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A low-order aeroelastic model is introduced for very flexible high-aspect-ratio wings with 
adaptive airfoils. A geometrically-nonlinear beam-like model capable of capturing plate-like 
deformations has been coupled with a 2-D finite-state aerodynamic model with arbitrary 
airfoil deformations. The proposed approach results in a natural extension to the 
conventional way of analyzing high-aspect-ratio wings, with very little additional complexity. 
The control effectiveness of camber deformation is numerically investigated in some simple 
situations, including thin isotropic and anisotropic plates and a straight wing with a constant 
NACA4406 airfoil. 

 

I. Introduction 
HIS paper investigates the effect of airfoil deformations in the aeroelastic response of slender wings with 

integral actuation. Different mechanisms that change airfoil camber have been proposed as an aerodynamically 

efficient substitute to discrete flap actuation to modify the aerodynamic forces, starting with Parker’s (unsuccessful) 

variable-camber rib of 1920, which was presented as a high-lift mechanism for take-off and landing5. More recently 

proposed conformal shape changes for active aeroelastic pplications are mostly based in either the use of embedded 

smart actuators (typically piezoelectrics) in the wing structure1, or through compliant substructures, such as airfoils 

with deformable leading2 or trailing3 edges. Active twist rotors1,4, in which the blade twist is controlled by 

embedded piezoelectric actuators, can be seen as the first generation of proposed morphing blades, although more 

complex shape changes have already started to be proposed6. 

T 

Typically, low-order aeroelastic analyses of both slender wings and rotorcraft blades are carried out using 

geometrically-nonlinear beam models for the structure, which assume that the cross sections are rigid. For low-speed 

flow, this structural model is complemented by unsteady airfoil theories (and an appropriate wake model) that 

provide the aerodynamic loading. However, there are situations in which the assumption of rigid cross sections 

cannot be justified, which can happen intentionally by design, as in the examples above1-5, or simply due to the 
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compliance of the structure7-8. The approach to model morphing airfoils has been to represent the structure using 

plates or solid elements so as to include the airfoil deformations. On the aerodynamics side, models for deforming 

airfoils can include CFD and panel methods, or also lifting-line methods coupled with semi-empirical corrections.  

However, the presence of a dominant dimension makes 2-D models still attractive for a first estimation of the 

aeroelastic response. A potential-flow unsteady aerodynamics model for airfoils with arbitrary boundary conditions 

was developed by Sears9 for continuous gust response as an extension to Theodorsen’s oscillating airfoil model10. 

General deformations of the airfoil were later introduced by Wu11,12 for the analysis of the swimming propulsion of 

fish, modeled as plate wave deformations of the form ( )0( )z x,t z sin t kxω= − . A generalization of these solutions to 

transient responses was introduced by Peters13,14 by means of a finite-state solution procedure that decouples an 

inflow model of the unsteady wake effects from the calculation of loads. This later approach will be followed in this 

paper. 

 
Figure 1. Camber deformation on a NACA4406 airfoil 

 This paper presents a procedure for the analysis of high-aspect-ratio wings with deformable airfoils that preserves 

the 1-D structural model and the 2-D aerodynamic model, but with additional degrees of freedom for the airfoil 

deformations. It is therefore based on a 1-D finite-element modeling of the structure, which now includes additional 

degrees of freedom to allow for sectional deformations. We have called finite-section deformation modes15 and they 

arise from a Ritz approximation to the local sectional warping field, such as those shown in Figure 1. The modal 

amplitudes are the additional degrees of freedom, with associated stiffness and inertia characteristics17. This 

structural model is used in conjunction with a 2-D unsteady aerodynamics model that also includes airfoil 

deformations through a Glauert expansion of the pressure and inflow-velocity fields14. A truncation of the series 

provides a finite-state approximation in time-domain of the aerodynamic equations, which are solved with the 1-D 

structural elements to provide the transient aeroelastic response of the system either to varying flight conditions 

(gust encounter, maneuvers, etc.) or to a geometric change induced by the embedded actuation. 

The proposed approach results in a natural extension to the conventional way of analyzing slender wings, with very 

little additional complexity. A typical application of the present theory is the 1-D modeling of slender wings that can 

deform its camber (Figure 1). This might happen either directly from the pressure distribution due to the 

aerodynamic loading, or by an internal/embedded actuation mechanism and both situations are discussed in the 

paper. 
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II. Theoretical formulation 

A. Structural model 

The structural model used in the present analysis has been described in Refs. 15 and 17. It follows the variational-

asymptotic method for the analysis of composite beams16:  the equations of motion for a slender anisotropic elastic 

3-D solid are approximated by the recursive solution of a linear 2-D problem at each cross section16, and a 1-D 

geometrically-nonlinear problem along the reference line18. This procedure allows the asymptotic approximation of 

the 3-D warping field in the beam cross sections, which are used with the 1-D beam solution to recover a 3-D 

displacement field. In a first development of the theory19, the warping was approximated for the elastic degrees of 

freedom of a Timoshenko-beam model (extension, twist, bending, and transverse shear). The present 

implementation adds an arbitrary expansion of the warping field through a set of functions approximating the 

sectional deformation field. It captures “non-classical” deformations, which are referred to as finite-section modes.  

