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Cross-Sectional Analysis of Nonhomogeneous
Anisotropic Active Slender Structures
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A general formulation for the reduction of the three-dimensional problem of electrothermoelasticity in slender
solids to an arbitrarily defined reference line is presented. The dimensional reduction is based on a variational-
asymptotic formulation, using the slenderness ratio as small parameter. In the proposed scheme, the coupled
linear electroelastic equations are solved at the cross-sectional level using the finite element method. Furthermore,
modal components of the displacement field are added to introduce arbitrary deformation shapes into the one-
dimensional analysis, and arbitrary electric modes are used to define applied electric fields at the cross section.
This results in a general definition of a coupled electroelastic stiffness, which can be used in virtually all composite
and active beam formulations, as well as in the development of new low-order high-accuracy reduced models for
active structures. Finally, the formulation also yields recovery relations for the elastic and electric fields in the
original three-dimensional solid, once the one-dimensional problem is solved. The method has been implemented
in a computer program (UM/VABS) and numerical results are presented for active anisotropic beam cross sections
of simple geometries, which are shown to compare very well with three-dimensional finite element analysis.

Nomenclature
A = area of the cross section
B = deformed reference frame
b = undeformed reference frame
C = electric capacitance
ci j,kl = material elastic constants (compliances)
Di = electric displacement
di, jk = inverse piezoelectric constants
Ei = electric field
Ei j = elastic extensional constants
ei, jk = direct piezoelectric constants
F = column matrix of thermal forces per unit length
Gi j = shear modules
g = metric determinant
H = electric enthalpy per unit length
h = cross-sectional characteristic dimension
Ki = curvatures of the deformed reference line
ki = curvatures of undeformed reference line
L = typical length along the reference line
Pi = components of polarization vector
q = amplitudes of the finite section modes
R = typical radius of the initial curvatures
Ri = position of deformed reference line
ri = position of undeformed reference line
S = electroelastic stiffness matrix
T = cross section (C-S) finite element method (FEM)

nodal values of �

u = strain energy density
V = electric potential
v = amplitudes of the electric mode shapes
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W = C-S FEM nodal values of w
wi = components of the warping displacement
Xi = particle position in deformed frame
xi = particle position in undeformed frame
Y = C-S FEM nodal values of y
y = small-scale state variable at the C-S
z = multiscale discrete state variable
αi j = thermal expansion coefficients
βȳ, βȳ′ = matrix operators for integration by parts
�i j = local strain tensor in the three-dimensional domain
γ1 j = force strain measures at reference line
δ = variational operator
δc = electroelastic coupling parameter
ε = classical beam strain measures
εi j = dielectric (permittivity) constants
� = temperature increment
θ = material angle
κi = moment strain measures at reference line
µ = Lagrange multipliers
νi j = Poisson’s ratios
�i j = stress tensor in the three-dimensional domain

 = C-S FEM nodal values of φ
φ = electric potential
χ = long-scale state variable in the one-dimensional

domain
�w

q = C-S FEM nodal values of ψq

�φ
v = C-S FEM nodal values of ψv

ψq = approximating function for finite section
warping mode

ψv = applied electric potential mode shapes
� = deformed three-dimensional domain
ω = undeformed three-dimensional domain
〈·〉 = C-S integration:∫

A

· √g dx2 dx3

Subscripts

i jkl = associated with all three spatial components
s = symmetric matrix: 2Apqs = Apq + Aqp

α = associated with C-S components (2,3)

Superscript

(·)′ = differentiation with respect to x1/L
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Introduction

C ONTROLLING the state of a flexible structure has long been a
topic of extensive research, with a good number of technolog-

ical accomplishments. The ultimate goal is an ideal smart structure
that is able to adapt itself through a network of sensors and actu-
ators to the optimum state under varying internal and/or external
operating conditions. Wada et al.1 introduced a classification of the
different approaches for structural control. There, active structures
are defined as those in which sensors and actuators are integral parts
of the construction with a wider functionality that usually include
load-carrying capabilities. Material science provides a wide array
of embedded actuators and sensors, with or without load-carrying
capabilities, for application in structural control. They can be clas-
sified according to the physical mechanism in which they base their
active capabilities: piezoelectric, electrostrictive, magnetostrictive,
etc. This defines an essentially coupled problem between the elastic
field in all load-bearing members and the secondary field(s) (electric,
magnetic, thermal) in sensors and actuators. For the case of struc-
tures with embedded piezoelectrics, the corresponding governing
equations of electrothermoelasticity were derived by Tiersten2 and
have been applied since then, and with different degrees of simpli-
fication, to numerous studies on control of structures with piezo-
electric actuators and sensors.3 Embedded and surface-mounted
piezoactuators are usually modeled considering a prescribed electric
field,4,5 therefore, neglecting the influence on the electric state of the
elastic deformation. Analogously, models of sensors usually neglect
the influence that the piezoelectrics have in the structural dynamics
of the system.6 A first attempt to address the coupled electroelastic
problem in active structural control is found by Hagood et al.,7 using
a Rayleigh–Ritz approximation. More recently, Ahmad et al.8 have
developed a finite element solution for the coupled electrothermoe-
lastic problem in beams. Both works show that the solution to the full
system can be done with a limited increase in complexity, therefore,
avoiding the approximations in the prescribed-field solution.

Most structural subcomponents of mechanical systems can be
modeled using only one or two spatial dimensions, that is, as beam
or plates. The possibility to do so depends first on the presence
of dominant dimensions in their geometry, but also on the charac-
teristic dimensions of the excitation/response under consideration.
In this work, the investigation is limited to the analysis of slender
structures with embedded piezoelectric actuators and sensors, that
is, active beams. The general case of anisotropic material proper-
ties both for the passive structural substrate and for the anisotropic
piezoelectric actuators and sensors (such as active fiber composites9

and macrofiber composites10) is considered. The focus in this work
is in the dimensional reduction of the electrothermoelastic problem
in the original three-dimensional domain to a set of properties in a
given reference line, which can be initially twisted and curved, and
with normal cross sections of arbitrary shape.

With an interest in helicopter blade design, Volovoi et al.11 and
Jung et al.12 have recently reviewed the available modeling meth-
ods for anisotropic beams. In general, one can identify two gen-
eral ways of constructing one-dimensional structural models for

Fig. 1 Asymptotic solution process for three-dimensional electroelasticity in slender structures.

heterogeneous and anisotropic flexible slender bodies: by the in-
troduction of ad hoc hypothesis in the displacement field, or by
solution through asymptotic expansions. The first approach is the
most extensively used, due basically to its effectiveness to obtain
a fairly good characterization of very slender structures and with a
relatively small degree of anisotropy (conditions that are equivalent
to a negligible deviation from the classical isotropic beam theory for
the cross-sectional warping). However, the validity of the resulting
solutions is hard to guarantee in general situations with nonclassical
deformations or with strong elastic couplings. Asymptotic methods,
on the other hand, rely on a more complex mathematical founda-
tion but are of general application. In this approach, the slenderness
of the (active) structure provides a small parameter to approximate
asymptotically the solution to the three-dimensional (electro-) elas-
tic problem, which can be initially posed either in its weak13−15 or
strong16−19 form.

The variational-asymptotic beam cross-sectional (VABS) analy-
sis solution developed by Cesnik and Hodges15 provides the basis
for the present active beam development. VABS is the applica-
tion to composite beams of the variational-asymptotic method of
Berdichevsky.20 In this approach, the cross-sectional warping field
corresponding to a set of general-one-dimensional strain measures
is solved from the minimization of the asymptotic approximation
to the strain energy in the original domain. Asymptotic solutions of
composite beams have been pursued in the last decade by Cesnik and
his collaborators: Successive contributions have presented the so-
lution to the passive problem for prismatic beams21 initially curved
and twisted beams,22 beams with arbitrary deformation modes23

beams with nonperpendicular cross-sectional planes,24 and beams
with transverse shear effects.25,26 Variational-asymptotic solutions
for active beams have been also introduced for the thin-walled case5

and for the general case of an arbitrary cross section.27 However,
these active formulations were restricted to the classical beam de-
scription (deformation of the reference line defined only by exten-
sion, twist, and bending) and for a decoupled form of the electroe-
lastic laws.

