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Linear Oscillatory Cellular Thermocapillary Convection
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A linear stability analysis is performed on a thermal, stratified liquid layer with a deformable thermocapillary
surface. The objective is to investigate the possibility and conditions for existence of oscillatory cellular convection
in the linear thermocapillary system. In general, the principle of the exchange of stabilities for the onset of cellular
convection in liquid layers with deformable surfaces may not hold, especially for systems with small Prandtl
numbers. This study discloses the characteristics of a linear oscillatory convection and associated interfacial wave
in a thermocapillary liquid layer. The Marangoni number for the onset of oscillatory convection as overstability as
well as the corresponding wave number and frequency for various Prandtl and Crispation numbers are determined
based on the linear stability theory. The characteristics for overstability in the thermocapillary system are treated
for both surface cooling and heating cases. The regions for existence of overstability and the effects of the Prandtl
and Crispation numbers are investigated.

Nomenclature
A = arbitrary constant in Eqs. (14-16)
a =wave number; ac, critical value
0lim = limitation wave number for overstability
B = arbitrary constant in Eqs. (14-16)
Cr = Crispation number, = valla
Im = imaginary part of a complex number
k = thermal conductivity, W m ~ l ° C ~ l

j> .= thickness of liquid layers, m
Ma = Marangoni number, =S(q/k)£2/jjLot; Mac, critical
M0W = minimum Marangoni number for oscillation

in liquid layers with positive heat flux
Pr = Prandtl number, =v/a
p = dimensionless pressure
q = heat flux, kWmr2

Ra = Rayleigh number
Re = real part of a complex number
S = thermocapillarity,_ = da/d T, Nm - 1 ° C ~ l

T = temperature °C; T, mean value
t = time, s
u = x component of dimensionless velocity
V = dimensionless velocity vector
v — y component of dimensionless velocity
w = z component of dimensionless velocity
u — velocity amplitude of normal modes of disturbances
a = thermal diffusivity, m2 s"1

r\ — dimensionless surface deformation
fj = amplitude of surface deformation
9 = dimensionless temperature
ff = temperature amplitude of normal modes of

disturbances
H = dynamic viscosity, Nsm~2

v = kinematic viscosity, m2s~1

a = surface tension, Nm-1

$ = normal modes of disturbances defined by Eq. (13)
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Q = complex growth rate of disturbances
co = frequency of oscillation

Subscripts
c = critical
Im = imaginary part
Re = real part
x = x coordinate
y ~y coordinate

I. Introduction

THE classical problem of cellular convection in a fluid
layer heated from below or cooled from above has been

understood as a hydrodynamic instability phenomenon in-
duced by unstable thermal stratification. This cellular convec-
tion phenomenon was first investigated by Benard,1 and the
flow pattern has commonly been referred to as Benard cells.
After Rayleigh's2 linear stability analysis on a fluid layer with
a negative temperature gradient, the phenomenon of Benard
cells was understood due to the buoyancy-driving mechanism.
Later, Block3 and Pearson4 found that the cellular convection
observed by Benard1 was actually induced by the surface-ten-
sion gradient along the free surface. The gradient is induced
by temperature disturbances excited under unstable thermal
stratification, and it drives the liquid into convection through
fluid shear stress. Recently, the Marangoni convection, in-
cluding both thermocapillary and solute-capillary effects, as
well as its associated interfacial phenomena have attracted
considerable attention because of important applications in
material processing and heat and mass transport in vapor-liq-
uid or liquid-liquid interfacial regions where surface-tension
effects are significant.5"9

