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ABSTRACT

The purpose of this investigation is to determine the effect of wall-
temperature distribution on the rate of heat transfer to fluids flowing
in turbulent flow in pipes. The subject is of interest primarily because
in any pipe heat exchanger the wall temperature undergoes a sudden change
where heating begins. This change in wall temperature causes the heat-
transfer coefficients to be abnormally high for a distance down the pipe
termed the thermal entrance region.

The problem is approached through the partial differential equation
governing the temperature distribution within the fluid. The equation is
solved for fully developed velocity distribution and the uniform wall-
temperature boundary condition, i.e., a step-change in wall temperature.
It is shown that this solution may be used to solve the case of an arbi-
trary wall-temperature distribution by the method of superposition of
solutions. The solution is presented as the first three terms of an in-
finite series in which the eigenfunctions and constants are functions of
the Prandtl and Reynolds numbers.

The first step in solving the equation was to determine the eddy con-
ductivity in pipe flow. This was done in<an apparatus of the following
description: Recirculated, dry air at a controlled temperature entered
an entrance section of straightening vanes, screens, 46 diameters of l-l/2-
in. copper pipe, and 4 diametérs of plastic pipe before entering the heated
test section. The test section was of l—l/2-in‘ copper pipe electrically
heated in such a way that the wall temperature was uniform. In the test
section 31 diameters from its beginning the following were measured: heat

flux at the wall by a calorimeter, velocity distribution with a hot-wire
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anemometer, and temperature distribution with the anemometer serving as
a resistance thermometer.

The second step was to use an electronic analog computer to solve
the differential equation. The eddy conductivities ealculated from the
above measurements were input functions to the computer. For fluids
other than air, the air eddy conductivity was modified by means of Jen-
kins' analysis (19), which resulted in lower values in the liquid-metal
region.

The results of computer show that the thermal entry lengths in di-
ametefs are about 10 for water and oils, 10-15 depending on Reynolds num-
ber for air, and 5-60 for liquid metals. The results for the asymptotic
Nusselt number for liquid metals may be correlated within 10% by the fol-
lowing two simplified equations:

For uniform heat flux at the wall
-9
Nu, = 6.3 + 0.0060 Pe
For uniform wall temperature

Nu, = 4.8+ 0.0056 Pe”

It is concluded that the effects of nonuniform wall temperature on
the rate of heat transfer in pipes is most marked in the liquid-metal
region, and that failure to consider these effects can account for much
of the scatter in the reported experimental data on liquid-metal heat

transfer.



I. INTRCDUCTION

Heat transfer to fluids flowing in forced convection is one of the
most widely used processes in industry.. It is employed in equipment
ranging from drinking fountains to nuclear reactors. The most widely
used geometry for this type of heat transfer is a simple pipe within
which a fluid flows and which may be heated or cooled externally by an-
other fluid or some othér means. It is little wonder, theh, that heat
transfer in pipes has been the object of hundreds of investigations,
both experimental and analytical, over the past eighty years or so.
These are admirably reviewed in "Heat Transmission" by McAdams (34).

One aspect of the rate of heat transfer in pipes, however, that has
received relatively little attention is the effect of wall-temperature
distribution. There is, however, good reason for this state of affairs.
In the first place, the effects are usually quite complicated and their
mathematical treatment is difficult. In the second place, the effects
are unimportant in many cases, and so correlations are possible withéut
accounting for the nonuniform temperatures. Tribus and Klein (57) have
recently summarized the available analytical methods for nonisothermal
flow and have shown how these solutions can be extended to an arbitrary
surface-temperature distribution. Of the twelve solutions they summarize,
however, only three are for pipe flow. One of these is the classical
Graetz solution (18,51) for laminar flow and the others are the solutions
of Poppendiek (3%8,3%9,40) for the flow of liquid metals at low flow rates.
Other more recent investigations have appeared and are reviewed in the

following section. The object of this investigation is to provide an

analysis which will yield both rate of heat transfer and temperature



distribution within a fluid flowing turbulently in a pipe in which the
wall temperature varies in an arbitrary fashion. In particular, this
statement implies a direct attack on heat transfer in the thermal en-
trance region. Before discussing this region further, it is best to
give some definitions.

For heat transfer in pipes, results are usually correlated by an

equation involving the Nusselt number, hD/k, in which h is defined by

a(x) = h(ty - tymy)

With this definition it 1s possible for h and Nu to be negative or
even negatively or positively infinite. The reason for this is simply

that the rate of heat transfer is in reality proportional to the tempera-

ot
a(x) = -k<5'§>y=o

This temperature gradient bears no necessary relation to the mixed-

ture gradient at the wall.

mean temperature; for a given fluid it is dependent principally upon the
flow field and upon the wall-temperature pattern upstream of the point
concerned.

The thermal entrance region mentioned above is the region immediately
downstream from the point at which the fluid is first heated. For a short
distance downstream from this point the heat-transfer coefficient, h, is ab-
normally high. The distance that is required for the coefficient to ap-
proach within 2% of its asymptotic or final value is called the thermal
entrance length or thermal entry length.

The reason for the initial coefficients being high is best understood

by a consideration of the "thermal boundary layef.” Suppose that a fluid



enters a steam-jacketed pipe as shown in the following sketch.
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Successive temperature profiles are shown at A, B, C, and D as dotted
lines. At A the temperature profile is flat since no heat transfer has
yet occurred. At the jacketed section, however, the wall has a sudden
change in temperature. This heats the fluid, but at first it heats only
a thin layer of fluid next to the wall since the heat has not had time to
penetrate the fluid very far. Because the temperature difference tu-to
occurs across a thin layer, the temperature gradient and consequently the
rate of heat transfer are high. The region in which the temperature gra-
dient is different from zero is outlined by the dashed lines and is called
the thermal boundary layer. Eventually at D the boundary layer fills the
pipe and entrance effects have thus decayed to zero.

Of course, the above picture is an 6bversimplified one. For example,
a minute amount of heat mightvpenetrate to the center even at B. This
difficulty can be circumvented by simply defining the boundary layer in

a different way, such as that layer bounded by the pipe wall and a region



in which the temperature increase over t, is less than 2% of -ty With

this definition the qualitative observations made before are still valid.
One more example will suffice to illustrate the effect of wall-

temperature distribution on heat-transfer rate. Suppose that the wall

temperature of a pipe loocks as follows:

——

Flow

The dotted line represents the mixed-mean temperature of the fluid,
which travels from left to right. Before the fluid reaches point A, it
is at the wall temperature throughout its radius, but at A the wall tem-
perature takes a sudden Jjump. Thus, infinitesimally beyond A the wall
and the fluid next to it are at different temperatures. This in turn
implies an infinite temperature gradient (a finite difference across zero
depth) and therefore an infinite heat-transfer coefficient. Of course,
discontinuous wall temperatures cannot be obtained in practice, but sharp
changes can and, in fact, usually are obtained at some point in heat ex-
changers. This causes the coefficients to be high for a certain distance
downstream, as explained in the previous example.

At B the wall temperature suddenly decreases but not as low as the
mixed-mean temperatufe. Before B the fluid next to the wall is at the
temperature t; and is above tz for some distance into the fluid. There-
fore, as this fluid passes B, it will transfer its heat to the colder wall
at tsy i.e., the direction of heat flow is reversed whereas the difference
t

t.. is still positive as before. Thus, the heat-transfer coefficient

W mm



is negative. In fact, it is negatively infinite for an infinitesimal dis-
tance beyond B. These examples have served to illustrate that the heat-
transfer coefficient is dependent upon the nature of the wall-temperature
distribution.

In order to calculate quantitatively the heat-transfer coefficient
under conditions similar or less severe to the above, several approaches
are possible, but the most general would be the solution of the partial
differential equations that governs the heat transfer in a pipe. It is

this approach that is used here. The equation that is solved is

uaCy %}E{ = % % [r(k+ UCPGC)]% (1)

The assumptions and restrictions on this equation are discussed in
the following section. The solution is found for fully developed veloc-
ity profile and a particular wall-temperature distribution, the constant
wall-temperature case; i.e., the case in which the Qall temperature takes
a discontinuous Jump and then remains constant. This solution can then be
used to solve the equation for any wall-temperature distribution by the
methods explained by Tribus and Klein (59).

The velocity, u, and the eddy conductivity €., that appear in equa-
tion (1) are functions of radius, and the form of the functions must be
determined before the equation can be solved. Velocity distribution has
been experimentally determined by many authors and is sufficiently well-
known for purposes of solving (1). The eddy conductivity has been re-
ported for the flow of mercury in a pipe by Isakoff and Drew (17) and
for the flow of air between parallel plates by Corcoran, et al. (7).
There is a wide difference between their results that can be attributed

to marked differences in the physical properties of air and mercury and



to the difference in the flow geometry. In order to determine with more
assurance the value of ¢, for pipe flow, an apparatus was constructed in
which temperaturé measurements within an air stream could be measured
downstream from a sharp jump in wall temperature. Values of e, were com-
puted from these measurements, and these values were used in conjunction
with the analysis of Jenkins (19) for the solution of equation (1).

The equation was solved with the aid of an electronic analog com~
puter, and the results are presented as the first three terms of an in-
finite series. The results cover Reynolds numbers from about 7,000 to
700,000 and Prandtl numbers from O to 7.5. It is shown that the results
are of particular interest in the low Prandtl number or liquid metal re-
gion because wall-temperature distribution has the most marked effect on

heat transfer and temperature distribution in that region.



IT. MATHEMATICAL METHODS AND PREVIOUS WORK

As stated in the Introduction, the determination of heat flux and
temperature distribution can be accomplished by solving the partial dif-
ferential equation or equations that govern the transfer of energy in the
system concerned, The system of concern here is that of a fluid of con-
stant physical properties in turbulent flow in a smooth pipe, for which

the energy equation (1) may also be written:
Jt 1 9 v ot
- = - 2
' T roa et & 2)

The system satisfying this equation is subJject to the following re-
striction:

1. Fluid properties are constant.

2. Mean velocity in axial direction is independent of
angular position.

3. Mean radial velocity 1s zero.

b, Mean temperature at any radius does not vary with time
or axial position. '

5: Frictional dissipation of energy is negligible.

6. The molecular thermal diffusivity, v/Pr, may be di-
rectly added to the eddy diffusivity or eddy conduc-
tivity, ec.

T. Axial diffusion is negligible with respect to bulk

transport of energy in the x direction.

The last assumption would lead to greatest error at low Prandtl and
low Reynolds numbers. Deissler (10) checked the assumption at a Prandtl

number of 0.0l. The ratio of axial conduction to bulk transport was
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found to be 0.009 at x/D = 1.1 at a Reynolds number of 15,000. At a Rey-
nolds number of 21,000 the ratio was 0.008 at x/D = 0.8 and 0.002 at x/D =
3.1. The assumption, therefore, appears to be a good one.

To solve equation (2) further assumptions are necessary as well as a
statement of the boundary conditions. Two hydrodynamic conditions are of
primary interest. They are the case of fully developed velocity distri-
bution and éhat of uniform initial velocity distribution, i.e., the hydro-
nam%c and thermal boundary layers begin at the same point. In this paper
only the condition of fully developed velocity distribution is considered.

© There are also two boundary conditions of particular interest, con-
stant or uniform wall temperature and uniform wall-heat flux. The case
of uniform wall temperature is considered here because, since equation (2)
is linear, the solution to that problem can be easily used to solve not
only the case of an arbitrary wall-temperature distribution, but also the
case of arbitrary wall-heat flux (57). As shown later, however, calcula-
tions for the later are of limited accuracy. Equation (2) has been solved
for special cases, and these are discussed later in this section.

The uniform wall-temperature boundary condition may be stated as

follows: If t = t(x,r),

t(x,r) = tg x<0
t(x,a) = ty x>0
t(0,r) = 1o r #£a

To solve the equation it is convenient first to render it dimension-

less by use of the following definitions:

. r _er
s = 2 D
u
f(r,) = —



- 2x = 5}(

X kel
* RepPrD

t -
O(xy,ry) = to_-%

V/Pr + €¢

r =
g( *) 757

Substitution of the above values into (1) yields

B -2 e »
* * * *
with boundary conditions

o(x,,r,) =1 x, <0

e(x,,1) =0 x, >0

o(ory) =1 Ty A1

The variables can be separated by assuming a solution of the form

e = X(x,)R(r,)
and the solution is then
o = icane"kgx* (1)
n=
in which Ry (r,) satisfies
& ] o35 -
with the boundary conditions
R,(1) = ©
Rn(O) = 1
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a(x) = k@-f: - e Z e (6)
in which
CnRp (1)
A, = -n_fgl_.

The equations are presented in the above form in order to agree with
the laminar flow case in Jakob (18) and Sellars, Tribus and Klein (51).

Equation (5) with its boundary conditions falls into a well-known
class of differential equations called Sturm-Liouville systems. See,
for example, Churchill (6). From the theory of these systems it is known
that the solution to (5) exists and that it is in the form of an infinite
series of eigenfunctions, R,, each corresponding to a discrete value of
the N\, the eigenvalues. It is also known that the functions R  form a
complete, orthogonal set in the region O < ry < 1. From the orthogonality
property of the functions the coefficients C, are easily shown to be given

by 1

Jf fr*Rndr*
o)

Cn = 1 (7)
JF fr*Ridr*
o

The forms of the functions f(r,) and g(r,) are too complicated to

enable Ap and R, to be found by other than some numerical method. They
are found here with the aid of an electronic analog computer in which
f(r,) and g(r*) are formed by a function generator.

These two functions are related as first postulated by Reynolds (43)
and as explained, for example, by von Karman (59). Briefly, the argument

is as follows: By definition
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and in laminar flow

T =
> v 3y (9)

In turbulent flow an equation of the same form is often used, and

it may be thought of as the defining equation of € the eddy diffusivity

Vv

for momentum or eddy viscosity.

= (v+e,) g% (10)

It is also easily shown that

Equations (10) and (11) may be combined to yield

€y = . (12)
dy
One may also define
€, = Ce, (13)
Thus
€c €y
g(r.) = 1 +Pr2 = 1 +apPr Y (14)

~which when combined with (8) and (12) yields



(au
g(re) = 1+afr e —l (15)

From equation (15) it can be understood why small errors in the ve-
locity distribution can cause large errors in g(ry). Small errors in
point velocity will cause much larger errors in the derivative of the
velocity. Close to the wall, where the veloeity distribution is diffi-
cult to determine with accuracy, the resulting error in g(r*) is greatly
masked by the added 1 (corresponding to kinematic viscosity). At high
Prandtl numbers, however, the errors in g(r,) are greatly magnified.

This point has been emphasized by other authors (9,19).

Another difficulty in evaluating g(r,) is a knowledge of the
proper value of (, the ratio of eddy diffusivities. Reynolds (43) sug-
pested that o = 1, a statement of the idea that heat and momentum are
transferred by exactly the same mechanism. Others, notably Prandtl (41),
have given firmer mathematical foundation for these mechanistic ideas of
turbulence. The model he used was that of a turbulent eddy which trav-
eled from one lsyer of fluid to another of different velocity or temper-
ature. The eddy was postulated to retain the mean velocity and tempera-
ture of the original layer during its flight and to dissipate them into
the second layer when it arrived there. Jenkins (19) proposed a modifi-
cation of this mixing-length theory in which he supposed that an eddy
can lose some of its momentum or heat during the time of its travel
over the mixing length. This analysis leads to a dependency of o upoh
physical properties and violence of turbulence, which is not the case
with Prandtl's original theory. Jenkins'’ theory ‘predicts that a will ap-

proach unity as turbulence increases, a trend which is clearly indicated
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by the experimental work of Isakoff and Drew (17), Corcoran, et al. (7),
and the present investigation. The theory also predicts that @ should
decrease with decreasing Prandtl number, and this trend is indicated by
a comparison of the results of Isakoff and Drew for mercury with the
present results for air, both in pipe flow. The low value of @ for low
Prandtl numbers is also a quite reasonable explanation of the fact that
most experimental values of the Nusselt number for liquid metals are be-
low the predictions of Martinelli (33) and Lyon (31) based on the value
of 1 for «.

