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It is known that the vibration response of bladed disks in turbine engine rotors can be
extremely sensitive to small, random blade-to-blade variations, or mistuning. However, it
is cumbersome to assess the effects of random mistuning or validate numerical predictions
for a population of mistuned bladed disks using experimental methods. In this work, as
an alternative approach for performing vibration testing of many mistuning patterns, it is
proposed that varying the external forcing function provided to the blades can be used to
mimic the influence of structural blade property mistuning on the vibration response. Be-
cause it is much easier and more efficient to vary the external excitation than to physically
alter the blades, this opens the possibility of running an experimental analog of a Monte
Carlo simulation. This approach, referred to as an experimental Monte Carlo mistuning
assessment, is explored and validated by comparing simulations and test data for a 24-
bladed disk. The experimental Monte Carlo results are found to have excellent agreement
with numerical Monte Carlo simulation results for a case of small standard deviation of
mistuning.

I. Introduction

It is well known that the vibration response of bladed disks found in turbine engine rotors can be extremely
sensitive to small, random blade-to-blade variations, or mistuning. In particular, mistuning can lead to the

vibration energy becoming localized in a few blades, causing significant increases in maximum blade vibration
amplitudes and stress levels.1–6 In order to predict the mistuned forced response in a computationally efficient
manner, several reduced-order modeling techniques have been developed.7–10 These methods can be used to
generate reduced-order models that are sufficiently compact that Monte Carlo simulations can be performed
to estimate the statistics of the forced response for a population of mistuned rotors. In these Monte Carlo
simulations,11–13 mistuning patterns are assigned with a pseudo-random number generator, and a certain
physical or modal property of each blade (e.g., Young’s modulus or blade-alone natural frequency) is altered
in the model according to its assigned mistuning value.

However, it is much more difficult to assess the effects of random mistuning or validate numerical predic-
tions using experimental methods. In particular, imposing specific mistuning patterns on a physical system is
challenging. Although adding mistuning masses is an effective means of controlling mistuning in bench tests,
it can be time-consuming and cumbersome to precisely manufacture and attach the individual mistuning
masses. As a result, relatively few mistuning patterns can be tested using this approach.14,15
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In this work, as an alternative approach for vibration testing of many mistuning patterns, it is proposed
that varying the external forcing function provided to the blades can be used to mimic the influence of
structural blade property mistuning on the vibration response. Because it is much easier and more efficient
to vary the external excitation than to physically alter the blades, this opens the possibility of running an
experimental analog of a Monte Carlo simulation. In the following sections, the feasibility of this approach,
referred to as an experimental Monte Carlo mistuning assessment, is explored. First, a recently developed
reduced-order modeling technique, called the component mode mistuning (CMM) method, is used to generate
the equations of motion for the system. Then, the modified forcing function required to mimic a given blade
mistuning pattern is derived. Finally, the probability density function (PDF) and cumulative distribution
function (CDF) predicted by numerical Monte Carlo simulations are compared to those estimated from the
new experimental approach.

II. Theory

A. Mistuning identification and model updating based on the CMM method

In the CMM method,10 a selected set of system modes of the tuned bladed disk is used as a modeling basis.8

The diagonal matrix of eigenvalues for this set of tuned system modes is ΛS . Individual blade mistuning is
modeled as the deviation of mistuned cantilevered-blade modal stiffness values from the tuned values. The
diagonal matrix containing the mistuning values for all of the blades in cantilevered-blade modal coordinates
is δΛCB . This individual blade mistuning is then projected to the reduced-order model of the system by
relating the cantilevered-blade (component) mode shapes to the blade part of the system mode shapes. In
particular, a matrix of modal participation factors, QCB , is generated, which defines the transformation of
blade mistuning from cantilevered-blade modal coordinates to the generalized coordinates of the reduced-
order model.