In this work, the variational-asymptotic method is applied to the
dimensional reduction of the coupled electrothermoelastic equa-
tions. The present implementation introduces a modal solution pro-
cedure that allows arbitrary definitions of the one-dimensional elas-
tic, thermal, and electric variables. As a result, it defines in a common
framework the cross-sectional properties for a wide class of beam
models and opens the way for the definition of new refined repre-
sentations of deformation. The solution process is shown in Fig. 1.
When started with an exact description of the three-dimensional
electrothermoelastic field and with the use of the condition of slen-
derness, an approximation to the local state of the system can be
determined by the electric enthalpy per unit length of the structure,
whereas a one-dimensional problem sets the long-scale behavior of
the structure. Without loss of generality, the local deformations can
be written in terms of a set of one-dimensional measures of deforma-
tion of the reference line and a cross-sectional warping field. The
warping acts as a residual error to absorb the difference between
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the one- and three-dimensional representations of the displacement
field. In addition to this, the state of the system is also defined
by a cross-sectional distribution of electric potential. Both cross-
sectional fields are not assumed but calculated through an asymp-
totic expansion on the characteristic cross-sectional length, which
is regarded as the small parameter in the problem. They are finally
solved as a function of one-dimensional variables by minimization
of the cross-sectional electric enthalpy, yielding a set of warping in-
fluence coefficients (WIC) and electric influence coefficients (EIC).
An independent solution of the one-dimensional problem returns the
remaining information to determine the three-dimensional electroe-
lastic field in the original domain. The formulation is based on the
assumption of small strain and local rotation, as defined by Daniel-
son and Hodges,28 although this does not imply a restriction in the
global rotations and displacements of the structure. It also assumes
linear electrothermoelastic constitutive relations and that the local
electric fields within the active structure can be modeled using linear
electrostatics.

Kinematics in the Deformation of Slender Structures
Consider two configuration states in the deformation process of

a slender three-dimensional elastic domain: the undeformed (ω)
and deformed (�) states. A reference line r can be defined along
the longitudinal (dominant) direction of the undeformed structure.
Its definition is in principle arbitrary, and it does not need to be a
straight line. Let r be the position vector of a point in the reference
line r and x the position vector of an arbitrary particle in the three-
dimensional solid. The local Cartesian coordinates are xi , such that
xα = 0 corresponds to the reference line. Define now an undeformed
reference frame b such as, at the reference line b1(x1) is tangent to
r and the pair bα(x1) defines the local undeformed cross section. [In
this work it will be assumed that the undeformed cross section is
normal to the reference line. In some situations (for instance, swept
aircraft wings) it may be convenient to define oblique cross sections
to simplify the analysis. Popescu et al.24 have studied this situation
and introduced transformation rules from oblique to normal cross
sections.] The position vector x of a given point in the undeformed
structure can be written as

x(x1, x2, x3) = r(x1) + xαbα(x1) (1)

To define the deformed configuration, let X be the position vector
after deformation of a particle initially at x and R the averaged value
of X on the cross sections of r,

R(x1) = 〈X〉/A(x1) (2)

with A(x1) = 〈1〉. The position vector R then defines the de-
formed reference line R. An intrinsic orthogonal reference frame
is defined28 at each point along R, Bi (x1), the deformed reference
frame B. The definition of B is not unique, and two different ma-
jor conventions can be adopted, corresponding to generalizations of
the Euler–Bernoulli and Timoshenko models for isotropic homoge-
neous beams. In the first case, the deformed frame is defined with
B1 tangent to R. In the second, the deformed frame is defined such
as the pair Bα is in the plane obtained by the deformation of bα .
This work takes the first definition, which corresponds to Frenet’s
description of a space curve and yields a natural solution to the
asymptotic expansions. Once B1 is fixed, one last condition will de-
termine the orientation of the vectors Bα within their plane. It comes
from imposing that the average in-plane rotation in the deformed
frame is zero, as

〈x3(X − R) · B2 − x2(X − R) · B3〉 = 0 (3)

Note that this condition is actually defining the torsion angle at the
cross section as the in-plane rotation between the undeformed and
the deformed reference frames. As a result, the position vector in
the deformed state of the material point defined in Eq. (1) can be
written, without loss of generality, as

X(x1, x2, x3) = R(x1) + xαBα(x1) + w(x1, x2, x3) (4)

A new magnitude, the warping field w measures the deformation of
the cross section from its original shape after rigid-body translations
and rotations have been removed. In general, the slenderness of the
structure implies that the warping is small, and this will be the basis
for the asymptotic dimensional reduction in the next section. To
get a unique description of the deformation, the warping field must
satisfy

〈w · Bi 〉 = 0, 〈x3(w · B2) − x2(w · B3)〉 = 0 (5)

The first condition comes from imposing Eq. (2), whereas the second
condition replaces Eq. (3), as can be easily checked. The warping is
now decomposed using a Ritz approximation into two components:
1) an assumed field, given by a set of cross-sectional deformation ap-
proximating functions, and 2) a residual warping, which completes
the description of the three-dimensional deformation:

w(x1, x2, x3) =
Nq∑

m = 1

qm(x1)ψqm(x2, x3) + w̄(x1, x2, x3) (6)

The distributions of cross-sectional displacements {ψqm} are called
herein finite section deformation modes and can be regarded as
orthogonal elements of the functional space of all possible cross-
sectional deformations that satisfy Eq. (5). These displacement
modes can have components in and out of the cross-sectional plane
and are selected a priori. Here {qm} are the corresponding ampli-
tudes that will define additional variables in the reduced problem on
the reference line. The orthogonality conditions between the modes
are

〈(ψqm · Bi )(ψqn · Bi )〉 = δmn (7)

In general, the kinematics of a deformable curve is well repre-
sented by its four intrinsic variables28: three curvatures (torsion and
bending in two directions) and the extensional strain. [Note that a
shear component can be defined in the deformation of the three-
dimensional body, but not between the undeformed and deformed
reference frames. This does not imply that shear is neglected in the
present formulation, but that it must be then considered as part of
the warping field in Eq. (4). An illustration of this is included in the
first sample case later in this work.] They are written here as a 4 × 1
vector of classical beam strains:

ε(x1) = {γ11, hκ1, hκ2, hκ3} (8)

where h is the characteristic length of the cross section and it is used
to get dimensionless curvatures. In addition to this, γ11 is the axial
force strain measure and κi are the three moment strains measures,
defined as the difference between the components in the curvature
vectors of the deformed (K) and undeformed (k) reference line in
their respective basis,

κi = K · Bi − k · bi (9)

Following the work of Danielson and Hodges,28 the deformation
of the three-dimensional elastic solid is characterized by the
Jaumann–Biot–Cauchy strain tensor. Its independent components
are written in the form of a column matrix �T = {�11, 2�12, 2�13,
�22, 2�23, �33}. For the displacement field of Eq. (4), and under the
assumption of small strain and local rotation, the strains are written
as15

�(x) = �εε(x1) + �hŵ(x) + (h/R)�Rŵ(x) + (h/L)�lŵ′ (10)

where ŵ are the components of the nondimensional warping vector
w/h in the deformed reference frame B and the matrix operators in
Eq. (10) are defined as done by Cesnik and Hodges,15
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In these expressions, x̂α = xα/h and k̂i = Rki are the non-
dimensional cross-sectional coordinates and the initial curvatures
of the reference line, respectively, with 1/R = max(‖ki‖). The met-
ric determinant g is a function of the initial bending curvatures of
the reference line:

√
g = 1 − (h/R)(x̂2k̂3 + x̂3k̂2) (12)

Three-Dimensional Static Electroelastic
Equilibrium Conditions

Consider a dielectric continuum in a slender domain, � =
[0, l] × A, having electroelastic properties, that is, it is electrically
polarizable and elastically deformable. This section develops the
static equilibrium conditions on this domain using the definitions in
Ref. 29. Let P(x) be the polarization vector at a given location and
assume an electric loading that generates an electric field E(x) in
the direction of polarization. D(x) is the local electric displacement
from the interaction between fields E and P. When linear electrostat-
ics are assumed, the internal electric energy density is then given by
ue = 1

2 D(x)·E(x). The second contribution to the energy state comes
from the elastic deformation. The local elastic state is defined by the
values of the strain and stress tensors, �(x) and �(x), respectively.
When linear elasticity is assumed, and if linear thermal effects are
included (local dimensionless temperature increment �), the strain
energy density is given by us = 1

2Σ(x): [Γ(x) −α(x) · �(x)]. Static
equilibrium in � is determined by the variational problem29

δ

∫
�

(us + ue − E · D) dV = δW s
� + δW s

∂� (13)

where the pair of terms in the right-hand side of Eq. (13) corresponds
to the work of the external volume and surface forces on the domain
� and its boundary ∂�, respectively.