The onset of cellular thermocapillary convection in a fluid
layer is governed by an instability criterion for the Marangoni
number Ma. Based on linear theory, infinitesimal disturbances
in the system will grow exponentially when the Marangoni
number exceeds its critial value and will decay otherwise. The
instability criterion is then determined at the zero growth rate
of the disturbances. In linear theory, the principle of the
exchange of stabilities often plays an important role. This
principle is valid for the Rayleigh-Benard problem (buoy-
ancy-driven cellular convection)10 and the Marangoni insta-
ity problem studied by Pearson4 and Vidal and Acrivos.11 In
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both studies, the free surface or vapor-liquid interface consid-
ered was flat and nondeformable. In reality, however, the
interface can be deformed under the effects of normal and
shear stresses unless it has an infinitely strong surface tension.
Although its magnitude may be very small, the interfacial
deformation can have a drastic effect on cellular thermocapil-
lary convection, especially for thin liquid layers. This effect is
often called the Crispation effect, which is characterized by
the Crispation number (O). Scriven and Sternling12 and
Smith13 investigated the Crispation effect and found that this
effect can cause absolute instability at a small wave number in
the absence of gravity. However, in their analyses, as well as
many others after them, the principle of the exchange of
stabilities was assumed valid without proof, and the possibil-
ity for existence of oscillatory convection and interfacial wave
motion was totally ignored.

If the surface of a liquid layer is deformable, the principle
of the exchange of stabilities will not be valid any more
because the balance of normal stress together with the kine-
matic condition at the surface form a dynamic equation,
which is wave-type in nature. Take an extreme situation for
example. If the fluid viscosity is negligible (Pr -»0), the flow
can be treated as inviscid, and the interfacial dynamics will
lead to gravity and capillary waves on the free surface.14 For
a viscous fluid (with a finite Prandtl number), the viscous
effect may damp out oscillation if there is no other driving
force. However, in a thermocapillary system, the thermocapil-
larity will convert thermal energy into mechanical energy to
accelerate oscillation and overcome viscous damping so that
oscillation of both convection and interfacial wave may be
maintained. Recently, Verlarde et al.15 studied interfacial
oscillations in a semi-infinite liquid and found that thermo-
capillary effects can overtake viscous damping to sustain an
oscillatory wave. However, they provide the overstability
curves for only one small Prandtl number (Pr = 0.1). The
region for existence of oscillatory convection still remains
undetermined. Takashima16'17 studied the effects of a free-sur-
face deformation on the onset of surface-tension-driven insta-
bility in a horizontal thin liquid layer subject to a vertical
temperature gradient using the linear stability theory. Both
stationary convection16 and overstability17 were treated. It
was concluded that 1) in the stationary convection case, the
free-surface deformation is important only for unusually thin
layers of very viscous liquids, and 2) in the overstability case,
oscillatory modes of instability can occur when and only
when the temperature of the solid wall is lower than that of
the air phase.

While Takashima16'17 employed the Nield's model (both
buoyancy and surface-tension mechanisms)18 to investigate
overstability, the present work adopts the Pearson's model
(surface-tension mechanism).4 The effects of the Prandtl and
Crispation numbers on the onset of oscillatory convection
and the conditions for existence of overstability in the ther-
mocapillary system are determined in a broad range of Pr and
Cr by means of linear stability analysis.

II. Linear Analysis
Consider a liquid of thickness / unbounded in the x-y

plane. The z coordinate points up with its origin at the base
of the layer, which is a flat isothermal solid substrate. The top
surface of the liquid layer is a deformable vapor-liquid inter-
face. A linear thermal stratification (base state) is maintained
by steady heat transfer through the liquid layer. There are two
possibilities: the first is that the heat is transferred from the
bottom to the top, i.e., the liquid layer is either heated from
below or cooled from above (including evaporative cooling).
Under this circumstance, the heat flux is positive, and, conse-
quently, one has a positive Marangoni number Ma. The
second is that the heat is transferred from the top to the
bottom, i.e., the layer is heated from the vapor side. In this
case, the heat flux is negative and so is the Marangoni number

