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A b s t r a c t  

An a n a l y s i s  of  o p t i m a l  and  near o p t i m a l  
a tmospher io  f l i g h t  t r a j e c t o r i e s  f o r  drag  modulated 
a e r o a s s i s t e d  o r b i t a l  t r a n s f e r  i s  p r e s c n t e d .  An 
e x p l i c i t  a n d  a d a p t i v e  c l o s e d  l o o p  g u i d a n c e  
a p p z o s c h  f o r  t h i s  mode of  o r b i t  t r a n s f e r  i s  a l s o  
p r e s e n t e d  w i t h  p e r f o r m a n c e  near t h e  o p t i m a l  
n o m i n a l  t r a j e c t o r i e s .  The o r b i t a l  t r a n s f e r  o f  
i n t e r e s t  i s  f o r  r e t u r n  f r o m  h i g h  E a r t h  o r b i t  t o  
low E a r t h  o r b i t .  Most  of  w h a t  i s  d i s c u s s e d  i n  
t h i s  p a p e r  c o n c e r n s  t h e  a e r o a s s i s t e d  or 
a tmospher ic  segment which lowers the  apogee of the 
h i g h  E a r t h  o r b i t  t o  t h e  a p o g e e  of  t h e  low E a r t h  
o r b i t .  M i n i m i z a t i o n  of the  t o t a l  i m p u l s i v e  AV a t  
t h i s  low E a r t h  o r b i t  a p o g e e  i s  t h e  o p t i m i z a t i o n  
c r i t e r i o n .  C o n t r o l  a b o u t  t h i s  i m p u l s e  due t o  B 

number of p o t e n t i a l  error sonrees i n  a tmospher ic  
b r a k i n g  i s  the  requi rement  imposed on c l o s e d  loop  
guidanoe.  

I n t r o d u o t i o n  

Two c o n o u r r e n t  r t n d i e s  were  p e r f o r m e d  t o  
r e s e a r c h  d r a g  m o d u l a t e d  e n t r y  of  A e r o a s r i s t e d  
O r b i t a l  T r a n s f e r  V e h i c l e s  ( A 0 T V ) l . Z .  T h e s e  
o o n r i s t e d  of ana lyses  which d e a l t  w i t h  f o r m u l a t i o n  
of the o p t i m a l  c o n t r o l  p r ~ b l e m , ~  and f o r m u l a t i o n  
o f  c l o n e d  l o o p  g o i d a n o e  s t r a t e g i e s  a n d  
m e c h s n i r a t i o n ~  w h i c h  m i n i m i z e  t h e  e f f e c t  o f  
e x t e r n a l  v a r i a b l e s  s a d  a r r i v e  a t  n e a r  o p t i m a l  
o r b i t a l  t r a n ~ f e r . ~  I t  i s  d e s i r e d  t h a t  the c l o s e d  
loop goidsnce be a b s o l u t e l y  e x p l i c i t  and adapt ive .  
T h i s  p 8 p e r  d i s c u s s e r  t h e  a n a l y t i o a l  d e v e l o p m e n t  
and engineer ing  a n a l y s e s  of t h e s e  s t u d i e s .  

In the  f i r s t  p a r t  of t h i s  paper ,  the a n a l y s i s  
of  t h e  o p t i m a l  f l i g h t  p a t h  c o n t r o l  of  B p u r e l y  
d r a g  m o d u l a t e d  o r b i t  t r a n s f e r  v e h i c l e  i s  
p r e s e n t e d .  The s t r a t e g y  c o n s i s t s  of e l i m i n a t i n g  
t h e  c i r c u l a r i z i n g  AV of t h e  Hobmano transfer b y  
a p p l y i n g  a s l i g h t l y  h i g h e r  d e o r b i t  AV s u c h  t h a t  
t h e  c o n i c  p e r i g e e  of  t h e  e l l i p t i c  t r a n s f e r  o r b i t  
i s  l o c a t e d  i n s i d e  E a r t h ' s  a t m o s p h e r e  w h e r e  t h e  
r s q o i r s d  v e l o c i t y  d e p l e t i o n  i s  o b t a i n e d  t h r o n g h  
a e r o b r s k i n g .  P l i g h t  p a t h  c o n t r o l  m u s t  t h e n  b e  
c a r r i e d  o n t  d o r i n g  the  a t m o s p h e r i c  p o r t i o n  of the  
f l i g h t  i n  o r d e r  t o  e x i t  from t h e  atmosphere w i t h  
the  a p p r o p r i a t e  v e l o c i t y  Vf  and f l i g h t  p a t h  angle  
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yf  t h a t  t r a n s f e r s  t h e  v e h i c l e  t o  the  d e s i r e d  low 
c i r c u l a r  o r b i t  0 0  an e l l i p t i c  t r a n s f e r  o r b i t  
t angent  t o  i t  a t  i t s  B P O B P E B .  

