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Abstract

We considered an incompressible fluid motion driven by space-dependent body force. For a one-dimensional case,
the problem was solved analytically, with the arbitrary choice of body force coordinate dependence. It was shown
that unsteady fluid flow can be represented as a series of separate modes, each with its own characteristic response
time. The analytical solution was proved using a corresponding numerical simulation.

I ntroduction

The problem of fluid motion induced by a variable
body force has many applications. There are severa
ways to apply this force to the fluid. One is the non-
uniform distribution of particles settling in the
container. These particles interact with nearby fluid,
initiating its motion. On the other hand, moving fluid
exerts a force on the particles and influences their
motion.

The literature on the dynamics of
suspensions is very extensive and due to the limited
scope of this study, it isimpossible to cover the topic
completely. We reviewed a sampling of studies
closely related to the subject of this paper.

There are many studies of sedimentation of
spheres in a container, which assume that particles
are distributed uniformly in the area no closer than
the radius of a particle to the container wall. Close to
the wall (closer than a), the concentration of particles
is zero, because no particle can be closer to the wall,
than its own radius.
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Bruneau et a.! stated this problem in a
simple way: there are two infinitely high walls with
particles distributed between them (no closer than a).
They discussed only a steady state problem, with no-
dlip boundary conditions, and introduced a zero net-
flux condition (no net fluid flux through the cross
section of the container):

c‘) wdS=0
Cross section
One reason to introduce this condition is that the
purpose of the analytical solution is to investigate
fluid motion in a finite real container, where the zero
net-flux condition is obvioudy satisfied. Introducing
this condition makes it possible to solve a system of
hydrodynamic equations. The authors managed to
solve the problem exactly, but assuming (a) the
existence of the boundary layer, with constant stress
inside, and (b) Poiseuille flow in the inner regions of
the container. They obtained the expressions for a
fluid velocities on the edge of the wall layer and in
the center of the container. These velocities are found
to be of the order of V,s, where V, is the Stokes
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velocity of settling particles, and s is a volume
fraction of solid particles.

In another work made by Bruneau et a?
they discussed the same steady state problem in the
geometry of an infinitely high rectangular container.
As before, they looked for solution as a superposition
of constant stress flow and Poiseuille flow. An
expression was obtained for fluid velocity inside the
container. It was shown that if the length of one side
of the container tends towards infinity, then the
solution approaches the one for one-dimensional
case. The dependence of an intrinsic convection on a
suspension concentration was estimated. An accurate
description of the intrinsic convection, at moderate
and high concentrations, would require an analysis of
multi-particle hydrodynamic interactions in the
presence of walls.

Beenakker and Mazur® studied a possible
dependence of sedimentation on container-shape. The
phenomenon of intrinsic convection was predicted:
an intrinsic, microscopic density inhomogeneity at
the container wall causes a macroscopic vortex
motion of the mean volume velocity.

A phenomenological theory of this effect, in
terms of two coupled velocity fields and an effective
boundary condition, was developed by Noziéres®.

The above authors agreed on the following:
in order for fluid bulk motion in the container to
exist, particles should not be distributed uniformly
throughout the container. The difference of particle
concentration in different parts of the container
results in pressure gradient in the fluid, causing fluid
motion.

In this work, we focus on the unsteady
large-scale fluid dynamics, and discuss arbitrary
spatial distribution of the body force throughout the
container. As an example, we introduced Gaussian
distribution of body force around the center of the
container.

Physical Formulation of the Problem and
Governing Equations
We considered a fluid flow between two infinitely
high walls separated by a distance L, (Figure 1).
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Figure 1: Geometry of the problem.

The fluid experiences body force f , which depends
on coordinate x and acts in the z-direction. We do
not specify for now the origin of this body force,
which acts on the fluid and arouses a motion. We
assume the fluid to be Newtonian and use the
following governing equations.

Conservation of mass:

N>U=0. (1)
Conservation of momentum:
U

0 o~
reo—+(UXN)UZ=-Np+Nx +f, (2)
TEt (V) o

where r ¢ isfluid density, U is fluid velocity, f is a
body force, and t is the viscous stress tensor for a
Newtonian fluid defined as:

t =m(Ru+RUT). €)
Initially, fluid is assumed to be stationary. Below, we
investigate Gaussian distribution of body force
around the center of the container x,=L,/2.