(if the thermocapillarity — da/8T is positive). Both circum-
stances are considered because the onset of oscillation as
overstability is possible for both positive and negative
Marangoni numbers.15 For the present purpose, the buoyancy
effect is not taken into account, i.e., we assume the micrograv-
ity condition or when buoyancy forces are negligible com-
pared to surface-tension forces (Ra/Ma <^ 1). We also ignore
the local surface cooling effect, which is caused by the dis-
turbed surface heat flux due to surface-temperature distur-
bance. This disturbed heat flux tends to suppress the
temperature disturbance on the surface and stabilizes the
system. This stabilizing effect (characterized by the Biot num-
ber) on oscillatory convection will be similar to that on
nonoscillatory marginal stability, which was studied in detail
by Pearson4 and Scriven and Sternling.12 Therefore, the local-
cooling effect is not taken into account, and the Biot number
is assumed zero. The vapor-liquid interface has a finite surface
tension a which is temperature dependent such that the
thermocapillarity of the interface is defined as S = -da/dT.
The interface will have a wavy deformation under the effects
of normal and shear stresses and surface tension. However,
stresses from the vapor phase are negligible compared to
those from the liquid phase; therefore they are assumed zero.
The Boussinesq approximation is applicable here, i.e., all fluid
properties are treated as constant, and the viscous dissipation
in the energy equation is negligible.

Based on the above consideration, the linear Boussinesq
equations (governing equations), in dimensionless form, read

V - r=

d9—
dt

dT—
dz

(1)

(2)

(3)

where V = (u,v,w) is the velocity vector; p and 9 are disturbed
pressure and temperature, respectively; T is basic temperature,
which is linearly disturbed in the z-direction due to steady
heat transfer; and dT/dz — — 1; Pr = v/a is the Prandtl num-
ber where v is the kinematic viscosity and a is the thermal
diffusivity. The scale factor used for the nondimensionaliza-
tion are ? for length, a// for velocity, /2/a for time, a^//2 for
pressure, and q^/k for temperature.

The linear boundary conditions at the deformable thermo-
capillary interface (z = 1) are derived from momentum and
energy balances. The force balances in the normal and tan-
gential directions read, respectively,

and

82w

The energy condition is

7-dz

and the kinematic condition at the wavy interface is

dr,
—- = wdt

(4)

(5)

(6)

(7)

where Vlm = i(d/dx) +j(d/dy), and r\ is the interfacial defor-
mation variable, which is defined such that z = 1 + r\(x,y) at
the thermocapillary interface. Ma = S(qjk)£2liivL is the
Marangoni number where S is the thermocapillarity; #, heat
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flux; k, conductivity; /^, dynamic viscosity; and /, layer thick-
ness. Cr = /^a//cr is the Crispation number, which results from
the force balance in the normal direction of the deformable
interface.

On the solid substrate (at z = 0), the no-slip, nonpenetrat-
ing, and isothermal conditions yield

dwu = v = w =— = 6 — 0
dz (8)

The pressure term in the momentum equation [Eq. (2)] can
be eliminated by multiplying the x, y, and z components by
-32/(dxdz), -d2/(dydz), and vfm, respectively, and adding
them together. Upon substituting the flow continuity of Eq.
(1), the resulting equation is

(9)

(10)

The pressure in Eq. (4) can be expressed as

Prdt dz

Substituting Eq. (10) into Eq. (4), the normal force balance at
z = 1 becomes

n 3*Prdt (11)
Considering standing oscillatory waves, the normal mode
solutions of the linear thermocapillary system take the form

w = \v(z,f)cl)(x,y)

(12)

:0 (13)

The general solution for <£ takes the form of 4> = ei(-axX + ayy)

with a2
x + a2 = a2. For the special case of a two-dimensional

wave propagating in the x -direction, ay = 0, ax = a, and
0 = e

iax
f

From Eqs. (9) and (3), together with Eqs. (6-8), the
solutions for w, ff, and fj are found as

r] = fj(t)cb(x,y)

4>(x,y) satisfies the relation10

vP = | AI — sinhraz — sinhaz l + ^coshmz—cosha;
\m J

. f / . 1 a sinhraz sinhaz \1 = \A (M smhrz - ————- + —2——-
[_ \ m(m2 — r2) a2 — r2J

iz) LQ/
(14)

( . t coshraz— coshrz coshaz — coshrz\~| _
+ B{ N smhrz ————— - —— 5 —— + ——— - —— - —— \eQt

\ m2 — r2 az — r2 yj
(15)

fj = — \ A( — si— A — sinhra — si — cosha) \e^1 (16)

with

_ a / coshra ^ cosha \
r coshr \m2 — r2 a2 — r2)

