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Spacecraft capture trajectories to Lyapunov/Halo periodic orbits of the L1 and L2 points in the restricted Hill

three-body problem are analyzed. The specific focus is on transfer to these orbits from interplanetary trajectories.

This application is motivated by future proposals to place “deep space ports” at the Earth andMars L1 or L2 points.

We use stable manifolds for capture trajectories to periodic orbits around the libration points. Numerical results

show that the stable and unstablemanifolds fromperiodic orbits around the libration points can intersect the surface

of anyof the planets of the solar systemby changing the size of periodic orbits.Applying this toEarth–Mars transfers,

the cost of capture into a periodic orbit is reduced comparedwith direct capture into a parabolic orbit.Moreover, if a

spaceport is built on a periodic orbit in the vicinity of a sun–Mars libration point andpropellant can be supplied there

to the spacecraft, the required�V for entry into a circular orbit aboutMars froman interplanetary trajectory canbe

considerably reduced compared with a direct entry into a circular orbit.

I. Introduction

S INCE the start of the space age when Sputnik was launched by
the former Soviet Union in 1957, there have been many space

exploration missions to the moon, Mars, Jupiter, and other solar
system bodies. Future exploration plans include human missions to
Mars and the continued exploration of asteroids and comets with the
goals of understanding the formation process of the solar system and
the origin of life. Because of these goals, there have been many
investigations of interplanetary transfer trajectories. For a spacecraft
to depart from Earth and escape, it is usually necessary to use a high-
thrust propulsion system. On the other hand, in the case of
interplanetary transfers, it is often expedient to use a propulsion
systemwith high specific impulse, like electric propulsion, to reduce
the required propellant onboard a spacecraft. Therefore, to establish a
reusable and repetitive interplanetary cargo system, it is mass
effective to split the high-thrust and low-thrust portion of a transfer
into two systems. This means that a high-thrust propulsion system is
used from the ground to a relay point located at the boundary of the
Earth’s gravitational dominance, and then the payload is changed to
another spacecraft that has a propulsion system of high specific

impulse for an interplanetary transfer. Thus, there has been great
interest in the libration points as a candidate location for such a relay
point for transportation.

The libration points of the circular restricted three-body problem
are located where the gravity of the first and second massive bodies
and centrifugal force are balanced. In particular, the position of L1
and L2, which lie on the line connecting the two masses, can be
considered equivalent to the boundary of the gravitational
dominance of the smaller mass of the two. Because an object
around these points can maintain the same position with respect to
the two masses, transfers between the primary body and the libration
point have been investigated extensively in the past [1–6]. In fact,
several astronomical satellites have already used such Halo/
Lissajous orbits around theL1 andL2 points of the sun–Earth system
[7], and large astronomical observatories like the JamesWebb Space
Telescope (JWST) will likely be located near the sun–EarthL2 point
requiring human servicing and repair [8]. Moreover, a transfer to the
inner or outer planets is relatively simple by addition of energy to a
spacecraft in the vicinity of the L1 and L2 points. Therefore, these
points are also considered as candidate gateways for interplanetary
transfers in the future [8–12].¶ Recently, the analysis and design of
transfer orbits using invariant manifolds associated with periodic
orbits around the libration points have been a topic of study [13–19].
Ross et al. studied the use of the Earth–moon L1 point as the staging
node for further human expeditions [9,10]. Farquhar and Dunham
described a plan to use the sun–Earth L2 libration point as the
primary hub for future human space activities in the Earth’s
neighborhood [11,12]. The Japan Aerospace Exploration Agency
(JAXA) has started investigating a deep-space port built in the
vicinity of the L2 point of the sun–Earth system.¶ The escape
trajectories from the libration points of sun–Earth system have also
been examined [20–22].

