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Abstract: A viscoelastic analysis of a single fiber 
unidirectional composite model is carried out to in- 
vestigate the time-dependent stress transfer between 
an elastic fiber and a viscoelastic matrix. The stress 
state in the composite is solved at incremental time 
intervals to obtain a stabilized solution, and the time 
required to reach stability. The results obtained 
from a linear viscoelastic analysis is compared with 
the corresponding result obtained by an elastic anal- 
ysis of the fiber and the matrix. It is found that 
there is a significant decrease in the composite axial 
modulus, which takes place over a large period of 
time. 

1 Introduction 
It is well established that the mechanical behavior 
of typical polymers that are used as the matrix in 
fiber reinforced polymer matrix composites (PMC) 
is time-dependent. Thus, one would expect the 
properties of a PMC to also be time-dependent, and 
over a period of time comparable to that required 
for the relaxation of the matrix. In polymer ma- 
trix composites, the fraction of the load carried by 
the matrix in on-tis loading is usually quite small 
as compared to that carried by the fiber, due to the 
relatively large mismatch in axial stiffness. A change 
in the elastic properties of the matrix is not expected 
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to make significant differences to the load carrying 
properties of the composite. This is one of the rea- 
sons why the time-dependent elastic properties of 
the matrix are usually neglected in traditional mod- 
eling of PMCs when subjected to predominantly on- 
axis constant strain loadings. Over a period of time, 
the properties of the matrix in the composite can 
relax, due to which the mechanics of stress-transfer 
between the fiber and the matrix changes. 

The stress transfer from the matrix to a fiber 
was considered by Cox [l], who used a concentric 
cylinder of matrix that contained a centrally located 
discontinuous fiber. An elastic analysis was carried 
out by Cox, who found that a minimum fiber length 
was necessary in order to achieve the maximum pos- 
sible stiffness for a given matrix/fiber combination. 
When the matrix is time-dependent, it becomes nec- 
essary to reexamine the results obtained by Cox, 
with respect to issues pertaining to the change in 
the mechanics of stress transfer from the matrix to 
the fiber. In particular, the time required for the 
stress distribution to reach a stable state and the ef- 
fect of the matrix and fiber properties in influencing 
this time need to be characterized. 

Using the assumptions of linear viscoelastic- 
ity to model the matrix, the final stress state of the 
matrix can be obtained, and this can easily shown 
to be consistent with the Cox type elastic analy- 
sis carried out with the matrix properties replaced 

-by the large time elastic properties of the matrix. 
However, the time for stabilization (i.e. the time 
required for the fiber and matrix stress to reach a 
stable state) cannot be predicted in a similar man- 
ner, nor the variation of this parameter with respect 
to the properties of the matrix. 

The goal of this study then is to investigate 
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the time dependent mechanics of stress transfer dur- 
ing interaction between a strained matrix and an 
embedded fiberas a function of the matrix time- 
dependent properties, where the matrix is modeled 
as a viscoelastic solid. The loading envisioned in this 
study is a constant strain loading. A transient vis- 
coelastic analysis is carried out to obtain parameters 
for comparison with the elastic analysis using the 
fiber and initial matrix properties. In these analyses, 
the parameters of interest are the fiber half-length, 
the stress-transfer length and the maximum stress 
arising on the fiber. If the fiber half-length is larger 
than a minimum required value, then complete stress 
buildup occurs over the stress transfer length, and 
there is no decrease in the maximum stress. 

2 Modeling 
Consider a concentric cylinder of fiber-matrix with 
an embedded fiber of length 2L as shown in Figure 
1. With respect to the coordinate axes as denoted in 
the figure, the radial variation of shear stress in the 
matrix, T ( at a given axial distance from the fiber 
midpoint ) is obtained by equating the shear forces 
on neighboring annuli, with radii zr and 22 of length 
dx. 

2nz1qdx = 27rz2r2dx 

i.e. - = 5 Tl 

72 Zl 

Hence, at any radius z, the shear stress r(z) 
can be related to the interface shear stress ri as 

T(Z) = 7i (~) (1) 
where ri is the radial distance of the interface from 
the center of the fiber. 

fiber 

2L 

Figure 1: Single fiber composite model. 

-. 