Although Jenkins' analysis seems to predict the right trends for Q,
the absolute values are lower than the experimental results of Isakoff
and Drew (17), Corcoran, et al. (7), the suggestions of Reichardt (42)
based on the experimental work of others, and the present investigation.
In view of the above, the value of e, used to determine g(rx) for the
analog computer was calculated in the following way. The experimental
values of this investigation were used for air, and these values were
multiplied by Jenkins' prediction for fluids of different Prandtl number.
The values found in this way are in fair agreement with the results of
Isakoff and Drew for mercury except at Reynolds numbers above about 150,000,
in which range Isakoff and Drew's results are higher. For consistency,
however, the modified Jenkins' values were used throughout.

The eddy conductivity, €., was calculated from the experimental data
as follows. Temperature measurements were made far enough downstream such
that the temperature distribution was fully developed. In this,casevn ﬁiO

the first term of equation (%) is significant, or

“AoX
® = CqRge ©° ° (16)



1k

2
d ' ->\- X*
and a%‘ = CoRee © (17)
*
Equation (5) can be integrated to give
2 Ty
glry) = ho f fryR dr (18)
¥* 21‘*R0 o Q *

Substitution of (16) and (17) into (18) gives

2

Ao
g(r*) = dt f
(e]

2Ty a;;

er (b - ty)drx (19)

The value of xﬁ is evaluated from the condition at the wall

2 1

2o )
g(l) = 1 = = u/ fry (t - ty) dry (20)
o (3L o
\dry/ ri=1

Equations (19) and (20) permit the calculation of g(ry) from experi-

mental data on a uniform wall-temperature system.

Extension of the Solution to Arbitrary Wall-Temperature Distribution

Tribus and Klein (57) have shown how the solution for uniform wall
temperature can be used to solve the problem of arbitrary wall-temperature
distribution. The method employed is simply that of superposition of so-
lutions, which is valid because of the linearity of equation (2). Thus,
1f the wall temperature, t.(x), can be approximated by a series of steps,
the temperature distribution within the fluid at any point is found for
each step as though it were the only one present. The solutions for all
the steps are added to form the solution to the problem. In the limit as
the steps become smaller, the summation is an integral. Thus, for arbi-
trary wall-temperature distribution the solution can be represented as a

Stieltjes integral,
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Xx

t -ty = \/; [1 - o(xx-t,re)] Aty (21)

=0

dt
This integral is evaluated by substituting <%§é>dg for dt, whenever ty is

continuous and adding to the resulting Riemann integral the value
[1 - Q(X*'Ei)r*)][t(§i+) - t(éi-)]

wherever tw(x*) has a discontinuity at gi. The heat flux is given by

Xy
alx) = 2@% - §f o (e-,l)atg(t)  (22)

* I'*=l
Examples are given of the use of these formulas in Appendix D.

Velocity Distribution in Turbulent Pipe Flow

Many experimental determinations of velocity distribution in pipes
have been made. Three of the most thorough are those of Nikuradse (37),
Laufer (26), and Deissler (8). 1In addition, Reichardt (42), Laufer (25),
and Corcoran, et al. (7) among others have made measurements between par-
allel flat plates, and their results are applicable to pipe flow in the
important region close to the wall. The results of these investigations
are not 1in complete agreement, but the discrepancies are not sufficient
to cause enough error in f(r,) to affect the solution of (5) to a signifi-
cant degree. The differences would be important, however, in the calcu-
lation of g(r*) by analogy. The values actually used for the computation
of f(ry) were those found in the experimental phase of this investigation.
They are compared with the results of others in Section IV, Results and
Discussion.

Deissler (8,9) and Schlinger, et al. (47) report empirical equations

for velocity distribution near the wall that are improvements over the
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earlier Prandtl-von Karman lines. Another empirical equation, of which

Schlinger's is the limiting case of B = =, is

2
2 _Ryt
Esz-}-E_eBY}
Vv

or since near the wall

dut 1

ayt T T+ elv

+
dy*

y
ut = fo L+ A - o) (23)

By proper evaluation of the constants in the equation both the ve-
locity and the slope of the velocity can be made to agree with the loga-
rithmic law at about y+ = 35, and the resulting velocity is an excellent
representation of the data all the way to the wall. As this report was
being written, however, Van DriéSt (58) published an excellent theoreti-
cal analysis of turbulent flow near a wall. His equation has a physical
basis that the others lack, and it represents the data very well from the

wall to nearly the pipe center. It is

-+

N j\y+ Edy
BT Jo 1 W1+ kKPP 1-exp(-yt/A) 13

(24)

A comparison of the above results with the present is made in Sec-

tion 1IV.

Previous Solutions of the Energy Equation

Previous solutions have been given for equation (2) for special cases,
and the papers of particular interest are those of Latzko (24), Martinelli

(33), Lyon (31), Seban and Shimazaki (50), Deissler (9), Poppendiek (38,



17

39,40), Berry (3) and Levy (27). The first four of these authors based
their analyses upon the analogy between heat and momentum transfer. That
is, they assumed that e, = Qe , and their numerical results were calculated
with @ equal to unity. Generalized velocity distributions were then used
to calculate u and € as functions of r, for the solution of equation (2).
These papers deal only with the case of established temperature distri-
bution, and thus shed no light either upon thermal entrance effects or
upon how far down the pipe the temperature distribution becomes suffi-
cilently established to produce no appreciable error in the analyses.
Deissler, however, in the same paper solved the boundary layer equations
in integral form in order to estimate thermal entrance effects.
Martinelli, Lyon, and Deissler all consider the case of uniform heat
flux at the wall, for which dt(r)/dr is a constant. Martinelli further
assumed that u is a constant and equal to the mean velocity, whereas Lyon
and Deissler retained u as a function of r and integrated the equation
numerically. Martinelll and Lyon used the generallzed von Karman-
Nikuradse velocity distribution (2). Deissler, however, developed an
empirical formula for €, in which a constant was evaluated from velocity
distribution data. The velocity distribution calculated from his equa-

tion for €, runs about midway between his own data and Laufer's (26) near

v
the wall. The wall-heat fluxes for high Prandtl number fluids calculated
by Deissler apparently represent the data better than the other papers.
Seban and Shimazaki (50) studied the case of uniform wall tempera-
ture, for which they assumed that after velocity and temrerature profiles

are fully developed,

s &)
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Apparently this assumption was more or less intuitive. At any rate, the
authors did not present a defense of the assumption. It can easily be

shown, however, that this assumption is a very good one. In fact, it is
as good as the assumptions inherent in the basic equation (2). Briefly,
the proof is as follows: After entrance effects die out far downstream

from a step increase in wall temperature, the temperature distribution

is 1l - 8 or

2
t -t -NoPx
o L1 -cme P (26)
Ty - to

The mixed mean temperature is given by

a,
urt dr 1
tym = Oa = 2 f fr tar,
Jf urdr ©
o]
‘}\.oﬁx 1
= 'tw - E(tw - tO)COe L fr*Rod.I’* (27)
From (26) and (27)
-A5Px
% = (ty - to)CoRoBAZe o (28)
and
2 1l
~\-Bx
Fm (s, - to)cgaie fo Fraotrx (29)
Also

S ) T T w e & (- tw )
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Substitution of (26), (27), (28), and (29) into (30) confirms (25).
The authors solved their equations by an iterative method which, of course,
involved considerable numerical calculation. As a result, they present
only a limited number of cases, which were sufficient, however, to predict
that the ratio of the Nusselt number for uniform wall-heat flux to that
of uniform wall temperature could be significantly different from one for
fluids of low Prandtl number.

Poppendiek and Harrison (40) review four pipe solutions that are not
limited to an established temperature distribution. The first is the slug-
flow (uniform-velocity) solution with eddy transfer negligible compared
to conduction and uniform wall temperature. This solution is derived in
Carslaw and Jaeger (5) and discussed also in McAdams (34). The second so-

lution differs from the above in that the velocity distribution is given

u = B (§>1/7

This solution had been previously reported by Poppendiek (38,39). After

by

separating variables, he found a solution in the form of an infinite se-
ries of Bessel functions.

The third solution is for uniform velocity, uniform wall temperature,
and eddy diffusivity approximated by a straight line from wall to center.
This assumption is, of course, increasingly better at decreasing Prandtl
number and Reynolds number. This solution is also a series solution of
Bessel functions. The solution is not given in the paper because it had
not yet been evaluated. The final solution discussed by Poppendiek and
Harrison differs from the third in that the boundary condition is that of
uniform wall-heat flux instead of temperature. It also had not been evalu-

ated.
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Berry (3) discusses equation (2) and its solution by separation of
variables similar to the method employed here. He did not solve the
equation for any special case, but by making certaln assumptions he was
able to predict the thermal entry length as a function of Reynolds num-
ber and Prandtl number. It was pointed out by Schenk (46), however, that
a discrepancy exists between Berry's results and the previously known re-
sults in the laminar region. Schenk states that Berry's results are valid
only for very low Prandtl number.

Latzko (24) presented a remarkably thorough theoretical investiga-
tion for heat transfer in pipes for fluids with a Prandtl number of one.
He presents solutions to equation (2) for uniform wall temperature and
three entrance conditions: (a) both velocity and temperature distribution
are uniform over the cross section; (b) fuily developed velocity distri-
bution with uniform temperature distribution; and (c) a case intermediate
between the two foregoing ones. Using Prandtl's and von Karman's equa-
tions for shearing stress and velocity distribution, he wrote equation (2)

as follows:

6/7 1/7

(6278632

or 2a or a ox
in which K is a constant for a given pipe, fluid, and Reynolds number.
An approximate solution was obtained by the Ritz method and the calculus
of variations. The solution is in the form of the first three terms of
an infinite, exponential series.

Levy (27) presents a method:by means of which transient heat conduc-

tion solutions can be used t6 determine temperature distribution of fluids

flowing in pipes, annuli, and between flat plates. The pipe radius is di-

vided into equal parts, and then the solutions for heat conduction in



21
composite slabs is modified to permit calculation of the temperature in
flowing fluids. The method involves considerable numerical calculations,
and these were carried out for a Reynolds number of 10,000 and Prandtl
numbers of 0.01, 0.1, 1, and 10. A simplified analysis for high Prandtl
number is presented and the use of the slug-flow solution is recommended
for fluids of very low Prandtl number.

Deissler has presented another paper (10) which deals with the en-
trance region only. The boundary layer equations in their integral form
are evaluated for a variety of cases. Numerical calculations for the
thermal entry length of low Prandtl fluids have also been made by Seban

and Shimazaki (49).

Experimental Investigations of Thermal Entry Length

The most extensive experiments directed specifically at the deter-
mination of heat transfer in the thermal entrance region are those of
Boelter, Young, and Iversen (4) and Hartnett (14). Boelter, et al.,
measured point heat transfer rates for the flow of air in a pipe at con-
stant wall temperature with a variety of hydrodynamic entrance condi-
tions. They used steam for heating, and so temperature differences were
probably large enough to cause fluid property variations to be a compli-
cating factor.

Hartnett studied the flow of water and several oils in an electri-
cally heated tube (uniform heat flux). From heat flux and wall-temperature
measurements, he calculated the Nusselt number at various positions down-
stream.from the start of heating. His resﬁlts with water (Prandtl number
7 to 9) covered Reynolds numbers from 16,900 to 89,200. The oil runs
covered Prandtl numbers from 61 to 480 and Reynolds numbers from 1580 to
46,600.
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Other authors reporting entry length values are Aladyev (1) for water
at uniform wall temperaturej Johnson, Hartnett, and Clabaugh (20) for lead-
bismuth eutectic at uniform heat fluxj and Hoffman (37) for molten sodium

hydroxide at uniform heat flux.

Physical Properties of Air

For calculations from the experimental data, 1t was necessary to know
the values of the density, viscosity, heat capacity at constant pressure,
and thermal conductivity of dry air at atmospheric pressure and temperatures
from 80°F to 100°F. The density was calculated from the perfect gas law
and the other values were taken from the literature. There are no signifi-
vcant discrepancies in the literature about the values of the viscosity or
heat capacity, and they were taken from the compilation of Tribus and
Boelter (56). There are considerable differences in the reported thermal
conductivity, however, and so a search was made for articles containing
original experimentai data. The articles used in the determination of k
are those of Fucken (11), Stops (53), Taylor and Johnson (54), Keys and
Sandell (21), and Rothman (45). The value of k chosen on the basis of
these is 0.0152 Btu/hr ft °F at 90°F, and 0.0154 at 100°F. These values
are almost precisely those of Rothmen and Eucken. They are about 1.3%

below the values employed by Corcoran, et al. (7).



III. APPARATUS AND EXPERIMENTAL PROCEDURE

In this section is a description of the heat transfer apparatus and
a brief description of the analog computer equipment. Further details
of the apparatus are contained in Appendix A and of the experimental and

calculation procedures in Appendix B.

Heat-Transfer Apparatus

A photograph of the experimental apparatus is shown in Figure 1 and
a flow diagram in Figure 2. Air from a centrifugal blower was passed
through a heat exchanger (cooler) and into the entrance section. This
section consisted of a small electric heater, baffles, straightening vanes,
two screens, a 15° reduction from 4 to 1-1/2 inches, 46 diameters of cop-
per pipe, and 4 diameters of Lucite pipe. The entire entrance section was
insulated with 1 in. of 85% magnesla and 3 in. of glass wool. ZFrom the
entrance section the air passed into the test section and then through a
silica gel drier and a heat exchanger before returning to the centrifugal
blower. The closed system was used to assure dry air. |

The test section consisted of five pileces of 1-1/2 in. copper pipe
with 0.20 in. wall thickness followed by a 6-inch length of Lucite pipe.
The lengths of the pieces were 0.60, 8, 1.00, 36, and 1.00 in., respec-
tively. They were separated from each other by gaskets of polyethylene
0.01 in. thick. Three small pins of Chromel were placed in carefully
drilled holes in the edges of each piece so that the pieces would stay in
position when pushed together and held by bolts through the flanges on
the larger pieces. Details of this construction are described in Appen-
dix A.

In order to remove the small steps at the Jjunctions of sections

25
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(eccentricity was estimated to be no greater than 0.002 in.), the entire
test section and part of the entrance section were bolted together and
honed from 1.496 in. to 1.504 in. in diameter. After honing, the wall
roughness was ébout 30 microinches (36).

All of the pipe sections were wound with Chromel ribbon either 1/8,"
3/16, or 1/4 in. wide and were heated electrically. At no place was the
spacing between windings greater than 1/8 in. except at the flanges which
separated them by about 1/4 in. The flanges were of Monel metal 1/8 to
5/16 in. thick, and were heated slightly at their edges. Taps were pro-
vided at every second winding so that some or all of the heating current
could be by-passed in order to control the wall temperature distribution.
For the above geometry and heat transfer to air at Reynolds numbers in the
range employed (less than 80,000), calculations show that temperature rip-
Ples on the inside surface of the copper plpe were negligible, i.e., less
than 0.2% of the difference between the mixed-mean temperature of the air
and the wall temperature.

The three small segments of pilpe served as calorimeters for measur-
ing local heat flux. Each was surrounded by a guard heater whose construc-
tion is described in detail in Appendix A.

Forty-three thermocouples were located at various points in the equip-
ment inecluding one or two at eithér edge of each segment and one every
two inches along the one generator line of the pipe. They were made of
36-gage Chromel-Constantan wire and were placed in holes 0.020 in. in di-
ameter and drilled to within 0.0&O in. of the inside surface. Since the
temperature drop across the copper wall was relatively small (about 0.18°F
for the highest heat fluxes), thermocouple location was not critical. A

Leeds and Northrup K-2 potentiometer was used to measure the E.M.F.'s with
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a precision of about 0.03°F. The potentiometer error signal was sent to
a Liston-Becker Model 14 D.C. amplifier, whose output was fed to a Brown
Electronik potentiometer. This system provided extreme sensitivity and
rapid response. All thermocouples were calibrated in place under iso-
thermal conditions against a Bureau of Standards thermometer.