Consider now the cross section at a certain position x1 in the ref-
erence line. Figure 2 shows a schematic representation of a general
section of arbitrary shape that includes an elastic material with em-
bedded piezoelectric actuators and sensors. If the integral in Eq. (13)
is first evaluated at each cross section, it defines the electric enthalpy
per unit length of the reference line, H (or cross-sectional enthalpy)
as

H = 〈us + ue − DT E〉 (14)

Vector magnitudes are expressed as the column matrices of their
components in the deformed frame B. The final form of the cross-
sectional enthalpy is constructed by assuming that the material prop-
erties are given by linear electroelastic constitutive relations. It is

Fig. 2 Cross section with embedded actuator (piezo 1, with voltages
Va and Vb) and sensor (piezo 2).

also assumed that the material coefficients are independent of the
magnitude and frequency of the applied mechanical stresses and
electric fields: {

�

D

}
=

[
cE −eT

e ε�

]
·
{

�m

E

}
(15)

The superscript E stands for values at constant electric field and
� for values at constant strain. The coupling between the electric
and the elastic fields is induced by the matrix of direct piezoelectric
constants e, which are referred to the local poling direction. For this
constitutive relations and if the electric field is written in terms of the
electric potential, E = −∇φ, the cross-sectional electric enthalpy of
Eq. (14) is defined as a functional of the three-dimensional strain,
temperature, and electric potential fields:

H = 1
2 〈�T cE�〉− 1

2 〈∇φT ε�∇φ〉+〈�T eT ∇φ〉−〈�T cEα�〉 (16)

Small Parameters and Dimensional Reduction
The first step in the dimensional reduction is the identification

of the actual characteristic lengths involved in the process of de-
formation of the slender structure. They are 1) the cross-sectional
characteristic dimension h, 2) the characteristic wavelength of the
response along the longitudinal dimension L (depending both on the
longitudinal rate of change of the geometrical and material proper-
ties and on the typical wavelength on the excitation), and 3) the
characteristic length of the initial radius of curvature and twist, R.
In what follows, it is assumed that the characteristic dimension of
the cross section, h, is small compared to the longitudinal dimension
and the typical radius of curvature. Moreover, it will be assumed that
L and R are of the same order, that is, h 	 L ≈ R. Therefore, the
single small parameter ĥ defined as

ĥ = h/L ≈ h/R 	 1 (17)

is introduced. The classical beam strains ε are an additional small
parameter in the problem. Their effect has already been considered
when linearizing the three-dimensional strain field. To obtain one-
parameter asymptotic expansions, it is assumed that max‖ ε ‖ and ĥ
are of the same order and the following scaling is defined on ε:

ε̂ = ĥ−1ε ∼ 1 (18)

Analogously, the thermal strains are assumed to be of the same
order as the mechanical strains, max‖α�‖ ∼ max ‖ ε ‖ ∼ ĥ, and the
cross-sectional temperature field is correspondingly rescaled as

�̂ = ĥ−1� ∼ 1 (19)

The small parameter ĥ defines two different scales in the variational
problem (13): a long-scale problem, defined by the deformation of
the reference line, and a small-scale problem, given by the local
(warping) deformations at the cross section. When the description
of the kinematics introduced earlier is used, it is possible to identify
long- and small-scale contributions to the cross-sectional electric
enthalpy (16). From Eqs. (6) and (10), the column matrix with the
components of the local strain tensor � is expressed in terms of the
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value of the classical beam strain measures, ε̂, the amplitudes of
the finite-section deformation modes, q , and the residual warping
field, w̄. In a similar manner, the electric potential distribution at
each cross section can be split into two components: φ = ψvv + φ̄.
The first term is the applied electric potential (Va and Vb in Fig. 2),
defined through a set of independent (and given) electric modes
ψv(x2, x3) and their dimensionless amplitudes, v(x1); the second
component is the induced potential in the interior of the dielectric
domain, φ̄(x2, x3). As a result, one can write the cross-sectional
electric enthalpy as

H = H(χ, ȳ, ȳ′, �) (20)

where, χ and ȳ are defined as the long- and small-scale state vari-
ables, defined as

χ = {ε̂, v, v′, q, q ′}, ȳ = {w̄, φ̄} (21)

One can approximately find the solution to the variational problem
(13) by assuming that the long- and small-scale variables can be
solved independently.13 The small-scale problem is defined by the
minimization of the electric enthalpy of Eq. (20) in the small-scale
variable ȳ for prescribed values of the long-scale variable χ = χ0

and the temperature field � = �0. The solution in this minimization
process has to satisfy the conditions on the cross-sectional displace-
ment field introduced by Eqs. (5) and (7). As a result, the sectional
problem is given as a constrained minimization problem, which in
symbolic form is written as

δH(ȳ, ȳ′; χ0, �0) = 0 (22)

subject to C(ȳ, χ0) = 0, where C represents the orthogonality
constraints on the warping field. In summary, the cross-sectional
enthalpy (16) is expressed as a functional in the given (one-
dimensional) long-scale state variable χ , the given (cross-sectional)
distribution of temperatures, �, the unknown (cross-sectional)
small-scale state variable ȳ, and its spatial derivatives along the
reference line, ȳ′. The constrained minimization problem (22) is
then defined in the cross section and yields a linear relation between
the small-scale variable ȳ and the given values of the long-scale
variable and temperature field, χ = χ0 and � = �0. The pair χ0 and
�0 is computed from the dynamics of the long-scale problem (which
is not considered in this work) and is assumed to be known in the
cross-sectional analysis. Note that in this formulation the long-scale
state variable χ includes measures of nonclassical cross-sectional q
and longitudinal q ′ strains, as well as cross-sectional v and longitu-
dinal v′ electric fields. In the small-scale problem, the cross section
is defined by the orthogonal coordinates xα , whereas the coordinate
along the reference curve, x1, can be considered locally normal to
the cross-sectional plane.

Finite Element Formulation of the
Cross-Sectional Problem

For the general case of anisotropic material and arbitrary cross
sections, the electroelastic compliance matrices in Eq. (15) are fully
populated and vary in the cross section. The variational problem
(22) can only be solved through a numerical procedure, and the
finite element method (FEM) is used here. As it was seen, three
different vector and scalar fields are defined in the cross section:
displacements (warping), electric potential, and temperature. Their
discretization in finite elements is

ŵ(x1, x2, x3) = Nw(x2, x3)W (x1)

φ(x1, x2, x3) = Nφ(x2, x3)
(x1)

�(x1, x2, x3) = NT (x2, x3)T (x1) (23)

If there are n grid nodes in the cross section, W is a column matrix of
dimension 3n corresponding to the three components of the nondi-
mensional warping field at each node, whereas 
 and T are column
matrices of dimension n with the nodal values of the electric po-
tential and temperature fields, respectively. The matrices NW , N
,

Fig. 3 Distribution of electric potential in finite element discretization
of cross section of Fig. 2.

and NT define the shape functions corresponding to each cross-
sectional field. For the nodal distribution of electric potential, the
cross-sectional domain is split in the general case into three subsets,
as shown in Fig. 3, corresponding to interior nodes in the region of
purely elastic material (null potential), the regions within the actua-
tors with prescribed values of the potential (applied potential), and
the interior nodes in the piezoelectric inclusions (induced potential).
If the nodes were appropriately reordered, the discrete form of the
electric potential would be written as


 =





̄

0

0


 +


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0

�φ
v

0
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where �φ
v is the matrix of independent electric excitation modes

that is defined in the nodes with given potential and 
̄ is the vector
of induced electric potential at nodes.

For the displacement field W , the domain of discretization is the
complete cross section. The discrete (matrix) form of the modal
expansion defined in Eq. (6) is used now to capture higher-order
components of the deformation, W = �w

q q + W̄ . The finite element
representation allows numerical integration of the coefficients of the
cross-sectional enthalpy (20), which can be written in discrete form
as a bilinear operator:

H(z; T̂ ) = 1
2 zT

(
A0 + ĥ A1 + ĥ2 A2

)
z + zT

(
ĥb1 + ĥ2b2

)
T̂ (25)

where the different constant submatrices are given in the Appendix.
The new multiscale state variable z is

z =




χ

Ȳ

Ȳ ′


 , with Ȳ =

{
W̄


̄

}
(26)

Therefore, the state variable z is the combination of the long-scale
state variable χ , the discrete small-scale state variable Ȳ , and its
longitudinal derivative. Note that, whereas W̄ is defined over the
whole domain of the cross section, 
̄ is only at the interior nodes
of the dielectric regions. Because of this, it is interesting to rewrite
the first term in Eq. (25) as

zT A0z =
{

Ȳ + �
ȳ
q q

�φ
v v

}T [
Eyy Eȳφ

Eφ ȳ Eφφ

]{
Ȳ + �

ȳ
q q

�φ
v v

}
(27)

where the matrix �
ȳ
q is defined by adding zeros to the columns of

�w
q up to the dimension of Ȳ . Matrices Eyy , Eȳφ = E T

φ ȳ , and Eφφ

are constant matrices obtained from the cross-sectional integration.
It was seen earlier that, for a unique definition of the warping field,

this must satisfy conditions (5). From the point of view of a cross-
sectional analysis, those conditions are equivalent15 to removing
from the warping its rigid-body components (three translations and
the in-plane rotation). Those conditions are to be expressed now in
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discrete form. If �w
ε is a 3n × 4 matrix whose columns are those

rigid-body motions, the set of conditions (5) can be formulated as
orthogonal constraints,