When the matrix considered is modeled as 
a viscoelastic solid, the stress becomes a function 
of time and radial distance. For a viscoelastic ma- 
trix, it is assumed that time dependent processes are 
quasi-static, so that inertia can be ignored. Equa- 
tion (1) can then be rewritten as 

where, a subscript m stands for matrix and i stands 
for interface. 

Consider the axial displacement uz (x, z, t) of 
the matrix. In order to develop the axial equilibrium 
equation for the fiber, we shall use a reduce notation 
for the matrix displacement, so that u=(z,t) is un- 
derstood to represent the axial displacement at a 
given z location. Then, 

au(Z,= J 
t 

8Z Q- 
J,,,(t-s)d (d,s)) 

ri 
= ; Jm * k(t), 

where, J,.,,(t) is the time dependent shear creep com- 
pliance of the matrix, and where the notation Jm*dTi 
is used to represent the integral expression. Integrat- 
ing in the radial direction, 

Um(R,t) - U*(Tiyt) = riln Jm * h(t) (2) 

where at time t, u,(R, t) represents the matrix dis- 
placement at z = R, and u,,,(ri, t) represents the 
matrix displacement at the interface. R is chosen re- 
mote from the vicinity of the fiber such that at that 
location, the matrix strain is uniform. The approx- 
imate value of R is dictated by the proximity of the 
neighboring fibers, and hence the fiber arrangement 
and the fiber volume fraction VI. For a hexagonal 
=w, 

R a ?r 0.9 0 - 
Ti =sig5"F 

(3) 

Assuming a perfect bond between fiber and matrix, 
U(ri, t) = u,(t), where u/(t) is the fiber sxial dis- 
placement and 

u,.,,(R,t) - uf(t) = riJ, * dTi(t) In F 
0 

(4) _~ -~- ~~ I 

Thus, 
*dT 

I (5) 

Hence, the interfacial shear stress can be obtained 
as 

Ti(t) i ’ 
Ti In B ( 1 

u,,,(R,t) -u!(t) 
ri 
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where, G,(t) is the shear stress relaxation function 
for the matrix. For most PMCs, the axial modulus 
of the fiber is much higher than the corresponding 
extensional modulus of the matrix. Hence, the ax- 
ial stress in the matrix is much smaller than that in 
the fiber and can be ignored. For the polymer matrix 
material, the maximum value of the stress relaxation 
function of the matrix is sufficiently small that this 
assumption is still reasonable. Noting this, from the 
force equilibrium of an element of the fiber, where 
the fiber is modeled as a one-dimensional linear elas- 
tic solid, 

and hence, assuming perfect adhesion and no shear 
strain in the fiber, 

auf 2Ti --- 
dz- Ti (7) 

Using the a&l equilibrium of the fiber as given in 
Equation (7), 

(8) 

Differentiating with respect to x, 

where e9 denotes axial stresses in the matrix at ra- 
dius R, 2 is the axial strain in the fiber, and Ef 
is the axial modulus of the fiber. Rearranging the 
above equation, 

a2q 2 1 
-q*dG, = 

2 1 
w-2 riEf h B 

( 1 

------E,,,*dGm 
Ti 

rf ln & 
( > p; 

(9) 
The tensile stress in the linear elastic fiber is then 
governed by the differential-Volterra integral equa- 
tion, 

a2qc(“, t) 
8x2 

qf(x, t)Gm(O) + 

;f(x,s)b,(t-s)ds = -? ’ 1 .-cm*dG, (10) 
rf In $ 0 

We parameterize equation (10) using the following 
parameter: 

p2 = 2GmQ-9 
0 

Efln F ( .> 

Hence equation (10) simplifies as 

For a step strain, 

J t e,*dG,,, = G,& - s)dGm(s) = coG,,,(t). (12) 
o+ 

In order to bring out the essential features of vis- 
coelastic response, it is assumed that 

G,(t) = Gn.,(co) + (G,,,(O) - G,,,(m)) e--(t/Tm)l 

where, G,,,(O) represents the instantaneous modulus, 
Gm(oo) represents the large time equilibrium mod- 
ulus and T is the characteristic relaxation time for 
the epoxy matrix. 

