ > 1, i.e., the function F essentially produces a sequence which is sandwiched
between sj, and n,. The following lemma lists a sufficient set of properties that, if

possessed by F', ensures that (3.3.34) is true.

Lemma IIL.8. Suppose a function F' satisfies
a. Fis a lower bound to G, where G is the Nitadori sequence generator function.
b. F' is increasing.

c. Forallk > 1, sgr1 < F (sg) + 1, where the sequence sx, k > 1, is defined as
shown in (3.3.31).

Then (3.3.34) is true for all k > 1.

Proof. By induction. Suppose F' is a function with properties a,b,c. Let k = 1.
Since s; =7, (from the definition in (3.3.31)), then

c a

sggF(81)+1§G<ﬂl> +1=n,.
Thus for £ =1, (3.3.34) is true. Assume that for k =n — 1, (3.3.34) is also true, i.e.,
$n < F(sp-1)+1< 1 . (3.3.35)
Now let k =n. If n <8, then

a

48



Table 3.1: The first 64 values of the sequence s, and the Nitadori sequence n,

index Sk n, index St n, index Sk n,

k k k

1 1.0000 | 1.0000 | 23 ] 0.0628 | 0.0637 | 45 | 0.0327 | 0.0329
2 0.5936 | 0.5936 | 24 | 0.0603 | 0.0611 | 46 | 0.0320 | 0.0322
3 0.4240 | 0.4240 | 25 | 0.0579 | 0.0587 | 47 | 0.0313 | 0.0315
4 0.3301 | 0.3301 | 26 | 0.0558 | 0.0565 | 48 | 0.0306 | 0.0309
5 0.2704 | 0.2704 | 27 | 0.0538 | 0.0544 | 49 | 0.0300 | 0.0303
6 0.2290 | 0.2290 | 28 | 0.0519 | 0.0525 | 50 | 0.0294 | 0.0297
7 0.1986 | 0.1986 | 29 | 0.0502 | 0.0507 | 51 | 0.0289 | 0.0291
8 0.1753 | 0.1753 | 30 | 0.0485 | 0.0491 | 52 | 0.0283 | 0.0285
9 0.1560 | 0.1570 | 31 | 0.0470 | 0.0475 | 53 | 0.0278 | 0.0280
10 | 0.1407 | 0.1421 | 32 | 0.0456 | 0.0461 | 54 | 0.0273 | 0.0275
11 | 0.1282 | 0.1298 | 33 | 0.0442 | 0.0447 | 55 | 0.0268 | 0.0270
12 |1 0.1179 | 0.1194 | 34 | 0.0430 | 0.0434 | 56 | 0.0263 | 0.0265
13 1 0.1091 | 0.1106 | 35 | 0.0418 | 0.0422 | 57 | 0.0259 | 0.0261
14 | 0.1015 | 0.1030 | 36 | 0.0406 | 0.0410 | 58 | 0.0254 | 0.0256
15 1 0.0950 | 0.0964 | 37 | 0.0396 | 0.0399 | 59 | 0.0250 | 0.0252
16 | 0.0892 | 0.0906 | 38 | 0.0385 | 0.0389 | 60 | 0.0246 | 0.0248
17 | 0.0842 | 0.0854 | 39 |0.0376 | 0.0379 | 61 | 0.0242 | 0.0244
18 | 0.0797 | 0.0808 | 40 | 0.0366 | 0.0370 | 62 | 0.0238 | 0.0240
19 | 0.0756 | 0.0767 | 41 | 0.0358 | 0.0361 | 63 | 0.0235 | 0.0236
20 10.0719 | 0.0730 | 42 | 0.0349 | 0.0352 | 64 |0.0231 | 0.0232
21 1 0.0686 | 0.0696 | 43 | 0.0341 | 0.0344

22 1 0.0656 | 0.0665 | 44 | 0.0334 | 0.0337
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since s, =17 (by the definition of s; given in (3.3.31)). If n > 9, then

(3.3.35) and»

s SF(s)+l < F(n)+156(y) v1=0,,

i.e., (3.3.34) is true for k = n. Since n was arbitrary, we conclude that (3.3.34) is true
for all £k > 1. [ |

Construction of F'. The key to creating the function F' with the three properties
listed in Lemma III.8 is to use the fact that the Nitadori sequence is produced recur-
sively through use of a monotonically increasing generator function G (3.3.33) and
to choose F' to be a monotonic increasing lower bound to GG. Clearly, this choice will
guarantee that F' will possess the first two properties in Lemma II1.8. By judiciously
choosing F', we can also ensure that F' has the third property in Lemma III.8.

Recall that G = L o Z is the composition of two functions:
o Z:(0,1] = (=1, —2] defined as

2

Z (w) = — (w4 1) e~ @+ (3.3.36)

and note that Z is strictly increasing on (0, 1] since

d
d_Z (w) = —e~ @) (w4 1) e” @D = e~ > 0,
w

e The principal branch of the Lambert W function L : (—%, —e%} — (—1,0] is
defined such that for any x € (=1, —%], L () is the unique value of z € (—1,0]

such that we® = x. We note that L is strictly increasing on (—— —6—2}.

Then G : (0,1] — (—1,0] is a strictly increasing function due to the combination of
the monotonicity of both Z and L on their domains, and the Nitadori sequence 7, is

generated by

n,=G(n_)+1=L0Z(n,_)+1=L (- (5, +1) 6_(77k1+1>) L

In order to create “F”, we will modify the individual functions that comprise G.
First, we replace L by a lower bound function L;p : (—%, —e%} — (—1,0] that is

strictly increasing. To do this, we start with the composite representation for L given
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in [6]:

L=DBop, (3.3.37)

and

A 1, 11, 43 , 760 ., 221
S _ 14p—= 3 22 —
TPt T 5P T 1mas0? T 5057

B (p) e+... (3.3.38)

is an infinite series that converges for [p| < v/2, and is derived by inverting a power
series expansion. (See [6] for details.) Focusing on the series B and truncating it to
the fourth order, we define the polynomial Byp : <O, V24/1 — % ] — (—1,0] as

A 1 11 43
Brp=—-1+p-— gpz + 5]?3 - %pA‘

which is a lower bound to B.* Replacing B with Byp in (3.3.37) produces a lower
bound to L: L;p 2 Brp o p(z) where
Lip (2) = Brg (p(2))
11 43

=—14+p(z)— %p2 (z) + ip:s (2) — %]fl (2).

The monotonicity of Lyp (), z € (—%, —e%}, follows from the monotonicity of p and

B; s which we now show:

1. Monotonicity of p (z):

d (2) 1 e >0
N )=
dz" V2yV1l+ze
for all z > —%. Hence p (z) is strictly increasing on (—%, —e%}
2. Monotonicity of Brp (p):
d 2 11 43
—B —1-Z= -2 Y3
aplre P) 3P o T 3s”

3The proof of this statement is contained in Appendix C.
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} , this derivative is positive, i.e., Brg (p) is strictly

B

and when p € (0, V24/1 —
increasing on (O, V2, /1=

2
e
2
e

Now, consider the function
LipoZ(x)=BrgopoZ(x).

(See Figure 3.1 for a visualization.) While this function is both a lower bound to G
and increasing, the form of this function is still not easy to work with. Thus, we will
go one step further and create a lower bound to it that is also increasing. For this
modification, we will lower bound the composition p o Z using a lower bound to e
that results from truncating a continued fraction expansion for e*. Specifically, we

will truncate the continued fraction expansion [1]

e’ =mo+ : (3.3.39)

where the convergents m,, are given by
Mmop =2 (—=1)" and mo,1 = 2n+1)", n=1,2,...,
with
mo=1 and m; =1,

to a ratio of fourth order polynomials

A 1680 4 18022 4 840x + 2023 + x4

= 3.3.40
1680 4 18022 — 840x — 203 + x4 ( )

ecfs (2)

which was created by truncating to the eighth convergent of the expansion in (3.3.39).
We remark that ess (—2) = (ecss ()7, just like e = (e*) ™",
The main reasons behind using a continued fraction approximation to the expo-

nential function are two-fold:

e Good accuracy is achieved using a small number of convergents (as opposed to
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|
— (1 + 58) e (1+58) A ( )
L(z
1 9 —(1+
L 3=(lg)e ~= = Lip(2)
‘ l 1 1 = = >
= z
:/./_/ ........... >-_1+ﬁ2
/./. ................ >--—1+’I79
: / £ 2 1 LLB(: (1+58) 6_(1+88))
4 "—1—|—39
W/
........................ 4 _1

Y

Figure 3.1: [lustration of L (z) = B(p(z)) and Lpp (2) = Brg (p(2)), showing how
Lip (— (1+ sg) e_(1+88)) > —1 + sg9, where sg = n,- Note that Lpp (2) is
a precursor to the final function F'(x) which is a lower bound to G ().
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the number of terms required in a Taylor series expansion of the same function

to achieve the same accuracy).

e The continued fraction expansion yields an approximation in a convenient poly-

nomial form that is easy to work with.

Note:
d. (o) = 6022 + 42° + 360z + 840
dz PN T 222043 + 18022 — 840z + 1680
(z* — 2023 + 18022 — 840 + 1680) (42* — 602 + 360z — 840)
(24 — 2023 + 18022 — 840z + 1680)°
40 (28 — 54x* + 252022 — 70560)
(24 — 2023 + 18022 — 840z + 1680)°
>0
when
2 1
2304 + 147v/345)® — 129 + 9 (2304 + 147+/345)®
2| < \/5\/( ) ( ) ~ 6.101171636.

(2304 + 147\/345)%

Lower bound to po Z. Concentrating on the p(Z (z)) term, we have

p(Z(2)=V2/14+Z(z)-e= \/5\/1 —(z4+1De @) .e=v2/1 - (z+1)e
> Va1 (2 + 1) eess (~2)

1680 + 18022 + 840z + 203 + 1
Va1 - (r+1 ing (3.3.4
f\/ (z+1) (1680 118022 — 8407 — 202° + x4) (using (3.3.40))
_ s \/_ (23 — 2022 + 1402 — 840) 22
- o1 1 2027 1 18022 1 840z + 1680

/3 \/ 23 — 2022 + 140z — 840
e x - I
x4 + 2023 4+ 18022 + 840x + 1680

840 — 140x + 20x2 — a3 A
=V2zx- = Z . 3.3.41
Vaz \/x4 202 1 18027 + 8402 + 1680~ P°Z)rs (@) ( )
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Remark on (poZ),;(z). The function (po Z),, () defined for x € [0,1] is

strictly increasing since

d V2 num, B
_ VA S S bl
dx (p © )LB (l’) 2 deanLB

Ve (7 + 4025 — 2160z + 1008002> — 2822400)
2\ S0 (24 42023 + 18022 + 840z + 1680)°

z420x34+180224+8402-+1680

This derivative is greater than zero when the polynomial term in the numerator is
negative, and this polynomial was observed to be negative for |z| < 5.8963 when
plotted.

Putting it all together to make F. We define

F(x) £ Bgo(poZ),,(x)
1 11

= 1+ (0 2y () = 5 (00 2 () + = (90 20} (1)

43

540 (po Z)iB (z)

(3.3.42)

and by construction, we know that F'is both monotone increasing and a lower bound
to G on (0, 1].

It remains to show the third property of Lemma III1.8. To do this, we will find an
upper bound to sx41 and a lower bound to F' (s;)+1. Both of these will involve bounds
to expressions of the form (1 + a)% that are obtained by truncating or tweaking the

binomial expansions for such.

Binomial Theorem. From [1], for |o| < 1,

and thus for a € [0, 1],
(l1-a)?=1- o — —ad— —at— ... (3.3.43)
Note that truncating the expansion in (3.3.43) at any point always results in an upper

bound to (1 — oz)%.
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Upper bound to s;;. To find an upper bound to siy 1, we first write sy from
(3.3.31) (with k =k + 1) as

. 8.1 [ 2 8 2
k+1 = k+1 (kj—|—1)2

N

_§1[k72 <1_ 2 -+ 8 )
S 2k [(k+1)? k+1 (k+1)%/]

Nl
2
B

-ﬁl[kz Qf 2 40 ) x
C 2k [(k+1)° k+1 (k;+1)2_ Qk

D=

o L )
=§1><Qk K p k“z (k+1)
2k (k+1) Q2 _
31 o [ ¥ (mitar |
:_—XQk 5 - -
2k |(k+1) 1-24 % |
31 [ KAk2+7) 3
:——XQk
2k (K + 1)4(k? — 2k + 8)
31 [ kS 4+ Th? 2
=35 <" 3.44
2kx k /{:6‘|‘2k§5+6k4+24/€3—|—41k2—|—30k—|—8:| ) (33 )

where we have used the definition of € given in (3.3.32).

Then using long division on the ratio of polynomials in (3.3.44), we have

1
2

31 l 2 5 22 21 22 205
Sk+1 =

% <t k+ﬁ‘ﬁ+ﬁ+ﬁ+ﬁﬁﬂw4

<

1
2 5 22 21 22 205]2
} : (3.3.45)

me‘z+ﬁ‘ﬁ+ﬁ+ﬁ+z€

[\N NGV

since

1999
278 4+ 1999 ﬁiZG + 92‘;3 4 6326 6326 1640

kS 4 2k5 + 6k* + 24k3 + 41k2 + 30k: + 8

R7,Sk+1 =

for any & > 1. Thus by truncating Rz, ,, we obtain the upper bound on the right
hand side of (3.3.45). Since this upper bound is expressed as a square root, we will
need to find an upper bound to it that is not expressed as a square root. Re-expressing

(3.3. 45) and using the binomial expansion in (3.3. 43) with o = 2— i—i—% —5-2_20
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To obtain an upper bound to sxy;, we truncate this expansion after the fourth

term® and expand

DV o U I A A _ _
e A A VX R T Y X S T R

3951 34175 95603 244177 171987 168381 1097371
Y S Ty R VR 1oy X PR TR Ry RV R R T
2945235 1386825 86151251 A
16k16 + QL7 + 16k18 = Sk+1,UB (3346)

31 {1 1 2 9 1 185 2125 1251 12473

Now that we have an upper bound to sy 1, it is time to find a lower bound to F' (s;)+1.

Preparation for finding a lower bound to F'(s;)+1. k> 3. Since with z = sy,

1 11 5 43

Flsp)+1=(poZ)gs)— g(p o Z)2[/B(5k)+ﬁ(p o Z ) 5sK)— %(p © Z>4LB(51€)7 (3.3.47)

we expect the square root terms in s, (see (3.3.31), (3.3.32)) and (po Z), 5 (sk) (see
(3.3.41)) to appear throughout an expanded version of this function, and thus, finding
a lower bound to F'(s;) means swapping an upper bound for square root terms

that are negative and using lower bounds to positive square root terms in s; and
(poZ)yp (sk)

4Note: Through out the remainder of this derivation, we have used the constraint & > 5 whenever
we make decisions on truncating expansions and verifying bounds when, in reality, we really only
needed to use the restriction that k& > 9 (which comes from the definition of Q). The resulting
lower bound function F that is produced at the end of this discussion is, perhaps, slightly more
complicated (and may be tighter) than necessary since it was derived to hold for k& > 5 (which is
overly restrictive) instead of k& > 9. Nevertheless, the F' function that we produce fulfills all of the
requirements in Lemma IIL.8.

STruncating after the third term (or any earlier term) did not yield an upper bound with sufficient
accuracy to (3.3.45) p ¢ under the constraint that k > 5.
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The two square root expressions that will be appear throughout the expression

for F'(sy,) + 1 are:
1. Q which was introduced in (3.3.32)

2.

(1>

s Bt — 1Ok 4 2 Q2k2—m93k
[ ZQkk?) 27 Q2k2 + 2Ok +

112

4
8960 Q

which is an expression that will be seen later in (po Z); 5 (si).

Bounds for (). We define the following upper and lower bound to €2:

A 1/2 8 1 4
QkUB_l_ﬁ(E_ﬁ>_ A
1
Q/Lc,LBé T

It is clear that ; yp is an upper bound to €, since

) 1 4)\° 2 8
(Qk,UB) —Qz: <1_%+ﬁ) —<1—% —)
B 1_2+ 2 8
- k B k:2

IE_EJW&:FU“ — 8k +16) = k(/{: 4)?

for k > 5, and it is also clear that when k& > 5, € 15 is a lower bound to €2

2 8 1?2 2 8 2 1 7
O~ (Use) = (7 k_) (17) (7 k:_) (1_k ﬁ):ﬁ>

(3.3.48)

(3.3.49)

(3.3.50)

0.

Summarizing: We have three functions, €2;, defined for £ > 9, and the bounds g

and Q15 to Q, that hold when k& > 9.9

6Just to re-iterate, the bounds actually hold for k& > 5.
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A lower bound for ;. First, we use long division to evaluate the ratio of poly-

nomials underneath the square root in (3.3.48), where the ratio of polynomials is

B Ok + SRR — pp Rk
kY4 200k3 4+ 202K + 2k + 20

(3.3.51)

If we stop the long division after the fourth iteration”, we have

1
2 3 2
wk: _%+g%_g%+R
k16 k2 40 k3 @3S
where
9 4 621 2% 1053 QF 243
128 Qk + 17920 k + 143360 k2 358400 k3

R = :
MOS0 + TR + 2 Pk + o O

Since, for k > 5, the range where €y, is defined, Ry (33.51) is always positive, dropping

o . 02 Q3
it will produce a lower bound to ;. With a = (% — %k—g %k—§

when k£ > 5, |a| < 1, we can use the binomial expansion in (3.3.43) to express the

) and noting that

newly created lower bound to v, as an infinite series

O 902 9\ 1/ 902 903 1/Q, 92
> 1 (20 TR (R TR 2 k) (R T Tk
¢k—l (k: 167 "1 o\ "6 Ta0e) 8\% T1ee

90\ 1/ 992 90\ 5 /Q 902 903\
EF - T - T T e e e ( .

6\% 1672 105/ 128\ % 168 1078

To create a useable lower bound to v, we will have to truncate the infinite series
in (3.3.52). Truncation of this binomial series, however, produces an upper bound
and we require a lower bound. Thus, we first truncate the binomial expansion after

four terms, which yields an upper bound to (3.3.51),

k16 k2 40 k3

L 998 OO 1/ 90F 9V 1/ 90F 9
k16 k> 40 k3

o\ k 16k2 "40K3 ) 8 16 :

and then, we “tweak” the resulting upper bound to obtain a lower bound: We drop
all terms with powers of k less than or equal to —4. and increase the magnitude of
the coefficient of the k=3 coefficient to get the following lower bound to (3.3.51) which

“While truncation after an even number of terms always yields a lower bound, we only obtain
sufficiently tight lower bounds to ¢ (under the constraint that & > 5) if we truncate after the fourth
term. Moreover, truncating after the fourth term produces a lower bound to ¥y with the simplest
form (fewest number of terms).
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is, in turn, also a lower bound to :

10, 502 1208 19, 502 30 A
Uzl Y e T 2k Tk moge o Vs (3359)

To check that vy 15 in (3.3.53) is a lower bound to 1y:

K= 1Ok + 302k — 200k }_l 10 507 3 er
2

2 _ 2 el Rl Sl
Uy, wk,LB |:k4+%Qkk3+£Qik2+ink+i 2 k +32 k2 80 k3

112 224 8960
| F AR R k| 25600k —
kY 3Ok + 2L02k2 + 23k + 2L0F | 25600k

256009k + 14400Q2k* — 592003k + 158502 — 30092k + 36Q¢
k k k k k

2 2
NUMy2 g2 | g

Y

denyz_yz
where
numy_ =03 (1433600k7 + 300160092,k° + 33120097 k° + 12240 k*—
k k,LB
46802 k® — 1255507 k* — 48605 k — 9729;) (3.3.54)

denye 2 2 25600%° (8960k + 67200k + 216002k2 + 36003k + 2701 ).
wk wk,LB

Since denyz 2 >0 when k > 5, then if numyz 2 >0, then Vi — Vi > 0. We
have used Maple to find that numyz 42 in (3.3.54) only has one real root with a
value approximately equal to .3051153731€2,. Since for each k > 5, k is also greater
than or equal to the root of (3.3.54), and since the coefficient of the leading term of
numye_y2 s also positive for every k > 5, we conclude that 7 — 4% ;5 > 0 when
k> 5.

A lower bound to F'(s;) +1 when k£ > 5. Since F (s;) + 1 is a fourth order
polynomial in (po Z); 5 (si) (see (3.3.47)), it is time to evaluate (po Z), 5 (). From
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(3.3.41) with x = s;,

(poZ)Lp (sk)

840 — 140s, + 20s3; — s
= V2, - 1 3 2
sy + 20s;, + 180s; + 8405, + 1680

2 3
/3 (——Qk) _ 840 — 140 (37 %) +20 (37%)” — (57:%)
(310,)" +20 (310,)° + 180 (21,)” + 840 (310, 4 1680

31 4k (2240k3 — 560k2QY, + 120kQ2 — 903)
T2k 7\ 8060k 1 6720k7Q, + 2160k222 + 360k + 27027
31 8960k* — 2240k3Q, + 4805202 — 36k
T2k 7\ 8060k 1 6720k7, + 2160k222 + 360k + 27027
:élek\/ k= LR3Q + 3k202 — 2k

2k K+ ikSQk + 12172 k292 2241{5Qg + 8960Q4

31
=57 X Q. (3.3.55)

Using (3.3.55) in (3.3.47), along with the definitions for ; and v, in (3.3.31) and
(3.3.48), we have

3 nUM,(3.3.56)
F 1=—x0Q _ 3.3.56
(sk) + 2% X 8k X densas ( )
where
NI (3.3.56)
1 3 11 1 117
— 10 -0 Q) 9 - 3Q2 _ —Q2 - 2 8
ik +< 5 k‘l‘ka k) K+ 327/)1@ kT k+112?/)k9k k°+

33 99 361 1287 7803 283
208+ () ) LT [N o e a——g /) | LHE
(64 591 % ~ T1gg ’f) 3584% G270V T 2aap*h

2997 o 5899 1089 1539 85833
e . Q5 3Q6 5 e 6 | UV 3Q6
<12544ow’“ Fo125440 % 7168 7F ) (501760% ¢+ 3007020 VKT
11469 6579 243 32967

Q8 )k 4 — Qf + ————— Q0 + Q) K

1254400 ’f) < 5017600 T 1003520+ % 4014080¢
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40140800 % " 16056320 80281600 32112640

3483 8019
799 k PV QIO 3
802816000 ’“) +<2569011200) eV

4 1692 2 2
( 887 16920 0. 729 ink)k2+( 673 aon_

= ek + <—% + §¢k) Quk? + (%%‘3 - 1 %W) QK + < Uy + m%-
1316210> kT + (zﬁizﬁk 672870230% * 2228430) QK"+ (122210” B 1Z§iio+
%ﬁ) Gk + <%w’“ * %wi * %) Gk’ + <_50615776900+
%w’“ * 43?2320%) Gk (40ﬁ§200 * 1610659623920w’3+

729 2673 3483 8019
QSI{,‘2 3 ng QlO 3
80281600%) N (32112640% 502516000 ) “** T \ 2560011200 ) ¥

3 117 99 7803 2997
d = O SO+ Q2R 3T k"
€11(3.3.56) +2 k 112 +224 k 62720 F +125440

1539 243 729
96]{74 Q? 3 Q8 2
501760 %" T 1003520 *" 80281600 *

Qo+

(3.3.57)

Using long division, one can express ——>*% from (3.3.56) as the sum quotients
den(3.3.56)

num(3.3.56)

7 =1+ Q2+ Qs+ CQu+0s+. (3.3.58)
€71(3.3.56)

where () is the quotient that results from the kth iteration of long division. We
obtain a lower bound by stopping the long division process after the kth iteration
when the remainder R > 0 for & > 5 is produced. At the fourth iteration of long

num(3.3.56)

division on , we have just such a remainder

den(3.3.56)
nums.s.
W =1+ Qo+ Q3+ Qs+ Ry (3.3.59)
€7(3.3.56)
10 1 Q1198
= ’QZ)k - 5% + —= (11¢k + 16) ﬁ - Q—Ok—g + R4,(3.3.59)> (3359)

where the remainder is

NUMPE, 5 5 50,

R =
4,(3.3.59) dens.3.0
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with

13 59 1131 10161 475659
= 2ons ¢ 2T pgs g S0 b OTE3 4 12097 80
MM R a0 = 50" 4K T 160" T 500" %" T 179200 *" T 10140800 *" T
628641 o 4131 8019 QY
401408000 *" T 32112640° % T 1605632000 k
>0

for k > 5. Since dengs 356 in (3.3.57) is positive when & > 5, if we drop the remainder
Ry (3.3.50) from (3.3.59), we obtain a lower bound to F' (s;,) 41

1
— X Qe x | — =— + — (11Y) +16) —= — — L.

3 19 Q2 110
o { 5T T 33 K ’f} (3.3.60)

Substituting ¢y g from (3.3.53) for ¢ in (3.3.60), we have

3 10, 1 2 110
F 1> xQ — = — (11} 1] L —.
(5) +1 2 g xS {WLB 2% T3 Mias+16) 15— 55 kB}
3 10 502 30\ 19, 1/ . \ 110
= 2 x|(1oE 2 T 20 2 U (ST BT et
2%k ’fo 2% T3 w0k 2k a0 o g
3 Qp 02 35300 429 Q) 124307 17061 QF
= 2 x| 1k 2k 999 S ity ok
o%h kx{ k32 320% 1024 k' 5120 k° | 163840 &S

327680 %7 | 26214400 &* 13107200 k0 T 1310720 &0 16384000 K1
A
S (F(si)+ 1), 50, - (3.3.61)

11253 Q7 230791 Q% 21879 Q2 297 QI 297 Q}}}

To obtain the final form of our lower bound to F' (s;) + 1, we must substitute
the upper and lower bounds to €2 (appropriately) from (3.3.49) and (3.3.50) for 2 in
(3.3.61), ignoring the € that has been factored out of the term in square brackets

F ), 5= =% -
(F(se)+1)1p o <X 2 k2 320 K3 1024 K4

1243 yp | 17061 5 11253 Qyp | 230791 O s
5120 k5 163840 kS 327680 KT ' 26214400 k®
21879 Ny | 207 My 297 Qlyp
13107200 £° ' 1310720 k1 16384000 k!

