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Introduction

W E define a new methodology for the analytic description of
the force and moment generated by a solar sail of arbitrary

shape and surface optical properties. We find that the total force
and moment generated by the sail can be completely defined by the
computation of a number of constants of the sail, which are only
functions of the sail geometry and independent of the incident light.
Given these constants, some standard sail properties, and the inci-
dent light pressure and direction, the total force and moment acting
on the sail can be computed using simple formulas. Specifically, we
can characterize the force generated by a solar sail of arbitrary sail
geometry under general illumination conditions with 18 numbers.
To characterize the moment requires an additional 36 numbers. The
advantages of this description are that these constants can be com-
puted off-line and are defined for arbitrarily shaped sails, meaning
that only one formalism must be coded to deal with all types of sails.

There are a number of limits to this approach. First, this model
tacitly assumes that the sail will not change shape as its attitude
varies, thus their utility might be somewhat limited or constrained
to relatively small angular motions. This limitation will be addressed
in the future. Second, it assumes that there is no self-shadowing, that
is, that every element of the sail surface will “see” an incident ray.
This is a reasonable assumption given the likely mode in which a
solar sail will be operated.

Solar Radiation Pressure
McInnes1 develops the solar pressure caused by the sun’s finite

disk on an ideal sail normal to the sun, which includes the force ex-
erted on the sail caused by impinging and reflected photons. The ra-
diation pressure at a distance r from the sun as a result of a finite
solar disk is1

P(r) = P∗(r)F(r) (1)

where P∗(r) is the radiation pressure of a point source given by1

P∗(r) = (I0π/c)(Rs/r)2 (2)
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where c is the speed of light, r is the distance from the sun, Rs is
the sun’s radius, and I0 is the frequency integrated specific intensity.
F(r) is a correction function to account for the sun’s finite disk. With
this formalism we assume the solar radiation travels in parallel rays
when it reaches the sail.

Sail Optical Parameters and Differential Forces
The total force acting on the solar sail is caused by a combina-

tion of forces that result from photons impinging on and reflecting
from the sail surface, as shown in Fig. 1. The sail is assumed to
be opaque so that the transmissivity is zero; thus, the sum of the
reflectivity ρ and the absorptivity a must be unity. Also, ρ and a
might be dependent on the angle between the incident light source
direction and the surface normal α and the wavelength; we do not
account for these dependencies. The dependency on wavelength is
not a major problem; as the incident radiation contains the whole
electromagnetic spectrum, it is sufficient to use an integrated aver-
aged value over the spectrum for both ρ and a. The dependence on
α is more complex. Its effects on the sail are dependent on the law
that governs this change, which might be different for different sail
materials. At this stage we assume that the values of ρ and a do not
depend on α.

The first differential force is caused by the impact of photons on
the sail dFa . The differential force caused by reflection dFr is com-
posed of two components: dFrs, the fraction caused by specular re-
flection acting along the normal and transverse directions, and dFrd,
the fraction caused by diffuse or uniform reflection acting along the
normal direction. According to Meyer-Arendt,2 a Lambertian sur-
face has the same radiance in all directions. The force caused by
emission dFe is as a result of absorbed photons that are radiated as
heat and acts along the normal direction. When the sail absorbs pho-
tons, its temperature increases to an equilibrium temperature where
the absorbed energy is equal to the radiated energy. Performing an
energy balance, it can be shown that the equilibrium temperature of
the sail is given by1

T 4 = (1 − ρ)cP cos(α)

σ (ε f + εb)
(4)

where ε is the surface emissivity, the subscripts f and b denote the
front and back surfaces, respectively, and σ is the Stefan–Boltzmann
constant.

Defining the unit normal vector n̂ perpendicular to a surface of
an area dA and the transverse vector t̂, perpendicular to n̂ and in the

Fig. 1 Force directions.
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plane of the incident light and the surface normal, the forces acting
on a differential area of the sail along these directions are given by
Eqs. (5–8). They represent the contribution from radiation impacting
the sail dFa , reflected specularly dFrs, and diffusively dFru from it,
and emitted by radiation from the sail dFe, respectively1:

dFa = P(r) cos α[− cos αn̂ + sin αt̂] dA (5)

dFrs = P(r) cos αρs[− cos αn̂ − sin αt̂] dA (6)

dFru = −P(r) cos αB f ρ(1 − s)n̂ dA (7)

dFe = −P(r) cos α(1 − ρ)
ε f B f − εb Bb

ε f + εb
n̂ dA (8)

where B f and Bb are the sail front and back surface Lambertian
coefficients.