W̄ T Hww�w
ε = 0 (28)

The notation Hxy refers to the matrix operator for the cross-sectional
integration of the product of two vector fields, X and Y . For finite
element discretizations as in Eq. (23), it is Hxy = 〈N T

x Ny〉. It can
be proved that the rigid-body motions in Eq. (28) (written as �

ȳ
ε ,

which is again obtained by expanding with zeros �w
ε up to the size

of Ȳ ) span the kernel of Eyy in Eq. (27). An equivalent definition
for �

ȳ
ε is then

Eyy�
ȳ
ε = 0, with

(
� ȳ

ε

)T
Hyy�

ȳ
ε = I (29)

The last equation is just a normalization condition on �
ȳ
ε . For the

finite section deformation modes, the uniqueness of the displace-
ment field is obtained by the orthogonality conditions (7), which in
discrete form are written as(

� ȳ
q

)T
Hyy�

ȳ
q = I,

(
� ȳ

q

)T
Hyy�

ȳ
ε = 0

Ȳ T Hyy�
ȳ
q = 0, Ȳ T Hyy�

ȳ
ε = 0 (30)

Asymptotic Solution for the Warping
and Electric Potential

The solution of problem (22) is sought using an asymptotic ex-
pansion in the small parameter ĥ. The expansion up to order N of
the unknown warping and electric potential fields is

Ȳ =
N∑

n = 0

ĥn Ȳn + O(ĥN + 1) (31)

An alternative form of this expansion can be introduced in terms of
the variable z defined in Eq. (26),

z =
N∑

n = 0

ĥn zn + O(ĥN + 1)

z0 =




χ

Ȳ0

Ȳ ′
0


 , zn =




0

Ȳn

Ȳ ′
n


 , for n > 0 (32)

As it will be clear later, the introduction of this last expansion brings a
considerably simplification into the solution process. Note that z in-
cludes both the one-dimensional state variable χ(x1) (the given data)
and the nodal values of the finite element discretization of the un-
known cross-sectional fields, Ȳ . Substitution of Eq. (32) in Eq. (25)
defines an asymptotic expansion of the cross-sectional enthalpy:

H =
N∑

n = 0

ĥnHn + O(ĥN + 1) (33)

The terms Ȳn are recursively obtained through the sequential min-
imization of the components of the expansion (33). Thanks to the
quadratic nature of the definition of the enthalpy (25), it can be
shown along the solution process that the 2N th-order expansion of
H depends only on the N expansion on z. The asymptotic expansion
(33) can be then rewritten as

H = H0(z0) +
N∑

n = 1

(
ĥ2n − 1H2n − 1(z0, . . . , zn; T̂ )

+ ĥ2nH2n(z0, . . . , zn; T̂ )
) + O(ĥ2N + 1) (34)

Furthermore, the leading terms in the even components of this ex-
pansion H2n are quadratic terms in zn , and their minimization yields
the nth-order solution for the warping and electric field. This is done
next.

Zero-Order Solution
The zero-order components of the unknown warping and potential

cross-sectional fields, Ȳ0, are obtained from the minimization of H0

with constraints (28) and (30). The zero-order enthalpy is

H0 = 1
2 zT

0 A0z0 (35)

When Eq. (27) is used and the Lagrange multipliers that enforce the
orthogonality constraints µ0 are introduced, the Euler equation for
the problem can be written as

Eyy

(
Ȳ0 + � ȳ

q q
) + Eȳv�

φ
v v = Hyy�

ȳ
ε µε

0 + Hyy�
ȳ
q µ

q
0 (36)

Premultiplying successively Eq. (36) by the transpose of the kernel
�

ȳ
ε and by the assumed modes �

ȳ
q , and using the orthogonality

conditions, one gets the following relations:

µε
0 = 0, µ

q
0 = µ0qq + µ0vv (37)

As a result, the solution to this linear system can be written as

Ȳ0 = Ȳ0qq + Ȳ0vv (38)

and the linear dependence of Ȳ0 with q and v needs to be found. The
dependence on amplitudes of the finite section deformation modes
q is obtained as follows. First, differentiation of Eq. (36) in q yields

Eyy

(
Ȳ0q + � ȳ

q

) = Hyy�
ȳ
q µ0q (39)

where Eyy is singular in the displacements. When conditions
Eq. (30) are used, this equation can be rewritten as

Eyy

(
Ȳ0q + � ȳ

q

)= �0 Hyy�
ȳ
q µ0q , with �0 = I − Hyy�

ȳ
ε

(
� ȳ

ε

)T

(40)

The right-hand side in this equation is orthogonal to the kernel of
Eyy , that is, �

ȳ
ε . Therefore, the modified system has a unique solu-

tion, and the matrix E0 = (�0)
−1 Eyy is defined for which a pseu-

doinverse can be obtained in the solution. (Abusing notation, it will
be written as E−1

0 .) The Lagrange multipliers µ0q are computed af-
ter imposing the corresponding orthogonality conditions from con-
straits (30):

µ0q = [(
� ȳ

q

)T
Hyy E−1

0 Hyy�
ȳ
q

]−1
(41)

Finally, substitution of Eq. (41) into Eq. (39) gives the zero-order
dependency on the finite section modes of the asymptotic expansion
of the unknown warping and potential cross-sectional fields:

Ȳ0q = E−1
0 Hyy�

ȳ
q µ0q − � ȳ

q (42)

Similarly, the dependence on the amplitudes v of the electric modes
comes from

EyyȲ0v + Eȳv�
φ
v = Hyy�

ȳ
q µ0v (43)

As before, the singularity of Eyy in the displacements domain is
removed by factorizing the right-hand side by �0 as in Eq. (40).
The Lagrange multipliers are equally computed from orthogonality
conditions (30),

µ0v = µT
0q

(
� ȳ

q

)T
Hyy E−1

0 Eȳv�
φ
v (44)

and the zero-order dependency on the applied electric modes is

Ȳ0v = E−1
0 Hyy�

ȳ
q µ0v − E−1

0 Eȳv�
ȳ
v (45)

The first term in Eq. (45) comes from imposing orthogonality of
the unknown warping and the assumed modes. The second is the
solution to a boundary problem for the electric potential in the cross
section.
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First-Order Solution
Once Ȳ0 is known, the first-order term in the expansion, Ȳ1, can be

computed from the next even term in the expansion of the enthalpy
(34), that is, H2, given by

H2 = {
zT

0 zT
1

} ·
(

1

2

[
A2 A1

A1 A0

]
·
{

z0

z1

}
+

{
b2

b1

}
T̂

)
(46)

As before, the unknown fields are obtained by minimization of H2

with orthogonality constraints (28) and (30). If µ1 denotes the La-
grange multipliers that enforce this constraint, the Euler equation to
compute Ȳ1 is

EyyȲ1 +βȳ(A1 z0 +b1T̂ )−βȳ′ A1z′
0 = Hyy�

ȳ
ε µ

ε
1 + Hyy�

ȳ
q µ

q
1 (47)

where βȳ and βȳ′ are rectangular matrices of dimension size
(Ȳ ) × (z) and are defined in the integration by parts to eliminate
terms in Ȳ ′

1. Their values are βȳ = [0 I 0] and βȳ′ = [0 0 I ]. Vec-
tors µε

1 and µ
q
1 are obtained by premultiplying this expression with

the transposes of �
ȳ
ε and �

ȳ
q + Ȳ0q , respectively, and then apply-

ing the orthogonality conditions. We introduce now the following
matrix definitions:

�u = [
I − Hyy�

ȳ
ε

(
� ȳ

ε

)T − Hyy�
ȳ
q

(
� ȳ

q + Ȳ0q

)T ]

= (
I − Hyy�ε�

T
ε

) · (I − Hyy�
ȳ
q

(
� ȳ

q + Ȳ0q

)T ]

Eu = (�u)
−1 Eyy (48)

As with E0 in the zero-order case, the problem has a unique solu-
tion using the matrix Eu . The solution for the warping and electric
potential fields is finally expressed as

Ȳ1 = Ȳ1χχ + Ȳ1T̂ T̂ = −E−1
u (βȳ A1z0 + βȳb1T̂ − βȳ′ A1z′

0) (49)

Second-Order Solution
The next term in expansion (31), Ȳ2, is computed from the mini-

mization of the next even term in the expansion of the enthalpy (34),
H4, and orthogonality constraints (28) and (30). It is

H4 = 1

2

{
zT

0 zT
1 zT

2

} ·




0 0 A2

0 A2 A1

A2 A1 A0


 ·




z0

z1

z2


+ zT

2 b2T̂ (50)

and if µ2 are the Lagrange multipliers that enforce the orthogonality
constraints, the Euler equation for the problem is

EyyȲ2 + βȳ(A1z1 + A2z0 + b2T̂ ) − βȳ′(A1z′
1 + A2z′

0 + b2T̂ ′)

= Hyy�
ȳ
ε µε

2 + Hyy�
ȳ
q µ

q
2 (51)

As in the first-order solution, the Lagrange multipliers are computed
by premultiplying this expression with the transposes of �

ȳ
ε and

�
ȳ
q + Ȳ0q , respectively, followed by the orthogonality conditions.