3 12 2273 27537 110959

Y x|l 2 _
o R k32 32068 T 512060 5120k

A3 |:1_Qk,UB Qz,LB @Q%UB 429 Qi,LB
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6281797 31651633 L 3466650711 4147238043+
16384046  327680k7 = 26214400k%  13107200k°

1271653207 16323232967 L 85301099683 60308757001+
2621440k 16384000k~ 655360002  32768000k!3

5001219437 88627207 n 174792316787 128664779331+
3276800k 51200k = 131072000k 65536000k17

147921825909 1721884461 n 16140878259 45267378783+
65536000k18 655360k 6553600k2° 1638400042

45132288993 12881685663 598051971 26108973

16384000%22 4096000k% - 204800k2%  10240k% i

56723733 11214027 n 2028807 94743 n 30937 58806 n
32000k26 8000&27 2000k2%  100k2° = 50k3Y  125k3!

26136 9504
125k32  125k33 |

(3.3.62)

Finally, using the lower bound (F (sg)+ 1), in (3.3.62) and the upper bound

Sk+1up in (3.3.46), we have
F(sp)+1—=8p1 > (F(sg)+ 1) 5 — Sk+1,0B
where the right hand side equals

ix » 607 n 26897 229359 15478203 n 19589327 16969112489+
g 320k3  5120k*  5120k>  163840k® = 327680k7 26214400k

2k

8799398757 9926810793 n 179471711033 914847892317
13107200k  2621440k10 16384000k 65536000512

1348608746999 63967638163 n 6934547193 23952572803213
327680003 3276800k 512001 131072000416

11489535179331  35139630174091 1721884461 16140878259

65536000k17 65536000k 655360k - 6553600k20
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45267378783 L 45132288993 12881685663 n 598051971 261()8973+
1638400021~ 16384000%22 4096000%% 204800k%%  10240k%

56723733 11214027 L 2028807 94743 L 35937 58806 n 26136
32000k26 8000&27 2000k2%  100k2% ~ 50Kk30  125Kk31 ~ 125k32

9504 _num
125k33 | k33
and
i — @k% n 26897k29 B 229359 125 15478203 1274 19589327k26—
320 5120 5120 163840 327680
16969112489 125 8799398757k24 B 9926810793 12 179471711033k22—
26214400 13107200 2621440 16384000
914&347892317]{:21 1348608746999k20 63967638163 14 6934547193k18
65536000 32768000 3276800 51200

23952572803213k17 _ 11489535179331 15 35139630174091 ;5

131072000 65536000 65536000
1721884461kbi+_16140878259k13__45267378783k12 45132288993kly_
655360 6553600 16384000 16384000
12881685663 , ,,598051971 , 26108973 56723733 . 11214027 ,
k kY — + — ES+
4096000 204800 10240 32000 8000
2028807 . - 94743 35937 58806 26136 9504
kS k4 k3 — k2 k— . 3.3.63
2000 100 + 50 125 * 125 125 ( )

Using Maple, we have discovered that num in (3.3.63) has only two real roots which
are approximately equal to —.6772223804 and 4.740419301, and thus, we conclude
that

F(Sk)+1—8k+1>0

when k£ > 5.

We have now shown that for & > 9,® the function F' defined in (3.3.42) satis-
fies Property ¢) from Lemma III.8. Since F also satisfies Properties a) and b) in
Lemma II1.8, and since for k =1,2,...,8, s, = My Lemma IIL.8 tells us that s, < 7,

for all £ > 1. This conclusion completes Step 1 of the proof of the lower bound to
th) in Theorem III.1.

8 Actually, we have shown it to be true for k > 5.
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Execution of Step 2. To show (3.3.30) is true, we evaluate the sum in (3.3.29)
using the definition of sy in (3.3.31) when N > 9:

N-1 N-1
2 = 2 2 0
81+SN—|- ;Sk 81+SN+ ZS + 22]{3 k

:ﬂ1+sN+2Zﬂm+2ZﬁQk
N-1

—1+5N+2Zn +222ka (3.3.64)

m=2

Using the binomial expansion given in (3.3.43) with o = (% — Z%), we can express {1

as

_F%?j)1@_%ii@_%i£(iﬁy_L@_%i
2\k k2 8\k k2 16 \k k2 128 \k k2 256 \k k2
ﬁfehngL§+§>1@:§_z@mgiigm%i
ko k2 k2 k3 k* kE k%) 128 \k K2/ 256 \k K2}
:Fli+114 8%1&3}%%&&}@%&&} ]
kk:2k:22kk2 kE k%) 128\k k2] 256\k k2

48k22 8\ sk2/2 8\ Tk2/2 8V
ko k2 Eok2) 128\k K2} 256\k K2

o1 4 8 kK2 8\ sk /2 8\' TE (2 8\
PR K2 16 \k k2 128 \k k2 256 \ k k2

=338 -1G-9)1)

k2 k2
1
=5 [2(Q% — 1) K* + 2k — 7] (3.3.65)

is 0 (k7?). Using Maple, we find that the numerator of €; in (3.3.65) has three roots:
—.9151112632,.9004449069, 1.955242680. Since the leading coefficient of the domi-

nant term of this numerator is positive (because ), > 1 for k > 4), we know that
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€, > 0 when k > 5 since for these values of k is greater than the largest positive root
of the numerator.

Then using (3.3.65) in (3.3.64),
8 N-1 g
14+ sy+2 +2 —0
TRt

: — 1 1 71
=1+sy+2) n +3 - tomta

2
m=2 k=9 k 2k
8 N-1
1 1 71 €
=ldsx+2) 0, +3) - stgmty
m=2 k=9
8 [N—-1 N-1 N-1
1 1 71 e
:1+8N+22ﬂm+3 E_ ﬁ‘i‘ 5@4‘%
m=2 L k=9 k=9 k=9
8 [N—1 N-1 N-1 N-1
1 1 71
=1+sy+2) n +3 s mt ) amt %] (3.3.66)
m=2 L k=9 k=9 k=9 k=9

Since Riemann upper and lower sums provide bounds to Riemann integrals, we have
the following inequalities

Nz‘:11< L 1Nt 1
J— —ar = —— e
i:9i2_ 2 T|g 8 N-—-1

1 1 1 1
o 2-9%2 2N%Z 162 2N?

and using these relationships in (3.3.66), we have

8 1 1 7/1 1 e
(3.3.66)RH521+3N+2ZQm+3[1ogN—log9——+—+—< — )]+3 *

8 N—1 2\162 2N? k
9 N-1
1 7(1 7 1 €k
= 1+sy+2) Qm+3{log]\7+——— (—2)]+3{——log9——}|—3§ —
2 N—1 4\N 24 8]k
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—3llogN T LIy +2§8: 310g9— 27 +3§6—’“
I R e N TGy [T
8 N—-1

3 73 67 €

:31N—— +]1+2 —3logd— — [+33 "%
8

3 211 3 2 8

= 310gN+ﬁ—Zﬁ+ﬁ(—N+N2) —+ 1—0—2mzzzﬂm_
logQ— —
310g9 216%32
_ [3logN+5(N)]+ 1+2mzn —31og9—ﬂ +3Z
i 67
> — - — 0.
_{3logN+5(N)]+ 1+2Z_g 3log9 216] (3.3.67)
> 3log N + 6 (N) — 1.46004 (3.3.68)
where
i 67
1+2 ~3log9 — —— ~~ —1.460034
+ mz:;ﬂ’” 3log9 — o 6003439863863
and

D=

3 211 3 2 8
N=—-_-Z2 4+ (1-Z4—
dWN) =7 4N2+2N( N+N2)

is as defined in (3.2.3). Also, we note that in (3.3.67), we have dropped the term
3 Zivz_gl % because it is strictly positive when k > 5.
Since (3.3.68) is the lower bound stated in Theorem III.1, this concludes Step 2.

Since, as already stated, (3.3.27) follows directly from the relationships obtained
in Step 1 and Step 2, we have completed the proof of Theorem III.1. [ |

3.3.3 The Proof of Corollary III.2.

Now we prove that the rate at which N2D (N) converges to ﬁaz, which is the

Panter-Dite constant scaled by the factor ‘1’—;, is no greater than 202 (ﬁ — %) and

we remark that the extension to case where the variance of the source is given by o2
is not difficult since é%\[) =1,0 for N > 1.
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Proof of Corollary III.2. Again, just as in the proof of Theorem III.1, we prove
this corollary for the unit variance exponential source.

To prove Corollary I11.2, we use Nitadori’s result and the bounds in Theorem III.1.
To produce an upper bound to D (N), we remember that the half steps of ¢ were

always larger than the corresponding half steps of g3. Therefore, we have

2
D(N) = (AE\J,V)) (Nitadori’s distortion result)

2
=17 N) (unit variance exponential source)
2
< (enye)
2

é%vc)) (unit variance)

1 2
= _Al (—310g <1 — N))}
AW (-5
—|1- 1N’°’((1 1N))3 (used (3.3.11))
I —U=%
[, s -H -9
i 1-(1-4)°
I 1,11 11 11 _1)37?
I —U=% 1
- 3_2
|, Bl tawmtswmtawm - ]) (- y)
- 1=+ )

r 2
(G -Gl i ) (0- 8
F-Ft
- 3 2

g4 -Gl ) (-
3-3+ 7
_ 2
Qg ) - [+ i i ] 0= )
1— %+ 5
r 2
[a-drgn) [t bh+ it i ] (- - )
i 1— %+ 302
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Concentrating on just the numerator, we have

SR S U WO S S U S O Y 3,3 1
m=(l-—+-= I (i B
n N ' 3N2 9N 3NZ ' AN3 N N? N3

= <1_i+i) |}.|_i+i+i+ }4_ 3 |}.|_i+i+i+ }
N 3N2 2N 3N?% 4N3 N 2N  3N?% 4N3
—i{l—l—i—i—i—i—i—l— }l—i{l—l—i—l— 1 _|_L_|_ ]
N2 2N  3NZ 4N3 N3 2N 3N2 4N3

(L, ty gttt 73031 1 31
~ \N 3N2 2N  3N2 4N3 N 2N2 N3 4N4
[3 31 131 ]{1111111 }

R A Y R M DR Y TR S Ry

(Lo b3y 11 31 3\ [ 1 1 31 1]
~\N 2N N 3N2 3N2 2N2 N2 AN3 N3 2 N3 N3

1)+ (i) fae ()
)+ Cw) m} < )
)+ (o) ol

— _i + _3L +- 1 _|_O — i i+1i_‘_0 L
2N 2 N2) |4N3 N4 N N 6 N2 N3/ |
Then
2
D(N)<[§i1_%+%ﬁ+0(%)]
— 1 1
2N | i
r 2
_ 91 |1-5+5w +O0(w)
e R R
91 [ 11 1\1?
=i _1_6ﬁ+0(ﬁ)]
91 [ 11 1

Similarly for a lower bound to D (N), we recall that the sequence sj is a lower

bound to the sequence of optimal half steps n iy Again, starting with Nitadori’s result,
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we have

)
=
I
>
<=
N Q

[\e}
|
/N
|3
2
N—
[N}

v

—~
¥2)
=
~—

N W
==
/N

—_

I
S
2] oo
[\
N————

|

] (from (3.3.31))

(3.3.70)

I
O N =N

<l -
RS
—

I
2|
+
ke
SN—

Noting that both bounds in (3.3.69) and (3.3.70) are less than % = v (which

means that N2D (N) approaches £ from below), we have

9 /11 1 B ) 9/2 8
Z<§W+O<ﬁ))<E_ND<N)<Z(N_F)‘

For our upper bound to the convergence rate to %, we choose % (% — %), since

it is the larger of the two bounds in the limit as N goes to infinity. [ |

3.4 Discussion and Applications of Theorem III.1 and Its

Corollaries.

This section is comprised of two discussions. The first one deals with support
threshold estimation where we consider the functions given in Theorem III.1 as ap-
proximations to th). Following this, we look at support threshold estimation using the
sk sequence and compare the results we get against the bounds in Theorem III.1, as
well as th). The second discussion focuses on quantizer design using the s, sequence
and on design using a variation on the s sequence. We compare the performance of
these quantizers against the best performance achieved by optimal quantizers. Note
that throughout these discussions, we will make our comments with regards to quan-
tization of a unit variance exponential source, remarking that similar statements can

be made for the quantization of an exponential source with arbitrary variance.
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3.4.1 Accuracy of Bounds in Theorem III.1.

The upper and lower bounds

") =3logN, N>1
£ g o 1171 = 31og N + 6 (N) — 146004, N >9 (sce (3.3.27))

reported in Theorem III.1 can be used as estimators for the support threshold th) of

) estimators is

optimal exponential quantizers. The suitability of these bounds as th
seen in how accurate they are in tracking the behavior of th) as the number of levels
N increases. In Figure 3.2, we look at the quantities

() )

l,c —

and

(N) (N)
by LB rhm 11 —
at low numbers of levels (N < 16, the low rate case) and at high numbers of
levels (V' < 4096, the high rate case). From examination of the data shown, it
appears that both tg{i) and tﬂ)thm 1111 are able to track the rate of growth of

th) as a function of the number of levels N since it appears that tg{\cf) — th) and

tg{\ngThm II11 — th) are converging monotonically to constant values. It is also ap-
parent that tg\QB’Thm 7771 represents a better approximation to th) than tg) when
N > 9 since ‘tﬂ)thm . —th) < 0.3 as opposed to ’tg{? - th)’ > 0.5 when
N > 9. We also remark that when N < 8, tﬂ)thm 1711 1 greater than th) and thus

tg{\ngThm 1111 1s only a lower bound to th) when N > 9.

3.4.2 Tighter Support Threshold Estimation.

Since the sequence sy is a lower bound to the Nitadori sequence 7, and because
Sk, in contrast to n,, can be expressed in closed-form, it is natural to use s, to
estimate parameters that are used to design MMSE exponential quantizers. As a
first application, we use s; to estimate the key parameter or support threshold th)
of an N-level optimal quantizer, which is an important initializing value used in the

Lloyd-Max algorithm for the design of optimal quantizers [13], [15]. To construct an
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estimate for th), recall that th) is equal to a sum of Nitadori sequence terms

N-1

N
9 = 0, +2> 0, (3.4.71)
k=2
To create our support threshold estimate tg{\sf), we replace each , for sy, for in (3.4.71)
to get
. N-1
tﬁ? =81+SN+QZSk
k=2
¢V for N <8
N-1
(8)
= B +n tsy+2) s
LAy Z:; for N > 9
1 1
=t gt (-3 + ) 205 5 (-3 + 3)°
(3.4.72)

N)

which is a lower bound to tg since s < ), for all k.

For the unit variance exponential source, Figure 3.2 shows that the lower bound
tg{\;) is a rather close approximation to th) since the absolute difference between th)
and tg) is less than 0.1, at least for all values of N < 4096. Thus for N < 4096, we

have

M > D > M 0.1

or equivalently,
) <™ <+ 0.1, (3.4.73)

Recall from Figure 3.2 that the absolute difference between th) and the lower bound

tg{\gBIhm 11 given in Theorem III1 is less than 0.15. We remark that while tg)

seems to be a better lower bound than tgAQB Thm II1.1> thL)B Thm 1711 can be expressed
as a function of NV in closed form and this is in contrast to t( which does not have a
closed form expression in N but can be expressed as a the sum in (3.4.72). We remind
ourselves that the ability to express the bound tg) as the sum in (3.4.72) is (when
N >9), however, an improvement over the expression for th) in (3.4.71) which does
not have a closed form expression even in terms of the individual n, terms since n,

cannot be expressed in closed form.
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Also recall from Figure 3.2 that the absolute difference between th) and the

corresponding support threshold for the UTCC quantizer tg{\cf) = 3log N (see (3.3.8))
is less than 0.78 and that for N = 128,129, ...,4096, the difference appears to remain
constant. Thus based on what has been seen, we remark that the upper bound tg)
to th) seems able to track the growth rate of th), but it is not nearly as tight a th)
estimator as the lower bounds tg{\sf) and tg{VL)BvThm 11

)

Overall, it appears that ths' is the best approximation of th) of the estimates

shown in Figure 3.2. Summarizing these observations, for N < 4096, we observe that

th) > tgj,\gB,Thm a2 th) —0.2 (3-4-74)

or
3log N + 0 (N) — 1.46004 < t'N) < 3log N + & (N) — 1.26004

and

N <4 = 310g N <tV 4 0.8
or

3log N > t™) > 31log N — 0.8,

and

N <™ —0.9=23logN —0.9. (3.4.75)

Combining the observations we have made from Figure 3.2 and using (3.4.73),
(3.4.74),(3.4.75), we observe the following bounds to tg{\;) when N < 4096,

3logN +3(N) — 1.36004 = ¢ 11y 40.2-0.1 < #8010 < #) < 31ogN —0.9.

As an additional remark, since tg{\sf) appears to be a superior approximation to
th) than is tg{VL)BvThm 1111, it may be possible to find a tighter theoretical lower bound
to th) than the one reported in Theorem III.1. Indeed, the possibility of finding a

tighter upper bound to th) also exists.
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Gauging the accuracy of the estimators V) 4N (N

s t1, against {; ). Also shown
are the th) bounds from Theorem III.1, where ¢t

176) is the upper bound.
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3.4.3 Quantizer Design Using Half Step Sequences.

Recall from Chapter II that while quantizer design is typically expressed in terms
of a set of quantization thresholds and reconstruction levels, optimal quantizer design
can also be expressed succinctly as a single set of (lower) half step lengths. Indeed, for
suboptimal quantizers that have been designed under the nearest neighbor constraint,
this half step parameterization provides a complete and compact description of such
quantizers. Motivated by this observation, in this section, we examine quantizer
design using half steps under the nearest neighbor constraint using two different half

step sequences.

3.4.3.1 Quantizer design using sj.

Since the s, sequence can be thought of as an approximation to the Nitadori
sequence 1, , it would be of interest to design suboptimal quantizers using s; and
then to measure the MSE performance as a function of the number of levels N in
order to see how close to optimal these quantizers are. Since there is a closed form
expression for s, this application of the s, sequence provides a simpler, more practical
way of designing quantizers with known performance.

An easy way to use s, to design quantizers is to follow the method used to design
optimal quantizers from the Nitadori sequence n,. First, we fix the number of levels
N. Then we take the first N values of the s; sequence, s, ss,...,sy and we assign
the half steps of the quantizer to the values of s; as A, = sg, for k= 1,2,... N.
The quantizer’s quantization thresholds ¢, and quantization levels [} are determined

as follows:

I tl(c],\;) = Zz‘N:kH Ag) = Zi\ikﬂ Ag) + égl)x = Zi\ikﬂ $i + si1, for k =
1,2,..., N with t%vs) 20 and t((){\sf) 2 +00.

2. 1M 24 AN — M) gy for k=1,2,...,N.

S

Using the general expression (2.2.1) from Chapter II, the MSE performance of such

a quantizer with N levels is

N ")+ AN
2
D, (N) =Y / (x— z,g{?) e~*dz. (3.4.76)
k=1 (o
k,s
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Remarks on this particular method of quantizer design. As a consequence
of the design algorithm described, since we have set the quantizer’s half steps to
values of the s, sequence, we have produced a quantizer whose thresholds satisfy the
nearest neighbor requirement of the optimality conditions. The centroid condition,
however, has, in general, not been met by the quantizer’s reconstruction levels. But
even in spite of a lack of adherence to the centroid condition, quantizers produced
in this manner, using s; in place of n,, appear to have very good MSE performance.

Evidence of this is seen in Figure 3.3 Row a where it also seems that such quantizers

Dy, (N)

D)

D(N)
i

may be asymptotically optimal since the data appears to show that converge

to 1 as N increases. Moreover, this convergence behavior of the ratio can been

seen even for small values of N, say N < 128 (see Figure 3.3 plot (a — @1)2) where the
maximum value of this ratio (which occurs at around N = 28) is within 0.05% of 1.
Examining the performance of an N-level quantizer designed using s, more closely

by breaking down the expression for the MSE from (3.4.76), we have

JN) LAY
N , tl(cN\)'i_Al(cN‘) ks TOks
Dy (N) 23" = (v =tf)) e + / 2 (v = 1Y) e de (34.77)
b (N) b
k=1 tk,s tl(c"\g)
— o (N) + iy (N), (3.4.78)
where we have used IBP
(V) (V)
u:<x—lk78) du:2(z—lk,s>dx
v=—e " dv =e *dzx
to obtain (3.4.77) and we have defined
L. N2 £ +al)
po (N2 = (=1 e
k=1 t)
£ +AN)
ds, (N) 2 / 2 (3: — l,(g{\;)) e “dx
Y
k,s
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Evaluating just the first term in (3.4.78),

2 () AN 2w
(02 o )" ) — (2 - ) ]

[
Mz

Ps; (V)

k=1

I
M) =

_(+(N) (N) (N)
- {éﬁ_le (7 +ai) _ AZe ks } (n.n. optimality and A, = 00)

e
I
—_

(N) (N)
_Az_le tk 1,s A2 _tk:s

I
WE

B
Il
—

(N (N) (N)
_éi_le tk ls _I_A2 _tks _A2 _t

I
.MZ

~
||
N

_4(N) _) . N
—A7 e s 4 Afehe — 0 (since t(()ys) = 00)

ot

Ns =A% (since t%ﬂ? =0)

I

(3.4.79)

I
»
>

The first remark we make is that, up to this point, we have not used any fact specific
of the s sequence to arrive at (3.4.79) other than knowing that s; is a sequence of
half steps for the quantizer. Second, we can interpret the value of ps, (N) as reflection
of how well the nearest neighbor optimality condition is adhered to by scrutinizing
how close ps, (N) is to s3. (In this case, they are equal since our quantizer satisfies
the nearest neighbor condition. For an arbitrary quantizer ¢, p, (/V) may not equal
AN

Examining the second term of (3.4.78), we can interpret d,, (N) as indicating how
well the centroid optimality condition is satisfied by our quantizer. Since the value of
ds,

N by looking at numerical data.

(N) is more obscure than p,, (N), we will observed its behavior as a function of

Thus, using (3.4.79), the MSE of an N-level quantizer designed using the s

sequence can be expressed as
D, (N) = s% +ds, (N), (3.4.80)

where

N
=2 Z (m — lk s ) (Ns)vtx(f,?Jfo(f,?) (3.4.81)

k=1
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and, as already noted, can be considered general and applicable to any N-level, unit
variance exponential quantizer that has been designed in accordance to a sequence
of half steps since no fact specific to the s; sequence was used to generate these two
expressions. From (3.4.80), we study the contribution to distortion of each component
expression by multiplying each component by N2. Figure 3.3 Row b and Row ¢ show
evidence to support the conjecture that the first term s3; in (3.4.80) is the dominant
contributor to the MSE produced by such quantizers since it appears to converge
to % in Row b and % appears to converge to 1, while the second term in (3.4.80)
appears to go to zero when multiplied by N? (in Row b) and the ratio of the second
term over ﬁv appears to go to zero when N becomes large.

Since it is true that N2s% — % as N — oo (see lemma below), if one could
show analytically that the first term in (3.4.80) is dominant over the second term in
(3.4.80), then designing quantizers using sj in the manner we have described would
yield asymptotically optimal quantizers. However, at present, this problem is still

open for future work.

B as N — oco.

Lemma IIL.9. N2s3, — &

Proof. Evaluating the limit, we have

2
3 2 8 \?
. 2 IRT) 2.2 1 21 Y _ = _
W VP (N) = i, Ny = i [QN (-5 ) ]
2 8 9 21 p
=lm-(l-—=4+—=5]=-=—=—
S ( N N2) 1712 12
since for the unit variance exponential source 3 = 27. [ |

3.4.3.2 Simplified quantizer design.

Since it appears that designing quantizers using the s; sequence yields quantizers
with good MSE performance, it may be prudent to consider a further simplification of
this design method. To this end, we use the exact same procedure to design quantizers
but we swap s; for the sequence vy, = % which is constructed by removing €2 from

each term of the s, sequence when k > 9, i.e., v, is defined as

3
Vg =1, ; k=1,2,...,8 vk:%, k>9.
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Thus, using (3.4.80), it is clear that the MSE of an N-level quantizer designed for the

exponential source using the half step sequence vy, is
ka (N) :UJ2V+dvk (N)v

where

N
=23 (= 10) P go-ag)
k=1
which is similar to (3.4.81).

Figure 3.4(a) shows MSE performance data for such quantizers designed with vy

for the unit exponential source when N < 128, where the data has been presented as

Da, (N) D, (N
by and DIEN

the simplified sequence vy, that

ratios: Here, we observe that even for quantizers designed using
D(N ) lies within 0.3% of 1. In Figure 3.4(b), the

contribution to MSE distortion given by each component in N2D,, () is compared to

= 2.25, where we note that v, overestimates n, and consequently, the contribution
of the second component to the overall distortion is negative. Thus it appears that
the sequence v, is an upper bound to the Nitadori sequence n, which is in contrast

to s, which is a lower bound to 7, . Summarizing, we know (from the proof of Part 2
of Theorem III.1)

Sp =0k -k <1
for all £ > 1, and from the data, we observe the following trend

Vg =1,

when N < 128.

The support threshold for quantizers designed using vy, is

N—-1

N-1
t() UN—|—211+2Z +2277k—|—222k 2N ( —778> X_:E

when N > 9. Using a Riemann integral, for an upper bound to the last sum

N-1

1 1

7 S / —dx = log:c|év_1 =log (N —1) —log8,
x

9 8

2

-1

e
J

81



we obtain the following upper bound to tg{i)

™) 3 ®
V) < ﬁ+<t1 —Q8)+310g(N—1)—310g8

3 1 3
< 3log(N— 1)+ﬁ+_0'7965 = 3logN+3log <1 _N) +ﬁ —0.7965 (3.4.82)

for N > 9. Since the support threshold estimate in (3.4.82) is greater than th) but

it is less than tg), we know the following:
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(a) Data for g, and gs,. (b) Data for ¢,, only.

Figure 3.4: The MSE performance of quantizers ¢, designed using v, compared
against the performance of quantizers designed using v, and optimal quan-
tizers. The data shown in these plots is for N < 128. Plot (a) shows rep-
resents the distortion data in terms of the ratio of the MSE for quantizers
designed with v; over the minimum achievable MSE against the ratio of
the MSE for quantizers designed with s; over the minimum achievable
MSE and Plot (b) highlights data for N2 times the MSE contribution by
each distortion component for quantizers designed with wvy.