Pressure measurements were made at two  positions in the test sec-
tion and two in the entrance section. The tap holes were 0.0%0 in. in
diameter and were made free from burrs by the honing. Pressure differ-
ences over 0.80 in. of water were made on a straight manometer contain-
ing Meriam Red 0il (sp. gr. = 0.82 g/cc, calibrated), whereas for smaller
differences a micromanometer was used. The micromancometer reads directly
in thousandths of an inch of Meriam Red 0il and is described by Knudsen
(22).

Direct current supplied by two storage batteries and a battery char-
ger was passed through the windings of each calorimeter and adjustable,
external, control resistances. Voltage drop across the windings was taken
with a voltmeter, and current was determined by measuring the voltage drop
across a shiunt with a small potentiometer. Both meters and the shunt were
calibrated. Alternating current controlled by Variacs was used for heat-
ing the 8-in. and 36-in. sections.

The entire test section was surrounded by a wooden box which was then
filled with vermiculite insulation.

Velocity profiles were made with platinum hot-wire anemometers, which
also served as resistance thermometers for measuring temperature profiles.
The traversing mechanism was located in the Lucite section Jjust beyond
fhe last calorimeter. The thermometer itself was supported on needles

which projected upstream so that temperature profiles could be made within
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the calorimeter. The distance from the wire to the wall was determined
by electrical contact, the distance from the wire center to the point of
contact having been measured by microscopic observation. The distance
traveled was read on a milcrometer barrel whose smallest division was
0.001 in. The reproducibility of contact was * 0.0002 in. and the over-
all accuracy of location from the wall was about *+ 0.0005 in.

The length of the platinum anemometers and thermometers averaged
about 0.038 in., so the difference in distance to the wall between the
ends and the center of the wire was negligible. The diameter of the
platinum wire was about 0.00016 in. and that of the supporting silver
wires was about 0.00% in. These silver wires protruded in a small arc
upstream from the needles in order to minimize flow disturbance. All
temperature runs were made with such wire, but some of the velocity pro-
files were made with 0.0002-in. platinum and tungsten wire. Tungsten
wire was found to be unsatisfactory for temperature measurement. The
construction of the probe and needle tips is described in more detail
in Appendix A.

For measuring velocity, a constant current of 40 to 60 milliamps sup-
plied from a 24-volt storage battery was passed through the wire. The
voltage drop across the probe was measured by the K-2 potentiometer, and
a small correction was applied for voltage drop in the lead wires. ‘Ther-
mal E.M.F.'s in the circuit were less than one microvolt, which was about
the 1limit of reproducibility of the readings. Current was determined by
measuring the voltage drop across a standard 10-ohm, temperature-compen-
sated resistance with the K-2 potentiometer. The probe was calibrated
at the center of the tube with a carefully made pitot tube. The response

of such wires is proportional to the square root of the velocity, so a
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correction had to be applied wherever there were large fluctuations in
velocity. The correction was never more than 5%. See Appendix B for
details of this calculation. Average velocity in the pipe was determined
by integration of velocity profiles. The accuracy of velocity measure-
ments was about 0.5% at moderate velocities to 5% at 7 ft/sec.

Temperature measurements were made by passing 1.5 milliamps through
the wire. Corrections were applied for electric and aerodynamic heating
of the wire and are discussed in Appendix B. The maximum correction was
about 0.5°F. The absolute accuracy of measurements is estimated to be
about * 0.2°F, but temperature differences were made with a precision of
about ¥ 0.05°F. The probe was calibrated before and after each run against
a thermocouple in the center of the tube under adiabatic conditioms.

All temperature and most velocity traverses were made in the last
calorimeter at the end of the test section 31 diameters downstream from
the thermal entrance and 81 diameters from the hydrodynamic entrance. Af-
ter all temperature runs had been completed, the test section was dismantled
and several velocity traverses were made within the first calorimeter 50
diameters from the entrance.

The procedure for a heat-transfer runxwasas;&ﬂlows. The blower and
heat exchangers were given about an hour to approach thermal equilibrium
before the current in the test section was turned on. The current for
each of the five pipe segments and resistances across the winding taps
were adjusted until the entire test section was uniform within + 0.1°F
and 15 to 20°F above the entering air temperature. The procedure was
very painstaking and sometimes took over 15 hours. As soon as this con-
dition was reached, a temperature profile was taken. The measurements

consumed about twenty minutes, after which all thermocouples were read
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again. The inlet air temperature was kept constant by slight manual ad-
Justment of the wire heater in the entrance section and was always within

3°F of room temperature.

Analog Computer Equipment

The analog circult for the solution of equation (2) is shown in the

following sketch.

Multiplier

Integrator 1 Integrator 2

S [
R e

E

A
Re = 2/A\3
Rpb = rxg(ry)
Re =1
Ra = rxf(ry)
In this computer time represents the independent variable, r,, and

so it is necessary that Ry and Ry change with time. This was done by
means of a device which approximates the functions by twenty-four steps,
each with a one-second duration. It is described in detail, as are the
other parts of the computer by Hagelbarger, Howe and Howe (13).

That the above circuit will solve equation (5) is easily seen. At

the point marked A, the voltage (dependent variable) is considered to be
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2 d 1
7_\% dry [r*an]

This quantity is then divided by R, = 2/x§ and integrated. The result at
the output of Integrator 1 is -r*gRAQ (Integrators and multipliers al-
ways change sign.) T?is voltage is then divided by Rb = ryg and integrated
to form Rn at the output of Integrator 2. After multiplying by Ry = ryf

and changing sign, the result is -r*fRn. But according to equation (2)
2 d !
-r fR = ;g e [;*gRq]

and so the circuit satisfies the equation.

Several measurements in this circuit are needed to complete the solu-
tion of the problem. First, the eigenfunctionsR, and the eigenvalues An
are found by varying Ra until Rn passes through zero at ry = 1. Ré (1),
used to evaluate A, can then be measured directly from the output of
Integrator 1 at the end of the solution.

The coefficients Cn were evaluated by use of equation (7). For this
purpose the output of the multiplier was integrated once by a third inte-

grator to form
1

fr R dr
L *n T *

1
o]

The integral

was formed by multiplying Rn by fr*Rn with a servomultiplier and integrat-
ing the result.
At moderate and higher values of the product RePr, which is known as

the Peclet number, the gradient of g(r*) is very steep near the wall. In
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this case g(r*) cannot be closely approximated by only twenty-four steps.
This difficulty was solved by changing the time constant of both integra-
tors simultaneously during a run. In this way, for example, fourteen
steps could be used for 90% of the radius and the remaining ten steps

for the last 10% of the radius. The decrease in mumber of steps for the
inner 90% of the radius would have little effect because of relative flat-
ness of the temperature profile there.

In some of the runs the time constant was changed twice. The extreme
example was the run for Pr = 7.5, Re = 500,000. In this case ten steps
were employed for O < r, < 0.997, eight steps for 0.997 < r, < 0.9992,
and six steps for 0.9998 < r, < 1.

To test the analog equipment and procedure, two known solutions were
run. Five eigenfunctions and constants were calculated for the laminar
case (Graetz solution) and three were found for the slug-flow case. Tur=-
bulent flow solutions were run for the combination of parameters shown in

the following table.

TABLE I
NUMBER OF EIGENFUNCTIONS

CALCULATED FOR PARAMETERS SHOWN

Reynolds Prandtl Number
Number 0 .01 .02k .10 .718 7.5
8,000 3 3 3 3 3 2
14,500 3 3 3 3 2
2k,000 3 3 b) 3 b)
38,500 3 ) 3 5 2
80,300 3 b) 3 3 3 2
150,000 3 3 3 3 2
500,000 3 3 P} 3 3 2




IV. RESULTS AND DISCUSSION OF RESULTS

The important experimental and analog computer results are given in
this section and discussed in turn. The experimental heat transfer re-
sults are essentially a means to an end, but some of the findings are

worthwhile discussing in themselves.

Veloeity Distribution

In an excellent review of Nikuradse's data by Ross (44), the author
shows that Nikuradse's data (37) begin to deviate from the logarithmic
law at y, = 0.15. In other words, for the region 0 < r, < .85, ut is not
a single-valued function of y+ but depends also upon Reynolds number. For
the inner 85% of the pipe radius, they suggest the data be correlated by

prlotting (ﬁmax - u)/UT vs. ¥,+ This suggestion has been followed here.

Figure 3 shows the velocity data for y, < 0.15 plotted as ut vs. log y*t.
One set of points for the entire radius has been plotted to illustrate
the deviation mentioned above. It is probably this deviation that causes
variance in the constants of the equations for velocity distribution in
the turbulent cone. For example, Ross states that if Nikuradse's points

are plotted for y* > 30, yx < 0.15, the best empirical fit is given by

L

ut = 5.6 + Kln'y"'

with K = 0.41. Deissler (8), on the other hand fitted one line for the
entire region y* > 30 and for a relatively limited range of Reynolds num-
.bers. Thus the high points near the center resulted in a slightly steeper
line represented by K = 0.36. Van Driest used the value 0.40, and it is
this value that was used here for the calculation of eddy viscosity dis-

cussed later.
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Figure 4 shows the results of several investigations including the
present. Each of the lines is a mean through the data points of the au-
thor except the line labeled "Reichardt-Nikuradse," which is a mean line
through the points of Nikuradse, Reichardt-Motzfeld, and Reichardt-Schuh
as reported by Reichardt (42). All of the lines except Laufer's are in
very close agreement. Yet on reading Laufer's report one finds that he
took extreme eare in his experimental work. He worked in a larger pipe
than the others, which means that the boundary layer is thicker but ve-
locities are lower for the same Reynolds number. His report is frequently
cited, as for example by Van Driest (58), not only because of the care
with which he worked, but also because he reports detailed measurements
of the turbulent energy spectrum. Indeed, his report is the most thor-
ough investigation of the hydrodynamics of fully developed pipe flow ever
written. Yet this author is forced to conclude that Laufer's data cannot
necessarily be considered the best representation of mean velocity near
a wall in turbulent pipe flow. It should be mentioned, however, that the
equation of Van Driest (58), discussed on page 16, fits Laufer's data bet-
ter than the others. That is, no combination of the two constants in Van
Driest's equation will make the equation fit the other data nearly as well
as it fits Laufer's.

Figure 5 is a plot of (umaX - u,)/UT vs. yy for the region y*i>,15.‘

A mean line is drawn~£hrough the points. It should be mentioned that
this plot is quite sensitive to error since it involves the difference
Upax - 4.

Figure 6 is a comparison of the velocity distribution at the entrance

of the test section (after 50 diameters of straight pipe) with that at the
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end of the test section (after 81 diameters of straight pipe). The fig-
ure shows that at the test section entrance, the velocity distribution

was still developing slightly near the center of the pipe, an observation
which is in agreement with Deissler (8). For a considerable distance

from the wall, however, the velocity distribution had become established.
Since this is the most critical region for heat transfer (that is, the
region over which most of the temperature drop takes place), little experi-
mental error is introduced by the aifference in profiles shown.

One velocity profile was taken following a wall-temperature gradient
of about 15°F in a foot of pipe. This profile and other velocity measure-
ments made during heat transfer runs showed no effect of temperature.

This was to be expected since temperature differences were relatively
small, i.e., less than 20°F.

The ratio of mean to maximum velocity agreed very closely with the
data of Nikuradse, being only slightly below his data at Reynolds numbers
less than 20,000. Further details are given in Appendix C.

Friction factors were calculated from pressure drop measurements and
agreed very closely with the accepted values of Moody (62). There was
some scatter in the data at Reynblds numbers below about 15,000, and this
was one of the considerations in deciding to take no heat transfer data

below this Reynolds number. See Appendix C for details.

Gross Results 9£ Heat-Transfer Runs

Table II gives the important vériables'and gross results for the
heat transfer runs. The heat'balances were calculated by determining
the hea£ input in the following two ways: (a) integration of the velocity-
temperature profiles at the end of the test section and (b) electrical en-

ergy to the heating coils. The latter is believed to be the more inaccurate
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TABLE II

SUMMARY OF GROSS VALUES FOR HEAT-TRANSFER RUNS

Inlet Wall Nu Nu Nu Heat

Run  Reynolds  mepp, Temp, at at at Balance,
No. Number op op A B C

5 38,600 79.77 98.30 183 o1 ok 4.0
5B 38,400 81.01 99.56 183 92 95 6.0
7 23,900 80.15 9k.30 141 66 72% 5.4
8 24,000 80.35 100.55 1h7 67 66 4,0
9 14,800 78.06 97.88 102 45 46 4.0
10 14,200 78.28 98.97 102 45 46 2.7
12 80,500 80.10 92.27 298 164 165 bk
13 80,100 80.03 92.19 293 163 163 9.1

*Believed to be in error.

Heat balances are 100 9§Q;_9§. where Q. is electrical input
and Q, 1s heat input to air from temperature-velocity

profiles.

for two reasons. First, a correction had to be applied for heat transfer
to the surroundings. This correction was determined by heating the teét
section with no air flow and measuring the heat losses as a function of
wall-to-room temperature difference. The correction amounted to 5 - 15%,
The second reason probably accounts for more of the error and has to do
with the way the input wattage was measured to the 8-in. and 36-in. pipe
sections. In order to maintain uniform wall temperature, some of the cur-
rent at various positions had to be by-passed by shunting resistors across
the taps provided on the windings. These resistors were, of course, placed
outside of the insulation, and their magnitude was in the range two to
fifty times the resistance of the winding shunted. Because of the by-
passed current, it was necessary to measure the voltage drop separately
across every set of taps to which an external resistor was connected. In-

put energy to the test section was then computed from these voltages and
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the measured resistances of the windings. Unfortunately, however, an ac-
curate but low-impedance A.C. voltmeter was used. This necessitated an
elaborate network calculation to determine the heat input for each run.
In every case the heat input calculated in this way was lower than that
from flow and temperature measurements by the percentage shown in Table
ITI. In this connection, it should be mentioned that several different
temperature probes were used in the various runs and that each probe was
calibrated before and after each run throughout the range of measurement.
As mentioned previocusly, the absolute accuracy of the probe temperature
measurements were about ¥ 0.2°F or 1 to 1.5% of the wall-to-inlet tempera-
ture differences.

The average Nusselt number of the first 0.6 in. of pipe (L/D = 0.L0)
is seen to be far higher than tha asymptotic value at Calorimeter C.
There are two errors in this measurement that are in opposite directions
but whose magnitudes are difficult to assess. The calculated Nusselt
number is higher because of some leakage of heat into the adjoining plas-
tic. Because of this leak and the very high initial heat transfer coef-
ficient, however, the upstream edge of the calorimeter was lower in tem-
perature than the downstream edge (by .3 to .5°F, depending on Reynolds
number ), and the incoming air had already been slightly heated by the
plastic. These:latter effects caused the Nusselt number to be lower than
the case of a discontinuocus Jump in wall temperature.

The Nusselt number at Calorimeter C was calculated from the meas-
ured electrical input and the mean temperature of the air as determined
from velocity-temperature profiles. The precision of measurement of the
Nusselt number is 2-3% and agrees within this figure with the Dittus-

Boelter equation (34).



Lo

The Nusselt number at Calorimeter B located between 8.60 and 9.60
inches downstream (L/D = 5.71 to 6.38) is the same as at Calorimeter C
within the precision of measurement. The calculated values are actually
slightly lower than at C, whereas they should be about 2% higher accord-
ing to later calculations. The explanation is that the mean temperature
at B was calculated from the electrical input up to B. As shown above,
however, this calculation was subject to error. Had the calculated elec-
trical input been higher, as the heat balances indicated it should be,
the mean temperature of the air would have been higher, thus raising the

Nusselt number, i.e.,

aD
Nu = k(ty - tmm)

The precision of measurement of the Nusselt number at B is about 5%.

