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BBSTRACT 

The momentum i n t e r a c t i o n  of a c y l i n d r i c a l  
d r o p l e t  c l o u d  e n t r a i n e d  i n  a forced or 
p o t e n t i a l  v o r t e x  i s  i n v e s t i g a t e d  i n  t h e  
present .  S t u d y .  A c l o u d  e x p a n s i o n  time s c a l e  
?,IC, i s  f j r s t  i d e n t i f i e d .  then a d imens ion-  
less p a r a m e t e r  a, e q u a l  t o  t h e  r a t i o  o f  t h c  
Cloud e x p a n s i o n  t i m e  t o  t h e  d i f f u s i o n  time is 
f o u n d  t o  c h a r a c t e r i z e  t h e  b e h a v i o r  of  a 
d r o p l e t - l a d e n  s w i r l i n g  c l o u d .  For t h e  c a s e  
of  a c c  1 t h e  f o r c e d  v o r t e x  s t r e n a t h .  cven ~. 
d e c r e a s e s  due  t o  t h e  d r o p l e t  d r a y  on t h e  g a s  
flow, r e m a i n s  u n i f o r m  w i t h i n  t h e  i n i t i a l  
c l o u d  r e o i o n .  On t h e  o t h e r  hand .  t h e  
d r o p l e t s  i n  t h e  p o t e n t i a l  v o r t e x  e s s e n t i a l l y  
behave  i n  a n o n - i n t e r a c t i v e  mode so t h a t  t h e  
v o r t o x  d e c a y  is mainly  c a u s e d  by t h e  viscous 
Stress i n  i t s e l f  r a t h e r  t h a n  t h e  c x i s t e n c e  of 
d r o p l e t s .  Liesides, t h e  p a r a m e t e r  (T has 
i m p l i c a t i o n s  f o r  t h e  cloud v a p o r i z a t i o n  
b e h a v i o r  c o n s i d e r i n g  P r = O ( l ) .  T h e  r e s u l t s  
f o r  a c< 1 s u g g e s t s  t h a t  a " s t r o n g "  s w i r l i n g  

v f l o w  may s u b s t a n t i a l l y  i n f l u e n c e  t h e  
s t r u c t u r e  o f  t h e  g r o u p  v a p o r i z a t . i o n  os 
c o m b u s t i o n .  F i n a l l y  t h e  a p p r o x i m a t e  
a n a l y t i c a l  s o l u t i o n s  d e v e l c p e d  f o r  a c < 1  are 
f o u n d  t o  b e  i n  e x c e l l e n t  a g r e e m e n t  w i t h  
n u m e r i c a l  s o l u t i o n s .  

"CLATURR 

- 
U D r o p l e t  d i a m e t e r  
K Evaporat. ion c o n s t a n t  
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V Gas v c l o c i t y  
P c a s  v l . s c o s i t y  c o e f f i c i e n t  
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3 V e l o c i t y  re laxa t . ion  time 

s t h i c k n e s s  of t h e  v a p o r i z a t i o n  l a y e r  
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Cd Drag c o e f f i c i e n t  
D = Ed/& 
K ~ k?o/i?do2 

k , , k , ,  

K' = K I1 + 0 . 2 7 6  Re"' Pr'") 
k f , k f r  d e f i n e d  i n  Eq.  ( 1 3 )  

d e f i n e d  i n  Eq. ( 2 3 )  

" = n/n, 
- _  

Pr  P r a n d t l  n u m b e r  
R f  Rcynolds  number 

- 
I n  most l i q u i d  f u e l  combust ion  systems a 

s p r a y  i s  i n j e c t e d  t h r o u g h  an a t o m i z e r  i n t o  a 
chamber. where it. m i x e s  w i t h  t h e  ambient  q a S  
and b u r n s .  Experimente 'Z2 have rovc&lrd r.hat 
t h e  combust ion of  d r o p l e t s  in a s p r a y  d i f f e r s  
f u n d a m e n t a l l y  f rom t h e  c o m b u s t i o n  o f  an 
i s o l a t e d  droplet. The c o l l e c t i v e  b e h a v i o r  of  
d r o p l e t s  i n  a s p r a y  u ~ ~ a l l y  r e s ~ l i s  i n  a 
r e l a t i v e l y  cool  a n d  fucl-rich rc;ion. The 
d r o p l e t s  i n  t h i s  r eg ion  f i r s t  v a p : i i ! z e  and 
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the  vzzor t h e n  b u m s  a s  a gas-phase  d i f f u s i o n  
f l a m e  o u t s i d e  t h e  d r o p l e t  c l o u d ;  i n  o t h e r  
words. t.he dIorilets i n  the s m a v  vaaorize or . .  . 
burr :  a s  a g r o u p  r a t h e r  t h a n  a s  i n d i v i d u a l  
d r o p l e t s .  

T h e  concept. of t h e  g r o u p  b e h a v i o r  o f  
droolet c l o u d s  i n  a s t a t i o n a r y  a tmosphere  h a s  
by row been w e l l  . ? ~ t a b l i s h e d . ~ - '  The e f f e c t  
of c o n v e c t i v e  f low on d r o p l e t  c loud  b e h a v i o r  
h a s  "ecn s t u d i e d  by R e l l a n  and Harstad.".' 
!!owever, droplef c l o u d s  i n  s w i r l i n g  f l o w s  
have r a r e l y  beer. i n v e s t i g a t e d  e v e n  thouqh 
swi r l  conb3stors,10 swir l  a t o m i z e r s , l l  s w i r l  
d i f f c s i o n  f lames1 '  and swi r l  mixing13 have  
r e c e n z l y  qained c o n s i d e r a b l e  a t t e n t i o n .  Mao 
e t  a ? . l l  h a v e  f o u n d  i n  r e c e n t  e x p e r i m e n t s  
:kat swi r l  s n r a y  € l aces  have  a d i f f e r e n t  
structure f rom n o n - s w i r l  s p r a y  f l a m e s  o r  

~ : a r  t u i b u l c n t  d i f f u s i o n  f l a r n a s .  I n  a 
p r c v : o , ~ s  s t u d y 1 4  t h e  b e h a v i o r  of  a d i l u t e  
c locd  i n  b o t h  Corced and  p o t c n t i a l  v o r t i c e s  

.n s t u d i e d ,  a n d  it was concluded t h a t  
:he droplet. d e n s i t y  redistribution i n  t h e  
c l o c d  r a y  s i g n i f i c a n t l y  i n f l u e n c e  t h e  
structure o f  t h e  g r o u p  v a p o r i z a t i o n  o r  
ccmbas t  i o n .  