Performance of quantizers designed using our companding method: UTCC
(Uniform Threshold Compander with Centroid Reconstruction Levels)
quantizers. For the sake of comparing the MSE performance of all quantizers dis-
cussed in this chapter against each other as well as against the performance of optimal
quantizers, here, we briefly comment on the performance of quantizers designed using

the companding method described in the proof of the upper bound to the support

82



threshold th) in Theorem III.1. (For more remarks, see Appendix B.)
The MSE performance of an N-level UTCC quantizer can be expressed as the

sum of two parts

| a®
2
Durce ) =3 [ (o=10) f(z)ds
k=L
al 2 [t ALY
= Z - (:c - ll(c],\c[)) e’ - + dyrce (N), (3.4.83)
k=1 N

where the sum in (3.4.83) (in square brackets) equals

S0 A e A (oS ) i
pt k=1
and
N
00 =23 (157 = 57) Plgn i ) =0

since UTCC quantizers have centroid reconstruction levels.
Evaluating (3.4.83) and using (3.3.8), we have

= A _(tuv) )
Dyrcc V) :Z Ai,ce‘ be — A, e e
k=1

DIt S AT B O

(See Appendix B for complete derivation.) While not compact, (3.4.84) gives an exact

formula for computing the MSE of an N-level UTCC quantizer.

In Figure 3.5, we have plotted performance data for all of the quantizers that
we have discussed in this chapter, including the performance of UTCC quantizers as
indicated by (3.4.84). We see that for N < 1024, quantizers designed with s perform
closest to optimal quantizers, followed by quantizers designed with v, then UTCC
quantizers and finally, USQC quantizers. We remark that quantizers designed using
s perform approximately and vy perform significantly better than UTCC quantizers

and USQC quantizers. More specifically, max DDC’EJ(VA)[) = 1.08480647707816 and occurs
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D) = 1.00302509854578 when N = 17 and

= 1.00035593710511 when N = 31.

when N = 2, and for v;, we have max

Ds, (N)
k
for s;, we have max D)

3.4.4 Concluding Remarks.

In this section we have considered suboptimal quantizer design using the half
step sequences s; and v,. To gauge how well these two design schemes are, we first
compared their respective support thresholds tﬁ? and tg), along with the support
threshold tg) of UTCC and USCQ quantizers, for use as estimates for the support
threshold th) of optimal quantizers. As a second comparison, we looked at the
MSE performance of all of these quantizers as well. From these comparisons, we
observed that quantizers designed with s, gave the closest approximation to th)
and also had the smallest MSE of the quantizers discussed. Quantizers designed
with v, while not as good as quantizers designed using s, for support threshold
estimation or for minimizing MSE, offer a much simpler, analytically tractable means
of attaining quantizers with good performance and support threshold estimation.
UTCC quantizers, while giving the least accurate estimates of th) and the worst
MSE of the quantizers in the group (even though these quantizers are known to
be asymptotically optimal), nevertheless yielded an sequence of support threshold
estimates that as a function of N appears able to track to the growth rate of th) to
within a constant term. Thus, from what we have observed, it appears that quantizers
designed using either s; or v, are also asymptotically optimal.

During the course of studying quantizer design using half step sequences, we uti-
lized a decomposition of the general MSE for an arbitrary quantizer that decomposes
MSE into the sum of two expressions. The first expression is highly sensitive to
whether the nearest neighbor condition has been satisfied and the second expression
is highly sensitive to whether the centroid condition has been satisfied. Using this
decomposition to compute the MSE of quantizers designed using half steps, we have
been to make the following observation regarding quantizers designed using half step
sequences:

If an N-level quantizer has been designed using a half step sequence hy, k > 1,
and if the resulting reconstruction levels are equal to the centroids of the quantization
cells, then these quantizers are optimal. This conclusion is equivalent to the result
by Fleischer [7] and Trushkin [23] which states that a quantizer designed for an
exponential source whose thresholds and reconstruction levels satisfy the optimality

conditions is optimal and unique. Elaborating further on this reasoning:
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Figure 3.5: Comparing the MSE performance of all quantizers discussed against the
performance of optimal quantizers. Plot (a) is a close-up view with N <

16 and highlights trends for the low level case.

Plot (b) shows when

N <1024 and illustrates the overall trend for the high level case.
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1. Use of a half step design sequence means that the thresholds of any such quan-
tizer satisfies the nearest neighbor condition for optimality, and also implies that
the MSE contribution of the first term in the distortion sum is easily evaluated
and is equal to pp, = h%. (Refer to (3.4.79).)

2. The fact that the resulting reconstruction levels are centroids of the quantization
cells means that the centroid condition for optimality is also satisfied by such
quantizers and this implies that the second term’s contribution to distortion is
dp, = 0. (Refer to (3.4.81).)

3. Thus the overall MSE of an N-level quantizer designed using hy, is Dy, (N) =

n3.

4. But we already know that quantizers that satisfy the two optimality conditions
are both optimal and unique if the source is exponential ([7],[23]). Thus it is
clear that hy =1, , i.e., hy is the Nitadori sequences, and so Dy, (N) = ﬁ?v for
all N > 1.

3.5 Future Work.

While examining the topics addressed in this chapter, several ideas arose that can
be investigated or studied further in the future. The following list briefly describes

these avenues for more work:

e A tighter lower bound to th). Recall that the support threshold lower

bound tg{VL)B,Thm 7171 (in Theorem III.1) was created as a lower bound to the
support threshold function tﬁfﬁ’. (See (3.3.29) and (3.3.30).) In the discussion
section, based on what we observed in the data shown in Figure 3.2, there
appears to be room to improve tﬂ)thm 17171 Wwhen compared to tg). Thus, it
may be possible to construct a new, tighter theoretical lower bound to th) for
Theorem III.1.

e Asymptotic optimality of quantizers designed using s; and v;. From
inspecting the performance data for quantizers designed using s, and v in
Figure 3.5, we observed that these quantizers produce MSE that is less than
the MSE produced by gurcc and qusge quantizers. Since it is known that
qusqc quantizers are asymptotically optimal, we suspect that ¢, and g, are as
well. Thus, it may be possible to prove theoretically that quantizers designed

using s and v are asymptotically optimal.
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e A test for conformity to the optimality conditions. Investigate the use
of the MSE expression in (3.4.78) as a method to test an arbitrary quantizer qy
for conformity to the optimality conditions. Clearly, a first application would
be to use (3.4.78) as a way to rule out quantizers that do not conform to these
conditions by checking to see if

Pan (N) = (8,,)° (3.5.85)

—d4N

which is the square of the value of the half step of the cell containing the origin.
If equality has not been achieved in (3.5.85), then clearly, the nearest neighbor

rule has not been used in the design of ¢y. Similarly, a check to see if

d,. (N) =0 (3.5.86)

qN

would reveal if the centroid optimality condition has been followed. If equality
has not been achieved in (3.5.86), then this optimality condition was not used
in the design of gy. Thus, a quantizer gy which does not satisfy (3.5.85) and
(3.5.86) is not optimal.

The next step in the investigation would be to determine whether a quantizer
could achieve (3.5.85) and (3.5.86) yet still not be optimal. This examination
would require ascertaining the non-optimal design scenarios under which ¢y
could achieve equality in (3.5.85) and (3.5.86). In this way, a test for optimality

may be constructed for exponential quantizers.

Furthermore, since the MSE expression in (3.4.78) is applicable to any quantizer
designed for a source with finite mean and variance, the next direction to take
would be to try to construct tests for conformity to the optimality conditions
and a (possible) test for optimality when for a quantizer that has been designed

for a source that is not exponential, yet has finite first and second moments.

e Investigate the importance of adhering to the nearest neighbor con-
dition by studying its effect on MSE. Begin by examining the performance
of the family of quantizers which satisfy the nearest neighbor condition using
the MSE expression in (3.4.78). The goal of this study would be to ascertain the
influence of setting thresholds optimally (without regard to the placement of
reconstruction levels) on MSE by constructing a performance bound on quan-
tizers that satisfy the nearest neighbor condition and comparing it against the

MSE achieved by optimal quantizers. Some questions to keep in mind after this
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comparison are:

1. Are these quantizers asymptotically optimal?

2. If not, what additional constraint would be necessary to achieve asymptotic

optimality?

Next, relax the constraint that the nearest neighbor condition has been satisfied
and replace it with the condition in (3.5.85). For this scenario, perform similar
analysis, i.e., construct a performance bound under this scenario and compare
it to the bound already created, check for asymptotic optimality and the design

constraints that achieve asymptotic optimality.

Finally, perform this study for quantizers designed for sources with finite mean

and variance.
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CHAPTER IV

On the Asymptotic Behavior of Half Steps in

General Exponential Optimal Scalar Quantizers

4.1 Introduction and Main Result.

Optimal scalar quantizer design is a non-trivial problem that involves specifying
the exact position of quantization cell thresholds and reconstruction levels that min-
imize mean-squared error. For the normalized exponential source,’ however, aided
through implicit simplifications made possible by the source’s memoryless property,
ie, P(X >s+t|X >s)=P(X >t), for any s,t > 0, Nitadori solved the optimal
scalar quantizer design problem by taking partial derivatives of the distortion func-
tion. He showed that for an optimal N-level quantizer, A,EN) does not depend on N,
and because of this, there is a sequence of numbers RN/ N/ where n, = é,(cN),
that provides a complete and unique? specification of an optimal N-level scalar quan-
tizer designed for a normalized exponential source. The following relationships illus-
trate this fact:

1. The support threshold can be calculated by

N-1
N
Y =n + 3 2 4, (4.1.1)

i=1

"'We define the normalized exponential source to be the source with pdf of the form e™*, 2 > 0,
where F'[X] =1 and 02 = 1. Note that while Nitadori [19] actually considered optimal quantization
of a two-sided, zero mean, unit variance exponential source, the resulting sequence that was derived
by him also holds for optimal quantization of a (one-sided) normalized exponential source.

2Uniqueness for an exponential source was first proposed by Fleischer [7], but the argument was
later corrected by Trushkin [23]. Fleischer [7] did prove uniqueness for strictly log convex sources,
however.
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and the reconstruction level in the outer region can be calculated as

uM =1t 1. (4.1.2)
2. For ¢ = 2,3,..., N, the thresholds and reconstruction levels are determined
using
¢ — ¢ _ (gi + giﬂ) (4.1.3)
and
pi =t —n.. (4.1.4)
3 t(()N) = 00

Nitadori’s sequence n, also provides a simple expression for the MSE perfor-

mance [19] of each optimal, N-level, normalized exponential quantizer, namely,

(N)
i1

As already noted in Chapter II, knowing the set of NV half steps belonging to an
optimal quantizer is equivalent to knowing both the set of quantizer thresholds and
levels that specify that quantizer. In general, the set of half steps belonging to an
N-level quantizer depends on NN. In the case of optimal quantization of exponential
sources,® however, the set of half steps for an optimal N-level quantizer is independent
of the number of levels NV in that quantizer. For this case, quantizer design reduces
down to truncating the Nitadori sequence after the Nth term with {n k},ivzl providing
a complete specification for an optimal N-level quantizer. While the fact that the
Nitadori sequence provides a simple, exact specification for optimal quantizers of all
levels is astonishing by itself, it is even more remarkable that this same sequence of

values also provides the MSE performance of any optimal N-level quantizer.

3For the rest of this chapter, reference to an exponential source will refer to the normalized
exponential source. We note, however, that for a zero mean, exponential source with variance o2,

there exists a Nitadori sequence an, k=1,2,..., and that the MSE performance for an optimal
N-level quantizer designed for this source is given by U2ﬂk2'
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The utility of the Nitadori sequence n, with regard to exponential MMSE quan-
tizer design and performance naturally leads to a search for a similar result for MMSE
quantization of other sources. Derivation of the Nitadori sequence required use of the
exponential source’s memoryless property, however, and since in general, an arbitrary
source distribution does not possess this property, it does not appear possible to solve
for a single sequence that specifies all N-level MMSE scalar quantizers for an arbi-
trary source. On closer inspection of how the memoryless property is used within
the Nitadori sequence derivation, we find that only one key effect of the memoryless

property is required:
f) = [ fw)du,

where f (z) = e™*, > 0. With this observation in mind and to improve the chances
of success in deriving a result similar to Nitadori’s with regard to MMSE quantizer

design and performance, we limit the scope of our work in two ways:

1. Large N. Instead of considering N-level MMSE quantizer design for any value
of N, we consider MMSE quantization when N is large.

2. General exponential sources. Instead of MMSE quantization design for an
arbitrary source, we consider only sources from the general exponential (GE)

family whose probability density functions have the form

=P

fx)=cpe 7, >0, (4.1.5)

where ¢, > 0 is a proportionality constant and p > 1 is a parameter which in-
dexes amongst members in this one-sided source family.* Members of this family
include the one-sided exponential source (p = 1) and the one-sided Gaussian
source (p = 2). The decision to focus on sources from this particular family is
due to the fact that each pdf in the family possesses an asymptotic version of
the key effect.’

Under this restricted, but still useful, quantization context, we will show that
sequences that asymptotically describe N-level MMSE quantizers when truncated to

N terms is possible. For each member of the GE distribution family, and for each

4In the literature, this family is sometimes referred to as generalized Gaussian.
5Also, since GE-sources have pdfs that are strictly convex, for each value of N > 1, MMSE
quantizers designed for such a source are unique. ([7], [23])

91



quantization cell £ > 1 of an MMSE quantizer designed for that particular source,

we have discovered that the sequence
(N) & AN ()P

asymptotically satisfies the generating relationship that produces the Nitadori se-
quence 1, as N — oo. This find is the main result of this chapter and a formal

statement of this result is as follows:

Theorem IV.1. Fix k > 1. For an optimal N-level quantizer designed for a GE-

source with parameter p > 1, the kth quantization cell satisfies

(N) _

L. Z\li—llnoogk’p _ﬁk
A(N)
2. lim =i = i
N0 ék—i—l Mer

With regard to asymptotic MMSE quantizer design, Theorem IV.1 indicates that
the role of the Nitadori sequence n, is broader than just design for the exponential
source, as is the case in (non-asymptotic) MMSE quantization. While the Nitadori
sequence 1), provides the exact half cell sizes for optimal N-level quantization of an ex-
ponential source, Theorem IV.1, Part 1 indicates that for a general exponential source
with p > 1, the Nitadori sequence n, provides a way to asymptotically approximate

the optimal half cell sizes ééN) when N is large via
AW o I

Ay R o—T
(1)

and subsequently, to approximate the optimal set of thresholds and levels via (4.1.1)-

(4.1.7)

(4.1.4). Moreover, for each 1 < k << N, the approximation in (4.1.7) gives an indi-
cation of how the optimal half cell sizes é,(QN) vary across the GE-family of sources
(via the p parameter) with respect to their optimal thresholds t,(cN).

Curiously and perhaps more useful than Part 1, Part 2 of Theorem IV.1 states

that for every GE-source with p > 1, as N grows large, the ratio of optimal half

(V)
steps % belonging to adjacent quantization cells approaches a constant L that,
Skt Tkt

surprisingly, is independent of p. Since the limiting constant i goes to 1 as the cell
Jet1
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index k — o0, it follows from Theorem IV.1 that

(N)

lim lim =f - =1 (4.1.8)

k—oo N—oo (N) ' o
Apa

For optimal quantizers that have cells which become smaller as N increases, it is
expected that for any fixed = > 0, the half steps of cells near = are expected to be
approximately the same since the conditional source density of these neighboring cells

become asymptotically constant. Since for each k& > 1, t,iN)

— 00 when N — oo,
(4.1.8), however, is a stronger statement than this because, for any fixed value of
k > 1, it states that the ratio between the half steps on either side of t,gN) converges

to 1 as t,(cN) increases without bound:

Fix k > 1. For € > 0, there exists k. such that for all & > k.,

when N is sufficiently large.

It is also interesting to note that the nature of Theorem IV.1 is complementary to
the conventional sort of asymptotic quantization result. In particular, conventional
asymptotic quantization theory, such as the Panter-Dite formula [20], deals with the
performance of quantizers in the region where the pdf is large, and basically ignores
the tail of the source pdf. In contrast, Theorem IV.1 is based exclusively on the tail
of the source pdf. What is interesting is the degree of impact/influence that the tail
behavior of the source has regarding MMSE quantization of cells in regions where the
pdf is large.

The proof of Theorem IV.1 (to be given later) centers on showing that for each

) (N)
k,p

satisfies the Nitadori sequence generating equation, the recursive relationship that

fixed value k > 1, limy_ g,(c{\; exists and that as N — oo, a; ' asymptotically
generates successive terms of the Nitadori sequence when initialized with n . (More
discussion on this generating relation is given later.) Our approach to the proof of
Theorem IV.1 begins by studying a specific method of deriving the Nitadori sequence,
or equivalently, of solving the N-level MMSE quantization design problem for an
exponential source. This method uses only the aforementioned key effect of the
exponential source’s memoryless property along with the optimality conditions and
makes it easy to point out when and where use of the key effect of the memoryless

property is made. When presenting this derivation, we break with convention, which
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would dictate deriving the Nitadori generating equation first and then solving for the
initial sequence value n . Instead, we start by establishing the initial sequence value
n, since the fact n . does not depend on the number of levels N is entirely due to
the memoryless property and is the central fact that makes the existence of Nitadori
sequence possible. After n . is known, we proceed to derive the Nitadori generating
equation, discovering, as in the case of the initial value n . that successive terms of
the Nitadori sequence are also independent of the number of levels N.

We present our work in this chapter by first giving a brief review of Nitadori’s result
using a derivation similar in approach and style to the one we use to prove our results
regarding the sequence gg\g. After the review, we state an asymptotic key effect that
holds for the GE-source family and establish an asymptotic fact regarding the value
of gg), which is the foundation of Theorem IV.1 and is, in essence, analogous to the
fact that n, =1

Since Theorem IV.1 is a result concerning the behavior of g,(f;) = ééN)(t,gN))p_l
in cells that lie in the tail region of the source pdf, our method of proof consists of
investigating properties of quantizers that are optimal for tail regions of the source of
the form [7, 00), asymptotically as 7 goes to infinity. Referring to these quantizers as
conditionally optimal because they have been optimized for the conditional distribu-
tion X given that X > 7, our approach allows us to prove a result that is analogous
to the statement in Theorem IV.1 but for conditionally optimal quantizers. We then
use this intermediate result to prove the theorem.

Once the proof of Theorem IV.1 has been demonstrated, several corollaries to it are
presented and proven true. The bulk of the rest of this chapter deals with applications
of Theorem IV.1. The first application concerns half step estimation. The second
application discusses support threshold estimation. Closing out the chapter, ideas for
further study are proposed and briefly commented on.

While Nitadori’s result assumed a two-sided source distribution, we will restrict
the scope of our work to one-sided sources that have pdf support on the non-negative
reals to improve the readability of the analysis, with the notion that extending the

results to the two-sided case is easy to do.

4.2 Review of Nitadori’s Result.

Instead of reviewing the exact method used by Nitadori in 1965, we will re-derive
the sequence n, for the one-sided exponential source in a manner similar to the method

we will use to derive the sequence limy_ ééN)(t,iN))p_l in Part 1 of Theorem IV.1.
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The method of choice is a simple one, using only three relationships: the two opti-
mality conditions and the memoryless property’s key effect, along with a single tool,
integration-by-parts (IBP). Since our goal will be to explicitly derive the Nitadori
sequence, we will have obtained our goal when we have derived the sequence genera-
tor equation, a well-defined relationship between n, and n._, for any 7 > 2, and the
initial value 7, for this generator equation, so that when n | 18 used with the generator
equation, the terms of the Nitadori sequence n, are generated in succession.

The re-derivation is organized as follows: We begin the derivation by considering
the centroid of an arbitrary half open interval and the impact the key effect has
on its expression, in a non-quantization setting. We use this general setting, not
only to simplify the notation we use and to improve clarity of the discussion, but
also to emphasize the fact that the resulting simplified expression for the centroid
is a side effect of the key effect, which is a property of the exponential source and
not due to any special circumstance/restrictions imposed by the MSE quantization
scenario. Since the centroid optimality condition requires that all reconstruction levels
of MMSE quantizers to be the centroids of the quantization cells they belong to, this
is a reasonable way to begin the derivation.

Next, we consider the special case when the half open interval has infinite step
size, and we switch our focus from the centroid to the half step of such an interval.
Here, an important observation is made: The half step (or the distance between the
centroid and the endpoint of the interval) of such an interval is independent of the
endpoint of the interval. This is, perhaps, the most important observation to be made
since without the independence of this particular half step from the threshold ¢, the
Nitadori result would not be possible.

After those brief remarks, we will apply the simplified centroid expression to N-
level, exponential MMSE quantization design to derive the initial value of the Nitadori
sequence 1), and the Nitadori sequence generator equation, discovering that none of
the half step sizes belonging to the cells of an optimal N-level quantizers depend on
N.

4.2.1 Property of the Exponential Source: Impact of the Key Effect on
the Conditional Mean.

Let
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be the one-sided exponential source pdf and let
A
Q@ 2 [ fudu

be the tail function for f. In this case, the exponential source’s memoryless property
(P(X>s+t|X>s)=P(X >t), for any s,t > 0) produces the key effect for f,

expressed as

Q(z) = f(z), x=0.

Let [t,t + A) be a half open interval with lower threshold ¢ > 0 and step size A > 0.
Consider now what happens to the conditional mean of X given X € [t,t + A), or

equivalently, the centroid

A f[s,t) xf (z)dx
Bitt+A) = ——F5
Pty

of this interval when the key effect is used to simplify it. Using integration by parts
(IBP)

U=2x du = dx

v:—ém:—/f@ﬁm:—Q@ﬁ§<H@ dv=e"dr = f(z)dx (4.2.9)

we have
A
1 B J;H_A af (x)dz  pp —2Q (7) e +ftt+AQ(x) dx
“WM*?&HM/ﬁ@W”‘@@—Q@+A)_ QM) -Qt+4)
(4.2.10)
QM- (t+2)QE+A) [T Q) de (4.2.11)

QO -Qt+d) QO -QETA)

where IBP has been used to obtain the last equality in (4.2.10). Since no special
property of the exponential source has been used yet, (4.2.11) is a general expression
for the centroid psy) for differentiable source pdfs, and it is completely expressed
in terms of the thresholds ¢, t + A and the tail function @ (x) evaluated at these
thresholds.
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Using the key effect on (4.2.11) simplifies the centroid expression to

RO -(t+A)QE+A) [T f(@)de
A =TT Q) — Qi+ A) QU —Qt+1)
_RM-(t+AQE+A) QU -Q(t+4) (42.12)
Q) —Qt+A) Q) —Q(t+A4) o
Q) - (t+A)Q{+A)
ORI +1, (4.2.13)
where in (4.2.13), use of the key effect caused
t+A
f " Q@yde (4.2.14)

Q) —Q(t+A4)

Special case A — oo: Letting A — oo, we now consider the half step length of
the infinite half open interval with threshold ¢

A
é[t,oo) = Mft,o0) — t.

From (4.2.13), we have

: tQ (1)
Mt,00) = AIEI;O Mt t+A) = m +1l=t+1

or equivalently,

In (4.2.15), we observe that the impact of the key effect on the conditional mean is to
cause the half step of an infinite half open interval to be independent of the threshold
t. Later more will be stated on this point. This independence from ¢ or translation
invariance is the most important consequence of the key effect and in effect, frees the
half step solution to the N-level MMSE quantizer design problem from a dependence

on the number of levels N.

4.2.2 Generating Nitadori’s Sequence.

Fix N > 1 and consider an optimal N-level quantizer that has been designed for
the exponential source. We begin with the half step for the outermost quantization

cell égN) and then we solve for the Nitadori generator equation that produces the

97



remaining half steps ééN), k=2,3,...,N, of the quantizer.

Initial value of the Nitadori sequence — The half step of the outermost cell:
Since the outermost quantization cell (k = 1) of the optimal quantizer is [th), 00),
using (4.2.15), we deduce that 5 = g&N) =A

Ay )= 1 which is independent of th)

and hence, also independent of V.

Finding the Nitadori recursion equation: The existence of the remaining terms
of the Nitadori sequence N k=23,...,N,is assured if it can be shown that ééN) , for
k=2,3,..., N, does not depend on N. Demonstrating the independence of AECN) with
respect to NV is accomplished by finding a well-defined relationship between AEN) and
é](ﬁ)l, for k=2,3,..., N — 1, that does not depend on N. This relationship emerges
after applying both optimality conditions and the memoryless effect Q () = f (x) to
and then re-expressing the expression for the optimal reconstruction level for the kth
quantization cell [tlgN), t,(ji)l)

Fix k € {2,3,..., N}. Let us start with (4.2.13) (which is the centroid optimality
condition applied to the kth cell),

SN
k—1
(V) 1 N
e =5 —— [ ¢ f (z)dz (optimality cond.: cond. mean)
[5745) w
tk:

10 (1) - 4N (1Y)

o))

or equivalently,

(0() - (1)) (4 1) —-o ) + " (&)

or equivalently,

N N N N N N
Q") (1"~ 1-17) =@ (1) (4 1~ 42)

or equivalently with ééN) = u,(CN) - tl(CN) and é,(fi)l = tl(ﬁ)l - ;LIEN) (by the nearest

neighbor condition),

Q(47) (847 1) =0 (4%) (-85 )
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or equivalently with @ (z) = f (x) = e™" (key effect),

f (tEj“) (A,QN) - 1) —f (t,@l) <—Ag\_”1 - 1) (key effect) (4.2.16)
o (=) < A _ 1) _ o (e (_ AN ) 7
where we have used t,gN) = ufj“ — é,(fN); t,(ji)l = ulgN) + A,(jf)l, or equivalently,
27 (A~ 1) = e85 (<ol - 1) (4.2.17)
or finally,
A (1-af) =85 (14400 (4.2.18)

(4.2.18) is a relationship of the form
e(1—y)=e"(1+x)

that, when solved for y (more on this topic is below), produces y = AECN) if given
T = é,(fi)l It is clear that if ég)l is independent of N, then A,EN) is also independent
of N. Furthermore, if é,(f\_[)l is independent of N, then the relationship in (4.2.18) is
independent of N. Since n | is independent of N and the generating relationship in
(4.2.18) is independent of N, we conclude that the infinite sequence N, k=1,2,...,
is independent of N. Thus, the independence of A(IN) from N causes all of the other
half steps to be independent of NV as well. This is a very important point.

It is now clear that (4.2.18) is the Nitadori sequence generator equation and the
initial condition to be used with it is n = 1. It is also clear that the solution to the
N-level, exponential MMSE quantizer is found by truncating the Nitadori sequence
to the first N terms and that these terms are equal to the set of N half steps that

uniquely specify the quantizer.