In addition, the CMM method has recently been extended by the authors to perform both mistuning
identification and reduced-order model updating.16–18 A sensitivity study was performed to consider the
influence of errors in modeling parameters and measured data on the mistuning identification results. It was
observed that the identification results are most sensitive to errors in the tuned system eigenvalues. In order
to compensate for these errors, it was proposed that the “cyclic modeling error” could be identified from the
test data assuming the mistuning in the actual system has a mean value of zero.16,17 The cyclic modeling
error, δΛC , is defined as the difference between the tuned system eigenvalues predicted from the finite
element model and those identified for the actual bladed disk. Thus, after identifying the blade mistuning
and the cyclic modeling error, the modal stiffness matrix of the updated model is:

KU = ΛS + δΛC + QCBT
δΛCBQCB (1)

Then, the equations of motion can be expressed in tuned system modal coordinates as:[
−ω2I + (1 + jγ)KU

]
q = f (2)

where ω is the excitation frequency, j =
√
−1, γ is the structural damping factor, q is the response vector,

and f is the forcing vector. Note that the size of the reduced-order model is equal to the number of selected
tuned system modes.

B. Formulation for modified forces to mimic the effects of structural blade mistuning

In order to perform an experimental Monte Carlo mistuning assessment, the required forcing variations are
determined as follows. Suppose that a given mistuning pattern, δΛCB

int , is intentionally imposed on a test
specimen and a certain engine order excitation vector, fE , is applied as the forcing function. The equations
of motion are then: [

−ω2I + (1 + jγ)
(
KU + QCBT

δΛCB
int Q

CB
)]

qm = fE (3)

where qm is the mistuned vibration response for the given engine order excitation. Now, assume that the
same response could be achieved by mistuning the forcing vector instead of the structural system. The
corresponding equations of motion are:
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[
−ω2I + (1 + jγ)KU

]
qm = fm (4)

where fm is the modified (or mistuned) forcing vector. From Eq. (3), the mistuned response can be expressed
in terms of the given mistuning pattern and engine order excitation:

qm =
[
−ω2I + (1 + jγ)

(
KU + QCBT

δΛCB
int Q

CB
)]−1

fE (5)

Substituting Eq. (5) into Eq. (4), the mistuned forcing vector is solved as:

fm =
[
−ω2I + (1 + jγ)KU

][
−ω2I + (1 + jγ)

(
KU + QCBT

δΛCB
int Q

CB
)]−1

fE (6)

Note that the mistuned forcing is frequency-dependent.

C. Estimation of the three-parameter Weibull distribution

For mistuned bladed disk vibration, the variable of interest is the maximum blade response for any blade
in the system. Therefore, the theory of the statistics of extremes19,20 can be used to accelerate the Monte
Carlo simulations. In particular, the distribution of the maximum blade response will tend toward a Weibull
distribution. The PDF of a three-parameter Weibull distribution for maximum values is:

PDF =
β

δ

(
λ− x

δ

)β−1

e−(λ−x
δ )β

(7)

where δ, β and λ are the scale, shape, and location parameters, respectively, and x is the variable of interest
(i.e., the maximum blade response amplitude or magnification factor). The location parameter represents the
upper limit of the value x. In this paper, it is taken to be the approximate maximum response magnification
factor calculated by Whitehead,6 which is

λ =
1
2

(
1 +

√
N

)
(8)

where N is the number of blades in the bladed disk. In a numerical simulation, by using this approximate
value for the upper limit, the other two parameters of the Weibull distribution can be estimated using data
obtained from relatively few Monte Carlo realizations.11,13 In the case of an experimental Monte Carlo
assessment, this corresponds to running relatively few tests with mistuned excitation fields as specified in
Eq. (6).

III. Experimental Specimen and Excitation System

A 24-bladed disk was examined for this study, and it is shown in Figs. 1 and 2. Figure 1 shows the
finite element model and Fig. 2 shows the actual bladed disk, which was manufactured to extremely tight
tolerances.14 This bladed disk, which is referred to as the validation rotor, has been used to experimentally
validate the CMM approach and the reduced-order model updating method discussed above.18 In this
study, the frequency range 2110–2170 Hz was considered, which excites the first flexural bending family of
blade-dominated system modes.