Furthermore, if a spaceport is also built around theL1 orL2 points
of a target celestial body, the fuel required for landing or for entry
orbit at the target celestial body can be supplied there to the spacecraft
arriving from interplanetary space, or we can transfer cargo there to
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another spacecraft which is used exclusively for landing or for an
entry orbit [11]. In this way, constructing a spaceport in the vicinity
ofL1 orL2 of the sun–Earth and sun-target celestial body system can
separate the transportation system into three regions: transfer inside
the gravity field of the Earth, transfer inside the gravity field of a
target celestial body, and the interplanetary transfer phase (see
Fig. 1). Moreover, this system facilitates round-trip exploration
using spaceports as relay points and leads to a reusable transportation
system [8–11]. In the past, capture trajectories from/to the secondary
body in the three-body problem were studied [23–28]. However,
capture trajectories from an interplanetary trajectory to the vicinity of
the L1 and L2 points of a target celestial body are not fully
understood. Thus, spacecraft capture trajectories to periodic orbits of
the L1 and L2 points in the restricted Hill three-body problem are
analyzed in this paper. Although the capture to quasi-periodic orbits
may result in even greater fuel savings, we will first analyze capture
trajectories to a Lyapunov/Halo orbit to outline our procedure and
then consider the quasi-periodic orbit transfer in the future. The
specific focus is on transfer into the periodic orbits of libration points
from interplanetary trajectories, although our study also sheds light
on the escape problem as well.

II. Hill Three-Body Model

The physical system considered in this paper is the restricted Hill
three-body model. This model is a limiting case of the circular
restricted three-body problem (CR3BP) and describes the dynamics
of amassless particle attracted by two point masses revolving around
each other in a circular obit (see Fig. 2). In fact, the Hill model can be
obtained from the CR3BP by setting the center of the coordinate
system to be at the secondary body and then assuming that the
distance of the satellite from the center is small compared to the
distance between the target body and the sun. The resulting equations
ofmotion provide a good description for themotion of a spacecraft in
the vicinity of theL1 andL2 libration points of the smaller body [29].

A. Equations of Motion

The equations of motion for a spacecraft in the Hill model are
given by [30,31]

�x � 2! _y � 3!2x�� �
r3
x (1)

�y� 2! _x�� �
r3
y (2)

�z� !2z�� �
r3
z (3)

where r�
��������������������������
x2 � y2 � z2

p
is the distance from the center of a second

smaller body to a spacecraft, ! is the angular velocity of the
secondary body m2 about the primary body m1, and � is the
gravitational parameter of the secondary body.

B. Libration Points

In the circular restricted three-body problem model there are five
points where the gravity of the first and second massive bodies and
centrifugal force acting on the spacecraft (S/C) are balanced, which
are called libration points. In the restricted Hill three-body problem,
only the L1 and L2 libration points exist, and they are symmetric to
the origin with coordinates x����=3!2�1=3, y� z� 0.

C. Jacobi Integral

Equations (1–3) have an integral of motion similar to the CR3BP.
The following equation denotes the Jacobi integral, which is a
conservative quantity determined from the initial conditions

J� 1

2
v2 � �

r
� 1

2
!�3x2 � z2� (4)

where v�
��������������������������
_x2 � _y2 � _z2

p
is the velocity of the particle in the

rotating frame. This constant has a deep influence on the dynamics of
motion. The condition v2 � 0 in Eq. (4) imposes a restriction on the
allowable position for the motion at any given value of J. Setting
v� 0 defines the zero-velocity surface, which sets a physical
boundary of the allowable motion at a given value of J. In particular,
the critical value of J at L1 and L2 defines the energy at which the
zero-velocity surfaces open at L1 and L2, and is expressed as

JL1;2 ��
1

2
�9�!�2=3 (5)

D. Normalization

Next, we normalize the preceding equations setting the unit length
and the unit time as follows:

l�
�
�

!

�
1=3

and � � 1

!
(6)

The normalized equations of motion are then

�x � 2_y � 3x�� x
r3

(7)

�y� 2_x�� y
r3

(8)

�z� z�� z
r3

(9)

This normalization allows us to eliminate all free parameters from the
equations, thus, computations performed for them can be scaled to
any physical system by multiplying by the unit length and time,
which only depend on the properties of the primary and secondary
bodies. Moreover, this normalization is equivalent to !� 1 and
�� 1, thus, the normalized x coordinate of libration points and the
normalized value of J at L1 and L2 are equal to

x���1=3�1=3 ��0:693 . . . (10)

JL1;2 ���1=2�92=3 ��2:16337 . . . (11)

Table 1 gives the normalized radius for the planets of the solar
system. This is a quantity of interest, as it defines the closest periapsis
passage possible to the planet, and defines the periapsis radius where
significant drag forces are available for an aerocapture spacecraft.

Fig. 1 Vision of an interplanetary transfer in the future.

