
Large-Eddy Simulation of a Turbulent Lifted Flame

in a Vitiated Co-Flow

Matthias Ihme∗ and Yee Chee See†

University of Michigan, Ann Arbor, MI 48109-2140

Large-eddy simulation (LES) of a lifted flame in a vitiated co-flow has been performed
using an unsteady flamelet/progress variable (UFPV) model. This model is an extension
to the steady flamelet/progress variable approach, and describes the transient autoignition
process of the lifted flame through the unsteady flamelet model. The particular advan-
tage of this model is that it eliminates the flamelet time scale, and all thermochemical
quantities are parameterized by mixture fraction, reaction progress parameter, and stoi-
chiometric scalar dissipation rate. For application to LES, a presumed probability density
function closure is employed, in which a beta-distribution is used for the mixture fraction,
a statistically most-likely distribution is employed for the reaction progress parameter, and
the distribution of the stoichiometric scalar dissipation rate is modeled by a Dirac delta
function. Compared to the steady flamelet/progress variable model, predictions from the
UFPV model show significant improvements, and the spatial evolution of the flame igni-
tion process and lift-off height is in good agreement with experimental data. Flow field
structure, statistical results, and scatter data are compared with experimental data, and
potential improvements of the model are discussed.

I. Introduction

T
he development of advanced combustion systems is mainly controlled by the objective to increase fuel
efficiency and to reduce emissions of pollutants such as carbon monoxide, unburned hydrocarbons, and

nitrogen oxides (NOx). To address these issues, novel combustion strategies have been developed, involving
the combustion of lean and diluted fuel-air mixtures. Dilution of the fuel-air mixture in internal combustion
engines and furnaces is frequently accomplished by recirculating burned gases, which leads to significant
reductions in nitric oxide (NO) emissions due to the decrease in peak combustion temperature. In addition
to the pollutant reduction, the dilution with hot combustion products can also lead to improved flame
stability.1

Despite its enormous potential, combustion of lean and diluted mixtures introduced additional challenges.
In particular, the dilution of reactants with inert combustion products can lead to a reduction in the char-
acteristic Damköhler number, so that – unlike to conventional diffusion flames, in which the combustion
process is primarily mixing-controlled – the reaction kinetics becomes increasingly important. As such, the
stability and characteristics of the flame becomes particularly sensitive to variations in fuel composition and
operating conditions. Therefore, ignition mechanisms in such flames play a critical role and are directly
affected by the turbulence/chemistry interaction.

Autoignition of a fuel mixture in a hot environment is typically initiated in localized regions of low
scalar dissipation rate having a mixture composition that favors short ignition times. Since the prediction of
autoignition events, however, is strongly dependent on the structure of the surrounding turbulent reacting
flow field, combustion models are required that are able to provide an accurate characterization of the
spatiotemporal flow field. Although large-eddy simulation (LES) techniques have been demonstrated to
provide improved predictions for the turbulent mixing process compared to Reynolds-averaged Navier-Stokes
(RANS) approaches,2 these intermittent ignition events typically occur on scales that are computationally
not resolved. Therefore, subgrid scale closure models are required to characterize effects of unresolved scales
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and ignition kinetics. The objective of this work is to develop a LES model for the prediction of autoignition
in lifted flames. This model is based on the unsteady flamelet formulation3 and employs a statistically
most-likely probability density function (PDF) as presumed PDF closure model.

The LES autoignition model is applied to a lifted methane/air jet flame, which was experimentally
investigated by Cabra et al.4 In this configuration, a methane fuel jet is issued into a vitiated co-flow with a
temperature of 1,350 K, and the flame is stabilized at a lift-off height of approximately 30 nozzle diameters
downstream of the jet exit. Because of its simplified geometry, comprehensive experimental database, and
sensitivity of the flame characteristics to operating conditions, including co-flow temperature, and inlet
velocities, this flame is of particular interest to the computational combustion community for validation
and development of combustion models. Gordon et al.5 investigated the transport budget in this lifted
methane/air jet flame using a composition PDF approach, and their results indicated that the lifted flame
is stabilized by autoignition. Similarly, a joint-scalar transported PDF approach with detailed reaction
chemistry coupled with a second moment closure model for the velocity prediction was used by Gkagkas
& Lindstedt6 to compute this lifted flame. Their model reproduced the flow field sensitivity to boundary
conditions, and the role of hydroperoxyl and formaldehyde species on the ignition kinetics was characterized.
Domingo et al.7 combined a model for autoignition and partially premixed flame propagation. They applied
this model to LES of this vitiated flame, and the reported simulation results were in good agreement with
experimental data.