Eddy Conductivity Distribution

Eddy conductivities were calculated from the temperature distribution
by the equations on page 1h4. To use these equations, it is necessary to
show that the temperature profile is fully established at Calorimeter C,
51 diameters downstream, where all temperature profiles were taken. The
constancy of the Nusselt number is some indication of this since it in-
volves the mean temperature. On this basis the data of Boelter, et al.
(4) and the analysis of Berry (3) indicate that the profile is established
much sooner than 31 diameters. Deissler (10) calculated the growth of the
thermal boundary layer, and he reports that the distance necessary for a
fully developed temperature distribution increases with Reynolds number
and is l&% for the highest Reynolds number employed here. Finally, tem-
perature measurements at the center of the pipe at Calorimeter C had in-
creased by at the least 15% of the difference between the inlet and wall

temperatures.
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The differentiation of the temperature profiles was done numerically
by the Douglass-Avakian method (52). This method employs a fourth-degree
polynomial which is fitted to seven equidistant points by the method of
least squares. The actual experimental points were used except where in-
terpolation was necessary because of a change in point spacing along the
tube radius.

Figure 7 shows the calculated values of ec/v plotted vs. y+ on semi-
log coordinates for the region close to the wall. The solid line is a
mean line through the points. The other line is a plot of ev/v calculated
from the mean curve of Figure 3. Over the range shown, the ev/v is almost
identical to the expression given by Van Driest (58).

Figure 8 shows the calculated values of ec/v for the center region of
the pipe. There is some evidence of a slight decrease in ec/v at the cen-
ter, but the drop is not as large as that reported by Schlinger, et al.
(47), or Corcoran, et al. (7), for uniform flow between flat plates.

The ratio O = ec/ev is plotted in Figure 9 for each of the four Rey-
nolds_numbers used. The values of ev/v for the region close to the wall
was taken from Figure T, and the equation of Van Driest (58) was used of
the region y* > 40, y4 < 0.20 because the equation fit the present data
quite well. The ratio increases near the wall as reported by Corcoran,
et al. (7), but then seems to level off again very close to the wall. The
calculated values of both ¢, and €, are, of course, rather inaccurate very

near the wall and near the center of the pipe as well.

Analog Computer Results

In Table III are given the eigenvalues and constants for the analog
computer solutions of the two cases for which exact solutions are avail-

able (5,18,28,51). The values for the first three modes check the known
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TABLE III
EIGENVALUES AND CONSTANTS DETERMINED BY ANALOG COMPUTER

FOR PREVIOUSLY KNOWN SOLUTIONS

Analog Accepted Percent
Value Value Deviation
(5,28)

Laminar NG 7.32 7.3135 0
Flow NS Ll 4 Lk .60 -0.k4
AB 113.0 113.80 -0.7
A5 212 215.1 -1.k
¥ 3%9 3L8.5 -2.7
The Co 1.485 1.466 1.3
Graetz Cy -.817 -.802 1.9
Solution Cza 607 587 3.4
Cs -.51k -.k75 8.2
C4 0)466 ,,)-l-O).]. ]_5,)4
A, .Th8 - TH9 -0.1
Aq «537 .5kl -1.3
Ao 458 462 -0.9
Ag 401 L4155 -3.h
Ay <361 .382 -5.5
Slug Ag 11.54 11.566 -0.2
Flow A3 60.8 60.9k -0.2
G 148.6 149,78 -0.8
C1 1.595 1.605 -0.6
Cs -1.076 -1.065 -1.0
Ca .876 .852 2.8
A, .990 1 -1.0
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values very well. The errors are no doubt smaller than the uncertainties
of the input function g(r*) =1+ Pr‘ec/v for the turbulent cases.

It should be remarked that an internal check is possible from the
measurements made. The eigenvalues were calculated both from resistances

in the circuit (see page 30) and from

1

2Rn

A = 1
Jf fr R dry
o

which is a direct consequence of equation (5). If these methods gave re-
sults which differed by more than 1% for the first mode, 2% for the second
mode, or 4% for the third mode, a search for the trouble was made. The
agreement was considerably better than these figures except for the runs
at Pr = 7.5.

Table IV contains the constants for the turbulent cases. These re-
sults are plotted with interpolated values in Figures 10-18. It is now
possible to use these results to make comparisons with experiment, calcu-

late thermal entry length and to make certain other calculations.

Comparison of Experimental and Predicted Temperature Distribution

Figure 19 is a comparison of experimental temperature distribution
of Run 5 with the temperature distribution predicted from equation (&)
and the eigenfunctions tabulated in Appendix C. It was to be expected,
of course, that the prediction be good since the experimental run was
used to determine the analog input functions.

Figure 20 shows the wall-temperature distribution of Runv6. The
temperature distribution in the flowing air was calculated with the methods
of Tribus and Klein (57) by assuming that wall temperature followed the

straight line approximations shown. This calculation is carried out in
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TABLE IV

EIGENVALUES AND CONSTANTS FOR TURBULENT FLOW

R 14 :
Ezggers Xi AL A2 Co -C1 Ca A Ay Ao
Prandtl Number = O
8,000 9.8k 53.8 13L4.0 1.570 .982 T .910 .800 SThL
2k, 000 9.96 Sh.b 134 .4 1.564 1.000 197 915 .835 .790
80,300 10.10 55.2 136.0 1.570 1.015 .81 .919 .860 .820
500,000 10.22 55.6 137.0 1.560 1.020 .81k .922 Bk .839
Prandtl Number = .01
8,000 10.12 55.6 139.0 1.550 973 .750 .925 .815 .35
14,500 10.60 57.8 145.2 1.560 .985 .T65 .980 .866 797
2k ,000 11.00 60.4 150.4 1.552 .967 .768 1.020 .895 840
38,500 11.30 62.6 156.4 1.560 .982 .T70 1.055 937 .859
80,300 12.48 69.6 176 1.545 945 LTh6 1.185 .988 .907
150,000 1h4.92 83.6 215 1.522 .935 .T21 1.445 1.135 .997
500,000 28.5 175.0 L5k 1.462 LT75 .578 3.01 1.790 1.418
Prandtl Number = .02k
8,000 10.62 58.8 147.6 1.538 .948 .70 .985 .8Lko LT57
14,500 11.44 63.6 159.6 1.537 Nelh .Th2 1.072 .906 .835
24,000 12.66 70.2 178.8 1.530 .9ko .26 1.200 .995 .895
38,500 14.96 8l k4 215 1.543 .933 .710 1.465 1.157 1.010
80,300 19.5 117.2 304 1.475 .829 641 1.990 1.335 1.160
150,000 26.1 156.8 k10 1.460 .800 .600 2.70 1.71 1.388
500,000 62.6 Lhp 1,182 1.370 .620 456 6.99 2.99 2.28
Prandtl Number = .10
8,000 17.66 108.8 285 1.455 L7163 .546 1.807 1.12 .89k
14,500 22.6 143.6 380 1.430 LT33 .526 2.37 1.39 1.138
2k, 000 30.2 197 520 1.k20 .686 o7 3.31 1.725 1.k423
38,500 36.6 264 712 1.400 .633 A7l 416 1.930 1.73%0
80,300 62.6 L5k 1,230 1.380 .568 436 7.23 2.76 2.22
150,000 93.6 714 1,980 1.345 .558 .381 10.90 4.o1 2.83
500,000 240 2,000 5,900 1.270 428 .298 28.8 7.66 5.35
Prandtl Nuﬁber = .718
8,000 59.4 700 1,995 1.228 .32 .216 7.20 1.48 1.105
14,500 92.6 1,108 3,200 1.185 .321 .203 11.25 2.39 1.705
2k ,000 133 1,540 4,320 1.220 332 .215 16.42 3.30 2.16
38,500 193.6 2,170 6,210 1.21k .33k .217 23.8 L.81 3.12
80,300 339 3,820 11,080 1.200 J32h .202 41,6 T.94 5.01
150,000 546 6,030 16,860 1.210 L343 212 66.8 14.86 9.20
500,000 1,468 17,700 50,800 1.185 .292 .178 179 30.5 17.68
Prandtl Number = 7.5
8,000 122 2,080 1.060 .109 14.95 1.03
14,500 192 7,100 1.060 L0995 23.8 3.04
38,500 L3k 15,400 1.060 .097k 54.3 3.01L
80,300 776 26,600 1.061 .0965 97.1 5.12
150,000 1,260 46,400 1.053 .0878 158 7.51
500,000 3,250 139,600 1.045 L0731 408 15.95
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Figure 19

. Experimental and Predicted Temperature

Profile for Run 5
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detail in Appendix D. The experimental and calculated Nusselt numbers

are 101 whereas the asymptotic, uniform wall-temperature Nusselt number

is 96. The temperature distribution in the fluid is shown in Figure 21
together with the predicted temperature. The figure shows that the methods
employed here enable the prediction of temperature distribution in a fluid
under conditions of wall-temperature distribution widely different from
the uniform wall-temperature case for which experimental and analog data

were compiled.

Asymptotic Nusselt Number for Uniform Wall Temperature and Uniform Heat Flux

For fluid flowing in a pipe at uniform wall temperature, it is shown

in Appendix D that the asymptotic Nusselt number is

Thus, the Nusselt number for this case can be easily determined from Fig-
ure 10. For liquid metals the Nusselt number is often correlated against
Peclet number as an independent variable. This is done in Figure 22.
Shown also is a line through the data of Gilliland, Musser, and Page (12)
after belng corrected for thermal entrance error. These authors used a
uniform wall-temperature system, but the tube had a length-to-diameter
ratio of 45, which is sufficiently short that the average Nusselt number
was 8 to 12% higher than the asymptotic value. The correction to their
data was made by multiplying their Nusselt numbers by the ratio N’uav/Nua
as determined from the data and methods presented here. The prediction
is seen to be in fair agreement with their data. The predictions of Fig-

ure 22 may be represented within 10% by

Nu, = 4.8 + 0.0056 pe *° (32)
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Figure 21

Air-Temperature Distribution
of Run 6
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This equation is recommended for the asymptotic Nusselt number for heat
transfer to liquid metals in a pipe at uniform wall temperature.
If the wall-heat flux is uniform, it is shown in Appendix D that

the asymptotic Nusselt number is
—r
Nu, = (33)
16 Z n
M

This series converges extremely rapidly. For example, for the lami-
nar case, which converges more slowly than the turbulent ones, the first
two terms of the series give 4.379 whereas the exact value is h8/ll =
L .36k,

Figure 23 is a plot of equafion (33) vs Peclet number for the liquid-
metal region. Shown also are mean lines through the data of several ex-
perimental investigations. Johnson, et al. (20), took data with lead-
bismuth eutectic at four Prandtl,numbers. Iines are shown for two of
these. The others werenot drawn because of lack of space on the figure.
The prediction agrees with all four sets of Johnson's data within L%
over the entire range.

The agreement with the data of Isakoff and Drew (17) is not nearly
as good. The discrepancy between Isakoff's results and others could be
accounted for, however, by waviness of the inside wall temperature.
Isakoff and Drew believe tﬁét such waviness was reduced to a negligible
degreé, yet their apparatus was in this respect inferior to that of
Johnson, et al. Isakoff wrapped a stainless steel tube with heating
ribbon Whereas Johnson had a l/h—in. aluminﬁm Jacket between the inside
steel pipe.and the heating wirés.

The data of Trefethen (55) are not shown, but his data are nearly
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identical to the data of Johnson when compared at the same Prandtl num-
ber. The prediction agrees with Trefethen's data within h% except at
his lowest Peclet numbers, where the prediction is about 10% higher.

The data of Werner, King, and Tidball (60) are above the prediction
but they used a double-pipe, "Figure of Eight" system in which a large
part of both annulus and tube side were in the thermal entrance region.

‘Their data are, therefore,not expected to fit the present correlation.

Other data have been reported for heat transfer to liquid metals at
uniform heat flux, but the most reliable ones have been discussed above.
In general the agreement of the present prediction with the data is bet-
ter than the Lyon-Martinelli prediction thus confirming the suggestion
of Jenkins (19) and others that for liquid metals the eddy conductivity
is lower than the eddy viscosity.

The predictions of Figure 23 can be represented within 10% by
Nu = 6.3 + 0.0060 Pe"® (3 )

This equation is recommended for the asymptotic Nusselt number for
liquid metals in a pipe at uniform heat flux.

The ratio of the asymptotic Nusselt number at uniform heat flux to
that at uniform wall temperature is shown in Figure 24, and confirms simi-
lar results by Seban and Shimazaki (50). The figure illustrates the im-
portant fact that wall-temperature distribution strongly affects the heat-

transfer coefficient at low Peclet numbers.

Thermal Entry Length

Figure 25 contains the result of thermal-entry-length calculations
for a pipe at constant wall temperature. The thermal entry length is de-

fined here as the number of diameters downstream from the beginning of
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heating at which the Nusselt number is within 2% of its asymptotic value.
Other authors have used a l% criterion for entry length, but that figure
is somewhat severe for heat transfer data. The lengths do not differ
greatly, however, because of the exponential nature of the variation with
distance. The entry length was calculated from the equation (Appendix D)

2 2
-AEX -ATX
PAje 0¥ 4 2he 1T

Lage”™ O%x .\ haje” 1¥x%

AG NS

The line for water (Prandtl number 7T.5) is shown dotted because there
is some doubt about its accuracy. In order to obtain the correct value
for the asymptotic Nusselt number for water, it was necessary to use val-
ues of the eddy conductivity much lower than had been expected. In cal-
culating the eddy conductivity for water, it was assumed that e, = €, in
the central portion of the pipe. Near the wall the equation of Deissler
(17)

++
-.01l54 U
- = a— = O.Ol5l+oa1+y+[l -e y}

was used, and @ was varied until the asymptotic Nusselt number agreed with
the correlation in McAdams (34). The values used varied from 0.4 to 0.6
depending on Reynolds number. The reason for such low values of Q is not
certain, but it is possibly caused by the limitations of the function
generator used with the analog computer. In order to obtain good accu-
racy, the solutions of the equation near the wall had to be expanded as
described in Section III. Two time-constant changes were made during the
solution of the equations for a Prandtl number of 7.5, but this technique

may have been insufficient to give an accurate solution of the eigenfunctions.
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It is curious that the thermal entry length at first increases with
increasing Prandtl number and then begins to decrease. This variation
is contrary to the prediction of Berry (3), but his results at high
Prandtl number are considerably higher than the experimental entry-length
determinations of Hartnett (14) for oil and water. Both Hartnett's data
and the predictions of Berry and Levy (27) indicate that as the Prandtl
number increases above about ten, there is very little increase in entry
length at a given Reynolds number. Thus, the dotted line in Figure 25
is the prediction for all Prandtl numbers above T.5.

Table V summarizes the results of previous investigations and com-
pares them to the present results at two Reynolds numbers. This table
is similar to one reported by Hartnett except that a 2% entry length is
used here whereas Hartnett apparently used 1% in determining the entry
length of Boelter, latzko and Deissler.

The entry lengths calculated in this investigation for air are
somewhat higher than the analytical results of lLatzko and Deissler. The
experimental results of Boelter fall about halfway between the earlier
analyses and the present. For higher Prandtl numbers the present results
agree very well with the data of Hartnett for oil and water, which were
taken, however, at uniform heat flux. This agreement and the fact that
the entry lengths for air at uniform heat flux and uniform wall temperature
calculated by Deissler are nearly equal indicate that the entry lengths
for the two cases are in fact about the same for Prandtl numbers above
one; hhis observation disagrees with the prediction of Levy (27) that
the entry lengths for the two cases differ by a factor of 3.6. ILevy's
analysis is oversimplified, however, in that it assumes a sublayer of a

calculated thickness in which there is no eddy diffusion bounded by a
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TABLE V

SUMMARY OF THERMAL-ENTRY-LENGTH INVESTIGATIONS

Type Thermal Entry Length
Investigator of Egﬁgiﬁ;ﬂn §£Zgg§l x/D
Investigation Re = 10* Re = 10°
Present P Uniform
Results Analytical Wall Temp 75 9 1L
Deissler (10) Analytical Uniform 10 2-3 0-3%
Heat Flux
* Uniform
Berry (3) Analytical Wall Temp 10 13 17
Uniform
Hartnett (14) Experimental Wall Flux (200 10 15
Present . Uniform
Results Analytical Wall Temp 718 10 19
Deissler (10) Analytical Uniform T3 2 7
Wall Temp
. s Uniform
Deissler (10) Analytical Hest Flux .73 3 T
. Uniform
Latzko (24) Analytical Wall Temp 1 6 11
* . Uniform
Berry  (3) Analytical Wall Temp 1 12 17
Boelter,et al. Uniform
(%) Experimental  yg1] Temp .72 8 15

(extrapolated)

*Berry used a 1% instead of a 2% entry-length criterion. A factor of

about 0.7 would convert his results to a 2% entry length.



