
Periodic Energy-Optimal Path Planning

for Solar-Powered Aircraft

Sara C. Spangelo∗, Elmer G. Gilbert†, Andrew T. Klesh‡,

Pierre T. Kabamba§, and Anouck R. Girard¶

University of Michigan, Ann Arbor, Michigan, 48109

[Abstract] This paper considers energy-optimal path planning in a loitering mission
for solar-powered unmanned aerial vehicles (UAVs) which collect solar energy from the
sun to power their flight. We consider ascending and descending flight maneuvers in a
periodic mission constrained to the surface of a vertical cylinder. The coupling of the
aircraft kinematic and energetic models is treated in a novel scheme that implements both
the periodic and cylindrical constraints. Optimum trajectories are identified by specifying
the heading angle and altitude by periodic splines. Given the periodic splines, we are
able to solve for the other aircraft parameters, including the aerodynamic, propulsive, and
energetic properties of the aircraft. In an example problem, trajectories are obtained that
generate better energy properties than those given by constant altitude circular flight.
Numerical simulation results are presented that help demonstrate the properties of the
optimum trajectories.

I. Nomenclature

α Angle of attack, deg γ Flight path angle, deg
ā Acceleration, m/s2 L Incidence angle of sun rays, deg
ã Azimuth of the sun, deg K Magnitude of Lift, N
D Drag of the aircraft, N Psd Power spectral density of the sun, W/m2

e Elevation of the sun, deg ψ Heading, deg
ETotal Total energy, J r Radius of flight cylinder, m
τ Period, 1/s T Thrust of the aircraft, N
ER Energy Ratio θ Pitch angle, deg
ECPR Energy Improvement over Constant Altitude Flight V̄ Velocity, m/s
ηprop Efficiency of the propeller W Weight of the aircraft, N
ηsol Efficiency of the solar cells z Vertical altitude, m

II. Introduction

This paper is motivated by long endurance missions, such as surveillance of an object of interest for an
extended period of time. The missions are executed by unmanned aerial vehicles (UAVs) that are equipped
with solar cells on the upper surface of the wings. Solar energy is collected from the sun throughout flight,
and the excess energy is stored in an on-board battery. A propeller driven by the energy in the battery is
used to sustain flight even when there is little or no available solar energy.
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This paper studies energy-optimal path planning for solar-powered UAVs. The path planning problem
features the interaction between three subsystems: aircraft kinematics, energy collection, and energy loss.
In the surveillance problem, the UAV must fly periodic paths along the surface of a vertical circular cylinder
to survey an object of interest. To satisfy the mission constraints and minimum-energy objectives of the
problem, we fly periodic paths along the surface of a vertical cylinder. The flight paths are periodic in the
sense that the initial and final aircraft position and configuration are identical. We are motivated to study
ascending and descending periodic flight paths because of their potential advantage of the aircraft flying
at more favorable wing angles relative to the sun, compared to steady level circular flight. Consider, for
example, flight when the sun is at a low elevation. By performing a quick ascent followed by a slow descent,
the wing may have superior exposure to the sun, in both ascent and descent, yielding a more energy-efficient
flight.

The current literature examines the coupling of energy collection and energy loss with the aircraft kine-
matics in constant altitude flight, but the effects of pitching and periodic ascending and descending flight
maneuvers have not been studied. This paper makes two main contributions.

• A novel spline-based optimization procedure is described that effectively maximizes energy gain subject
to the periodic and cylindrical constraints.

• Numerical results show that the optimal trajectories produce improvement in energy properties relative
to constant speed and altitude circular flight.

Minimum power consumption in level flight and the geometric configuration of the aircraft have been
the major research areas of solar-powered flight.1–28 A review of the general history and existing literature
on the analysis and design of solar powered flight is provided in Ref. 29. Optimization-based procedures
considering flight maneuvers and sunlight availability are introduced to design the aircraft in Ref. 13, 16,
and 27. Path planning for solar-powered aircraft generally focuses on mission design, such as Ref. 28,30–32,
and the preliminary design of energy efficient flight, Ref. 33–39.