In a polymer matrix undergoing relaxation, 
all the elastic properties change with time. How- 
ever, the effect of a change in the Poisson’s ratio not 
being significant, it is assumed to be constant for the 
purposes of modeling. The time dependent Young’s 
Modulus, Em of the isotropic matrix is related to 
the shear modulus as, 

Em(t) = 20 + 4 . G,(t), 

and this expression is used later to compute the com- 
posite time dependent modulus. 

2.1 Analytical solution at time t = 0 

The initial conditions for the solution of the differ- 
ential equation are obtained by solving the above 
equation analytically at time t=O. We obtain the 
following ordinary differential equation 

2 2 

J+o (13) 

We note that the system is symmetrical and 
assume that there is no stress on the end of the fiber, 
similar to that assumed by Cox. We also introduce 
the following non-dimensional length parameter 
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L SC-= 
ri 

The boundary conditions are given as 

q(L,t) = 0 

Solving equation (13), we getthe solution 

q(x,O) = Epo l- cosWo(x/ri)) 
CoWJo s> 3 

(14) 

then 
The average stress over the fiber length can 

be defined as 

Zf~(O) = ; 
I 

L 

us (2, ‘W (15) 
0 

For axial force equilibrium of~the composite, 

-+f(o) + AnEm(O)~o = AcEeco, 

where a subscript ‘c’ is used to denote composite 
properties, and A, = AJ+A,. It must be noted that 
the shear relaxation time is generally different than 
the extensional relaxation time for an isotropic solid. 
However, since we are assuming that the poissons 
ration is time-independent in the present work, the 
extensional relaxation function E,,,(t) is obtained as 
stated earlier. 
Thus, 

Ff (0) J%(O) = V, E. - + Cl- Vfb%-.(O), (16) 

where, Vf = %. Thus, the equivalent longitudinal 
Young’s modulus of the composite at time t = 0 can 
be obtained. 

2.2 Analytical solution at time t = 00 

For large time, the system will have stabilize to a 
steady stress distribution, uf (x, 00). The convolu- 
tion integral in equation (10) will have converged to 
uf(z,oo)Gm(oa), and the following governing equa- 
tion will be obtained; 

yl,) 

- (e>’ (&) ~oGrn(~o) (17) 

This can be reduced to 

w i ($(x) = - (f=)‘Efco (18) 

where, 

p2 = 2Gn(w) 
cm 

Ef In 5 ( .> 

The boundary conditions are independent of 
time, and hence will also apply for the above equa- 
tion. Hence the stress distribution for large time is, 

u~(x,w) = Efco 1 - cosh& (x/ri)) 
cosh(Pms) 1 (19) 

The average stress and the composite longitu- 
dinal Young% modulus for large time can be defined 
as 

z,(w) = ; 
I 

L 

q(x, w)dx 
0 

z’f (00) E,(oo) = V,- E. +(I- VfPm(~) 

3 Transient Solution of the 
Linear Viscoelastic Problem 

The above arguments provide properties of the com- 
posite at the two end times t = 0 and t = 00, 
but provide no useful information about the time 
required for the composite stress state to stabilize. 
Hence, a transient solution of the governing equa- 
tion is required. The transient solution is obtained 
using the method indicated below. 

To solve for the fiber stresses at any time 
t = t,, we use a numerical approximation to equa- 
tion (lo), writing the differential term as a difference 
expression and the integral term as a discrete sum 
using the trapezoidal rule 

on-lp - 2unp +un+lp 
Ax2 > 

+ c;i; u,&,(t,-kAt)At + ;u,,&n(O)At )I 
= - ($)’ (A) ~oGn(b) 

This is written as a system of linear simulta- 
neous equations in terms of the stresses at discrete 
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points along the fiber, with n = 1, ,.., N + 1 repro- 
senting the points along the fiber length, from x=0, 
to x = L. The sum k = 0, . . ..p is used to indicate 
a summation of the stresses at a single point at dif- 
ferent time steps. The equations used to solve for 
the distributed point stresses is given in (20), on the 
next page. 