A s m a l l  c i r c u l a r i z i n g  hv2  i s  f i n a l l y  n e e d a d  
a t  t h e  t a n g e n c y  p o i n t  t o  e n t e r  t h e  f i n a l  o r b i t .  
I t  i s  shown t h a t  t h e r e  e x i s t s  an o p t i m a l  p a i r  (Vf.  
) f )  t h a t  r e s u l t s  i n  m i n i m u m  AV2 a m o n g  t h e  

i n f i n i t e l y  many s u c h  p s i r s .  The o p t i m a l  c o n t r o l  
problem i s  c a s t  i n t o  i t s  most g e n e r a l  form and the  
o v e r a l l  m i n i m u m  A V  t r a n s f e r  a n a l y z e d  b y  
c o n s i d e r i n g  i n i t i a l  and f i n a l  s i d e  o o n s t r s i n t s .  
The a p p r o p r i a t e  t r a n s v e r s a l i  ty  c o n d i t i o n s  a t  e n t r y  
and e x i t  cor responding  t o  i n i t i a l  and f i n a l  t i m e s ,  
a r e  t h e n  d e v e l o p e d  and  a b a c k w a r d  n u m e r i c a l  
i n t e g r a t i o n  soheme d e v i s e d  t h a t  i n t e g r a t e s  b o t h  
s t a t e  and  a d j o i n t  e q v a t i o n s  u s i n g  t h e  o p t i m a l  
s c a l a r  c o n t r o l  v a r i a b l e  C D  t h a t  maaimiz .es  t h e  
v a r i a t i o n a l  H a m i l t o n i a n .  S 1  i s  shown t h a t  t h e  
c o n t r o l  i s  of t h e  bang-bang t y p e ,  s w i t c h i n g  CD 
between i t s  C ~ ~ i , , , a n d  upper and l o w e r  bounds 
w i t h  no i n t e r m e d i a t e  l e v e l  c o n t r o l  p o s s i b l e ,  CD 
appear ing  l i n e a r l y  i n  the  Aamil tonian.  

The c l o s e d  l o o p  g u i d a n c e  s t r a t e g i e s  and  \J 
mechaniza t ion  p r e s e n t e d  Suggest t r u l y  a d a p t i v e  and 
e a p l i c i  t p e r f o r m a n c e .  They p r o v i d e  n e a r  o p t i m a l  
t r a j e c t o r y  per formance  w i t h  s i g n i f i c a n t  t r a j e c t o r y  
accuracy c o n t r o l  c a p a b i l i t y .  

The mode of drag  modula t ion  i s  of no i n t e r e s t  
t o  t h i s  s t u d y .  T h a t  i s ,  t h i s  a n a l y s i s  assumes 
t h a t  8 c a p a b i l i t y  w i l l  e x i s t  t o  provide  b a l l i s t i c  
c o e f f i c i e n t  (6 = m/C@ c o n t r o l  w i t h i n  (L r e q u i r e d  

Of CDmax-tO-CDmin. T h i s  o s p a b i l i t y  o m  be 
e i t h e r  from a forward  f i r i n g  engine,  B d i f f u s e r  or 
any o t h e r  t y p e  of v a r i a b l e  g e o m e t r y  d e v i c e .  The 
r e q n i r e m e n t  a s  t o  the  CDmar-to;CDmin r a t i o  can be 
d e t e r m i n e d  f r o m  t h i s  a n a l y s l r .  This  i s  i n  t h e  
r a n g e  o f  1 O : l  t o  2 5 : l  d e p e n d i n g  on n a v i g a t i o n  
C a p a b i l i t y  and t i m e  a l l o w e d  t o  e f f e c t  t h e  o r b i t a l  
t r a n s f e r .  An a d d i t i o n a l  reqni rement  t h a t  needs t o  
be imposed i s  t h a t  a t  no i n s t a n t  should t h e  e n t r y  
v e h i c l e  deve lop  l i f t .  