Therefore, distribution function is seen as:

® (y- x.)20
() =—P _ epe XX 2 (4)
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where the parameters are X, :ELO' DZELO (the

coefficient A=1.013 is introduced in order to ensure

L
that (‘js(x)dx=1). The vector of body force is
0

f=(0 0 - fLOG(x)), where f is the magnitude

of averaged body force. It is obvious that fluid
motion will occur only in the z direction. In one-
dimensional case Equation (2) can be rewritten as:

fip _
P_o 5
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R Eﬂnﬁ' fL,G(x), (6)
with initial condition:
w(x 0)=0, (7)
and with boundary conditions:
w(0, t) =w(Lo, t)=0. (8)

Furthermore, we introduce one more condition by
requiring a zero fluid flux through a cross-section of
the container:
Lo
C‘)N(x, t)ax=0. (9)
0
Later, we solve this PDE analytically.

The governing equations can be non-
dimensionalized with respect to the following
guantities:

w=fl3/m,  t=r¢l5/m,  Dy=Ly. (10
It is easy to seethat pressure p isalinear function of
the z coordinate. We can, therefore, introduce a non-
dimensional function p (t) asfollows:

p=fp(t)z. (11)
The non-dimensional formulation is:
W o PW s,
—=-p(t)+—- G(X), 12
i Pl e @
with initial condition:
W(% 0)=0, (13)
and with boundary conditions:
w(o, f)=w(1, t) =0, (14)
and a zero fluid flux condition:
1
O(% f)dx=0. (15)
0
Here, the distribution function is:
~ ® (g. )20
G(R)=— 2 expo- (% %) (16)

- ,\Y2 n2 -
(2pD2) § 2D 5
Later, we omitted the tilde sign for non-dimensional
parameters.

Analytical Solution of the Steady State and
Unsteady Problems
A. Steady state case
We write the governing equation as:

—pst+G(X)* an

with boundary conditions;
wg (0)=0,

wy (1) =0, (18)

1

lo (x)dx=0. (19)
We seek asolt;)tion as:
Wﬂ(x)=§ a sin(pkx). (20)
Substitution of (20) intok(:i7) will result in;
-a (PK)’ =pgr +G¢,  k=1..¥, (21)

where
1

N . 2
pavk=p32@n(pl«)dx=psa(1' (-1,
0

k=1..¥% (22)
and

1
G =2¢F(x)sin(plx)dx, k=1,...¥ . (23)
0

We use a zero net-flux condition (19):

1 ¥ (1— (—1)k)
0= ¢y (o= a =
0 3 ) k=1 pk
¥ |1-(-9 )éZpst( ‘ o
=- 2 T 1-(- )+G
2-1 (pk)3 gpk ( ) k Lk
From this one can obtain pg :

¢ G (1 (1) /g 21 (-9
kaz.l (pk)* ?:1 (Pk)*
And, finally, the steady state solution is:
1
ZPst(l' (- 1)k)p7k+Gk

k=1 (p k)2

(24)

o =

sin(pkx), (25)

B. Unsteady case
We introduce new variables:

p(t)=ps+p (1), (26)
WEwg W, (27)
obtaining:
ﬂw* * ﬂzw*
o (t)+ o (28)
with initial condition:
w (x,0) =-wy (x), (29)

where wy () isasteady state solution found in (25).
We also have the following conditions:
w (0, t)=0, w(Lt)=0, (30)



1

QY (xt)dx=0. (31)
0
The solution of (28) has the general form of:

w :g_ exp(-l ,ft)(Ah cos(l nx)+ Bhsin(l nX))+
v (32)
Q' (19cke

where eigenvalues | , are still unknown. Applying
zero net flux condition, we get:

0:5 exp(-l rft) gAh sinl(l o) +3q1_ C?S(l ”)g+
¥ i ey

*

+@ (t9ate

From here we have an expression for w' as:
3 & & sin(l )0
* [}
w (xt)=q exp(-l ﬁt)g,&h gcos(l oX) - #f
n=1 n g
o (34)
&, 1- cos(l ) 60
+B, sm(l nx)' — 0 in
g I &g
Applying boundary conditions, we come to an
expression for | ,:
I sin(l ) =2(1- cos(l ). (35)
This equation gives us two sets of solutions:
sin(1/2)=0, (I =2pk, k=1..¥), (36)
and
tan(l /2)=1/2. (37)
Thefirst ten solutions | , of Equation (35) are shown
inaTable 1. It can be shown, that if | | satisfies (37),
then it also satisfies the following relations:

1- (l n/2)2 sin(ln)z I

cos(l ,) = o n/2)2 :

_'n__ (38
1+(1,/2) (39

Eigenvalues for velocity w are given by the
expression -I,f, shown in Table 2. Finaly, we

obtain eigenfunctions f, (x):
1 dn(l,x), if |, stifies (36)

h(X=1 2
L
| n

(cos{1 1)~ 1) +sin(1 ,¥), if I , setisfies(37) 39
Functions f,(x) ae found to be mutualy

orthogonal:
1

(\)fn(x) fm(X)dXZO, if nt m.(40)
0

They aso satisfy the following relations:

[y

(\)fnz(x)dx=%, n=1..¥. (41)
0

Solution to the unsteady problem (28) — (31) can be
expressed as:

¥
* [o]
w=3¢, exp(-| ,%t) (%), (42
n=1
where coefficients C,, are given by:
1

Co = - 2y () fa (x) dx. (43)
0

We can also introduce non-dimensiona response
time parameters t o

tn =114 (44)
This represents the time scale for the corresponding
modes f,(x) exponentidl decay. Findly, the

analytical solution of unsteady problem (28) - (31) is
given as:

w(x,t) zwst(x)+é¥. C, exp(-l ,ft) f.(x). (45)

n=1

Galerkin FEM Formulation and solution of the
Problem
According to the Finite Element Method, velocity
distribution between the walls is represented by the
following expression:

N
W(x)=é Wi o (%), (46)

n=1

where j ,(x) are the basic functions. j ,(x) is
chosen to be equal to unity in n-th node and equal to
zero at al other nodes. Nodes are chosen to be
equidistant. Using this approximation, from (12) we
obtain the following linear system for node velocities
W,

ME=—p(t)5—N\7v—é. (47)
Here we used the following notations:
: 4 dj
VA NN B
Mji—ojjidx,Nji— = d—x'dx ,
0 0

1 1
b =idx, G =()iG(x)dx (49
0 0
Zero net flux condition implies:
N
aw, =0, (49)

n=1
or, in other words:



1"w=0, (50)
where 1 is a vector with al components equal to
unity. In the steady state case we have:

-pgb- NV, - G=0. (51)
Multiplying (51) by 1" N, we obtain:
"N 'bpg (t)- I'N'G =0. (52)
From here:
_(T'N6) o
P« (_iTN_lb) (53)
and
oS
Wiy =N*¢ (54)

br——=-G_.

¢ (e

%]

Expression (54) represents a steady state solution to

our problem. Now we derive ODE for velocity of the
fluid W . Multiplying (51) by 1" M1, we obtain:

0=-p(t)I"M b- I"M *Nw- 1" M 'G .(55)

or
0 1TM'1NW+(1TM'1G)
-p(t)= - — (56)
(1TM'1b)

Substituting this expression for

‘HW ‘ﬂp¢+ 119 ae wo .
—+m- —=r d-1)s into

o g g %@ s

(47) we obtain:;

W 1TM'1NW+(1TM'1G)
=M1

- M INW- MG (57)

(1T|v|'16)
From here:
oy AMB(TMIN) O
ag [oww) e
M p(i'mMG) 0 9
+§ (i"mb) .
4]
Let us denote:
@ (M IN) O
A:EW-M N: and
(%]
_ MB(TME)
B= - M7G.  (59)
(L")
Then
(jj—V;v=A\Tv+I§. (60)

with zero initial condition:

W, =0. (62)
This system can be simulated using numerical
methods. To solve this problem numerically, we used
200 and more inner nodes between the walls.
Unsteady fluid motion can be described in two ways:
analyticaly with (45) and numerically with (60) -
(61). Results obtained using both methods proved to
be in a very good agreement. In Figure 2, we plotted
flow profiles at several consecutive time moments.
We also calculated the eigenvalues m, of matrix A

and compared them to those found analytically. Table
3 shows the eigenvalues of matrix A . Comparison of
these eigenvalues with those in Table 2 shows a
discrepancy in the first ten eigenvalues of no more
than 0.25%. This discrepancy increases with the
eigenvalue number and is explained by a numerical
error.
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Figure 2: Development of fluid flow between infinite
walls at several consecutive time moments.

