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Case 1: XF > XG

-Xr(Yr - YA) ± rcx[XF* + (YF -

The coordinates of points A and F are

XA = 0 (15)

YA = fc,* - r^2)1/2 (16)

XF = (rp
2 - r cv

2)^ sin (a + 5) - rccv cos(e - a - 6) (17)

YF = (rp
2 - r™2)1" cos(a + b) + rccv sin(a + b - e) (18)

The angle (a + b) corresponds to the section of the circle
of radius Rp taken up by one-half concave and one-half con-
vex fins Analytically, (a + b) is

Note that Eq (14) provides two values of M3 The smaller
one is the correct one to use

Case 2: XF < XG
Ms = (Ye - Yr-)/(Xa ~

MI is calculated from the equation

(19)

- YB)

Note that Eq (20) provides two values of M4 The greater
value is the correct one to use

Fin Effectiveness
The following equation is used as an approximate measure

of the effectiveness of a finned surface :
effective (approximate) fin efficiency =

(21)

where Ap is the outer surface of nonfinned cylinder, ft2

After some manipulations, the following final equation is
obtained:

where a =

= rcxFcx + rccvFccv
f Rp(a + 6)/90

x/rp) and b = sin"1^ «Ap)

(22)
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Fig 2 Fin efficiency as function of convex and concave
radii (Rp = 5 in )

(14)

Calculations
The equations shown were programmed for the IBM

704 computer, and the fin efficiency for various values of
Rp, r x, and r was calculated The results of the compu-
tations are shown in Fig 2 It is worth noting that although
Fig 2 is based on a radius Rp of 5 in , it is applicable to any
radius Rp in view of the following fact: if [(r x)i/(Rp)i] =
[(r x)2/(RP)2] (where the subscripts 1 and 2 refer to different
finned surfaces) and [(r *)i/(r c )i] = [(rcx)2/(rc )2], then

Conclusions

An increase in the ratio of convex to concave fin radii al-
ways results in an improved fin efficiency

If two finned surfaces, denoted by the subscripts 1 and
2, are such that

rcx[(YF - (XF ~
- (XF- (20)

and

then = (Ef)2
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Integral Equations for Viscous
Hypersonic Nozzle Flow

M SlCHEL*

University of Michigan, Ann Arbor, Mick

SCHLICHTING1 has shown that in incompressible dif-
fusers the integral equations for the combined core and

boundary-layer flows have the same form as the usual
boundary-layer integral equations In the present note it is
shown that this result remains valid in conical hypersonic
nozzles in which the thick hypersonic boundary layers and
the core flow interact

Following Schlichting1 the conservation equations will be
simultaneously formulated for both the core and boundary-
layer flows Since the boundary layer thickness is of the
same order as the nozzle radius, the effect of transverse curva-
ture, which has been discussed by Durand and Potter2 and
by Michel,3 must be taken into account The coordinate
system used is shown in Fig 1 and is the same as that in
Eefs 2 and 3 In the case of turbulent flow all parameters
are temporal averages

The flow is divided into a useful inviscid core and a bound-
ary layer of thickness d It is assumed that the core flow
behaves as a spherical source even when the boundary layer
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is thick Indications are that this assumption is not un-
reasonable 4 Then the total mass flow m through the bound-
ary layer and the core is given by

m= f 5 2?r rpudy + f &uc 2irR 2
PeVe sin0 dO (1)j o j o

As in Refs 2 and 3, a displacement thickness 5i is denned by
/* 61 /* 5
I 2irrpuedy = I 2irr(peue — pu)dy (2)»/ o */ u

If, as is usually the case, 0W « 1, it can be shown that5

m = TTP 7e(# - «2[1 + 0(<V)] (3)
Consequently, the mass flow is approximately

m = TTPue(R - 5i)2 = irPeueR(R - 2sD (4)

where

Si = $1 -

Equation (4) is thus the continuity equation for the nozzle
In formulating the momentum and energy equations it will

be assumed at the outset that Ow <<C 1 so that the nozzle ve-
locity distribution is approximately as shown in Fig 2
With 8W <$C 1, Eq (2) defining the displacement thickness
can be written as

2R
fRr ( Pu

Jo R (i ~ ̂ dr (5)

and as long as there is a uniform inviscid core extending the
upper limit of the integral in Eq (5) from 5 to R has no
effect on the results A momentum thickness is defined as
in Refs 2 and 3 by the relation