Generating 1, , k = 2,3,..., using (4.2.17).  Since AI(N) =n,l=12...,N, for
each 2 < k < N, solving for é,(fN) given é](ﬁ)l in (4.2.17) is equivalent to solving for
n, given n, . To solve for n, , we multiply both sides of (4.2.17) by e~ ! to get

el (”k . 1) e ! <_Qk_1 . 1) . (4.2.19)
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Each side of (4.2.19) is of the form
we', (4.2.20)

where for the left hand side of (4.2.19), W =5, — 1 and for the right hand side of
(4.2.19), W = —1n,_, — 1. Since the exponential pdf is decreasing, intuitively, it is
clear that n, < U < n, = 1 for all £ > 2, and thus, n, € [0,1] for all £ > 1. Then
for the left hand side of (4.2.19), W € [—1,0] and for the right hand side of (4.2.19),
W € [-2,—1]. Given the value of n,_,» & unique solution for n, on the left hand side
of (4.2.19) is guaranteed since, for W € [—1, 0], the function Z (W) is 1 — 1. A plot
of z (W) is shown in Figure 4.1, along with the corresponding W values for n o1,
and UREE graphical examples of how successive values of the Nitadori sequence are
generated once we know 7 . Also, it can be shown (as seen in this figure) that the
W’s (as given by —1 — n._, and —1 + Qk) are converging to —1 or, equivalently, that

the nk’s are converging towards 0 as k increases.

Figure 4.1: Illustration of the function z (W) = We". Also shown are the values of
W corresponding to the values of n b My Ny
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Recap. To recap, in the case of the MMSE quantization of the exponential source,

the initial value and the Nitadori recursion are given by

n, =1 (4.2.21)

et (1=n,) =2 (147, (4.2.22)

for k=2,3,.... (For a table of these values, refer to Table 3.1 in Chapter III. To see
a plot of these values, go to Figure 2.6 in Chapter I1.) Figure 4.2 is a visualization
of the half steps of an optimal exponential quantizer where the half step values equal

the Nitadori sequence values.

MMSE quantizer performance from the Nitadori sequence n,- Nitadori
also showed that from the sequence 7, , the exact mean-squared error distortion of
any optimal N-level quantizer designed for the exponential source is given by Q?V'
(See Chapter II, Section 2.7, (2.7.17).) His derivation (not given in Chapter II) is

repeated below for reference.

tM L AN
N i )
b= [ (=) s@a
i=1 ™
1P A\ 2 M AN RN .
:Z(sc—uf- )> Q (x) - — / 2<$—M§ ))Q(x)dx
- K )
al 2 tM L AN t Al
S N S T Ly Y S VT
N " (™
) (M) g AN _ 0N ¢ (409 AN V) ()2 (V)
-3 [ ) () = () (1)
=1
:Z_Kéi—l) f(ti +A, )— (éi )f(tZ )] (n.n. cond.; Ay’ =00)
i=1
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- f: _ég1)2f (tz(ﬂ)) + (é,(-N)>2 f (t,(-N)) —0 (since t((]N) =00)

=2
2 2
= (é%v)) f t%“) = (é%“) (since tg\j,v):O)
n, Mg My My R Ty m
O S N S 1 u
— b by by } X | X | ¢ ? )

t7 t t5 £y t3 t3 t £

Figure 4.2: Visualization of the Nitadori sequence n L

4.3 Rumination: Extending to General Exponential Sources.

Observations made from the Nitadori sequence derivation. It is clear from

deriving the Nitadori sequence that the cornerstone to its existence lies in two facts:

1. Fact #1: The distance between ugN) and th) is fixed regardless of the value
of th) as shown in (4.2.15), and thus AEN) is independent of N, the number of
levels in the MMSE quantizer. This independence from N implies that depen-
dence of ,ugN) and th) on N is exactly the same and by taking the difference

between the two values, égN) becomes independent of V.
2. Fact #2: The Nitadori generator equation is independent of V.

Uniqueness of the Nitadori sequence is assured since for each IV, there is only one

quantizer designed for an exponential source that minimizes MSE.

Does Fact #1 hold for any other source? Suppose we have an optimal N-level
quantizer that has been designed for a source that, while not exponential, still has a
differentiable pdf. Let us consider the expression for Ay, . for this case, and compare
it against the analogous expression shown in (4.2.15) that holds for the exponential

case: Returning to (4.2.11), and knowing that A — oo, we have

B tQ () ftoo Q (z) dx B
e =0 T Q) Q)
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or
Aoy = r i (4.3.23)

From (4.3.23), it is clear that for any fixed ¢ > 0 and for any arbitrary source with
a differentiable pdf, Ay ) = fjt,00) — t is not independent of the threshold ¢ since
the key effect (or any scaled version of the key effect) does not hold. Furthermore,

suppose we allow ¢t — oo. Using L’Hopital’s rule, for a source with a differentiable

pdf, we have
}L@éhm = lim m 1 Jim :? ((f)) = lim ?T(;) (4.3.24)

In (4.3.24), we see that as t grows large, the value of A, ) converges to a non-
zero constant if and only if asymptotically @ (¢) behaves like f (t), i.e., there exists
a constant 0 < ¢ < oo such that when ¢ is large, Q (t) ~ cf (t), or, in words,
that a (scaled) version of the key effect holds for large t. Calling this phenomenon
tail exponentiality (when in the tail region of the source, the pdf behaves like an
exponential pdf), it is clear that tail exponentiality and not perfect exponentiality is
required for (4.3.24) to equal a non-zero constant since the key effect holds only for
exponential sources. In general, tail exponentiality is not property of a source and
its pdf, for example, the Gaussian source. However, it is well-known that for this
Q) 1

O when t is large, and this suggests looking for a limit to

Ay oyt as t — co. By extension, these observations lead us to consider the behavior

particular source

of A[tyoo)tp‘l as t — oo for sources belonging to the GE-family.

4.4 A Property of General Exponential Sources.

Recall that we have defined one-sided, zero mean general exponential (GE) source

densities to have the form
f(x)= cpe_%, for all z > 0,

where ¢, = L - and p > 1. In order to study lim; .. é[t,oo)tp_l, we start by

5% exp(—27) d
looking at the expression for the centroid of an arbitrary interval when the source is

from the GE-family.
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Proposition IV.2. Let t > 0 be any positive number and let A > 0. For any
GE-source X, the conditional mean of X given X € [t,t + A) has the form

) ftA)
P2 " arap? (—p+2) [T artf (2) da
)

M) = OB —Qi+8) - Q) -QE+A)

Proof. Using

t+A

%Hmé/f@M%
t

we start with a general expression for the centroid of [t,t + A)

A A ()
P (x
P ay it ira) = / af (z)dx = / de
t t
and use integration by parts (IBP),
u =g P2 du= (—p+2)z " dx
v=—f(z) dv = 2"~ f (2) dz,
to get
LA t+HA
x
P oyny i trn) = —J;p(_g +(—p+2) / P f (1) do
t
t
P FtA) "
_ b+ —p+1
=2 RN +(—p+2) / 7P (2) d.
t
Since

t+A

Pyiiny = / fx)de=Q () —Q(t+A),
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when y > 0, we have

f(t ft+A
tl’(—*; - (t-iA)”’)z N (—p+2) ftt+A P f (x) da
)

M[t’t+A):Q(t)—Q(t+A) Q) —Q(t+A)

Remarks: Highlighting the role of the key effect — Comparing Proposi-
tion IV.2 to (4.2.12). The expression in Proposition IV.2, since it applies to any
GE-source, is more general than the one in (4.2.12) which only holds for an expo-
nential source and it is clear that when p = 1, Proposition IV.2 reduces exactly to
(4.2.12). The case when p > 1 is more interesting. Comparing term-by-term using
the expressions shown in Table 4.1, we see from the first term comparison, it appears
that tfp(—f)z from Proposition IV.2 corresponds to @ (t) from (4.2.12).

Table 4.1: Comparing the terms from Proposition IV.2 to (4.2.11) and (4.2.12).

Proposition IV.2 (4.2.11) (4.2.12)
GE-sources Exp. source Exp. source

key effect applied

f@) _ _f@+A)

: P2 (14 AP—2 QM) -(t+AQE+A) Q) —(t+AQE+A)
First term 0W—-Q(+A) QU)—QU+A) Q)-Q(t+A)
(—p+2) [/ L2 da S Qa)d QU -Q(t+A) _

SeCOIld term Q(t)—Q(t+A) Qt(t)—Q(t-i—A) Q(t)—Q(t+A) - 1

When comparing second terms, the correspondence is more difficult to see. How-
ever, we will comment that use of the key effect on (4.2.11) simplified the second term
to the value of 1 as seen in (4.2.12). Since the key effect holds only when p = 1, we
will pay particular attention to what happens to the second term in Proposition IV.2
when we apply a substitute for the key effect that holds not only when p = 1, but

when p > 1 as well.

4.5 Key Effect Substitute.

Several times now, we have pointed out that there appears to be a connection

between @ (z) and L& when the source pdf belongs to the GE-family. It turns

xP

out that this connection can be expressed by a well-known asymptotic relationship
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between the tail function @ (z) of a GE-source and its pdf f(x). We state this

approximation below.

Asymptotic tail function expression for general exponential distributions
— The asymptotic key effect. For any p > 1, the tail function @ (z) belonging

to a GE-source can be expressed asymptotically [22] as: For large x > 0,

x 1 1 1
= o X [1+(—p+1) <ﬁ+(_2p+1)ﬁ+o<ﬁ))

(See Appendix D for more details on this expansion.)

6 (4.5.25)

Equation (4.5.25) appears to be a good choice as an asymptotic form of the key
effect of the memoryless property since for z >> 0, Q (z) ~ % when p > 1 and when
p = 1, the source is exponential and (4.5.25) becomes the key effect Q (z) = f (x)
for large values of x. Since (4.5.25) is only a valid approximation of the tail function
for general exponential sources (specifically when p > 1), the decision to use the
approximation in (4.5.25) limits the scope of our work to asymptotic results that

hold only when x > 0 is large and p > 1.

Impact of the key effect substitute on the conditional mean for GE-sources:
Asymptotic expression for p ) — ¢ leading to the analogue to Nitadori
initial sequence value. Just as in the Nitadori re-derivation, where the key effect
was applied to p;,«) for an exponential source, with A — oo to obtain p ) —t =1
for all ¢ > 0, we use the asymptotic tail function expression in (4.5.25) to simplify
the expression in Proposition IV.2 to find an analogous asymptotic expression that

holds for GE-source distributions.

Proposition IV.3. Lett > 0. For any GE-source X, the conditional mean of X
given X € [t,00) has the form

ooy = L4+ 4+ (=p+1) (2072 + 0 (t7))]

1 2(—p+1) 1
i L e S (-p+1)0 <t3p_1) .

®Big O Notation conventions. Let f () and g (z) be real-valued functions. When we say,
“f(x) is O (g(x)),” we are using the conventional definition that states that there exists z¢ > 0
and M > 0 such that |f (z)] < M |g(x)| when = > x¢. Suppose we now have two real functions
fy (z) and gy () that have an implicit dependence on another real variable y. When we say, “f, (x)
is Oy (gy (z)),” we mean that there exists yo > 0 and M > 0 such that |f, (z)] < M |gy (z)| when

Y > Yo-

—t+
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Proof. Letting A — oo, Proposition IV.2 implies

B tj;(f)z +(-p+2) ftoo P (z) do
/J“[t,oo) - Q (t)

Since

[e.e]

/:E_pr () de = t72PT2f (t) + (=2p + 2)t P2 f (1) + (=2p + 2) (=3p + 2) x

t
00

() + (—2p +2) (=3p +2) (—4p + 2) /x_4p+1f (z) da

t

and

we have

Hitoo)y = f (@) TP 1+ tP 4+ (=2p+2) 7% + (—2p+ 2) (—3p + 2)t P+

[e.9]

(—2p+2) (—3p+2) (—dp+2) / £ (1) dx] P

f () / f @)
[ (—p+1) ( +(— 2p+1)t1 +o<t§p))}_
= FO) PP L+ tP 4+ (—2p+2) 72 + (=2p+2) (=3p+2)t P+
(—2p+2) (=3p+2) (—4p—|—2)f(t) CfO PO () | x f(t)x

{1+ (=p+1) (; (—2p + 1)i + 0 (tip))}_l

=t |1+t P4+ (=2p+2)t P+ (—2p+2)(=3p+2)t P+ (—2p+2)(—3p+2) x

(—4p+2)O (t—4p)] X [14+(=p+1) (tlp + (- 2p+1)t%+0 <t?1’p)>]—1
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since [ x T f (z)dx is f () O (t7°"2) and is also f (t)t7P*?0O () because

o0 [e.9]

/:B_4p+1f (x)dr = /z‘5p+2 P (2) do

t t
00

S SO

t

Using long division, we finally have
ooy = L+ 4+ (=p+1) (2% + 0 (t77))].

Proposition IV.3 shows that the centroid p ) of the half open interval [¢, c0)
can be expressed as t + tP~1 + O (t*’~1) which is function of both ¢ and the source
parameter p. Thus, it is clear that the distance between the centroid pp ) and ¢
can be expressed as tP~! + O (t?*71). The next corollary is a direct consequence of
this fact and establishes that the product é[tm)tp_l = (u[tm) — t) tP~1 converges to

a limit as t — oo.

Corollary IV.4. lim;_. (pp00) — ¢) P71 = 1.
(Hppoe) =) 71 =140 (5).

Proof. From Proposition IV.3 and ¢ > 0,

_ 1 2(—p+1) 1 _
1 1
(:u[tvOO) - t) = (tp—l + t2r—1 + (_p + 1) O <t3p—1)> t

- (1 L2eptl) (—p+1)0 (tép)) , (4.5.26)

tp

we observe that
lim (N[t,oo) — t) Pt =1.

t—o0

Corollary IV.4 presents us with a general, asymptotic version of the exponential

source property Ay ) = Hjtoo) — =1, 1 > 0, a property which was shown using the
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key effect and the fact that the effect is valid for all values ¢ > 0. Corollary 1V .4,
by comparison, relies on the GE-sources’ asymptotic key effect (the asymptotic tail
function approximation in (4.5.25)) which is only valid when ¢ > 0 is large. The
consequences of using this asymptotic key effect are easy to see in the expression shown
in Corollary IV.4. When p = 1, Corollary IV.4 reduces to lim;oc Ay o) = 1 which

is trivially true since é[t =1 for all t > 0 when the source is exponential. When

p > 1, i.e., when we consid)er general exponential sources other than the exponential
distribution, Corollary IV.4 shows us that another effect of using the asymptotic
tail function in (4.5.25) is to append a polynomial multiplicative factor of t*~! to
A[ 00) = Hit,co) — T SO that (,u[t,oo) — t) tP~! ~ 1 only when t is large. Thus, we see

that while the statement in Corollary IV.4 is more general (since it applies to sources
other than exponential), it is a weaker statement regarding the behavior of é[t7oo)tp_1
since it is a remark regarding limiting behavior in ¢ rather than a fact that holds for

arbitrary values of t > 0.

(N)

1, as N — oo for GE-sources.

4.6 Initial Limiting Value of o

Here we discuss our asymptotic generalization to the initial value n L= égN) of the
Nitadori sequence. Choose any GE-source by fixing p > 1. Consider now a sequence
of MMSE quantizers (indexed by the number of levels N) that have all been designed
for this GE-source. Recalling that the quantization interval containing the support
threshold th) is [th), oo) and knowing that as N increases, the support threshold
th) corresponding to each quantizer in the sequence also increases, Corollary 1V.4
tells us that A" = ('“[th),oo) — ¢y @M1 1 as N — oco. Using the
definition in (4.1.6), we have just demonstrated that for each p > 1,

lim al = hm A (th))p_1 =1

N—oo

and this is the initial value of the limiting sequence in Part 1 of Theorem IV.1.

4.7 More Properties of GE-sources.

At this point in the discussion, if we were to strictly follow the Nitadori re-
derivation, we would begin considering asymptotic MMSE quantization of GE-sources.
However, because our derivation becomes more complicated than the Nitadori deriva-
tion and to keep the notation as simple as possible for as long as possible, we now

prove several more relationships in preparation for further discussion on asymptotic
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Figure 4.3: Plot of various GE-source pdfs with p =1,2,3,4,5,6.
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optimal quantization of GE-sources, bearing in mind that the ultimate goal is, for
each p > 1, to derive expressions for limy_, g,(;‘]). » when £ > 1. We note that these
relationships are source properties only and hence, they do not rely on any construct

related to quantization.

The lemma below states a relationship that we use to prove Theorem IV.1.

Lemma IV.5. Lett > s > 0. Then for any GE-source pdf,

1.
f(S) _ —%(sp—tp)
f )
2.
Inte)y Q@
f(s) =t (p+2) TG — Tt
a Ints s '
f (t> 31)172 + (_p + 2) ?(s()) - ?((S)),u[s,t)
where
4 —p+1
Int(s) = /x f(x)dx
Proof.

Part 1. This proof is trivial.

Part 2. To prove Lemma IV.5, part 2, we just re-express the relationship in Propo-

sition IV.2 by bringing out the term J}(é)) to one side of the equality.

Let £ > 2. Choose t > s > 0. From Proposition IV.2, we obtain

L Y 4 (—pt2) [laH f (2) do
Hle Q(s) - Q)
T8y 4 2) (Int (s) — Int (£))
Q) -QW T Q-QW
I (—p+2)Int (s)} [tf(—fi (—p +2) Int (¢)
R IO I (4.7.27)
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Manipulating (4.7.27), we have

e (Q () — Q (1)) = [f () 1 (—p+2)Int <s>] - [f ©) L (pt 2t <t>]

sp
which is equivalent to

f(s)

tr—2

which is also equivalent to

Int
(S) tp172 + (_p + 2) g

tp

2 + (=p+2)Int(s) — Q(s) u[&t)] = {f ®) +(=p+2)Int (t) — Q (t) u[&t)]

_Q®

f(t)
Int(s
sp%?‘l'(_p“'Q) f(s())

£ Hlst

Q(s)

T Hist)

The next lemma simply states that the centroid of a cell is always less than or

equal to the midpoint of the cell for source pdfs that behave nicely.

Lemma IV.6. Suppose f is a non-increasing, first order differentiable pdf with sup-

port on the non-negative reals. Then for any interval [s,t) witht > s > 0, the centroid

s,z ©s less than or equal to the midpoint myg =

Proof. We show that p,

t

Pls oy ts,) :/xf d'r_/m[st

— Mg ) < 0. With P[s,t)

T(s+1).

= [l f(z)dx

x)dr + / (2 —mysp) f(z)da

= s 1) / f(x)dz + / (# = misn) (f (mps) + Ro (x,mys))) da
t

= Mispy Py + / (x = mpsn) (f (mpsn) + F () (z = myps)) da,

s
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where R, (x, m[syt)) = " (7e) (x — m[syt)) is the Oth order Taylor’s series remainder
and 7, € [s,t). Then

t

Py (1gs.) = mysyy) = / (z = mps) (f (mpsy) + ' (02) (2 = mps))) dae

s
t

= f (M) / (v = mysp) do + / P () (2 = mype)

t
=0+ / f/ (%C) (Zlf — m[&t))z dx
<0

since f is non-increasing in s, t). |

4.8 Foundation for the Recursion Derivation: Conditionally

Optimal Quantizers.

(N)

Having established the initial value limy_. a;p,, = 1,1t is time to concentrate on

deriving an asymptotic recursion relationship between

lim ak hm A (t(N)

N—oo

and

lim o = lim AP ()
when k > 2.

Fix p > 1. Recall that, for a fixed cell index & > 1, in order to ascertain the
limiting behavior of limy_ g,(;'j).’p, we need only consider the behavior of the first £
quantization cells of quantizers belonging to a sequence of optimal quantizers that
is indexed by N, and because for any value of N, the first £ quantization cells of
an optimal quantizer are exactly the same as a k-cell optimal quantizer designed

[t,iN), o0), which we have already

for the conditional distribution of X given X €
referred to, in the introduction, as a conditionally optimal quantizer, it makes sense

to use conditionally optimal quantizers to study the behavior of éﬁ,{ﬁ (t%V ))7”‘1 for cells
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m=12,...,k.

Conditionally optimal 7,j quantizers and some of their properties. As
illustrated in Figure 4.4, given a source X with pdf f(z), x > 0, for each integer
j > 0 and each 7 > 0, we define a conditionally optimal (or just optimal, for short)

T, 7 quantizer

A
qr.; = (t0|j> t1|ja t2\j7 s 7t]|j7 ,ul\ja ,u2\j7 ey :uj‘]) 3
to be an optimal, j-level quantizer designed for a conditional source with the condi-
tional distribution

1
Prr )

1>

fxix>r (2) f(z),
where t;; and p,; are the lower threshold and reconstruction level belonging to the
ith quantization cell of the 7,j quantizer with 7 = ¢;); and #;; = +o00. (Note that
while ¢1; and juz; depend on the source X (as indicated by the value of p) and on the
value of 7, we have omitted this dependence in the notation to facilitate readability.)
Hence, the vector of thresholds and reconstruction levels ¢, ; satisfy the optimality
criteria for MMSE quantization and, if the source X is GE, then ¢, ; is unique.

As with MMSE quantizers, we make the following definitions for the kth quanti-

zation cell of an optimal 7, 5 quantizer:

A
Ay = pklj — try;  (the half step)
A’flj = te—1)j — tk|j (the step size)

(n & -1 :
Xip = ékutk\jp , 1<k<y

7y A _ )

afy = Duylty)" ™ 1< k< (4.8.28)
A,

(r) & =k-1jj .

EWm_2§;’2§k§J

We remark that, for any fixed &k > 1, any MMSE scalar quantizer with thresholds
{tEN) N, reconstruction levels {,uEN) N, and N > k quantization levels “contains”

exactly NV optimal 7,5 quantizers. Let 7 = tg»N). Then, we have on the right of (and

including) th) an optimal 7, j quantizer, i.e., foreach 1 < j < N,
N) L(N) (N N). (N) (N N
qT,j:(té ),t§ ),t; ),...,tg- );ug ),,ug ),...,,u§. ))
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(S R e > e — > e — — -1 e = — — >
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| |
" Heli Msli o M4l K35 ‘ H2|j ‘ Ha|j
| . N
0 —_
T=1tg; ts; lajj t3); tal; t1); tol;

Figure 4.4: Example of an optimal 7,6 quantizer. Note: The hash marks in the
picture are intended to illustrate that adjacent upper and lower half steps
belonging to neighboring reconstruction cells are equal in size.

is an optimal 7, 7 quantizer with j-levels.
Working with optimal 7, j quantizers (indexed in 7) instead of optimal quantizers

(indexed in N), we can recast Theorem IV.1 as:

Theorem IV.7. Choose p > 1 and for each quantization cell k of an optimal T,j

quantizer, define

12 = lim Q(T)

)= lim A, (te;)P
oo klip T_)oo—kly,p( )

if the limit exists.

1. (a) vy exists and is equal to n,.

(b) If v, exists, then v, exists and satisfies

eYk (1 _ Zk) = ¢ Yk-1 (1 -+ Zk—l) . (4829)

(¢c) vp=m,,k=>1

2. For1<k<j—1,r, = lim, oo f](:j)-p exists and

T (4.8.30)

Tk‘ =
Mt

Before proving Theorem IV.7, we present a corollary along with its proof. This
corollary finishes the proof of Theorem IV.1 by providing the connection between the
statement in Theorem IV.7, which is a fact regarding optimal 7,j quantization of
GE-sources, and the statement in Theorem IV.1, which is a fact regarding MMSE

quantization of GE-sources.
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Corollary IV.8. Choose p > land fix k > 1. For any sequence of optimal scalar
quantizers designed for the GE-source indicated by the value of p, where the sequence

1s indexed by the number of levels N, the following two facts are true:

1. oz,(c]\;) — 1, as N — oo. (Theorem IV.1, Part 1.)

N 1
2. St — = as N — o0 (Theorem IV.1, Part 2.)

Sk41 T

Proof. Fixp > 1. Consider any sequence qy of optimal, N-level quantizers designed

for this GE-source, where the sequence is indexed by V.

Part 1. Choose any k > 1. Then for all N > k, qn contains an optimal 7, k quantizer

where 7 =ty = tk . Then

N T
akp A(( Nyt = ék\k(tklk) aziu)fp

when N > k.
Since letting N — oo (for the optimal quantizers) implies that 7 — oo (for the

embedded sequence of optimal 7, j quantizers), using Theorem IV.7, Part 1, we have

5 (V) _ s (r) _  Thm IV.T,P1
m ay m ay, = vy, =

N—oo T—00

M-
|

Part 2. Fix k£ > 1 and choose j = k + 1. Since for any N > k + 1, gy contains an
optimal 7, k + 1 quantizer, we have a sequence of optimal 7, k + 1 quantizers, indexed
by N, when N > k + 1. With

A = Ak“] and Ak-i-l = Ak+1|j7

and the fact that as N — oo, it is clear that 7 — oo since 7 = t,(ﬁ)l and t,(ﬁ)l — o0 if

N — 00, we have

. (r) Thm IV.7,P2
= lim 7, = Tk

A property of optimal 7,j quantizers designed for any source. Returning

to the business of proving Theorem IV.7, the following fact is quite general in that it
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holds for any source and depends only on the MMSE optimality conditions.

Lemma IV.9. Suppose we have an optimal 7,7 quantizer where j > 2. Then for any
1<k<y,

k
k—n k-1
ék\j = Z (—1) A"U + (_1> é1|j’
n=2
PI'OOf. Since fOI. Optlmal 7-’]' quantizerS, él“ et Zi+1|j fOl" all Z = 1727 e ,j - 17
then for any 1 < k < j,
_ — — k—
Ay = By + Bryj = Byoay — Do)y + Do)y + Dzl — -+ (=1) 2é2|j+

(_1)k_2 Z2|j + (_1)k_1é1\j
= (Ap; + Drpy) — (Apoyyy + Droagy) + (Aggyy + Drayy) — -+ (—1)" x
(émj + Ag;) + (_1>k_1é1\j

[
Note that while we have stated Lemma IV.9 as a property of optimal 7,; quan-
tizers, the relationship actually holds for any quantizer whose thresholds and recon-

struction levels satisfy the optimality conditions.