72

well-stirred fluid in which the eddy diffusivity is infinite.

The entry lengths reported by Aladyev (1) for water are as high as
40 x/D. Since this is so much higher than all other data and predictions,
it can be concluded that his results are in error.

At low Prandtl numbers the calculated entry length is in general
agreement with Johnson, et al. (20), who estimate from their experimen-
tal data that for Prandtl numbers of .020 to .045 and Reynolds numbers of
10,000 to 100,000 the thermal entry length is about 30. Their data were
taken at uniform heat flux. In this region the uniform heat flux and
uniform wall-temperature entry lengths probably differ more but not much
more than at higher Prandtl numbers. Entry length calculations in Appen-
dix D for a fluid of Prandtl number 0.025 flowing in a pipe at a Reynolds
number of 120,000 give the following results:

entry length at uniform wall temperature 4O

entry length at uniform heat flux Ll
entry length at linear wall temperature 195

Heat Transfer in the Entry Region

In Figure 26 are plotfed the experimental values of Nu/Nua at two
Reynolds numbers taken from Boelter, et al. (4), and the corresponding
computed line. The short lin% running from the ordinate to x/D = 0.4
is an estimate based on the data given in Table II for the heat transfer
in Calorimeter A. It is a mean value for x/D between zero and 0.4. There
is some scatter in the data, but the line follows the data fairly well
out to about x/D = 4. TFor the region closer than that more eigenvalues
and constants are needed for the case of air. That close to the entrance
the boundary layer calculations of Deissler (10) undoubtedly give more
accurate results. A quite good estimate of thié region could be made

with the present technique, however,.by observing the lengths at which
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the second and third eigenvalues begin to have appreciable effect. The
length at which the fourth eigenvalue would begin to be significant could
then be estimated, and from there a line could be drawn asymptotic to the

ordinate.

Summary of Equations for Estimating Heat Transfer

Below are listed equations for computing the temperature distribu-
tion, rate of heat transfer, mixed-mean temperature and Nusselt number
for three wall-temperature conditions. These equations are derived in
Appendix D. With the aid of these equations and the constants given in
Figures 10-18, it is a .simple matter to calculate heat transfer in a pipe

for any of the three cases.

Uniform Wall Temperature

t -t ~AnX
to - zw = }Z CrRpe o (%)
n
2
a(xy) = ﬂ?ﬂ Z Ane—knx* (6)
n
A a2
tTim = tw‘8(tw'to)z —Zekﬂx* (35)
7 M |
Ei}jAne-hﬁx*
Nu(xy) = —= - (%6)
1+j{: ég e‘*%?*

After only the first exponential is.important, equation (36) reduces to

the asymptotic Nusselt number

>
Nua = % (51)



™

Linear Wall Temperature

If
2
CRy CoRp  -AaX
n n‘n n¥
t(Xg,Ty) - tg = Bxx - B;Z S+ BEZ S (38)
n M n An
2
A\Xx) = 2D D L AR
An 2
tom - to = Bxx + BBZ = (e~ 1 (40)
n M ;
An “ASX
1+ 822 < e e
An
Nu(x) = A,n > (41)
“ApX
]fi}: =2 <% - e‘)\'n f)
%‘4
o n
For the asymptotic Nusselt number, equation (41) reduces to
1
Nu, = —— (33)
An
JISEZ =
w M

Uniform Heat Flux EE the Wall

The method of deriving these equations is explained by Tribus and
Klein (57) and Sellars, Tribus, and Klein (51). Those references should

be consulted for further details.

Let

An
H(s) = 22; —= (h2)

s + N
o 0



Then
H'(s) = -EZW (43)

Now let 7;?‘1 be the values satisfying H(-7Z) = O. The temperature distri-

bution is then given by

2
A =Y mE*
D 24} e m
t(Xy,Ty) -t = %—E hx, + 522 7\.—;-4-}: (o)
n n /m? \=7"m
2
=Y m¥x
1l -e
_Z canE —— (4k)
n 7 Yp(Mg - 7m)

The first summation in the brackets is equal to

) Z o ({751)

m

given by Sellars, Tribus and Klein. It converges much faster than their
expression above, however. The proof of the equality is given in Appen-

dix D.

Remaining expressions of importance for uniform heat flux are
'tmm -ty = < Xx
1

NU(X*) = Z An ;[_—Z e -71%}(* ()4’5)
n g1l m m m




V. CONCLUSIONS

1. TFor the flow of air in a pipe the ratio of eddy conductivity to
eddy viscosity varies with radial position and Reynolds number. - The range
of variation is 1.1 to 1.5.

2. A method is developed by means of which it is an easy matter to
calculate heat transfer and temperature distribtuion in a fluid in turbu-
lent flow in a pipe whose wall-temperature distribution is arbitrary.

3. The effects of wall-temperature distribution on heat transfer
in a pipe are most marked in the liquid metal region.

k. For heat transfer to liquid metals the thermal'entry length is

large, and failure to consider this accounts for some scatter in previous

correlations.

5. The eddy conductivity of liquid metals is significantly lower
than the eddy viscosity.
6. The asymptotic Nusselt number for turbulent flow of liquid me-

tals in pipes at uniform wall temperature can be correlated within 10% by

Nu = 6.3 + 0.0060 Pe"®

7. The asymptotic Nusselt number for turbulent flow of liquid me-

tals in pipes at uniform heat flux can be correlated within 10% by

.Nu = .4.8 + 0.0056 Pe"®

T
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APPENDIX A

DETATILS OF APPARATUS

The apparatus has been briefly described in Section IITI, and this
appendix presents further details, some of which are repeated to make

this description complete.

The Air Circulation System

The blower for moving the air was firmly bolted to the concrete
floor and the connections to the piping were made of soft rubber. With
this arrangement vibration was not a problem. From the blower air could
be recirculated through a double-pipe cooler or sent to the test sectilon.
All piping except the test and inlet sections was 2-1/2—in. galvanized
steel. The relative flow rates through the two paths were controlled by
gate valves. In practice the gate valve in the double-pipe heat exchanger
circuit was left wide open except for runs at the highest flow rates.

This recirculated air served to remove heat from the blower.

The air for the test section first entered an entrance section whose
purpose was to provide to the test section air with an established veloclty
profile and a controllable, known temperature. To achieve these ends, the
air first entered a heat exchanger whose purpose was to cool the warm air
from the blower down to room temperature. This exchanger consisted of
about twenty-one short lengths of 5/8-in. finned tubing stacked in a k4 x
L-in. channel twé feet long. Cooling water passed through the tubes in
four passes. The water for this and the -double-pipe cooler was supplied
from.a constant-head tank in order to assure a steady flow rate.

Across the outlet of the finned~-tube cooler were two layers of baf-

fles consisting of 1/2 x 1/8-in. steel strips. Just above these baffles

79
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was a small heater consisting of a plastic disk criss-crossed with L4O-
gage copper wire in three layers. Electric current to this heater was
controlled by a Variac. The heater was used for fine and rapid control
of the inlet air temperature. The capacity of the heater was sufficient
to raise the air temperature about 1°F at the highest flow rate used.

The wire heater was located in the bottom of a 2-1/2—in. pipe tee.
It was held down by a piece of 2-in. pipe which extended to the plug at
the top of the tee. This 2-in. pipe was drilled with a number of l/h—in.
holes facing the branch of the tee. This served to provide more mixing
and to prevent large swirls from forming. Piping from the branch of the
tee enlarged to a piece of L-in. pipe 9 inches long which contained
straightening vanes made of a honeycomb of 1-in. pieces of 5/8—in.-cqp—
per tubing. Just downstream of the honeycomb was the thermocouple well
for measuring the inlet air temperature. This well was.a piece of 5/52—
in. stainless steel tubing 3 in. long. At the downstream end of the L4-
in. pipe were two screens of 1/16-in. mesh held between flanges, and af-
ter the flanges was a reducer which changed the inside diameter from 4 to
1.5 in. in a length of about 5 in. The last 2 in. of the reducer had a
diameter of 1.50 in.

At the junction of the reducer and the following pipe was a rubber
gasket 1/16 in. thick which protruded into the air stream about 1/16 in.
Its purpose was to trip any laminar boundary layer that would form. Fol-
lowing the gasket were 66 in. of straight copper pipe with an inside di-
ameter of 1.50 in. and wall thickness 0.20 in. and finally 6 in. of Lucite
pipe. This entire entrance section was coveredﬂwith 1 in. of 85% magnesia
insulation and 3 in. of glass wool. The insulation and the fact that the

inlet air temperature was within 3°F of ambient temperature for all runs
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assured a negligible temperature change throughout the length of the en-
trance section.

After the test seetion, which is described later, the air passed
through a bed of silica gel contained between two screens in a steel box
whose Inside dimensions were 12 x 12 x 12 in. The silica gel was tested
once during the course of the runs and following the runs. It still re-
tained most of its absorptive capacity at the completion of the work,
thus assuring that the air was dry throughout the investigation. The
fact that the silica gel was not saturated was to be expected since care-
ful testing revealed no leaks in the system. From the dryer the air

passed again to the blower.

The Test Section

The five pieces of the test section were 0.606, 8.00, 1.003, 36.0,
and 1.002 in. in length, respectively. The three short pieces served as
calorimeters by means of which the heat flux at the wall could be deter-
mined as an average over their length. The manner in which the pieces
were fitted together and other details of the calorimeters can be seen in
Figure 27, which is a detail of Calorimeter B.

The other calorimeters were identical except that Calorimeter A was
shorter, and there was no copper ring or face on the upstream side of the
guard heater of Calorimeter A. The bottom half of the cross section shows
the Chromel pins which kept the pieces from sliding. Bolts through the
flange holes held the pileces together. The pieces were separated by poly-
ethylene gaskets 0.0l in. thick. These were slightly undercut to be cer-
tain that they did not protrude into the stream. The gaskets, the Chromel
pins of low thermal conductivity, and the operation of the equipment at

uniform wall temperature meant that there could be very little longitudinal
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heat flow to or from the calorimeters.

The steps in wall surface at the Junction of the sections were es-
timated to be 0.002 in. at the most, and these were removed by honing of
the test and entrance sections in two assembled pieces. One piece con-
sisted of the test section and the 6-in. plastic pieces at either end.

The 66-in. entrance section and the attached reducer were honed separately
to the same diameter, 1.504 in. from the original 1.496 in. The two-piece
operation meant that there could have been a small step at the junction

of the two assemblies 6 in. upstream of the thermal entrance at Calorimeter
A. This step was not greater than 0.001 in. or 6000 step-heights down-
stream and thus had a negligible effect on the velocity distribution. The
wall roughness after honing was about 30 microinches (36).

The axial location of the most important thermocouple wells can also
be seen in Figure 27. Calorimeter A had four such wells, one at the up-
stream edge, one in the center, and two 60° apart at the downstream edge.
Opposite these two in the neighboring 8-in. length of pipe were two more
wells. Calorimeter B had three wells along one line, but the downstream
thermocouple failed to operate. Calorimeter C had three wells, two up-
stream and one in the center. In addltion to thermocouples in the wells
mentioned above, thermocouples were located in the following places: (1)
One was in the entrance section as previously described. (2) One was placed
in a V groove in the downstream edge of the Lucite section upstream and
adjacent to Calorimeter A. Its bead was about 0.0l in. in diameter, and
the top of the bead was about 0.005 in. from the pipe surface. Since it
was upstream of the gasket, it was 0.0l in. upstream of Calorimeter A.
This thermocouple was located in a region of steep temperature gradients

and was, therefore, not expected to give a reading which could be quanti-
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tatively interpreted, but rather its purpose was to give an indication of
the order of magnitude of the gradient in the plastic section. (3) One
thermocouple was near the downstream end of the long copper pipe of the
entrance section and was placed adjacent to the pipe wall under the insu-
lation. It thus recorded essentially inlet temperature. (4) Thermocouples
were placed in wells every two inches along the 8-in. and %6-in. sections.
(5) One thermocouple was located on the outside surface of each calori-
meter guard. All of the above thermocouples were of 36-gage Chromel-
Constantan wire which were fused with a small flame. The beads were then
cut to a length of less than 0.02 in., lacquered, and placed in the 0.020-
in., diameter wells. All thermocouples were calibrated with air flowing
in the apparatus under adiabatic conditions against a Bureau of Standards
thermometer. The axial position of the thermocouple can be read from
Table VIT.

To return to the construction of the calorimeters —Figure 27 shows
clearly the cross section of the calorimeter guards or guard heaters.
Fach guard was split axially into two 180° segments. When the thermo-
couples and heating coil were in place on the calorimeters, the guards
were padded with fluffy cotton and elamped over the calorimeter. Heating
wire of 36-gage Chromel wire was wrapped tightly around the outside of
the guard, which was first coated with lacquer and a layer of tissue pa-
per over the wet lacquer. In practice the guard served not only as a
guard heater but also to give fine control of the temperature of the ends
of the pipe adjacent to the calorimeters. Because of this latter function
the temperature of the outside ring of the guard was always slightly above
the calorimeter temperature. A correction was applied for this added heat,

but the corrections were always less than 2%.
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The calorimeters were heated with Chromel ribbon 1/8 x 0.0126 in.,
which was wrapped evenly around the calorimeters in coils about l/l6 in.
apart. Grounding was prevented by a sprayed coat of lacquer and a layer
of tissue paper. The leads to the Chromel coil were of l/8 x 0.01-in.
copper strips which were silver-soldered to the Chromel coil at the sur-
face of the calorimeter. The copper strips were wrapped flush with the
outside of the guard for about 1/2 in. before passing through the thermal
insulation. Conduction from the leads was negligible.

The 8-in. and 36-in. sections were also sprayed with lacquer and
covered with a layer of tissue paper before the heating coils were wrapped
on the pipe. The 8-in. section was wrapped with 3/16-in. and the 36-in.
section with 1/h4-in.-wide Chromel ribbon 0.002 in. thick. These coils
were tightly wrapped and spaced not greater than 1/8 in. apart except at
the flanges. The colls were brought up close to the flanges and a copper
lead went under the flange through a hole so that one coil could be placed
on the other side of the flange between the flange and guard heater. Taps
were provided at every second winding so that some of the current could be
by-passed at érbitrary intervals. In this way the wall-temperature distri-
bution could he controlled. It was poséible, for example, to pass more
current through the coils on either side of the flanges to make up for the
wider coil spacing there. The flanges'ﬁere 5/16 in. wide and made of low-
thermal -conductivity Monel metal. They were slightly heated at their edges
by a continuation of the guard heater coils. Since they were well insu-
lated and constructed as described above, the ripples in surface tempera-
ture beneath the flanges were less than 0.2% of the difference between
the mixed-mean temperature of the air and the wall temperature.

Four pressure taps were located 4, 45, 65, and 110 in. upstream of
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Calorimeter C. The tap holes were 0.030 in. in diameter and were made
free from burrs by the honing. Over the holes were soldered l/8-in.
stainless steel tubing 3/8 in. long to which was attached 1/8 in. inside
diameter Tygon tubing. The tubing lengths differed by less than a ratio
of two to one.

The entire test section except Calorimeter C was placed in a box
made of 3/k-in. wood of inside dimensions 4 x 4 in. The box was then
filled with vermiculite (exploded mica) insulation. Calorimeter C was
outside the box but was thoroughly insulated with cotton as can be seen

in Figure 28.

The Temperature-Velocity Probe and Traversing Mechanlsm

Temperature and velocity traverses were made only inside Calorimeter
C except that after completion of the heat transfer runs the test section
was dismantled and velocity traverses were made inside Calorimeter A. It
was believed traverses elsewhere would be of little utility and would only
serve to place an undesirable disturbance in the stream or pipe wall. The
traversing mechanism is photographed in Figure 28, which shows the mecha-
nism itself and the cotton insulation surrounding Calorimeter C on the
right. The construction of the device’was very simple. It consisted of
a micrometer barrel rigidly mounted on supports fixed to the Lucite pipe
downstream of Calorimeter C. The barrel bore down on a 5/8-in. ball bear-
ing fixed to the top of the probe. The probe was held up against the mi-
crometer by a small steel cable on each side which ran over pulleys and
on which weights were hung.