— 1 (m sinhra — r sinhr a sinha — r sinhr
r coshr y ra2 — r2 a2 — r2

where ra2 = a2 + Q/Pr and r2 = a2 + £1 The Q is a complex
number, which governs the transient behavior of the distur-

bance modes. The stability of the system is characterized by
the real part of Q [Re(Q)]. When Re(Q) > 0, the modes of
disturbance will grow exponentially, and the system is un-
stable; otherwise it is stable. The condition for usual nonoscil-
latory marginal stability is determined at both Re(Q) = 0 and
Im(Q) = 0 (the principle of the exchange of stability). If
Re(Q) = 0 while Im(Q) is not equal to zero, the disturbances
will oscillate in a bounded "circle" with a frequency
co = Im(Q). Then the onset of oscillatory convection is called
over stability. For the onset of convection as overstability,
Q = ico, and then m2 = a2 -f i(co/Pr) and r2 = a2 + ico. Physi-
cally, both a (wave number) and co (frequency) are required
to be positive real numbers.

Boundary conditions of Eqs. (5) and (11) are now used to
determine the arbitrary constants A and B and to yield a
homogeneous linear system of equation. The condition for
existence of non-trivial solutions leads to the characteristic
equation for overstability of the linear system:

+ Ma[Cr(G1F2-G2Fl)-i(Q1F2-Q2F1)]=0 (17)

where

i = — sinhra — sim

Q2 = coshra — cosha

. CO

a2Pr
- . 0}

Gl=2Q2-i
co cosha

a2Pr

/m - 1 . t \ w :
G2 — 2 — sinhra — sinha — i —=——

\a J a2Pr
Pr ( a sinhra sinha

Fl = M sinhr + /— ( ————— 4- ——— + —1 co \ra(l-Pr) Pr Pr
.Pr ^coshra — coshr cosha — coshr
1 co I i - Pr Pr Pr

III. Results and Discussion
Equation (17) characterizes the stability of the thermocapil-

lary system and the behaviors of the thermocapillary or
capillary wave in the finite liquid layer. In the absence of
thermocapillarity, or for an isothermal liquid (Ma = 0), the
equation reduces to

a3Pr
~Cr~

tanha (18)

for negligible fluid viscosity. This is the dimensionless disper-
sion relation for capillary waves in an inviscid liquid layer
with a finite depth.14

For the general circumstances where Ma and Pr are
nonzero, Eq. (17) provides the characteristics for overstability
of the linear system. In the limit of vanishing w, this relation
can be reduced to

Ma =
8a2 cosha(cosha sinha — a)

sinh3a — a3 cosha + 8Cra3 cosha
(19)

which is the characteristic equation for nonoscillatory mar-
ginal stability as obtained by Scriven and Sternling.12
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With w being real and positive, Eq. (17) can be rewritten in
the explicit form of Ma (eigenvalue) as

5 . C

Ma = 2co2

2Cr
——— (/2Re

(A:1 — ̂  (A:2Re + iK21m)
(20)

where / and K are real functions of a, w, and Pr. Since the
Marangoni number is real, the imaginary part of the right
side of Eq. (20) must be zero. Then one has
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Fig. 1 Overstability loci co vs a for liquid layers with Cr = 0.01 and
various Pr.
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Equation (21) provides the condition for existence of neu-
tral oscillatory modes. With Pr, Cr, and a given, if the left
side of Eq. (21) has a nonzero root of w, the oscillatory mode
will exist with frequency CD. Otherwise, oscillation is impos-
sible, i.e., Im(Q) must be zero when Re(Q) = 0 (the principle
of the exchange of stabilities). In the special case of a liquid
layer with a nondeformable surface, i.e., Cr — 0, no nonzero
root of w can be found from Eq. (21). The conclusion by
Vidal and Acrivos11 is thus confirmed.