Solar-powered aircraft have potential uses in both exploration and civilian applications, including flight on
other planets such as Mars and Venus, and high-altitude wireless communication (See Refs. 32,40–44). Ref.
40 considers optimal path planning maneuvers including takeoff, cruise, and climb, and Ref. 23 compares
solar flight on Mars to flight on the Earth.

The coupling of aircraft kinematics and energetics in energy-optimal path planning for perpetual level
flight is considered in Ref. 29. Perpetual endurance is the ability of a solar aircraft to collect more energy
from the sun than it expends throughout a solar day. Optimal flight paths are predicted for steady level
flight, and the requirement for perpetual flight quantified. The optimal endurance problem for solar-powered
aircraft considering the effects of altitude variation is investigated in Ref. 29.

Existing research suggests that aircraft endurance may be improved significantly by periodic control,
primarily motivated by fuel conservation of subsonic aircraft.45 Periodic altitude-varying flight on the surface
of a vertical cylinder for optimal fuel efficiency is considered in Ref. 46-47. The unlimited flight endurance
of a manned, solar aircraft is proposed in Ref. 48, where the aircraft dynamics, energy management, and
propulsion systems are considered in a periodic day-night cycle. However, the study of energy-optimal path
planning for solar UAVs has not considered the effects of periodic altitude varying flight maneuvers.

The remainder of the paper is as follows. The general approach is presented in Section III, while Section
IV addresses the computational details of maximizing the total energy of the UAV. Section V considers an
example vehicle. Optimal trajectories are computed and their properties discussed. Section VI provides
some conclusions and discusses future work. Various supporting details are contained in the Appendices.

III. The General Approach

A. Aircraft Model and Kinematics

1. Trajectory Specification and Aircraft Model

The aircraft is assumed to fly through still air and is constrained to the surface of a vertical circular cylinder
of radius r. Turning is coordinated and the altitude is varied by controlling the pitch. The aircraft trajectory
is uniquely and fully parameterized as a function of time by the heading ψ, and altitude z. The state variables
are then obtained from the derivatives of ψ and z, and used to solve for the lift, drag, thrust, and the total
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energy. This computational procedure is a direct way of imposing periodic flight and avoids solving the
differential equations of motion.

In the inertial (x, y, z) Cartesian coordinate system of Figure 1, it follows that
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Figure 1. Aircraft Model Coordinate System

x(t) = r cosψ(t), (1)
y(t) = r sinψ(t), (2)
z(t) = z(t). (3)

The velocity and the acceleration vectors, V̄ (t) and ā(t), are expressed in terms of a moving coordinate
system attached to the aircraft. Let the unit coordinate vectors et, en, and ez point respectively in directions
tangential, normal and vertical to the surface of the cylinder.

Then, the components of V̄ (t) and ā(t) are respectively,

Vt(t) = rψ̇(t), at(t) = rψ̈(t), (4)

Vn(t) = 0, an(t) = rψ̇2(t), (5)
Vz(t) = ż(t), at(t) = z̈(t). (6)

The flight path angle γ(t), measured between the aircraft’s velocity vector and the unit tangential vector
et in the et-ez plane, is expressed by

γ(t) = arctan
(
ż(t)
rψ̇(t)

)
. (7)

2. Applied Forces and Equations of Motion

To obtain the equations of motion we introduce the aerodynamic force and thrust vectors, FA and FT ,
expressed in the et, en, and ez coordinate system. For notational simplicity, the dependence of variables on
time, t, is not explicitly shown. Zero side-slip is implied through coordinated turning and still air.

The drag part of FA has magnitude D and is aligned with V̄ and the lift part, LA is orthogonal to V̄ . Let
V denote the magnitude of V̄ and L the magnitude of LA, as in Figure 2. The components of LA, denoted
by Lt, Ln, Lz, satisfy the orthogonality condition,
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Figure 2. Aircraft Forces

(Lt)(rψ̇) + (Ln)(0) + (Lz)(ż) = 0. (8)

Then Lt = −
(
ż
rψ̇

)
Lz, and there is no constraint on Ln.