Discussion 

Optimal O r b i t a l  T r a n s f e r  

The  o p t i m a l  t r a n s f e r  b e t w e e n  c o p l a n a r  
c i r o a l a r  o r b i t s  i s  B Hohmaan t r a n s f e r  Us ing  t w o  
bV's a p p l i e d  180° a p a r t  i f  t h e  H i g h  E a r t h  O r b i t  
(Am) r a d i u s ,  rl, i s  l e s s  than 11.938765 t i m e s  the  
Low E a r t h  O r b i t  (LEO) r a d i u s .  r 2 ,  o r  r 1  < 
11.938765 r2.  A b i p s r a b o l i c  t r a n s f e r  i s  o p t i m a l  
f o r  r2 > 11.938765 r1. In o r d e r  t o  m i n i m i z e  bV 
f o r t b e r .  a e r o a s s i s t e d  t r a n s f e r  modes can  b e  
Eonsidered t o  e l i m i n a t e  t h e  second chemica l  b u r n  \ 
b y  t a r g e t i n g  t h e  o r b i t  t r a n s f e r  v e h i c l e  t o  a 
p e r i g e e  l o o s t e d  i n s i d e  the  atmosphere i n  o r d e r  t o  \ 
a c h i e v e  t h e  r e q n i r e d  v e l o c i t y  d e p l e t i o n  t h r o n g h  



serobraking .  A s m a l l  c i r c u l a r i z i n g  AVz i s  needed 
l a t e r  t o  t r a n s f e r  t h e  v e h i c l e  t o  LEO. T h i s  i s  
r e f l e c t e d  i n  F i g u r e  1. 

Figure 1 

A comparison can be made t o  de te rmine  whether  
Aohmann, b i p a r a b a l i e  or a e r a a s s i s t e d  t r a n s f e r s  are 
o p t i m a l .  T h i s  a s s u m e s  t h a t  t h e  o p t i m a l  
a e r o a s s i r t e d  t r a n s f e r  can be bounded by B g r a z i n g  
t r a j e o t o r y  of the  atmosphere. Le t  

The e l l i p t i c  grazing t r a j e c t o r y  r e q o i r e s  a n  
impulse of 

w h i l e  t h e  p a r s b a l i c  g r a z i n g  t r a j e c t o r y  r e q u i r e s  
t h o o r e t i r a l l y  two impulses  

I n  t h i s  mode,  t h e  f i r s t  i m p u l s e  i s  n r e d  t o  s e n d  
t h e  v e h i c l e  i n t o  a p a r a b o l i c  o r b i t  from AEO and 
the  second i n f i n i t e s i m a l  impnlse  a t  i n f i n i t y  ( i n  
p r a c t i c e  a t  B l a r g e  d i s t a n c e  from E a r t h )  t o  graze 
the  atmosphere.  

I n  o r d e r  t o  o b t a i n  t h e  t o t a l  c h a r s o t e r i s t i c  
v e l o c i t y  f o r  t h e  a e r o a s s i r t e d  m o d e .  t h e  
c i r c u l a r i z i n g  AV2 a t  q must be added t o  the  above 
~ V ' S .  Th is  i s  f o u n d  t o  b e  

A" 2 = Jk - J-c CY2 ("?+I) (4 )  

T h e s e  sums m u s t  b e  c o m p a r e d  w i t h  t h e  a l l  
p r o p u l s i v e  Aohmann and b i p a r a b o l i c  t r a n s f e r s  which 
are found t o  be,  r e s p e c t i v e l y ,  as f o l l o w s  

.r/ 

( 5 )  

t o  determine  the  a b s o l u t e  opt imal  t r a n s f e r s .  

I n  summary.  w e  h a v e  t h e  f o l l o w i n g  t r a n s f e r  
modes: 

AI: s e r o a s s i s t e d  t r a n s f e r  w i t h  g r a z i n g  

$: a e r o a s s i s t e d  t r a n s f e r  with g r a z i n g  
e l l i p t i c  o r b i t  

p a r a b o l i c  o r b i t  
nl: mhmann t r a n s f e r  
B2: b i p a r a b o l i c  t r a n s f e r  

For g i v e n  values of a1 and a2. t h e  o r b i t a l  
t r a n s f e r  mode can be determined.  For e l l i p t i c  and 
p a r a b o l i c  t r a n s f e r s ,  t h e  f o l l o w i n g  e x p l i c i t  
o r i t e r i s  o m  b e  made 

Mode Al i s  b e t t e r  than mode A2 i f  0.1 < 4.828427 
Mode B1 i s  b e t t e r  than mode E2 i f  "1 < 11.93876502 

The c o m p a r i s o n  b e t w e e n  mode A a n d  B i s  b y  d i r e c t  
v e r i f i c a t i o n .  I n  p a r t i c n l a r ,  mode A2 i s  b e t t e r  
t h a n  mode B2 i f  a2 < 4.828427. The c o m p a r i s o n  
b e t w e e n  mode A 1  and  B1 i s  shown i n  F i g u r e  2. Of 
s p e c i a l  i n t e r e s t  s h o u l d  b e  t h e  r e t n r n  f r o m  
Geosynchronoos E a r t h  O r b i t  (GEO) t o  LEO where a1 = 
6.50062 and a2 = 1.0354. The a e r a a s s i s t a d  o r b i t a l  
t r a n s f e r  i s  a b s o l u t e l y  s u p e r i o r  t o  t h e  a l l  
p r o p u l s i v e  o r b i t a l  t r a n s f e r .  

