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INTRCDUCTION

This is the final report dealing with three phases of investigation
covered by the contract at the time of termination, October 31, 1956. They are
as follows:

Part I: "An Investigation in the Zone Theory of the Energy of Electrons

in Metals." This work was reported in detail as a Technical Report (No.
2158~7-T) in August, 1956. It also served as doctoral thesis for the
author, George B. Spence. Page 1

Part II: "Results of Investigation of Low-Intensity Reciprocity Law

Failure." A detailed report of this investigation was submitted as a
Technical Report (No. 2158-5-T) in August, 1956. It too served as
doctoral thesis for its author, Robert L. Martin. Page L

Part III: "The Photographic Sequence Exposure Experiment." This phase
of the investigation has not been reported in a formal technical report.
The work, however, has been compiled and submitted for publication in
the Journal of the Optical Society of America, by the authors, J. H.
Enns and E. Katz. Page 8

In the present final report Parts I and II are limited by reproducing
only the gbstract and table of contents from the original. Part III is included
in its entirety, since it has not been reported and distributed previously.
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OBJECTIVES

Part E

Part

Part

A theoretical study of Brillouin zones, with special
regard to the question of the appearance of energy gaps, is under-
taken. It has a bearing on the Jones-—Hume-Rothery theory of the
physical properties of binary substitutional alloys.

This investigation is part of a plan to check the conse-
quences of theories of the photographic latent-image formation, with
a view toward finding the number of atoms necessary to form a devel-
opable speck of latent-image silver. Specifically, the present study
deals with the dependence of low-intensity reciprocity failure on
grain size, other factors being unchanged.

1

This investigation is part of a plan to check the conse~
quences of theories of the photographic latent-image formation, with
a view toward finding the number of atoms necessary to form a devel-
opable speck of latent-image silver. Specifically, this investiga-
tion is based on the order principle which rests on the hypothesis
that for isodense exposures the probability of rendering the last
grains developable must be equal. This investigation utilizes iso-
dense data obtained from the sequence exposure experiment.
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PART T

AN INVESTIGATION IN THE ZONE THEORY OF
THE ENERGY OF ELECTRONS IN METALS

George B. Spence

ABSTRACT

This work is a theoretical investigation of certain general problems
which occur in using the zone theory of the electron energy bands to determine
the phase boundaries of those alloys agreeing with the Hume~Rothery electron
concentration rules. There are four main objectives of the work.

The first objective pertains to the possible existence of an energy
gap at an electron concentration corresponding to the volume of the zone, often
called the Brillouin zone, of an alloy structure. It is shown that an energy
gap cannot exist for some zones because of what is here called a shape degen-
eracy. Shape degeneracies exist in those zones which cannot be constructed from
an integral number of mappings of the unit cell of the reciprocal lattice of the
alloy structure. A "mapping" of the unit cell is the division of the unit cell
into sections, if necessary, and the translation of each section by a reciprocal
lattice vector. Shape degeneracies exist, for example, in the zones of the y-
brags and B-manganese structures.

The second objective is to obtain qualitative information sbout the
energy surfaces in large zones by the correct use of the nearly-free-electron
approximation. The main result here is that the electron energy surfaces in
some large zones, for example, the y-brass zone, are not qualitatively similar
1to the simple surfaces in the first zone of the conduction electrons of the no-

ble metals.

Because of the existence of shape degeneracies and the necessarily
complicated nature of the energy surfaces in certain large zones, the volume of
these zones cannot, as has been assumed up to now, be used to predict precisely
the location of energy gaps or low dips in the density of states.

The third objective is to solve accurately two simple numerical prob-
lems. The two- and three-dimensional problems are constructed from two one-
dimensional Schr&ddinger equations with potentials of one and two cosine terms,
respectively. The two-dimensional energy contours illustrate some of the com-
plexities of the electron energies which occur in large zones. Accurate density-
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of -states functions N(E) for the three-dimensional problems illustrate the type
of structure which can occur in these functions and also show the effect on
these functions of Brillouin zone planes, corresponding to weak cosine terms,
which cut inside the large zone.