Tables
| ,=6.2832 | ¢=21.8083
| ,=8.9868 | ;=25.1327
| 3= 12.5664 | g=28.1324
| ,=15.4505 | = 31.4159
| 5= 18.8496 | o= 34.4415

Table 1. First ten eigenvalues found from Eq. (35).




-12=-39.4786 -1 2=-475.602
-12=-80.7626 -12=-631.653
-12=-157.914 -1 2=-791.432
-1 2=-238.718 -1 2=-986.959
-1 2=-355.307 -1 £=-1186.217

Table 2. Eigenvalues for velocity, obtained

analytically.
m = -39.4816 m, = -476.069
m, = -80.7776 m, = -632.470
my= -157.9646 my=-792.724
m, = -238.8384 m, = -988.951
m; = -355.5637 mp=-1189.114
Table 3. Eigenvalues for velocity, obtained
numerically.
Conclusions

We investigated the fluid motion driven by x-
coordinate dependent body force in a one
dimensional case. Analytically, solution of the
problem, the flow field, was obtained for unsteady
and steady state cases. As for time dependence of
fluid flow, fluid velocity was found to be the
superposition of specific modes, each exponentially
decaying with its own characteristic time. These
times were found by solving a transcendental
equation.

The Finite Element Method was used for verification
of anaytic results. The numerica results for
eigenvalues are in good agreement the ones found
analytically. The discrepancy was decreasing with
refining the accuracy of numerical method by using
more detailed meshes. Numerica investigations for
flow field were performed and numerical results
agreed well the analytical ones found earlier.

Acknowledgments
Authors are grateful to Profs. A.N. Alexandrou and
N.A. Gatsonis for guidance in preparing this paper.
Authors would aso like to thank Ms. Lynne Carver
for her invaluable help.

References
1 D. Bruneau, F. Feuillebois, R. Anthore, and E. J.
Hinch, “Intrinsic convection in a settling
suspension,” Phys. Fluids 8, 2236 (1996)
2 D. Bruneau, F. Feuillebois, J. Blawzdziewicz, and
R. Anthore, “Three-dimensiona intrinsic

convection in dilute and dense dispersions of
settling spheres,” Phys. Fluids 10, 55 (1998)

% C. W. J. Beenakker and P. Mazur, “Is sedimentation
container-shape dependent,” Phys. Fluids 28,
3203 (1985)

P. Nozieres, “A loca coupling between
sedimentation and convection: Application to
Beenakker-Mazur effect,” Physica A 147, 219
(1987)

O. C. Zienkiewic, “The finite element method in
structural and continuum mechanics: numerical
solution of problems in structural and continuum
mechanics’, London, New York, etc. McGraw-
Hill (1967)

B. U. Felderhof, “Sedimentation and convective
flow in suspensions of spherical particles,”
PhysicaA 153, 217 (1988)

U. Geigenmiller and P. Mazur, “Intrinsic
convection near a meniscus,” Physica A 171,
475 (1991)

U. Geigenmiller and P. Mazur, “Sedimentation of
homogeneous suspensions in finite vessels,”
Journal of Statistical Physics 53, 137 (1988)

Y. Peysson and E. Guazzelli, “An experimental
investigation of intrinsic  convection in
sedimenting suspension,” Phys. Fluids 10 (1), 44
(1998)

0 G, K. Batchelor, “Sedimentation of a dilute
dispersion of spheres” J. Fluid Mech. 52, 245
(1972)

1), Blawzdziewicz and F. Feuillebois, “Calculation
of an effective dip in a settling suspension at a
vertical wall,” Fluid Mech. Res. 22, 81 (1996)

ol

(o2}

co