'This p a p e r  i s  f o c u s e d  on d r o p l e t  c l o u d s  
i n  ax isyrnmetr ic  s w i . r l i n g  f l o w s ,  j n  p a r r . i c u l a r  
3" t.he interaction b e t w e c n  t h o  d r o p l c t s  and 
t h e  ( ias f l o w .  T i l e  m o m e n t u m  i n t e r a c t . i o n  
h c t w c c n  :he t w o  p h a s e s  i s  i n  qcncral 
a t t r i b u t e d  t o  t h r e e  c o m p o n e n t s :  (1) t h e  
d r o p l e t  d rag ,  ( 2 1  t h e  d r o p l e t  v a p o r i z a t i o n .  
and (31  a s m a l l  p r c s s u r e  g r a d i ~ n t . ~  P r c v i o u s  
a n a l y t i c a l  of t h o  d r o p l e t  motion 
i n  s ' d i r l i n g  f l c w s  h a v e  generaily n e g l e c t e d  
a l l  i r : t c r a a t . i o n  eFfec t .5  s i n c e  the  i r . c l n s i c n  
o f  a n y  o f  thosc e f f e c t s  w i l l  c e r t . a i r i l y  
c o n p l i c a t e  t h e  problcrn.  ?ort .?;nate!y i t  h a s  
been f o u r d  t h a t  a n ~ n d i l ~ i ~  s p r a y  o n l y  
r e q i r c s  a f c w  m i l l i - s e c o n d s  t.c a t t a i n  a 
a e a r - i a t ~ : c a t e d  condition, and only a s m a l l  
f r a c t i o n  of  a second t o  reach c o m p l e t e  
s a t , ~ r a t i c n  w i t h i n  t h e  c 1 0 ~ d . l '  I t  i s  t h e n  
r e a s o n a b l e  t o  a s s i lme  t h a t  the c l o u d  i s  
l n i t i a l l y  i n  t h e  n e a r - s a t . u r a t e d  c o n d i r i o n  so 
t h a t ,  t.hc v a p o r i z a t i o n  e f f e c t  on t h e  Interior 
o a s  n o l ! o n  i s  s m a l l .  i n  t h e  D I C S E P t  s t u d "  ~ ~~ 

the r " o m e n t 9 m  excharqc d u e  to t h e  d r o p l e t  d r a g  
ar,d s l o w  v a p o r i z a t i o n  w i l l  be e v a l u a t e d  w h i l e  
t h e  pressure is assumed c o n s t a n t .  

T h e  g c v c r n i n g  e q u a t i o n s  f o r  thc s w i r l i n g  
d r o p l e t  c l o u d s  a r e  f i r s t  f o r m u l a t e d  below a n d  
a r e  u s e d  to i d e n t i f y  c h a r a c t e r i s t i c  : . i m e  
scales 2 s s o c i a t . e d  'wit.?, t . he  swirling c1oc:ds. 
I t  i s  sb,.own t h a t  t he  behavior of i h e  s 'wir l ing 

4Ls c h a r a c t e r i z e d  by a pararnr?t.er e q c a l  
he  r a t i o  Of a c h a r  

p a n s i ~ n  t i m e  i.0 a c h a r a c t  

> s t c d y  t h e  e f f  o f g a  s - d r c p  I e :  
i n t c r n c t i o n  on  forcco a n 6  ;:ot.cnt i a l  vnitex 
drop;ct c louds .  

il. The governing ii 

T h e  b e h a v i o r  of a d i l u t e  c y l i n d r i c d !  
d r o p l e t  c l o u d  i n  s w i r l i n g  f l o w s  h a s  been 
a n a l y z e d  e l s e w h c r e 1 4  by a s s u m i n g  t ime- 
i n v a r i a n t  f o r c e d  and p o t e n t i a l  v o r t l c c s .  The  
p r e s e n t  a n a l y s i s  i s  main ly  concerned  w i t h  t.hc 
nomenturn i n t e r a c t i o n  be tween a c y l i n d r i c a l  
d r o p l e r  c l o u d  and t h e  swirling f l o w  o f  a n  

i n f i n i t e l y  l a r g e  r e g i o n  (see F i g .  I ) ,  a s  w e l l  
a s  t h e  c h a r a c t e r i z a t l o n  of  d r o p l e t - l a d e n  
s w i r l i n g  f l o w s  by  su; . t .able  d i n e n s i o n l e s s  
p a r a m e t e r s .  A S  d i s c m s s e d  above  i t  can  bc 
assumed t h a t  t h e  s w i r l  c l o u d  i s  i n i t i a l l y  i n  
a n e a r - s a t u r a t e d  s t a t e  so t h a t  t h e  r a d i a l  
ve1oci t .y  ( S t e f a n  f low)  of t h e  vapor i.s s m a l l .  
I t  i s  n o t  c l e a r  how l o n g  it  w i l l  t a k e  ihs 
s w i r l  c l o u d  t o  r e a c h  c o m p l e t e  s a t u r a t i o n  o r  
i f  it e v e r  does s o .  I n  t h i s  s t u d y  t h e  
d r o p l e t s  w i t h i n  t h e  c l o u d  a r e  assumed t.o 
e v a p o r a t e  slowly. The mass l o a d i n g  r a t i o  
( l i q u i d  masslgas m i x t u r e  m a s s )  w i t h i n  t .he  
c l o u d  is assumed t o  be i n  t h e  range  o f  0 . 1  - 
1 0 .  The i n i t i a l  s w i r l i n g  gas f low i s  t h a t  o f  
a n  a x i s y m m e t r i c  f o r c e d  o r  p o t e n t i a l  vor 
The a n a l y s i s  o f  o t h e r  more complex swir 
flows such a s  a R a n k i n e  o r  l i i l l  s p h e r i c a l  
v o r t e x  i s  n o t  a t t e m p t e d  h e r e .  