The fourth objective 1s to gain a better qualitative interpretation of
the Hume-Rothery rules. The usual approximation is made that the change in the
thermodynamic free energy with electron concentration n is due only to the change
in the total conduction electron energy U(n). It is shown that for typical
phase boundary problems U,(n) for phase one, instead of increasing relative to
Uz(n) as the zone is filled beyond the peak in N,(E), continues to decrease rel-
ative to Us(n) until that energy is reached at which the total number of elec-
trons are equal in the two phases. This shows that the positions of the phase
boundaries cannot be accurately predicted theoretically from the electron con-
centration corresponding to the peak in the density of states.

Other results of this investigation suggest that N(E) and U(n) are
determined primarily by the geometrical shape of the zone and hence should be
about the same for different alloys with the same structure. It follows from
this that the same phases of the different alloy systems should occur at the
same electron concentrations.

TABLE OF CONTENTS

CHAPTER I. INTRODUCTION

CHAPTER II. DEFINITIONS AND PROPERTIES OF ZONES
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2.2. Brillouin Zones
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CHAPTER III. GENERAL PROPERTIES OF ELECTRON ENERGIES IN JONES ZONES
3.1. Directional, Symmetry, and Accidental Degeneracies
3.2. oShape Degeneracies
3.3, Possible Omission of Certain Planes Forming Zone Boundaries

CHAPTER IV, ONE-DIMENSIONAI PROBLEMS WITH COSINE POTENTIAIS
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PART II

RESULTS OF INVESTIGATION OF LOW-INTENSITY RECIPROCITY LAW FAILURE

Robert L. Martin

ABSTRACT

The physical properties of the photographic emulsion, the nature of
the photographic latent image, the Mott and Gurney theory of latent-image for-
mation, and a simple model used by Webb to calculate an effective electron trap
depth are briefly described. This "single-trap-depth" model predicts a simple,
isodense, low-intensity reciprocity-law-failure (rlf) curve whose slope rapidly
approaches -1 with decreasing intensity of exposure. A quantitative theory of
the mechanism of latent-image formation proposed by Katz (outlined in Chapter
II) predicts noninteger low-intensity rlf slopes when an exponential distribu-
tion of trap depths is assumed, and therefore agrees better with experimental
results. It is shown in Chapter V that for this model the limiting slope will
also become -1 for sufficiently low intensities (depending on the total number
of traps per grain) but the slope for an extended intermediate section is still
inversely proportional to the spread in the assumed exponential distribution.
This dependence of rlf slope on spread of trap depths suggests that if their
distribution varies with grain size, then a relationship between grain size and
r1lf slope might be expected. This provides the motivation for the experiments
described in Chapters III and IV.

A new type of apparatus for use with very low intensities and long
times of exposure is described in detail. The principal advantages of this de-
sign were the compactness permitted by the use of slides instead of a sector
wheel, the simultaneous exposure of three plates, and the flexibility possible
with the automatic timing circuit which controlled the exposure program.

Pure AgBr emulsions were used for the experiments of rlf vs grain size
in order to avoid difficulties arising from the correlation between iodide con-
tent and grain size. Since the characteristics of these emulsions change more
rapidly with time than those of ordinary commercial emulsions, a uniform program
of storage before and after exposure was employed, with test experiments to dem-
onstrate the validity of this procedure.

The rlf slopes from the five pure AgBr emulsions, whose average grain
size ranged from about .2 p2 to 5 p2, demonstrate a definite increase in slope
with average grain size of emulsion used when developed with internal developer
and a similar but less marked tendency with surface development. This effect
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was stronger when higher temperatures of storage and exposure were used. A
systematic indication of more structure in the experimental curves than could
be accommodated by either the "exponential-trap-depth" or "single-trap-depth"
model was observed. However, this was only slightly beyond the estimated ex-
perimental error.

It is shown that a simple model assuming two discrete trap depths pro-
vides low-intensity rlf curves of considerable structure which are qualitatively
similar to experimental curves. For example, they show an extended, almost
straight section of noninteger slope. These curves are described in terms of
the relative abundance and depths of deep and shallow traps in the grain. A
method of obtaining these parameters by analysis of experimental curves is gi-
ven.

Suggestions for improvement of the experimental technique and possi-
ble additional experiments suggested by the "two-trap-depth" model are offered.