A property of optimal 7,5 quantizers designed for non-increasing, first
order differentiable pdf sources. The next fact states that the step sizes ék‘j
of an optimal 7,7 quantizer are non-increasing in the cell index & when the source
pdf is non-increasing and first order differentiable. Proving this fact requires just a
simple application of Lemma IV.6: Since the reconstruction levels and thresholds for
cells in an optimal 7, j quantizer, j > 2, satisfy the optimality conditions for MMSE
quantization, if f is non-increasing and differentiable, then Lemma IV.6 tells us that
Ay < Zk‘j, and thus, the step sizes {AW, k< j} are non-increasing. Lemma V.10

is the formal statement of this observation and we have stated it without proof.

Lemma IV.10. Suppose we have an optimal T,j quantizer, j > 2, designed for a
non-increasing pdf. Let [th, tm—1|j) and [tnU, tn_l‘j), n > m, be any two quantization

cells of this quantizer with m,n < j. Then A,,; > Ay);.
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Asymptotic properties of optimal 7,7 quantizers designed for GE-sources.
With Lemma IV.9 and Lemma IV.10 in hand, we begin our study of the asymptotic
behavior of Ay (tk‘j)p_l in optimal 7,5 quantizers designed for general exponential
sources by establishing three asymptotic quantizer properties that will allow us to
formulate a generator equation for the limits of Ay, (tgy;)P~ " as T — oo,

The next lemma expresses the reconstruction level of a quantization cell in an
asymptotic form that depends on the values of the step sizes and thresholds of the
cells to its left.

Lemma IV.11. Suppose we have an optimal T,j quantizer where 7 > 2. If the

quantizer was designed for a GE-source, then for 1 < k < 7,

k
1 2 1
k n k—1
k)i = trlj +Z (—1) AnIJ (=1) Lmﬁ +(-p+1) <tl]2ﬁ + Or(ﬁ) )}
n=2

Proof. Using Lemma IV.9, for any 1 < k < j,

[k = Pl T el = trly (g — i) = tryy + Ay

k
=t + > (DA + (D) Ay,

Since ty; > 7 >> 0 and éllj = 15 — t11j, we use Proposition IV.3 to get

k
1 2 1
k n k—1
k)i = trlj +Z (—1) AnIJ (—1) Ll'ﬁ +(-p+1) <m + OT(W))]-
n—2 Jj 1]y 1lj
[ |

The following lemma provides two simple, but useful, properties of optimal 7, j
quantizers that are designed for GE-sources. These properties reveal the relative

behavior of quantizer thresholds (to each other) as 7 — oc.
Lemma IV.12. Consider an optimal T,j quantizer designed for a GE-source.

1. If j > 1, then 2 ’“—>0as7‘—>oo

2. Suppose j > 2. Let t,,;, tn;, m,n < j, be any thresholds of the quantizer.

Then the ratio ’"‘J_ — 1 as 7 — oo0.

"J

118



Proof.

Part 1. Suppose 5 > 1. If j = 1, then @ = 0 for all 7 so lim,_, w =0.
Now let j > 1. Since Wizhl 5 0 and

T

by =ty _ e By ;. B

T T o T
then
Fits — tals Aoy Aots Aots
lim 2290 < gy 22— i 22— Jim 22— 0 =0
T—00 T T—00 T T—o0 T tj;—00 tj\j

since for the second to last equality, Ag; = Ay; + Ay; < 24;; (Lemma IV.6) and
there exists 0 < ¢ < oo such that A;; < ¢ (Corollary 1V.4).

Part 2. Since for any 1 <m < j,

biy — 1y tag — byl
T o T

0<

Y

from Lemma IV.12, Part 1, we know that lim,_ M = 0 and thus

~

t o1 mlj T+(tm‘j_7) 1— (T_tm\j) 1—lim-_. T—lm|j
lim % = lim —~— = lim ———— = lim — = =
T—00 Tp|; T—00 "T\J T—00 T+(tn‘j—'r) T—00 1<T—tn‘j> 1— hmq——>oo T”\J
1 — lim, o 2=0mls
- =1
1 —lim, oo Zili—nlg
[ |
Using the definition of ozgj). , in (4.8.28), since
) _ ~ o )
at, = (Qpy + Bry) ()P~ = (D + D) )"
_ _ tr; \7
= Dy )P+ Ay (Begy)P ( i )
te—1)5
") L) tuy \"
= Qk\j,p + Qk—”j,p ) <t ) ) (4831)
k—1|j
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we see that from Lemma IV.12] Part 2 and (4.8.31), we now know that

(1)

: () _ 5 (1)
lim « = lim o K1l

. -+ lim «
o0 Klip o0 klIP T—00

if these limits exist. Existence of these limits and the fact that these limits asymp-
totically satisfy the Nitadori generating recursion is established in the proof of The-

orem IV.7 for optimal 7, 7 quantizers and holds for MMSE quantizers as well.

Applying Lemma IV.5 to optimal 7, j quantization. We have one more lemma
to prove, and it is an important one since it provides the means by which we can gen-
eralize the method used in the Nitadori derivation to derive an asymptotic recursion
relation between successive terms of g,(;‘]).vp. Recall that Lemma IV.5 was derived for
any arbitrary interval [s,t), ¢ > s > 0, and without any sort of quantization scheme
in mind. We are now going to translate the result in Lemma IV.5 to optimal 7,
quantizers when 7 is large since this is the scenario we are working in. For an optimal
T, ] quantizer with quantization cell index 2 < k < j, we can re-express Lemma V.5,
Part 1 as

Ftwg) oo
Ty = (4.8.32)

()

A o .
where 61(93,19 = — % (tk|jp — tk_1|jp) is, in some sense, asymptotically the same as a;, ip

when t;; >> 0, as will be made clear in a later discussion.
We are now ready to apply Part 2 of Lemma IV.5 to optimal 7, j quantizers with
large 7 > 0.

Lemma IV.13. Suppose we have an optimal 7,7 quantizer designed for a GE-source
with j > 2. For2 <k <7,

tors
f(tg) <1+OT (L)) T
f (tk—l\j) tk|j denk
(1 Ay, )2p_2 |
tk_1|j denk

2p—2
( te|j ) P numy,
— X ,
lr—1)j deny,
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where

1
numg = 1 + ék_lutk_l‘jp_l + (—p + 1) OT(T, ‘ )
k—1|j

=1+a;,+(p+1) OT<tk—1|j)

1
denk =1 ékutk‘jp_l — (—p + 1) 07—(—)
trlj

. 1
=1—ay) - (—p+1)07<t—>.

klj

Proof. To convert the result in Lemma IV.5 into an asymptotic form, we substi-
tute asymptotic expressions for the tail function terms @ (s), @ (t) and the integral
function terms Int (s), Int (£). To do this, we use the asymptotic key effect from
(4.5.25) as a direct substitute for the @ (s), @ () terms, and in an indirect way when
formulating an asymptotic expression for the integral Int (s) with s > 0.

Let k > 2 and let 7 >> 0. Since t;; > 7 >> 0,

[e.e]

Int (tx;) = /x_p+1f (7)dx

tkls

= f (tug) (tr 22+ (=20 + 2) by ™72 4 (—p + 1) Oty +2))
(General-exp-type-conditional-mean-vby.tex, Aside section.)

= f (tw) try "7 (L4 (=20 + 2) tyg; ™" + (= + 1) Ox(tn; =)

= [ (tgg) try ™72 (L4 (=p + 1) (2,77 + O-(try;~)))

= f (ti) ™2 (L4 (=p+ 1) Oo{ta; ™)) (4.8.33)

Substituting the expressions for Int (tk_1|j) , Int (tk‘j) into the expression in Part 2

of Lemma IV.5, we have

1 _ f(tkfl\j)(tk71|j)72p+2(1+(_p+1)07(tk71\j7p)) _ Q(tkflu) .

f(tey) B +(=p+2) o) o) P
f (tk—l\j) 1 _ f(tk\j)tk\j72p+2(1+(_p+1)07(tk\j7p)) _ Q(tk\j) '
tk‘jp72 + ( p + 2) f(tk\j) f(tk\j) ,uk\]
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——=+(—p+2) (tk—1|j)_2p+2 (1 + (—p+1) Oq—(tk—l\j_p)) — ?((tt:ilj)) k|

% + (—p + 2) ty; 2T (1 +(=p+1) OT(tkU_p)) - ?((I:j)) k|

trli” )
tr—1)"

( R 0+%—p+1ﬂl@hﬂf@)—%lﬁfqglﬂﬂw

_ t jpsz t j
=P+ 2ty (14 (=9 + 1) Orltiy ™)) = kij()k)um
Lkl )
k1]

L+ (=p+2) tiry 7 (1+(=p+1) Ocltir; 7)) =t ?((::”))
—1L7

tk—1|'

(4.8.34)
14 (=p+2) try; 7 (14 (=p+1) Oxltr; 7)) =t ny ?((::j))
Define
numg 214 (=p+2) 1 " (14 (=p + 1) On{ty_1; 7)) — tk—ljp_zﬂkj%
and
deny =1+ (=p+ 2ty (14 (—p + 1) Oo{ta; ™)) — tkjp_zﬂklj? ((f:u])) '

Evaluating and simplifying numj by using the fact that when y >> 1,

0 1 1 1 1
% = {1 +(=p+1) (ﬁ +(=2p+1) D +0 (ﬁ))] , (4.8.35)
we have
numy =14 (—=p+2) tp_1; * (1 +(=p+1) OT(tk—l\j_p)) - tk—ljp_zﬂkj%
-1J;
=14+ (=p+2)tia; P (14 (=p+ 1) Ote—1 7)) = tror® iy X

L xb+( +n< L ot +o< ! )ﬂ
— -p —zp T

o177 tp—1);” te—1;%7 to—1);°P

=14+ (—p+2)te1; P (14 (=p+ 1) Ote1;; 7)) — too1y 1wy X

{1 +(-p+1) ( 1 ~+(=2p+1) tk_iﬁp + Of(tk_iﬂp))} . (4.8.36)

Tre—1)
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Using the fact that

ikl = te-1lj — Dg_1)j

then

b1l ity = thor (o1 = Byyy) =1 Tu]
v

and then ju); in (4.8.36) becomes

— A -
numk:l_i_w 1+ (—p+1)0, 1 (11— Bl ) 1+
tr-1)" tk—1);”

th—1);
+(—2p+1)

1 1 !
-p+1 + O,

(= )<tk—ljp by <tk—1j3p))}
(—p+2)< ( ! )) [ ( !
1+ P72 —pt+1)0, — 14+ (=p+1 T

R (=p+1) o (=p+1) P
1 1 ék—l\j { (
—2p+ 1 + 07— | )| + X1+ (p+1
(=2p )tk—l\j2p (tk—lusp))] tk—1); e
DA
S TTIE NA
2 olg))-on
=21+ (—p+ 1O, —(=p+1 +H=2p+ D)X
tr—a)s” ey te-1)" . By ey
1 1 ék—l\j { (
+ OT - 4+ — X ].‘l‘ —p + 1
tk_l‘]?p (tk—1|j3p)) tk—lU ( Y )

1 1
+0,
th-1;” (tk_”ﬁp)”

- tk_luf’ x {(—p+2) (1 +(—p+ 1)OT(tk_11Up)) —(~p+1)x

1 1
1+ (—2p+1 0, A yjjti-1” ™
( +(—2p+ )tk_ujp + (tk_1j2p)) + Ay _q)le—1) X

1 1 1
e (7 +<‘2p“>m+“(tk-u3p))]}

= tk—lll e {{(—p—i—Q) — (—p+1) + ék—ljtk—1|jp_1:|—|—|:— (—p+1)(—2p+1)+

tre—1);"

_'_
tre—1);"

tk 1|'p—|-(—2p+1)><
—1|j

_(=p+1)
Ay qiteo1P
k—1|j ¥ tk_l‘jp

+(=p+2) (=p+1) OT<tk_1lljp)} + {— (=p+1) x
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1 2p+1 - 1
OT(ﬁ) +Ag k-1 %} +Bgyte-11” ‘0 (t -3p)}
k—1|j

tr—1)j k—1]j

th1);” th—1);

1 _ -p+1 -
B " {{1+Ak_1|jtk—1ljp 1} * %{—(—ijt 1 + Ayt o

2p

(=94 200, (D] 41—y |0+ DO, O+ Ayt =20+ 1) 4

te—1)j

1
-1
ék—l\jtk—l\jp OT(tk_u?’p) }
p—1 !
« 1+ ék—l|jtk—1|-j + (_p + 1) OT m .
—102

Similarly using (4.8.35), we have

tr—1)”

_p19 bt
deny, =1+ # <1 +(=p+1)0 ( ) — trp” Nk\] ( klj)
thj ku £ (tni;)

(—p+2) 1
=1+——"= (1 1)O —t — X%
+ > +(—p+ k‘] R k) X T
+

o(i25)]

—p+2
=1+w<1+( —p+1)0 ( ) — th);” uku{ +(—p+1)x
Ll tr)s”

(e 0 li9)) )

{1+(—p+1) <t1jj + (- 2p—|—1)t

Since
tkl; = Trlj + By
then
trlj :uk\J =1+ ék‘j
thij

and we have

— 1 Ay
deny — 1+ 22 <1+(—p+1)07<—)> - <1+—’“") X [1+(—p+1) x
k)" ti)s” th|j

1 (—2p+1) ( 1 ))}
+ + O —
<tkj” ty; ty; ™
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1
OT<tka‘3p>

] e e s e )}
{ _ _

(=2p+1) _ (=p+1) OT(%%)] = Ayt (=P 1) OT<tki’3p) }

1 _ (-p+1) -
Tyt { {1 = Ayt 1} +—— [_ (=2p +1) = Dyt '+
J

Since (

w [_ékjtkjp_l (=2p+1) - Ot (1)] -

“crenof)

{ (1= Ayt ]+ (=p+ 1) OT(#) } '

th|j ) — 1 as 7 — oo (from Lemma IV.12, Part 2), (4.8.34) now becomes

br—1;
M_( (i)) numy,
fteay) e g ) ) " deny

125



where

1
numyg = [1 + ék_lutk_l‘jp_l] + (—p + 1) Oq—( )

k13"

1
deny, = [1 = Ayt + (=p+1) OT(W) '
J

Lemma IV.13 is an important step in the process of deriving an asymptotic version
of the Nitadori recursion for optimal 7, 7 quantizers designed for general exponential
sources. As can be seen Table 4.2, it is clear when comparing left hand terms and
comparing right hand terms that Lemma IV.13 is an asymptotic generalization of
(4.2.16) since when p = 1, the expressions are the same, except for multiplication
by —1 on both the left hand side and the right hand side of the expressions taken
from Lemma IV.13. We remark that it is crucial that we are able to make this
generalization for (4.2.16) since this equation is the direct result of applying the key

effect in the Nitadori derivation.

Table 4.2: Comparing relations in Lemma IV.13 to (4.2.16) in the Nitadori derivation.

Lemma IV.13 relation Nitadori (4.2.16)
(GE-sources) (Exp. source)
(optimal 7, j quantizers) (MMSE quantizers)
Ay P2
s 00 (-8 (st —trr o) (87)4-)
RHS f (b (Hék—lutk—lIJHJr tp+]) Of(tk,lm» / (t,ﬁfﬁ) <_é’(fj—vl) _1>

To review, we have been able to follow the outline of the steps taken in the Nitadori
sequence derivation up to and including the point at which the key effect was applied.
We are now ready to derive an analogous asymptotic form of the Nitadori sequence
generator equation in (4.2.19), and this derivation will shown in the next section with
the proof of Theorem IV.7.

4.9 Proof of Theorem IV.7.

Fix p > 1 and fix j > 2. We start by assuming we have an optimal 7, j quantizer

that has been designed for the GE-source indicated by the value of p.
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Part 1(a). Show v, exists and equals 1.

We remark that we have already shown this to be true for MMSE quantizers, but, for

completeness, we briefly go over it again for optimal T,j quantizers.

Since optimal 7,7 quantizers are optimal for the source with conditional distribution
fx|x>r (@), we can apply Corollary IV .4 to the first (k = 1) quantization cell [t1};, 00)
to get

. _ . _4 (Cor. IV.4)
Jim A" = T (g, = ) S

Y

since ty; > t;;; = 7 and so t;; — oo. Thus v; = lim,_ él‘jtlup_l exists and since

n, =1, we have v, =1, . [

Part 1(b). Show if v,_, exists, then v, exists and satisfies (4.8.29):
€% (1 — ) = e 41 (1 + Zk—l) .

This proof has five steps. Choose k € {2,3,...,j}.

Step 1. Show
T —Q’(T) . O 1 T T

egi(m)\p (1 — gl(;—y)' p) —e _kflb‘px<1+ {tk\j»x |:1 -+ QEJ—)W p:| X (1 + OT(TIL)) X 6_( ’E\J?»p_ai(v\;\p>

’ ’ klj

—1
10 Cp+1)0,L)
X |1+ o) X [1— o)
1+« 1—aq,

k—l‘j,p

(4.9.37)
which is an approximation to the recursive equation in (4.2.19).

To show (4.9.37), we re-express the equation in Lemma IV.13 by moving quantities
from either side of the equal sign and by substituting in g](f_)” i g,(;‘]). . ﬂ]i@) , Where
possible.

With t; > 7 >> 0, we begin by equating (4.8.32) to the expression in Lemma IV.13
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to obtain

(L)) LRI 00
€ P = Or
(7) 1
L+ oy +(—p+1)07( )
1 k—1|7, —1l5
- <1+oT <_)) X e i) (4.9.38)

wi)) " e, oo ()

bkl

By multiplying both sides of (4.9.38) by the denominator of the right side of (4.9.38),

we have
(r) - 1
eﬁk\j,p X |:1 — Ql(f|;P — (—p + 1) OT(t—)]

B i () - !
— (1 + o, <tk|j)) : [1 Ty, Pt 1)OT<tk—1j>} |

(4.9.39)

Concentrating on just the left-hand side of (4.9.39), we multiply the left side by

6&;}}) <1 o O{(T) )

_k‘jvp

eal(:\a)}p (1 — a(T) )

to get

(r)
e kios (1 -] ) () 1
(4.939) s = —= TP PR x {1 — g,(jl}p —(=p+1) O(—)}
e%klj.p (1 — Q(T) ) ’ Lkl

k|j.p
) (1) 1
a" (r) in L Qg — (—p+1) OT<@>
— e klip (1 — gk|j,p) X NG X ™
e klj,p 1 - Qk'.Lp
, _— (r+ 10z
= eaf(m)',p 1—a\7 ) x eﬁfi\;,p‘aém)xp X |1— -
Zkl5,p 1— O[(T)
k|j.p

Since

Oé](;—]).m = Ak‘jtk‘jp_l = (ék\] + ék—1|j) tk|jp_1 = ék\jtkup_l + ék—l‘jtkup_l

p—1
NG p=1_ (7) -1 Lo
= sy + Dy (b1 = Bug)” = s, + Ay’ <1 Bl tk—lj)
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Ap; P tro1; — Dy \ 7!
_ ™ (7) Kl _ ™ (7) k—1lj — Dk|j
= Qppip T Q) (1 - ) = Qpip T Q) ( )

tr—1); te—1);
(7) (7) ty \'
T T j
~ Shap T Lt <tk—1 )
T T 1
a](i“;p + Q;(C_)”j’p <1 + o, <E>) (Lemma IV.12, Part 2),
we find that
(4.9.39), 15
o) 1al? o —p+1 OT<L)
e I T P A
1-— akT.
— ‘.]u'n

Concentrating on the right-hand side of (4.9.39), we have

(1)
1 . 1 1+a, 7.
(4.9:39) pyg = (H’OT <—)) X 1+O‘l(c )1|J pTEp+D Or( )] X ](CT)lljyp
ti//) L g/ ] 14l
. 1+, +(p+]) OT(tkjn ) .
= <1+OT <t—>> X 5 7« <1+Qk—1|j,p)
H i I+a, - 1g,p
1 (—p+1 O, (tk 1“) .
= 1+07— e X 1_'_ ( ) X <1+gk—1|jp> .
bkl I 1—i—gk_1‘j’p ’

Multiplying both sides of (4.9.39) by

oo () itz [ 2 00AE)]

x eXklin Priip x |1 —

e

we have
(7)
i 1-af)

1
1 tp+1) OT< . ) . o (o (-
- (HOT (J)) A S <1+Q§f—)1u,p) X e 23 (o (7))
J

()
1+ay 1l5,p
—1
T T Ep—i_l) OT<L>
X el(C\J)Pﬁ’(C\])P 1— ()tk‘]
1_gk\j7p
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— e 7I(cT)1|JP<+OT <tk\1>> <1+a(7) p)

k1|5

X <1+07 (L))Xe(ﬂ 51(Jy)p>< 1+6p+1> (tku) < |1 HD—FDOT(KE) )

klj,p )
klj 1+O{](€T)1U P 1 _Q(T)'

which is (4.9.37).

(1)

klj,p <L

Step 2. Show limsup,_, . «

()
1= Lkip

. crvofap)] -

The purpose of this step is to prove that the term |1 — ————==24| in (4.9.37) is
-1

(-r+1)0{ )

bounded away from zero so that the term |1 — ——5—+ does not blow up as

T — OQ.

This is proof by contradiction. Since o\ < o and ty; > Tforall 2 <k <j, it

=kljp = =2ljp
suffices to show that lim SUDg, oo ozéb) , < 1. With
(1) _ -1 -1 — o™
Wopp = Bogila P77 < Ayjty P < éujtllj = Q)5 p
we know that
lim sup Qéﬁp < lim sup g&@ = lim agb)p =1. (Corollary 1V.4)
Now suppose limsup, _, aé‘?p = 1. Then
_ _n ()
0=(1-lim sup Q-
(7) 1
1-— hmsupo%p — hm (—p+1)0; a
T—00 J
T 1
= lim inf (1 —ay) —(-p+1) OT<t—)) . (4.9.40)
T—00 2|5

Working to find an equivalent expression to the right hand side of (4.9.40), we can
re-write (4.9.37) from Step 1 with & = 2, to obtain
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6,;;? (1 — oD ) x [1—

=e 71‘j’px<t1\;> X [1_|_a(7') } X (tz_]> (@\;;7 ;\J),p) X 1_|_( ) Ly;

(1)
1+0z1‘]vp

or equivalently,

(7) 1
o (1 o) 1 —ay;, = p+]) OT(%)
hir (1 - ag]) NG
_2|.j)p

—OJ(T) ti r . 2p—2 T T p+1 O < )
=€ _1‘j’px<t1\;> X |:1+Q(T) :| X (152_]) (Béb)p é\a)p) X 1_|_( ) ti);

()
1+Ozlm7

7) ~aff),~ (1 O()
1l—a! ) X =
( —2la,p) 1 ()
~ Y
; NNV ACTTA S, , 2p—2 ., n
s ) 1 a ]« () b
’ 1)
(-p+1)O- (tu )
1+ o
1+ QXjp

or equivalently,

1
— (T? X<ﬂ>p to); Zp—2 (‘r) (1) (1)
=e W\ [1 + a7 } X <—2|J w e Shp x ¢~ (Baie=5s)
- t
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p—1 1
NN T NP2 (=p+1) 07'(_.)
— e 2115, pX( > |:1 + O./(T) :| (@) X e_ﬁé\j),p x| 1+ RlE (4941)

=1ljp t;
We see that the left hand side of (4.9.41) is almost the same as the right hand side

of (4.9.40). Now taking the liminf as 7 — oo on both sides of (4.9.41), we obtain an
equivalent expression to the right hand side of (4.9.40)

lim inf [1 ozé‘) —( p+1)07<%)}
e 21

ENCN AN . 2P—2 ,
= liminfe _1“”7X<t1\f> x[l—kg(ﬂ ] X Cﬂ) ﬁéu)p x |14

T—00

P10 (tu)

(7)
1+g1lj,p

A\ p—1
ta)j

—limr oo O‘l ) Xlimfﬂoo (—) (1) t2‘] 2p—2 _B(‘r)
=e 13, b1l X lim [1—1—04 } X lim (— x liminfe "2ir
1

T—00 113, T—00 i T—00
|j
1 Oo-)
x lim |1+

T—00 (7)
1+0z1|3p

()
— et x2x 1 x liminfe ™0 x 1 (Part 1(a))

T—00

. (r)
— ¢! x ¢ ImSUPr—oo By, (4.9.42)

Substituting (4.9.42) for the right hand side of (4.9.40), we have

(7)

0=2¢! x e Moy,

Thus if we can prove that 65]) , 1s bounded for all 7, we will have our contradiction.

Consider expanding the expression for 55\?,,
1 D P\ — 1 p A = A"t
Baiyy = p(tzu —ty;”) 7 (f21” = (t21+Aayy)") =— tz'ﬂ _Z 2012l

1 L. 1 (N (p
= —— | to” — to" — § ( )A2 ot = = g ( Ag)"ta "
D ( |3 lj 2 \n i 2lj p\ &= \n i 2lj

n=1
1 (< (p
< » nz::l (n) Agjjtg P (since Agjjty;#~" is the dominant term)
1 D p—1 1 D p—1
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where the last inequality is due to the fact that t5; < #;);, and from Lemma IV.6,
Agj = Dy + Doy < 209 = 24,;.

Since limsup, _, 65‘?7]) < limsup,_, % (20 — 1) 24, ;07" = % (2P —1), 65],)1) is
bounded for all 7 and (4.9.43) becomes

0<2 1. @D 5 0.

Contradiction. Therefore, we conclude that 2 < k < j, limsup._, g,(;‘]). , <1

-«
=k|j,p

(-r+1)0{ )
We now know that the term |1 — ————="22 | in (4.9.37) is bounded away from
-1

(r+10{ )
zero and thus the term |1 — ——o—+ does not blow up as 7 — oc.

Step 3. Show lim,_. ﬁk‘]p - a,(Jj)p = 0.

(gD g
We are examining another term in (4.9.37), the term e s O‘k\j,p>, whose behavior

as 7 — oo we want to understand.

Since ty; > 7, it suffices to show that hmtk‘ oo ﬁkup - ozgjp = 0. With tp_y; =

tr); + Ag|j, we have

1 1 -
Bils = g(tkup—tk—lu”) = —p(tkj”— (tk|j+Akj)p) (tm” ( )Aku"tkupﬂ)
n=0

1 & p n
== <tk|jp —tul;” =Pt =) (n) A tkj”)
n=2

1¢ I
= <Akjtkfkl+]jz (S) Akj"tkuw) = G‘i(w) +§Z (i) Aklj"tkj“) - (4.9.43)

Then

B0 5 o)

and

lim inf 6k‘]p - agj).,p > 0.