The major a s s u m p t i o n s  m a d e  i n  t h i s  
a n a l y s i s  a r c :  (1) the d e n s i t y  r a t i o  (i)d/pqol 
is  of t h e  o r d e r  of 1000, ( 2 )  t h e  d r o p l c t  mass 
l o a d i n g  r a t i o  i s  assumed n o t  to exceed 1 0  s o  
t h a t  t h e  v o l u m e t r i c  f r a c t i o n  o f  t h e  d r o p l e t s  
c a n  b e  n e g l e c t e d ,  ( 3 )  t h e  d r o p l e t  
v a p o r i z a t , i o n  r a t e  w i t h i n  f h e  s p r a y  is a s s u m e d  
s m a l l ,  ( I )  t h e  d r o p l e t  t e m p e r a t u r c  i s  
c o n s t a n t  and u n i f o r m ,  ( 5 )  t h e  d r o p l e t s  a r c  
m o n o - s i z e d  a n d  i n i t i a l l y  u n i f o r n l y  
d i s t r i b u t e d  wit.hin the c l o u d ,  (6) t h e  d roplc t .  
i n t e r a c t i o n s ,  b r e a k u p  and c o l l i s i o n s  a r c  
n e g l e c t e d ,  ( 7 )  t h e  r a d i a l  v c l o c i t y  o f  vapor -  
g a s  m i x t u r e  w i t h i n  t h e  c l o u d  i s  a t  l e a s t  one 
order  o f  magnitude l ess  t.han that of ILho 
d r o p l e t s .  

1. Cloud €aansion T h e  s c a l e  

L 

I n  t h e  e r e v i o u s  n o m - j n t e r a c t i v c  V O T : . ~ ' ~  
b' c l o u d  it w a s  shown t h a t  a n  

a p p r o p r i a t e  p a r a m e t e r  g o v c r n i n q  t . h c  s i n q l c  
d r o n l e t  motion i n  a n  a x i s v m m e t r i c  forced o r  
p o t e n t i a l  v o r t e x  f i e l d  i s  c ,  ( =  s q u a r e  of 
S t o k e s  n u m b e r )  r a t h e r  t h a n  t h e  SLokes number 
i t s e l f .  T h e  Stokes number  i s  d e f i n e d  a s  t t l c  
r a t i o  Of t h e  d r o p l e t  v e l o c i t y  ralaxetlon t l m c  
t o  t h e  C h a r d c t e r i S t l c  tlow t i m c , ' '  a n d  i s  
o f t e n  u s e d  t o  i n d i c a t e  t h e  a b i l . i t y  of 

f low.  For  forced a n d  o o t e n t ! a l  v o r t i c e s  :.he 
drop1et .s  t o  respond t c  c h a n g c s  i n  t h c  <;as 

. 
i n i t i a l  q a s  v e l o c i t i e s  a r e  

r e s p e c t . i v e l y  a n d  t .he c o r r e s p o n d i n g  v ~ l u o i i  (il 
t h e  parameter  ev are L h c n  

t . a n g e n t i a 1  v e l o c i t y ,  so  t h a t  a f t e r  a s h o r l  
t . ime t h r  d r o p l e t  v e l o c i t y  becom,i.s indcpnrd<?nt  
o f  t h e  i n i t i a l  t a n g e n t i a l  vc10~Itv. For  nor , -  
v a p o r i z i n g  d r o p l e t s  t h e  I 



zeroth order, i n  both farced a n d  potential 
vortices can be shown to be respectively14 

_ -  - E, *< l c v / T 0 )  r, I & * / / ; ~ I  13a.b) 

Equations (3a,bl suggest that the initial 
Cloud boundary at ? ~ go is cxpandirg with 
velocity ( E & / ? ~ ) ,  so that a characteristic 
cloud expansion time bascd on the cloud 
radius Rn can be defined a s  

Cloud expansion time scale =  to/^. ( 4 )  

The role of the cloud Expansion time 
scale i n  the case of vapori.zing sprays will 
become evident after the nondimensional- 
ization of governing equations. 

2 .  
The droplet phase is treated in 

Lagrangian coordinates and a s  a continuum in 
the number density equation. Using the 
characteristic time ? , / e , .  lengtl! ii,, radial 
vclocity E,r?,/?, and tangential vcl.ocity E,& 
o r  i p o / g o  for the forced a n d  potential 
vortices, the droplet dynamic equations are 
non-dimensionalized to yield 

dr/dt ~ U, 16aI 

r(dO/dt.) ~ U,/&,"2 16b) 

and for the low Reynolds Number flow Under 
consideration the v i s c o u s  drag function is 
taken as f (Re) = 1 t $Re"'. It should be noted 
that the Basset force, pressure gradient 
force, apparent mass force and aiy ot.her 
forces are nfglected bascd on assumption 
( 1 )  21; droplet-droplet interacttons are 
neglected based on assumption ( 7 1 ,  and the 
effect of droplet vaporization on the drag is 
a l s o  nealected based on assum~tion 131. 