TABLE OF CONTENTS
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CHAPTER IV. EXPERIMENTAI, PROCEDURE AND RESULTS
A. General Procedure
B. Results
1. Surface Development (exposed and stored at about 32°C)
2. Internal Development (exposed and stored at about 32°C)
3, Surface Development (exposed and stored at about 38°C)
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the Two-Trap Model
3. Analysis of Reciprocity Curves for f and ro (o = 0)
B. Ixtension to N-Trap Model
Continuous Distribution of Trap Depths
1. Some General Conclusions
2. Opecial Case s = 1/2
3., Special Case 0< g <1
D. Summary and Interpretation of Results
1. Summary and Results
2. Interpretation in Terms of the Original Model with Exponential
Trap-Depth Distribution
3. Interpretation in Terms of the Corrected Exponential Model
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PART TIT
THE PHOTOGRAPHIC SEQUENCE EXPOSURE EXPERIMENT

J. Ho Enns and E. Katz

ABSTRACT

An instrument is desecribed which has been built for the automatic re=-
cording of sequence exposures on 4-by-10-in. photographic plates. Twelve shut-
ter slides are independently timed so that on one plate up to 384 h-by;5-mm
rectangles can be uniformly exposed to high and low~Intensity radiation. The
present design is for an intensity ratio of 100:1, where both intensities are
below optimum. . With minor modifications the instrument can be converted to
operate at other intensity ratios.. The densitometer readings are checked from
calibration strip data placed adjacent to the sequence exposures. The corrected
data, following conversion to Seidel values, are plotted as families of charac~
teristic curves, with the sequence exposure ratio as the constant parameter.
Isodense loop data are read from the curves at the intersection with a line
drawn parallel to the exposure axis.

A theoretical discussion of isodense loops is presented which is based
on the hypothesis that for isodense exposures the probability of rendering the
last grains developable must be equal. It is shown how this method should yield
the limiting slope of the low-intensity failure curve, and the minimum number of
quanta absorbed by the average grain to become developable. Preliminary re=-
sults presented here for Eastman Kodak Emulsion Type 33 are within expectation.
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I. INTRODUCTION

The concept that the reciprocity law failure below optimum intensities
results from disintegration of the latent image in its initial stages of forma-
tion has been supported experimentally by Webb and Evans.T One of their exper-
iments was based on the sequence effect, first observed by Weinland.® In a se-
quence exposure the emulsion is given an exposure I,T, followed by an exposure
IoT>. The first of these may be taken as a fraction p of the total exposure E
and the second as a fraction q, where p + ¢ = 1.

Now the resulting density D is observed to be one function of E and p
for the case when the high-intensity exposure is followed by the low-Intensity
exposure (H+L), and a different function when this order is reversed (I+H). At
the terminal points where p = O and p = 1, the two functions must necessarily
coincide. Thus a plot of the two D functions of p (at constant E) forms an iso-
exposure loop. The experimental data of Webb and Evans were presented in the
form of isoexposure loops whose shape supported previous evidence that the dis-
integration of the latent image, which is responsible for the low-intensity fail-
ure, occurs in the early stages of latent-image formation. A second stage is
distinguished in which the latent-image speck has become stable but is not yet
developable.

More recently a theory on the low-intensity sequence effect has been
proposed by Katz,5 which rests on the hypothesis that for isodense exposures the
probability of rendering the last grains developable must be equal. This im-
plies that multigrain densitometer measurements should yield single-grain data.
In particular the theory indicates how sequence experiments can be used to ob-
tain information concerning the number of atoms which constitute the stable and
the developable latent image. The present experiment was designed to furnish
isodense sequence loop data sultable for the investigation of the above theory
and therefore the study of latent-image formation.

The instrument described below is made up of twelve shutter systems.
Fach shutter or slide is timed to expose on one side a series of 16 rectangular
plate areas to various times of a given "high" light intensity Iy and subse-
quently the same areas for various times to a given low light intensity I;. The
other side of each slide gives first the low intensity I and subsequently the
high intensity Iy exposures to a neighboring series of 16 areas. The intensity
Iy is admitted to the plate through an open slot in the slide, while the inten-
sity Iy comes through a slot covered by a filter of suitable transmission. If
the timing program is such that the ratio of the two exposure times for any gi-
ven plate area is equal to the filter transmission IL/IH, then the data from each
slide would be sufficient to plot an isoexposure loop.* The data from at least
four or five slides are required for one isodense 1loop.