The final solution has the form

Ȳ2 = Ȳ2ε̂ ε̂ + Ȳ2ε̂′ ε̂ ′ + Ȳ2qq + Ȳ2q ′q ′ + Ȳ2q ′′q ′′ + Ȳ2vv

+ Ȳ2v′v′ + Ȳ2v′′v′′ + Ȳ2T T̂ + Ȳ2T ′ T̂ ′ (52)

nth-Order Solution (n > 2)
A recursive solution scheme of the asymptotic expansion of Ȳ in

Eq. (31) can be set up. Assume that the expansion is known up to
order n −1, then the next term Ȳn will be obtained from minimizing
H2n of enthalpy (34), with orthogonality constraints (28) and (30).
Its nonzero terms are

H2n = 1

2

{
zT

n − 2 zT
n − 1 zT

n

} ·




0 0 A2

0 A2 A1

A2 A1 A0


 ·




zn − 2

zn − 1

zn


 (53)

Note that the temperature, which is a prescribed field in the cross
section, does not explicitly appear in Eq. (53). Taking µn as
the Lagrange multipliers that enforce the constraints, the Euler equa-
tion in Ȳn is

EyyȲn + βȳ(A2zn − 2 + A1zn − 1) − βȳ′(A2z′
n − 2 + A1z′

n − 1)

= Hyy�
ȳ
ε µε

n + Hyy�
ȳ
q µq

n (54)

When the Lagrange multipliers are solved as shown, the general
solution to the expansion of the cross-sectional unknown warping
and electric potential, for n > 2, is given by

Ȳn ≡
n − 1∑
k = 0

(
Ȳn

χ(k)
χ (k) + ȲnT (k)

T̂ (k)
) = −E−1

u [βȳ(A2zn − 2 + A1zn − 1)

− βȳ′(A2z′
n − 2 + A1z′

n − 1)] (55)

where (k) is the kth derivative along the longitudinal direction of
the given variable.

Electroelastic Stiffness Matrix and Hygrothermal Forces
The warping and electric potential have been evaluated as func-

tion of the one-dimensional variables in Eqs. (38), (49), and (52).
When those expressions are substituted in the cross-sectional elec-
tric enthalpy (25), it can be now written as a quadratic functional
in the long-scale electroelastic variables with a forcing term due to
the distribution of temperatures. The components of the asymptotic
expansion of the cross-sectional electric enthalpy are then

2H0 = zT
0 A0z0

2H1 = zT
0 A1z0 + 2zT

0 b1T̂

2H2 = zT
0 A2z0 + 2zT

0 b2T̂ + (
2zT

1 − Ȳ T
1 βȳ

)
(A1z0 + b1T̂ )

+ Ȳ T
1 βȳ′ A1z′

0

2H3 = 2zT
1 (A2z0 + b2T̂ ) + zT

1 A1z1 + 2
(
zT

2 − Ȳ T
2 βȳ

)
(A1z0 + b1T̂ )

+ 2Ȳ T
2 β ′

ȳ A1z′
0

2H4 = zT
1 A2z1 + (

2zT
2 − Ȳ T

2 βȳ

)
(A2z0 + A1z1 + b2T̂ )

+ Ȳ T
2 βȳ′(A1z′

1 + A2z′
0 + b2T̂ ′) (56)

and, for n > 2,

2H2n − 1 = 2zT
n − 1 A2zn − 2 + zT

n − 1 A1zn − 1 + 2zT
n A1zn − 2

− 2Ȳ T
n [βȳ(A1zn − 2 − A2zn − 3) − βȳ′(A1z′

n − 2 + A2z′
n − 3)]

2H2n = zT
n − 1 A2zn − 1 + 2zT

n (A2zn − 2 + A1zn − 1)

− Ȳ T
n [βȳ(A1zn − 1 + A2zn − 2) − βȳ′(A1z′

n − 1 + A2z′
n − 2)] (57)

After summation of the terms of the expansion, one gets

H = (
χ T · · · χ(N )

) ·


1

2
SN ·




χ
...

χ(N )


 + F N ·




T̂
...

T̂ (N )







+O(ĥ2N + 1) (58)

where S is the nth-order electroelastic stiffness matrix and F is the
nth-order hygrothermal force.

Equation (58) gives the general form for the asymptotic approx-
imation up to an arbitrary order of the enthalpy per unit length.
For practical purposes, a second-order expansion describes well the
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cross-sectional characteristics of beams with initial twist and curva-
ture. The second-order approximation to the cross-sectional electric
enthalpy is

H = H4(χ, χ ′, χ ′′;T̂ , T̂ ′, T̂ ′′) + O(ĥ5) = H4(ε̂, ε̂ ′, ε̂ ′′, q, q ′, q ′′,

q ′′′, v, v′, v′′, v′′′; T̂ , T̂ ′, T̂ ′′) + O(ĥ5) (59)

The last expression defines 105 different coefficient matrices. They
correspond to the most general second-order asymptotic reduction
of an active structure with finite section deformation modes and
thermal effects. As particular applications, two typical cases are
considered next. The notation znp = ∂zn/∂p is used, with zn being
the coefficients of expansion (32). First, consider the second-order
classical description of a passive structure with constant thermal
excitation. The variables in this case are (ε̂, ε̂ ′, ε̂ ′′; T ), which corre-
sponds to a refined version of classical beam theory. The resulting
model would account for end effects or could used to compute the
transverse shear stiffness.26 The stiffness constants in this case are
given by

S4
ε̂ε̂ = ĥ2

(
zT

0ε̂ A2z0ε̂ + zT
1ε̂ A1z0ε̂

) + ĥ3
[
zT

0ε̂ A2z1ε̂ + zT
1ε̂ (A2z0ε̂

+ A1z1ε̂ )
] + ĥ4

[
zT

1ε̂ A2z1ε̂ + zT
2ε̂ (A2z0ε̂ + A1z1ε̂ )

]

S4
ε̂ε̂′ = ĥ3

(
zT

0ε̂ A2z1ε̂′ + zT
1ε̂ A1z1ε̂′

) + ĥ4
[
zT

0ε̂ A2z2ε̂′ + zT
1ε̂ (A2z1ε̂′

+ A1z2ε̂′) + Ȳ T
2ε̂βȳ′(A2z0ε̂ + A1z1ε̂ )

]

S4
ε̂ε̂′′ = ĥ4

(
zT

0ε̂ A2z2ε̂′′ + zT
1ε̂ A1z2ε̂′′

)

S4
ε̂′ ε̂′ = ĥ4

[
zT

1ε̂′(A2z1ε̂′ + A1z2ε̂′) + Ȳ T
2ε̂′βȳ′(A2z0ε̂ + A1z1ε̂ )

]
(60)

and the associated hygrothermal forces are

F4
ε̂T̂

= ĥ2
(
zT

0ε̂b2 + zT
1ε̂b1

) + ĥ3
[
zT

0ε̂ A2z1T̂ + zT
1ε̂ (A1z1T̂ + b2)

]

+ ĥ4
[
zT

1ε̂ A2z1T̂ + zT
2ε̂ (A1z1T + b2)

]

F4
ε̂′ T̂ = ĥ3

[
zT

1ε̂′(b2 + A1z1T̂ )
] + ĥ4

[
zT

1ε̂′(A2z1T̂ + A1z2T̂ )

+ Ȳ T
2ε̂βȳ′(b2 + A1z1T̂ )

]

F4
ε̂′′ T̂ = ĥ4

[
zT

2ε̂′′(b2 + A1z1T̂ )
]

(61)

As a second case, consider a first-order coupled solution without
thermal forces and finite section modes. This solution models cou-
pled electroelastic properties per unit length for rapidly varying
longitudinal fields. The variables in this case are (ε̂, ε̂ ′, v, v′, v′′),
and the nonzero stiffness submatrices are

S2
ε̂ε̂ = ĥ2

(
zT

0ε̂ A2z0ε̂ + zT
1ε̂ A1z0ε̂

)

S2
vv = ĥ0

(
zT

0v A0z0v

) + ĥ1
(
zT

0v A1z0v

) + ĥ2
(
zT

0v A2z0v + zT
1v A1z0v

)