~ . .  
Therefore, the droplet drag coefficient C d -  
124/Re)fIReI Can be used with satisfactory 
accuracy.22 Moreover, if €"<<l, which is 
the ca5e of interest in this analysis, the 
relative velocity and hence the associated 
Revnoids  NO. will auicklv relax to a value of 
O ( E , ) ,  so that the Stokes drag assumption 
f l R e l  .= 1 c a n  be considered a s  a good 
approximation in Eq. 151. On the other hand, 
the variation of the droplet drag coefficient 
has to be considcred more carefully if E,,>l. 

Using the initial number density Eo and 

initial droplet diameter E,, a s  reference 
values, the dimensionless droplet number 
density a n d  vaporization equations a r e  given 
by 

w 

I 7 1  

where K is the dimensionless vaporization 
constant. The dimensionless relaxation time 
7, in fact, is the square of the dimension- 

l e s s  droplet diameter ~ 6 2  since 7==7./t0= r6,/6 
I d o l 2 .  On the basis of a~siimption ( 4 ) .  it is 
reasonable to u s e  che "D' - !aw"  of 
vaporization which is the basis of Eq. 1 8 ) .  
It should be noted that K - 0 1 1 )  in single 
droplet combustion. fiowever, K C C l  in the 
c a s e  of the slow vaporization considcred 
here, and K = O ,  sc that 7 = l  in the n o n -  
vaporizing case .  

3 Gas P m  
Since the gas radial velocity is small 

compared to the gas tanqcntial vclocity, fhe 
dimensionless 8-rnonentun eq.~atinn for the cas 
becomes 

191 

p, the dropiet loading ratio, the ratio 
of thc s p r a y  mass per unit volume to the gas 
density, can be represcnted as 

110) 

The first term on the riqht hand side of 
E q .  I 9 1  rcprescnts thr drag force of the 
droplcts on the qas flow: the second term is 
thc momentum SOUICE l s i n k l  duc to droplet 
vaporization. The third term is due to the 
gaseous viscous stress, and the coefficient o 
in terms of dimensional quantities is given 
by 

Ill) 

Therefore a represents the ratio of the 
characteristic cloud expansion time t ,o the 
characteristic v i s c o u s  diffusion time l o r  
s a y ,  vortex decay time]. The r c l e v a n c c  of 
t-his ratio to practical sprays becomes 
apparent when D is expressed i n  alternate 
form after substituting for 7 0 :  

- 

1121 

where ~ ,= (2n~ ,6 , ,~ ,~ )~ '  has bcon used a s  a 
small parameter in the asymprotic analysis of 
spherical sheath combustion by Correa and 
Siche1.5,6 The parametcr E.< i s  in fact the 



i n v e r s e  o f  t h e  g r o u p  c o m b u s t i o n  number t h e  momentnm i n t e r a c t i o n  are d e v e l o p e d  fox  
p r o p o s e d  by Chiu and  h i s  c o w o r k e r s , 3 ' 4  and  t h e  regime of a < < l .  
c a n  be shown t o  be e q u a l  t o  ( 8 / & ) 2  where 6 FOX a t y p i c a l  example p o = l ,  ~ , , = I o o  wm. 
i s  t h e  t h i c k n e s s  of :he v a p o r i z a t i o n  f r o n t  a t  cm, then E,=0l1O.'), In the regime Ls 
t h e  e d g e  o f  t h e  c l ~ u d . ~ ' ~  For t h e  case  of 
p 3 = 0 ( l )  I n  t h e  s w i r l i n g  c l o u d ,  t h e  r e l a t i v e  < < I t  t h i s  G=0(10-2) .  

\/ 

m a g n i t u d e s  o f  E ,  ,nd E ,  w i l l  d e t e r m i n e  t h e  
s i g n i f i c a n c e  of  t h e  g a s  v i s c o u s  d i f f u s i o n ,  
a r d  hence  t h e  s i g n i f i c a n c e  of t h e  g a s  t h e r m a l  
d i f f u s i o n  i f  P r = O l l )  r e l a t i v e  t o  t h e  c l o u d  
e x p a n s i o n  due  t o  s w i r l i n g  flows 

The p r o b l e m  o f  t h e  c l o u d  b e h a v i o r  i n  
s w i r l i n g  f l o w s  c a n  now b e  c a t e g o r i z e d  i n t o  The d i m e n s i o n l e s s  g a s  v e l o c i t y  i n  a 
v a r i o u s  reg imes  a c c o r d i n g  to t h e  magnitude of forced is i n i t i a l i v  v.=r ~ l u s  a ~~~~~~ ~~ ~ 

a .  The a r . a l y s i s  of t h e  momentum i n t e r a c t i o n  small r a d i a l  velocity. with the d i s t u r b a E c c  
w i l l  be p r e s e n t e d  i n  t h e  subsequent  s e c t i o n .  c a u s e d  by d r o p l e t s ,  it is n o t  c l e a r  whether  

t h e  g a s  t a n g e n t i a l  v e l o c i t y  r e m a i n s  l i n e a r  u a . u  w i t h  r a d i u s .  However, t h e  d i m e n s i o n l e s s  g a s  
v e l o c i t i e s  may s t i l l  be e x p r e s s e d  a s  

vc l o c  i t  y 

i n  t h i s  resirne i s  n e q l i q i b l e .  The gas 

cas d i f f u s i o n  

T h e  v i s c o ' ~ s  d i f f u s i c n  o f  t h e  v o r t e x  f l o w  Vu = k , r ,  v, L kfrT I (13a,b)  

<< c l o u d  Expansion 

v e l i c i t y  w i t h i n  t h e   cloud i s  l a r g e l y  
d e t e r m i n e d  by t h e  d r o p l e t  d r a g  and  t h e  
v a p o r i z a t i o n  s o u r c e .  When t h e  d r o p l e t s  
s p i r a l  o u t  o f  t h e  i n i t i a l  c l o u d ,  t h e y  may n o t  
s u r v i v e  f o r  a s i g n i f i c a n t  t i m e  d u e  to t h e  
h c a t c d  a v b i e n c e .  T h e  i n i t i a l  c l o u d  r e g i o n  i s  
~ h e r e c c r c  t h e  main r e g i o n  w i t h i n  which t h e  
V O ~ ~ C X  v c l o c i t y  will g o v e r n  t h e  d r o p l e t  
m o t i o n  a n d  is t h e  r e g i o n  which  w i l l  be  
p a r t i c u l a r l y  d i s c a s s c d  i n  t h i s  s t u d y .  I n  t h e  
case  o f  p o - O ( l ) ,  t h i s  reg ime i m p l i e s  E c < < G  
((1, and t h i s  c o n d i t i o r i  w i l l  he s a t i s f i e d  
f o r  r c l a t i v e l y  l a r g e  v a l u e s  of k , ,  or  k p O .  