Regrouping these elements, the differential force normal to the
sail element can be expressed as

dFn = −P(r)[a1 cos2 α + a2 cos α] dAn̂ (9)

where a1 = 1 + ρs, a2 = B f (1 − s)ρ + (1 − ρ)[(ε f B f − εb Bb)/
(ε f + εb)]. The differential transverse force is given by

dFt = P(r)a3 cos α sin α dAt̂ (10)

where a3 = 1 − ρs. The sun’s position unit vector is specified as r̂0

and points from the sun to the sail. Thus, the angle α is defined by
cos α = −r̂0 · n̂.

The total force as a result of these normal and transverse compo-
nents is found by integrating these expressions over the sail surface:

F =
∫

A

(dFn + dFt ) (11)

where we note that the normal and transverse directions will change
as one moves over a general sail shape.

To derive the total force, we note that Eqs. (9) and (10) require
knowledge of cos α, sin α, and t̂, which can be obtained from

cos α = −n̂ · r̂0 (12)

sin α = ‖n̂ × (n̂ × −r̂0)‖ (13)

t̂ = − n̂ × (n̂ × r̂0)

‖n̂ × (n̂ × r̂0)‖ (14)

The force equations stated in this form lead to difficulties when
trying to carry out the surface integrations analytically. If the sail
surface, and therefore its normal vector, is not simple, analytic so-
lutions cannot be found in general. Also, the integrals are strongly
dependent on the sun’s position, apparently making it very difficult
to generalize the integrals for any sail attitude.

Derivation of the Generalized Sail Force Equation
We have found that the integration of Eq. (11) can be reduced

to an integration over the sail, independent of the incident light
direction and magnitude (under an ideal solar sail assumption where
the structure is fixed).

Let the normal vector at any point on the sail be defined as
n̂ = [n̂1 n̂2 n̂3]T and define the cross product as the dot product
of a dyad and a vector3:

n̂ × −r̂0 = −ñ · r̂0 (15)

where in the standard basis

ñ =




0 −n̂3 n̂2

n̂3 0 −n̂1

−n̂2 n̂1 0


 (16)

We note the following cross-product identities written in dyadic
form:

ã · b = a · b̃ = −b̃ · a = −b · ã (17)

Note that Eqs. (13) and (14) can be multiplied to obtain

sin αt̂ = −n̂ × (n̂ × r̂0) = −ñ · ñ · r̂0 (18)

Following similar simplifications, Eqs. (9) and (10) become

dFn = −P(r)[a1(r̂0 · n̂)n̂(n̂ · r̂0) − a2(r̂0 · n̂)n̂] dA (19)

dFt = P(r)a3(r̂0 · n̂)ñ · ñ · r̂0 dA (20)

Some of the terms in the preceding expressions can be simplified
by the introduction of a dyadic (and triadic) notation.3 It is possible
to define the dyadic product of the normal vector as

¯̄n = n̂n̂ (21)

and the triadic as

¯̄̄n = n̂n̂n̂ (22)

These are rank 2 and 3 tensors and can also be specified as ¯̄ni j = n̂i n̂ j

and ¯̄̄ni jk = n̂i n̂ j n̂k , where the indices range from 1 to 3. Also, making
use of the identity

ñ · ñ = −n̂ · n̂ ¯̄U + n̂n̂ = − ¯̄U + ¯̄n (23)

where ¯̄U is the identity dyadic ( ¯̄Ui j = 0 if i �= j , ¯̄Ui j = 1 if i = j),
the differential forces can be stated as

dFn = −P(r)a1r̂0 · ¯̄̄n dA · r̂0 + P(r)a2r̂0 · ¯̄n dA (24)

dFt = −P(r)a3r̂0 · n̂ ¯̄U dA · r̂0 + P(r)a3r̂0 · ¯̄̄n dA · r̂0 (25)

The products of these tensors and the sun’s position unit vector
can be stated in terms of the summation convention as

r̂0 · ¯̄̄n · r̂0 = n̂i n̂ j n̂k r̂0i r̂0k , r̂0 · ¯̄n = n̂i n̂ j r̂0i , r̂0 · n̄ = n̂i r̂0i

where n̂i , n̂ j , and n̂k are the i th, the j th, and the kth scalar com-
ponents of the normal vector, and equal indices imply summation,
that is,

ai bi =
3∑

i = 1

ai bi

Adding Eqs. (24) and (25), and integrating over the sail surface,
the total force is

F = P(r)

[∫

A

a2 ¯̄n dA · r̂0 + r̂0

·
(

−2

∫

A

ρs ¯̄̄n dA − ¯̄U
∫

A

a3n̂ dA

)
· r̂0

]
(26)

The integrands of all of these expressions are independent of
the solar incidence direction r̂0 and can be computed off-line for a
given sail shape, reused over a range of solar incidence directions,
and ideally can accommodate nonuniformities in the sail optical
properties.