The boundary conditions are implemented in 
terms of the stresses at discrete points as 

mp = u2p for all p 

uN+lp = 0 for all p 

where the fiber is discretized in space from x = 
O(corresponding to n = 1) to x = L(corresponding 
ton=N= l), and the above equation is evaluated 
for n = 2 to n = N. Note that the system matrix 
has dimension (N - l)x(N + 1) and is not square. 
Let Kr, KZ and (Y be defined as 

1 
(y=s 

In the limiting case, as the finite time step 
becomes infinitesimal, the expressions for K1 and 
K2 tend to 

K1 = (f$) -(5)” 
K2 = (f$)-(5)’ 

The terms relating to the stresses at time tp 
are collected to form the coefficient matrix for a sys- 
tem of simultaneous linear algebraic equations as 
shown in Equation (21), on the next page. 
i.e. 

[D] {at,) = {f&-at} 
Thus we can obtain the stress distribution along the 
length of the fiber at any time using the stress dis- 
tributions at all previous time instants as 

{utp) = [D]-l{&,-at] 

The verification of the transient model is eas- 
ily carried out by comparing the average stress, the 
maximum stress and the stress transfer length, after 
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the system has stabilized, with the analytical predic- 
tions. The stress transfer length was defined as that 
length over which the fiber stress builds up to 99% 
of the maximum fiber stress at a given instant of 
time. Recall that the fiber stress is zero at the free 
end(x = fL), and builds up gradually to a max- 
imum which is reached at x = 0. The manner in 
which this buildup occurs is given by the expression 
for the fiber stress, a2 (x, t). For example, the previ- 
ous analytical solutions show the exponential char- 
acter of this buildup at t = 0 and for large times (see 
the expressions for uf (x, 0) and uf (x, ~XJ) obtained 
earlier). 

From the transient modeling, the fiber stress 
distribution, the average fiber stress, and the lon- 
gitudinal Young’s modulus of the composite can be 
obtained as functions of time. 

4 Results of the Transient Vis- 
coelastic Analysis 

Studies were carried out for the material properties 
given in Table 1. Values of static parameters used in 
the linear model are indicated in Table 2. Different 
relaxation ratios (G,,,(O)/G,,,(oo)) were considered, 
in order to compare responses of different possible 
material systems. 

The results obtained from the analytical 
modeling are given in Tables 3 and 4. These tables 
display results obtained from linear elastic analyses, 
with the appropriate matrix properties replaced by 
the instantaneous values of matrix properties at time 
t = 0 and t = 00. As the relaxation ratios become 
large, these analyses show that the minimum em- 
bedded fiber half-length Lmin, required for complete 
stress buildup also increases. Thus, for a lixed em- 
bedded half-length L, there is a maximum relaxation 
ratio, beyond which complete stress build up will 
not occur. For example, Tables 3 and 4 were con- 
structed for Eglass/epoxy and Carbon/epoxy re- 
spectively, with a fixed L/r = 3000. With respect to 
Table 3, when G,,,(O)/G,(co) = 2000, l,/r = 790 
while Lmin/r = 2473, but for Gm(0)/Gm(oo) =3175, 
l,/r=989 and Lmin /r = 3115 > 3000 ! Thus for 
Eglass/epoxy and for L/r = 3000, complete stress 
buildup will not occur for relaxation ratios exceed- 
ing beyond approximately 3000. The corresponding 
relaxation ratio for Carbon/epoxy, from Table 4, is 
about 600. 

These analytical predictions are useful for the 
proceeding linear viscoelastic analyses, however, a 
complete numerical solution of the system equations 
is still needed to obtain the time required for the 
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- 1 -2 1 0 ... 0 
0 1 -2 1 0 ... 0 0 

1 00 1 4 1 0 ... 0~ 
Ax2 i . . -. . . . 

0 0 0 ... 1 

0 0 0 0 ... 1 

~uzo&,(tp)At + xi=; u&;(tp - kAt>At + $uap&@Pt 
;u30&(tp)At + C;=, a&& - kAt)At + $uap&(Wt 

+NO&,(tp)At + xi=; UN&&p - kAt)At + &vp&(O)At 

K1 QI 0 ... o- 0 
a K2 Q 0 a-. 0 

Q Kz a 0 ..a 

0 . . . 0 a K2 a 
0 0 ... 0 a K2 

(20) 

;u2&,(tp) At + C’;=; u&f,, (tp - kAt>At 
~ua&(tp)At + C;=, u&Jtp - kWAt 
+40&,(tp)At + C;:, ur&,,(tp - kAt)At 

- EpoGn(tp) 
- E~~oGn(tp) 
- Ef~oGm(t,) 