121 0 ~ o u  
 as d i f f u s i o n  v e l o c i t y  - C l o u d  e x p a n s 1 . m  

v e l c c  i t  y 
Tho d e c a y  of t h e  vort.cx w i t h i n  t h e  c l o u d  

is n o t  o n l y  d e t e r m i n e d  b y  t h e  cxlsfence of 
d r o ~ l e t s  b a t  a l s o  by t h e  v i s c o u s  S t ress  
' w i t h i n  t h e  anblent g a s  o r  t h e  c l o u d  i t s e l f .  
T h i s  reqime i s  c h a r a c t e r i z e d  b y  E , - E ,  i f  
= o l 1 )  

il) O > > l  
G a s  d i f f c s i o n  v e l o c i t y  >> C l o u d  expar;s ion 

"e loc  i c y  
The s f r e r ; g t h  o f  t h e  V o r t e x  I S  very 

l i m i r e d .  I n  :.he l i m i t i n g  c a s e .  t h e  c l o u d  
becomes a!mos'. s l a t i o n a r y  5 0  t h a t  t h e  d r o p l e t  
rotion becom?s l e s s  important:  compared t o  t h e  
speccj o f  t h e  v i s c o u s  or t h c r m a l  d i f f u s i o n .  
TP.e v a p o r i z a t i o n  b e h a v i o r  o f  t h e  c l o u d  is 
c h a r a c t e r i z e d  by a r e g r e s s i v e  v a p o r i l a t i o r i  
l a y e r  a t  t h e  edge  o f  t h e  c l o u d .  T h e  Speed of 
t h i s  t t i n  l a y e r  i s  mai i , ly  d e t e r m i n e d  b y  t h e  
p a r a m e f o r  E c  and t h e  ambient  c o n d i t i o n s . ' , '  
T B e r e f o r ~ .  i t  i s  b e t t e r  t o  use t h e  d i f f u s i o n  
time s c a l e  r a t h e r  t h a n  t h e  c l o u d  expansion 
t i m e  s c a l e  t o  d e s c r i b e  t h e  v a p o r i z a t i o n  
b e h a v i o r  o f  I~.bc c i o u d .  Fo r  p o = O l l ) .  t h e n  &" 

< < c , ( ( 1  i n  t h i s  rcq ime.  
The b e h a v i o r  of  t h e  c y l i n d r i c a l  c l o u d  i n  

t h e  regime of a.z>l i s  e s s e n t i a l l y  s i m i l a r  t o  
t h e  s p h e r i c a l  problem d i s c u s s f d  by Correa and 
S i c h e l . 5 ' 6  I n  the  r c g i m e  o f  a = ~ O l l )  
n u m e r i c a l  s o l u t . i o n s  a r e  g e n e r a l l y  requircd. 
I n  t h e  f o l l o w i n g  thc a n a l y t i c d !  r ( ? s u l t s  f o r  

Here k, is not y e t  c o n s i d e r e d  a s  a n  
o r d i n a r y  v o r t e x  s t r e n g t h ,  b u t  a s  a g e n e r a l  
function of ( r , t )  d e f i n e d  by Eq. ( 1 3 a ) .  A l s o ,  
k , , i s  s m a l l  compared w i t h  k, and s h o u l d  bc 
expressible a s  a f u n c t i o n  o f  k l  and d r o p l r t  
p r o p e r t i e s .  I t  s h o u l d  also be  n o t e d  t h a t  k , , =  
0 f o r  t h e  "on-vapor iz ing  c l o u d .  

Wi thout  loss o f  g e n e r a l i t y ,  t h e  r a d i a l  
and  t a n g e n t i a l  v e l o c i t i e s  o f  d r o p l e t s  i n  
Lagrangian  c o o r d i n a t e s  can be  wr i . t t en  i n  r h o  
form 

uu = r h l t ) ,  U, = r r g l t )  l 1 4 a , b )  

-' 
w h e r e  g and h a r e  a r b i t r a r y  f u n c t i o n s  o f  
tlme and r - r ( t , r o ) .  I n  t h e  L a g r a n g i a n  
f o r m u l a t i o n  l U u , U r , O , r , T )  depend o n l y  o n  t.ime 
i f  t h e  i n i t i a l  d r o p l e t  l o c a t i o n  ro  i s  
s p e c i f i c d .  

S u b s t i t u t i n g  E q s .  1 1 3 . 1 4 )  i n t o  E q .  IS1 
w i t h  t h e  a i d  of E q S .  ( 6 . 8 )  yields t .he  
f o l l o w i n n  e a u a t i o n a  f o r  t h e  f u n c t i o n s  " I t 1  
and h l t j  

T h c  z e r o t h  o rde r  > s o l u t i o n s  of E q .  ( 1 5 )  
*l i t .h  c , i C 1  a r c  h = k , ,  o =  ( k c 2 + k t r ) / ( l - K ' l .  '1'0 

f i r s t .  o r d e r  i n  E ,  !:hex s o l u t . i o n s  a r e  t h c n  
q i v e n  by 

h = k, -E ,h l  I l i d l  

q ;= ( k , ' + k f r ) / l l - K ' )  -c,q, I 1  h b l  

where h ,  a n d  9, a r e  genord! f u n c t i o n s  of k r  
and t and t o  be d e t e r m i n e d  by s o l v l n q  t.he q n s  
phase  e q u a t i o n  ( 9 )  and E q .  (151 t o g e t h o r .  