And these new deformation modes are not restricted to be as small as small as the fundamental warping field. They 

can be introduced as follows: Let  be the position vector in the current configuration of the material point initially 

at 

X

2 3( )x,x ,x , with x  being the coordinate along the beam reference line and xα  the cross-sectional coordinates. 

Also let  be the base vectors of a reference frame that moves with the solid (see Figure 2). iB
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Figure 2. Undeformed and deformed states in the deformation 

The position vector can be written, without loss of generality, as 

2 3 2 3 2 3
1

( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )
q

m

N

i q i
m

mx,x ,x x x x w x,x ,x x x ,x q x xα
=

= + + + Ψ∑α i iX R B B B , (1) 
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where , with , is the set of prescribed finite-section modes,  are the amplitudes of those modes, 

and  is the residual warping displacement vector. For the description in Eq. (1) to be unique, the finite-

section modes need to satisfy a set of orthogonality conditions17. In this expression, it is implied the summation on 

repeated indexes (ranging from 1 to 3 for Latin subindexes, and from 2 to 3 for Greek subindexes). 

mq iΨ 1 qm ,...,N= mq

iw= iw B

From the spatial differentiation of the displacement field (1) one can obtain the distribution of strains in the 3-D 

solution, which will be assumed to be small. In particular, we use the local Jaumann-Biot-Cauchy strain tensor20, 

which, for the displacement field given in Eq. (1), can be written as 

1 1
1 1

( ) ( ) ( ) ( )
q q

i i i i

N N

i i m m i
m m

ix,t x,t q x,t q x,t w wγ κ ′
= =

′ ′= + + + +∑ ∑m mκ q q wΓ Γ Γ Γ Γ Γ Γγ + l , (2) 

where  are a set of tensor operators defined as in Cesnik and Hodges21, and ( )•Γ 1iγ  and  are the force and 

moment generalized strains, respectively, defined as 

iκ

11

12

13

2
2

Ba ba
a a

γ
γ γ C R C r

γ

⎧ ⎫
⎪ ⎪ ′ ′= = −⎨ ⎬
⎪ ⎪
⎩ ⎭

,    
1

2

3

B bK k
κ

κ κ
κ

⎧ ⎫
⎪ ⎪= = −⎨ ⎬
⎪ ⎪
⎩ ⎭

, (3) 

where  and  are the rotation matrices between the deformed/undeformed frames and the moving frame, 

respectively, and 

BaC baC

BK  and  are the column vectors with the components of the curvature vectors of the deformed 

and undeformed frame, respectively. Subindexes are used to express the reference frame in which the component of 

the vector is projected.  Analogously, the differentiation in time of the displacement field (1) defines the distribution 

of velocities in the solid15. In this case we neglect the contribution of the inertia associated with the warping 

(although not that of the finite-section modes). The local inertial velocity vector X  can be obtained as 

bk

1 1

q q

m m

N N

q i m q i m
m m

x qα α
= =

⎛ ⎞
⎜ ⎟= × + Ψ + Ψ
⎜ ⎟
⎝ ⎠

∑ ∑i iX V +Ω B B q B

B

. (4) 

The components of the translational, , and rotational, BiV= iV Bi= Ω iΩ B , velocity vectors (defined with respect to 

the inertial reference frame) in Eq. (4) are given by 

( )Ba
B a a aV C R ω R v= + + a , 

Ba aB Ba aB
B aΩ C C C ω C= − + , 

(5) 

where  and  are the translational and angular velocities of the moving reference frame (e.g., the hub frame in 

helicopter applications or the velocity of the center of gravity in maneuvering aircraft). The cross-sectional problem 

is set up by imposing the local minimization of the strain energy corresponding to the strain field, given by Eq. (2), 

for prescribed values of the 1-D generalized beam strains 

av aω

{ }, ,q,qγ κ ′ , where γ  and κ  are the column matrices 
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defined in (3) and . The solution to this problem gives the warping field for given values of the 1-

D generalized beam strains. In its first order approximation, it can be written as17 

{ 1 2
Tq q q ...= }

1 2 3 2 3 1 2 3 1 2 3 1 2 3 1( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )q qw x ,x ,x w x ,x x w x ,x x w x ,x q x w x ,x q x H .O.T .γ κγ κ ′ ′= + + + + , (6) 

where{ }   q qw w w wγ κ ′  are the first-order warping influence coefficients. Substitution of Eq. (6) into Eq. (2) and 

integration at the cross section gives the strain energy per unit length of the beam, 

{ }[ ]1
2

T T T Tq q S H .O.T
q
q

γ
κ

γ κ

⎧ ⎫
⎪ ⎪
⎪ ⎪′ +⎨ ⎬
⎪ ⎪
⎪ ⎪′⎩ ⎭

U = .  (7) 