(21) +N-&,(tp)At + c’;r; (TN-1 &,,(tp - kWAt - E~~o~~(~P) 
+,&:m(tp)At + cf;;, UN@,& - kAt)At - E/~oG(tp) 

stress state to stabilize. Using the previous analyt- 
ical predictions, full numerical solutions of the lin- 
ear viscoelastic -models werecarried out for the E 
glass/epoxy and Carbon/epoxy systems considered 
previously. Relaxation ratios in the range 5-3175 for 
Eglass/epoxy and 5-2000 for Carbon/epoxy were 
considered. The time required for the stress to stabi- 
lize and the composite final modulus were computed 
and these are listed in Tables 6 and 7 respectively. In 
Table 6, in general, note that the time required for 
the system to reach a stable state is much larger than 
the time required for the matrix to reach its final 
degraded value. In other words, the system behav- 
ior tends to possess a ‘memory’, in that its own time 
constant to reach a stable state is markedly different 
from what can be inferred by examining the matrix 
time-dependent behavior by itself. This holds true 

for both Eglass/epoxy (Table 5) and Carbon/epoxy 
(Table 6). 
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During the transient time period, Figure 2 
shows the tial stress distribution predicted using 
the linear viscoelastic model, for a Carbon/epoxy 
composite, with G,,,(0)/Gm(co)=lOOO at time t = 
0 (elastic) and time t = 400 sec. The viscoelastic 
model predicts that there is a significant change in 
the stress distribution near the free ends of the fiber. 
These differences in prediction can plan a crucial 
role in explaining fiber end failure, as well as aid in 
understanding how stress relaxation effects influence 
the mechanics of stress transfer from the matrix to 
the fiber. 

Figure 3 shows a plot of the time-dependent 
composite axial modulus, E,(t) for a Carbon/epay 
composite, based on the linear viscoelastic models. 
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In conjunction with the second column of Table 6, it 
is evident that the composite time-dependent modu- 
lua does not show the same trend as assumed for the 
matrix modulus time-dependency. In other words, 
the combination of a time-independent elastic fiber 
and a time-dependent matrix leads to a complex 
interaction which affects the composite properties 
in a manner that can only be deduced by solving 
the complete boundary/initial value problem as has 
been described herein. In general, the system time 
constant is always larger, often by orders of magni- 
tude. Further work at exploring the use of a nonlin- 
ear viscoelastic model for the composite is presently 
being carried out [2]. 

Fiber-reinforced Polymer Matrix Composite”, 
in preparation, 1999. 

5 Conclusions 
The analysis of a elastic fiber in a viscoelastic ma- 
trix has been carried out in this paper. Analytically 
obtainable results are indicated, which are then used 
for verification of the linear analyses. The properties 
of the matrix are considered to be linearly viacoelas- 
tic. The solution of the governing equation leads to 
the results indicated in Tables 5 and 6. As the re- 
laxation ratio increases, the stress transfer length in- 
creases quite significantly. The stress transfer length 
is found to tend to a constant value for the higher 
relaxation ratios considered in this study. This is 
because as the relaxation ratio increases one needs a 
increasing length of embedded fiber to achieve com- 
plete stress transfer. If the embedded length is in- 
sufficient for this purpose incomplete stress transfer 
occurs and the length over which this transfer takes 
place is equal to the embedded fiber half length re- 
gardless of the fiber length that is actually required. 
In this study, the embedded half length was fixed at 
L/r = 3000. The time required for the stress state 
to stabilize also increases as the relaxation ratio in- 
creases, often by orders of magnitude. 
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Table 1: Elastic Properties of fiber and matrix. 

Properties 

Young’s Modulus of Eglass fiber El 
Young’s Modulus of Carbon fiber, Ef 
Young’s Modulus of Matrix, E,,, 
Initial Shear Modulus of Poly-Vinyl Acetate matrix, G,,.,(O) 
Poisson’s Ratio of matrix vm 
Characteristic Time Period of matrix, r, 

Value 

72.4 GPa 
365 GPa 
3.5 GPa 
635 MPa 

0.3 
1 set 

-. 

Table 2: Values of Static Parameters. 

