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Fig. 2 Convergence modes l/$2An+ / I = X / 1 /62An I .

simultaneous satisfaction of two criteria is recommended for
terminating the iteration cycles. One criteria is that the change
in deflections between two iterations (6 2 A ( W ) ) , as measured
by Ent be sufficiently small. The other criteria is that the
change in strain energy (6(7) between two iterations be suf-
ficiently small as compared to the strain energy (U) to assure
that the stress changes are not of any engineering significance.

i.e. En<TOLl~ (maximum acceptable deflection
error)2 times the number of
displacements

(6a)
5U— < TOL2 — (maximum acceptable stress error
U ratio)2

where

and

(6b)

(6c)

(6d)

It should be noted that the recommended iterative scheme is
even more efficient when the modification increases the stiff-
nesses of the members. In this case the geometric matrix series
solution represents an alternating series. This requires a large
number of linear (oscillating) iterations to approach the
solution, while the geometric series extrapolation requires a
much smaller number of trial solutions. The recommended
geometric solution is

The iterative algorithm consists of selecting a good initial
guess as to the change in displacement (6A^_7) due to the
structural modification (5K). The first initial guess is 6A0 =
AA0. Equation (4a) is then employed to determine values of
dAn and dAn+}. The values of 62A/7,i d2An+I, En, En+1,
and X are also calculated from Eqs. (5a) and (5c) and sub-
stituted into Eq. (7) to determine a new initial guess. This
computational scheme is repeated as many times as required.
The decision as to the acceptable accuracy of the last initial
guess is based upon satisfaction of Eq. (6). It should be noted
that the iterative scheme does not require the inversion of the
stiffness matrix (K'1). Any stiffness such as the main
diagonal or upper triangle, which are easily inverted (F), may
be utilized provided the norm ofFdK is less than one.

The mode of convergence is schematically presented in
Figs. 1 and 2. Figure 2 represents the Eq. (2d) solution of a

one degree of freedom (invariant eigenvector) structure. Note
that the value of 52An always decrease whenever
X= \dK/K\<\.Q, guaranteeing convergence. A reduction in
stiffness results in positive 62An, while an increase in stiffness
causes an oscillation in sign and a slower convergence. Both
solutions would be accelerated with the algorithm. Values of
X> 1.0 result in nondecreasing values of 62AW , indicating that
Eqs. (2e) or (5b) should not be utilized for major increases of
stiffness or an unstable structure. The increase of stiffness can
be handled by an arbitrary magnification of the original stiff-
ness (K2 =fJiKI), so as to result in X72 =X /7//i< 1.0.

The algorithm assumes that the linear damaged structure
has adequate strength to withstand the resulting calculated
stresses, which are a known linear transformation of the
displacements. If this is not justified, then the linear structure
can be reanalyzed with a "pseudo load" (equal to the load
capacity of the overstressed members, e.g., yield, buckling,
fracture) and an incremental dK representing the elastic stiff-
ness of these members. The iterative algorithm applies to
linear structure, but can be advantageously reiterated for
nonlinear structures, provided that the effect of the
nonlinearity upon the dK can be evaluated in the manner in-
dicated previously.

Note that efficient iterative solutions of original analysis
problems of large number of degrees of freedom can be ob-
tained by employing the readily available inverses of the main
diagonal, without or with the upper triangle, as the flexibility
matrix (F). The difference between these matrices and the
total stiffness matrix (K) can be set equal to the change in
stiffness (dK). The latter technique (Gauss-Siedel) is more ef-
ficient since the norm of the corresponding change matrix
( A ) is smaller. Utilizing the modification represented by ex-
trapolation to the geometric series approximation should
significantly increase the efficiency of these oscillating
iterative techniques. The geometric series algorithm can also
be utilized to increase the efficiency for the determination of
eigenvalues and eigenvectors by iterative techniques.
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Introduction
HT^HE interaction between a satellite and its space
JL environment, which created disturbed zones around the

satellite, has been studied since the early 1960's. Numerous
theoretical models which describe aspects of the interaction
are now available (e.g., Refs. 1-3); although, the degree of ap-
plicability of these models is not always well understood.
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Fig. 1 Measurements of the ratio (a) of slow ion density to beam ion
density versus pressure for the MFSC, MIT8 and ONERA10

facilities. The data symbols mean: x — a determined from electron
density variations in wake of body; A , A -a determined from ion
current measurements in wake of bodv.
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Fig. 2 Transverse ion current profiles taken at different axial dis-
tances r/R() downstream from the center of a sphere (radius = R0 = 4
cm) at two different system pressures p and at flow conditions of
EI - 4.5 eV, Te ~ 800°K, n ~5 x 104/cm5 and fv - -2V.
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Fig. 3 Transverse electron current profiles (normalized to the am-
bient lc) taken at an axial distance of 7.2 R0 downstream from the
center of the sphere (radius = R0 =4 cm) at two different systems
pressures p and at flow conditions £,~4.5e V, Te
~800K,w~5xl0 4 /cm 3 and </>5 ~ -2V.