*Though not essential, it is practical to strive to satisfy this condition. See

Appendix. 10




——  The University of Michigan + Engineering Research Institute

Throughout this paper the exposure E' and intensity I' are considered
as quantities incident at the front surface of the emulsion. On the other hand,
I not primed is taken as the intensity incident on a grain at some point within
the emulsion and E without prime is the total exposure for a particular grain.

II. INSTRUMENTATION

A. MECHANICAL SYSTEM

Figure 1 is a photograph of the main instrument panel viewed from the
direction of the light source (back side). The panel is mounted vertically at
one end of a six-foot-long light box, with the source at the opposite end. At
the top of the panel are mounted 46 microswitches which are actuated by the
‘slides and thereby control the timing pulses going to the 12 rotary switches
(G. H. Leland, Inc., Type 29). Each rotary switch 1s mechanically coupled to
its shutter slide by means of a rack and pinion arrangement. At appropriate
intervals the teeth were stripped from the rack. Thus a slide moves as a freely
félling body through appropriate distances when it is released by the pulsed
rotary switeh. Weights not shown in the photograph are spring-coupled to the
lower end of each slide.

The location of the photographic plate is indicated by the dotted out-~
line in Fig. 1. The plate holder, not visible, is fitted from the front side
of the panel.

The 12 shutter slides are shown in different open positions along the
center of the panel. They are aluminum strips 17 mm wide and 75 cm long, ano-
dized dull black to minimize stray reflections. Into each slide are cut four
h-by~T5-mm openings. These are spaced relative to each other so as 1o expose
1 both sequence events while the slide moves past the plate. Two of the openings
are located adjacent to each other and are covered with a neutral filter (Kodak
Wratten Gelatin Filter). The transmission Ij/Iy is of the order .0Ol. Through
these the low-intensity exposure is made for both sequence events simultaneously.

Exposures from two adjacent shuiter systems are shown in Fig. 2.
While these show the general character of the original exposures, some quanti-
tative detail was not preserved in the photographic reproduction. It can be
noted, however, that except for the terminal demsities which should be equal,
the H+L exposures (A) exceed in density the I+H exposures (B). The plate cali-
bration exposures (C) are made at the end of a sequence run,; through one of the
clear slots following a 5-mm lateral displacement of the plate holder and plate.

11
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B. TIMING PROGRAM

The instrument was planned for an intensity and timing ratio of 100:l1.
The basic timing system consists of a synchronous motor driving a system of
gears and four cams. One cam actuates a microswitch at l-sec intervalsj; the
second cam activates its switch at l-l/2—sec intervals; and the third and fourth
cams similarly operate switches at 100- and 150-sec intervals, respectively.
Slide No. 1 is pulsed at 1- or 100-sec intervals depending on whether it is a
high- or low-intensity exposure, and similarly slide No. 2 is operated-at 1-1/2-
and 150-sec intervals.,

In addition each of the four basic pulses drives a 5-level, 52-contact
stepping switch (C. P. Clare and Co., Type 52). The levels are wired to trans-
mit pulses at 2, 3, 4, 6, 13, 19-1/2, 26, 39, 52, and T8-sec intervals for the
fast program and at 100 times these values for the low-intensity exposures.
Slides 3 to 12 are timed by the above stepping switch pulses. The total expo=-
sure range of the instrument is given by logs T8 = 6.29.

An exposure run is started with slide 12 which has tlie longest program
(33 hours). A microswitch in the timing circuit of slide 11 is closed by slide
12 at a later time so that both finish at about the same time. Successive
slides are started in this way and therefore all finish at about the same time.
Three additional microswitches associated with each slide change the operation
from fast to slow time, back to fast time, and stop the exposure at the end of

the cycle.

C. LIGHT SOURCE

The light source is a small mercury arc lamp, type 11-SC-RE, made by
the R and M Manufacturing Company, Pasadena, California. The advantages of

this source are high stability (about * l%), low thermal output, and as a low-
pressure lamp, a sharp line spectrum for monochromatic separation by filtering.

Immediately in front of the lamp a set of absorption filters (Corning
Glass, type 5-Th) reduces the radiation to the 436-my Hg line. The monochromatic
output from this system was determined at the National Bureau of Standards to be
0.14 pw per cm® at a distance of 50 em (3.08 x 10! quanta per cm® per sec).
This intensity is reduced to the desired Ig value by means of a diffusion screen
and a variable aperture near the source.