Unlike to these model formulations, in the present work a model for the prediction of autoignition is devel-
oped which is based on the unsteady flamelet model for diffusion flames. The mathematical model describing
the unsteady flamelet/progress variable formulation and the presumed PDF closure is presented in the next
section. The experimental configuration and computational setup are summarized in Sec. III. Computa-
tional results obtained from the model are compared with experimental data and the steady flamelet/progress
variable model in Sec. IV. The paper finishes with conclusions.

II. Mathematical Model

A. Large-eddy Simulation

In LES, the coherent large scale structures of the turbulent flow are computationally resolved, and effects
of the smaller and numerically unresolved scales on the large scales are modeled. The decomposition of the
scales is achieved by applying a low-pass filter to the flow field quantities, and in the case of a reacting flow,
the Favre-filtered quantity of a scalar ψ is computed as

ψ̃(t,x) =
1

ρ

∫
ρ(t,x)ψ(t,x)G(t,x,y; ∆)dy , (1)

where t denotes time, x is the spatial coordinate, ρ is the density, and G is the filter kernel, satisfying the
normalization condition ∫

G(t,x,y; ∆)dy = 1 , (2)

and ∆ denotes the filter size, which corresponds in the case of an implicit LES to the local LES grid size.
The residual field is defined as

ψ′′(t,x) = ψ(t,x) − ψ̃(t,x) , (3)

and Favre-filtered quantities are related to Reynolds-filtered quantities by ρψ̃ = ρψ.
After applying the filter operator to the instantaneous governing equations describing the conservation

of mass and momentum, the Favre-filtered equations can be written as

D̃tρ = −ρ∇ · ũ , (4a)

ρD̃tũ = −∇p+ ∇ · σ −∇ · σres + ρg , (4b)

where ρ is the filtered density, ũ is the filtered velocity vector, p is the filtered pressure, g is gravity vector,
D̃t = ∂t + ũ · ∇ is the Favre-filtered substantial derivative, and σ is the filtered viscous stress tensor with

σ = 2ρν̃

[
S̃ − 1

3
(∇ · ũ)I

]
and S̃ =

1

2

[
∇ũ+ (∇ũ)T

]
. (5)
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The residual stress tensor σres = ρũu − ρũũ is modeled by a dynamic Smagorinsky model.8, 9 In deriving

Eq. (4) a time-invariant filter is used, and commutation errors due to grid size variations are neglected.10

The density and molecular properties, appearing in Eqs. (4) and (5) are obtained through a state relation.
However, instead of using the ideal gas law, which expresses ρ in terms of pressure, temperature, and all
species mass fractions, in the following a state equation is obtained from the flamelet/progress variable
model.

B. Flamelet/Progress Variable Model

The flamelet/progress variable (FPV) model11, 12 is based on the flamelet equations, in which a turbulent dif-
fusion flame is represented as an ensemble of laminar flame structures.13, 14 For sufficiently large Damköhler
number or sufficiently high activation energy, chemical reactions and heat transfer occur in a thin layer. If
the characteristic length scale of this layer is small compared to that of the surrounding turbulence, turbulent
structures are unable to penetrate into the reaction zone and cannot destroy the flame structure. Therefore,
the effect of turbulence in this so-called flamelet regime results in a deformation and straining of the flame
sheet.

The flamelet equations are obtained through a coordinate transformation of the transport equations for
species mass fraction and temperature by introducing the mixture fraction Z as independent variable. The
unsteady flamelet equations can then be written as

∂tφ− χZ
2
∂2
Zφ = ω̇ , (6)

where ω̇ corresponds to the source term of all species and temperature, which are collectively denoted by
the vector φ. The scalar dissipation rate of the mixture fraction, appearing in Eq. (6), is

χZ = 2α|∇Z|2 , (7)

and α is the mass diffusivity, which is assumed to be equal for all species. An analytical expression for
χZ for a counter-flow diffusion flame was derived by Peters.15 This expression relates χZ to its value at
stoichiometric condition and a function of Z and Zst:

χZ = χZ,stF (Z) with F (Z) = exp
{
2
(
[erfc−1(2Zst)]

2 − [erfc−1(2Z)]2
)}

, (8)

and erfc−1 denotes the inverse of the complementary error function with erfc(Z) = 1 − erf(Z).
The steady flamelet equations can be derived from Eq. (6) under the consideration that all species are

formed on a sufficiently fast time scale, so that all species mass fractions and temperature are in quasi steady
state, and the temporal derivative is negligible, resulting in

−χZ
2
∂2
Zφ = ω̇ . (9)

The solution of these equations can be represented by the so-called S-shaped curve, which is shown in
Fig. 1(a). The upper and lower branches of this curve describe the stable burning and non-burning steady
states, while the middle branch is unstable. The turning point between the upper and middle branches is
denoted by χZ,q, corresponding to the critical scalar dissipation rate at which quenching occurs. Similarly,
χZ,i denotes the critical value below which an initially non-burning flamelet will ignite. Figure 1(b) shows
temperature profiles of three flamelets corresponding to a scalar dissipation rate of χZ,st = 100 s−1.

The steady flamelet structure can be computed from Eqs. (9), and all thermochemical quantities can
then be parameterized in terms of mixture fraction and scalar dissipation rate, viz.,

ψ = Eψψψ(Z, χZ,st) , (10)

in which Eψψψ corresponds to the steady-state flamelet relation, and ψ denotes all thermochemical quantities,
including molecular properties, density, temperature, species mass fractions, and chemical source terms. The
Favre-filtered form of this state relation can be used to provide information about density and molecular
properties that are necessary to solve Eqs. (4). In addition to the governing equations describing conservation
of mass and momentum, an additional transport equation for the mixture fraction must be solved, and the
scalar dissipation rate can be obtained from an algebraic relation. Note, however, that this vertical projection
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Figure 1. Solutions of the steady flamelet equations, Eqs. (9), for a methane/air flame, showing (a) temperature
as function of the scalar dissipation rate at stoichiometric mixture fraction Zst = 0.177; (b) Temperature profiles
for three flamelets, computed for the same scalar dissipation rate χZ,st = 100 s−1, and the vertical dashed line
shows the location of stoichiometric mixture.

of all thermochemical quantities onto the Z-χZ,st plane is not unique and results in multiple solutions for
χZ,i ≤ χZ,st ≤ χZ,q. This can be seen in Fig. 1(b), showing temperature profiles for three flamelets evaluated
for the same scalar dissipation rate of χZ,st = 100 s−1.

To overcome the ambiguity of the steady flamelet model, a reaction progress parameter Λ has been
introduced in the FPV model.11, 12 This mixture-fraction independent parameter, which is related to the
reaction progress variable C, is defined so that each flamelet along the entire S-shaped curve can be uniquely
identified. The reaction progress variable is defined from a linear combination of reaction products as
C = YCO + YCO2

+ YH2O + YH2
, and Λ, having a unique value for each flamelet, corresponds to C evaluated

at the stoichiometric condition:
Λ = C|Zst . (11)

By replacing the scalar dissipation rate in Eq. (10) by Λ, the FPV state relation can be written as

ψ = FS
ψψψ(Z,Λ) , (12)

and the superscript “S” refers to the steady flamelet equations. This relation is used instead of Eq. (10) to
represent the complete thermochemical state space along the S-shaped curve.

Although this FPV model has been successfully applied to a wide range of combustion configurations,
including flames with local extinction and reignition,16 due to the neglect of the transient term in the steady
flamelet equations, this model is inadequate for the prediction of autoignition events. To overcome this
shortcoming an unsteady flamelet/progress variable (UFPV) model is developed in the next section. This
model extends the work by Pitsch & Ihme3 by employing a statistically most-likely PDF to represent subgrid
scale fluctuations of the reaction progress variable. The unsteady FPV model is presented in the next section,
and the presumed PDF closure model is discussed in Sec. D.

C. Unsteady Flamelet/Progress Variable Model for Autoignition

Models employing the steady flamelet equations restrict the flamelet solution to that of the S-shaped curve.
In fact, models in which all thermochemical quantities are parameterized in the form of Eq. (10) can only use
a subset of the steady flamelet solution space, due to the non-uniqueness of the parameterization. Although
the S-shaped curve represents the strong attractor and lower-dimensional manifold of the flamelet equations
in the limit of sufficiently long residence time, for the consideration of transient and autoignition events, the
complete state space must be considered, which is described by the unsteady flamelet equations.