T—00
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Also, since

b2 A" = max {tg" 72 Ay " Ay g A" e A" A"}
when 7 is large in (4.9.43), we know that
() () - 2
Bilip < lyp+ (P = 1) Ocltr,”*A;”)
or
_ AVHY
6kbp_aklyp <(-10; (tkUp Ay (t ])) .
klj
Since from Step 2 and Corollary 1V 4,
lim sup Ak‘jtk‘]f”_l < liin_)s;ip 2ék_1|jtk_1‘jp_1 <2
for all k£ > 2, and Ay); is bounded for k > 2, we know that
ALls
lim sup ﬁ,g‘?p <limsup (p — 1) OT(tkjp_lAkj . (t—klj)) =0
T—00 ’ T—00 k|j
and thus,
: () ()
hlffo‘jp Briip — Wlip < 0.
Therefore since liminf, _ ﬁkbp — a,(f‘])p = limsup._, ﬁkup a,(;‘])m,
(m _
TIEE‘O ﬁk\m = Ylip T 0.
Step 4. Confirm the following statements are true:
i (B, =l )
term; = lim e \"kar "Hir) =1 (from Step 3)
s 1>07(tkju»> () -
terms = lim |1+ 5 ? =1, if lim a;” 11j.p €XIsts.
T—00 1+ Q T—00

—k—l‘j,p

—1
(~p+1) 0L )
terms = lim |1 — !

= 1. (from Step 2)
()
T—00 1 —
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We want to determine the asymptotic behavior of the complete expression in (4.9.37)
as 7 — 00. We do this by first pinpointing the asymptotic behavior of each individual
term in (4.9.37) from Step 1.

For term;, since e” is a strictly monotone function, we apply Step 3 to obtain the

result for any 2 < k < j.

P (r)
For terms,, if lim,_ Q. 1jp

lim,_ o QI(CT—)llj,p > 0 and thus termy = 1.

exists, then it is clear that since g,(;]).p > 0, that

For terms, we know from Step 2 that limsup, _, a,(Jj). , < 1. Then 1— g,(;]). , is bounded

away from zero for all 7 > 0. Thus termz = 1.

Step 5. Show if v, _, exists, then v, exists and satisfies
e (1 —u,) = e [1+y ).
This is the final step of Part 1(b).

Assume v, = lim,_ ék_”jtk_lup_l exists. From Step 2, we know that v, _; < 1
since k > 2. Then taking the limit as 7 — oo to each side of (4.9.37) and starting on
the right-hand side of (4.9.37), we have

_a(‘r) ) _1 1
lim (4.9.37) gy = lim e *k’”f'?x<1+of<tku>> X [1—#04(7) ] X <1+0T<—>) X

T—00 T—00 —k=1]j.p

te1); B (—p+1) O'r(t_1j> )

(1) (1)
1+Qk‘—l‘],p 1 — .

(r) _ (™
6‘(5k\j,p‘%u,p)>< 1+

(p+1) OT<#) )

Since v,,_, exists, we can use all of the results from Step 4 to evaluate this limit as
T — 00!

()
lim (4.9.37) s = lim e % 1ip x lim (1 +al” ) (Step 4, terms 1, 2, 3, 4)

T—00 T—00 T—00 k—l‘],p

o ) ,
— om0t o (1 + lim a(T) )

T—00 —k—l‘j,p

= e Y1 [1 -+ Zk—l} ,

where, in the first equality, we have used the fact lim,_, (1 + OT< L )) =1, along

tlj
with the observation that since 7 = t;; and t;; < t3;, as 7 — oo, we know that
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tr); — oo. Taking the limit as 7 — oo on the left-hand side of (4.9.37), we have

. . olm) (1)
lim (4.9.37), ;g = lim e“#lir (1 —a ) :

T—00 T—00 klg.p

and thus

(7)
lim e®li» (1 — a7 ) = lim (4.9.37), 4o = lim (4.9.37) pys

T—00 —klj.p T—00 T—00

=e " [14y,,]. (4.9.44)

(1)

Next, we want to show that lim, .. o ip

exists. We do this by examining the func-

tion in (4.9.37), ¢ and use proof by contradiction: Consider the function h (x) 2
e” (1 —z) defined over [0,1]. Then h is 1-1, onto and differentiable on [0, 1], and

it is clear that A is strictly decreasing over the same closed interval. Suppose that
()

klj,p
that a; # as, and two increasing subsequences T7,, 7, such that lim,, .. 7, = oo,

lim, . ;. does not exist. Then there are two values a;,as € [0, 1] (Step 2), such

lim,, oo 7, = 00 and lim,,_, gk‘jm(m) = a1 # ay = lim, gk‘jm(m). Since h (z) is

continuous,

h < lim gku,p(””)) = lim h (gk‘m(m)) = lim h (g,(;)

m—oo T—00 |7:p

) (4.9.44) e V-1 (1 +Zk—1)

and

h ( fin Qk\jm(Tn)) = lim 7 (ay;, ™) = lim h (Q(T) ) (1940 (14 v5q) -

n— o0 n— oo T—00 k|j.p

But A (z) is also 1 —1 50 h (lim,n o0 gk‘j7p(7m)) # h (limy, oo Qku,p(%))- Contradiction.

(1)

Thus a; = ay and lim, o a; ip exists and we now know that

eXk (1 — Zk) = ¢ Yk-1 [1 +Zk—l:| .

Proof of Part 1(c). Showy, =1, k> 1.

This is proof by induction. From Theorem IV.7, Part 1 (a), we already know that
vy =1 =mn,. Now assume that v,_, =5, . Using Theorem IV.7, Part 1 (b), we
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know that v, satisfies
¢ (1— ) = et [14py ] = e e [1 n gk_l} . (4.9.45)

Since 1, | € [0,1], there is only one real solution to (4.9.45). Since (4.9.45) is the

Nitadori recursion relation from (4.2.19), we conclude that v;, = n, . |

(This is the end of the first part of Theorem IV.7.)

Part 2. Show that for an optimal T,j quantizer with 7 > 2, for each 1 < k < j—1,
with

) Ay

r =
klj,p

(1)

that r, = lim,_ Thlip exists and is given by

n
’/’k:—_k .

Dyt

(1)

Assuming that we already know that v, = lim,_. o, ip

Theorem IV.7, Part 1(c)), forany 1 <k < j—1,

exists and that v, = n, (from

() -
@ By Qg _(tk-l-lj)p !

ry, o=
klj,p T .
ék+1|j g]&—glu,p tk'j

Then using Lemma V.12, Part 2, we know that

. n
r = lim 7‘,(;? = =%
T—00 VY n
U]

(This is the end of the proof of the second part of Theorem IV.7.)
The proof of Theorem IV.7 is now complete. [ |

4.10 Corollaries to Theorem 1V.7.

In this section we present several corollaries to Theorem IV.7 which hold true for

optimal 7, 7 quantizers designed for GE-sources, remarking that these corollaries also
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hold true for optimal scalar quantizers designed for the same sources.

The first corollary to Theorem IV.7 shows that when considering limits to Ay Aty P
k # 1, as T — oo, this limit exists and that it is the index k of the half step, not the
index [ of the threshold that determines what this limit will be.

Corollary IV.14. Suppose we have an optimal T,j quantizer, j > 2. Suppose for

(1)

Kip €TIsts, then for any 1 <1 < j, lim; o ék\j(tl\j)p_l =

somel < k <7, lim, .«

M-

Proof. First, let 1 < k£ < j and suppose that lim,_ g,(f_)l‘jp exists. Now let

1 <1< Ifty; > 0, then from Lemma IV.12, Part 2, we know that

TR
lim (ﬂ) =1,
T—00 tkU

and thus

| | i\ b\
lim Ay, ()"~ = lim Ay, (tw ' tl_]) = Jim, gty (l_lj)

T—00 T—00 k| T—00 tk\]
ti); Pl
N H p—1 ; J —
= lim Ay, (tg;)" x lim (t—) =1,
- - k|j

Similar to the definition of n, with respect to the half step Ay ;, we define 7 2
lim, oo Agjj(tr;)P", a limit that focuses on the interaction between the whole step
Ay; and the cell threshold ¢;;. The next corollary shows that the relationship between
Nes 1,5 and n,_, 18 much like the relationship between the size of an optimal 7, j
quantization cell Ayj; and its two half cell widths A, and A;_;;. Not only does
this corollary provide a quick way to generate the sequence n; from the sequence N,
but the fact that n, 0, and U “behave” like Ayjj, Ay ;, and Ay _y); provides some
insight on how we might use 7, and n, for asymptotic cell size estimation, a topic

that will be discussed later.

Corollary IV.15. Suppose we have an optimal 7,7 quantizer designed for a GE-

source with 7 > 2. Define ny 2 lim, oz,(;‘]).p. Then for 2 < k < j, m. exists and

Me =M, +1,_ -
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Proof. Let 2 <k < j, j > 2. Since Ay;(tg;)P " = éku(tk‘j)p_l —l—ék_”j(tk‘j)p_l,

using Corollary IV.14, we have

T A (tg)" ™" = Tim Ay ()" Ay (tigy)"

T—00

= lim Ay ()" + girgoék_1|j(tk|j)p_l

T—00

=1+ Jim Ay (tg)”

=0T

Thus ny =n, +n,

The following corollary is an extension of the result for r, in Theorem IV.7. Just

as 1, focuses on the whole step Aj; as compared to n, and its focus on Ay;, we

define r; as a ratio of whole steps as opposed to r, which is a ratio of half steps. The

corollary also shows how to generate the extension of r; from the sequence 7.

Corollary IV.16. Suppose we have an optimal 7,7 quantizer designed for a GE-

source with j > 3. Then for 2 < k < j—1, define

() & Ay

klj.p N

Then

TL é lim ’I“(T),
oo Klip

exists and

Mk

T = .
Me+1

Proof. Let2<k<j—1,5> 3. Since
Aptaj = Ay + Dy
and if ¢, ; > 0, we have
At~

(M) — Jim

lim r

r—oo MIP T r o0 (A 4 Aggyy) (ty)P !
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_ limr o0 A (tr1;)" "
im0 ék\j(tk\j)p_l + lim, o ékﬂ\j(tk\j)p_l
M Ty

Mgy et

where to get the second equality we have used the fact that limit in the numerator
exists by Corollary IV.15 and that the limit in the denominator exists by Corol-
lary IV.14 and Theorem IV.7. The last equality comes from Corollary IV.15. Thus

rp = I |
Nk+1

Intuitively, since we’ve shown in Corollary IV.15 that 7, “behaves” like a step
size, we see that the ratio r, can be “thought of” as the ratio of consecutive cell sizes
in an optimal 7, j quantizer when 7 >> 0.

The following corollary will be used later during the discussion on applications of
Theorem IV.1.

Corollary IV.17. Suppose we have an optimal 7,7 quantizer designed for a GE-

‘ . . . . N
source with p > 1 and 7 > 2. Fix 2 < k < j. Then lim,_ o %“J_ = ﬁ, where
—117 122 Dk—-1
p, = 2
—k M1 ’

Proof. With j > 2 forany 2 <k <,

ék\j By By By 11 1
N N A D ) GOEE
él\j Sholly =he2ly S Tl T2 Tilge
(1) & By
where r,,: = —-. Then
—k|j,p ék+1|j
. ék\j . 1
lim = lim
T—00 éllj T—00 ’T’(T) . ,,,.(7_) .. ,,,.(7_?
~k=1lj,p —k=2l5,p  =lljp
1
. (7) : (7) . (7)
lim; o Tr—1jp lim oo Tr—ojp limy o il
1

Pr_y1 Pr_g Py

|

There are obvious, analogous corollaries to Theorem IV.1. Rather than making

formal statements for optimal scalar quantization of GE-sources, Table 4.3 summa-
rizes these three corollaries to Theorem IV.1 and Theorem IV.7.

Table 4.4 shows some values from the sequences n o s T and 7.
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Table 4.3: Table of Additional Corollaries that Hold for Optimal Scalar Quantization
of GE-sources.

Corollary  Optimal 7,7 quantization = Optimal scalar quantization

_1 T—OQ N N _ N—o00
VA4 Ayt = n, A (@ =y,

1 T—00 N N _1 N—oo
V.15 Ayt =, +n,_, A (M1 M+ 1y

(N)
V.16 ot T2 me AR N—oo o,
’ AV Mie+1 A](CN) Mk+1
+1
N
V.17 2w m—oe | A Nooo 1
. ? ; N ? ;
Ay Pp_17Pr 2Py é§ ) P 1 Pr 2Py

4.11 Applications.

4.11.1 Asymptotic Approximations to é,(cN).

Since the facts stated in Theorem IV.1 describe limiting relationships between the
Nitadori sequence and 1) the combined behavior of the half step and quantization
threshold of a quantization cell, and 2) the behavior of the half steps of neighboring
quantization cells in optimal GE-quantizers, these facts naturally lend themselves to
the creation of a hamster estimator which uses the values of the Nitadori sequence.

We define, for each p > 1 and N > 2, our half step estimator to be

AWM a0,

N

(4.11.46)

Given this estimator, a natural question to ask is: For a given GE-source with
parameter p, how large must N be in order for (4.11.46) to yield good approximations
to é,(cN) (and by association, %)? Another related question is: How does changing
the value of p affect the accagz:y of the approximations given by Theorem IV.17
To investigate these questions, we have computed the threshold and half step data of
optimal scalar quantizers for GE-sources with p = 1.5, 2 (Gaussian case), 10 for values
of N = 32,64,128,256,512,1024. (For reference, see Figure 4.5 for an illustration of
the pdfs of the GE-sources with p = 1.5,2,10, along with the pdf for the one-sided
exponential source (p = 1).) For each N-level, p-determined, optimal scalar quantizer,
we have used this data to compute Q,(CN for each quantization cell k in the N-level

quantizer, and we compare it to the actual, corresponding value for éch).
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Table 4.4: Table of Selected N Mes Ths and r; Sequence Values.

k M Mk Ty Tk
1 1.0000 Not defined 1.6846 Not defined
2 0.5936 1.5936 1.4002 1.5661
3 0.4240 1.0176 1.2844 1.3495
4 0.3301 0.7540 1.2209 1.2558
5 0.2704 0.6004 1.1807 1.2025
6 0.2290 0.4993 1.1530 1.1678
7 0.1986 0.4276 1.1326 1.1434
8 0.1753 0.3739 1.1170 1.1252
16 0.0906 0.1870 1.0604 1.0624
32 0.0461 0.0936 1.0307 1.0312
64 0.0232 0.0468 1.0155 1.0156
128 0.0117 0.0234 1.0078 1.0078
256 0.0058 0.0117 1.0039 1.0039
512 0.0029 0.0059 1.0020 1.0020
1024 0.0015 0.0029 1.0010 1.0010

2048 7.3222e¢ — 004 0.0015 1.0005 1.0005

~(N ~(N

Does the data show é,(g ) is a good approximation for AECN)? When is é,i )
A (V)

useful? In Figure 4.6, we have plotted data for the ratio i’@v) = a0 N)(zi%)’)*l

cell index k. On initial inspection of the curves shown in this figure, it 1s easy to see

versus

the macro trends influenced by the facts of Theorem IV.1 as well as trends that are
not explained or predicted by Theorem IV.1. The trends resulting from basing our

~(N
estimator é,(g " on Theorem IV.1 are:

e The numerical results confirm our theoretical expectations, namely that, for all
AN

. A n, .
values of p and for all values of N, the ratio Z’;N) = A<N)(;<]3V))p71 is close to one
k =k k

for small £ (which corresponds to quantizatior? cells far from the origin, residing

in the pdf tail region) and this is true even for moderate values of k.
. NSRS . . (N)
e In general, the closer p is to 1, the better A, ~ is at estimating A, .

~(N
e As N increases, the number of quantization cells for which é,i : is a reliable
estimator increases. Again, this is due to the fact that as N increases, the

number of quantization cells that lies in the pdf tail region increases.
The trends that we observe that are outside the scope of Theorem IV.1 are:

~(N
e For quantization cells that are close to the origin (i.e., k close to N), é,i : loses

its ability to accurately estimate Q,EN). This observation is not unexpected since:
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Figure 4.5: GE-sources considered for data comparison with p = 1,1.5,2, 10.

~(N
1) Theorem IV.1 does not contain information regarding the behavior of é,i :

as N increases for cells near the origin, and 2) close to the origin, tl(CN) << 1land

is on the same order as é,(fN) and thus taking t,(fN) to the power (p — 1) causes
~(N
é]i ) to blow up.

e For quantization cells lying somewhere between the origin and the pdf tail

region, é,(f : seems to have some ability to track the size of AECN) (most likely
due to the fact that t,iN) is bounded away from zero in this region) but this ability
declines as k increases to N (since tl(CN) decreases towards zero). Theorem V.1
also makes no statement about how A,(CN) behaves in this part of the pdf support
region so this observation is somewhat interesting.

~(N)
In Figure 4.7, we have re-plotted data for the ratio % versus relative cell index
By

(V)
. . A
. Curiously, we observe that, for each value of p, the ratio curves for =&~ appear
) ? A( )

Sk
AV)

to be superimposed on top of each other, indicating that the behavior of % as a
Ay

zl=

function of % is relatively insensitive to the value of N. To investigate this apparent
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insensitivity to N (and bearing in mind that the scales used to plot the data may

be skewing our perception of insensitivity), we look at how changing the value of N
~(N

affects the accuracy achieved by é,i ). To do this, for each p and each N, we fix a

value T' > 0 and initially define the maximum cell index for tolerance T'%

~ (V)

A,
krnp = {k €{1,2,...,N}: Vi <k, A(N) <100

T
— 1‘ < —}, (4.11.47)
A
i.e., k7 np is the largest cell index for which £ ( 5 is within 7% of the value 1. Using

this definition, we define the maximum relatwe cell index for tolerance T% as

kT,N,p

In Figure 4.8, we have plotted kT% for tolerances T' = 10%, 20%, 30%, 50%, 100%,
200%, and we note that across all values of p shown, the curves appear to be con-

—+2 increasing as N increases. This observation con-

verging as N increases, with
curs with the observation made from viewing Figure 4.7 where we saw that for each
source, as indicated by p, the ratio curves seem to be superimposed on top of each
other. If we use the fact that for GE-sources, the point densities converge to opti-
mal point densities as N increases, we can postulate a limiting connection (in N)
between kT% and the tail function of the optimal cumulative point distribution
1 —A,(x), z > 0, to hypothesize that for each 7%, there is a limiting value z for

A (V)

which 1 — A, (z) = limy_ M2 guch that for any y > =, % is within 7% of 1.
B

N

~(N
Finally, we note again that as p increases, the estimator é,(g ) produces less accurate

estimates for é,iN) and this is easily seen in our data by the fact that for fixed 7" and

kT N,1.5 k1 N2 kT, N,10

fixed N, we see that the values for
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% plotted versus cell index k for various N-level GE-source
k

optimal scalar quantizers in two different scales: (a)p=1.5,(b)p=2, (c)
p = 10. Note: The larger the cell index k is, the closer the quantization

cell is to the origin.
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Figure 4.7: The ratio % plotted against the relative cell index % for various N-level
Ay
GE-source optimal scalar quantizers: (a) p = 1.5, (b) p =2, (¢) p = 10.

Note: (*-i) plots are linear scale and (*-ii) are semilog scale. Also, note

that the larger the relative cell index % is, the closer the quantization cell
is to the origin.
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Figure 4.8: Maximum relative index for tolerance T'% (given by kT%) vs. N for
various N-level GE-MMSE quantizers with N = 32,64, 128, 256,512 and

p=1.5,2,10.

The flip-side of looking at when our estimator can be used reliably is to consider
when our estimator is not useful at all. Re-examining the plots shown in Figure 4.7, we
notice that for relative cell indices around 0.85 — 0.95, every ratio curve (regardless
of p or N) shows a sudden increase in slope, indicating a dramatic breakdown in
the estimator’s ability to approximate é,gN). To be more concrete, we somewhat
arbitrarily define the knee of the % curve to be the point at which the slope of
each of the semilog plots in Figurgk4.7 is 45° (relative to the scale shown in those
plots). The corresponding relative index will be called the relative breakdown index
binee v p SO that, in this way, we have tied relative indices to the knee of the ratio

curves shown. Related to bgpee v, We also define the breakdown threshold e np =

(N)
round (N xbgnee,n.p)
it also lists the approximate values for bypee nvp and tipee np according to p and N,

. Table 4.5 lists the actual slope values at the knee of the curve and
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where the value for by, v corresponds to the x—coordinate of the data point that is
closest to the point of tangency between the % curve and a 45° line.

For each p, the values of bypee v, do noOt a?)kpear to vary much with N. However,
we note that as p increases, for each N, bgnee v appears to decrease. (The average
values are bynee.15 = 0.92658, bpneez = 0.89804, bppee. 10 = 0.87656.) We remark that
the corresponding breakdown thresholds are all much less than 1, indicating that they
all reside near the origin. Since for these sources, it is known that the point densities
of N-level optimal quantizers converge to the optimal point density for each source [2]
and because we have already seen that changing N does not appear to have much of
an effect on bypee vy, the fact that, for each p, the values for ¢y, v, appear to cluster
is not unexpected. It is interesting to note, however, that i, v 2 seems to be larger

than either ty,ee v1.5 and trpee, N 10-

Table 4.5: Table of slope values and breakdown thresholds tj,.. at the knee of the
curve bnee-

p  actual slope breakdown threshold t;,.., N = 32,64, 128, 256, 512

1.5 18.52 0.1523,0.1537,0.1744,0.1765, 0.1816
2 35.71 0.1338,0.1348,0.1534, 0.1525, 0.1527
10 3.33 x 10! 0.0824, 0.0825, 0.0919, 0.0989, 0.1078

Thus, summarizing what we have seen in our data, we make the following obser-

~(N
vations regarding the usefulness of the é,i : estimator:

1. The overall performance of the estimator is best when p is close to 1. As p

increases away from 1, the estimator becomes less accurate.

2. For each p, the estimator is very good for cells in the pdf tail region (when
k << N and % << 1), and surprisingly, it is moderately good (appears to be
bounded) for .2 < % < .87 which we will refer to as the mid-range of relative

indices.

3. To find the quantization cells for which the estimator has good performance,

k
we can use —=Nr,

4. For relative cell indices greater than 0.87, the estimator fails. Alternate methods
should be used for the quantization cells that corresponding to relative cell

indices in this region.
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Figure 4.10: Close-up view: The ratio =kg; re-plotted against the relative cell index
k

% for various N-level GE-source optimal scalar quantizers in linear scale,
but at a close-up view of the small relative cell index region (outer sup-
port region): (a) p = 1.5, (b) p = 2, (c) p = 10. Note: (*-i) plots and
(*-ii) plots are at different scales.

>

152



Table 4.6: Table of (kT’N”’)LB values for T' = 5%, 10%, 20%, 50%, for GE-sources with

N
p=1.5,2,10.
T% p=1.5 p=2 p=10
N=32....512 N=32...2048 N=32 . . 1024

50% 0.5313 for N > 32 0.2500 for N > 32 0.0078 for N > 128
30% 0.3125 for N > 32 0.0938 for N > 32 0.0020 for N > 512
20% 0.1563 for N > 32 0.0313 for N > 32 0 for N <1024
10% 0.0156 for N > 32 0 for N < 2048 0 for N <1024

5% 0 for N <512 0 for N < 2048 0 for N <1024

ko Np

) e for various N and p = 1.5, 2, 10.

Table 4.6 lists some value of (

4.11.2 Support Threshold Estimation.

Since the Nitadori sequence 7 N provides an exact description of any N-level MMSE
quantizer designed for an exponential source, the question naturally arises of how
the Nitadori sequence 7, can be used to aid in the design of general exponential
MMSE quantizers. Since for GE-sources with p > 1 and N >> 0, for each fixed k,
Theorem IV.1 yields the relationship AQN) ~ @ Nﬂf;pﬂ

lead to a direct design method for MMSE quantizers, since the approximation for

and this relationship does not

é,(QN) also requires knowledge of each t,(fN), we focus on estimating design parameters
that assist the MMSE design process.

As stated in the brief
review in Chapter II, the key parameter or support threshold th) of an N-level opti-

Key Parameter Estimation for GE-MMSE quantizers.

mal scalar quantization is historically important because it is used as an initializing
value for the Lloyd Max algorithm ([13], [15]). In the case of exponential MMSE

. . (V)
quantizers, computing the exact support threshold ¢;

using the Nitadori sequence
is a simple matter of summing up the first N terms of the Nitadori sequence since

n, = QIEN), irrespective of N: Starting with the general expression for the support
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threshold,

1=2 1=2 =2
N—1
=AM+ AP +2) AW (4.11.48)
i=2
exp. case Nl
: N
- ﬂl + QN + 2 ﬂl = tg )exp. SIC. (41149)
i=2

Now, consider the expression for the support threshold when we have an N-level
MMSE quantizer designed for a GE-source with p > 1 and N >> 0. In this case,
Theorem IV.1 and Lemma IV.12, Part 2 tell us that for fixed & > 1, where k does
not depend on N,

(N) Thm’.\JIV.l ﬂk A E(N) Lemma :LV.IZ, P.2 Qk

= ~ e 4.11.50
- Yy oy

Using the expression for th) in (4.11.48) and keeping in mind the restrictions required

in using Theorem IV.1 and Lemma IV.12, Part 2, we have

fY = A"+ A +23 " A
=2
1 1 — 0 A
ey e b A ((4.11.50), Thm. IV.1)

~ (th))p—l (t%V))p—l (tZ(N))p_l — 1, (4.11.51)

(4.11.51)

where we point out that in order to get tgj,v()4,11,51)a we have applied Theorem IV.1 in a

), and we have used

non-rigorous way to each half step ASCN) in the expression for th
the symbol < to highlight this fact. We also remark that in order to get the expression
on the right-hand side of (4.11.51), we are ignoring the fact that tgf,v) = 0 in the second
term. (We make a further note on this remark by stating that we could drop this
term from the expression in (4.11.51) since this term is supposed to represent é%v),
and A%V), being the smallest half step in the support, is asymptotically insignificant

to compared to the value of th).)
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Continuing with this speculative line of thought, we have

M\ P-1 M\ Pl N-1 nM\ P!
) __h b by i +2>° § i
1, (4.11.51) (th))p—l th) (th))p_l t%\f) (tZ(N))p_l tZ(N)

=2

- (N)
2 Iy 2N231 ; t "exp. sre.