Finally, it is assumed the thrust vector is aligned with V̄ , which is a reasonable approximation in most
cases for small angle of attack, α << 1o. The angle of attack is the angle between the aircraft body fixed
axis perpendicular to the wings and the direction of V̄ . Let T be the thrust magnitude. Assembling these
relations yields the equations of motion:

mrψ̈ = (T −D)cos γ + Lt, (9)

mrψ̇2 = Ln, (10)
mz̈ = −mg + (T −D) sin γ + Lz, (11)

where the drag and the thrust forces are measured along the velocity vector. This assumption on thrust
direction is a reasonable approximation since, in general, T sinα << L.

3. Aerodynamic Model

Drag is expressed in the usual way,49
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D =
1
2
ρV 2SCD(α), (12)

CD(α) = CDo +KC2
l (α), (13)

Cl(α) =
2L
ρV 2S

= Clo + Clαα, (14)

where ρ is the atmospheric density, and S the wing area. CL(α), CLo , and Clα , and CDo are the lift and
drag coefficients parameters. The aerodynamic coefficient K = 1

επAR represents the induced drag exceeding
the drag of an elliptical lift distribution. AR = b2/S is the aspect ratio, b is the wing span, and ε is the
Oswald efficiency factor. By combining (12)-(14), we solve for D,

D =
1
2
ρV 2S

[
CDo +K

(
2L
SρV 2

)2
]
. (15)

4. Parameterization of Lift, Drag, and Thrust by ψ and z

It is assumed that ψ and altitude z together with their derivatives ψ̇, ψ̈, ż, and z̈, are continuous, and, for
computing, they are defined by periodic spline functions. The algorithmic steps to solve for L,D, and T ,
and other aerodynamic properties using Equations (4)-(15) are outlined in Appendix A.

B. Energy Model

1. Energy in Flight

A standard propulsion model is used to derive the power expended by the aircraft during flight. In powered
flight, the propeller losses are a function of thrust T , velocity V , and the propeller efficiency ηprop. The
propeller is motionless, T = 0, in gliding flight. Due to the periodic nature of the flight considered, where
the aircraft begins and completes one cycle at the same altitude and speed, the kinetic and potential energy
is conserved and excluded from the energy modeling. The output power from the energy storage battery is
required to sustain flight through the night.

Pout =
TV

ηprop
ifT ≥ 0, (16)

Pout = 0 ifT < 0. (17)

Negative thrust, if needed, may be generated by the additional operation of flaps or other aerodynamic
control surfaces.

The total energy Eout required from the battery over a time interval [to, tf ] is,

Eout =
∫ tf

to

Pout(t)dt. (18)

2. Energy Collection

The solar cells are mounted on the top surface of the aircraft wings, such that power is collected from solar
rays. The incidence angle, κ, is the angle between the line-of-sight from the aircraft to the sun and the
vertical ascending axis of the aircraft fixed frame. As a function of the sun’s elevation e and azimuth ã and
the aircraft’s heading angle ψ and pitch angle θ = γ + α, κ is expressed as:

cosκ =− cos e sin θ sin (ã− ψ) + sin e cos θ, (19)
(20)

which is derived in Ref.29 The solar position model, which governs the sun elevation e and azimuth ã is
also derived in Ref.29
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The power collected by the aircraft is a function of the solar cell efficiency ηsol, the solar spectral density
Psd, the total wing area S, and the solar incidence angle κ:

Pin = ηsolPsdS cosκ. (21)

Ps is naturally zero for solar incidence angles κ < 0. The solar cell efficiency takes into account a wing
that is not entirely covered with solar cells.