We can introduce a more systematic notation for these integrals.
Define the surface normal distribution integrals as

Jm =
∫

A

n̂m dA (27)

=
∫

A

n̂n̂ . . . n̂ dA (28)
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where Jm is a rank-m tensor, computed by integrating the outer
product of the normal vectors over the surface area of the sail.

Assuming constant sail optical properties, the force can now be
rewritten as

F = P(r)
[
a2J2 · r̂0 − 2ρs r̂0 · J3 · r̂0 − a3(J1 · r̂0)r̂0

]
(29)

With this formalism, it is also possible to accommodate sails
with varying optical properties; these integrals would be redefined
by keeping the sail constants ai inside the integrals. Thus, we have
arrived at a completely analytic formula for the force acting on an
arbitrary solar sail.

To properly specify Jm as a tensor, we can use the notation

J m
i1i2 ...im

=
∫

A

n̂i1 n̂i2 . . . n̂im dA (30)

i j = 1, 2, 3 (31)

where the entries n̂i are just the elements of the normal vector eval-
uated at the surface element dA. We note that these tensors are com-
pletely symmetric in their indices, that is, J m

i1i2 ...im
= J m

i2i1 ...im
, and so

on for any two indices. Thus, for a rank-3 tensor, which could have
up to 27 entries, we only need to compute nine independent values.
In general, a tensor Jm as just defined will only have 3m unique
terms among its 3m entries. Thus, the three integrals in Eq. (29) are
specified by 3 + 6 + 9 = 18 numbers for the general case. If we are
dealing with a simplified model, such as a flat-plate solar sail model
where n̂ = [0, 0, 1]T , the number of independent numbers would
reduce to 3, one for each Jm .

Because these tensors are defined as integrations, it is always
possible to add additional sail elements by adding the Jm term for
that additional piece, so long as they are computed relative to the
same coordinate frame.

Because we are dealing with tensors, it is also possible to trans-
form a given Jm defined in one coordinate frame into a different
coordinate frame. Suppose we have a Jm defined for a panel of our
sail, computed in the panel-fixed frame. Also assume we have a
transformation matrix T that takes a vector from the panel-fixed
frame into the sail-fixed frame. Thus, to transform a normal vector
n̂ from the panel-fixed frame to the sail-fixed frame we just perform
a matrix multiply, n̂′ = T n̂, where the ′ signifies that the vector is
specified in the new frame. Using tensor notation, this same transfor-
mation would be expressed as n̂′

j = T i
j n̂i , where the i index signifies

the column number for the T matrix and j signifies the row number,
and the summation convention is assumed again i.e.,

T i
j n̂i =

3∑
i = 1

T i
j n̂i

Then the following operations would transform the Jm tensor com-
puted relative to the panel frame into the sail-fixed frame, where they
could be directly added to obtain the sail’s complete Jm tensors. As
these transformation matrices are known in general, this would be
a simple operation to define and extremely simple to carry out in an
algorithm. Given a transformation T , then the general coordinate
transformation result for a tensor Jm is

J m′
j1 j2 ... jm

= T i1
j1

T i2
j2

. . . T im
jm

J m
i1i2 ...im

(32)

Derivation of the Generalized Sail Moment Equation
The total moment acting on the sail can be found by integrating

the expression

dM = r × dF = r̃ · dF (33)

over the entire sail. This is equivalent to

dM = P(r)r̃ · [a2 ¯̄n dA · r̂0 + r̂0 · (−2ρs ¯̄̄n dA − a3n̂ ¯̄U dA) · r̂0] (34)

where r is the position of the differential element dA with respect
to a given reference frame on the sail. Integrating yields the total
moment about the origin of the sail reference frame:

M = P(r)

[∫

A

a2r̃ · ¯̄n dA · r̂0 − 2r̂0 ·
(∫

A

ρs r̃ · ¯̄̄n dA · r̂0

)

− r̂0 ·
∫

A

a3n̂r̃ · ¯̄U · r̂0 dA

]
(35)

Defining the moment surface normal distribution integrals as

Km =
∫

A

r̃ · n̂m dA (36)

L =
∫

A

n̂r dA (37)

and assuming constant optical properties, the moment can be rewrit-
ten as

M = P(r)
[
a2K2 · r̂0 − 2ρs r̂0 · (K3 · r̂0

) − a3r̂0 · L · ˜̂r0

]
(38)

The tensors Km and L (which are rank-m and rank-2 tensors,
respectively) do not have the same complete symmetry as the Jm ,
and more numbers are needed to specify them. For example, L
and K2 require at least nine numbers, and K3 requires 18. (It is
symmetric in its second and third index.) Despite this, they are well
defined and can be used to characterize the moments acting on the
body as the sail attitude changes, which can always be recast as a
change in the incident light direction of the sun r̂0. Transformations
from different coordinate frames might be necessary in some cases.
For these situations the use of Eq. (32) will still be appropriate, so
long as the transformation is a pure rotation and does not involve
translation. If the panel is to be translated as well, an additional term
rt × F must be subtracted, where rt is the translation vector and F
is the total force acting on that panel.