An unsteady flamelet model, formulated in Lagrangian and Eulerian reference frame, was developed by
Pitsch & Steiner17 and Pitsch.18 In addition to the local scalar dissipation rate and mixture fraction, this
model introduced a local flamelet time that is associated with the convection and diffusion of each flamelet.
As such, the required information about the state-space trajectory and corresponding time for each flamelet
limits the application of this model to canonical flows.
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The unsteady flamelet/progress variable (UFPV) model addresses this issue by expressing the flamelet
time in terms of the reaction progress parameter and scalar dissipation rate. All thermochemical quantities
are then parameterized in the form of

ψ = FU
ψψψ (Z,Λ, χZ,st) , (13)

and the superscript “U” refers to the unsteady flamelet library. With this relation differential changes of a
state-space variable ψ are then represented by

dψ =
∂ψ

∂Z
dZ +

∂ψ

∂Λ
dΛ +

∂ψ

∂χZ,st
dχZ,st . (14)

Since this expression eliminates the time from the parameterization, it also assumes that the structure of
a particular flamelet is independent from its history. In the context of the prediction of radiation and NO
pollutant formation it was shown that this is indeed a valid assumption for species that evolve on sufficiently
fast time scales.19 This, however, allows to populate the state space independently from a particularly
flamelet trajectory. In the present application this is done as follows. First, the S-shaped curve is obtained
from the solution of the steady flamelet equations. To obtain solutions ‘inside’ the S-shaped curve, starting
with the initial conditions corresponding to the middle branch or a non-burning flamelet, the unsteady
flamelet equations are solved for a specified scalar dissipation rate until the stable solution of the upper
branch is reached. If the steady state solution is reached, the process is repeated with a different value for
the scalar dissipation until the complete state space is populated. In this respect, the flamelet trajectory
corresponds to a vertical line in the state space. Figure 2(a) illustrates the result of this procedure. The
symbols correspond to the individual solutions of the unsteady flamelet equations that are obtained from the
previously described method, and the solid line is the S-shaped curve from the steady flamelet equations.
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(a) S-shaped Curve and Unsteady Flamelet Solutions (b) Unsteady Flamelet Solution
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Figure 2. Solutions of the flamelet equations for a methane/air flame, showing (a) temperature as function
of the scalar dissipation rate at stoichiometric mixture fraction Zst = 0.177; the symbols correspond to solu-
tions of the unsteady flamelet equations, and the solid line represents the S-shaped curve, obtained from the
steady flamelet equations. (b) Temperature profiles, showing the evolution of a flamelet with increasing time,
computed for a scalar dissipation rate of χZ,st = 100 s−1, and the vertical dashed line shows the location of the
stoichiometric mixture fraction.

Figure 2(b) shows the temporal evolution of a flamelet for a constant scalar dissipation rate of χZ,st = 100
s−1. Beginning with a flamelet from the unstable middle branch, the flamelet ignites at a location at fuel-lean
conditions, corresponding to the most-reactive mixture,20 ZMR, and by diffusive effects in mixture fraction
space, the flame structure evolves over about 2.5 ms until a steady-state condition is reached.

The ignition delay time τig as function of χZ,st is shown in Fig. 3. Here, τig is evaluated at stoichiometric
conditions, and is defined as:

τig =
{
t
∣∣Tst(t) = (T 0

st + T∞

st )/2
}
, (15)

where T 0 and T∞ denote the temperature profiles of the non-burning and steady burning flamelet solution,
respectively. Beginning at the location corresponding to χZ,i, the ignition delay time decrease until it reaches
a minimum of τig = 7.1 ms at χZ,st = 5.75 s−1 and subsequently increases with decreasing scalar dissipation
rate.
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Figure 3. Ignition delay time as function of
χZ,st.

Since the spatiotemporal structure of the flame is not fully
resolved in LES and only described in a Favre-sense, a statisti-
cal description of the state relation (13) will be employed. For
this, a presumed PDF closure is employed, which is described
in the next section.