The integration of the energy (7) is carried out by means of a finite-element discretization of the cross section. The 

constant matrix [S] is the first-order asymptotic approximation to the stiffness matrix. The integration of the kinetic 

energy corresponding to the velocity field of Eq. (5) can be directly done as function of the 1-D variables, given by 

{ } [ ]1  
2

B
T T T
B B B

V
V q M

q

⎧ ⎫
⎪ ⎪= Ω Ω⎨ ⎬
⎪ ⎪
⎩ ⎭

K , (8) 

where the constant matrix [M] is the inertia matrix for the cross section and negligible contribution of mq×
mqΩ Ψ  is 

assumed. If we include internal actuation loads into the problem (i.e., thermal forces or piezoelectric forces with 

prescribed voltage), the constitutive relations of the beam are finally written as 

[ ]
0 0

1
1

( )

( )

( )

( )

a
B

a
B

a
s s

as s

FF
M M

SQ q Q
qQ Q

γ
κ

⎧ ⎫⎧ ⎫ ⎧ ⎫ ⎪ ⎪⎪ ⎪ ⎪ ⎪ ⎪ ⎪⎪ ⎪ ⎪ ⎪ ⎪= −⎨ ⎬ ⎨ ⎬ ⎨
⎪ ⎪ ⎪ ⎪ ⎪
⎪ ⎪ ⎪ ⎪ ⎪′⎩ ⎭⎩ ⎭

⎪
⎬
⎪
⎪

⎪ ⎪⎩ ⎭

,   and   [ ]
B B

B B

t

P V
H M
Q q

⎧ ⎫ ⎧ ⎫
⎪ ⎪ ⎪= Ω ⎪
⎨ ⎬ ⎨ ⎬
⎪ ⎪ ⎪

⎩ ⎭⎩ ⎭
⎪

. (9) 

In this equation, the superindex  indicates actuation loads per unit length,  and ( )a• BP BH  are the local translational 

and rotational inertial momenta, respectively, and BF  and BM are the sectional forces and moments. They are all 

expressed in their components in a reference frame attached to the deformed beam reference line. 
0sQ  and 

1sQ are 

the generalized forces and moments, respectively, corresponding to the finite-section modes, and  is the 

corresponding generalized momenta (all three magnitudes are column matrices of dimension , the number of 

finite-section modes). The geometrically-nonlinear dynamic equations of equilibrium along the reference line (as 

presented in Ref. 15) are written as 

tQ

N

( ) ( )( )1 0
d d

B B B Bdt dxP K F f f+Ω = + − + , (10) 
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( ) ( )( )1 1( )d d
B B B B B B Bdt dx 0H V P K M m e F mγ+Ω + = + − + + + , 

( ) ( )1 1 0 0
d d

t s s sdt dxQ Q f Q f= − − − s

}

. 
 

where . The first two equations imply equilibrium of forces and moments, where  and  are the 

conventional (zero-order) applied forces and moments, respectively, per unit length on the beam, while  and  

are the first-order loads associated to the work needed to deform the cross-section. The last equation in (10) includes 

the set of equilibrium equations corresponding to the finite-section modes. 

{1 1 0 0Te = 0f 0m

1f 1m

0sf  and 
1sf are the applied generalized 

forces and moments corresponding to the finite section modes. With the warping influence coefficients given by Eq. 

(6), the applied forces per unit length in Eq. (10) are obtained from the following integrals over the cross sections, 

( )A x , 

( )0

0
( )

( )

0
( )

B
A x

T T
s q q

A x

B B
A x

f dA,

f w BdA

m dA,

µ

µ

ξ µ

=

= Ψ +

=

∫

∫

∫

,  1

1
( )

( )

1
( )

T
B

A x

T
s q B

A x

T
B

A x

f w dA,

f w dA

m w d

γ

κ

µ

µ

µ

′

=

=

=

∫

∫

∫

,

A.

 
(11) 

with Bµ  and Bξ  being the components of the applied (distributed) force vector, 2 3( )x,x ,xµ , and  = −ξ X R  in the 

deformed reference, B, respectively. Finally, 2 3(q )x ,xΨ  is a matrix whose columns are the finite-section modes in 

the problem, i.e., . { }1 22 3( )=q q qx ,xΨ Ψ Ψ …

B. Aerodynamic model 

Aerodynamic loads are obtained from the 2-D finite-state formulation for flexible airfoils presented in Ref. 14. It is 

assumed that the airfoil has infinitesimal thickness and is initially located in [ ]b, b− +  along the 2x  axis, as shown in 

Figure 3. The air moves with velocity  and with gradient 0 0(U ,V ) 1 2V x b  relative to the airfoil. 