A sensitive and stable photomultiplier tube-—galvanometer detecting de-
vice, with a calibration based on the lamp data from the National Bureau of
Standards, serves to measure the radiation intensity at the photographic plate.
The full-scale range of the device is variable in steps by a factor of about 500.
This is done by changing the multiplier tube dynode supply voltage from about
40 volts to 100 volts per stage.

12
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As stated above, gelatin filters in each slide near the emulsion re-
duce Ip to I for the low-intensity exposure. For the simplest interpretation
of data it is desirable to work with an intensity ratio IH/IL equal to the time
ratio 100:1. However, the commercially prepared D = 2.0 filters used during
the present experiments when tested at h36 millimicrons were found to transmit
only 0.6 to 0.5% instead of the desired 1%. It meant that the Iy/Iy, ratio
might be anywhere between 160 to 200, necessitating the application of the cor-
rection method outlined in the Appendix° ‘Specially prepared filters have re=-
cently been obtained from the Eastman Kodak Company whose transmission ratio is
100:1 to within several percent at 436 millimicrons.

IIT. PHOTOGRAPHIC TECHNIQUE

A. EMULSIONS AND DEVELOPMENT

In these tests Eastman Kodak Plates, Type 33, have been used almost
exclusively. Plates with this emulsion were readily available and, being highly
uniform, introduced a minimum of unknowns during the study of instrument per-
formence. All plates were prestored at 68°F for several days, and the exposure
temperature was T5°F (+ 2°). Exposed plates were then stored at 68°F for a pe-
riod equal to the longest exposure time before developing.

The processing procedure was to develop in D-19 at 68°F for 5 minutes
(unless stated otherwise), stop bath 30 seconds, fix 5 minutes, and wash 10 min-
utes. The developing, stopping, and fixing solutions were agitated by means of
a motor-driven rocker. The plates were slow=-dried at room temperature for about
2 hours before reading.

B. PLOTTING OF DATA

A study of uniformly exposed plates revealed an edge effect up to 5%
in density. It was also noted that calibration strip densities decreased by
varying amounts (up to lO%) with increasing densities of adjacent’ sequence ex-
posures. For these reasons the sequence exposure densities D were all corrected
from adjacent calibration strip data before converting to Seide-llL functions S =
1ogi0 (L0P-1) for plotting of the characteristic curves shown in Fig. 3. The
advantage of plotting Seidel values instead of densities is in extending the
straight portion of a characteristic curve at the lower end.

The two sets of curves shown in Fig., 3 represent half the sequence data
recorded on a plate. The even-valued m curves have been omitted to avoid clut-
tering the graphs. Rectangles of the various densities on the plate may be la-
bled by two integers 1 S n £ 12 and 0 S m £ 15, indicating the slide number and

13
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the order of exposures of one slide. ZFExposures on the same line on the plate
normel to the direction of slide motion have the same m and therefore the same
p value (see Appendix). In the Appendix it is shown that a given slide will
not give isoexposures if the Ig' to I;' ratio is different from the Ty to Ty
ratio. For the data presented here, this was the case in that the intensity
ratio was 160 compared to the time ratio of 100. This explains why the points
from one slide do not fall on a constant log E line passing through the upper
point for total Ig' exposure of m = 15.

The data for plotting the isodense loops shown in Fig. 4 were taken
from Fig. 3. Since p for the upper curve and q for the lower curve are identi-
cal, both are computed numerically in the general case as qp' according to
Fquation 11.

'C. SINGLE-GRAIN DATA FROM ISODENSE SEQUENCE LOOPS

The theory of isodense loops was the subject of the paper listed un-
der Reference 3. In that paper Equations 1lha and 1lhb were derived to represent
the curved portions of a schematic loop (Fig. 3, Reference 3). They were de-
rived by expressing the order principle (i.e., for isodense exposures the prob-
ability of rendering the last grains developable must be equal) analytically ag
W(E-EO) = constant. W represents the probability that a second photoelectron
will be liberated while the first is still "alive." E-E5 in first approximation
was assumed to be the number of interquantic times occurring in the exposure in-
terval during which the latent image grows to stable size. The total exposure
E and the part Ey, which is required to go from the stable to the just develop-
able stage, are absorbed quanta per average grain to become developable last.
Since not all absorbed quanta necessarily contribute to the latent-image speck
formation which later initiates development, E and E5 will in general be greater
than required to form a single developable speck. The magnitude of this factor
will be discussed later.