Unfortunately, the available relevant in situ data, which
could be used to evaluate the applicability of the various
theories, is meager and fragmentary.4 However, laboratory
studies which can partially simulate the interaction have been
used to complement the in situ observations and have yielded
a better understanding of the relative importance of the
various plasma parameters such as R0/^D> e<j>/KTe, and
vj (2KTe/m,) 1/2 on the distribution of charged particles and
potentials around bodies immersed in flowing plasmas (e.g.,
Refs. 5-7). (Note: R0 = body radius, <£ = body potential
relative to plasma potential, yv -=flow velocity, (2ATe//n/) Vl

= "Mach" number, and the remainder of the symbols retain
their standard meaning.)

One of the limitations of "simulation" experiments, which
is often mentioned as being responsible for modifying the

structure in the wake region, is the background of slow ions in
the plasma chamber. These ions appear to be created by
charge exchange between the beam ions and residual neutral
gas and may affect measurements of the current and potential
in the wake. In this Note, we will examine the influence of
slow ions on both the ion and electron current distribution
and the electron temperature in the wake of a body in a
streaming plasma. The measurements were made in the
Plasma Wind Tunnel Facility at NASA/MSFC,6 which is
being used to partially simulate the wake structure of a
satellite in the ionosphere.

Experimental Results and Discussion
The ratio of the slow ion density to the beam ion density a

= «(slow)/A?(beam) was measured under a variety of plasma
flow conditions. The experimental facility is described
elsewhere.6 Of particular interest was the pressure range of
from ~10~ 6 to ~10~ 5 Torr which comprises the nominal
operating pressure of most plasma wind tunnels.

The slow ion density was determined from two independent
measurements which are described in detail by Hester and
Sonin8 and discussed by Martin and Cox.9 Figure 1 shows the
ratio a =/(pressure) for the MSFC facility and compares it
with conditions in the MIT facility8 and data from the
ONERA facility.10 The MSFC data show that a is linearly
proportional to the pressure in the chamber. This is in ac-
cordance with the behavior observed in the other two wind
tunnels.

In Fig. 2 we present two typical sets of transverse ion
current profiles taken at pressures of 4 x l O ~ 6 Torr and
2.5 x 10 ~5 Torr at downstream distance of r/R0 = 1.25, 2.8,
4.2, and 7.2 behind a sphere. The flow conditions were £",--
4.5 eV, 7;~800°K, n~5 x 104/cm3, 05~ -2V, and R0 = 4
cm where E/ is the ion beam energy. The ion current was
detected with a Faraday cup.

Figure 2 shows that the general structure of the ion current
in the wake is similar in the pressure range of from 4 x 10 ~6

Torr to 1.5X 10 ~5 Torr. This pressure range corresponds to
a = n (slow)//? (beam) of 0.5<a<0.3 (see Fig. 1). The
depleted region (which is sometimes called zone of maximum
rarefaction) at r/R0 = 1.25 is quantitatively similar at the two
pressures. Ion current enhancements can be clearly observed
at the other distances downstream. The amplitude of the
enhancements relative to ambient are similar to within 20-
30% at the same values of r/R0 at both pressures.

Recently, Fournier and Pigache7 have observed the in-
fluence of slow ions on ion current structure in the wake
region at system pressures of ~ 1 0 ~ 7 Torr in the ONERA
facility. They concluded that the influence of slow ions on ion
current structure is negligible at this pressure. On the basis of
the data taken in both the MSFC and ONERA facilities, we
conclude that when a < 0.3 the slow ions have only a minor ef-
fect on the ion current structure observed in the wake region.