( 7 )  
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Figure 2 

An a d d i t i o n a l  e lement  t h a t  must be o o n s i d s r e d  
i n  t h i s  a n a l y s i s  i s  p l a n e  c h a n g e  when c o m p a r i n g  
e l l i p t i o  a n d  b i p a r a b a l i c  d r a g  m o d u l a t e d  
a e r o a r r i s t e d  o r b i t a l  t a n s f e r .  The b i p a r a b o l i c  can 
h a v e  a d d i t i o n a l  s a v i n g s ,  s i n c e  the  AV a s s o c i a t e d  
w i t h  p l a n s  change a t  i n f i n i t y  i s  very smal l .  

A e r o a s s i s t a d  O r b i t a l  T r a n s f e r  Opt imiza t ion  Approach 

I t  h a s  a l r e a d y  been de termined  i n  Reference 1 
t h a t  B s p l i t - A V  s t r a t e g y  b e  a d o p t e d  f o r  t h e  AV1 
b u r n .  T h i s  i s  due  t o  t h e  l a r g e  m a g n i t o d e  of  t h i s  

2 



b u r n  ( g r e a t e r  t h a n  2 k m l s e c ) ,  s i n c e  d i r e c t - e n t r y  
a f t e r  t h i s  burn  could  p o t e n t i a l l y  r e s u l t  i n  e n t r y  
f l i g h t  p a t h  a n g l e  errors on t h e  o r d e r  o f  2 5'. 
T h e r e f o r e ,  t h e  f i r s t  p a r t  o f  AV1 w i l l  p l a c e  t h e  
e n t r y  v e h i c l e  b a r e l y  o u t r i d e  t h e  a t m o s p h e r e  and  
r e t u r n  t o  i t s  HE0 apogee .  A s m a l l  AV i s  t h e n  
a p p l i e d  a t  a p o g e e  to, l o w e r  p e r i g e o  i n s i d e  t h e  
atmosphere w i  th  a c c e p t a b l e  B C C U ~ B C Y .  

A p r e l i m i n a r y  a n a l y s i s  i n d i c a t e s  t h a t  a lmost  
a l l  o f  t h e  s a v i n g s  i n  6 Y  t a k e  p l a c e  a t  t h e  
c i r c u l a r i z i n g  burn  and t h a t  the  a tmospher ic  f l i g h t  
p a t h  i s  s h a p e d  i n  o r d e r  t o  e x i t  w i t h  a s t a t e  
v e c t o r  t h a t  c o r r e s p o n d s  t o  t h e  h i g h e s t  e n e r g y  
p o s s i b l e  e l l i p t i c  t r a n s f e r  o r b i t  t o  LEO. F i g u r e  3 
s h o w s  a p l o t  of  t h e  e x i t  c o n d i t i o n s  w h i c h  w i l l  
r e s u l t  i n  a 2 0 0  km LEO. I t  also shows t h e  AV2 
a s s o c i a t e d  w i t h  e a c h  e x i t  c o n d i t i o n .  I t  
d e m o n s t r a t e s  t h a t  min imiz ing  if w i l l  r e s u l t  i n  B 

m i n i m u m  &vZ s o l u t i o n .  I n  f a c t ,  i f  t h e  a b s o l u t e  
minimum 7f  of  zero c o u l d  b e  o b t a i n e d ,  t h e  AV2 
would be a s  s m a l l  as 18 mlsec. , 

EXIT FLIGHT PATH ANGLE, Y,-deg 

Figure 3 

Aerc ,  the  a tmospher ic  f l i g h t  model assumed 8 

s p h e r i c a l  and n o n - r o t s t i n g  E a r t h  which i s  adequate  
f o r  B f i r s t  o r d e r  s o l n t i o n  t o  the  c o p l a n a r  o r b i t a l  
t r a n s f e r  p r o b l e m .  The i t e r a t i o n  scheme shown i n  
A p p e n d i c e s  1 and 2 r e q o i r e  an a d e q u a t e  g u e s s  of 
t h e  e x i t  f l i g h t  p a t h  a n g l e  i n  o r d e r  t o  c o n v e r g e  
r a p i d l y  on the  o p t i m a l  s o l n t i o n .  I n  o r d e r  t o  g a i n  
more i n s i g h t  i n t o  t h i s  d r a g  modulated problem and 
p r o v i d e  t h e  o p t i m i z a t i o n  s c h e m e  w i t h  t h e  
a p p r o p r i a t e  i n i t i a l  s t a r t i n g  guess f o r  B g i v e n  
o r b i t  t r a n s f e r  f r o m  a REO t o  a LEO, B s e r i e s  o f  
n e a r  o p t i m a l  t r a j e c t o r i e s  e r e  g e n e r a t e d  b y  
c o n s i d e r i n g  only  one s w i t c h  from C t o  chin a t  
v a r y i n g  s w i t c h  t i m e s  r 6  f o r  & W e r e n t  c o n i c  
p e r i g e e  t a r g e t s  or e n t r y  s t a t e s .  The s y s t e m  
e q u a t i o n s  (1-9) - (1-11) o f  A p p e n d i x  1 a x e  
i n t e g r a t e d  f o r w a r d  from e n t r y  n s i n g  C h a a  u n t i l  an 
a r b i t r a r i l y  s e l e c t e d  t i m e  r s  where the  c o n t r o l  i s  
e l l o r e d  t o  s w i t c h  t o  CD i n s t a n t a n e o u s l y  and 
m a i n t a i n  t h a t  value n n t P r  e x i t .  The e x i t  s t a t e  