D. Presumed PDF Closure Model

For the LES prediction of turbulent reacting flows, the state
relation (13) must be formulated for Favre-filtered quantities.
In the following, Favre-filtered thermochemical quantities are
computed from Eq. (13) by employing a presumed joint PDF
for mixture fraction, reaction progress parameter, and stoi-
chiometric scalar dissipation rate:

ψ̃ =

∫∫∫
FU
ψψψ (Z,Λ, χZ,st)P̃ (Z,Λ, χZ,st)dZ dΛ dχZ,st , (16)

and P̃ (Z,Λ, χZ,st) denotes the density-weighted joint PDF
with

P̃ (Z,Λ, χZ,st) =
ρ

ρ
P (Z,Λ, χZ,st) = P̃ (Z, χZ,st)P (Λ|Z, χZ,st) . (17)

Since Λ is defined to be statistically independent from Z and χZ,st, the conditional PDF P (Λ|Z, χZ,st) reduces
to its marginal PDF. Furthermore, it is assumed that Z and χZ,st are independent. With this, Eq. (17) can
be written as

P̃ (Z,Λ, χZ,st) = P̃ (Z)P (χZ,st)P (Λ) . (18)

A beta PDF is used to model the mixture fraction distribution,21, 22 and the distribution of χZ,st is modeled
by a delta function.3 A so-called statistically most-likely distribution23–26 (SMLD) is employed for Λ, so

that P̃ (Z,Λ, χZ,st) can be written as

P̃ (Z,Λ, χZ,st) = β(Z; Z̃, Z̃ ′′2)δ(χ∗

Z,st − χZ,st)PSML,2(Λ) , (19)

and

PSML,j(Λ) = Q(Λ) exp

{
j∑

i=0

aiΛ
i

}
, (20)

where j = 2 denotes the number of enforced moments, and Q(Λ) is the so-called a priori PDF,27 accounting
for bias in composition space. In the following, Q is modeled as16

Q(Λ) =
1√
C̃′′2


1 +

(
ω̇C,stγCZ̃ ′′2

χZ,st
√
C′′2

)2



1/2

, (21)

and

γC =
χ̃res
Z

Z̃ ′′2

C̃′′2

χ̃res
C

(22)

is the frequency ratio between mixture fraction and progress variable. The weight coefficients ai in Eq. (20)
are defined subject to the following constraints:

∫∫
β(Z; Z̃, Z̃ ′′2)PSML,2(Λ)dZ dΛ = 1 , (23a)

∫∫
FU
C (Z,Λ, χZ,st)β(Z; Z̃, Z̃ ′′2)PSML,2(Λ)dZ dΛ = C̃ , (23b)

∫∫ [
FU
C (Z,Λ, χZ,st) − C̃

]2
β(Z; Z̃, Z̃ ′′2)PSML,2(Λ)dZ dΛ = C̃′′2 . (23c)
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Note that in these equations, the χZ,st-dependence is already integrated out. Equations (23) can be reformu-

lated as a non-linear minimization problem, and can be solved iteratively28 for a = a(Z̃, Z̃ ′′2, C̃, C̃′′2, χZ,st),

with a = (a0, a1, . . . , aj)
T . After the coefficients a are determined, the joint PDF P̃ (Z,Λ, χZ,st) can be

constructed and inserted into Eq. (16) to obtain the Favre-filtered form of the thermochemical state relation.
In this context it is interesting to point out that the joint PDF is not directly dependent on the moment
information about the reaction progress parameter, so that all Favre-filtered thermochemical quantities can

be directly expressed in terms of C̃ and C̃′′2. This relation is here denoted by

ψ̃ = G̃U
ψψψ (Z̃, Z̃ ′′2, C̃, C̃′′2, χZ,st) . (24)

Replacing the moments of the reaction progress parameter with moments of the progress variable introduces

significant model simplifications, since the model complexity for the transport equations of C̃ and C̃′′2 is
reduced.