The total collected energy, Ein,

Ein =
∫ tf

to

Pin(t)dt. (22)

3. Total Energy

The total energy due to solar collection and the propeller losses over a time interval [to, tf ] is,

ETotal = Ein − Eout. (23)

C. Summary

The heading angle and vertical altitude, and their derivatives, govern the variables defined in Equations (4)-
(7). The expressions for the equations of motion, (8)-(15), affect the power loss, Eqs. (16)-(17). The power
collected from the sun, Equation (21), is directly related to the solar incidence angle, Eq. (19), which is a
function of the sun’s relative position and the heading and pitch angles of the aircraft. Equations (18), (22),
and (23) complete the energy model. Under a zero-pitch condition, the kinematic and energetic expressions
reduce to the Klesh model.29

IV. Computational Maximization of Total Energy

The optimization problem is to choose z(t) and ψ(t) so that they are smooth periodic functions such
that (1)-(22) are satisfied and ETotal is maximized. The computational approach to maximizing ETotal is to
specify z(t) and ψ(t) by periodic cubic splines with continuous first and second derivatives. In particular, to
maintain spline smoothness, they must satisfy the conditions:

z (to) = z(tf ) = zo, ψ(to) = ψ(tf ) = ψo, (24)

ż (to) = ż(tf ) = żo, ψ̇(to) = ψ̇(tf ) = ψ̇o, (25)

z̈ (to) = z̈(tf ) = z̈o, ψ̈(to) = ψ̈(tf ) = ψ̈o, (26)

and pass through specified values at the knot values of t, t = to, ti, ..tn−1, and tn = tf . Computational
procedures for computing such periodic splines in terms of their knot values are available in Appendix C.
When the knot values are specified, it is possible, following the algorithm as described in Appendix A and
the general description in Section C, to compute by numerical integration ETotal. Having done this, ETotal
is then maximized by applying an optimization routine to the knot parameters and the period τ = (tf , to).

While it is possible to compute ETotal when the sun position changes and air density varies with z, the
position and density are assumed to be constant in the computations that follow. These are likely to be
good approximations in most practical applications of short duration missions.

Inequality constraints may also be needed in the optimization of ETotal. For example, the angle of attack
and altitude are limited to specified intervals in the example in the next Section. Such constraints are
difficult to handle and need further attention. The optimization program described in Appendix C used in
the maximization of ETotal implements these reasonably well.

In the computation of the paths in this paper, it is assumed that the period τ = tf − to is relatively short
so that the average position over the period (tf , to) can be approximated as constant. It is also possible to
let the sun position change in time, motivating the various sun elevations studied in Section D.
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V. Results for an Example Aircraft

This section considers periodic flight paths for an example UAV, the YellowTail described in Appendix
D for its key parameters. The cylinder radius is r = 300m and an upper altitude constraint of H = 50m is
imposed. Optimal trajectories are obtained and then their properties discussed, with emphasis on two non
dimensional energy ratios that characterize trajectory performance.

A. Fixed Altitude Circular Trajectories

As a point of reference, we consider first the energy properties of constant speed and altitude circular flight.
The total energy for one cycle of circular flight is obtained from Equations (8)-(23) with ψ̇ = constant, and
z = 0. Let the total energy be denoted by ECPTotal, which clearly depends on the speed V and circular
radius r. A plot of ECPTotal as a function of V and elevation angle is shown in Figure 3. As expected, larger
velocities require higher thrust and the resultant increase in propeller power decreases the total energy. The
maximum angle of attack stall constraint (αmax = 18o) prevents ECPTotal from being defined for V less
than about 5.5m/s.
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Figure 3. Velocity and Total Energy Results for Constant Altitude Circular Flight

For e = 45o, the optimum speed, period and energy are VCP = 8.43m/s , τCP = 230s, ECPTotal = 874J .
It can be shown that a very good approximation for the optimum velocity in constant altitude circular flight
at large radii is the minimum power velocity,2950

VPowermin = 4

√
4KW 2

3CDoρ2S2
. (27)

B. Measuring Flight Performance

Two non-dimensional energy ratios are useful in evaluating the performance of the periodic flight paths for
solar powered aircraft.
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In practical flight applications, we are interested in maximizing total energy after one full period. The
energy ratio

ECPR =
ETotal − ECPTotal

ECPTotal
· 100%. (28)

measures fractional improvements of the ETotal relative to ECPTotal. When ECPR > 1, the trajectory
corresponding to ETotal generates more energy than the circular fixed altitude path.