S2
ε̂v = ĥ1

(
zT

0ε̂ A1z0v

) + ĥ2
(
zT

0ε̂ A2z0v + zT
1ε̂ A1z0v

)

S2
ε̂v′ = ĥ2

[
zT

0ε̂ (A2z0v′ + A1z1v′) + Ȳ T
1ε̂βȳ′ A1z0v

]

S2
ε̂′v = ĥ2

(
zT

1ε̂′ A1z0v

)

S2
vv′ = ĥ1

(
zT

0v A1z0v′
) + ĥ2

[
zT

0v(A2z0v′ + A1z1v′) + Ȳ T
1vβȳ′ A1z0v

]

S2
v′v′ = ĥ2

{
zT

0v′ A2z0v′ + [
Ȳ T

1v′(βȳ A1z0v′ + βȳ′ A1z0v)
]

s

}

S2
vv′′ = ĥ2

(
zT

0v A1z1v′′
)

(62)

Recovery of Three-Dimensional Stress, Strain,
Displacement, and Electric Fields

The methodology for the asymptotic reduction of the three-
dimensional electrothermoelastic problem to a set of stiffness
coefficients along the reference line has been already shown. Dur-
ing the process, the warping and induced electric potential cross-
sectional fields corresponding to unit values of each component of
the one-dimensional state variable χ and its longitudinal derivatives
were also computed. These fields can be identified as the nth-order
(WIC)n and (EIC)n , respectively:

WICn = ∂W̄

∂χ(n)
, EICn = ∂
̄

∂χ(n)
(63)

When these coefficients are used, the process of recovery of the dis-
placement and electric fields on the deformed three-dimensional
domain, �, is a straightforward one (Fig. 1). The stiffness co-
efficients and thermal forces of equation (58) (where cross-
sectional inertia properties are also needed for a dynamic re-
sponse) reduce the system to the reference line. The subsequent
nth-order one-dimensional problem is then solved in the variables
(χ, χ ′, . . . , χ(n)), for a given the external excitation and initial con-
ditions. Let χ(t), χ ′(t), . . . , χ(n)(t) be the one-dimensional state
at time t . The three-dimensional fields at a given cross section are
then evaluated as the superposition of the one-dimensional response
(rigid-body displacement of the original cross section, assumed de-
formation modes, and the assumed potential at electrodes), plus the
contribution due to the influence coefficients. The column matrix of
the recovered displacement field is

X = R(x1) + ξ +
∑

m

ψqm (x2, x3)qm(x1)

+
∑

n

WICn(x2, x3)χ
(n)(x1) + O(ĥN + 1) (64)

where vectors have been expressed in its components in the de-
formed frame B and

ξ = {0 x2 x3}T (65)

and the recovered distribution of electric potential is

φ(x) =
∑

m

ψvm (x2, x3) · vm(x1)

+
∑

n

EICn(x2, x3) · χ(n)(x1) + O(ĥN + 1) (66)

These expressions provide an asymptotic description of the state
after deformation in the three-dimensional domain.

Sample Cases
The former theoretical derivations have been implemented into

the computer code UM/VABS. Two simple cases are now considered
to illustrate typical applications in which UM/VABS is the only
alternative to detailed three-dimensional finite element analysis: an
active beam with orthotropic properties and significant shear effects
and the analysis of nonclassical deformations an active box-beam
to distributed prescribed actuation.

Active Orthotropic Beam with Square Cross Section
This numerical test case studies an active prismatic beam with

square cross section of length a and two-dimensional orthotropic
material properties. Several key points are of interest in the analysis
of this configuration: 1) This type of solid construction is known
to have significant contribution of shear in the strain energy, which
needs to be accounted for appropriately. 2) At the same time, or-
thotropic properties generate significant elastic couplings (in this
case, twist–bending and extension–shear), and elasticity solutions
are no longer readily available as in the case of isotropic beams.
3) Finally, analysis of electroelastic couplings under elastic and elec-
tric excitations is particularly illustrative for this simple model, and
it is included in the discussion. All of these effects are investigated
using the present theory and are compared with MSC.NASTRAN
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Fig. 4 Layout of active pris-
matic orthotropic beam.

Fig. 5 Nondimensional strain energy per unit length due to shear
forces and bending moments.

static elastic results on three-dimensional finite element models. The
definition of this test case is shown in Fig. 4.

Properties correspond to a homogeneous orthotropic material
at an angle θ in the x1−x2 plane, with elastic constants E22 =
E33 = E11/10, G12 = G13 = G23 = E11/5, ν12 = ν13 = 0.25, and
ν23 = 0.3. Material properties also include a significant or-
thotropic piezoelectric effect, with nonzero permittivity con-
stants ε11 = ε22 = ε33/10, and inverse piezoelectric constants de-
fined as d3,33 = δc

√
(ε33/E11), d3,11 = −d3,33/2, d3,22 = −d3,33/2,

and d1,13 = d2,23 = d3,33/4. Here δc is a nondimensional coupling
parameter between the elastic and electric field. For piezoelectric
materials, this coupling is usually weak, and δc is a small number.
Transverse shear effects can be important in the elastic response of
these constructions and are included in the analysis. For that pur-
pose, an approximate solution can be found within the context of
the present formulation if the shear deformation is geometrically
approximated with the nondimensional finite section deformation
modes

ψqα
= {x̂α 0 0}T (67)

The corresponding amplitudes are qα = 2γ1α , that is, the transverse
shear strains, as can be seen from Eqs. (6) and (10).

Theory of elasticity only provides a closed-form solution for
transverse shear effects in isotropic materials.30,31 To define a refer-
ence for comparison, three-dimensional finite element models have
been created in MSC.NASTRAN on this configuration. A beam
of length L = 15a is modeled as a three-dimensional solid, being
clamped on one end and with applied constant distributed loads
on the free end. After a linear static analysis, integration of the
strain distribution in the cross section at x1 = L/2 yields the en-
ergy per unit length for the Saint-Venant interior solution of the

beam. Figure 5 shows the strain energy per unit length due to
internal shear forces in both directions (shear energy Us), and due to
internal bending moments (bending energy Ub), as computed from
1) the integration of three-dimensional strains in the finite element
model in MSC.NASTRAN and 2) the elastic stiffness coefficients
using in UM/VABS with the approximation of Eq. (67). In both
cases, the cross section was discretized using 25 × 25 elements.
A very good agreement is found between both solutions. A more
detailed comparison between the asymptotic analysis using finite
section modes and the three-dimensional FEM solution can be per-
formed by looking at the cross-sectional distribution of shear strain.
Figure 6 shows this comparison for given shear forces Fα between
the interior solution in the static response to tip shear forces in an
MSC.NASTRAN model using three-dimensional hexahedral ele-
ments and the cross-sectional solution using UM/VABS with finite
section mode for shear. Results were nondimensionalized using the
following reference measure for shear strain:

�∗
1β(Fα) = Fα

/
2G1βa2 (68)

As can be observed from the comparison, UM/VABS can accu-
rately evaluate the stress distribution in the interior solution of
the anisotropic beam. Note that, because a two-dimensional prob-
lem is solved, the UM/VABS solution is computationally much
more efficient that the finite-element solution of the complete three-
dimensional problem.

Finally, if the piezoelectric characteristics of the cross section
are also considered, it is possible to solve the coupled electroelas-
tic problem in the cross section either for elastic or electric loads.
As an example, Fig. 7 shows the open-circuit cross-sectional influ-
ence coefficients for the electric potential with respect to unit axial
strain, γ11 = 1, and unit nondimensional twist and bending curva-
tures, aκi = 1. The coupling parameter is δc = 10−6, and results are
given for two material orientations, θ = 0 and θ = 30 deg, and with
respect to a reference potential defined as φref = (ε33)

−1aE11d3,11. In
all cases, φ = 0 was set at (2x2/a, 2x3/a) = (−1, −1). The values
for θ = 0 deg in Fig. 7 can be easily estimated from the piezoelec-
tric constitutive relations, assuming that the induced potential does
not modify the strain distributions (negligible electroelastic cou-
pling) and the potential is a first integral of the electric field. For
θ = 30 deg, that solution is modified by the effect of the material
anisotropy.

As the electroelastic coupling parameter δc increases, part of
the work applied to deform the structure is stored as electric en-
ergy and the values of the elastic stiffness constants move up.
Figure 8 shows this stiffening effect for two material angles, θ = 0
and 30 deg. S0

i j are the stiffness constants without coupling, δc = 0,
and �Si j = Si j − S0

i j . Note that the stiffening effect becomes only
appreciable for δc >0.1, which is much higher than typical values
of the constant in piezoelectric materials. Note also that the tor-
sion constant is not affected with θ = 0 deg, in agreement with
results in Fig. 7. As one could expect in a homogeneous fully
actuated case, changes in the coupling parameter δc do not gen-
erate a modification of the shape of the electric potential dis-
tribution for a given elastic deformation. Their effect is reduced
to a constant factor f in their values, which can be defined
as φ(δc)/φre f (δc) = f (δc)φ(0)/φre f (0). Figure 9 shows the vari-
ation of this factor for each elastic deformation and for two ma-
terial angles. As before, for δc < 0.1 the coupling is negligible,
f = 1.