In the following, Eq. (24) is used to provide information about all thermochemical quantities in the
conservation equations for mass and momentum. In addition to the solution of Eqs. (4), four addition
transport equations are required to close the system of equations in the UFPV model. The transport
equations describing conservation of the first two moments of mixture fraction and progress variable can be
written as

ρD̃tZ̃ = ∇ · (ρα̃∇Z̃) + ∇ · τ res
eZ
, (25a)

ρD̃tZ̃ ′′2 = ∇ · (ρα̃∇Z̃ ′′2) + ∇ · τ res
gZ′′2

− 2ρũ′′Z ′′ · ∇Z̃ − ρχ̃res
Z , (25b)

ρD̃tC̃ = ∇ · (ρα̃∇C̃) + ∇ · τ res
eC

+ ρ˜̇ωC , (25c)

ρD̃tC̃′′2 = ∇ · (ρα̃∇C̃′′2) + ∇ · τ res
gC′′2

− 2ρũ′′C′′ · ∇C̃ − ρχ̃res
C + 2ρC̃′′ω̇′′

C . (25d)

The turbulent fluxes ũ′′Z ′′ and ũ′′C′′ are modeled by a gradient transport assumption, and the term C̃′′ω̇′′

C

is precomputed and stored in the flamelet library, Eq. (24). A model for the residual scalar dissipation rate
of the mixture fraction is derived from spectral arguments,16 which is written as

χ̃res
Z =

CχZ
Cǫ

SctCu

α
eZ
t

∆
Z̃ ′′2 , (26)

where Sct = νt/α
eZ
t is the turbulent Schmidt number for which a value of 0.4 was used.17 The expectation of

CχZ
can be estimated using model energy spectra for turbulent kinetic energy and mixture fraction variance.

Based on this analysis, a value of 2.0 was used for this coefficient. The ratio Cǫ/Cu is dependent on the LES
filter width ∆, and rapidly approaches zero for increasing filter ratio ∆/η, with η denoting the Kolmogorov
length scale. For the present application, a value of 0.5 was used for the ratio Cǫ/Cu. A closure model for
χ̃res
C is obtained from Eq. (22) by using Eq. (26) and using a specified value for γC , which is here set to 2.0.

III. Experimental Configuration and Computational Setup

The experiment used for validation of the autoignition model corresponds to the vitiated co-flow burner,
which was experimentally studied by Cabra et al.4 The experimental setup consists of a central fuel pipe
with a diameter of Dref = 4.57 mm, through which a methane/air mixture at a temperature of 320 K is
supplied. The jet exit velocity is Uref = 100 m/s. The Reynolds number based on the fuel nozzle diameter,
exit velocity, and kinematic viscosity of the fuel mixture is 24,200, and the value of the stoichiometric mixture
fraction is Zst = 0.177. The co-flow consists of reaction products from a premixed hydrogen/air combustion.
It is reported that the product mixture, consisting of oxygen, nitrogen, and water, is uniform across the
co-flow stream, and the temperature is 1,350 K. The co-flow has a diameter of 210 mm and is surrounded
by an exit collar to prevent entrainment of ambient air into the flame. The experimental parameters are
summarized in Tab. 1.

The Favre-filtered governing equations are solved in cylindrical coordinates.11 The geometry is non-
dimensionalized by the jet nozzle diameter Dref and the computational domain is 90Dref × 30Dref × 2π in
axial, radial, and circumferential directions, respectively. The axial direction is discretized with 256 grid
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Table 1. Reference parameters for the lifted jet flame simulation.

Parameter Units Jet Co-flow

d m 4.57 × 10−3 (= Dref ) 0.210

U m/s 100 (= Uref) 5.4

T K 320 1,350

XO2
– 0.15 0.12

XN2
– 0.52 0.73

XH2O – – 0.15

XCH4
– 0.33 –

Zst – 0.177

points following a linear growth rate, and 150 grid points are used in radial direction. The circumferential
direction is equally spaced and uses 64 points, resulting in a total number of approximately 2.5 million grid
points. The minimum and maximum filter widths are ∆min = 4 × 10−2Dref (at the centerline near the
nozzle exit) and ∆max = 1.27Dref (outermost computational cell at the exit plane). For reference, the grid
stretching diagram is shown in Fig. 4.

The turbulent inflow velocity profile was generated from a periodic pipe flow simulation. The unsteady
flamelet calculations have been performed using the FlameMaster code,29 and the chemistry is described
by the GRI 2.11 mechanism.30 From the unsteady flamelets, the UFPV flamelet library is generated. To

increase the table resolution, Z̃ ′′2 was replaced by the mixedness, S̃ = Z̃ ′′2/(Z̃− Z̃2), and the grid stretching

in the directions of Z̃, S̃, and C̃′′2 followed a geometric series. For the discretization of the chemistry table,

75 points are used for the Z̃ and C̃ directions, 20 points are used in the directions of S̃ and C̃′′2, and 15
points were used for χZ,st.
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Figure 4. LES grid stretching diagram: (left) axial direction; (right) radial direction. Only every second grid
point is shown by the symbols.