In Fig. 3 we show profiles of electron current taken down-
stream behind the sphere at r/R0 = 7.2 and at conditions iden-
tical to those in Fig. 2. The position r/R0 = 1.2 is close to a
Mach number of radii downstream from the sphere center.
This particular position was chosen since finding a current
enhancement in this vicinity may have a bearing upon the
validity of using a fluidlike or a kinetic approach in treating
this type of flow problem.!!

The electron current was determined from the inflection
point of a current-voltage curve taken with a Langmuir probe.
It should be noticed that at the higher pressure the en-
hancement has been so reduced that it is virtually un-
detectable. This is in contrast with the results of Fig. 2 where
an ion current enhancement at r/R0 = 1.2 is visible at both
pressures. It follows that, at the higher pressure of 2.5 x 10 "5

Torr, the electron current observations are influenced by the
presence of slow ions.

Figure 4 shows a representative series of transverse Te
profiles measured at distance or r/R0 = 1.25 downstream of
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Fig. 4 Transverse electron temperature profiles (normalized to the
ambient Te) taken at 1.3 R0 downstream from the sphere
center (radius = R0 = 4 cm) at several system pressures and for flow
conditions E, ~ 4.5 eV, Te~ 800K, n ~5 X lOVcrii3, and #5 ~ -I-0.3V.
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Af t-Body Drag Reduction by Combined
Boat-Tailing and Base Blowing at M=3

the sphere in the pressure range 4x 10~6<P<2.5x 10~5

Torr. The conditions are identical to those of Fig. 2 except for
</>5 which is now equal to +0.3 V. We have chosen to examine
the influence of the slow ions on the electron temperature at
the closest vicinity to the sphere downstream, since it is in this
region that the effect of Te (wake) > 7; (ambient) is pro-
nounced. 12~14

As is seen from Fig. 4, Te (wake) is larger than Te(ambient)
for pressures smaller than about 1 . 6 x l O ~ 5 Torr. For the
higher pressures, the enhancement in Te(wake) with respect to
rc,(ambient) is close to the experimental error in the electron
temperature determination. The trend seems, however, to be
clear. Namely, as the pressure increases the influence of the
slow ions on the electron temperature observations is more
significant, which is similar to the influence of the slow ions
on the electron current profiles (see Fig. 3).

In summary, the findings of this study indicate that the ef-
fect of slow ions, when a<0.3, is not significant for
measurements of ion current variations in the wake zone.
However, this is not the case when studies are aimed at the
quantitative examination of electron current and temperature
variations in the near wake zone. In these instances, the
measurements of electron properties in the wake should be
done at very low systems pressures or over a range of system
pressures in order to ascertain the effect of slow ions.
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Introduction

THE major source of drag of a blunt-based slender body at
moderate supersonic speeds is the aft-body. The primary

factor accounting for high aft-body drag is the low base
pressure. Two potentially effective means of increasing base
pressure are boat-tailing and small rates of gas injection at the
base. A recent review of the base flow problem including in-
jection * presents several semiempirical methods of calculating
base pressure but points out that the greatest uncertainities in
the flow are associated with the base corner region and
development of the mixing layer, to which the axisymmetric
geometry adds further complication.

The effect of boat-tailing is well covered in an earlier
review2 which presents evidence that conical boat-tails are
superior to other shapes (ogival, concave) and that ap-
preciable reduction in base drag can be obtained with boat
tails of moderate angles and lengths up to about 1 or 1.5
calibers. An early study of base bleed to reduce supersonic
aft-body drag^ showed that small rates of injection caused the
base pressure to rise, but increased rates led to a reversal at-
tributed to entrainment of the base flow by the bleed air due
to its increasing velocity. At very low injection rates, of
course, the opposite is true—the flow entrains the low
momentum gas. Factors which influence the effectiveness
of base injection, extensively studied by Bowman and
Clayden,4'7 include: the gas injection geometry, the tem-
perature of the injected gas, its molecular weight, and the
boundary-layer thickness.

The present study is concerned with the combined use of
boat-tailing and base blowing to minimize the aft-body drag
of a projectile configuration at Mach 3 and high Reynolds
numbers. A more extensive description of the study and
discussion of the flowfield is given in Ref. 8.

Test Apparatus
The ogive-cylinder projectile model of 30mm (1.18J in.)

diameter with rifling ring and interchangeable aft-bodies
shown in Fig. 1 was tested in the Air Force Flight Dynamics
Laboratory 8 x 8 in. Mach 3 high Reynolds number wind tun-
nel. Air and helium were the two gases injected through
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