Acoustic excitation was provided to the blades by an array of speakers,12,21,22 as seen in Fig. 2. Behind
each blade, there is a round speaker mounted in a parallel position with the surface of the blade in order
to apply an acoustic force. These speakers are driven by a series of Hewlett-Packard 8904 Multifunction
Synthesizers, each with two independent but phase-synchronized channels. The speakers were carefully
calibrated using white noise excitation first. Then, the speakers were mounted on the plastic fixtures, and
a sinusoidal signal was sent to each speaker, one at a time. A calibrated microphone was used to record
the sound pressure level at a fixed distance from the speaker, similar to the distance to the individual blade
when it is mounted on the fixture. The amplitude and phase of the excitation signal were adjusted in order
to achieve a flat frequency response of the sound pressure level produced by the speaker. This process was
digitally controlled and it was repeated, in turn, for each speaker on the fixture.
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Figure 1. Finite element model of the bladed disk
Figure 2. Actual bladed disk used in the experi-
ment, shown with the acoustic excitation system

To achieve engine order excitation, all the speakers are driven simultaneously to deliver forces of the same
amplitude, but with a certain phase lag between adjacent speakers:

φ =
2πC

N
(9)

where C is the engine order of the excitation. Thus, the force for blade number n can be written as:

fn = f0 cos (ωt + (n− 1) φ) (10)

where f0 is the force amplitude. Thus any engine order excitation can be obtained by simply changing the
phase lag. The traveling-wave excitation system not only simulates the forcing experienced by a rotating
bladed disk in an engine, but it also provides non-contacting excitation.14,22

For the experimental system used in this investigation, the amplitude of the excitation was controlled
independently for each speaker. However, only 12 channels were available for independent phase control. For
the validation rotor with 24 blades, this was sufficient to deliver engine order excitation. This is because,
for any engine order, the phase of speaker n + 12 is either 0 or 180 degrees behind the phase of speaker
n. Therefore, specific phase values were delivered to blades 1–12, and the same or inverted signals were
delivered to blades 13–24, respectively. However, when the “mistuned” excitation of Eq. (6) is used, this
phase relationship no longer holds, and individual phase control would be needed to deliver the mistuned
excitation field precisely. The lack of independent phase control for all speakers thus introduced some
experimental error.

IV. Computational Monte Carlo Simulation

In order to perform computational Monte Carlo simulations, mistuning identification and model updating
techniques were first applied to the validation rotor experimentally to obtain the updated CMM model for the
first flexural bending family of blade-dominated system modes. The standard deviation of identified blade
stiffness mistuning was 0.29%. Then, for a given value of standard deviation of mistuning, 1000 random
mistuning patterns generated from a uniform distribution were added to the updated CMM model. For each
simulated mistuned system, a frequency sweep was performed, and the highest peak response value of any
blade in the mistuned system was determined. This value was divided by the peak response value of the
tuned system to yield a magnification factor. Then the Weibull distribution of the magnification factor was
estimated from the data. This process was performed for engine orders 6–12.

The Monte Carlo simulation results for engine orders 8 and 12 are depicted in Figs. 3 and 4. It is seen that
the magnification factor can be very sensitive to the mistuning level for small values of standard deviation.
However, the case of engine order 8 excitation shows smoother slope than engine order 12 for small mistuning
levels. This was also found to be true while comparing to engine orders 6, 7, and 9–11, although the results
for those engine orders are not shown here. Therefore, engine order 8 excitation was chosen for conducting
the experimental Monte Carlo assessments.
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Figure 3. Monte Carlo simulation results for blade
amplitude magnification, engine order 8

Figure 4. Monte Carlo simulation results for blade
amplitude magnification, engine order 12
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Figure 5. Histogram of the maximum blade re-
sponse amplitude obtained by Monte Carlo simu-
lation, based on 200 mistuning patterns generated
from a uniform distribution with standard devia-
tion = 0.1%
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Figure 6. Histogram of the frequencies at
which the maximum response amplitudes oc-
curred, based on 200 mistuning patterns gener-
ated from a uniform distribution with standard
deviation = 0.1%

As mentioned above, the experimental setup had entirely independent control over the amplitudes of
external forces but not the phases. Therefore, it was desired to keep the mistuned part of the force used in
the experiment sufficiently small so that no dramatic effect on the phase relative to engine order 8 excitation
was required. For this reason, a mistuning standard deviation of 0.1% was chosen.

Focusing on a mistuning level of 0.1%, 200 random mistuning patterns were added to the updated CMM
model, and the maximum blade response amplitudes were calculated for engine order 8 in the range 2145–
2160 Hz. The histogram of maximum mistuned blade response amplitudes is shown in Fig. 5, and the
resonant frequency distribution is depicted in Fig. 6. Based on these results, the investigated frequency
range was selected as 2147.2–2152.5 Hz for the experimental work, in order to reduce the required testing
time.