namely v e l o c i t y  and f l i g h t  pa th  angle  must be such 
t h a t  the  t r a n s f e r  o r b i t  a t  e x i t  w i l l  reaoh LEO a t  
a p o a p i e .  ox s a t i s f y  (2-3) o f  A p p e n d i x  2 f o r  a 
given  a2. This oan b e  a c h i e v e d  by v a r y i n g  t h e  
s w i t c h  t i m e  TS u n t i l  (2 -3)  i s  s a t i s f i e d .  S i n c e  
t h e  e n t r y  s t a t e  or e q u i v a l e n t l y  t h e  t a r g e t  c o n i c  
p e r i g e e  of  t h e  d e o r b i t  AV1 h e l d  f i x e d ,  t h e  
p r o c e d u r e  j u s t  d e s c r i b e d  i s  r e p e a t e d  w i t h  a new 
e n t r y  s t a t e  and the  is t h a t  s a t i s f i e s  (2-3) found 
a g a i n .  A s  h a s  b e e n  m e n t i o n e d  e a r l i e r  t h e  
t r a j e c t o r y  t h a t  r e s u l t s  i n  the  minimmmAVZis then 
chosen t o  r e p r e s e n t  B near o p t i m a l  t r a n s f e r  whose 
o x i t  s t a t e  o m  be used B E  t h e  i n i t i a l  guess  i n  the  
backward i n t e g r a t i o n  scheme i n  o r d e r  t o  i t e r a t e  on 
the  o v e r a l l  o p t i m a l  s o l u t i o n .  

L 

Resultr 

The r e s u l t s  of  t h i s  s t u d y  are  p r e s e n t e d  i n  
t h r e e  p a r t s .  I n  t h e  i n i t i a l  p a r t ,  a s e r i e s  o f  
b a l l i s t i c  or C o n s t a n t  C D  f l y - t h r o u g h s  a r e  
genera ted  i n  o r d e r  t o  e s t a b l i s h  the  undershoot  and 
o v e r s h o o t  b o u n d a r i e s  and  also t o  p r o v i d e  w i t h  a 
reference w i t h  which the o p t i m a l  t r a n s f e r  can be 
compared and f u e l  s a v i n g s  de te rmined .  

I n  t h e  second p a r t ,  a s e t i r  of  one s w i t c h  
cDmar - cDmin near o p t i m a l  t r a j e c t o r i e s  a r e  
p r e s e n t e d  f r o m  w h i c h  t h e  a p p r o p r i a t e  i n i t i a l  
gvesres r e q u i r e d  f o r  the  o p t i m i z a t i o n  scheme a r e  
d i r e c t l y  o b t a i n e d  and f i n a l l y  an o p t i m a l  t r a n s f e r  
e x a m p l e  i s  shown and  c o m p a r e d  w i t h  b o t h  t h e  
b a l l i s t i c  and s i n g l e  s w i t c h  s o l u t i o n s .  

The r e s u l t s  t h a t  a r e  p r e s e n t e d  i n  t h i s  s t u d y  
assumed a nominal a tmosphere which i s  t a b u l a t e d  i n  
T a b l e  1 and o b t a i n e d  f r o m  R e f e r e n c e  1. The 

h a v e  B minimum v a l u e  o f  25 kg/m2.  A s  s u c h ,  a 
Cg ar v a l u e  of  3.0 w a s  assumed.  C ~ ~ i ~ t ~  o f  0.12 ,  
0.FO a n d  1.0 were a n a l y z e d  i n  t h i s  s t u d y .  T h i s  
r a n g e  Of CD i s  c o n s i s t e n t  w i t h  conceptua l  d e s i g n s  
u t i l i z i n g  d r a g  m o d u l a t i o n  ( R e f e r e n c e  1). One 
s p e c i f i c  a e r o a s s i s t e d  r e t u r n  f r o m  REO w a s  
a n a l y z e d .  T h i s  w a s  g e o s y n c h r o n o u s  r e t u r n  w h i c h  
g a v e  us an e n t r y  s p e e d  o f  10.31 k m l s e c  a t  e n t r y  
a l t i t u d e  o f  1 2 0  km. T h i s  s a m e  a l t i t u d e  
e s t a b l i s h e d  the  e x i t  i n t e r f a c e ,  a s  w e l l .  