~ + + =
@y @y FZ @ @

?
where at =, similar to what was done in to create tg{v(llvllm),

applied Lemma IV.12, Part 2 (see also (4.11.50)) because, strictly speaking, we cannot

we have non-rigorously

say that

otV
A

k
exists when the cell index £ is a function of N.

Summarizing, we have

N
t(N) ?Thm. V.17 () ?TLIV.12, P27 tg )exp. src.
1 ~ 1, (4.11.51) ~ (th))p_l )

or equivalently,

(th))p ? Thm, V.17 (th))p_l ) PLIV.I2, P27 ()

1, (4.11.51) ~ t exp. src.

or equivalently,

1
(N) ?Thm’;JIV.l? (N)\p— (N) P ?LIV.1N2, P27 (N) 1
ty ~ <(t1 i 1, (4.11.51))p ~ ty exp. sre.)?-
Define
N A (N 1
t;gst = (tg )exp. sre.)?- (4.11.52)

While it is obvious from the discussion that the relationship between th) and the)S ¢ 18
gNe)st was based on using asymptotic relationships

that are only valid when quantization cells reside in the tail region of the pdf support,
N) )

ambiguous since the construction of

. (N
ot fO estimate #;
(V)

1, est

nevertheless, we will use tg o

will be interesting to see how accurate t

in spite of these issues, noting that it
. : (N)

is. (As will be seen later, t | est turns
out to be surprisingly good.)
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Observation on support and support length estimation for optimal 7, j
quantizers. Having constructed a support threshold estimator for MMSE quantiz-
ers when N >> 0 using Theorem IV.1, we turn our attention to the support length
L, 2 t1; — tj); of optimal 7, j quantizers and estimation based on the statements
in Theorem IV.7.

Consider an optimal 7, 7 quantizer with j > 2 fixed. First, we will remark that it
is clear that L;;, — 0 as 7 — oo, since L, ;, equals a fixed sum of half steps Ay ;
and each of these half steps A, ; are decreasing to zero as 7 increases. To discover
what more Theorem IV.7 can tell us about L ;,, we will start by using an approach
similar to one used in the previous discussion, but this time we can be more rigorous.

Using Theorem IV.7 and Lemma IV.12, Part 2 (applied to optimal 7, j quantizers),

we have
7j—1
Lrjp ="t — tj; = Ay + 4y +2 Zéﬂj (4.11.53)
=2
e JZ (4.11.54)
(tay)7! tu - A C T

where (4.11.53) is a general expression for the support length of a 7, j quantizer and
is analogous to (4.11.48) which equals the support threshold for a j-level MMSE
quantizer. Then multiplying both sides by (¢1);)P~", we have

(4.11.49)
Lyjp- (b)P ™' = n 0+ 2 Z gj exp. Src.

or when 7 >> 0,

t])
L o 1 exp. src.
T,7,P (t1|j)p_1 )

or more rigorously,
lim Loy - ()" = 8 exp. sre. (4.11.55)

Note that since for optimal 7,j quantizers, the smallest threshold ¢;; grows away
from the origin as 7 increases, we do not have validity issues as is the case with th)
estimation of MMSE quantizers. Thus (4.11.55) is a valid asymptotic result regarding

the support length of optimal 7, j quantizers.
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GE-MMSE quantization: How does the estimate th()est compare to the

actual values for th)? Before looking at the data shown in Figure 4.14, we will
ruminate over what we might expect to see and then check our thoughts against the

actual data. Our approach in this discussion will be to run-through the iterations we
took to create the)s
estimator), pausing after each step taken, to see if the intermediate support threshold

estimator just created is either too big or too small relative to th).

¢ (where each step culminates in the creation of a new intermediate

Fix N >> 0. Beginning with the general expression for th) from (4.11.48)
N-1
1 =AM+ AN +23 AW,
=2

)

the first change we make is to drop é%“ since its contribution to th is negligible

when N >> 0, so that we have

N-1
1) 2 AN 423" A, (4.11.56)
=2

where it is clear that limuy_ |t§N) — tgj\;)s\ =0.

To create the first support threshold estimator ¢, we substitute tpﬁil for égN) in
(4.11.56) to get an equation that ¢ should satisfy:

n N-1
_ (N)
=2
or
t—c =1 (4.11.57)

where

As seen in Figure 4.12, £ is the unique real solution to (4.11.57). What is the rela-
(N)

las| Since

tionship between ¢ and ¢

t <« AN 4y
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and since AgN) <

n
7(#\,)1)%1 , then
U

(N)
RN

"‘Cl

thus the unique real solution f to (4.11.57) satisfies ¢ > tﬂl
For a second estimator #, we make another substitution by replacing ¢; for the

constant
N—1
n.
Co = 2 — 9
Z "y

which is created by swapping each AEN) in the sum by (t(Nﬂ)iifl, where we have assumed

)P
that t;N), th), e ,tg\],v_)l are known values, and we define ¢ to be the unique positive,

real value that satisfies

S

pr (4.11.58)

t—CQI

Using our empirical observation that Q,EN) < (t“\%#’ it is clear that ¢y > ¢q, and thus
k

(This last relationship is shown pictorially in Figure 4.12.)

(N)

1, est’

(N)
l,as*

we know that ¢ > ¢ > t
To create our final support threshold estimator ¢ we replace ¢y in (4.11.58)

for the expression

which is not a constant but a function in ¢. This leads to V) as the unique real-

1, est
valued solution to

1 N—-1
b=l U Zg> (4.11.59)

What is the relationship between tiN(;st and ¢? Between tiN) st and £? Between tV)

e 1, est
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and tl as

To answer the first question, consider again the expression for which ¢ satisfies

If we replace each t,gN), k=23,..., N—1fort > téN) (since t > ¢ )) in this equation,

1,as
then

i (4.11.60)

In order to achieve equality in (4 11.60), must be smaller than i.

To see what relationship t has Wlth respect to ¢, we re-examine the relation-
ship that ¢ satisfies

~_ ;

t> 25 +2Z; —
since ¢ > tﬁ?s > téN) To achieve equality in this expression,  must be decreased SO
that we have tg est < t. Since t > tg s the relatlonshlp between t( st and t1 s (and
hence t( )) is still unclear even though we know that t >1> t( ) st and t >f> tgj\;)s
Figure 4.13 illustrates the relative locations of £, t and thest

Now, let us see what the data shows. We have computed data for GE-sources with
p = 1.5,2,10. As seen in plots on the left-side of Figure 4.14, the actual values for t(N)

and the corresponding estimate &

(N)
tl es

especially in light of the nature of t(

L est for N-level MMSE quantizers, the estimator

¢ appears to be tracking the behavior of t( as a function of N quite well,

) (N)
1, est

underestimating

est ’s construction. On closer inspection, t

N)
,est

is much too large when

appears to be diverging from each other as N increases, with # .

th). This observation seems to support the notion that th)

using it in (1‘/(1\%# to approximate AIEN). The rate of divergence, however, appears to
1

be decreasing as N increases. This decrease in rate is more easily seen in the plots
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(™)
on the right-hand side of Figure 4.14, where the ratio t(t]&—) seems to be flattening

_ 1, est
out as N increases.

Also from Figure 4.14, it appears that, as p increases, the rate at which the curves

on the right-hand side are flattening increases as N increases. In other words, it
(V)

appears that, if t(tﬁ—) is converging to a limit in N, then the larger p is, the faster

1, est

t(ﬁ—) converges in N. For a reason that would support this observation, see the

siigf)te of the pdfs for the GE-sources with p = 1.5,2,10 in Figure 4.5. As p increases,
the pdf shape becomes more and more like that of the uniform distribution on [0, 1].8
Thus, as the number of levels in an N-level MMSE quantizer increases, we would
expect that th) would grow much more slowly for an optimal quantizer designed for
a GE-source with high p over that of an optimal quantizer designed for a GE-source

with low p.

81t can be easily shown that as p — oo, the GE-pdf converges to the uniform pdf on [0, 1].
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Figure 4.11: Weaker half step estimator: (a) The ratio igm

A (V)

k, and (b) the ratio % plotted against relative cell index %, for various

53
N-level GE-source optimal scalar quantizers.
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C1

C2

‘Y

Figure 4.12: Tllustration of ¢ and ¢ as the intersection point of two sets of functions:

n n
t —c1 and i, and £ — ¢ and ;2.
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Figure 4.13: Illustration of the relative locations of ¢

1 est’ t and t when N >> 0.
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N) )

For clues as to why # 1 est is performing so well as an estimator to t( , see Fig-
Tk
«™
ure 4.15, where we have plotted data for the ratio - (I)Vp) " as a function of both the

JAVS
cell index k and the relative cell index % for various values of N and p. From what

is shown, @ (N)) < A( ,for k=1,2,..., N, and thus from (4.1.1), we conclude
#M < ¢t

A
We also note that in contrast to the behavior of —( ~7 as a function of relative cell

index £ + does not exhibit the same phenomenon of 1 lylng on top of each other across
all values of N. Rather, the curves in Figure 4.15 appear to be converging towards

the function

0 else

l(z) = { Lox=0 (4.11.61)

which might seem contradictory to the fact that tiNe):st

o, . . . . . n
it is not because as N increases, while the proportlon of % having W
1

is always greater than zero, and

grows with NV, but in actuality,
approaching

zero increases, as N increases, the value of W

thus for each value of N, when summing over all values of k, ¢
N.

N est still grows with
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Figure 4.14: Comparing support threshold estimates created using the Nitadori se-

quence against the actual th) vs. N for various N-level MMSE quan-

tizers designed for GE-sources with p = 1.5,2,10. The plots on the

left-hand side show actual th) and estimated support threshold thgst
)

N)

vs. N. The plots on the right-hand side show the ratio N N.

VS.

1, est
Note: The dashed lines in the plots on the right-hand side represent the
1
asymptotic limit p» in (4.11.63).
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More discussion of the support threshold estimator t& est for MMSE quan-
tization of GE-sources when p > 1. Ideally, in order to see how good the asymp-
totic usefulness of the estimator in (4.11.52) is, we would compare it against a closed-
form analytlc expression for t ) for each value of p. Since closed-form expressions
for tg are not available for GE-sources (if there were, it would obviate the need for
support threshold estimation of GE-MMSE quantizers), we will compare our estima-
tor to known closed-form functions that also estimate th). We choose the functions
described in [18], which were derived through informal arguments, were compared
against empirical support threshold data, and were concluded to be accurate and
correct. Specifically from [18], the functions that we compare against, which we will

refer to as the support threshold benchmark functions (th))(bm), have the form
(N) .
(67 emy = 3-pInN)» (1 +0(InN)).
With tgj,ve)st 2 (th)exp. src.)%’ which is the estimator in (4.11.52), we have

N 1 1
(t& ))(bm) _ pr - (31nN)P
t(N) (t(N)

(1+40(InN)).

1
exp. src.)”

As was discussed in the previous chapter, the support threshold for an N-level, ex-

ponential MMSE quantizer is
N
t )exp. sre. = (BInN) (1 +o(InN)).

Then

(") omy  p7 - (31 N)7 (14 o ()
) (3InN)r (1+

ti ot o(ln N))7
1 |
_ py dFolnN) (4.11.62)
(I+o(InN))?»
or equivalently,
) (th))(bm) 1
1, est
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(V)
From (4.11.63), we now have evidence to support the conjecture that (tz\l,—) is con-
1, est
verging. Again, returning to Figure 4.14 (plots on the right-hand side) we can now
™
remark that for each value of p shown, convergence of g N) towards pp which is the
‘L est
dashed line shown in the figure, is seen.

Using (4.11.63) and taking the limit as p — oo, we have

N
(™) o)
(N)
1, est

lim lim =1 (4.11.64)
p—oo N—oo t

since limp_)oop% = 1. The implication of (4.11.64) is that for large values of N,

(N

the estimator function t st becomes a better approximation for the benchmark

(N
1, est

. Evidence of this trend as a function of p can also be

function (tg ))(bm) as p is 1ncreased which in turn, implies that ¢ becomes a

(V)
better approximation for ¢;

seen in Figure 4.14 (right-hand side).
Thus, from what we’ve shown and as a final remark, we can now propose an

improved support threshold estimator

—_— 1
N) A 1 N P
tg ) =pr- <t§ )exp. src.)p )

(N)
1, est

N assuming (th))(bm) from [18] is correct, i.e.,

which is just ¢ multiplied by the factor p%, that will be asymptotically correct in

llm —_— = ]_,
N—oo (V)
tl

if (t§ )(m) from [18] is correct. Moreover, we note that as p increases, t ) becomes
)

closer and closer to our original support threshold estimator ¢ L est? ie.,
J(N)
.
Jm Ty = L
1, est
(N)

and so for large values of p, our original support threshold estimator ¢ is expected

to perform nearly as well as our improved estimator th) when N is large.

1, est
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4.12 Future Work.

Several topics for future work arose during our study on the role of the Nitadori

sequence and MMSE quantization of GE-sources. We briefly list them below:

¢ Extending Theorem IV.1 to GE-sources with 0 < p < 1. It may be
possible to extend the results of Theorem IV.1 to include GE-sources with
p € (0,1). For such sources, the pdf tail is quite heavy and thus, we expect,
for example, that both th) and égN) will grow as IV increases. Such behavior,
especially in égN) is, in stark contrast to the case when p > 1 (pdf’s with lighter
tails), where é,(QN) decreases (while th) increases) as N grows. Furthermore, if
Theorem IV.1 can be shown to be true for any GE-source with p > 0, it would
interesting to see how quickly, g,%) = A,EN) (t,(CN))p_l converges to 7, , when
p < 1 as opposed to when p > 1.

(V)
% as a function of % In the discus-
sion dealing with half step approxima?clion and support threshold estimation, we

e Characterizing the behavior of

witnessed an interesting phenomenon in the data shown in Figure 4.7, where
(V)

for each value of N shown, the data curves for % as a function of relative cell
k

index % appear, not only to have the same kind of shape, but also to be lying on
top of each other. This observation could be suggesting that as a function of N,
(V)

F in terms of relative cell index % may be converging to a limiting function.
It would be interesting to see not only if such a limiting function exists, but

also to know what it is.

Tie-in with the asymptotic theory of optimal point densities. Since,
due to our indexing scheme, % indicates the number of quantization levels to
the right of the kth quantization threshold, if such a limiting function does
indeed exist, we can use the asymptotic theory of optimal point densities (see
Chapter II, Section 2.6) to suggest that the accuracy of A,iN) with respect to
élgN) as N increases (with k increasing proportionally to V) is tied to a specific

location x along the real axis.

e Issues related to rigorous support threshold estimation. Recall that
(N)
tl, est
to estimate every half step in an N-level optimal quantizer (not just the ones

was created using the asymptotic facts in Theorem IV.1 and Lemma IV.12

in the pdf’s tail region). This approach produced a surprisingly good approxi-

mation to th), even though it lacked a completely sound theoretical basis. A
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search for a more formally strict way to apply these results to support threshold

estimation is a topic for further study.

(N)
1, est

(N) . :
1 est effectiveness in ap

Perhaps more progress can be made if a different approach

gj,ve)st and th) .

Another topic for investigation that also pertains to t concerns that fact

that we could not, at this point, rigorously evaluate ¢

proximating th) .

were used to think about the relationship between ¢

In the very last section on support threshold estimation, the factor p% turned out

to be the proportionality constant that our initial support threshold estimator
(V)

tl,est
the existence and need for this factor when using the Nitadori sequence to

lacked. With more work, it may be possible to theoretically substantiate

estimate the support threshold of an optimal GE-quantizers with large V.

Generalizing Nitadori’s MSE result. Finally, another topic, not yet ad-
dressed, has its roots in the fact that the Nitadori sequence also gives the
exact MSE performance of optimal scalar quantizers designed for an exponen-
tial source (Nitadori’s second result, Chapter 11, Section 2.7). Since GE-sources
have pdfs that are a natural extension of the exponential source’s pdf and since
we now know that the Nitadori sequence provides an asymptotic connection
between the product é,(cN) (t,iN))p_l for GE-MMSE quantizers and the half steps
of exponential MMSE quantizers, we feel that there may be an analogous ex-
tension of Nitadori’s second result for optimal exponential quantizers (repeated
here, from (2.7.17) in Chapter II)

D(N) = (QN)2

to optimal GE-quantizers as well.
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APPENDIX A

The Upper Bound to t(lN) of Optimal, M-level

Laplacian Quantizers: M Odd Case

This appendix gives a brief comment on the upper bound to th) stated in (3.2.4)
of Corollary II1.3, Part 1a), when the number of levels M is odd. While the case
when M is even is not explicitly discussed because it is a straightforward application
of Theorem III.1, we will mention specific results from it that are used in the case
when M is odd. Furthermore, we will only consider the case when o2 = 1 since
extending this result to arbitrary o > 0 is a simple matter of multiplying everything

by o.

Notation. In the discussion below, we will be referring to the quantization pa-
rameters of both exponential (one-sided, unit variance) quantizers and Laplacian
(two-sided, unit variance) quantizers. To avoid confusion, we will use the following

conventions for this appendix only:

e For N-level exponential quantizers, the half step of the kth quantization cell is
é,(cN) and the support threshold is th), and for UTCC exponential quantizers,
the half step is é,g{? and the support threshold is tﬁ?. (This is the same
notation used in Chapter III.)

e For M-level Laplacian quantizers, the half step of the kth quantization cell is
AI(QM) and the support threshold is ng), and for UTCC Laplacian quantizers,
the half step is A,(j\f) and the support threshold is ng\f)

Since a Laplacian source with variance o2 is the same as a one-sided exponential source

with variance = %0'2 defined on both the negative reals and on the non-negative reals,
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the following relationships hold between the quantization parameters of Laplacian
(unit variance) quantizers and exponential (unit variance) quantizers when M = 2N

(even): For an optimal Laplacian quantizer,

A (M 1 N
éi(g )= ﬁé]& ) (A‘U
X 1

M = V) (A.2)

V2

when £k =1,2,..., N, and for a UTCC Laplacian quantizer,

" 1
AM — = AN A3
=k,c \/i—k,c ( )
. 1
M = ) (A.4)

V2
when k =1,2,..., N.

M odd. Let M =2N +1. (M is odd.) We show that if M > 7 (or N > 3),

: NG
Lo, Lo 1o

— ¢ AW (W) g
\/§ Le \/§_N \/5( Le ! )
Loy, Loy A

< —t" 4 — (Al - A A5
\/§ 1, ﬁ(_N N ) ( )

1 4) *
_ L vy @ad e

\/i 1,c - 1,c

which is the upper bound stated in Corollary III.3.
To show (A.5), it must be true that

* * * * A1) ]. A2 1
J) t§2N+1): §2N) +é%\4) (A1) th) T _2é§\]7\f) (A.2) (th) +é%\f) it%{?)

tr) =Y > AQY (A.6)

when N > 3. To show (A.6), recall that when M is even, using Lemma II1.4,
Lemma IIL.5, Part 2, followed by Lemma III.5, Part 1, that the half steps of opti-
mal quantizers and UTCC quantizers both designed for the one-sided, unit variance
exponential source satisfy é,(cN) < é,(ﬁ) for £ > 2, (i.e., the lower half step of an
optimal quantizer are always less than the corresponding lower half step of a UTCC
quantizer when k > 2). Since th) and tg{\cf) is equal to the sum of the half steps

for an optimal quantizer and likewise for a UTCC quantizer, it is clear that as N
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increases, the difference between th) and tg) increases. Since A%V) and AE\J,VC) are

both (strictly) decreasing as N increases, there exists an Ny such that for all N > N,
the difference between tﬁ? and th) is greater than A%V), i.e., there exists Ny such
that for all N > N,

N-1
AR < (AR - AR) +2( 3 AL - AY) + (a1 - Af)
=2
N-1 N-1
= (AW 2> al +al?) - (Al +23° A + )
=2 =2
<t M (A7)

By trial and error, the smallest Ny for which (A.7) holds is when Ny = 3 (which is
equivalent to My = 6.

Thus, when M > 7, (A.5) is true and consequently, the statement in Corol-
lary I11.3, Part 1a) for the case when M is odd is true.
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APPENDIX B

Facts About Exponential UT'CC and USQC

Quantizers

The following appendix contains both facts and remarks regarding the MSE per-
formance of UTCC and USQC quantization systems designed for a one-sided expo-
nential source with unit variance, including the derivation for the MSE expressions
of these quantizers. The MSE derivations (along with necessary facts) are presented
first, followed by remarks regarding performance. Note that the terminology used in
this appendix is the same as that used in Chapter III and it is necessary to be familiar
with the material in that chapter to understand what is presented here.

Recall that the only difference between an N-level UTCC quantization system
and an N-level USQC quantization system is the fact that the UTCC quantizer
uses centroid reconstruction levels while the USQC quantizers uses reconstruction
levels that are determined by mapping the midpoints of an N-level USQ defined over
[0,1] with (C*)™", the inverse to the asymptotically optimal compressing function
C*. In order to formulate the MSE performance expressions for UTCC and USQC
quantizers, we repeat, from Chapter III, the specifications for the thresholds, step

sizes and reconstruction levels of both types of quantizers for easy reference. From
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(3.3.8), (3.3.9), (3.3.10):

1
UTCC and USQC Ag?:—skg(l—%), k=1,2---,N (B1)
UTCC and USQC ) ——Bkg<§> k=0,1,---,N (B.2)
UTCC reconstruction levels M/(j? t,(f,v) + A,(f\?, k=1,2,--- N

2k — 1
USQC reconstruction levels l,(f,U)SQC = —3log( SN ), k=1,2,--- N, (B.3)
where (B.3), included above, but not given in Chapter 11, is derived in the last section
of this appendix.

Also for reference are the expressions for the half steps of a N-level UTCC quan-

tizers:
AN (1-1)°
A =1 - ke ’“)3 (B.4)
’ 1-(1-73)
and
o A(N)
A,(;? E— —— (B.5)

MSE for UTCC quantizers. The MSE performance of an N-level UTCC quan-

tizer can be expressed as the sum of two parts

t(N)+A(N)
2
Dyroc (N E 93 — i) ) f (7) dx
i

N N

E y g
= (l’—,ukc) ex —I—dUch(N).

Zk:l L)

Before evaluating the first expression, we see that the second expression d.j can be

simplified since UTCC quantizers have centroid reconstruction levels

=

N)
diypoc =2 Z ( — c ) P[tg’vc%zi)JrAg)) =0.
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Thus the first expression is equal to D,, . The first expression, however, is not so easily
to reduce (which is in contrast to the case for optimal quantizers and for quantizers
designed using the sequences s, and vy). The reason for this is because UTCC
quantizers do not satisfy the nearest neighbor optimality condition, i.e., Ay # A,

for any k € {1,2,..., N} (as was shown in Lemma III.7. Working on the first term,

we have
(N) (N)
N 2 tk,c +Ak,c
—X
Z (I Mkc) € )
k=1 tk,c
_ ZN JN) AN ) (i alY) e a0 D
- kc_'_ kc — Mg € ' ' A\l T Hie e "
Lk=1
[ N
(N) (N) (N)
+A, _
= - § ) - éi,ce tk'C] )
Lk=1

where we define ZLC = 00. Since t,(f,? —l—A,(;\Q = t,(c]\_[)lvc and because we have established

that the first expression is equal to Dyroc, we have
N N
_ (V) 2 (V) L AN e _9 (N)
E 2 et cthke) — 2t e
Dyree (N Aj e he — Ay e (57 +a0) = E Afce me — Ay e Cal) )
k=1

Finally, using (B.2), (B.4) and (B.5), we can express the MSE of an N-level UTCC

quantizer as

k=1

N T (N) (1 1\372 (N) 2

B PR i Gt ) M T B 1] re()
e N 1—(1-73)

el R (S M AN 1-(1-4) N

& 3los (D= kY [Blog (1= JrE-ay
=> |1 1—(1-1)° N | ooy ) (B
P (1-%) (1-%)

where in the last equality we have used (B.1). While not compact, (B.6) gives an
exact, closed-form formula for computing the MSE of an N-level UTCC quantizer.
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MSE for USQC quantizers. The MSE of an N-level USQC quantizer can also

be decomposed as the sum of two expressions

N ) +aN)
2
N
Dysqc (N) =) / (I - ll(f,U)SQC) f(x)dx

k=1 s
IBP al (N) 2 _ tl(c],\i)—i_Al(cN)
= Z — (I - lk,USQC) € . + dUSQC (N) ) (B7>

k=1 tk c

where we note that the thresholds (and consequently the step sizes) of USQC quan-
tizers are the same as for the corresponding UTCC quantizer.
Using (B.2) and (B.3),we evaluate the first expression in (B.7)

N ) )
N N —¢V) N N —ttM)
=) - (tl(c—)l,c - ll(c,U)SQC>e Fohet (té,c) - ll(s,U)SQC>e he

- (o om0 ()
(o ()
) Ea M SCRE) Fo
(e () (5 Co25) ()
(B2) () + (%) ()

E (e g (5 e 2 (8 s

I

[]=

|
D T T
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Working on the second expression,

dusqc (N)

—

N) _ (N)
K ~ — lk,USQC) P[tlg’\i)vté{?JrA;ﬁN))

(N) (N) (N)
tk,c + ék,c - lk,USQC) P[tl(cl,vc)7tl(c],\£)+A](gN)>

N (V) 1)\3
AR fo
- 2;<—31°g %) +< o)) (3102 (% 3w)) ) Pz
N (V) 1)3
k 2k —1 Ak,c (1 - _)
=237 (st () +otos (%) + (“T_f)s Pl ag+a)
) N

k

N
- zg —3log (% X 2:]1[ 1)t (1 - %)) Pl agovam)
_ zi ~siog (57 ) + < - fgf? ((11__;))33)) Pl aaa)
= Qg 3log (%) +(1- ?;ﬁ?(f:;));)) P[tizi)7t§€{i)+A;N)>
— Qi; 3log (1 — ﬁ) +(1- ?;ﬁ?(;:;));)) PP%@?#%)
_ é 3log (1 - %) +(1- —310? (_1 (—i)gg— %)3>> Prov oo, )

N 1 1\3 3 3
1 —3log(1—1)(1— 1) k k—1
- log(1—=)+(1— . . ~) —(—— B.
2 3°g< 2k)+< —(1-1) N )| (B9
k=1 %
where again, we have used the expression for reconstruction levels in (B.3), half steps
in (B.4), step sizes in (B.1), and

(N)
tkfl,c t(N)
—z | e
P (N) (N) - (& dl' = —€ = eke — k-1l
[tk,c ’tkfl,c) t(N)
t(N) k,c
k,c

_ -vion() _ o--ms(Et) _ (%) _ (’f_];l)
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Thus, with (B.8) and (B.9), we have

Dusc (N) = i_ (3108 (1 + 5= 2)) (%) (3 g (1~ %))(g%
ol ) -]

Comments. Here are some remarks on the MSE performance of UTCC quantizers
and USQC quantizers:

e We expect the performance of UTCC quantizers to be better than that of USQC
quantizers with step sizes A,(;’\Q (as defined in (3.3.8)) which are quantizers that

are well-known and well-studied.

e Improved performance is due to the fact that for each N, while UTCC quan-
tizers and USQC quantizers share the same quantization cells, they differ in
their placement of the reconstruction levels: Specifically, UTCC’s have centroid

reconstruction levels whereas USQC’s do not.

e Asymptotic optimality: Since it is known that a sequence in N of USQC quan-
tizers is asymptotically optimal [5], we can conclude that a sequence in N of

UTCC quantizers is also asymptotically optimal.