The probe itself is photographed in Figure 29. It consisted of a
piece of l/8-in. stainless-steel tubing of l/52-in. wall thickness bent

to the shape shown. Its bearing was a l/8-in., close pipe nipple which
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Figure 28. Traversing Mechanism
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Velocity-Temperature Probe.

Figure 29.
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had been filled with brass and then carefully drilled out to a tight fit.
The nipple was screwed into a high pressure tubing-to-pipe connector, the
top of which was filled with graphite-string packing and which served as
a packing gland. The bottom of the probe projected forward and slightly
up and supported the steel needles. |

Two copper wires were passed through the tube and soldered to the
steel needles. The needles were then lacquered except at the tips, bound
with thread to the tubing, covered with successive layers of Sauereisen
cement, and finally lacquered. The final result was a streamlined and
very stiff probe.

The fine platinum wires were placed across the tip of the probe by
conventional techniques. That is, platinum wire 0.00016 or 0.00020 in.
in diameter is procured imbedded in the center of silver wire 0.003 in.
in diameter (Wollaston process). A short piece of this wire is bent into
a semicircle and soldered to the needle tips in the stages shown in the

following sketch.

— =

Step 1 Step 2

The silver is then etched off the center of the arc with a Jet of
weak electrolyte through which a current is passed. As the silver is
removed the two remaining wire stubs spring apart slightly because of

the slight tension under which it is soldered, the tension being caused
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by the gap between the wire and the needle shown in step 1 of the sketch.
The amount of tension is quite ecritical because too much would snap the
platinum wire and not enough would leave it bent in an are. Enlarged
photographs of the probe tip are shown in Figure 30. In the photographs
the platinum wire is missing and the silver wires are bent slightly out
of shape.

Two other considerations are Important in the tip construction. The
platinum wire must be at right angles to the traversing diameter, and the
silver wire at the junction of the platinum must be that part of the probe
tip which is closest to the pipe wall. With all of the foregoing restric-
tions, it is clear that the making of the probe tip is a very painstaking
process.

One final consideration in the design of the probe was the possible
generation of thermal E.M.F.'s caused by junctions of dissimilar metals
at different temperatures. The whole probe was as symetrical as it could
’be made, and so thermal E.M.F. was not a problem. It was measured by
placing the probe near a wall during a heat transfer run with no current
flowing through the wire and found to be less than one microvolt for the
entire circuit including the galvanometer. This E.M.F. was falrly con-
stant and was little more than the reproducibility of voltage drop across
the probe. Furthermore, the E.M.F. was not a function of probe location,
so the very slight error it might have caused was constant throughout a

traverse.

Instrumentation and Control

Most of the instrumentation and control methods have been adequately
described in Section ITI. More detail is warranted, however, on the ther-

mocouple circuitry. All of the thermocouple. leads and the cold junction



91

»sd1T, 290xg °0¢ °In3TJ

S

L

-

W

.

o

s

o

.

.

- .

.

...
e o

o o

i

e

.
o

e
i

.

L

o

S

-
-

i

,«34&1%@42
o
...

Saana

o

.. ]
.. .

o

. -

o ...
o -

.

.
.

S




92

leads entered a well-insulated wooden box which was lined with copper to
assure its being isothermal. The box housed four Leeds and Northrup 2-
pole, 12-position selector switch, type 31-3. Copper wires connected the
switches to the K-2 potentiometer.

The cold junction was immersed in purified kerosene in a small glass
tube which was placed in melting ice 1n a well-insulated thermos bottle.
Frozen distilled water was used at first, but the commercial crushed ice
available in the Chemical Engineering Laboratory was used later since no

difference in melting temperature could be detected between the two.



APPENDIX B

DETAILS OF PROCEDURE

In this appendix are some details of procedure not fully described
in Section III. These details include some calculation procedures used

to convert voltage readings to velocity or temperature.

Determination~9£ Probe Location

The platinum wire at the probe tip was placed under a microscope
with a traveling, calibrated hair line. The hair line was placed paral-
lel to and on top of the wire and was then moved up to the uppermost
edge of the supporting silver wire adjacent to the platinum wire. It was
this edge that would make first contact with the pipe wall, and its dis-
tance from the platinum wire could be read directly on the dial of the
hair line.

The probe circuit was so arranged that an ammeter with a full-scale
deflection of 1.6 milliamps could be placed in series with the probe, a
16,000-ohm resistance, and a 24-volt storage battery. This circuit could
be broken and one side grounded to the pipe so that contact of the probe
tip with the pipe would eclose the circuit and deflect the ammeter. Very
slight contact with the wall was sufficient to give nearly full-scale de-
flection of the meter because of the large series resistance. For example,
even if the contact resistance were 16,000 ohms, a half-scale deflection
of the needle would have resulted. In practice the device was extremely
sensitive, and the contact reading could be reproduced to X 0.0002 in.
provided that temperature remained constant. The contact position was
always read before and immediately after each traverse.

In order to assure that the platinum wire was parallel to the wall,

93
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the tip was rotated about its axis so that first one side of the probe

tip touched the wall and then the other. The angular position of the

probe could be read on an attached pointer outside of the pipe. The

probe was then raised slightly and the touching repeated until the an-
gular position of the probe was found that would result in both sides of
the probe touching the wall simultaneously as the probe was ralsed. The
probe was then left at this angular position during a traverse. The po-
sition was malntained by keeping the pointer against an adjustable bar-
rier. It should be emphasized that extreme care had to be taken in "touch-
ing" the probe tip to the wall. Any but the gentlest contact might have

broken the platinum wire.

Calculation of Velocity

MEaéurement of instantaneous as well as mean velocity can be made
with hot-wire anemometers, and the techniques are covered in a number of
articles including Willis (61) and Kovésznay (23). The procedure adopted
here was fairly simple. The mean veloclty at the center of the tube was
measured with a carefully made pitot tube (total-head tube) which was per-
manently mounted in the pipe at right angles to the hot-wire probe. This
pitot tube was made of .08-in. stainless steel tubing and could be moved
close to the wall. Its tip extended about 1—1/2 in. upstream into Calori-
meter C about l/h in. downstream of the platinum wire. For calibration
the probe was moved near the wall and the pitot placed at the center, at
which time the pressure difference between the pitot tube and a wall pres-
sure tap 4 in. upstream was measured. This pressure difference, after
being corrected for the pressure drop between the static hole and the
impact tube opening, was used to calculate the center velocity with the

assumption that the pitot tube coefficient was unity. The pitot tube was
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then moved to about 1/4 in. from the wall and the probe was moved to the
center. At that position a constant current of about 40 milliamps was
passed through the wire and the voltage drop across the probe and the
standard, 10-ohm series resistance were measured with the K-2 potentiometer.
. The current was then reduced to 1.5 milliamps and the voltage readings
again taken. These readings were used to calculate the hot resistance

of the probe, Rp, and its cold resistance, R%, measured with the 1.5

mil current.

The above procedure was repeated with the same current for velocities
ranging from 7 to 120 ft/sec. Corresponding precisions were about 5 and
0.5%, respectively. The results were plotted as Nu vs RP/(RP'Ré)’ which
according to elementary theory (61) gives a straight line. 1In this case
the line was straight except at velocities below about 20 ft/sec, where
its slope was slightly greater. This plot was then used to calculate
Velocity.from.voltage readings with the probe at other positions.

¢ When the hot-wire anemometer is used near the wall, two sources of
error may lead to erroneous results. Very close to the wall, the wall
acts as a heat sink, thus cooling the wire and raising the apparent ve-
locity. In fact, this effect may cause the velocity to appear to increase
near the wall. The effect was noticed with soﬁe 0.005-in.-diameter tung-
sten wires tried in the early experimental stages, but it was not observed
with the 0.0002~in. platinum wires at distances greater than 0.0025 in.
and velocities above T ft/sec, the minimum experimental conditions.

A second source of error is caused by the large velocity fluctuations
near the wall and the fact that the behavior of the wire is nonlinear. A
proper correction for this nonlinearity would require a knowledge of the

voltage fluctuation across the wire. These data require much more elaborate
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equipment than was on hand, and the procurement of more equipment was
hardly merited by this aspect of the investigation. Furthermore, an ap-
proximate correction can be applied by making use of the measurements of
velocity fluctuations reported by Laufer (26). The correction is derived
as follows.

Time averages of voltage and velocity are measured and a plot made

of Nu vs. Rp/(Rp—Rl')) or more precisely

1

R
v ﬁg_:Eﬁg = Nu + Uy + Vy + W, = N (46)

where u; is the uncorrected value of the mean velocity, u, and uy, vy and
W, are the instantaneous values of the velocity fluctuations.

Neglecting the relatively small values of Vy and W,
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The values of u' can be calculated from Laufer's data, and the above
correction was applied to all velocity readings. The correction raised

the velocity in the region 5 < y* < 20, but the maximum correction was 4%.

Calculation of Temperature

Temperatures in the air stream were measured by using the platinum
hot-wire anemometer as a resistance thermometer. This technique has been
described in detail by Schlinger, et al. (48) and only the essentials will
be covered here. To determine air temperature, the resistance of the plati-
num wire is measured by passing as small a current as possible through the
wire. The resistance of the wire is a function of temperature, so the wire
temperature can be calculated from its resistance after calibration. The
air temperature is calculated from the wire temperature by applying three
corrections which are functions of velocity. One correction is for aero-
dynamic heating of the wire: The total or stagnation temperature of flow-

ing stream of a perfect gas is given by

u2

t = ‘tg + —_-_Egc»JCp ()-1—8)

where tg is the stream or static temperature. The wire with no current

(adiabatic) actually comes to a temperature somewhat less than t given by

2
u
ty, = ty + Y ——— (49)
a g EgCJCp
where 7y 1s the experimentally determined "recovery factor." The commonly

accepted value of the recovery factor in the range of variables used is
0.66, reported by Hottel and Kalitinsky (16). This value was used here.
With the above equations tg and t can be computed from tg -

The second correction is for heating of the wire caused by the current
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used to measure its resilstance. This correction can be determined in two
ways: (a) by calculation from generalized correlations for the heat-trans-
fer coefficient of cylinders at right angles to gas streams or (b) by
measuring the resistance under given conditions with a series of currents
and extrapolating to zero current. Both methods were employed here, and
the agreement was excellent, as will be shown after a discussion of the
third correction.

The third correction is for cooling of the wire at the ends. The
fine wire is heated by the current, but the heavier supporting silver
wires may be asspmed to be close to t,, the temperature assumed by an
adiabatic wire. ©Some heat is, therefore, conducted from the platinum
wire at its ends. Thus, this correction is really a correctioﬁ to the
electric heating correction. The correction is unimportant if length-to-
diameter ratio of the wire is very large and high velocities are used.
The ratio employed here was approximately 220, and at the lowest veloci-
ties used the correction to the electric heating was about 20%,

The latter two corrections can be combined, and they are derived as
follows: The differential equation describing the temperature of a wire
with uniform heat generation per unit length, Q3 uniform heat-transfer
coefficient, h, along its length axis, xj and ends and surroundings at

t =0 1is
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The solution of the equation is

t = ﬁngu [1 P %] (50)

ka
= 2 A
g \A%JE;

and k; and ky are the thermal conductivities of the air and wire.

where

The average temperature can be determined by integration of (50) over

the wire length, L, yielding

L
b, = —2_ |1 -# L (51)
av = kN |- T FL/D T FL/D

The term in brackets is the correction factor to be applied to account
for the conduction cooling.

Radiation corrections were found to be less than 0.002°F and, there-
fore, negligible.

Schlinger, et al. (48), observed that very close to the wall the tem-
perature corrections were not single-valued functions of point velocity
but depended also on distance from the wall. With the wire used here,
this effect amounted to less than 0.02°F at velocities greater than 4 ft/
sec and was therefore neglected.

Figure 31 shows the individual and total corrections. The solid
lines were calculated from equation (51) using Nusselt numbers that were
averages of the values reported by McAdams (35) and those calculated from
the data of Schlinger, et al. (48). Schlinger's results are about 10%
lower than McAdams. The circles are experimental points for 1.475 mil-
liamps determined by extrapolation to zero current.

The maximum error in temperature measurement was not caused by the
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Figure 31

Temperature Corrections for 0.16-Mil
Platinum Wire 0.0%5 In. Long

A Adiabatic Curve (friction heating)
B Equation (51) Correction
C Total Correction
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above correction except perhaps at velocities above about 100 ft/sec and
below about 10 ft/sec. Most of the error was due to limitations in the
measuring equipment. The fine wires employed responded to the rapid,
turbulent fluctuations in temperature, which caused oscillation of the
electronic galvanometer despite the fact that a D.C. amplifier was used
in order to observe the mean D.C. component of voltage. The K-2 poten-
tiometer setting was determined by estimating by eye whether or not the
mean reading of the galvanometer was zero. The reproducibility of the
readings depended upon radial position of the probe, i.e., upon degree
of turbulent fluctuation. The fluctuations were small in the center of
the pipe, reached a maximum in the vicinity of 8 < y* < 15, and then de-
creased closer to the wall. The reproducibilities were X 0.25 microvolts
over most of the range. Since the resistance of the probe was about 9
ohms and a 10-ohm standard resistance was:used, the voltage drops caused
by the 1.5~ @pproximate) milliamp current were 1.35 X .00025 millivolts
and 1.500 £ .0001 millivolts (no fluctuation), respectively. The resis-
tance and its maximum error was thus 9.00 X 0.025%. This error in re-
sistance corresponded to a maximum error of about * 0.07°F.

The temperature probe was calibrated against a thermocouple under
isothermal conditions in the center of the pipe over a wider range of tem-
perature than was employed in the test runs. It was calibrated before
each run and two or more points were checked after each run. This pro-
cedure was necessary ﬁecause the wire sometimes éhanged calibration very
suddenly. The explanation is that a very small‘particle in the air stream
collided with the wire and stretched it. This happéned four times in the
course of hundreds of hours of operation. The resistance of the wire al-

ways increased, the increase being of the order of 0.02%. On several
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other occasions, wires were broken while in use.

It should be mentioned that fine tungsten wire proved unsatisfactory
for temperature measurement because of apparent instability. Sometimes
readings spaced a few minutes apart varied by as much as 1°F. Tungsten

wire has the advantage of being much stronger than platinum wire, however.



APPENDIX C

SUMMARY OF DATA AND CALCULATED VALUES

On Figure 32 is plotted the experimental friction-factor data deter-
mined from measured pressure drop in the pipe and integrated veloecity
profiles. Some data on the plot were taken in the early experimental
stages, and these data are not included in the tabulated veloecity pro-
files that follow. Except for the scatter at low Reynolds numbers, the
data are in excellent agreement with the chart of Moody (62).

Figure 33 showé the experimental ratio of mean velocity to maximum
velocity. Also plotted is a mean line through the experimental points
of Nikuradse (37) for comparison.