The original loop equations were derived in first approximation by
making two assumptions. First, it was assumed that the number of interquantic
times in E was equal to E. Strictly it was shown that the interquantic times
are given by E-l+e'E, which approaches E for E >> 1, approaches E-1 for inter=-
mediate values, and 1/2 E2 for E << 1. The second assumption was to consider
W as a function of I only. It will now be shown that the probability function
W needs to be considered as a function of T as well as I for the present exper-
iments. The new W and more exact interquantic times will then be used to derive
sequence loop equations based on the order principle.

As previously derived (Equation 4, Reference 3), W is given by

T
W= fo F(t) P(t) dt (1)

1
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where P(t)dt, the probability that an interquantic time lies in the interval
between t and t+dt, is again given by I(l-t/T)e'Itdt. F(t) is the survival
function whose hyperbolic form (1+A\t)-% approaches (At)~% for at >> 1. Since

A, the number of probable escapes per second for a trapped electron, has been
estimated” to be about 100 at ordinary room temperature, the simpler form for
F(t) is here assumed. @ is the limiting slope of the low-intensity reciprocity-
failure curve to be determined later. With these substitutions followed by a
partial integration, W becomes

=
1

T - Tt
A o1 5 (L-t/7)t "% ~tat

T
(\T) e IT (I-a/T)fo =%~ Itqt (2)

&

in (2) takes the form of the gamma function if the upper limit is extended to
o, This approximation was checked to be valid to within several percent for
all practical values of &, I, and T. The final form of W as a function of I
and T is then

where 8 = 1 - . The integral

o= ()% Iy (1 - /o) @/ e (3)

where the first term on the right is negligible everywhere except in the imme-

diate vicinity of the loop terminal points (IT < 2). A is a constant whose ab-
solute magnitude need not be known since it will cancel anyway. [(B) will also
cancel when the exponential term in (3) is ignored.

The general expression relating isodense exposures is now
Wq(pE-1+ePE) 4 Wz(qE-l+e'qE—Eo) = WL(EL—l+e'EL—EO) = WH(EH-l+e'EH-EO),(h)

where the sum of the two terms on the left, representing a sequence exposure,

is equated (order principle) to the terminal probability for either all low (L)
or all high (H) intensity radiation. As previously stated, the first and second
exposures are respectively pE = I;T; and qE = IoT5, where p+q = 1.

Substituting for the W's in (4) form (3) and ignoring all exponential
terms, the loop equations become

15



——  The University of Michigan « Engineering Research Institute ——

upper branch:

<_i)%>(pE-l)+Wé--aB_E>(qE—l-Eo) = W <"EE@>(EH'1'EO): (58')

and lower branch:

W(_fﬁ (pE-]_)+<-(;LE>(qE~l—EO) = Q-@(EL—l“Eo)y(5b)

where w = (IH/IL)a. Considering (5a) as a function f(E,p), it can be shown
that the reciprocal of the slope S of the log E vs p curve for the upper curve
over its central range is given by

% = X _-p . (6)

Figure 5 is a plot of the l/S vs p data taken from the experimental
loops of Fig. 4. Theory and experiment agree in that there should be a straight
line portion of slope -l1. The lower curve is not useful for this purpose be-
cause fluctuations in Ey effectively change the curvature over its middle re-
gion. Equation 6 and curves of the type shown in Fig. 5 were used to determine
w. The limiting slope O of the low-intensity reciprocity—failure curve was com-
puted from w = (Ig/Ir)%.

Obtaining the limiting slope O of the low-intensity reciprocity—fail-
ure curves in this way is unique, for it does not require prolonged exposures
at very low intensities. We intend to test the validity of this assertion in
the future by changing the IH/IL ratio.