b a l l i s t i c  c o e f f i c i e n t  (B = m/CDA) w a s  assumed t o  L 

Genera t ion  of B a l l i s t i o  F l i g h t  P a t h  

T a b l e s  2 ,  3 ,  4 ,  and 5 show t h e  r e s u l t a n t  
o r b i t s  from b a l l i s t i c  f l i g h t  i n  the  atmosphere 8 s  
a f u n o t i o n  o f  t h e  d e - o r b i t  t a r g e t  p e r i g e e  f o r  
b a l l i s t i c  c o e f f i c i e n t s  o f  625,  2 5 0 ,  75 and 25 
l ( 8 / m 2  ( i . e . ,  C D  = 0.12, 0.30, 1.0 a n d  3 . 0 ) ,  
r e s p e c t i v e l y .  This  d e m o n s t r a t e s  t h e  s e n s i t i v i t y  
of b a l l i s t i c  f l i g h t  where approximate ly  B 0.1 km 
e r r o r  m e a n s  t h e  d i f f e r e n c e  b e t w e e n  setobrsking 
i n t o  a LEO ( -  200 km) OP c r a s h i n g .  I t  shows t h a t  
t h e  t a r g e t  p e r i g e e  i n  t h e  d e - o r b i t  m a n e u v e r  t o  
b a l l i s t i c a l l y  a e r o b a k e  i n t o  a 200  km LEO i s  
a p p r o x i m a t e l y  6439.0, 6445.1 .  6453.4 and 6459.1.  
r e s p e c t i v e l y ,  f o r  t h e  f o u r  v a l u e s  o f  d r a g  
c o e f f i c i e n t .  Due t o  t h e  s e n s i t i v i t y  of  t h e  
problem. t h e s e  p e r i g e e  a l t i t u d e s  can be c o n s i d e r e d  
t h e  u n d e r s h o o t  b o u n d a r i e s .  The  s p e c i f i c  
u n d e r s h o o t  b o u n d a r i e s  d e D e n d  on t h e  d r s a  - 
c a p a b i l i t y  ( i .e . ,  r a t i o ) .  The AV2 

1 s  82 t o  1 2  m l s e c ,  
r e s p e c t i v e l y ,  w h i c h  i n d i c a t e s  t h a t  8 6  t h e  
b a l l i s t i c  c o e f f i e c i e n t  d e c r e a s e s  or Co i n c r e a s e s  
the AV2 decreases .  



T a b l e  1 - Sominal Atmosphere Yodel 

Speed  of 
A l t i t u d e  Dens i ty  Pressure Sound Temperature V i s c o s i t y 2  
__- Irm c m ~ c m 3  mbar m l S K  'k nT -sec l m  

50  1.032E-6 8.006E-1 3 2 9 . 5  
55 5.6107'-7 4.222E-1 3 2 4 . 5  
60  3 . 0 1 8 ~ - 7  2.172E-1 317.4 

270.15 1.701F-5 
262 .15  1.661E-5 
250.65 1,5025-5 

65 1.601E-7 1.071E-1 306.1 
70  8.082F-5 5.OO3F-2 294.4 

233 .15  1.511E-5 
215.65 1.416E-5 
198 .15  1.318E-5 
180 .68  1 . 2  16E-5 
177 .O? 1.196T-5 
178.67 1.207E-5 

~. . ~~~ ~ 

7 5  3.850;-8 2.190E-2 2 8 2 . 2  
80 1.713E-8 8.881E-3 269.4 
85 6.672E-9 3.393E-3 266 .8  
90 2.518E-9 1.295E-3 268.3 
95 3.715E-10 2 . 1 2 4 E - 4  282.9 192.98 1.324E-5 