Fig. 2 Geometry of the restricted Hill three-body model.
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E. Periodic Orbits in the Vicinity of the Libration Points

There exist periodic orbits near the libration points in the two- and
three-dimensional space [32–36] called Lyapunov and Halo orbits,
respectively, whose sizes depend on the value of the Jacobi constant.
If a spaceport is built on a Halo orbit about the L2 point, it is not
hidden in the shadow of the second body because the radius of the
Halo orbit can bemade larger than that of the second body. However,
wewill first analyze capture trajectories to a planar Lyapunov orbit to
outline our procedure and then consider the Halo orbit transfer case
later.

We compute the Halo orbit as follows: First, we assume the initial
condition isX0 � �x0; 0; z0; 0; _y0; 0�. Using the Runge–Kutta fourth-
order method, the equations of motion are integrated keeping
seventh-order accuracy of the Jacobi constant until the sign of y
changes twice, and the time at this point is defined to be t. If
Xt � �x0; 0; z0; 0; _y0; 0�, that orbit is considered to be a Halo orbit (t
is considered to be a period of Halo orbit T at this time). If the orbit
does not close on itself at t, we use a minimization algorithm for
nonlinear functions [37] to drive the norm of the difference Xt � X0

to zero.

F. Invariant Manifold

There exist invariant structures associated with these periodic
orbits called unstable and stable manifolds [38,39]. These are
trajectories that depart from or wind onto the periodic orbit,
depending on whether they are stable or unstable, respectively. We
exploit these stable manifolds for capture trajectories to periodic
orbits around the libration points (see Fig. 3). In this paper, invariant
manifolds are generated by applying an infinitesimal impulse
(0.00001: corresponds to 1:66E-3 m=s in the sun-Mars system) at
different locations along the periodic orbit and integrating backward
in time. The location on the periodic orbit is parameterized by a phase
angle � on the periodic orbit (see Fig. 2).

III. Capture Trajectories to the Vicinity of L1 and L2

A. Assumption of Capture Trajectories

In this paper, we assume that capture trajectories are trajectories
that enter the sphere of influence of a target body from interplanetary

space and have a close flyby to the target body. At closest approach,
an impulsive maneuver is performed to put the spacecraft on the
stable manifold that leads to capture to a periodic orbit ofL1 orL2 of
the target body. The reasonwhy an impulsivemaneuver is performed
near the surface of the target body (periapsis) is because this is the
energetically most efficient place to reduce the approach energy,
which may also be reduced by using an aeroassist with the planetary
atmosphere. Once placed on the stable manifold, the S/C approaches
the periodic orbit, perhaps orbiting around the target body a few
times on its way. Once it is close to and crosses the periodic orbit, an
infinitesimal impulsive maneuver is necessary to place it on the
periodic orbit. The cost of this final maneuver is negligible and is
ignored. In this way, the stable manifolds are used for capture
trajectories to periodic orbits.

B. Definition of Periapsis Points

In this section,we investigate thefirst four periapsis passage points
of stable manifolds, where an impulse maneuver may be performed,
propagated backward from a certain point on the periodic orbits in
time. Figure 4 shows an example of the first four periapsis passage
points of one example trajectory of the L1 stable manifold (in the
planar case for J��2:15). The secondary body is located at the
origin. Based on this result, Figs. 5 and 6 plot the first four periapsis
points’ locations of the L1 stable manifold for several values of the
Jacobi constant (i.e., the size of periodic orbit) in the two-
dimensional (Lyapunov orbits) and three-dimensional (Halo orbits)
cases, respectively. The periapsis locations of L1 and L2 stable
manifolds are symmetric to the x� 0 plane. We can see that each
periapsis point region spreads out, and that these periapsis locations
depend on the value of the Jacobi constant.

Figures 7 and 8 show the relation between a minimum periapsis
distance and the value of the Jacobi constant in the two- and three-
dimensional cases, respectively. The minimum periapsis distance
means the distance from the origin to the periapsis point of stable
manifold, which is closest to the origin in each of four periapsis
points in the same value of the Jacobi constant in the two-
dimensional cases. The minimum periapsis distance decreases as the
value of the Jacobi constant increases, and each of the four minimum
periapsis distances become smaller than 0.000148 (which is smaller
than the smallest normalized planetary radius, Neptune) when the
value of the Jacobi constant is large. Thus, the stable manifold of the

Table 1 Normalized radius of the solar system planet

Planet Mass, kg � 1023 Gravitational parameter,
km3=s2 � 105

Mean motion,
rad=s � 10�7

Normalized radius

Mercury 0.3302 0.220329 8.27 0.007663
Venus 4.869 3.248889 3.24 0.00415
Earth 5.9742 3.986345 1.99 0.002955
Mars 0.64191 0.428321 1.06 0.002173
Jupiter 1899 1267.127 0.168 0.000933
Saturn 568.8 379.5375 0.0676 0.000641
Uranus 86.86 57.9582 0.0267 0.000253
Neptune 102.4 68.32742 0.0121 0.000148

Fig. 3 Stable manifold around L1 (until first periapsis point).