2irrP(ueu - u (6)

which reduces to

Pe u R

Application of conservation of momentum to a control vol-
ume of length dx (see Fig 2) yields the equation

— - rw2ir Rdx (8)

Combination of the continuity equation with Eq (8) yields
the following equation for the conservation of momentum
in the combined core and nozzle flows

H + 2 due
dx dx

I ^T
Rdx,
R (dp

2pUe
2

due

where H = 5^/62
A key assumption used in deriving Eq (9) is that the pres-

sure across the boundary layer is constant and equal to that
in the core, even in the case where d/R ~ 0(1) In the lami-
nar case

(bp/dy)/(&p/2te) - d/L
where L is some dimension characterizing the rate of vari-
ation of pe with x, such as the nozzle length Even
with d/R ~ 0(1), the constant pressure assumption
should remain valid provided R/L <<c 1 The pressure
change across a turbulent boundary layer is if the order6

where v^/Ue2 is the turbulence level For large Me the

Fig 1 Conical nozzle boundary-layer coordinate system

turbulence level must thus be extremly small if the constant
pressure assumption is to hold

Since the core flow is inviscid and one dimensional to the
present order of approximation

dp/dx = — peUe(due/dx)
so that Eq (9) becomes

dx <•»>
Thus, with an inviscid core the integral momentum equation
for the entire nozzle reduces to the same form as the bound-
ary-layer momentum integral equation, as was also found by
Schlichting1 for incompressible diffuser flow If h0 is the
total enthalpy, application of the conservation of energy to
the control volume in Fig 2 yields

dx 27T = 2irRqw (11)

where qw is the heat flux per unit area from the wall to the
fluid Definition of an energy thickness 53 by

/
5s /* A

2Trrpeueh dy = I 2ir rpu(h0 — hoe) (12)) j o
as is done in Shapiro7 leads to the relation

(13)

where A is the thermal boundary-layer thickness Com-
bining (13) and (11) leads to

(14)

Control volume
Fig 2 Approximate nozzle velocity distribution for the
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Determination of the nozzle flow now_requires simultaneous
solution of Eqs (4, 10, and 14) for $[, ~d~2, and u These
equations are closely related to the ordinary boundary-layer
integral equations; however, while u (the external velocity)
is usually known, the nozzle problem is complicated by the
fact that the variation of ue is itself dependent upon the solu-
tion of Eqs (10) and (14) since ue must satisfy Eq (4) for
the conservation of mass

In the turbulent case it will generally be necessary to intro-
duce empirical assumptions regarding the velocity distribu-
tion through the boundary layer and the skin friction co-
efficient The energy equation may be replaced by the as-
sumption that Crocco's relation between velocity and en-
thalpy is valid
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A Simple Geometric Method for
Analyzing Polarization States in

Photoelasticity

ROBERT MARK*
Princeton University, Piinceton, N J

IN the photoelastic model analysis of thin shells such as
those employed for typical rocket structures, it is fre-

quently necessary to account for the effect of rotating princi-
pal stress axes through the shell wall in regions where the
principal shell membrane forces are not acting along the same
axes as the principal bending moments The procedure
described in this note, which has had important application
in the field of crystal-optics1 and electrical engineering,2 can
be utilized to give particular solutions for the shell problem,
as well as providing clear understanding of other polarization
phenomena observed in general photoelasticity

Linearly polarized light passing through the strained
birefringent element shown in Fig 1 is split into components
along the principal stress axes x, and y The field Ey is seen
to lead Ex by the phase difference d\, since the propagation
velocity through the strained element along the ^/-principal
stress axis is greater than that of the component along the

LINEAR <JZ
POLARIZED
LIGHT-
INPUT

STRAINED
BIREFRINGENT
ELEMENT

Fig 1 Polarization output from a strained birefiingeiit
element

x axis In this case, the y axis is referred to as the fast axis
of the element

The ratio of the amplitudes of the field components ax,ay de-
pends on the orientation of the element with respect to the
polarizing axis; the phase difference is a function of the wave-
length of the light employed, material properties and thickness
of the element dzt and the principal stress differences along the
light path These relationships are derived in standard
photoelasticity texts

Resolution of the components along the light beam z axis
at a particular instant forms a helix which when viewed from
the outer end of the beam is seen as an ellipse The "ellipti-
cal" polarization thus formed is defined as "right-handed" if
the helix has the form of a right-handed screw thread, and
left-handed if it is of the opposite hand

The state of polarization may be completely described by
giving its handedness along with the azimuth of the major
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