Derivation of (B.3): Reconstruction levels of an N-level USQC quantizer.

Since the reconstruction levels of an N-level USQC quantizer come from the midpoints

of the quantization cells of the USQ with support on [0, 1] and step size A = N as
5 k N 11 1 2k — 1
=S NTIN T T TaN

we can express the reconstruction levels as

NP e 2k — 1
ll(c],\([])SQC:C Y =C 1<1— )

2N

(where C*! is the inverse to the optimal compressor function for the one-sided expo-

nential source) or equivalently, using the definition of C* from (3.3.7) in Chapter III
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or equivalently,

or equivalently, we get (B.3)

Since tfj,\? = —3log (£) and since the k-th (lower) half step is defined to be the
distance between the reconstruction level and the (lower) threshold of the kth quan-
tization cell, the (induced) half step of the kth cell of an N-level USQC quantizer

1S

N A (N N 1
AW B0 ) 31 <1 _ %) .
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APPENDIX C

The B;p Lower Bound Proof

This appendix contains the proof that Brp (p) is a lower bound to the function
B (p) for p € [0, 2 (1 — %)}, and is self-contained in that all of the necessary facts
and definitions previously established in the chapters of this thesis have been re-stated
here. Note that there are function definitions used here that are slightly different than
those used in the chapters and that this was done to facilitate the discussion as much

as possible. We also make several new definitions that further clarify the proof.

Facts, definitions and terminology.

1. Recall that from [6], a portion of the principal branch of the Lambert W function
Wy (p) can be expressed as Wy (p) = B op(z), where

> 1 11 43 760 221
B(p)— = p— PP 5
() ;“’ TP P TP T1ms0” T 85057

S, (C1)

is a power series in p with a region of convergence defined as ROC, = [O, \/5)1
and p(2) = V21 + z e with z € [—%, 0}. As reported in [6], the series coeffi-

n [6], ROC,, is actually defined to be (—\/5, \/5) If p (2) is alternatively defined by multiplying
the current definition by —1, other branches of the Lambert W function may be approximated using
the composition B o p(z). However, since we are not concerned with these other branches, we have
defined ROC), to be non-negative.
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cients &, are obtained via a series inversion and can be generated via

n_l n— n— n n—
o (f 2+7 2) 7 En—1

Tnr2\ 2 4 ) 2 n+1

&n
n—1

Yn = Z gm gn—l-l—m
m=2

with v =2, 1 = -1, { =1, & =1

. Establishing the regions of interest. Since we are ultimately concerned
with approximating a generating function (which utilizes the principal branch
of the Lambert W function Wy (z)) for the terms of the Nitadori sequence 7, ,
we are only interested in specific subsets of the domains of Wy (2) and p (z). To
make the discussion easier to read, we will refer to each the following half open
intervals as a region of interest (ROI): Let the region of interest with respect
to z be defined as ROI, 2 (=1,—3]. Also, since p(z) = /2(1+ ze) is an
increasing function over RO, and hence bijective on ROI,, we define the region
of interest with respect to p as ROI, = p(ROL,) = (0, 2 (1 — %)] Finally,
since the principal branch of the Lambert W function is also increasing over
ROLI,, we define the region of interest with respect to w as ROI,, °L (ROI,) =
(=1,L(—2)], where L (—2) ~ —.4063757398.

Additionally, we will refer to the closure of a region interest as union of an
ROI with its lower endpoint: The closure of ROI, will be given by ROI, =

[O, 2 (1 — %)], the closure of ROI, will be given by ROI, 2 [—%, —8%} and
the closure of ROI,, will be given by ROI,, 2 [—1, LambertW (—e%)}

. Definition of L (z),Brp(p) and construction of Lyp(z). Since we are only
interested in a Wy (z) defined over the restricted domain ROI, C [—é, O] and
because we want to be able to distinguish this function from the principal branch
of the Lambert W function Wy (z) defined over the domain [—1,0] for which
Wy = Bop(z), we define the function

L(z)=W (z)=Bop(z) (C.2)
when z € ROI,. Based on this definition, we also define

Lis(2) = Brsop() (C.3)
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when z € ROI,, where

A 1, 11, 43
=-l+p—sp’+ 0" — —=p' (C.4)

Brs (p) 3P TP TR

is the partial sum of B (p) that is truncated to the fourth order and defined
over ROI,.

Lemma C.1. By (p) < B(p) forp € ROI,.

Before proceeding to the proof of Lemma C.1, we need a few facts that we will

prove in the following two lemmas.

Lemma C.2. Define Z (w) 2 wev forw € ROI,,. With this definition, the following

are true:

1. 2L (z) over ROIL, is well-defined and can be determined from:
% (2) = (w —|—11) e ()
where z = Z (w) and w € ROI,,.
2. Ccll—? (p) over ROI, exists, and for p € ROI,, it can be determined from:
dB dB V2V + wertt
" ppizey (0 1) e o
where p (Z (w)) = /2 (1 + we**!) and w € ROL,.
3. dﬁ% (p) over ROI, is well-defined and has the form
di;B () =1- gp + ;—in - %pg (C.7)

which can also be determined from

_ E w1\ ) 2 ﬁ w1
p:p(z)_<1+12(1+we )) <3+135(1—|—we ))x

V2V + wewt! (C.8)

dBrp (p) = dBrp
dp p)= dp

where p = /2 (1 +we*) and w € ROI,,.
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Proof. We prove each item stated in Lemma C.2.

1. With the inverse to L (z) defined as
Z (w) = we (C.9)

for w € ROI,, (C.5) is established by using the Inverse Function Theorem [12]:
L is differentiable on ROI, because Z (w) is differentiable on ROI,, and % >0

over ROI,:
dL 1 1
- = = 1
dz (2) % (w+1)ew’ (C.10)

where z = Z (w), w € ROI,,.

2. Since B (p) is a power series and ROI, C ROC,, we know that B (p) is (in-
finitely) differentiable on ROI,. However, given the form of B (p) in (C.1), it
is difficult to directly determine the expression for % (p). So proceeding in an

indirect manner, using the definition for L (z) in (C.2), we know that

L B
db _dB| - dp (C.11)
dz dp p=p(2) dz
for z € ROI,. From (C.11), we can use the fact that
dp e
- 12
e > 0 (C.12)

when z € ROI, along with the expression in (C.5) from Part 1 of this lemma,

to obtain

dB
dp

dL 1 1 p(2)
& & (wt1)ev * e (C.13)

p=p(2)

With z = Z (w) = we® for w € ROI,, we use (C.13) to get

B Cop(e) V2T rze V2V went -
P |y W+t (w+1)ett  (w+1)ewH! '

when w € ROI,,. Since p (Z (w)) is bijective over ROI,, (onto ROI,), it is clear
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that for w € ROI,,

dB () dB
— (p) = — )
dp dp p=p(2)

Thus Cfi—ﬁ (p) for p € ROI, can be determined from (C.14).
3. Since Brp (p) is a polynomial (see (C.4)),

e sl C.15
dp 3P T g 13sP (C.15)

and it is defined over ROI,,.
If we make the substitutions z = Z (w) and p () = p (Z (w)) = V2V/1 + wew+1,

we have
dBrp p 11 , 43 5
=1——p(Z —n(Z ——p(Z
B =1 ()~ (7 w)

=12 (VaviTwe ) + o (VAT werm) -
2 (Vavitwen)’

135
2 11 86
=1- g\/i\/ 1 +wew+l + E (1 ‘|—U}€w+1) — ﬁﬂx
(14 we" ™) V14 wewt!
_ 1 w+1 2 86 w+1
—<1+E(1+we )) <§+ﬁ(1+we ) ) x
V2V1 + wewt, (C.16)

where z = Z (w) and w € ROI,. Since p(Z (w)) is the composition of two
bijective functions, p (z) and Z (w), it is clear that % (p) over ROI, can be
determined from (C.16).

Lemma C.3. % (p) > % (p) over ROI,.

Proof. There are two parts to this proof. First, we consider the value of dﬁ% (p)
and % (p) at p = 0 and then we consider the relationship between % (p) and % (p)

for p € ROI,.

186



For the first part, by taking the first derivative with respect to p of (C.1) and
using (C.15), we have at p =0

dB dBrp
— @ =1= p
= v
Since Ccll—? (p) = di% (p) when p equals the lower end point of ROI,, it remains to
show that
dB dBrp
— (p) > C.17
o (p) = 0 (p) (C.17)
for p € ROI,.

Using the relationships in Lemma C.2 from (C.6) and (C.8), we know that (C.17)
is true for p € ROI, if and only if

e 2 (1) = (G g (e VoV (€

is true for w € ROI,,.

With some algebraic manipulation (C.18) becomes

2
V2V 1 wew+l > Kl + % (1 +wew+1))—<§ + % (1 +wew+1))\/§\/ 1 +wew+1} W+ 1)ewt?

(C.19)

or

2
V21 + wewtl + (§ + % (1 + wew+1)) V2V1 + wewtl (w+1) e t!

11
> (1 + 15 (1+ wew+1)) (w+1) e

or

2
{1—1— (g—l—% (1+ we“’“)) (w+1) ew“] V2V1 4+ wewtt

11
> <1 + 15 (1+ wew+1)) (w+1) e
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or

{[H (§+% (1+wew+1)) (w+1) ew“] \@WF

T

or

2 (14 (24 o (Fwe™) ) (1) e 2(1+w€”’+1)
37 135

> (1+% (1+wew+1))2 {(w+1) ew+1]

or

2 43 w+1 w+1 ’ w+1
2 1+§ 1+£(1+we ) ) (w+1)e 14+we

> (1+% (1+wew+1))2 [(w+1)ew+1r. (C.20)

Consider the expression obtained by subtracting the right side of (C.20) from the
left side of (C.20):

2 [1+§<1+j—§ (1+we“’+1))(w+1) ew+1r<1+wew+l) — <1+% (1+wew+1)>2 [(w—l—l) ew+1]2
(C.21)

which is a continuous function over ROI,. To make things simpler (for now), we
define the dummy function/variable D 2 ew+l and substitute D for e*+! in (C.21)

to get

2 [1+§(1+i—§(1+wD))(w+1)Dr<1+wD) — <1+%(1+wD))2[(w+1)Dr
(C.22)

Expanding (C.22) and then collecting terms, we have

(C.22) = terms + termy + terms + termy + termy + termy, (C.23)
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terms = ——w® (w +1)° D°

termy = w? (w+1)* D*

279721w n 155881
48600 48600
2183687w 79993 )

terms 2 ——w(w + 1)(279721w+155881)D* = w(w + 1)(

291600

A (704 074 974
term; 2 (52 + 220 ) D = 1)D — 2D
i (135 135“’) 135w Y

termy = 2.

If we combine term; and termg, we get

A 974

termHO:ﬁ(w—l—l)DjLQ(l—D).

Using the Taylor series expansion for e®*+1

D= Z (w+1)" (C.24)

n>0

we re-express (C.23) by replacing D with its Taylor series in (C.24)

(C.21) = (C.22) = terms + termy + terms + terms + terms 4

14792 320117 . 279721w
12D 1) (220
~ 18225 gra0p (WD Fww )< 18600

155881 2183687w 79993 974
)D3 (w 1)( d )D2 -

w? (w+1)* D +

— 1)D+2(1-D
48600 291600 291600 135 (w+1)D+2 )

14792 o 1 5] [320117 o 1 i
= |20 125" = (w+ 1 125" = (w+ 1
{18225“’ (w17 o (w+1) }+{97200 (w17 D™ |+

n>0 n>0

279720w 155881 1 2183687w
1 ] et
{ ( 48600 48600)Z MICRN } [<w+ )( 291600
79993 974 1
Rkt 1) S = (w+ 1) |-
291600)22 (w+ } [135 (w+ >;n! (w+ )}
1

2 - 1)t C.25
[n;(nﬂ)!(w) ] (C.25)
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1 (14792 o), [32007 o
-y = 1 1) 1 1
Zn!{{18225 (w+1)" (w+ }+ g7an0 (WD W+ DT

n>

W+ 1) 279721w+155881
w
v 48600 | 48600

79993 m 974 n+1 2 n' n+1
2
291600) (w+1) }+{135 } {n—l—l (w+1) (C-26)

1 [ [14792 o] | [320117 inio
D i 1 1
;n!{[18225w (w+ D™+ gm0 v (wH DT+

279721 1 1 2183687 79993
K 79721w 15588 )w(w+1)3"+1} N K w ) "

218368 7w
291600

48600 * 48600 291600 291600

(w + 1)2"“] + ﬁ;i (w + 1)"*1} - [n i - (w+ 1)"“] } (C.27)

1 14792 320117
=(w+1)) ﬁ{ l—w?’ (w+ 1)5"“] + { w? (w + 1)4"“] +
n>0 "

18225 97200

279721w n 155881 (w+ 1" | + 2183687w 79993 o
48600 48600 ) 291600 291600

(w+1)2”]+ﬁ;§( +1)} {

(w+ 1)“} } (C.28)

n+1

1 . | 114792 P 320117 _—
= — 1 ——w? 1 1
(w—i—l)zn!(w—l— ) {[18225111 (w+1) }+{97200w(w+ ) +

279721w | 155881 w4 1] o [ (2183087 79993\
48600 48600 )\ 291600 291600

wr17|+ 3 nil]} (20

where:

e To get (C.25), we have used the fact that

n n n+1
e )" S+ w1
I=D=1-e¢ =1 Z n! N Z n! N an (n+1)!

n>0 ’ n>1

e To get (C.26), we use the fact that we can move the infinite sum to the outside
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and rearrange terms inside the infinite sum because we are dealing with a finite

sum of absolutely convergent series on ROI,,.
e To get (C.28), we factored (w + 1) out of the infinite sum.

e To get (C.29), inside of the infinite sum, we factored out (w+ 1)" and then
combined the last two terms of (C.28).

Since w + 1 > 0 for w € ROI,, (C.29) is non-negative if and only if

1 14792 320117
- 1 n 3 1 dn+1 2 1 3n+1
D (w1 {{18225“1 (w+ )™ + | grgpg @ (W DT+

n>0

279721w n 155881 (w + 1)2n n 2183687w 79993 (w+ 1)+
w (w — w
48600 48600 291600 291600

974 2
_ > .
[135 n—l—l}} 20 (C-30)

for all w € ROI,. If we can show that the expression on the left in (C.30) is the

infinite sum of non-negative terms, then (C.30) is true for all w € ROI,, and we will

have proven this lemma.
Consider the expression in (C.30) that is inside of the infinite sum (without the

% (w+ 1)" factor since it is always positive with the usual convention that & =1):

14792 2011 279721 1 1
A, (w) £ [iw3(w+1)4n+1]+[3 0 7w2<w+1>3n+1}+|:( 797 w_ 15588 )x

18225 97200 48600 48600

2183687w 79993 074 2
1)>" - DG [ e 31
wlw+1) }JFK 291600 291600)(w+ >}+l135 n+1}’ (C-31)

where we note that as m increases, HLH decreases. For each n > 0, (C.31) is a

polynomial in w of order 4n + 4. Checking at n = 0, we have

Ao (w) = [14792 3 (w + 1>} n [320117 2 (4 + 1>} n [(27972110 n 155881) w}L

18225 97200 48600 | 48600
[218368710 79993} [974 2}

291600 291600 135
_ 14792, N 1197023 N 879559 N 3118073 . 1440647
T 18225 291600 97200 291600 291600

(C.32)

is a 4th degree polynomial in w. To show that Ay (w) > 0 over ROI,, first, we
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observe that Ay (—1) = 0. Next, we see that

d (w) = 59168w3 n 1197023w2 n 879559w n 3118973
dw™ ™ 18225 97200 48600 291600

over w € ROI, because for w € ROI,, w is greater than the only real root of
%AO (w) which equals approximately —1.591135770. Thus, we have established that
forn =0, A, (w) > 0 over ROI,,.

Now consider A, (w) when n > 1:

14792 320117
An — 3 1 In+1 2 1 3n+1
(w) {1822510 (w+ D7)+ | grgpp @ (WH DT+
an bn

[ (279721w L 155881 w(w+ 1)2n L
48600 48600

WV
Cn

-

[/2183687w 79993 974 2
- D"+ | = — . .
( 291600 291600) (w+1) }*‘{135 n—%l} (C-33)

By inspection, when n is large, the term e, dominates A, (w), i.e., the value of
A, (w) = e,. This observation is supported by the fact that when n is large, the other
terms in A, (w), an, by, ¢,, and d,,, are scaled by the magnitude of w and w + 1; thus
for large n, |a,|, |ba], |cnl, |dn| are small since |w|, |w + 1| < 1 for each w € ROI,,. In
contrast, e, does not depend on w, and in fact, e, % ~ 7.214814815 as n increases.
Then if n is large enough, since e, > g—g ~ 5.214814815, there exists n = ng such
that for all n > ng, — (a, + b, + ¢, +d,) < % < e, and thus A, (w) > 0.

Consider n = 1:

14792 5 320117 4
Ay (w) = [1822511) (w+1) } +{97200w (w+1) } +
ar b

-w 279721w n 155881 (w + 1>2 n
48600 48600

- /
~~

C1

[/2183687w 79993 974
- 1 . 34
( 291600 291600) (w+ )}*_{135 } (C-34)
dr M
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We find bounds for a,, b,, ¢,, and d,:

14792 s 14792 5 2 b
=" — i L —Z ) +1) ~ —0.05982980232
a1 = Tooor W (w+1)” > 18225( ) ( ambertW( 62)+ ) 0.0598298023
320117
by = w? (w+1)* >0

97200

. 279721 w | 155881 (w04 1)
= w w
! 48600 48600

279721 2 155881 2 ?
1. LambertW(— = ( Lambertw (-2 ) +1
~ (486()0 amoer ( e2) * 486()0) ( amoer ( e2)+ )

(.

-~
maximium positive value in ROI,,

~ —.3060510284

2183687Tw 79993 2183687 79993 2
- - 1)> (1. - L )4
o ( 201600 291600)(“’ +1)> ( 201600 291600)( ambertw( e2) * )

~ —4.608283146

974 839
— (22 ) = 22 ¢ 6.214814815.
“ (135 ) 135

Using these bounds, we have
Aq (w) > 1.240650838 > 0.

Since it is clear that for n > 1, e,,’s domination of the expression A,, (w) will increase
even further, we see that for all n > 0, A, (w) > 0. Thus, we have established that
(C.30) is true for every w € ROI, which what we needed to show to prove this

lemma. [ |

Proof of Lemma C.1. Using (C.1) and (C.4), we can evaluate B (p) and Brg (p)
at p =0 to get

B(p)| =-1=Brgs(p)

p=0 p=0

Using this fact and Lemma C.3, we conclude that B (p) > Brg (p) for p € ROI,. R
B
In Figure C.1, we have plotted the function 32 W) for w € ROI,. This figure

dB
LB (W)

provides visual evidence to support the fact in Lemma C.3. In Figure C.2 and Fig-

ure C.3, we see that for z € ROI,, the composition of Byg (p) with p (z) appears to
approximate L (z) quite well, but that outside of ROI,, the approximation degrades
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considerably.

1.08 T T T T T T

1.07

1.06

1.05

1.04

ratio
T

1.03

1.02

1.01

LambertW (—%) ~ —0.4064\‘

0.99 : :
-1 -0.9 -0.8 -0.7 -0.6 -0.5 -0.4
w

aB

%(wju) vs. w for w € ROI,, = [-1,L (-3%)].

Figure C.1: Plot of

dB1, B

dp
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-0.1

-0.2
-0.3 1

e
-0.4}

-0.5f

-0.6

Brp(p(2)), L(z)

-0.7

-0.8

Bi(p(2) |1

-0.9 - = =L(2)

-04 -03 -03 -025 -02 -015 -01 -0.05 0
z

Figure C.2: Plot of By (p(2)) = Lrp (z) and the principal branch of the Lambert
W function L (2) for z € [-21,0]. Note that ROI, = (-1, 2].
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Brp (p(2)) — L(2)

Figure C.3: Plot of Byp (p(2)) — L (z) for z € [—21,0], showing that Brp (p(z)) is a
lower bound to L (z) in this region.
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APPENDIX D

An Asymptotic Expansion for the Tail Function of

General Exponential Sources

This appendix contains the derivation of the well-known tail function approxima-
tion used in (4.5.25) of Chapter IV. This approximation is also found in [22] for the
case when p = 2. We remark that although the derivation to follow is for the case
when f is a one-sided pdf, the derivation also holds for a two-sided pdf of the same
form. Furthermore, while we have restricted ourselves to a family of pdfs for which
p > 1 (which we call general exponential pdfs), the most of the formulation below

only requires p > 0. (We will note specifically where p > 1 is required.)

Q-approximation for general exponential-type pdfs. Recall from (4.1.5), for

p > 1, that a general exponential source has a pdf

f (I’) = CP 6_77

where ¢, > 0 such that
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Goal. We want to construct a @-function (tail function) approximation similar to

_f)
Q (y> ~ yp_l )
where
Q) 2 [ 1w
Fact.

For x > 0, we use the product rule to obtain

d d 1 i1, 4 d !
%iﬁ—xgzﬁfﬁf@):xm ! @) g

=a " (=" f () + f (@) - (—p+ 1) a7

= @)+ @) 2

Re-arranging, we have

o= (G2 + 1w 2 - (200 + e L5

dr zr—1 TP

and so for y > 0,

/f d4_7_<dﬂ)>@+vm+D7C$wy

p+1

f

yp(i) +(—p+1)/f

(u) du .

J/
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Using IBP,

v=uT do=(=2p+ 1) uPdu
w=—f(u) dw=uf (w)du

we have
Il:(_pﬂ)/fqig)d“:(—pﬂ) [;iu)l ey +1)/fu(;;)du}
= (= p+1)y(y)+ (—p+1)(=2p+1)

Then for y > 0,

- T (—p+1)(=2p+1)

g

Iz

Using IBP,

v=u"P dv=(=3p+1)uPdu
w=—f(u) dw=uP"'f(u)du,

we have

L=(—p+1)(=2p+1)

+<%+D/ggw]

- (—p+1)(=2p+1)(=3p+1)

OO

(

\_/

=(—p+1)(=2p+1) 5

@

Then for y > 0,

Q) =LY 4 (pa LWy iy cap ) 535}{@

yp—t y2r—1

OO

(—=p+1)(=2p+1)(=3p+1)
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Using IBP,

v =yl du = (—4]9 + 1) w2 du
w=—f(u) dw=u"f(u)du,

we have

f(u)
u4p—1

Is = (_p + 1) (—2]9 + 1) (—3p + 1) |: - 4 (—4]9 + 1) / fu(:;) du]
f

(y)

4p—1

=(-p+1)(=2p+1)(=3p+1)

+(=p+1)(=2p+1)(=3p+1)-

<

utp

(—4p+1)/f(u)du.

Then for y > 0,

fggi +(-p+1)(-2p+1)-

- yp1 21 +(=p+1)(=2p+1)

f(y)

4p—1
yp

<

>0 for p>1 0o

+(—p+1)(—2p+ 1)?—3]9 +1) (—4p + 1)\/

(=3p+1)

(u)
e du .

(.

~~

Iy

Using IBP,

v = u—5p+1 dv = (—5]9 + 1) U_5pdu
w=—f(u) dw=u"f(u)du,

we have

S (w)
u5p—1

Li=(p+ ) (=2p+ D (=3p+ D (=dp+1) [ m+(5p+1>/fu(s?du}
f ()

C A+ (—p+1)(=2p+1)-

= (—p+ 1) (=2p+ 1) (=3p+ 1) (—4p+ 1) ==

<

[
udP

(=3p+1)(—4p+1)(=5p+1) du.
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Then for y > 0,
@ =L+ e D ey o) D - e o),
f(y)

) L0 o) o) (a1 T

<

<0 for p>1 %)
& u
D=2+ D) (B0 7 ) (dp + D (= D) / fu(sp

v~

I5

-

Summary: Expression for ?(ﬁ when y > 0. We have

QL) _ — ><{1+(—p+1)i+(—p+1)(—2p+1)i2+(—p+1)(—2p+1)-
() v yP Y
(=3 +1) s+ (-p 1) (-2 + 1) (394 1) (~4p+ 1) o+ sl
and
O < o |14 (o ) b () (204 1) 4 () (24 ),
() yP Y

(=3p+1) % +(—p+1)(=2p+1)(=3p+1)(—4p+1) #}

since I5; < 0 (when p > 1), and

+(—p+1)(—2p+1)-

Qly) 1 _ 1. _ 1
W) Zyp_lx [1+( p+1)yp+( p+1)( 2p+1)y2p

=3+ 1) ]

since Iy > 0 (when p > 1). Note that the upper and lower bound to depend on

the fact that p > 1.

9W ysing big O notation. When y > 0 is large,

Asymptotic expression for )

Qy)

1 . X
W)~ g X [1—1— (—p+1) ﬁ +(-p+1) (—2p+1)ﬁ+(_p+1)0 <ﬁ)}

_ b [1+(—p+1) <%+(—2p+1)%+0<£))}

yr=t

201



- 1_1 x {1+(—p+1)%+(—p+1)(—2p+1)£+0(i)]’

3
yr yr
or for an even cruder approximation,

Qy)

() ypl‘l . [H(_pH) (%JFO (%))]

1 1 1
T [”“p“@*o(ﬁ)}
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