The next step is to determine Er, Eg, and E, in absorbed quanta for
the average grain to become developable last. In photographic work of this kind,
exposure ratios (not absolute exposures) incident at the emulsion surface are
known experimental quantities. Considering as usual that the absorbed ratios
are the same, the ratios a = EL/E and € = E1/Eg are also known as shown in Fig.
4. Introducing & and ¢ into Equation 5a and collecting terms in powers of E,
the upper branch equation becomes

Ez[p2+wp@-%)]-Ep(l+B)+B[l+wp(l+Eo)%——§>:l = 0 , (7a)

and similar for the lower branch equation (5b)

EZ [wp? + p(g-a)] - Ewp (148) + B [% + P (1+Ep) <§ - %i] = 0 . (7b)

16
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It should be noted that Ey, still unknown, appears in both quadratic
equations for E. However, in first approximation the Ey term is negligible for
values of p~ 0.1 or less. Since this for the upper branch is near the Eg ter-
minal where pE may be less than 2, the ignored exponential terms become impor-
tant enough to make (7a) invalid. The numerical values obtained for Er, and E,
where Ep, = aE = eEp, are therefore considered more reliable when obtained from
the lower branch. Of the two solutions for E, only the larger (+) value is sig-
nificant. In Fig. 4 (D = 1.0) the broken line curve has been drawn through
points computed from (7Tb). The bending away of the experimental curve for val-
ues of p > 0.25 has been ascribed to fluctuations in EO,5 For values of p <€ .05
the exponential terms in (4) should be included for the computation of the the-
oretical curve.

It is now possible to solve for Ey in terms of Er and Eg from the ter-
minal exposures. The solution is

w(—%}(EH-l)-é—-E%>(EL—l) .
. %) (-5) ;
"\"TEg) T\ TR

where again all exponential terms are small and have been ignored.

In Table I, column 1 lists six plates from which the photographic data
were taken; column 2 gives the loop density; column 3 the developing time in
minutes; column 4 the measured intensity at the emulsion front surface in quanta
per cm® per secj columns 5, 6, 7, and 8 give the values for e, a, w, and O de-
rived as outlined above; the last four columns are computed absorbed quanta per
average grain to become developable last.

For the computation of the exposure data of Table II, the average
grain size of the Type 33 emulsion (first five plates) was estimated as 0.25 uz,
and of the special emulsion -(plate 409) as 1.0 p=. I1' and Ix' are measured
front surface incident intensities in quanta per cm® per sec, Ty, and Ty the cor-
responding exposure times, and Er' and Eg' the total incident exposures in quan-
ta per average grain size at the front surface.

D. DISCUSSION OF DATA

The present data should be considered as preliminary. Only runs with
conditions of plates 408 and 413 were repeated. These reproduced very well.

However, a glance at the overall data indicates that the results from plate 410
are not in order, and need to be repeated. Neglecting plate 10, @, the limiting
slope of the low-intensity reciprocity-failure curves, is essentially not affec-
ted by changes in intensity nor developing time. This is as expected.
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TABLE TI

INCIDENT EXPOSURE DATA

PL s ] 1 TL - TH

ates Density I, Iy (in) (sec) Er’ Eg’
408 1.0 8.8 x 10° 1.7 x 10> 2400 250 317 104
410 1.0 31 x 10° 5 x 10° 373 45,5 175 57
41k 1.0 59 x 10° 9.4 x 10° 182 26.3 161 62
b1l 1.0 31 x 10° 5 x 10° 340 45.5 159 57
413 1.0 31 x 10° 5 x 10° 412 58 193 72
413 0.6 31 x 10° 5 x 10° 210 30 98 37
41% 0.3 31 x 10° 5 x 10° 110 16.2 52 20
409 0.3 116 x 10° 22 x 10° 1253 101 8750 2230

An estimate of the reliability of the computed absorbed quanta in
Table I can be made by comparing these data with Webb's® results on single-
grain-layer emulsions. The emulsion type he used was a non-color-sensitized,
low-speed, fine grain (0.275 u®), positive-type. His absorbed quanta (indepen-
dent of wave length) per average grain size came out to be 16 when the ratio of
developable to total number of grains per unit area was O.l. This is comparable
to Eg = 15.5 in the present experiments for plate 413, D = 0.3. At so low a
density it can be assumed that only grains near the surface have been rendered
developable. Webb's exposure time was 15 sec compared to Tg = 16.2 sec in the
present experiment, indicating comparable light intensities.