In determination of the characteristics for Overstability, Eq.
(21) is used to determine the frequency co for the existent
oscillatory mode as a function of wave number a with Cr and
Pf- as parameters. This provides the Overstability loci on the
co-a plane. The eigenvalue Ma is then calculated by using Eq.
(22). This yields the Overstability curves for Ma as a function
of a. Figures 1 and 2 show the results for various Pr at
Cr = 0.01. In Fig. 1, the Overstability locus for each Prandtl
number has two separate branches: the upper branch lies in
the larger wave number and relatively higher frequency re-
gion; and the lower branch is in the smaller wave number and
relatively lower frequency region. The upper branches have
positive eigenvalues (Ma), as shown in Fig. 2a where the
lower part of the curve corresponds to the upper part (higher
co) of the upper branch at the same Pr in Fig. 1, whereas the
lower branches have negative Ma, as shown in Fig. 2b where
the upper part of the curve corresponds to the upper part
(higher co) of the corresponding lower branch. There is a
minimum wave number for each upper branch and a maxi-
mum wave number for each lower branch. These extreme
wave numbers are called the limitation wave numbers alim.
Oscillation is impossible for a < #lim if the Marangoni number
is positive (a liquid layer with positive heat flux and positive
thermocapillarity S) and impossible for a > 0lim if the
Marangoni number is negative (a liquid layer with negative
heat flux and positive thermocapillarity S). It can be seen that
each Overstability curve in Fig. 2a merges into the marginal
stability curve for steady modes (the heavy solid curve) at a
wave number at which the frequency drops to zero, i.e., the
characteristic equation for Overstability will be reduced to
that for nonoscillatory instability as co -> 0. In Fig. 2a, the
minimum Marangoni number for each Overstability curve is
not considered as a critical Marangoni number because the
nonoscillatory modes may become unstable below this value,
and it is denoted as Ma^. When Ma < Ma^, no oscillation is
possible in the liquid layer with positive heat flux and positive
thermocapillarity.
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Fig. 2 Overstability characteristic curves Ma vs a for liquid layers
with O=0.01 and various Pr: a) positive eigenvalue (Ma>0), the
heavy solid line is the steady marginal stability curve; b) negative
eigenvalue (Ma < 0).

In the case with a negative eigenvalue Ma (a liquid layer
subjected to a negative heat flux and with a positive thermo-
capillarity S), oscillatory convection and interfacial wave can
be sustained when the absolute value of the Marangoni
number exceeds a critical value Mac (the minimum point in
each curve in Fig. 2b). It can be seen that the Prandtl number
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Fig. 3 Overstability loci co vs a for liquid layers with Cr = I and
various Pr.
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Fig. 4 Overstability characteristic curves Ma vs a for liquid layers
with Cr = 1 and various Pr: a) positive eigenvalue (Ma > 0), the
heavy solid line is the steady marginal stability curve; b) negative
eigenvalue (Ma < 0).

has a significant effect on the critical Marangoni number.
When Pr > 2 Mac at the onset of oscillation as Overstability is
more than IO4. It is also noted that the lower branch starts to
be separated when Pr becomes small (Pr = 0.001). When
Pr = 0.0001, the branch is separated into two as shown in
Fig. 1 and Fig. 2b. In fact, there is one more branch for each
Pr in the negative Ma case. Those branches only appear in
extremely high Ma and frequency; therefore, they are not
seen. By examination of Fig. 2, it can be seen that the
oscillatory convection with a negative eigenvalue is more
likely to occur than that with a positive eigenvalue. For
example, at Pr = 0.001, the critical Marangoni number Mac is

about 20 for the negative-heat-flux case, whereas the mini-
mum Marangoni number Ma^ for sustaining oscillation in the
positive-heat-flux case is about 200. At Pr = 0.1, Mac is less
than 100, whereas Ma^ is more than 5000.