U�
h ,t( )

b b
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Figure 3. Parameters used to represent a flexible airfoil 

The deformation of the airfoil is determined by , defined positive down as in Figure 3. It is assumed that the 

deformations within the reference frame are small, that is, h << b,

2( )h x

2 1h / x∂ ∂ <<  and 0h / t u∂ ∂ << . The frame itself 

is allowed to have arbitrarily large motion although it will be assumed that the trailing vorticity is always located 

along the  axis. The non-penetration boundary condition is expressed as y

2
0 0

2
1

xh hv v U V V
x t b

λ ∂ ∂
= + = + + +

∂ ∂
, (12) 

where  is the total induced vertical velocity, λ is the induced flow from wake vorticity, and v v  is the induced flow 

from bound circulation. The solution to the integral equations that give the aerodynamic forces is found using 

Glauert’s procedure of expanding the vorticity in Chebyshev polynomials23. For the case of arbitrary airfoil 

displacements, the deformation of the flexible airfoil will be also approximated by such expansion, as14 

0
( ) ( )n n

n
h h Tξ ξ

∞

=
= ∑ ,    with     

1

2
1

( )
( )

1
n n

n
T

h h
µ ξ

dξ ξ
π ξ−

=
−

∫     and     
1     if   0
2,     if   0n

, n
n ,

µ
=⎧

= ⎨ >⎩

,
(13) 

where ( )nT ξ  are the Chebyshev polynomials of the first kind22 along the non-dimensional chordwise 

direction, [ ]2 1 1x
b ,ξ = ∈ − . Substituting Eq. (13) into (12) we obtain the following expression for the airfoil velocity: 

0
0 1

0 0 1 3
( ) ( ) ( )n

n n n m n
n n m n ,n

U
v v T V V h mh T

b
µ

ξ ξ ξ
∞ ∞ ∞

= = = + +

⎡ ⎤
= = + + +⎢ ⎥

⎢ ⎥⎣ ⎦
∑ ∑ ∑ ξ . (14) 

The pressure increase on the airfoil, , corresponding to this induced velocity can now be calculated and 

integrated along the chord. The following generalized forces are defined 

P∆

1

1
( )n nL b T Pdξ ξ

−
= − ∆∫ . (15) 

which are given by14 

( ) ( )

0 0 01 2
0 0

0 0 1 0 2

0 0 32 1
1 0

1 0 2 1 3

1 1 2 2
0

1 1 2 2

2
2

2
4

2
2 1 2 1

n n n n n n
n

n n n n n n n

v vv vb bL U ,

v vv vb bL U ,

v v v v v vb b bL U
n n

λπρ
µ µ µ µ µ

λπρ
µ µ µ µ µ

πρ
µ µ µ µ µ µ µ

− + − +

− + − +

⎡ ⎤⎛ ⎞ ⎛ ⎞−
= − − − −⎢ ⎥⎜ ⎟ ⎜ ⎟

⎢ ⎥⎝ ⎠ ⎝ ⎠⎣ ⎦
⎡ ⎤⎛ ⎞ ⎛ ⎞−

= − − −⎢ ⎥⎜ ⎟ ⎜ ⎟
⎢ ⎥⎝ ⎠ ⎝ ⎠⎣ ⎦

⎛ ⎞ ⎛ ⎞ ⎛
= − + − − −⎜ ⎟ ⎜ ⎟

− +⎝ ⎠ ⎝ ⎠
  for  2n .

⎡ ⎤⎞
≥⎢ ⎥⎜ ⎟

⎢ ⎥⎝ ⎠⎣ ⎦

 (16) 

It is interesting to note that the first two generalized loads, which correspond to the lift and the moment about the 

midchord, are completely defined by the first three terms of the velocity expansion, that is, plunge, pitch, and 

camber of the airfoil. The generalized forces also depend on 0λ , defined as the zero-order coefficient in the 

expansion of the inflow λ , 
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0
( ) ( )n n

n
Tλ ξ λ ξ

∞

=
= ∑ ,   with   

1

2
1

( )
( )

1
n n

n
T

d
µ ξ

λ λ ξ ξ
π ξ−

=
−

∫ . (17) 

As it was mentioned above, a 2-D flat wake is assumed, for which simple finite-state model can be obtained23. The 

coefficients of the expansion of the inflow in Eq. (17) are then determined by the following differential equations 

1 1
0

1 1
    with   1n n

n
n n

b U , n
n n

λ λ
λ

µ µ π
− +

− +

⎛ ⎞ Γ
− + =⎜ ⎟⎜ ⎟

⎝ ⎠
≥ , (18) 

with the bound circulation, Γ , given by  

( ) ( )1
0 0 1 122 b v vπ λ λ⎡ ⎤Γ = − + −⎣ ⎦ . (19) 

To close the system, an approximation for 0λ  is also needed, and it is provided by the expression23 

( )
( )

( )
( )

1

2

! 1
0 ! !1

1
2

nN n
nN n nn

λ λ
−∞ + −

−
=

≈ ∑ . (20) 

C. Coupled aeroelastic equations 

Eq. (11) has introduced the definition of the generalized forcing terms on a 1-D model of a structure with sectional 

deformations. They can be obtained from the expansion of the aerodynamic forces defined in Eq. (16). For that 

purpose, we first need to compute the corresponding expansion in Chebyshev polynomials of the thickness-averaged 

sectional deformations. For each one of the finite-section modes, 2 3(
mq )x ,xΨ , defined as assumed displacements 

over the cross section, we define the following expansion, 

3 3
3

03
( )m

m m

q
q q

n

dx
T

dx n nψ ξ
∞

=

Ψ
Ψ ≡ =∫ ∑

∫
,    with   

1

3 2
1

( )