Consider finally a rectangular cross section (width a and
height/thickness b) subject to an electric field induced by two elec-
trodes of length l and with voltage ±V , applied as shown in Fig. 10.
In the current formulation, electrode configurations are defined by
changing the applied potential �φ

v in Eq. (24), with its corresponding
amplitude being the amplitude of the applied voltage V .

For small piezoelectric coupling, the induced electric field by
an applied excitation can be determined in an approximate manner
by solving the equations of electrostatics. Consider first the cross-
sectional problem with homogeneous material properties as defined
earlier and with electrodes covering the upper and lower surfaces,
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Fig. 6 Distribution of shear strains in orthotropic square cross section for different material orientation angles θ and component of shear force Fα:
——, UM/VABS and – – –, MSC.NASTRAN.

l = a. The boundary conditions to the two-dimensional electrostatic
problem are then

φ = ±V at x2 = ±b/2

D2 = 0 at x3 = ±a/2 (69)

and the solution is given by a constant electric field E3 = �V/b.
Therefore, for homogeneous material properties, negligible elec-

troelastic coupling parameter, and surfaces fully covered by
electrodes, the usual assumption in the prescribed field solution
(thermal analogy) is the exact solution to the problem. With this,
the capacitance per unit length C can be obtained from the total
electric charge in the cross section under the applied voltage

C =
∫ b/2

−b/2
D3 dx3

�V
= ε33

l

b
(70)
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Fig. 7 Electric potential distribution in the square orthotropic cross section corresponding to unit deformations for weak coupling, δc = 10−6 and
two material angles, θ = 0 and 30 deg.

Fig. 8 Stiffening effect of piezoelectric coupling for two material
angles.

and this serves to define the Svv component in the electroelastic
stiffness matrix. If the amplitude of the electric excitation modes
is defined as V , the contribution of the electric field to the cross-
sectional enthalpy is defined with the following coefficient matrix:

S0
vv = −4C = −4ε33(l/b) (71)

This value could be equally obtained by substituting the constant
electric field into the electric contribution to the cross-sectional en-
thalpy (16). Note that, for the current definition of the material prop-
erties, Svv is independent of the material orientation θ . The total
force per unit length induced by this electric field can easily be ob-
tained for θ = 0 deg. Then, a constant axial strain appears with value

Fig. 9 Effect of piezoelectric coupling in magnitude of induced electric
potential field.

Fig. 10 Geometrical parameters in rectangular cross section with
electrodes.
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�11(0 deg) = d3,11 E3, whose integration gives a net axial active force
of value

F (α)

1 (0 deg) = E11ld3,11�V (72)

This force defines the corresponding coupling term in the Sεv sub-
matrix of the electroelastic stiffness as

S0
1v(0 deg) = 2E11ld3,11 (73)

The situation described by Eqs. (71–73) is based on the small value
of δc, which decouples the elastic and electric solutions, and on the
simplification of electrostatic boundary conditions when l = a. For
a general case, a numerical solution is needed, and it is provided
by the cross-sectional formulation introduced here. As an example,
consider the case of electrodes not completely covering the surface,
l < a. For given section thickness b, the ratio Svv/S0

vv increases with
a/ l, up to a limit value in which the effect of the side walls is not
noticeable. This is shown in Fig. 11 for b/ l = 1.

Figure 12 shows the variation with the section thickness b of Svv

for two electrode configurations. In the first of them (open configu-
ration), the part of the upper and bottom surfaces that is not covered
by the electrodes, x2 > l, is left in open circuit. In the second case,
V = 0, short-circuit conditions are enforced on the same zones. In
both cases, a is taken large enough to have little influence in the
result, l/a→0. It was shown before that an increase in the elec-
troelastic coupling parameter δc produces elastic stiffening of the
structure. Analogously, the electric compliance (capacitance) of the
cross section will be affected by this parameter. Figure 13 shows this
variation for a large value of the coupling parameter, δc = 0.3162,
different elastic material angles for b/ l = 1, and both limits in the
l/a ratio. The results are given with respect to the corresponding ca-
pacitance in the uncoupled problem, S0

vv . It is seen above that S0
vv is

independent of the material angle. However, the results from Fig. 13
indicate that this is no longer the case in the presence of significant
coupling. The cross-sectional capacitance decreases when there is
interaction between the electric and elastic properties, although the
changes in its magnitude are relatively small (less that 2.5%), and it
can be neglected as a first approximation to the solution of practical
problems.

Platelike Motions in Active Box-Beams with Prescribed Electric Field
This second numerical test case corresponds to an active compos-

ite box-beam with length × width × height equal to 20a × 2a × a. A
dominant dimension can be identified in this structure, and due to this
a one-dimensional model is desirable for its analysis. The thin-wall
construction, however, implies the likely appearance of platelike
components in the deformation under loading, which is particularly
important when the excitation comes from distributed embedded ac-
tuators. This section illustrates how the platelike motions of a thin-
walled beam can be easily included in a one-dimensional model
using finite section modes. The composite construction at each

Fig. 11 Cross-sectional capacitance for varying width and fixed
thickness-to-electrode length ratio.

Fig. 12 Change in cross-sectional capacitance with thickness-to-
electrode length ratio.

Fig. 13 Variation of cross-sectional capacitance with elastic material
angle in coupled case.

wall is made out of four two-dimensional orthotropic plies, each
one being a/100 thick, and with elastic constants E22 = E11/20,
G12 = E11/10, and ν12 = 0.35. The bond layer has not been included
in this model, although there is no restriction in the formulation to
account for its effect. (Only a higher-fidelity discretization would
be needed.1) A prescribed through-thickness electric field E3 is as-
sumed in this construction, such that the free-strain deformation
of a single ply is given by d3,11 E3 = ±�0

11 in the direction of the
fiber (the sign depending on the sign of the electric field) and with
d3,22 = −d3,11/3 in the transverse direction. The electric field E3

is assumed here to be constant within a ply, when corresponds to
the usual assumption for the analysis of piezoelectrics in structural
applications.3,7,32 The prescribed field assumption implies a decou-
pling between the electric and elastic fields, which in the context of
the present theory is equivalent to substitution of the electric field
along the polarization axis for a temperature field (the so-called
thermal analogy). Four different actuation cases are analyzed here
using the thermal analogy for the same laminate construction, as
shown in Table 1, where plies are numbered inside out. The positive
fiber angle goes along the clockwise direction on each wall.

A finite element model of these configurations was built using
shell elements in MSC.NASTRAN. The static response for ther-
mal loads was then computed for each actuation case, and they are
shown in Fig. 14. Cases A1 and A2 can be easily identified as one-
dimensional bending and twist responses, and a classical composite
beam model will be then enough to capture the response. How-
ever, cases A3 and A4 clearly include platelike motions, which,
in a one-dimensional structural model, will appear as higher-order
components of the deformation. Their characterization can be done
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Fig. 14 MSC.NASTRAN static response for the box-beam under thermal loads.

Fig. 15 UM/VABS finite section modes for platelike motions of active box-beam.

Table 1 Laminate layups and electric actuations: ⇑⇑, upper wall;
⇓⇓, bottom; ⇒⇒, right; and ⇐⇐, left

Case Elastic ply up Electric actuation

A1 (45/ − 452/45) ⇑⇓⇒⇐ (+. + . + .+) ⇒; (−, −, −, −) ⇐
A2 (+.−, −.+) ⇒⇐
A3 (−, 0, 0, +) ⇒⇐
A4 (−/0/0/+) ⇒; (+/0/0/−) ⇐

in the context of the present cross-sectional reduction using finite
section modes. For the box-beam under consideration, the reference
line is chosen to be along the area centroid of the cross sections, and
the deformation modes are defined with harmonic functions in given
walls [ψq = cos(πcxα/2Lα), with Lα the wall length and c = 1, 2],
as shown in Fig. 15.

This set of finite section modes satisfies the orthogonality con-
ditions (7). Orthogonality to the rigid-body motions of the cross
section �w

ε must be finally imposed for them to satisfy condition
(5), and this is easily done by subtracting their rigid-body compo-
nents (motions along x2 and x3 for modes 13 and 14, respectively,
and in-plane rotation for mode 24). The resulting set of modes de-
fines a unique expansion of the cross-sectional warping field.