Fig. 4 First four periapsis points of an example trajectory of the L1

stable manifold propagated backward from a certain point on the

periodic orbits.

1346 NAKAMIYA ET AL.



first four periapsis passage points can intersect the surface of any of
the planets in the solar system. That is to say, a spacecraft can be
placed onto the stablemanifold of a Lyapunovorbit by performing an
impulsive maneuver at the aforementioned periapsis points. In the
three-dimensional case, the minimum periapsis distance depends on
the value of the Jacobi constant as well, and although the value of the
Jacobi constant is limited, those distances become smaller than
0.000148. Therefore, the stable manifold of the first four periapsis
passage points can intersect the surface of any of the planets in the
solar system in the three-dimensional case.

IV. Application to Earth–Mars Transfer

In this section, a patched conic approximation for the
interplanetary transfer is applied to our study of capture trajectories
to periodic orbits around libration points in both two- and three-
dimensional cases.We focus our attention on a transfer from Earth to
Mars. However, these results can be applied to other planets of the
solar system as well. First, we compare the total �V after an
interplanetary transfer between the following cases: one is a direct
entry into a target circular orbit of Mars at a low altitude

(h 	 200 km), and the other is an entry to the target circular orbit
after first inserting into a periodic orbit around libration points. We
also compare the cost of transfer into the Libration orbit to the cost of
capture to Mars, assuming the two-body problem only.

A. Two-Dimensional Case

If we assume a simple Hohmann transfer from Earth to Mars, the
hyperbolic arrival velocity with respect to Mars is
v1;a � 2:648 km=s. Subsequently, the velocity in the hyperbolic

trajectory at periapsis (altitude h 	 200 km) to Mars is vp=M �����������������������������������������������
v21;a � 2�M=�rM � h�

p
� 5:551 km=s (�M is the gravitational

parameter of Mars and rM is the radius of Mars). The velocity in a
circular orbit at the altitude h 	 200 km of Mars is

vc=M �
����������������������������
�M=�rM � h�

p
� 3:449 km=s. Hence, in the direct entry

case, the required�Vc=M for entry in the circular orbit (i.e., total�V)
is 5:551 � 3:449� 2:102 km=s.

Next, we consider an entry into a circular orbit of Mars via
Lyapunov orbit case. When the value of the Jacobi constant JM is
�1:898, for example, the third periapsis point of the stable manifold
associated with theL1 Lyapunov orbit pass at a 200 km altitude with

Fig. 5 First four periapsis locations of L1 stable manifold in the two-dimensional case; the secondary body is located at the origin.
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respect to Mars. The velocity in the L1 stable manifold at the third
periapsis point in the areocentric frame is 5:009 km=s. Therefore, the
minimum required �Vp=M for entry to the L1 Lyapunov orbit with
JM ��1:898 is 5:551 � 5:009� 0:542 km=s. Here, it is instructive
to compare the�V for capture to the periodic orbit with simple two-

body capture criterion at Mars: �Vp=M � vp=M � 21=2vc=M�
0:673 km=s. Thus, capture to the periodic orbit allows a significant
improvement evenwith respect to capture into a parabolic orbit, or, in
other words, after our capture maneuver is performed, the spacecraft
is initially on a hyperbolic orbit, but one that transitions to a bound

Fig. 6 First four periapsis locations of L1 stable manifold in the three-dimensional case; the secondary body is located at the origin.
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periodic orbit. After entering the L1 Lyapunov orbit, the S/C can
leave from that orbit with virtually no cost and approachMars on the
unstable manifold to that orbit. If the departure time is chosen
correctly, the velocity on the L1 unstable manifold at a periapsis
point of Mars is 5:009 km=s. Thus, the minimum required�Vc=M to
enter into the 200 km circular orbit of Mars is
5:009 � 3:449� 1:560 km=s. Therefore, the total �V via the L1
Lyapunov orbit case is 0:542� 1:560� 2:102 km=s and is
identical to the value of the direct entry case (see Table 2), as is
expected. However, if a spaceport is built on the Lyapunov orbit, fuel

can be supplied there or payloads are transferred from interplanetary
cargo ship to a space vehicle exclusively used at Mars so that�Vc=M
is reduced. Figure 9 shows this capture trajectory from the third
periapsis point of Mars to the Lyapunov orbit.