Let

ER =
Ein
Eout

=

∫ tf
to
Pin(t)dt∫ tf

to
Pout(t)dt

. (29)

This energy ratio compares the relative amount of energy collected and the amount of energy expended
in flight.

When ER > 1, the trajectory corresponding to ETotal generates an increase in the energy stored in the
battery. Unlike ECPR , ER does not require knowledge of the optimal fixed altitude circular path.

In steady level straight flight, ER equals the power ratio,29 PR = Pin
Pout

. However, this result is not valid
for altitude dependent trajectories on the surface of a cylinder.

An alternative to maximizing ETotal is to maximizing ER, the energy results are extremely close.

C. Optimal Periodic Flight Paths

1. Example Flight Path
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Figure 4. Representative Flight Path, e = 45o, r = 300m, H = 50m
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Figure 5. Spline for Altitude z and Derivative ż

An example energy-optimal periodic flight path is shown in Figure 4. The optimal flight period and
trajectories are obtained as discussed in Section , where z(t) is represented by a periodic spline function and
ψ̇(t) = 2πt

τ . The linear dependence of ψ(t) is probably close to optimum and it eliminates the requirement
for a spline representation of ψ(t).

Figure 6 shows how the remaining aircraft variables depend on t.The flight path angle and velocity
increase throughout the initial climb, requiring high thrust and power values to gain altitude rapidly. The
low γ descent maintains an energy-efficient speed; thereby reducing thrust and power expenditure. The
improvement for this flight path as compared to steady level flight is ECPR = 9.58%. We recognize small
oscillations exist in the spline function, indicating numerical condition problems that need attention.

D. Solar Effects in Energy-Optimal Path Planning

Elevation (e) ER ECPR

15o 1.68 162.37%

30o 3.32 18.60%

45o 4.74 9.58%

60o 5.83 6.75%

75o 6.53 5.77%

90o 6.79 5.77%

Table 1. Effects of Elevation on Energy Properties
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Figure 6. Time History of Flight Parameters

The ECPR for different solar elevations is shown in Figure 7. When the sun is low in the sky, there is
no gain in flying periodic altitude dependent flight paths. Pitching the aircraft to climb and glide does not
improve the angles of the wing relative to the sun sufficiently to compensate for the additional propeller
losses. The greatest improvement are realized when e = 15o, and with increasing solar elevation the relative
improvement by periodic altitude dependent paths decreases. It is interesting to note that ECPR > 1 even
when the sun is directly overhead (e = 90o). This surprising result shows that the optimization routine has
taken advantage of the coupling between energy-efficient climbs and efficient glides (See Ref. 45). Simulation
results for different solar azimuth angles yield identical results due to the periodic nature of the paths. Table
D shows the energy ratio and ECPR as a function of sun elevation e.

VI. Conclusions

We have developed an approach for optimizing for the periodic motion of a solar powered UAV in circular,
altitude-dependent loitering. It exploits reasonable aircraft and energy collection models. The periodic,
spline-based computational procedure is an effective way of imposing the usually difficult to impose periodic
boundary conditions. We evaluate the performance of these paths by the two non-dimensional energy ratios
ECPR and ER. The positive results shown in Figure 7 are at least a proof in principle of altitude dependent
loitering has an energy advantage.

Future work will investigate further computational aspects of the optimization problem including the
search for more complex trajectories such as those with several revolutions of the gliding descent. The
effects of variation in altitude and wind will also be considered.
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A. Algorithm for Solving for L, T, D, and α

The following algorithm is based on Eqs. (7)-(11). Given ψ(t) ad z(t) and their derivatives, it determines
L(t), T (t), adD(t) and α(t). For simplicity the argument t is not shown.

1. Set γ = arctan( ψ̇rż ) (Eq. (7)),

2. Set V =
√

(ż)2 + (rψ̇)2,

3. Set Ln = mrψ̇2 (Eq. (10)),

4. Set

Lz =
mz̈ +mg −mrψ̈tan(γ)(

ż
rψ̇

)
tan(γ) + 1

, (30)

This result is obtained by multiplying Eq. (9) by tan(γ) and subtraction of Eq. (11).