The subsequent first-order cross-sectional analysis yields a
16×16 stiffness matrix S associated to the set of one-dimensional
variables {ε, q, q ′}, the corresponding generalized thermal forces
per unit length F , and the influence coefficients of the cross-sectional
warping field with respect to the one-dimensional variables. With
that information, the one-dimensional reduced model can be built
and solved for this configuration as it was done in Ref. 33. Following
the general scheme of Fig. 1, the three-dimensional displacement

Table 2 One-dimensional interior solution of active
box-beam and maximum error in cross-sectional

displacements with respect to MSC.NASTRAN results

Measures A1 A2 A3 A4

aκ∞
1 /�0

11 0 −0.966 0 0

aκ∞
3 /�0

11 −0.550 0 0 0

q∞
11 /(a�0

11) 0 0 6.472 0

q∞
12 /(2a�0

11) 0 0 −6.173 0

q∞
13 /(a�0

11) 0 0 0 4.015

q∞
22 /(2a�0

11) 0 0 0 1.397

〈‖∆d‖〉/〈‖d‖〉, % 0.0 0.0 6.9 8.2

field is finally constructed from both the cross-sectional and longitu-
dinal results. In this case, because the thermal force F is constant in
the axial direction, the Saint-Venant interior solution {ε∞, q∞, q ′

∞}
is directly available from the two-dimensional problem as S−1 F .
For this problem, q ′

∞ = 0, and the nonzero values for each actua-
tion mode are given in Table 2. The last row in Table 2 includes
the average value in the cross section of the error �d between the
displacement field in the interior solution of the three-dimensional
finite element model, d, and the displacements after the recovery
process in the cross-sectional analysis. The actual cross-sectional
warping field in the interior solution can be explicitly computed as
W = Wεε∞ + Wqq∞, where Wε and Wq are the WIC matrices. Re-
sults for cases A3 and A4 are presented in Fig. 16. Figure 16 shows
a comparison of the interior solution in the MSC.NASTRAN plate
FEM models and the midwall displacements in the cross-sectional
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Fig. 16 Interior solution for active box-beams A3 and A4 as computed by MSC.NASTRAN plate FEM solution and cross-sectional reduction of
UM/VABS using finite section modes.

analysis with finite section modes. The comparison is excellent and
shows the effectiveness of the present approach to capture nonclas-
sical deformation modes in slender composite structures.

Conclusions
This paper presented a comprehensive formulation for the

cross-sectional characterization of slender nonhomogeneous and
anisotropic structures with embedded sensors and actuators. For
this purpose, the coupled equations of electrothermoelasticity in the
cross section were solved through an asymptotic approximation.
The numerical solution was obtained by a finite element discretiza-
tion so that there are no restrictions in the cross-sectional geometry
or the distribution of material properties. The solution allows for ar-
bitrary definition of strain measures using finite section modes and
can consider the local effect of the longitudinal variation of strains
to account, for instance, for end-effects due to constrained warping
or for a Vlasov-like mode of deformation. As a result, the present
methodology, implemented in the computer code UM/VABS, pro-
vides a solution to virtually all typical problems in the generation
of one-dimensional models of (active) structures: analysis of solid
and thin-walled beams, prismatic and initially curved reference lines
at arbitrary locations, nonclassical (higher-order) deformations and
end effects, and hygrothermal and electric interactions.

Numerical examples illustrated the use of the formulation for the
analysis of both solid and thin-walled active beams. The proposed
cross-sectional analysis defines elastic constants that fully capture
the strain energy per unit length of the deformed structure as shown
by comparisons with three-dimensional finite element solutions. The
formulation also provides accurate recovery relations of the elastic
and electric fields in the original three-dimensional domain, which
can estimate the internal stress and electric field distributions in the
structure and/or define the complete wet surface of a fluid–structure
interaction problem. The formulation also introduced a simple yet
effective approximation to the transverse shear effects using finite
section modes. Moreover, higher-order deformations within the con-
text of a purely one-dimensional theory were exemplified through
the modeling of platelike deformations in an active thin-walled con-
struction. As shown in this paper, the resulting model is several or-
ders of magnitude smaller than a three-dimensional finite-element
representation of the structure with comparable accuracy. Obtaining
one-dimensional models that adequately represent the actual three-
dimensional state is particularly decisive in the analysis of slender
structures undergoing large deflections, where the nonlinear effects
are mainly associated with the longitudinal dimension of the struc-
ture.

Regarding models of active slender structures, the direct solution
of the two-field electroelastic problem was conducted. The numer-
ical results showed the importance of the piezoelectric coupling
and electrode/actuator geometry in the actual cross-sectional char-
acteristics and how they deviate from the typical prescribed field
solution. The elastic stiffening of a cross section due to the energy
stored in the electric field was shown to be negligible for typical
piezoelectric material constants. The same behavior was observed

in the cross-sectional capacitance, which showed negligible electric
stiffening due to the energy stored in the induced elastic deforma-
tions. It was also shown, however, that the geometric properties
of the cross section have a significant effect in the final actuation
forces and capacitance per unit length. Therefore, for proper estima-
tion of the actuation forces for generic electrode/actuator geometric
arrangements, a two-field coupled theory with a detailed spatial dis-
cretization should be used, as described in this paper.

Appendix: Submatrices in the FEM Discretization
of the Cross-Sectional Electric Enthalpy

The discrete form of the enthalpy per unit length, or cross-
sectional enthalpy, was presented in Eq. (25) as a function of the
discrete cross-sectional state variable z and the distribution of tem-
peratures T . The coefficient matrices An and vectors bn in that ex-
pression are given here.

To simplify the resulting expressions, an equivalent state variable
ze can be introduced as

ze = {εT W T 
T W
′T 


′T }T , ze = � · z (A1)

Then, the coefficient matrices and vectors in the cross-sectional
enthalpy corresponding to the original state variable z can be easily
rewritten as a function of those of the new state variable, as follows:

An = �T Ae
n�, bn = �T be

n (A2)

The submatrices in the problem are

Ae
0 =




0 0 0 0 0

0 Dhh Dhφ 0 0

0 Dφh Dφφ 0 0

0 0 0 0 0

0 0 0 0 0




Ae
1 =




0 Dεh Dεφ 0 0

Dhε 2Dh Rs DRφ Dhl Dhφ′

Dφε DφR 0 Dφl Dφφ′

0 Dlh Dlφ 0 0

0 Dφ′h Dφ′φ 0 0




Ae
2 =




Dεε DεR 0 Dεl Dεφ′

DRε DR R 0 DRl DRφ′

0 0 0 0 0

Dlε Dl R 0 Dll Dlφ′

Dφ′ε Dφ′ R 0 Dφ′l Dφ′φ′



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be
1 =




0

DhT

0

0

0




, be
2 =




DεT

DRT

0

DlT

0




(A3)

with

Dεε = 〈
�T

ε cE�ε

〉
, Dh R = 〈

(�h Nw)T cE�R Nw

〉

DεT = −〈
�T

ε cEαNT

〉

Dhh = 〈
(�h Nw)T cE�h Nw

〉
, Dhl = 〈

(�h Nw)T cE�l Nw

〉

DhT = −〈
(�h Nw)T cEαNT

〉

DR R = 〈
(�R Nw)T cE�R Nw

〉
, DRε = 〈

(�R Nw)T cE�ε

〉

DRT = −〈
(�R Nw)T cEαNT

〉

Dll = 〈
(�l Nw)T cE�l Nw

〉
, DRl = 〈

(�R Nw)T cE�l Nw

〉

DlT = −〈
(�l Nw)T cEαNT

〉

Dhε = 〈
(�h Nw)T cE�ε

〉
, Dlε = 〈

(�l Nw)T cE�ε

〉
(A4)

Dφφ = −〈
(∇ξ Nφ)T ε�

t ∇ξ Nφ

〉
, Dφ′φ′ = −〈

N T
φ ε�

l Nφ

〉

Dφφ′ = −〈
(∇ξ Nφ)T ε�

tl Nφ

〉

Dεφ = 〈
�T

ε eT
t ∇ξ Nφ

〉
, Dεφ′ = 〈

�T
ε eT

l Nφ

〉

Dhφ = 〈
(�h Nw)T eT

t ∇ξ Nφ

〉
, Dhφ′ = 〈

(�h Nw)T eT
l Nφ

〉

DRφ = 〈
(�R Nw)T eT

t ∇ξ Nφ

〉
, DRφ′ = 〈

(�R Nw)T eT
l Nφ

〉

Dlφ = 〈
(�l Nw)T eT

t ∇ξ Nφ

〉
, Dlφ′ = 〈

(�l Nw)T eT
l Nφ

〉
(A5)

Subindexes l and t in the matrices of piezoelectric constants re-
fer to the longitudinal and transversal components, respectively. In
particular, el = [e1i j ], et = [eαi j ].
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