Center of Pressure
One particular application of the current result is to find the center

of pressure of the sail rp . In general, this vector is defined by the
condition

M = rp × F (39)

= rp · F̃ (40)

where F is the total computed force and M is the total computed
moment for a given origin. Let us dot both sides on the right with
−F̃ to obtain

−rp · F̃ · F̃ = −M · F̃ = F̃ · M (41)

Dividing by the force magnitude squared F2, this equation becomes

rp · [ ¯̄U − F̂F̂] = (1/F2)F̃ · M (42)

The terms in the brackets are dyads (rank-2 tensors) that project
the center-of-pressure vector into a vector perpendicular to the force
line. Taking the pseudoinverse of this operator yields the vector from
the coordinate origin to the center of pressure, which has an arbitrary
component along the line of action for the sail force:

rp = (1/F2)F × M + σ F̂ (43)

where σ is an arbitrary distance.
Finally, if we are also given the center of mass of the sail rCM and

the center of pressure rp , we can compute the total moment acting
on the sail about its center of mass:

MCM = (rp − rCM) × F (44)

= M − rCM × F (45)

which is of interest for attitude dynamics computations.
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Fig. 2 Circular sail geometry.

Example: Circular Sail with Billow
Consider a circular sail with a fixed nonplanar surface, defined

by (Fig. 2)

zb = −(αmax/2R0)
(
x2

b + y2
b

) + αmax R0/2 (46)

where R0 is the sail radius, αmax the surface slope at the rim (and
must be negative for this case), and xb, yb, zb are the sail coordinates
in the body-fixed frame as shown in Fig. 2. The slope varies linearly
with distance from center. The normal vector is obtained by setting
Eq. (46) equal to zero and taking the gradient to obtain

n̂ =


1

/√
1 +

(
αmax

R0

)2

x2
b +

(
αmax

R0

)2

y2
b







αmax

R0
xb

αmax

R0
yb

1


 (47)

With this information, the force coefficient integrals can be
computed analytically and are given by J 1

1 = J 1
2 = 0, J 1

3 = π R2
0 ;

J 2
i j = 0 for i �= j and J 2

11 = J 2
22 = π R2

0[2 + (−2 + αmax)
√

(1 +

α2
max)]/(3α2

max), J 2
33 = 2π R2

0[
√

(1 + α2
max) − 1]/α2

max; J 3
i jk = 0 ex-

cept for J 3
311 = J 3

131 = J 3
322 = J 3

232 = J 3
113 = J 3

223 = π R2
0[α2

max −
log(1 + α2

max)]/(2α2
max) and J 3

333 = π R2
0 log(1 + α2

max)/α
2
max.

The moment coefficients with respect to the origin can also
be computed analytically and are given by Li j = 0 for i �= j
and Lii = π R3

0αmax/4; K 2
i j = 0 except for K 2

12 = −K 2
21 = π R3

0[6 −
5α2

max − √
(1 + α2

max)(6−8α2
max + α4

max)]/(15α3
max); K 3

i jk = 0 except
for K 3

231 = K 3
213 = −K 3

123 = −K 3
132 = −π R3

0[α2
max(−2 + α2

max) −
2(−1 + α2

max) log(1 + α2
max)]/(8αmax).

Using the coefficients in Eqs. (29) and (38), it is possible to com-
pute the exact force and moment acting on this particular sail shape
as a function of solar illumination. Using Eq. (43), the center of
pressure can be computed.

Conclusions
The forces and moments acting on a solar sail of arbitrary shape

and optical properties can be determined analytically by computing
a series of coefficients. If the optical properties are constant, then
the surface integrals J1, J2, J3, L, K2, and K3 define the sail specific
coefficients for forces and moments. With this formalism, force and
moment computations for completely different sail models can be
handled by using a generic set of analytic equations. These distribu-
tions are nominally constant in the sail-fixed frame, and thus cannot
directly represent the effect of changing sail structure geometry.
Future research will address this limitation.
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