By statistical analysis Webb6 obtained for the average grain a factor
0.2h as the ratio of quanta utilized in forming the latent image that initiates
development to the total quanta absorbed. If the Ey values of Table I are mul-
tiplied by this factor the result is a number of between 1 and 2 for the quanta
necessary to bring the latent image from the stable to just developable size.
The product 0.24k Eg for the optimum case of plate 413 (D = 0.3) also gives a val-
ue between 3 and L4 for the total quanta required to build a developable speck.
These figures are in good agreement with the Gurney-Mott theory of latent-image
formation.

The values for Ej, and Ey, with the possible exception of plate 410,
'are consistent in that they increase: (a) with decreasing incident radiation,
I(b) with decreasing development time, and (c) with increasing density. The
first effect is expected from reciprocity failure, the second can be considered
as a lowering in developing efficiency, and finally the last grains to become
developable with increasing density are deeper within the emulsion or smaller
so that this also becomes a reciprocity-failure effect. For plate 409 E, and Ex
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are of course much larger due to emulsion type (minimum sensitization) and be-
cause of internal image development.

Ey in Table I shows a consistent change mainly for a change in densi-
ty. But this is small and as yet unexplained. That E, is a constant, and is
essentially the same for the internal image case, is according to theory.

A comparison of the incident exposures Ep' and Eg' of Table II with
the absorbed quanta Ey, and Eg of Table I is especially of interest for plate
413. TFor densities D - O the values of Er' and Ey' tend to the same limits as
Er, and Eg. This signifies that all quanta incident on a grain are used in the
process of latent-image formation, since for low densities the only affected
grains lie at the front surface of the plate. For higher densities the loops
reflect the behavior of the average grain at average depth. An estimate of the
decrease of light intensity between the front and back surfaces permits one to
calculate the ratios EL'/EL and EH'/EH to be expected. These ratios are in
qualitative agreement with the results of Tables I and II at the density D = 1.
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IV. APPENDIX

When the intensity ratio Ig* to If' is not the same as the timing ra-
tio Ty, to Ty the sequence strips in Fig. 2 are not isoexposures, but vary in
total exposure from step to step. The high- and low-intensity parts of the ex-
posures can then be computed for each step as will now be shown.

For the high- followed by the low-intensity exposure (H+L) the total
exposure for the mth place behind the nth glide is

Eﬁ,m = pm.Eﬂ,ls Ty Eﬁ,o = Py IHVTH,n + (L-pp) ILVTL,n ’ (9)

where meﬁ’lS expresses the high-intensity part of the exposure as a fraction
Pp of the all-high-intensity exposure for the case p, = 1 (the bottom step m =
15 in Fig. 2), and quﬁ,o represents the low-intensity part of the exposure as
a fraction g5 of the all-low-intensity exposure for the case p, = O (the top
stepm = 0 in Fig. 2). The design of the apparatus insures that Pp+ 9y =1,
and setting

x = 18' TH,n
¥
1" Toon

the ratio TH,n/TL,n is independent of n, while the ratio IH'/ILa is independent
of n for a wniform filter. Equation 9 now becomes

1-p
Eiom = In'TH,n [%m + - m] s (10)

where Ip'Tg pn is the total exposure for the case pp = 1, the bottom step (m =

15) in Fig. 2. The expressions for the values of pp' and qp' giving the frac-
tion of the total exposure at each place admitted as high and as low intensity
are found as follows.

For the H+L exposures pp' and Q' are defined by the relations

Pm Elgl:lS = Pu' Eﬁ;m
Am Eﬁ,o = Q' Eﬁ,m
with
Pm' +dp' = 1
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Substituting these relations in Equation 10 yields

Pp' ik
m 15 + m(k-1)

v 15-m . 11
m 15 + m(k-1) (1)

For the I+H exposures the expressions for pm' and qm' should be interchanged.
For k = 1, py' and qp' become equal to p, = m/l5 and gy = 1 - m/lB,respectivelya
It is seen that exposures with k # 1 correspond to the same p,' for the same
values of m. .Thus the measured points can be connected by the family of curves
shown in Fig. 5.‘ Each curve is characterized by the p' or q' value computed
from Equation 11.

All exposures and intensities in this appendix are taken per unit area
at the front surface of the photographic plate.
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