Following Figure 33 are tabplations of the principal data of this

investigation in Tables VI, VII, VIII, and IX.
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TABLE VI

EXPERIMENTAL VELOCITY DISTRIBUTION

T Runs with Tungsten Probe
P Runs with Platinum Probe

Run T1
Re = 11,300 Ugy/Upex = -780
gy = 15.3 ft/sec = .0296
Upax = 19.6 ft/sec
vy, in. % yt u, ft/sec ut Smax7?
Ur
.Th6 1. 349 19.6 20.5 0.
.636 .849 297 19.45 20.4 .16
.536 .715 251 19.0 20.0 62
L36 .581 204 18.25 19.2 1.4k
336 IV 157 17.2 18.1 2.54
.2%6 .315 110 16.15 17.0 3.62
.136 .181 63.5 175 15.5 5.10
.086 4o.1 13.45 k.2
.066 30.8 12.5 13.1
.0L6 21.5 11.15 11.7
.036 16.8 9,8 10.3
031 14.5 9.0 9.45
.026 12.1 7.8 8.2
Run T2
Re = 15,100 uav/umax = 785
W, = 20.4 ft/sec f = .0277
Upax = 26.0 ft/sec
)
¥y, in. : vt u, ft/sec ut Umax~u
a Ur
.Th8 1. 445 26.0 21.4 0.
.638 851 380 25.9 21.35 .1
537 .T16 320 25.3 20.85 .58
U437 .583 261 24,7 20.3 1.16
.337 L1450 201 23.2 14,1 2.30
237 .316 141 21.7 17.9 3.6
<137 .183 81.5 19.9 16.4 5.1
.087 51.8 18.2 15.0
.062 37.0 17.2 1.2
037 22.0 k. k4 11.9
.027 16.1 12.35 10.2
.022 13,1 11.15 9.2
017 10.1 9.1k 7.5




107

TABLE VI (Continued)
Run T3
Re = 19,000 Ugy/Umax = 789
Ugy = 25.7 ft/sec f = .0262
Umpax = 32.6 ft/sec
¥y, in. % vyt u, ft/sec ut uﬂ?{'}X‘u
-
.750 1. 548 32,6 22.0 0.
605 .806 hho 32.4 21.9 .13
<505 .672 369 31.5 21.2 oTh
1405 . 540 296 30.1 20.3 1.70
.305 406 223 28.7 19.4 2.70
.205 273 150 26.4 17.8 L.25
.105 .140 76.7 23.5 15,9 6.
.055 Lo.2 21.0 14,2
.035 25.8 18.6 12.5
025 18.3 16.4 11.1
.020 14.6 14.5 9.8
L0L17 12.4 13.0 8.8
.015 11.0 11.9 8.0
.013 9450 11.2 7.55
.011 8.05 9.5 6.4
.009 6.6 8.25 5.6
Run T4
Re = 39,000 Ugy/Upay = -808
v = 51.9 ft/sec f = .0221
Upax = 64.2 ft/sec
¥y, in. % yt u, ft/sec ut “mgx -
T
. 750 1. 1,025 64,2 23.3 0.
<557 LThL 760 62.7 22.8 .55
357 475 488 59.% 21.5 1.78
257 342 351 55.5 20.2 3.16
157 .209 215 50.6 18.4 L.95
- .1065 . 142 145 hW7.7 17.3 6.00
.0565 7 42,9 15.6
L0365 50 40,0 14,5
L0265 36 37.0 13,5
.0215 29 35.2 12.8
.0165 22.5 32.3 11.7
.0115 15.5 28.2 10.2
.0095 13 25.4 9.2
.0075 10 22.0 8.0
.0065 8.9 20.0 7.3
.0055 7.5 18.0 6.5
.00L45 6.2 15.9 5.8
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TABLE VI (Continued)

Run P1
Re = 14,800 Ugy/Upax = - T4
Uy = 20.15 ft/sec f = .0278
Umax = 25.k ft/sec
¥, in. % Nal u, ft/sec ut Umax~l
Ur
.7535 1. 448 25,4 0.
L6715 .893 400 25.3 .08
5715 .T60 340 24.9 1
L7115 627 281 24,3 91
3965 D27 236 23.5 1.57
.3215 27 190 22.7 2.2%
2715 .361 161.5 21.9 2.90
2215 .296 132 21.3 3.39
1715 .228 102 20.k4 4.13
1465 195 87.2 19.9 16.4 L.L45
.1215 72.3 19.3 15.9
.0965 57.4 18.5 15.3
.0715 ho.5 17.6 4.6
0465 27.7 15.8 13.1
.0365 21.7 14,2 11.7
.0265 15.8 12.0 9.95
.0215 12.8 10.3 8.5
L0165 9.8 7.95 6.6
Run P2
Re = 21,800 Uav/umax = .80k
Uay = 29.5 ft/sec f = .0253
Umax = 36-7 ft/sec
y, in. L yt u, ft/sec ut Umax~t
a Ur
. 7535 1.0 621 36.7 0.
L6715 .893 554 36,7 0.
5715 . 760 W7o 36.2 .30
L4715 627 389 35.3 .83
3965 52T 327 3k.1 1.55
.3215 JLe7 265 32.7 2.38
2715 .361 22k 31.8 2.92
.2215 .296 183 30.6 3.63
L1715 .228 141 29.2 L. 46
.1215 195 100 27.8 16.5 5.30
.0965 79.5 26.5 15.75
.0715 59.0 25.2 15.0
.0L65 38.4 23.5 14.0
.0%65 30.1 21.9 13.0
.0265 21.9 19.9 11.8
.0215 17.7 17.9 10.7
.0165 13.6 15.8 9.4
.0135 11.1 13.4 8.0
.0115 9.5 11.7 7.0
.0095 7.8 9.8 5.8
.0075 6.2 7.9 L.7
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TABLE VI (Continued)

Run P3
Re = 25,100 Ugyv/Upax = -810
ugv = 3k.1 ft/sec f = .0245
Upaxy = U42.1 ft/sec
y, in. % yt u, ft/sec ut Tmax7d
Uy

L7554 1.0 700 ho,1 0.
672 .893 62k 41.9 .10
572 .T60 531 L1.5 .32
L2 627 438 40.3 .96
397 .528 369 39.4 1.44
L322 428 299 37.6 2.40
272 .362 2502 36.8 2.82
222 .295 206 35.7 3,41
172 .229 160 3h.2 4.70
122 113 32.7 17.5
.097 90 31.2 16.7
.072 67 29.4 15.7
LOL7 43,6 27.8 14.9
.037 3L b 26.6 k.2
.027 25.1 2h,1 12.9
.022 20.4 22.6 11.9
.017 15.8 19.9 10.6
.01k 13.0 17.8 9.5
.012 11.1 16.2 8.7
.010 9.3 14,1 7.5
.0080 T4 11.9 6.4
.0070 6.5 10.7 5.7
.0060 5.6 9.4 5.0
.0050 4.6 8.2 hoh
.00L0 3.7 6.9 3.7
.0035 3.2 6.2 3.3
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TABLE VI (Continued)

Run P4

Re = 28,500 Uav/Umax = .804

Ugy = 38.8 ft/sec f = L0237

Upax = 48.3 ft/sec

¥, in. ‘% yt u, ft/sec ut um%x-u
.

.7533 1.0 790 48,3 22.8 0.
L6713 .893 705 48.3 22.8 .05
.5713 .T60 600 47.3 22.35 A7
L4713 627 495 L6.4 21.9 .90
.3963 527 415 L 7 21,2 1.70
.3213 27 337 2,9 20.3 2.55
2713 .361 285 42,0 19.9 2.97
.2213 «296 232 40.8 19.4 3,54
1713 .228 180 38.9 18.4 L uhL
.1213 .195 127 36.7 17.3 5.47
.0963 101 35.3 16.7
0713 4.8 33.8 16.0
L0463 48.6 31,2 1h.7
.0363 38,1 29.6 14,0
.0263 27.6 27. 12,9
L0213 22,4 25,1 11.8
.0163 17.1 23,1 10.9
.0133 14.0 20.6 9.7
.0113 11.9 18.5 8.7
.0093 9.8 16.45 7.8
L0073 7.7 13.6 6.4
.0063 6.6 12,1 5.7
.0053 5.6 10.8 5.1
L0043 L,5 9.0 4.3
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TABLE VI (Continued)

Run P5
Re = 39,100 Ugy/Upsx = -816
uavy = 51.9 ft/sec f = .0221
Umax = 63.5 ft/sec
¥, in. 'g: y+ u, ft/sec ut
<7535 1.0 1,030 63.5 0.
L6715 .893 63.2 .11
5715 .T60 62.7 .29
4715 627 60.8 .99
+3965 527 59.1 1.61
. 3215 Lot 57.3 2.26
2715 .361 55,2 3,04
2215 .296 53,1 3.80
715 .228 50,8 4, 64
L1465 .195 201 49,6 18.0 5.08
1215 166 48.2 17.6
.0965 132 46,6 17.0
L0715 98 L5 16.2
L0615 8.2 43,3 15.8
.0515 70.5 ho.5 15.5
.0lh15 56,8 40.8 14.9
.0315 43,1 38,9 14.2
.0265 36, 37.6 13.7
.0215 29,4 35.8 13.1
.0185 25,3 33,9 12.4
.0155 21.2 31.9 11.6
.0125 17.1 29.3 10.7
.0105 4.4 26.6 9.7
.0085 11.6 24.0 8.8
.0065 8.9 19.9 7.3
.0055 7.5 17.6 6.4
.00L45 6.2 15.8 5.8
.0035 4,8 14.15 5.2
.0030 b1 11.7 4.3
.0025 3.4 10.3 3.8
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TABLE VI (Continued)

Run P6

Re = 40,000 Ugy/Upax = 815

gy = 52.8 ft/sec f = .,02205

Umax = 64.9 ft/sec

¥, in. ‘g y+ u, ft/sec ut umzsx -
T

. 7535 1.0 1,053 64,9 0.
6715 .893 64.3 .22
5715 . 760 63.5 .51
L4715 627 61.6 1.19
. 3965 527 59.8 1.84
3215 Lot 57.6 2,64
2715 .361 56.0 3.20
2215 296 54.2 3.85
L1715 .228 240 52.1 4,60
L1465 .195 205 51,1 18,1
.1215 170 49.8 17.7
.0965 135 Lh7.3 16.8
0715 100 45,2 16.1
.0615 86 43,7 15.6
L0515 T2 42.8 15.2
.0L15 58 1,1 14.6
.0315 L1 - 39,4 14.0
.0265 37.1 38.5 13.7
.0215 30.1 364 12.9
.0185 25.9 3.7 12.3
.0155 21.7 32.9 11.7
.0125 17.5 30.3 10.8
,0105 14,7 27.9 9.9
.0085 11.9 2.5 8.7
.0065 9.1 20.8 7.4
.0055 7.7 18.8 6.7
.0045 6.3 16.4 5.8
.0035 k.9 14.0 5.0
.0030 L2 12.6 4,5
.0025 3.5 11.2 k.0
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TABLE VI (Concluded)

Run P7

Re = 60,000 Ugy/Umax = -815

ugy = 83 ft/sec f = ,0199

Umax = 102 ft/sec

vy, in. ‘g vyt u, ft/sec ut u_m%}f_u

. T534 1.0 102 0.
LOT1L ,893 101,8 .05
«571h . T60 99.8 .53
Riyapit 627 97.0 1.21
« 3964 « D27 95.2 1.64
.321h Lo7 92,1 2.38
<271k « 361 88.9 3,16
201h 296 85.7 3,94
<171k 288 351 81.9 5,06
» 146l .195 300 79.6 19.3 5040
L1214 249 76.9 18.6
.096UL 197 4.0 17.9
Neygntt 146 70,2 17.0
L0614 126 68.6 16.6
L0514 105 67.1 16.2
0Ll 85 6L.3 15.5
L0311k 6L L 60,8 1h,7
.0264 54,1 59,1 14,3
L0214 4,0 57«1 13.8
,018k 37T 55.4 15,4
,0154 31,6 52, 12.7
,0124 25,4 50,0 12,1
-010k4 21.3 46,5 11.2
»008L 17,2 43,0 10.4
.006L 13.1 37.6 9.1
»0054 11.5 34,2 - 8.3
~00LL 9,0 30.5 Tk
-0034 7.0 26.2 6.3
.0029 5.9 23.7 5«7
,0024 L9 21,2 5,1
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TABLE VII

APPARATUS TEMPERATURES

Distance
from Total Temperature, °F
Location Thermal

Distance, Run Run Run Run Run Run Run Run Run

in. 5 5B 6 T 8 9 10 12 2

Room 79.5 80.1 78.5 79.1 78.2 76.9 8.4 81.2 78.1
Inlet Air -90 79.77 81.01 80.41 80.10 80.35 78.03 78.19 80.10 80.04
Inlet Pipe -12 79.72 80.98 80.36 80.26 80.35 78.08 78.31 79.98 79.89
Inlet Plastic - .010 89.98 91.26 80.41 88.6 92.37 90.78 91.66 85.89 85.89
Cal. A .0k 97.72 99.01 93.90 99.98 97.35 98.55 91.74 91.73
" .30 97.98 99.28 80.4k4 9L.00 100.22 97.52 98.76 91.97 91.96
" .56 98.16 99.46 94,17 100.39 97.64 98.88 92.16 92.16
" .56 98.33 99.61 9k .26 100.51 97.7h 98.99 92,3k 92.3k
Guard A 99.2 100.2 9k.7 101.2 98.2 99.3 93.9 93.2
8" Section .65 98.34 99.66 9k, 2k 100.51 97.73 98.99 92.33 92.25
" .65 98.21 99.52 9k, 17 100.40 97.65 98.92 92.36 92.10
" 2.6 98.28 99.60 9k.23 100.45 97.68 98.95 92.25 92.16
" L.6 98,3k 99.67 80.53 9k .26 100.46 97.68 98.98 92.19 92.17
" 6.6 98.40 99.73 80.5k4 9k.27 100.48 97.68 98.98 92.2h 92.22
" 8.58 98.34 99.70 gk.23 100.46 98.67 98.96 92.19 92.17
Cal. B 8.67 98.28 99.63 9l.24 100.45 97.70 98.88 92.19 92.19
" 9.13 98.30 99,6k 80.62 k.26 100.51 97.71 98.88 92.21 92.20

" 9.59 - - - - - - - -
Guard B 99.1 100.0 9k.7 101.1 ¢8.1 99.1 93.1 93.1
36" Section 9.68 98.27 59.61 80.82 9k .23 100.49 97.77 98.85 92.25 92.23
" 11.6 98.30 99.66 9k,27 100.52 97.83 98.88 92.28 92.25
" 13.6 98.30 99.67 80.95 gk, 27 100.52 97.85 98.90 92.25 92.19
" 15.6 98.31 99.67 81.05 9. 27 100.52 97.85 58.88 92.22 92.11
" 17.6 98.39 99.76 81.20 9k, 31 100.58 97.91 97.k42 92.31 92,22
" 19.6 98.33 99.70 81.36 9k.30 100.54 97.85 98.85 92.22 92,1k
" 21.6 98.31 99.67 81.64 9k.29 100.5k4 97.86 98.85 92.27 92.17
" 23.6 98.28 99.64 81.98 gk.27 100.52 97.85 58.81 92,31 92.20
" 25.6 98.25 99.61 82.46 Sk.27 100,54 57.86 98.82 92.27 92.1k
" 27.6 98.24 99.61 83.10 9k .26 100.54 97.83 98.82 92,24 92.13
" 29.6 98.2L 99.60 83.95 gk, 27 100.57 97.91 98.8L 92.25 92.13
" 31.6 98.22 99.57 85.11 9k, 2k 100.57 97.91 98.84 92.24 92.08
" 33.6 98.24 99.57 86.67 9k .2k 100.55 97.91 58.84 92.24 92,08
" 35.6 98.27 99.57 88.74 9k .26 100.58 97.92 98.87 92.30 92.13
" 37.6 98.22 99.52 91.31 9L, .22 100.57 97.89 93.85 92.27 92.10
" 39.6 98.22 99.51 93.27 Sk.22 100.57 97.91 98.88 92.28 92.10
" L1.6 98.24 99.5L k.52 9k.2k 100.57 §7.92 98.93 92.33 92.10
" 43,6 98. 3k 99.58 95.27 9k, 3k 100.60 97.96 98.93 92.37 92.22
" 45,59 98.27 99.49 95.18 9L.26 100.52 97.94 98.93 92.31 92.1k4
Cal. C 45,68 98.29 99.54 95.27 9h.26 100.52 97.92 98.96 92.29 92.19
" 45,68 98.27 99.51 95.25 9k .26 100.51 97.91 98.95 92.27 92.16
" 46,1k 98.30 99.56 $5.28 9k, 30 100.57 97.9% 98.98 92.25 92.19
Guard C 98.9 99.9 96. 9k.5 101.0 98.4 99.5 93.2 93.4
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TABILE VIIT