IV. Results

A. Instantaneous Flow Field

The UFPV model was applied to LES of the Cabra et al. flame,4 and in the following the simulation
results are compared with experimental data. An additional simulation was conducted using the steady
FPV model, and differences between both models are discussed. Statistical results, denoted by angular
brackets, are obtained from azimuthal and temporal averaging of the instantaneous flow field quantities, and
Favre-averaged quantities are computed as {ψ̃} = 〈ρψ̃〉/〈ψ̃〉.

The instantaneous and averaged temperature fields obtained from both models are shown in Fig. 5. The
solid lines in these figures correspond to the isocontour of the stoichiometric mixture fraction. From the
instantaneous temperature field obtained from the simulation with the UFPV model in Fig. 5(a), it can be
seen that up to approximately 25Dref downstream of the jet exit fuel and oxidizer mix without significant
heat release. Following this inert mixing zone, a transition region between 30 ≤ x/Dref ≤ 50 is apparent,
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Figure 5. Instantaneous and averaged temperature fields obtained from (a) UFPV model and (b) FPV model.
The solid line shows the location of stoichiometric mixture fraction.

in which the temperature increases; however, some intermittent pockets with low temperature are evident.
Beyond a distance of 50 nozzle diameters above the jet exit the flame is continuously burning, and some
entrainment of fluid from the co-flow into the flame core can be observed from the instantaneous flow field
results. The lift-off height was computed from the averaged flow field results using the same metric as
described by Gordon et al.5 The predicted lift-off height of 35Dref is in reasonable agreement with the
experimentally reported value of 30Dref. Note, however, that the experimentally determined value was
based on the ethylene and acetylene concentrations, which could partially be responsible for the discrepancy.

The prediction obtained from the steady FPV model shows a significantly different flame behavior. After
a considerable reduction of the inert mixing region, the flame rapidly ignites at approximately 15Dref , and a
transition region, as observed for the UFPV simulation, is not existing. The steady FPV model significantly
underpredicts the lift-off height with a value of 16Dref.
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Figure 6. Scatter plot of Favre-filtered temperature as function of stoichiometric scalar dissipation rate ob-
tained from (a) UFPV model and (b) steady FPV model. For reference the S-shaped curve is shown by the
solid line.

Single point data at six different axial locations in the jet flame are sampled from both simulations. These
data are presented in the form of scatter plots in Fig. 6. For reference, the steady flamelet solution of the
S-shaped curve is also shown. The differences in the flame structure predictions, discussed in the context
of Fig. 5, are emphasized by these mixture-fraction conditioned scatter plots. While individual flamelets
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in the UFPV simulation exhibit a transient evolution that fills a large portion of the flamelet space, the
flamelets from the FPV simulation are primarily confined to the upper stable branch of the S-shaped curve.
As previously pointed out, the FPV model predicts a faster flame ignition, which is due to the fact that all
thermodynamic flame state are projected onto the S-shaped curve. It is also interesting to point out the
strong fluctuations in the stoichiometric scalar dissipation rate for all measurement location, that typically
spans more than an order in magnitude.

B. Statistical Flow Field Results

Favre-averaged results for mixture fraction and temperature along the jet centerline are shown in Fig. 7.
Apart from the slight overprediction in the transition region for 25 ≤ x/Dref ≤ 60 the prediction of the
mean mixture fraction from the UFPV model is in excellent agreement with the experimental data. Note
that the FPV model considerably overpredicts {Z̃} in the transition region, and also the mixture fraction
fluctuations from the FPV model exhibit deviations from the experimental measurements.

The mean temperature from the UFPV model is in overall good agreement with experimental data. The
model predicts an initially faster temperature rise in the ignition region, which is further delayed in the
downstream direction. A detailed analysis of the results suggests that this delay of the ignition process
can be attributed to larger values of the progress variable variance, and the predictions would benefit from
improvements in the model for χ̃res
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Figure 7. Comparison of measured (symbols) and calculated (lines) mean and rms statistics of mixture fraction
and temperature along the centerline for the Cabra-flame.