By  n e q l e c t i n q  1.he v i s c o u s  t e r m  i n  t . h e  
c a s e  of  a < <  I a n d  s u b s t i t u t i n q  IKi js.  

( 1 3 a , l 4 a , l f i a )  i n t o  E q .  ( 9 )  and E l i m i r a l  i r i q  I 
from bot.h s j d c s  of  t h o  e q u a t i o n ,  i t .  f o l l o w s  
thdt.  



.- ( 1 7 1  

Four v a r i a b l e s  (K ' .k , ,n , ,TI  ale f u n c t i o n s  
of ( r , t ) .  However, E q .  (17) sugqests t h a t  i f  
X ' ,  nt, 1. a r e  u n i f o r m ,  t h e n  k ,  w i l l  a l s o  be  
u n i f o r m  ( i n d e p e n d e n t  o f  r ) .  Meanwhile Eq. 
( 7 )  f o r  t h e  number d e n s i t y  SUgqeStS t h a t  i f  
K', k,, z a r e  u n i f o r m ,  t h e n  a f t e r  t h e  
S U b S t i t U t i o n  o f  U, E ( k , z + k , , l  Tr/ ( l - K ' l ,  n t  
becomes i n d e p e n d e n t  o f  ro i n  L a g r a n g i a n  
c o o r d i n a t e s  and t h u s  w i l l  a l s o  be u n i f o r m  i n  
E u l e r i a n  c o o r d i n a t e s .  

For t h e  r e g i m e  o ( C 1 ,  t h e  t e m p e r a t u r e  
w i t h i n  t h e  c loud  i s  mainly  d e t e r m i n e d  by t h e  
v a p o r i z a t i o n  of  d r o p l e t s ,  and  s i n c e  K ' i s  
main ly  a f u n c t i o n  of  t e m p e r a t u r e ,  t h e  uni form 
n c , T  w i l l  cause K' t o  be uni form.  A uni form 
v a p o r i z a t i o n  c o n s t a n t  K' w i l l  a l s o  r e s u l t  i n  
a uni form d r m l c t  r a d i u s  T a s  i m o i l i e d  bv Ea. . -  - .  
( 8 ) .  T h c r e f o r e .  i f  any t h r e e  of t h e s c  f o u r  
v a r i a b l e s  h a v e  u n i f o r m  d i s t r i b u t i o n ,  t h e  
f o u r t h  one  w i l l  a l s o  be u n i f o r m .  It fol l .ows 
t h a t  a l l  of  t h e s e  v a r i a b l e s  w i l l  r e m a i n s  
uni form i f  t h e "  a r e  i n i t i a l l v  u n i f o r m .  

The indc~pendence  o f  t h e w  v a r i a h l c s  from 
t h e  r a d i u s  I g r e a t l y  s i m p l i f i e s  t h c  problcm. 
k ,  now h a s  t h e  normal  m e d n i n q  o f  the V O - ~ E X  

s t . rength .  The p a r t i a l  d e r i v a t i v e  i n  E q .  ( 1 7 )  
i s  t h u s  e s s e n t i a l l y  a s  Sam? a s  t h e  
s u b s t a n t i a i  d e r i v a t i v e .  T h e r e f o r e  h ,  c a n  be 
d e t e r m i n c d  from E q s .  115-171 and  i s  g i v c n  by 

can  b e  o b t a i n e d  by t h e  s u b s t i t u t i o n  of h 
i n t o  Eq. (15b) ,  but. i t  is c o n s i d e r e d  l e s s  
i m p o r t a n t  and so  i s  n o t  c o n s i d e r e d  f u r t h e r  i n  
t h i s  a n a l y s i s .  

'The Lagrangian  number d e n s i t y  t.0 % f r o t h  
o rde r  w i t h i n  t.hc o r i g i n a l  c l o u d  r e q i o n  c a n  be  
d c t c r m i n e d  from E q .  ( 7 )  by the snhstitution 
ot U, and i s  g i v e n  by 

where k,, i s  t h e  i n i t i a l  v o r t e x  s t r e n g t h .  
I n  s e n e r a l  k S n = l  f o r  d r o p l e t s  whose i n i t i a l  

L "  

speed  equals t h e  g a s  v c l o c i t y .  For i n i t i a l l y  
s t a t i o n a r v  d roo le t s .  ken  r e D r e S e n t s  t h e  . I" 

v o r t e x  s t r e n g t h  w h i c h  e x i s t s  a f t e r  t h e  
d r o p l e t s  h a v e  been a c c e l e r a t e d  t o  t h e  g a s  
v e l o c i t y ,  a n d  may b e  a p p r o x i m a t e d  by l / ( l + P o l  
based on t h e  i n v a r i a n c e  o f  t o t a l  a n g u l a r  
momentum. 

T h e  e x p o n e n t i a l  t e r m  i n  Eq. ( 2 0 1  
r e p r e s e n t s  t h e  e f f e c t  o f  d r o p l e t  v a p o r i z a t i o n  
on t h e  v o r t e x  s t r e n g t h ,  which i s  u n i t y  f o r  
t h e  n o n - v a p o r i z i n g  Case b u t  i s  g r e a t e r  t h a n  
one  f o r  t h e  v a p o r i z i n g  c a s e .  For t h e  non- 
v a p o r i z i n g  c a s e  ( a s  i n  a S a t u r a t e d  c l o u d l .  
Eq. ( 2 0 )  m a y  b e  f u r t h e r  r e d u c e d  t o  an 
a l g e b r a i c  e q u a t i o n  a f t e r  s o m e  m a t h e m a t i c a l  
m a n i p u l a t i o n s  so t h a t  

( 2 1 1  

w h e r e  A =  l k f o - k f )  / k ,  
The v o r t e x  s t r e n g t h  k, i n  Eqs. ( 2 0 )  i s  

n o t  d e t e r m i n e d  e x p l i c i t l y  s i n c e  n ,  is a l s o  a 
f u n c t i o n  of  k r .  However, E q .  ( 2 1 1  can b e  
u s e d  t o  d e t e r m i n e  t h e  v a r i a t i o n  of k, w i t h  
t i m e  e a s i l y .  F u r t h e r m o r e ,  as  t+-, p ' - 0  
and k ,  can  t h e n  b e  o h t a i n c d  from Eq. (201 f o r  
t h e  "on-vapor iz ing  case.  