The effects of the Crispation number on the characteristics
for Overstability are shown in Fig. 3-7. For a large Crispation
number (Cr = 1), as depicted in Figs. 3 and 4, both Mac and
Ma^ are reduced significantly and the system is very easy to
be disturbed and to become unstable. In the positive-heat-flux
case, the Overstability curves merge into the nonoscillatory
stability curve at their limitation wave numbers. The curves
for the negative-heat-flux case are similar to those for
Cr = 0.01 except Mac becomes much smaller. Figures 5 and 6
show the characteristic curves for Overstability at a small
Crispation number (Cr = 0.001). Oscillation is impossible for
systems with positive M unless the wave number is very large
(a > 50). For the negative-heat-flux case, the Overstability
curves with Pr < 1 are rather different. The loci on the co-a
plane rush in the region of a > 1 (in Fig. 5) and the Oversta-
bility curves (in Fig. 6) possess more than one minimum
point. This peculiar behavior of the characteristics for over-
stability may be due to a strong interaction between the
surface elasticity and thermocapillarity, i.e., the waves with
larger wave numbers accelerated by thermocapillarity are now
easier to match with the natural frequency of the capillary
surface. For Cr < 0.001, oscillation in systems with negative
Ma can occur over a wide range of a and CD when Pr is small.
Figure 7 shows the Overstability curves for various small Cr at
Pr = 0.01.

Figure 8 shows the region for existence of oscillation on the
Pr-a plane, in which the curves indicate the variation of the
limitation wave number with Pr. The curves named — Ma are

irf 5.0*10?

Fig. 5 Overstability loci a> vs a for liquid layers with Cr = 0.001 and
various Pr.

10°

10*

-Ma

io1

r \
\
\
\

Pr = 0.01
Pr = 0~001

lO'1 10° irf 5.0* itf

Fig. 6 Overstability characteristc curves Ma vs a for liquid layers with
Cr =0.001 and various Pr (negative eigenvalue Ma < 0).
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Fig. 7 Overstability characteristic curves with negative eigenvalue
—Ma vs a for small Crispation numbers with Pr =0.01.

Fig. 10 Variation of critical Marangoni number with Prandtl number
for oscillation in liquid layers with negative Ma.
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Fig. 8 Dependency of limitation wave number on Prandtl number for
liquid layers with various Cr.
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Fig. 11 Dependency of critical wave number on Prandtl number for
liquid layers with negative Ma.
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Fig. 9 Variation of minimum Marangoni number with Prandtl number
for oscillation in liquid layers with positive Ma.

Fig. 12 Frequency of oscillation at critical state for liquid layers with
negative Ma.

for systems with negative Ma. For those systems, no oscilla-
tion can exist in the region to the right of the — Ma curves.
The -{-Ma curves are for systems with positive Ma, and no
oscillation can be sustained in the region to the left of them.
For a liquid layer with positive Ma and Pr > 1, oscillation is
almost impossible except for unreasonably large wave num-
bers and very high Marangoni numbers when Cr is less than
0.01. For large Cr, e.g., Cr = 1, overstability is possible for
a < 10 but confined in a very narrow region on the Ma -a
diagram (see Fig. 4a). Therefore, it is unlikely to have oscilla-
tory convection sustained in the system with Ma > 0 when
Pr > 1, and the principle of the exchange of stabilities may be

assumed valid in analysis of such a system. For small Pr,
Pr < 0.1, oscillation may occur in systems with positive Ma
when Cr > 0.01. The smaller the Prandtl number, the easier
oscillation comes. The dependency of the minimum
Marangoni number Mam9 on Pr is shown in Fig. 9. For layers
with negative Ma, however, oscillation can be sustained much
easier, but the critical Marangoni number increases signifi-
cantly when Pr is increased. When Pr > 1, Mac for the onset
of oscillation is about IO3 or higher. The dependency of Mac
on Pr is depicted in Fig. 10. The variation of the critical wave
number ac with Pr is shown in Fig. 11. The largest ac appears
around Pr = 0.1 where oscillation is most likely to occur.
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The frequency of oscillation at the critical point is shown in
Fig. 12. The higher the frequency is, the larger the Marangoni
number is needed to be since more energy is needed to sustain
oscillation. It is observed that the frequency varies in propor-
tion to P and inversely to Cr as co ~ Pr/Cr. Therefore, the
interfacial wave associated with the oscillatory convection in
the thermocapillary system is a surface-tension wave in na-
ture, whereas the thermocapillarity is merely to convert ther-
mal energy into mechanical energy, which provides the power
needed for oscillation.
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