The mean temperature as function of mean mixture fraction is illustrated in Fig. 8, showing the differences
between both models. Although the UFPV model overpredicts the ignition process in the transition region,
the model shows significant improvements over the steady FPV model.

Radial profiles for the predictions of mixture fraction, temperature, and species mass fractions of CO2,
CO, and H2O are compared with experimental data in Fig. 9. Favre-averaged mixture fraction profiles are
shown in the first row, and the results from the UFPV model are in better agreement with experimental
data compared to the FPV results. As already discussed in the context of Fig. 5, the steady FPV model
predicts an early flame ignition process, which is not observed in the experimental measurements. Compared
to these results, the UFPV model accurately captures the temperature evolution in the transition region;
however, the location of the peak temperature is slightly shifted towards the centerline. This discrepancy
can be attributed to the overprediction of the mean mixture fraction profiles (see first row) and also to the
shortened autoignition, which moves the temperature peak towards fuel-richer composition (see Fig. 2(b)).

The major product mass fractions of CO2 and H2O are in similarly good agreement than the temperature
profiles, and the spatial evolution of the species is well predicted by the UFPV model. The radial profiles for
the intermediate carbon monoxide species show considerable differences between experiment and prediction.
The reason for these discrepancies are currently under investigation.
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C. Conditional Flow Field Results

Mixture fraction conditioned results for temperature and species mass fractions of CO2, CO, H2O, and OH
are illustrated in Fig. 10. Statistical results for the conditional temperature, presented in the first row, show
that the UFPV model predicts a slightly faster ignition process up to x/Dref = 40, which is then followed
by a delay for x/Dref > 50. Compared to these results, the steady FPV model predicts a fully burning flame
state already at x/Dref = 30 with slowly increasing peak temperature for increasing downstream direction
due to the decrease in the scalar dissipation rate. Conditional results for temperature and mass fractions of
CO2 and H2O, evaluated at the last measurement station, also suggest that the flame reaches steady-state
conditions. Conditional data for the hydroxyl radical, illustrated in the last row, show that the UFPV model
qualitatively predicts the peak location and formation process of OH up to x/Dref = 50, but underpredicts
the OH consumption at the last measurement location.

Overall, the conditional results for temperature and species mass fractions predicted with the UFPV
model are in reasonable agreement with experimental data, and the model adequately captures the transient
flame ignition process.

V. Conclusion

An unsteady flamelet/progress variable model has been developed for predicting the ignition process in a
lifted flame. The model is an extension to the steady flamelet/progress variable approach, and employs the
unsteady flamelet model to describe the evolution of all thermochemical quantities during the flame ignition
process. In the UFPV model, all thermochemical quantities are then parameterized by mixture fraction,
reaction progress parameter, and stoichiometric scalar dissipation rate. The particular advantage of this
model over previously developed unsteady flamelet formulations is that in the UFPV model the flamelet
time is replaced by physical quantities, which leads to significant simplifications in the computation and
parameterization of the thermodynamic state space.

A presumed PDF closure model is employed to evaluate Favre-averaged thermochemical quantities. For
this a beta-distribution is used for the mixture fraction, a statistically most-likely distribution is employed for
the reaction progress parameter, and the distribution of the stoichiometric scalar dissipation rate is modeled
by a Dirac delta function.

The UFPV model was applied to LES of a lifted flame in a vitiated co-flow, and simulation results are
compared with experimental data and results obtained from the steady FPV model. Compared to the steady
FPV model, it is demonstrated that the unsteady formulation leads to significantly improved predictions for
flame structure, lift-off height, and spatiotemporal evolution of the flow field. Although the UFPV model
predicts a slightly faster ignition behavior, mixture fraction and temperature fields are in good agreement
with experimental data.

Mixture-fraction conditioned data for temperature, major species, and OH mass fraction are analyzed.
In addition, scatter plots for the stoichiometric temperature are compared between both models, showing
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Figure 9. Comparison of radial profiles between simulations and experiments, for mixture fraction, tempera-
ture, and species mass fractions of CO2, CO, and H2O.

that the UFPV model occupies a large portion of the unsteady flamelet space, while the scatter data for
the FPV model are primarily confined to the upper stable branch of the S-shaped curve, which explains the
short ignition time and reduction in the lift-off height.
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