1
m m

n n
q n q

T
d

µ ξ
ψ ξ

π ξ−

= Ψ
−

∫ , (21) 

where 3 2 3(
mq )x ,xΨ  refers to the component along the vertical direction of the -th finite-section mode. The 

forcing terms corresponding to the finite-section modes for Eq. (10) can be obtained from the generalized 

aerodynamic forces (16) by the relation 

m

0
0

m ms q n n
n

f Lψ
∞

=
= −∑ , (22) 

with , the number of finite-section modes introduced in the analysis. Similar expressions are obtained to 

include the contributions of the warping influence coefficients introduced in Eq. (6), and corresponding to different 

beam deformation measures17. 

1 qm ,...,N=

The integration of the differential equations in the structural and inflow degrees of freedom is performed 

simultaneously in this work, using a simple explicit method system with iterative refinement to achieve the desired 
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convergence. A mixed-form solution of the structural dynamics equations is used15, which solves simultaneously the 

equation in displacements, forces and momenta (this is particularly relevant for the recovery of the three-

dimensional displacement field from Eqs. (1) and (6), which depends on the 1-D internal forces). A finite-element 

discretization with constant-valued elements is used for the spatial integration of the equation, while a three-point 

backwards Euler scheme is used for the integration of the resulting equations in the time variable. The resulting 

nonlinear system is solved, along with the boundary conditions, by a Newton-Raphson scheme, with the Jacobians 

available in closed form.  The solution of the linear inflow equations (18) on each airfoil is updated in each Newton-

Raphson iteration such that convergence of the aerodynamics and structural equations is simultaneous within the 

time step. 

III. Harmonic oscillations of a thin airfoil with time-varying camber deformations 
The expressions for lift and moment created on a plate with arbitrary harmonic motions were already obtained by 

Sears9. Here we will investigate the problem of a plate with parabolic camber deformation shown in Figure 4, for 

which we also want to know the generalized load (bimoment) associated to the camber deformations. The three 

degrees of freedom are then the plunge motion, ζ , the angle of attack, α , and the amplitude of the camber 

deformation, δ . It is assumed that all three of them are very small. In that case, the distribution of vertical 

displacemens along the airfoil is given by 

2
2

2 2
1( )
3

x
h x ,t x

b
ζ α δ

⎡ ⎤⎛ ⎞⎢ ⎥= + + −⎜ ⎟
⎢ ⎥⎝ ⎠⎣ ⎦

. (23) 

The non-zero coefficients of the Chebyshev expansion of Eq. (23) are { } { }1 1
0 1 2 6 2  h ,h ,h , b ,ζ δ α δ= + . 

�( )t�( )tU
�

b b

� ��( )t

Undeformed plate

Deformed plate

x�

x�

h ,t( )x�

 

Figure 4. Thin-plate with camber deformation 

The non-zero coefficients in the expansion of the total velocity on the airfoil, Eq. (14), can now be obtained as 

21 1
0 16 2        U

bv U , v b , v2 .ζ α δ α δ δ∞
∞= + + = + =  (24) 
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It will be further assumed that the plate has a flat wake and it moves with harmonic oscillations, that is, i te ωζ ζ= , 

i te ωα α= , and i te ωδ δ= . In such case, the inflow component 0λ  is related to the Theodorsen function, , by 

the following relation14 

( )C k

( )1
0 0 1 ( )

2
v

v Cλ ⎛ ⎞= + −⎜ ⎟
⎝ ⎠

k  (25) 

where k b Uω ∞=  is the reduced frequency of the oscillations. Substituting now Eq. (24) into Eq. (16) we find the 

following terms in the Glauert expansion of the pressure forces, 

( ) ( )0 1 1
2 62 ( ) + +Ub

b
L

U C k U b U
b 12ζ α α δ δ ζ α δ

πρ
∞

∞ ∞ ∞= − + + + − − , (26) 

( ) ( ) 21 1 1
2 6 2 2 8( ) + U Ub b

b b
L

U C k U U b
b

1ζ α α δ δ α δ δ
πρ

∞ ∞
∞ ∞ ∞= + + + − + + α− , (27) 

22
2 1+ Ub b

b
L

U b
b 2ζ α δ

πρ
∞

∞= + − δ . (28) 

This expressions can be also obtained as a particular case of Sears’ solution9 for the induced velocity given by Eqs. 

(24). The aerodynamic loads corresponding to the three degrees of freedom defined in Eqs. (23) will be the lift per 

unit length, L , the moment per unit length about the half-chord point, 1 2M , and the camber bimoment, Λ  (which 

has dimensions of force per unit length according to the definition of δ ). They are obtained from Eq. (15), as 

( )2
2
2

2 0

1 2 2 2 1

1 1
2 23 2

b

b
b

b

b x
b b

L Pdx L ,

M x Pdx bL ,

Pdx L L .