POINT VALUES OF TOTAL TEMPERATURE AND

EDDY CONDUCTIVITY FOR HEAT-TRANSFER RUNS

Run 5

Re = 38,600

to = T9.77°F

ty = 80.30°F

t = -738°F/in
%), /

v, in. y+ t, °F %C_
L T50k 1022 83.71
L6584 896 83.79 92
.558k4 760 84,12 97.5
458l 624 84.59 95
.383L 522 85.12 96
308k 420 85.73 93
.258L 350 86.20 91
.2084 28L 86.72 83.4
. 1584 216 87.30 69.2
L1334 182 87.66 63.9
.1084 147.5 88.12 57.8
.0834 113.5 88.59 48,2
.058L 79.5 89.17 36.9
.oL8L 66.0 89.49 32,6
.038L 52,4 89.90 26.3
.028L4 38.7 90.44 16.3
.0234 31.9 90.7L 12.1
,018k 25.1 91.26 7.5
L0154 21.0 91.71 5.29
0124 16.9 92.21 3.50
.010k 14,2 92.70 2.33
.0084 11.4 93.41 1.60
.006k 8.7 94,12 .96
.0054 T.h4 9L.62 235
.00Lk 6.0 95.20 .265
.0034 4,6 95.90 .105
.0029 4.0 96.20 .070
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TABLE VITI (Continued)

Run 5B

Re = 38,400

to = OB1.01°F

ty, = 99.56°F

dt = -738°F/in.
dy Jw

y, in, yt t, °F fgc_
.T50h 85.09
.6584 85.18 91
.5581 85.50 - 9k
458l 86.03 95.5
.383L 86.51 9L
.308k 87.15 93.5
.258L 87.58 90.5
.208L4 88.08 8.k
.1584 214 88.70 T2.3
L1334 180 89.03 65.5
.1084 147 89.47 55.7
.083L 112.5 89.96 43.9
.058) 78.7 90.57 36.0
.oL8Y 65.k4 90.80 31.6
.038L 51.9 91.25 25.5
.0284 38,3 91.71 17.3
.0234 31.6 92.1k 11.5
.018k 24,8 92.55 6.
L0154 20.8 93.03 L,
.0124 16.7 93 .6k -3,
.0104 14,0 94.07 2
.008L4 11. ok. T3 1
.006k4 5 95.50 1

3
8.6
.0054 7.3 95.93
.ooLkL 5.95 96.48
.003L 4,6 97.11
.0029 3.9 97.43
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TABLE VIII (Continued)

Run 7

Re = 23,900

to = 80.15°F

t, = 94.30°F

.@_E> = =370°F/in. (estimated)
ay /w
y, in. y+ t, °F €c
v

. 7503 8%.81
.6583 83.87 67.5
5583 84,10 67
. 4583 8L k5 65.7
.38%3 84 .85 62.5
.3083 85.30 61.5
.2583 85.63 61.5
.2083% 86.04 57
.1583 143.5 86.47 51.3
.1333 121 86.76 45.0
.1083 98 87.09 38.7
.0833 75 .4 87.45 31.9
.0583 52.8 87.89 23.9
.0483% 43,7 88.14 19.3
.0383 34,7 88.43 1k4.9
.0283% - 25.6 88.90 7.94
.0233 21.1 89.22 5.30.
.0183 16.6 89.69 2.95
.0153 13.8 90.15 2.10
.0123% 11.2 90.61 1.4k
.0103 9.3 91.00 1.07
.0083% 7.5 91.48 .78
.0073 6.6 91.70 605
.0063 5.7 92.00 39
.005% 4.8 92.31 15
.0043 3.9 92,65 070
.0033 3.0 9%.03% 032
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TABLE VIII (Continued)

Run 8

Re = 24,000

to = 80.55°'F

ty = 100.55°F

at = -546°F/in.
dy /w
¥y, in. y* t, °F Se
v

. 7505 85.19
6585 85.26 66.5
5585 85.59 66.5
L4585 86.16 65
.3835 86.69 63.5
.3085 87.36 62.5
.2585 87.86 61.5
.2085 88.42 60.3
.1585 143 89.0% 52.6
.1335 121 89.k42 47.9
.1085 98 89.85 38.8
.0835 75.5 90.35 30.1
.0585 53 91.1k 21.1
.0L85 43.9 91.43 17.8
.0385 34.8 91.84 1k.0
.0285 25.8 92.56 8.04
.0235 21.3 9%.04 5.97
.0185 16.7 93 .70 3.09
.0155 14.0 94 .33 2.15
.0125 11.3 95.03 1.51
.0105 9.5 95.62 1.13
.0085 7.7 96.28 .695
.0075 6.8 96.65 4o
.0065 5.9 97.12 .205
.0055 5.0 97.62 10
.00L45 ki1 98.12 .070
.0035 3,2 98.65 .039
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TABLE VIII (Continued)

Run 9
Re = 14,800
to = T8.06°F
= 97.88°F
(: j> = -358°F/in.
y, in. vyt t, °F e
v

L7507 83.L46
L6587 83.57 48
.5587 8% .86 47.5
4587 8L.38 49
.3587 85.02 L7
.2837 85.67 ho.5
.2087 86.50 38.6
.1587 92.5 87.1k4 32.9
.1087 63.5 87.94 25.4
L0837 48.8 88.47 20.5
.0587 34,3 89.23 11.5
,0387 22.6 90.31 6.31
.0287 16.8 91.11 3.39
.0187 10.9 92.50 1.53
L0137 8.0 93.48 .84
.0107 6.25 9k.25 hhs5
.0087 5.1 9k .82 .25
L0077 4.5 95.18 175
.0067 3.9 95. 45 125
.0057 3.3 95.82 .085




TABLE VIII (Continued)

120

Run 10

Re = 14,200

tg = T78.28°F

t, = 98.97°F

at = -374°F/in.
ay Jw
¥y, in. y* t, °F ES-
vV

. 7508 83%.92
.6588 83.99 47.5
+5588 8k4,31 L8
4588 84,89 47.5
.3588 85.55 46.5
.2838 162 86.26 L
.2088 120 87.07 Lo
.1588 90.8 87.68 34,7
.1088 62.3 88.55 26.0
.0838 48.0 89.10 19.6
.0588 33.6 89.91 12.4
.0388 22.2 90.98 6.0k
.0288 16.5 91.92 3.19
.0188 10.7 93.38 1.60
.0138 7.9 94.35 .835
.0108 6.2 95.15 365
,0088 5.0 95.80 .19
.0078 4,5 96.12 .12
.0068 3.9 96.50 .08L4
.0058 3,2 96.85 .057
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TABLE VIII (Continued)

Run 12
Re = 80,500
to, = 80.10°F
ty = 92.27°F
at = -92L°F/in.
a37> ] 92k°F/
vy, in. y+ t, °F L
v
L7535 81.90
L6715 81.95 193
5715 82.12 200
4715 82.39 196
L3965 82.67 195
L3215 - 83.05 185
2715 83.35 177
.2215 83.62 155
1715 443 84.0k4 141
L1465 379 84,28 130
1215 31L 8L .51 118
L0965 . 250 8L4.79 105
0715 185 85.14 84.5
.0615 160 85.32 68
.0515 1%k 85,49 62.4
.0k15 107 85.76 56.2
.0315 81.5 85.95 L6.0
.0265 68.5 86.10 37.3
.0215 56.6 86.31 28.4
.0185 L7.8 86.45 22.4
.0155 Lko.1 86.65 16.4
.0125 32,3 86.91 11.5
.0105 27.2 87.11 8.38
.0085 22 87.37 6.20
.0065 17 87.79 2.91
.0055 14 88.13 2.16
.00L5 11.5 88.70 1.09
.0035 9 89.35 .12
.0030 7.8 89.70 .57
.0025 6.5 90.05 4o
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TABIE VIII (Concluded)

Run 13

Re = 80,100

to = 80.03°F

ty = 92.19°F

at = -902°F/in.
dy /w
v, in. y* t, °F Ee
"

L7535 82.17
6715 82.19 199
5715 82.42 198
4718 82.62 194
.3965 82.93 188
.3215 83 .28 180
.2715 83.55 170
.2215 83.88 156
1715 8L .25 137
L1465 376 8l ,50 130
L1215 312 8L.73 119
.096% 248 85.01 105
.0715 184 85.34 79.5
.0615 158 85.47 71.3
.0515% 132 85.71 63.5
.0k15 106 85,91 55.1
.0315 81 86.13 4h.5
.0265 68 86.41 29.7
.0215 55 86.57 25.8
.0185 47.5 86.75 21.6
.0155 40 86.93 17.6
.0125 32 87.20 13.4
.0105% 27 87.38 10.6
.0085 22 87.65 6.15
.0065 16.5 88.07 3.19
.0055 14 88.36 1.90
.0045 11.5 88.84 1.21
.0035 9 89.37 .70
.0030 7.5 89.67 .48
.0025 6.5 90.00 .31
.0020 5 90.45 165
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APPENDIX D

SAMPLE CALCULATIONS AND DERTIVATIONS

In this appendix are calculations referred to earlier in the report.

Nusselt Number for Uniform Wall Temperature

By definition

ab

Nu

w|g

Equation (6) is the expression for g and it now remains to find

tmmAas follows:
a

JF urtdr
o)

tm =

JF urdr
O
1
f fryotdry 1
0 o f frytdry
0

T =

Jf frydry
¢

Substitution of equation (4) into (53) and carrying out the indicated

Ll

(53)

integration yields

1
2
ton =ty + 2(tg = ty) }: Cne%nﬁxfo fryRpdry (54)

n

Substitution of equations (6) and (54) into (52) yields

2
-\, BX
225: Ape 1

n

' T (55)
23
E: Cpe nﬁx\j; fr,R dr,

n

NMu(x) =

13



14k

One integration of equation (5) shows that

* A
Ir T — 6
CHL fr R dr, . (56)

Substitution of (56) into (55) yields the final result

2
}: Aﬂe‘hnﬁx

n
z A, -A2px
2 -3 e

M

Nu(x)

(36)

Temperature Distribution for Linear Wall Temperature

This calculation will illustrate the method of Tribus and Klein (57)
for finding fluid-temperature distribution or heat flux for arbitrary

wall~-temperature distribution. From Tribus and Klein

t -ty = f§=o I} - O(x,~t,r,) dtw(.g)] (57)
and if
ty(xyg) = 5 = Bx, (58)
dty(x,) B
e

Substituting the expression for 6 in (57), one may write

X, N
t -ty = j; 1 -Z ¢ r e n £) d‘gg(E) 0t

n

. X =
'>‘-121x* * Ant
= Bxy - B % CpRpe \/; e dg

n
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Carrying out the integration yields the final result

2
t-t, = Bx, - BZ ®nfn 1 - e_hnx* (38)

The heat flux at the wall and the Nusselt number can be calculated
from (38) by the same procedures outlined for the uniform wall-temperature

case.

Uniform Heat Flux gi the Wall

The equations for this case are derived in Tribus and Klein (57) and
Sellars, Tribus, and Klein (51) and are given on page 76. A few remarks
about their equations are appropriate, however.

The Nusselt number for uniform heat flux has been shown by the above

authors to be

Nu = = (59)

}: 1 ]_Ej e~ YmP¥
gl () T 2L )

o+

From (59) the fully developed Nusselt number is -

z (60)
T H'

m

It has been shown by the above authors and others, however, that af-
ter entrance effects have decayed, the wall temperature for the case of
uniform heat flux is linear. Therefore, the asymptotic Nusselt number
must be the same as that of the linear wall temperature, which is easily

shown to be



1
Y Ao (61)
1622 fg.

Hence, the denominators must be equal. The advantage of equation (61) is
that it converges much more rapidly than (60).

As an example of the use of (59), the thermal entry length for a fluid
of Pr = .024, Re = 120,000 will be found. From Figures 10-18 the follow-

ing constants are found:

A2 = 23,0 Co = 1.465 A = 2.40
A2 = 140 C; = -.810 Ap = 1.58
A5 = 360 Ca = .620 Ay = 1.30

With these values it is possible to calculate approximately the first

two roots of H(s) = 0. Thus from equation (42)

2)(2.40) (2)(1.58) 2(1.30)
H(s) = 550 t s+ 10 t 5% 360

7, = 89.5
° (62)
72 = 292 -
Also
AL 2.40 1.58 1.30
2= 16| —= =2y
162; A& [;5.22 T meE T 3602 }
= 0.0725
Substituting the above values into (59) gives
1
Tu = py = 5 (65)
0.0725 - .0232e °°-5%*% _ oo75e oo ¥
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The value of x/D for which the Nusselt number is 2% greater than

Nu, is easily calculated from (63) and 1s about Lk.

Temperature Distribution of Run 6

The calculation of the temperature distribution within the air stream
of Run 6 at 3.06 ft from the thermal entrance proceeds as follows: For a

Reynolds number of 38,900 and Prandtl number of 0.718, Figures 10-18 give

A2 = 193 Co = 1.218 Ao = 23.8
A5 = 2200 C, = =.350 A, = h.7
AZ = 6200 C, = .212 A, = 3.15

The wall-temperature distribution is approximated by the straight

lines shown in Figure 20, i.e.,

t -t =0 °F x<O0 ft
= 0.75 0<x<1.217
= 2.60 1.217 < x < 1.734

2.60 + 12.98x 1.734 < x € 2.55
13.20 + 5.65x . 2.55 < x < 2.835

i

14.80 x < 2.835

0

This representation of wall temperature is substituted into the equa-

tion of Tribus and Klein
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The result is

t(ry,x=3.06)
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Note that the above equation satisfies the wall-temperature bouhdary
condition. When the constants are put intc the above equation and the

integrations carried out, the result is
t(r,,x=3.06) = 14.80 - 15.84Ry + 1.578 Ry - 0.288R; (64)

The values of Rop, Ry, and Rz are read from Table IX, and the re-
sult of their substitution into (64) has been shown in Figure 21.
The Nusselt number can be calculated in a manner analogous to the

the above. The result is 101.5, and the experimental value is 101 * 2%,
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Pe
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APPENDIX F

NOMENCLATURE

pipe radius, ft

constant, -CpR;(1)/2

a constant, axial temperature gradient, °F/unit dimensionless length
specific heat at constant pressure, Btu/lb °F

constant defined by equation (4) or (7)

pipe diameter, ft

f(r,), dimensionless velocity, u/up,,; also friction factor
dimensionless total thermal diffusivity, 1 + Prec/v
conversion factor, 32.2 lb-mass ft/lb-force sec2
heat-transfer coefficient, qD/k(tw—tmm), Btu/hr ftZ °F
function defined by equation (L2)

778 ft-1b/Btu

thermal conductivity, Btu/hr ft °F

constant in velocity distribution equations, usually O.h4
length, ft

local Nusselt number, hD/k

asymptotic or fully developed Nusselt number

Peclet number, RePr

Prandtl number, Cpp/k

heat flux, Btu/hr £t

radial distance, ft

r/a

electrical resistances, ohms, in analog circuit

Reynolds number, Dup/p

149
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eigenfunction defined by equation (5)
variable in equation (L42)

total temperature, °F

static temperature of a moving gas stream, °F
mixed-mean temperature, °F

inlet temperature, °F

wall temperature, °F (sometimes wire temp)
mean velocity at a point, ft/sec

dimensionless velocity, u/U.r

" root mean square of instantaneous velocity fluctuations in x di-

rection

instantaneous velocity fluctuation in x direction

average velocity in pipe

maximum velocity in pipe

friction velocity;J;;;G;

axial distance, ft

dimensionless axial length, Bx

a-r

(a-r)/a

dimensionless distance from wall, UTy/v

e./e,, ratio of eddy diffusivities

2/RePrD

the zeros of equation (k2); 7 is also recovery factor on page 97
eddy conductivity, ft2/sec

eddy viscosity, £t%/sec

dimensionless temperature,(t-tw)/(tc—tw), solution of equation (3)
eigenvalue in egquation (5)

viscosity, lb-force sec/ft?
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kinematic viscosity, ftz/sec
dummy variable
density, 1b secz/ft4

. P ; 3
specific weight, 1b/ft
shear stress, lb-force/ft2
shear stress at the wall

functional relationship defined on page 96
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