T h e  f x t f n t  o f  t h e  i n f l u e n c e  of d r o p l e t s  
on t h e  gas f l o w  is now e v i d e n t .  F o r  t h e  
i n i t i a l  l o a d i n g  r a t i o  P , c O . l ,  t h e  d e c r e a s e  
of t h e  v o r t e x  s t r e n g t h  ( a n d  h e n c e  t h e  g a s  
v e l o c i t y )  is less t h a n  1 0 % .  

2 .  P o t e n t i a l  V o r t e x  W 
Fol lowing  t h e  p r o c e d u r e s  i n  Che a n a l y s i s  

o f  t h e  f o r c e d  v o r t e x ,  t.he g a s  and  d r o p l e t  
ve:ocirics i n  t h e  p o t e n t i a l  v o r t e x  c a n  be 
e x p r e s s e d  a s  

V, = k e / r ,  Vpr i rke , / r3  ( 7 3 a . b l  

110 ~ q l t l / r ,  u, = Tp(t . l /r '  (24a.b) 

w h e r e  k p , X p r , p , q  a r e  c o n s i d c r e d  2s gefleral  
l u n c i . i o n s  o f  (r,t.J. k,, i s  s m a l l  compared 
w i t h  k p  arid e q u a l  t o  ze ro  f o r  t h e  n3n- 
v a p o r i z i n q  c a s e .  Aft-cr ~ u b s t i t ~ r . i o n .  E q s .  
( S i a n d  ( 9 1  bacornc 



TO zeroth order in E, solutions are q=kp, 
p =  lkpz+kp~~lll-K~). To first order in E ,  the 
solution is q=kp-&,ql where 

Therefore, the gas-droplet interaction in 
the potential vortex is mainly associated 
with the small radial velocity (Stefan flow) 
of the gas. This Situation is unlike the 
forced vortex where the droplet velocity lag 
is mainly determined by the voxtex strength 
rather than by the Stefan flow. Moreover, 
the number density in the potential vortex of 
the “on-vaporizing cloud has been shownI4 to 
be typified by a high density front at the 
location of r =  moving Outward from the 
center of the vortex. Even though k,, is yet 
unknown, it is small so that the details of 
the interaction between the vaporizing cloud 
and the radial velocity within the pctential 
vortex, though more complex, have only a 
small influence on the flow. 

However, for the “on-vaporizing case, kpr 
= O  so that q,=O, the droplets will move with 
the Same tanuential soeed as  the aas. The 

comput.ation so that the Reynolds No. needs to 
be expressed in terms of dimensionless 
variables, and is given by 

L 

The v a l u e s  of density ratio p d / p q o =  1 0 0 0 .  

E, = lo-‘, E, = 0.001.0.01.0.1 and loading ratios 
~ o = 0 . 1 , 1 . 0 , 5 . 0  were used in calculations. 
The Lagrangian Eqs. 15.61 for the droplet. 
motion !rere integrated using fourth order 
Runge-Kutta method. The initially uniformly 
distributed droplets are separated by a 
distance 1, which is related to Eo by E,- 
l / i n 3 .  The u a s  field is discretized a l o n o  the 
radial direction into several annular c e l l s .  
The gas momentum Eq. ( 9 )  in each cell j is 
differenced in an explicit form given by 

N. 

drag force due to dropiets on the gas flow Is + IDiffusio”); 132)  
therefore zero and the variation of the 
velocity with time will be completely dae to 
viscous dissipation. The solution of Eq. 19)  Here the diffusion term is center- 

cell 1. and N1 is the number of drwlets in condition of  r V a = O  at r = O  is then given by 
at a n y  finite time with the boundary differenced, u, i s  the volume of the discrete 

r z  
o r  k p  = kpO [1 - e x p l - - ) I  129)  

4Gt 

Here kp is not uniform s o  that it does 
not represent the ordinary vortex strength. 
A l s o ,  k p O = l  f o r  droplets with the initial 
speed of the gas velocity, and kp,=l/lltPo) 
for initially stationary droplets. In the 
case of ~ ( ( 1 ,  the characteristic time f o r  
the motion of the high droplet density front 
is much smaller than the characteristic 
viscous vortex decay time. This implies that 
the droplet cloud constantly moves in a 
“clean” vortex field. The number density 
distribution is thus as same a s  the one 
calculated using k, = 1 instead of Eq.  129) . 
For  the non-vaporizing cloud in Eulerian 
coordinates, the dimensionless number density 
is then given by1’ 

This result implies that the number 
density within the potential vortex becomes 
highly nonuniform. - 

Numerical solutions were carried out for 
the non-vaporizing case.  The Stokes drag  
assumption was not made in numerical 

~. 
the cell j. The subscript i represents each 
droplet. The superscript n represents thc 
time steo. The collective drmlet draa in 

W 
each annildr c e l l  is assumed to act unifo&aly 
on that cell. 