−

−

−

= ∆ = −

= ∆ =

Λ = − − ∆ = +

∫

∫

∫ 1
06

 (29) 

The definition of  implies that a positive camber bimoment produces a positive value of the camber measureΛ δ  

defined in Figure 4. Finally, the static aerodynamic loads are obtained by neglecting the time derivatives in Eqs. 

(28). This results in the following static aerodynamic forces per unit span length, 

( )

( )

2

2 2
1 2

21
6

2

2

ss ss ss

,ss ss

ss ss

L U b b

M U b ,

U b b .

πρ α δ

πρ α

πρ δ α

∞

∞

∞

= +

=

Λ = − ss

,

 (30) 

The generalized aerodynamic forces corresponding to harmonic oscillations in pitch and, α , camberδ , were 

computed from Eqs. (26)-(28) and are compared in Figure 5 to Figure 6 with the numerical integration of the finite-

state aerodynamics given by Eqs. (16) to (20). The non-dimensional coefficients in the figures are defined as 

( )2
lk kc L U bρ ∞= . Eight inflow states were used and provide a very good approximation of the unsteady terms. 
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Figure 5. Generalized force coefficients on a flat plate with harmonic pitch motion 

   

−0.02 −0.015 −0.01 −0.005 0 0.005 0.01 0.015 0.02
−0.2

−0.15

−0.1

−0.05

0

0.05

0.1

0.15

δ/b

−
c l0

 (
lif

t)

Analytical k=0.02
Analytical k=0.2
Analytical k=0.5
Numerical  k=0.02
Numerical  k=0.2
Numerical  k=0.5

−0.02 −0.015 −0.01 −0.005 0 0.005 0.01 0.015 0.02
−0.08

−0.06

−0.04

−0.02

0

0.02

0.04

0.06

0.08

δ/b

c l1
+

(1
/2

)c
l0

 (
m

om
en

t a
t c

/4
)

−0.02 −0.015 −0.01 −0.005 0 0.005 0.01 0.015 0.02
−0.08

−0.06

−0.04

−0.02

0

0.02

0.04

0.06

0.08

δ/b

−
c l2

 (
bi

m
om

en
t)

Figure 6. Generalized force coefficients on a flat plate with harmonic camber motion 

Note that from Eqs. (26)-(28), for pure harmonic pitch oscillations, i.e., 0ζ = , i te ωα α= , and 0δ = , it is then 

31 1
1 0 22 8L L L bπρ α+ + = − , which is a rather small contribution for the reduced frequencies of interest in this work. 

This explains the very small differences between the aerodynamic coefficients for bimoment and moment about the 

¼-chord in Figure 5. 

IV. Aeroelastic Test Cases 
The control effectiveness of camber deformation is numerically investigated in what follows for some simple 

configurations. They include a thin isotropic plate, a composite plate with surfaced-mounted piezoactuators, and a 

straight wing with NACA4406 airfoil. Airfoil deformations are limited in all cases to change of camber, which will 

be defined by a single finite-section mode in the structural model, as in Eq. (1). The prescribed finite-section mode 

will be the same as above, Eq. (23), and is given by 

2
2

2 3 2

1( ) 0 0
3

T
xx ,x
bδ

⎧ ⎫⎛ ⎞
Ψ = −⎨ ⎬⎜ ⎟

⎝ ⎠⎩ ⎭
 (31) 

This particular parabolic mode does not change the position of the area centroid of the cross section, which is a basic 

requisite on the structural model17. The structural deformations will be then characterized by the evolution of five 

elastic degrees of freedom along a reference line. They correspond to the extension, twist, and bending about all 

three axes. In the aerodynamic model, the airfoil deformations are defined by 6 to 8 terms of the Glauert expansion 
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(13). This is to account for the warping of the cross section, Eq. (6), since only three terms would be needed to 

exactly capture the prescribed shape of Eq. (31). Although we are focusing here on camber bending deformations, it 

should be noticed that the procedure introduced in this work can accommodate any arbitrary sectional deformations 

in both the structural and the aerodynamic model. 

A. Isotropic flat plate 

The first numerical investigation on the effect of camber-bending deformations is carried out on an Aluminum flat 

plate (Young’s modulus E=72.4 GPa, Poisson’s ratio ν=0.3, and material density ρ=2770 kg/m3). Beam length is 

L=2 m, the semichord is b=0.1 m and the plate thickness is t=6 mm. The first to observe is the difference between 

the prescribed finite-section mode that has been selected, δΨ , given by Eq. (31), and the final warping field 

corresponding to the additional degree of freedom, i.e., wδ δΨ + . The warping influence coefficient wδ  was 

introduced in Eq. (6) after the evaluation of the local minimum of the cross-sectional strain energy about a mean 

value defined by the prescribed function δΨ (see Ref. 8 for more details). Figure 7 compares the sectional 

deformations for 1bδ =  obtained from Eq. (1) with and without sectional warping effects. The warping influence 

coefficients wδ  are a function of the geometry and the material distribution of the cross section, and, as shown in 

the figure, introduce a small (although far from negligible) correction in the final deformation shape of the isotropic 

plate.  