Parameter Value - 
Vf (Volume fraction) 0.49 
CO (Initial Strain) 0.001 
r (Radius of fiber) 10 microns 

r (Time Constant of G,) 1 set 

L (Half&&i of fiber) 30 mm 
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Table 3: Stress %.nsfer Lengths and Fiber lengths: Final Stabilized length (&,,/T) and Minimum Fiber 
half-length (Lmin/r) required for E-Glass/epoxy, L/r=XKQ lo/r ~18. 

Go/G, kr3lr Lninlr 

5 40 124 
10 60 175 
20 80 248 
50 300 391 

100 180 553 
200 250 782 
500 400 1237 
1000 555 1749 
2000 790 2473 
3175 989 3115 
5000 1240 3909 

10000 1728 5528 

Table 4: Stress Transfer Lengths and Fiber lengths: Final Stabilized length (&/T) and Minimum Fiber 
half-length (Lmin/ ) q r re uired for Carbon/epoxy, L/r=3000, IO/r =40. 

Go/G, boll Linlr 

5 89 278 
10 125 393 
20 177 556 
50 279 878 
100 400 1242 
200 558 1756 
500 881 2776 

1000 1246 3925 
2000 1734 5551 
3175 2071 6994 
5000 2320 8777 

10000 2527 12412 
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Go/G, 

5 
10 
20 
50 
100 
200 
500 

1000 
2000 
3175 

Table 5: Results of Viscoelastic Analysis - EGlass-epoxy (L/r=3000) 

tm m t', cab) WW E,(m) (GW A& (%I 
5.9915 2.54 72.19 35.72 3.96 
6.8024 6.72 72.11 35.50 4.54 
7.5496 15.76 71.99 35.36 3.93 
8.4970 _~ 155.72 71.75 35.19 5.39 
9.2003 _ 242.68 71.48 35.04 5.79 
9.8985 761.52 71.10 34.85 6.31 

; 10.8178 2471.04 70.34 34.47 7.32 
11.5119 I 3950.00 59.49 34.05 8.44 
12.2056 8878.06 68.29 33.46 10.03 
12.6679 15292.10 67.22 32.95 11.44 

Go/Go 
5 

10 
20 
50 

100 
200 
500 
1000 
2000 

Table 6: Results of Viscoelastic Analysis - Carbon-epoxy (L/r=3000) 

tl” 

51915 
t', of (~1 WW E,(m) @Pa) 

8.77 362.67 178.04 
6.8024 12.00 361.71 177.40 
7.5496 28.73 360.34 176.65 
8.4970 85.84 357.64 175.27 
9.2003 243.90 354.59 173.76 
9.8985 766.08 -350.28 171.64 

10.8178 1848.20 341.73 167.45 
11.5119 4768.65 162.72 332.09 
12.2056 9560.10 ~318.45 156.04 

A& (%o) 
1.13 
1.48 
1.90 
2.66 
3.50 
4.68 
7.01 
9.63 

13.34 

= the time required for the matrix shear modulus to stabilize to within 1% of it’s relaxed value 
= the time required for the system to stabilize, using the linear model 
= percentage change in EC due to complete relaxation of the matrix 
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.“.’ Initial stress distribution 
1 ‘- stressdistributionatWOOsec 1 
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1 
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P P 

z z 
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II II 
g 1.5E+06 
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g 1.5E+06 - 

,,.,,. ,,.,,. ,., ,,.,.,.,., ,.., ,,., ,., ,,.,.,.,., ,.., ,,., .,.,.. .,.,.. ,. .,.,., ,. .,.,., ,,. ,,. ,,, .,. ,.. ,. ,,,... .._................. 1 ,,, .,. ,.. ,. ,,,... .._................. 1 
3.5E+06 - 3.5E+06 - 

lE+OB - 

5E+07 - ::Ej, , , , , , , , , , , , , , , , , , , , , , , , u 
22 24 26 26 30 

x (mm) 
O20 

I I I I I I I I I I I , 
22 24 26 26 30 

x (mm) 

Figure 2: Axial stress distribution from a linear viscoelastic analysis, at times t = 0 and t = 400 set, 
Carbon/epoxy, Gm(0)/G,(oa)=lOOO. 

t (set) 

Figure 3: Variation of Composite Axial modulus from a linear viscoelastic analysis, Carbon/epoxy, 
G,(O)/G,(oo)=lOOO. 
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