5. Set Lt = −
(
ż
rψ̇

)
Lz to obtain L =

√
Lt

2 + Ln
2 + Lz

2.

6. Find drag from Eq. (15),

7. Obtain T from Eq. (9),

8. Obtain α from Eq. 14.

B. Incidence Angle

The incidence angle, κ, is the angle between the line-of-sight from the aircraft to the sun and the vertical
ascending axis of the aircraft fixed frame and is derived as follows.

Let [g] = [x̂g, ŷg, ẑg]T be the matrix of unit vectors, directed respectively north, east, and vertical ascend-
ing. Then,

ŝ = [g]T

 cos(e) cos(ã)
cos(e) sin(ã)

sin(e)

 . (31)

Let [v] = [x̂v, ŷv, ẑv]T be the matrix of unit vectors, where x̂v and ŷv form the plane along the top surface
of the aircraft, and ẑv is parallel to the lift vector. In terms of [g],

[v] = R2(θ)R3(ψ)[g], (32)

where the pitch angle is θ = γ + α and the rotation matrices are defined,

R2(θ) =

 cos(θ) 0 sin(θ)
0 1 0

− sin(θ) 0 cos(θ)

 , (33)

R3(ψ) =

 cos(ψ) sin(ψ) 0
− sin(ψ) cos(ψ) 0

0 0 1

 , (34)
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represent rotation matrices about the second third axis, respectively. By inverting this relationship, we
obtain

[g] = RT3 (ψ)RT2 (θ)[v]. (35)

The incidence angle κ as the angle between the line-of-sight to the sun and the ẑ-axis of the aircraft-fixed
vectrix, then κ = arccos(ŝ · ẑv). Assuming a zero dihedral wing configuration angle, the incidence angle of
the sun rays on the solar cells is expressed from Eq. (31) as:

cos(κ) =− cos (e) sin (θ) sin (ã− ψ) + sin (e) cos (θ) (36)

C. Optimization Procedure

Numerical approximations of optimal paths are obtained by discretizing the problem as follows. For a
chosen number of knots n ≥ 1, we subdivide the interval [to, tf ] into n subintervals [to, t1], [t1, t2], ...., [tn−1, tf ]
of unequal duration. Let each time interval be defined ∆tj = tj+1 − tj . In each subinterval, we assume the
control input is constant, i.e. (z(t)) = (zj(t)), t ∈ [tj , tj+1], where the parameters (zj(t),∆tj(t)), 0 ≤ j ≤
n− 1, are unknown.

We produce periodic splines by selecting knot points for zj(t), and ∆tj(t), 0 ≤ j ≤ n− 1, where n = 21
and using the MATLAB R© functions csape and fnval. The spline for ψ is taken as a constant, and computed
from the optimal velocity and given cylinder radius, ψ̇ = 2πVPowermin

r . We differentiate these splines using
the function fnder to obtain values for ψ̇(t), ψ̈(t), ż(t), and z̈(t).

We treat the parameters (zj(t),∆tj(t)), 0 ≤ j ≤ n − 1 as inputs to a nonlinear optimization problem.
Constraints upon this problem are imposed from the boundary conditions (24)-(26). From (23), the objective
function is the total energy at the end of flight. We then numerically solve for optimal flight paths using the
MATLAB R© Optimization Toolbox function fmincon. The constraint tolerance was 10−2 while the function
tolerance was 10−2.

D. Example Aircraft Parameters

Parameter Symbol Value

Solar cell efficiency ηu 0.19

Propeller efficiency ηp 0.70

Wing span b 3.10m

Wing area S 0.56m2

Airplane weight W 39.24N

Stall Constraint αmax 18.00o

Oswald efficiency factor ηe 0.91

Solar spectral density Psd 886W/m2

Air Density ρ 1.29kg/m3

Table 2. YellowTail Aircraft Parameters
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