X2

X
3

-0.1 -0.05 0 0.05 0.1

0

0.05
Actual sectional deformation
with warping effects

Prescribed finite-section mode

 

Figure 7. Effect of the warping field on an isotropic thin-plate with camber deformation (δ/b=1) 

The warping is computed on a finite-element discretization of the cross section, from which numerical integration 

provides the coefficients of the Glauert expansion of the airfoil deformations, according to Eq. (13). In this case, a 

good approximation was obtained with 8N =  in the Glauert expansion and 50 elements along 2x  in the finite-

element model. The stiffness constant associated to an arbitrary finite-section mode, , on a homogenous 

isotropic cross section is given by24 

qΨ
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1
2qq i,i j , j i , j i , jS w w w wλ µ= + . (32) 

with qw = Ψ + qw  and withλ  and µ  Lamé constants of the material. For the particular case of camber-bending 

deformation , defined by the finite-section mode defined in Eq. (31), and if the warping field is neglected, Eq. (32) 

gives the following approximation to camber-bending stiffness 

8
3nowarp

tS
bδδ
µ

= . (33) 

The steady-state forces in Eq. (30) provide now an estimation of the static camber deformation of an isotropic plate 

of thickness  and semichord b , set at  a given static angle of attack, t ssα , with respect to a uniform flow of velocity 

 and density U∞ ρ : 

2

2

16 1

ss
sstb

U b

δ
α

µ
πρ ∞

≈ −
−

. 
(34) 

As one could expect, camber deformations will be in general relatively small except for very thin plates and the 

compliance of the structure in this degree of freedom can be therefore neglected. Note also that equation (34) defines 

a divergence situation driven by the camber deformation at ( ) ( )4DU t bµ πρ= . This velocity will be however 

very large in most practical situations. 

From the estimation above, the compliance in camber of thin-plates for low-speed aerodynamic loads is typically 

unimportant, but it can however be quite relevant in morphing situations, that is, when the airfoil deformation is 

enforced by some internal mechanism. The effect of such mechanisms on the camber degree of freedom can in 

general be modeled as an applied bimoment on the corresponding sections. To illustrate this situation, we investigate 

the ability of the applied bimoments to stability low-damped oscillations in the 2×0.2-m Aluminum plate under 

consideration. Figure 8 shows the vertical shear force at the wing root on a cantilever plate at 5-deg angle of attack 

with respect to a sea-level 25-m/s uniform airstream. After an initial perturbation (of 1-deg amplitude over 10/π  

seconds) the plate shows very-lightly damped oscillations, which were removed by appropriately tuning an applied 

point bimoment at the 70% section of the plate (the actual mechanism to apply that load is not discussed). This 

bimoment is activated at the instant . The amplitude of camber deformation needed at the 70% section was 

δ=4.79% of the chord (with δ defined as in Figure 4), which was obtained with a bimoment . The 

instantaneous deformed shape of the plate at t=8 s, which is a point near a maximum of camber deformation, is 

shown in Figure 9. 

4 st =

21 kNΛ =
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Figure 8. Cancellation of undamped root forces at U=25 m/s by using with camber bimoments 
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Figure 9. Instantaneous deformation of plate upper surface at t=8 sec (zoom: area where bimoments are 

applied)  

B. Composite flat plate with piezo actuation 

The second configuration is a graphite-epoxy thin strip with constant ply angle (φ ) with respect to the longitudinal 

dimension (i.e., it will exhibit bending-torsion coupling for 0 degφ ≠  and 90 degφ ≠ ) and two surface-mounted 

piezoelectric (PZT-5H) actuators symmetrically bonded to it. The layout is shown in Figure 10. The elastic and 

dielectric constants for this case are those used in Ref. 24, where the static response of this configuration to PZT 

actuation was investigated in vacuum. For the present numerical analysis, the geometric parameters are a=b=100 

mm; c=0; h=20 mm; t= 1 mm; tPZT=0.254 mm. Static aeroelastic results were computed on this configuration for a 

constant voltage on the PZT actuators of V= 150 V (corresponding to a free strain of 240 µε). 
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Figure 10. Composite thin strip with PZT actuators 

Results are presented in Table 1for a classical beam model (extension-twist-bending degrees of freedom) and for a 

1-D structural model that also includes camber bending through a finite-section mode defined as in Eq. (31). Results 

are computed for the structure in vacuum and with airspeed of U∞=25 m/s at sea level. Table 1 shows the tip vertical 

displacements (u3), twist rotations (θ1) and amplitude of camber deformations (δ ) for a model with the reference 

line at the centerline of the strip. Three different ply angles, φ , were studied. 