254.47 1.7045-5 
354.95 2.215E-5 

1 0 0  5.312E-11 4.904E-5 329.8 
1 1 6  2.368-11 2 .  602E-5 392 .3  

T a b l e  2 T a b l e  5 

Genera t ion  of  Near %tima1 F l i g h t  Path 

Assuming the  f i r e d  CDmax-to-C~min s t r a t e g y .  a 
number of t r a j e c t o r i e s  were f lown t o  v a r i o n s  LEO's 
w i t h  a l t i t u d e s  i n  the  range of  122 t o  622 km n s i n g  
a f i x e d  s v i t c h i n g  l o g i c  a s  d i s c n s s e d  b e f o r e .  
T h e s e  a r e  r e f l e c t e d  i n  F i g n r e s  4 .  5 and 6 f o r  
C D ~ ~ ~ - C D ~ ~ ~  p a i r s  of  (1, 3 ) ,  ( . 3 , 3 )  a n d  (.12, 3 ) .  
The number  a d j a c e n t  t o  e a c h  p a r e n t h e s i s  i s  t h e  
p e r i g e e  r a d i u s  p l u s  6400  km. E a c h  curve 
corresponding  t o  B g i v e n  cDmin-CDmsr P a i r  i s  f o r  a 
g i v e n  t a r g e t  p e r i g e e  rp  q i t h  e a c h  p o i n t  of  t h e  
curve corresponding  t o  B d i f f e r e n t  s w i t o h i n g  t i m e  
rs .  B o w e v e r  t h e  curves r e l a t e d  t o  t h e  p u r e l y  
b a l l i s t i c  c a s e s  or c o n s t a n t  CD a r e  o b t a i n e d  b y  
v a r y i n g  t h e  t a r g e t  p e r i g e e  rp ,  o s i n g  t h e  d a t a  
d i s p l a y e d  i n  t a b l e s  2 . 3 . 4  and 5 .  These f i g u r e s  
s h o w  t h a t  f o r  B g i v e n  a p o g e e  r a d i u s  r a  
corresponding  t o  a LEO o r b i t ,  s e v e r a l  combina t ions  
of rp and s w i t c h  t i m e s  are p o s s i b l e  b o t  t h a t  on ly  
One suoh s e t  w i l l  l e a d  t o  t h e  minimum A V z  v * l U e .  
Furthermore.  a s  t h e  CD range g e t s  l a r g e r ,  t h e  AVz 
s a v i n g s  w i t h  r e s p e o t  t o  the  p n r e l y  b a l l i s t i c  O B S B  

become l a r g e r  f o r  g i v e n  low LEO's. I n c l o d e d  i n  
e a c h  F i g u r e  a r e  t h e  c o r r e s p o n d i n g  b a l l i s t i c  
t r a j e o t o r y  r e s u l t s .  E s s e n t i a l l y  r e f l e c t e d  i n  
t h e r e  f i g u r e r  a r e  the  AV2 minimum f a r  e a c h  C h a x -  
to-CDmin ~ r a j e c t o r y  t o  a g i v e n  LEO a s  I )  f u n c t i o n  
of t h e  p e r i g e e  a l t i t u d e .  A t  a p o g e e  a l t i t u d e s  o f  
5 0 0  km or g r e a t e r ,  t h e  d i f f e r e n c e s  dve  t o  a 
b a l l i s t i c  t r a j e c t o r y ,  and P e r i g e e  a l t i t n d e  become 
i n s i g n i f i c a n t .  LEO's s t  s l t i t n d e s  of  about  200 km 
reaoh B minimum AVz f o r  h igh  perigee a l t i t u d e  or 
s h a l l o w  e n t r y  w h i c h  c o r r e s p o n d s  t o  o p e r a t i n g  i n  
t h e  o v e r s h o o t  b o u n d a r y .  A t  t h e  m o r e  r e a s o n a b l e  
LEO of  a b o u t  3 5 0  km, a s  e x p e c t e d .  t h e  e f f e c t  of 
p e r i g e e  a l t i t u d e  i s  somewhat d e s e n s i t i z e d  r i t h  the  
modulated drag  t r a j e c t o r y  g i v i n g  t h e  AVz minimum 
s o l u t i o n .  

W 
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w i t h  h and f o r  a given  t a r g e t  h, tS i n c r e a s e s  
w i t h  the  CD i n t e r v a l .  Each p o i n t  on t h e s e  curves 
has a corresponding  achieved  LEO a s s o c i a t e d  w i t h  
i t .  I t  d e m o n s t r a t e s  t h a t  s h a l l o w e r  e n t r y  allows 
f o r  g r e a t e r  f l e x i b i l i t y .  A 1.0 k m  v a r i a t i o n  
c o r r e s p o n d s  t o  a p p r o x i m a t e l y  0.10 v a r i a t i o n  i n  
e n t r y  f l i g h t  p a t h  angle. 

1 
76 71 78 79 80 81 
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Figure ? 