B. Three-Dimensional case

Now, we examine the three-dimensional case. In analogy with the
two-dimensional case, assuming v1;a � 2:648 km=s, the velocity in
the hyperbolic trajectory at periapsis (altitude h 	 200 km) to Mars
vp=M can again be estimated at 5:551 km=s, and the velocity in a
200 km circular orbit can again be Vc=M � 3:449 km=s. Thus, in the
direct entry case, the required�Vc=M for entry into the circular orbit
(i.e., total �V) is 5:676 � 3:449� 2:102 km=s.

Next, in the viaHalo orbit case, the velocity at the second periapsis
passage point (altitude h 	 200 km of Mars) of the L2 stable
manifold associated with the Halo orbit (J��1:752) is 5:012 km=s
in the areocentric frame. Therefore, the minimum required �Vp=M
for entry to the L2 Halo orbit of JHO ��1:752 is approximately
5:551 � 5:012� 0:539 km=s. Like the two-dimensional case, the
caption to the periodic orbit is improved comparedwith the two-body
capture into a parabolic orbit. Moreover, the minimum required
�Vc=M to enter into the circular orbit around Mars leaving from the
Halo orbit without a station keeping control is
5:012 � 3:449� 1:563 km=s. Finally, the total �V via the L2
Halo orbit case is 0:539� 1:563� 2:102 km=s. These results are
summarized in Table 2. As before, if a spaceport is built on the Halo
orbit so that the fuel can be supplied there, or payloads are a
transferred from interplanetary cargo ship to a space vehicle
exclusively used atMars, the required�Vc=M needed to be carried by
the interplanetary vehicle for entry into a circular orbit from an
interplanetary trajectory can again be reduced compared with the
direct entry case. Figure 10 shows these capture trajectories from the
second periapsis point of Mars to the L2 Halo orbits.

V. Conclusions

This paper investigates capture trajectories to Lyapunov/ Halo
orbits in the Hill three-body problem. We concentrate on transfers
into these vicinities from interplanetary trajectories. The character-
istics of the relation between the minimum periapsis distance and the
size of Lyapunov/Halo orbits are obtained using the manifold
trajectories from Lyapunov/Halo orbits by backward integration.
Numerical results show that the manifold trajectories of the periapsis
passage points from Lyapunov/Halo orbits can intersect the surface
of any of the planets in the solar system if the value of the Jacobi
integral is changed. Thus, this technique can be used to reduce the
cost of capture at any of the planets in the solar system.

As an example, we consider transfers from an interplanetary
transfer into a target circular orbit near the surface of Mars. We
discussed three cases: a direct transfer into the target circular orbit

Fig. 7 Minimum periapsis distance as a function of the value of Jacobi
constant (the size of Lyapunov orbit) in the two-dimensional case.

Fig. 8 Minimum periapsis distance as a function of the value of Jacobi

constant (the size of Halo orbit) in the three-dimensional case.

Fig. 9 Capture trajectory from the periapsis point of Mars to the L1
Lyapunov orbit.

Table 2 Required �V to capture to orbit around Mars

�Vp=M ,
km=s

�Vc=M ,
km=s

total �V,
km=s

Direct entry —— 2.102 2.102
Entry via L1 Lyapunov orbit 0.542 1.560 2.102
Entry via L2 Halo orbit 0.539 1.563 2.102
(Two-body capture to
parabolic orbit)

0.673 —— ——
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around Mars, a transfer to the target circular orbit after going into a
Lyapunov/Halo orbit by performing a velocity correction near the
surface of Mars, and direct capture into a parabolic orbit about Mars.
It was found that if a spaceport is built on the Lyapunov/Halo orbit
and the fuel could be supplied there, the required velocity increment
for entry into the circular orbit from the interplanetary trajectory
could be reduced compared with the direct entry case.
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