Table 1. Tip displacements, twist rotation and amplitude of camber deformation 

 φ=0 deg 
 U∞=0 U∞=25 m/s 
 w/o camber with camber w/o camber with camber 

u3 (mm) -1.71 -1.70 -1.71 -1.58 
θ1 (deg) 0. 0. 0. 0. 
δ  (mm)  -4.03 × 10-2  -4.03 × 10-2 

 φ=15 deg 
 U∞=0 U∞=25 m/s 
 w/o camber with camber w/o camber with camber 

u3 (mm) -1.88 -3.69 -1.55 -2.65 
θ1 (deg) 0.66 1.36 0.54 0.97 
δ  (mm)  -7.74 × 10-2  -7.74 × 10-2 

 φ=30 deg 
 U∞=0 U∞=25 m/s 
 w/o camber with camber w/o camber with camber 

u3 (mm) -2.30 -4.46 -1.17 -1.36 
θ1 (deg) 1.14 2.40 0.87 1.65 
δ  (mm)  -6.89 × 10-2  -6.89 × 10-2 

 

For ply angle φ=0 deg, the plate has zero angle of attack, and aerodynamic loads are zero if camber is not included. 

Note that negative cambers means positive lift and the strip tip moves consequently upwards. For non-zero ply 

angles there is both twist-bending and twist-camber coupling appearing. The latter results in a significant difference 
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between both models in vacuum (see Ref. 24 for details), which gets magnified once the aeroelastic effects are 

incorporated. The aerodynamic loading in the model with camber deformation also includes the corresponding 

bimoments (third line in Eq. (30)). However, they are much smaller that the forces created by the piezoactuator and 

do not create any significant additional deformation in the camber bending degree of freedom. 

C. High-aspect-ratio wing 

The effect of camber bending in the static aeroelastic equilibrium of a very-flexible high-aspect-ratio wing is studied 

next. The wing model has a constant NACA4406 aerofoil and its chord and span are  and 2 0 5 mb .= 5 mL = , 

respectively. The wing structure is made of a constant cross section with 2.5-mm skin thickness and a spar of the 

same thickness located at 30% of the chord. Numerical results were obtained at 2-deg angle of attack at a flight 

speed of 40 m/s and sea level conditions. Camber bending deformations were included by the finite-section mode of 

Eq. (31). Note that in this case, the airfoil midline has a significant initial camber, whose contribution is always 

accounted for in the approximation to the airfoil deformations, Eq. (13). Figure 11 compares the vertical 

displacement, twist rotation and camber deformation (as defined in Figure 4) along the half-chord line of the slender 

wing corresponding to two 1-D structural models: the “classical” geometrically-nonlinear beam description 

(extension-twist-bending degrees of freedom), and the present model with finite-section mode to include camber 

deformations. Finally, Figure 12 compares the 3-D deformed wing in both cases. As it can be observed from Figure 

11, camber deformations in the equilibrium position is larger towards the root of the wing and reaches a maximum 

of about 3% of the wing chord. This additional camber has the effect of creating a small reduction in both the elastic 

twist deformations and vertical displacement of the wing.  
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Figure 11.  Vertical displacement, twist and camber deformation along the wing midchord (U=40 m/s) 
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Figure 12. Statically-deformed wing with (blue) and without (red) camber bending (U=40 m/s) 

V. Concluding Remarks 
A methodology for the 1-D modeling of wings with deforming airfoils has been introduced. Airfoil deformations are 

included in both the structural and the aerodynamic model: a Ritz (finite-section) expansion includes cross-sectional 

structural deformations, while a Glauert expansion accounts for deformations of the airfoil camberline. Both 

expansions have been integrated in a single methodology and together provide a simple alternative to more complex 

2-D and 3-D models for preliminary active aeroelastic analysis of high-aspect-ratio wings and rotorblades with 

adaptive airfoils. A particularly important situation has been further investigated in this work, corresponding to the 

analysis of camber deformations of the wing airfoils. For moderately-thin plates, it was observed that the 

compliance of the structure in that degree of freedom is typically not enough for the aerodynamic loads to create any 

observable changes in the aeroelastic equilibrium. A more noticeable effect, although still quite small, was observed 

on a very flexible 5-m-long wing model. However, the selected wing model did not include the effect of ribs, which 

would in practice prevent the airfoil deformations. 

A more interesting case, that was also investigated here, is that of airfoils with integral actuation, in which an 

internal mechanism generates the shape change. In particular, changes of airfoil camber have been studied on thin 

plates, both due to general applied bimoments, and from surface-mounted piezoelectric actuators. Results in the 
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paper show the effectiveness of actively modifying the airfoil camber to create a desired aeroelastic response of the 

wing. Such actuation is able to produce instantaneous lift increments which have a much smaller drag penalty than 

flap deflections. Studies in this work show that several important aspects of camber-type deformation can be 

assessed through the proposed low-order aeroelastic formulation, but a thorough assessment of the phenomenon 

with standard 2-D and 3-D aeroelastic analysis tool still needs to be carried out to quantify those improvements with 

respect to higher-fidelity approximations. Future work will address this issue, as well as the investigation of the 

usability of the proposed scheme in wing and rotor blade aeroelastic control applications. 
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