V. Experimental Monte Carlo Mistuning Assessment

In all of the following experiments, the tuned force needed on the right-hand side of Eq. (6) was chosen as
engine order 8 excitation, and the investigated frequency range was 2147.2–2152.5 Hz with a step size of 0.1
Hz. The raw measured results obtained with a Scanning Laser Doppler Vibrometer were the displacements
at the tips of the blades excited by mistuned forces, and the maximum blade response amplitude was found
for each mistuning pattern. These values were later divided by the maximum blade response of the rotor
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subject to pure engine order 8 excitation (the “tuned” case) to obtain the magnification factors as the input
data for the Weibull distribution. Using the three-parameter Weibull distribution given in Eq. (7), the PDF
and CDF were calculated from the experimental data. The test results were then compared to numerical
predictions by applying the same group of mistuning patterns to the updated CMM model and performing
the same Weibull distribution fit to calculate the PDF and CDF.

A. Experimental Trial 1

The first experimental trial was run for a set of 80 mistuning patterns. Figure 7 shows the PDF and CDF
results for the first 20 mistuning patterns tested, which match fairly well with the predictions. For example,
the CDF from the Monte Carlo simulation indicates that 99.9% of the magnification factors are expected to
be lower than 1.6, which is corroborated by the experimental results. The capability of forecasting such a
high-percentile response is especially useful in assessing the durability and reliability of bladed disks. Figure 8
shows the PDF and CDF results for the first 40 mistuning patterns tested. There is excellent agreement
between the numerical and experimental results.

However, as the number of mistuning patterns was increased to 60 and then to 80, the experimental
Monte Carlo results started to deviate from the numerical simulation results, as seen in Figs. 9 and 10. It is
believed that this was due to a breakdown of the temperature control in the experimental laboratory, which
led to inconsistent room temperatures for the last 40 patterns of this first trial. The room temperature should
be kept consistent, since the blade displacements being measured are on the micron level. Nevertheless, note
that there is still good agreement for the high-percentile values (e.g., 99.9th percentile) of the magnification
factors. This indicates that the experimental Monte Carlo assessment shows great promise in terms of
providing a robust prediction of the worst-case mistuning effects.

B. Experimental Trial 2

For a second experimental trial, another 80 random mistuning patterns were run for the validation rotor.
This time, the experimental environment was kept consistent throughout the testing. The PDF and CDF
results from trial 2 are depicted in Figs. 11–14. It can be seen that both the PDF and CDF results match well
with the predictions, especially when all 80 mistuning patterns are considered. Regarding the discrepancies
seen in Figs. 12 and 13, the main source of error is most likely the lack of precise phase control for all speakers.
However, unlike the results of trial 1, these results seem to indicate that the experimental and computational
results are starting to converge after 80 mistuning patterns, and it is expected that the agreement would
improve with more patterns.

VI. Conclusions

An innovative method for experimental Monte Carlo assessment of mistuned bladed disks has been
established. The blade mistuning was recast in the equations of motion as modified external forces. This
implies that various mistuning patterns can be imposed in a test environment by varying the external
excitation rather than making structural changes. This approach was then validated with a series of tests
performed on a 24-blade validation rotor. For a case with 0.1% standard deviation of the implemented
mistuning, the experimental results matched the numerical predictions quite well. The match was especially
good for high-percentile response values, which indicates that this approach might be useful for assessing
the safety and reliability of a bladed disk.

The main limitation for the application of the technique in this initial study was the lack of individual
phase control over each speaker that provides external excitation to each blade. As a result, only mistuning
patterns generated from a distribution with a small standard deviation could be investigated in this work.
However, if one had independent phase and amplitude control for each speaker in the acoustic excitation
system, this restriction to small mistuning levels would be alleviated. Moreover, compared to previous
experimental mistuning methods such as attaching masses to the blades, this new approach is more flexible
and efficient.
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Figure 8. Trial 1, 40 mistuning patterns
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Figure 9. Trial 1, 60 mistuning patterns
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Figure 11. Trial 2, 20 mistuning patterns
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Figure 12. Trial 2, 40 mistuning patterns
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Figure 13. Trial 2, 60 mistuning patterns
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Figure 14. Trial 2, 80 mistuning patterns
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