The computational cycle for each time 
Step starts by determining a new v a l u e  of the 
gas velocity from Eq. 132) ,  and then s o l v i n q  
Eqs. (5,G) using the new value of the gas 
velocity. The computational domain covers 
the region of r 5 2 0  which is considered l a r g o  
enough for obtaining good solutions in r 5 1 .  
The convergence criterion generally requires 
A t ~ m i n [ 3 & , l A r ) 2 1 1 4 ~ o & , ~ , 2 & ~ l .  For  the fixed 
value of &,, the discrete cell width Ar-0.01 
and time At=O.l&.. are used throuqh all for 
simplicity despite of the additional complitcr 
time. The smaller time step is even reqi!:red 
f o r  the droplets close to the center of the 
potential vortex i n  the initial few t i m e  
steps. The computation was performed until 
all droplets move out of the init.ially 
distributed region or until t=10. 

Figure 2 shows the variation of t.hc 
computed vortex strength k, with the radius 
during the time t=0-5. The corresponding (i 
= 0 . 6 6 1 ~ 1 0 - ~ < . :  1 explains two facts i n  the 
figure : 1 1 )  the k,, even decreases, but 
remains about uniform in the region 1-51, I ? )  
the cloud expansion speed is much faster than 
the viscous diffusion speed, which c a n  be 
seen from the figure that the cloud boundary 
expands up to r =  1.55 at t = 0.5 and the 
region outside the cloud still remains 
undisturbed, 1.e.. k f = l .  The decreasing 
rate of k, is also shown to decrease with 
time. 

6 



The variation of the computed k, at r =  
0.8 With time is compared with analytical 
solutions in Figs. 3 a n d 4 .  It is shown that 
for P o =  0.1 all droplets move Out of the 
cloud before t=10. The influence of the 

- 
v i s c o u s  diffusion on the c l o u d  is more 
serious for the initially stationary Cloud 
than the cloud with the initial speed af gas 
velocity. For E,=0.01, even If p o = S  (the 
corrfsponding (r=O.O3331, Fig. 3. shows that 
analytical solutions almost coincide with 
exact numerical solutions. Morcover, w e n  
though the assumption of E " < <  1 has been made 
in the droplct dynamics equatjons, both 
figures show that the analytical so1ut.ions 
for E,=0.1 are a l s o  acceptable and even more 
accurate than for E. .=O.Ol  in the cloud of 6, 

Obtained for various Po's. As t - a r ,  the 
vortex strength decreases by a f a c t o r  
l / l l + B o ) .  This implies that the gas-droplet 
interaction may be neglected for droplet 
clouds a s  dilute a s  p , < O . l .  Exact numerical 
calculations showed these analytic rclat!ons 
to be reasonably accurate for a < < l  even if 

In the potential vortex, the gas-droplet 
interaction is mainly associated with Stefan 
flow. Therefore, for the non-vaporizing case. 
the droplets essentially move in a non- 
interactive mode if droplet collisions a r e  
not considered. The decay of the potential 
vortex is thus only caused by the v i scous  
dissipation in itself. For the regime ( I < c 1 ,  
the droplet cloud moves much faster than the 

G = o . l .  

. "  
l s .  f o r  the caSe of E , ~ O , O O 1  thF viscous dissipation speed so that the droplet 

number density can be determined by the solutions display the import.ance of the ,,clean,, flow. 
viscous diffusion from the ambience if ( 1 2  Even though the parameter 0 i n  this study 
O L 1 ) '  In Fig. the for stationary is only used to characterize the motion of a droplet. clouds show that momentum exchange droplet Cloud, it ~ ~ r t a l . ~ l y  h a s  implications 
mainly occurs in the initial short time for the cloud vaporization behavior 
d u r i n g  which d r o p l e t s  are accelerated to the considering p r = ~ ( l ) .  F~~ the l o a d i n g  ratio gas speed.  

The gas velocity d i s t . r i b u t i o n  in the b 0 ~ 0 I l ) .  (I Can be expressed a s  the ratio of 
potential vortex is shown in Fig .  5 f o r  the 
case of c,=0.01 and B o = l .  The difference 
between the analytical solutions of Eq. 129) 
a n d  the numerical solutions is almost not 
distinguishable. The vortex decay is 
therefore determined by The gaseous v i s c o u s  
s t r e s s .  For other cases, a s  long as o < <  1, 
similar results will be obl.ained. 

W 

s.xm&rv and C e n r l y s L M s  

h dimensionless paramctcr E , ,  e q u a l  to 
t . h e  square of Stokes number, was found in a 
previous study to characterize r.he sinqle 
droplet motion in axlsymmetric forced i n d  
potential vortex flows. In t.he prcscnt study 
the characteristic c l o u d  expansion time scale 
T O / E ,  w a s  identified s o  that. another 
dimensionless parameter G, eq:ial to the ratio 
of t.he cloud cxpansion t . i m r  to the viscous 
diffusion time, was found t.c characterize the 
behavior of  a two-phase droplet. c loud  in 
swirlinq flows. The c l o u d  behavior i s  then 
catcgorized into thrcc dilferent regimes 
according to the magnitude of a. The 
momentum interact.ion. generally ignored in 
the regime: o > > l  and the stationary cloud, is 
~ s s ~ n t i d l  in the reghe G c <  1 in dctermining 
L t i c  cloud motion a s  well a s  thc vaporizdtion 
and combustion. A n a l y t i c a l  solutions o f  t.he 

&" to c... The parameter cr, i.e., the inverse " 
of the group combustion number, has already 
played an important role in the cloud life 
time of R vauorizina or burnino droulet . ~~~~~ I ~~ . 
cloud. It i s  therefore anticipated that the 
relative magnitudes of Ec and c ,  will 
determine the vaporization behavior of a 
swirling droplet c l o u d .  

The swirling flows occurring in spray 
vaporization or combustion will generally be 
far more complex than the simple vortlces 
considered here. liowcvcr. the results for (T 

< <  1 suggest that a '"strong" swirling flow 
will substantially influence the Stmctiire of 
1:he group vaporization or  combustion 

1. 

2 .  

3. 
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