A s p e o i f i c  LEO of 2 4 6 . 5  k m  w a s  e x a m i n e d  
cor responding  t o  a t a r g e t  a l t i t u d e  h = 80 Km w i t h  
a s w i t c h  f r o m  C D ~ ~ ~  = 3 t o  C D ~ ~ ~  = .12 a t  t i m e  t S  
= 1 4 4  s e c  a f t e r  e n t r y .  The g e n e r a l  r e s p o n s e  i s  
shown i n  F i g u r e s  8 which shows a l t i t u d e ,  v e l o c i t y ,  
f l i g h t  p a t h  a n g l e  and  t i m e  h i s t o r i e s  of t h e  
t r a j e c t o r y .  This  t r a j e c t o r y  f l e w  e x t e n s i v e l y  a t  
Coma. w i t h  a s w i t c h  near t h e  l a s t  0 . 4 0 0  k m l s e c  
aerobrake.  This  of course was due t o  the sha l low 
e n t r y  whiob o p e r a t e d  =ea* the  overshoot  boundary 
f o r  t h i s  LEO. The o o n t r o l  c a p a b i l i t y  w a s  a l s o  
v e r y  g r e a t  (CDma,-to-CDm.n r a t i o  of 25:l). The 
A V ~  was a p p r o x i m a t e l y  53 m>s. 

F i g u r e  8 s h o w s  t h a t  a t  e n t r y ,  B s l i g h t  
i n c r e a s e  i n  v e l o o i t y  t a k e s  p l a c e  dne t o  t h e  
p r e s s n o e  of a s m a l l  g r a v i t y  component  a l o n g  t h e  
v e l o c i t y  v e c t o r .  Severe d e c e l e r a t i o n  of the  o r d e r  
o f  3 g ' s  t a k e s  p l a c e  a t  t h e  8 5  K r i  mark  w i t h  t h e  
v e h i c l e  a t  CDmax.  The i n s t a n t a n e o u s  s w i t c h  t o  
Cqmin  p o l l s  the  s p a c e c r a f t  o u t  of t h e  atmosphere 
w i t h  l i t t l e  v e l o c i t y  d e p l e t i o n  t a k i n g  p l a c e  a f t e r  
t h e  s w i t c h ,  f a i l u r e  t o  s w i t c h  r e s u l t i n g  i n  a 
c r a s h .  

F i n a l l y .  a s  o p p o s e d  t o  t h e  c o n s t a n t  CD f l y  
thronghs i n  which the  a l t i t u d e  versus t ime curve 
i s  a l m o s t  s y m m e t r i c a l ,  t h e  minimum of h i s  now 
much closer t o  e n t r y  time. 

G e n e r a t i o n  of Optimal F l i n h t  P a t h  

L 

L 

T h e  t e c h n i q u e  of b a c k w a r d  i n t e g r a t i o n  o f  
A p p e n d i c e s  1 and 2 i s  a p p l i e d  t o  t h o  CDmaa-CDmin 
t r a j e c t o r y  of t h e  p r e v i o u s  s e c t i o n .  i n  o r d e r  t o  
g e n e r a t e  t h e  o p t i m a l  f l i g h t  path.  The C h a r - C D m i n  

F i g u r e  I shows t h e  v a r i a t i o n  of t h e  c r i t i c a l  t r a j e c t o r i e s  a r e  e i t h e r  o p t i m a l  or n e a r  o p t i m a l  
s w i t c h i n g  t ime t6 ( l a t e s t  p o s s i b l e  ~ w i t o h i n g  t ime)  s i n c e  i t  i s  n o t  e x p s o t e d  t o  e n c o u n t e r  more t h a n  - 
w i t h  t a r g e t  a l t i t u d e  f o r  d i f f e r e n t  Cg i n t e r v a l s .  one o r  a t  m o s t  t w o  s w i t c h e s  i n  t h e  c o n t r o l  
ror a given cDmin-cDmsr i n t e r v a l ,  tS  i n c r e a s e s  v a r i a b l e  CD hetween i t s  mar and min va lues .  

APOGEE RADIUS, ra -km 

Figure 6 
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Fur thermore  t h c  e x i t  s t a t e ,  namely vf and sf 
o b t a i n e d  f r o m  t h e s e  o n e - s w i t c h  t r a j e o t o r i e s  
p r o v i d e  an  e x c e l l e n t  i n i t i a l  g u e s s  ( s f  i n  t h e  
b a c k w a r d  i n t e g r a t i o n  c a s e )  t o  s e a r c h  f o r  t h e  
o p t i m a l  s o l u t i o n .  F o r  t h e  c a s e  where  onlyAV2 i s  
m i n i m i z e d  ( s e e  A p p e n d i x  2 f o r  t h e  minimum AV1 + 
A V z  c a s e )  t h e  i t e r a t i o n  i s  o a r r i e d  on s f  and h h  
u n t i l  t h e  g i v e n  e n t r y  S t a t e  (ve,se) i s  recovered.  
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Figure  8 

?he s w i t c h e s  are o s r r i e d  o u t  accord ing  t o  the  
changes i n  s i g n  o f  A, ( F i g u r e  9 )  a n d  t h e  o p t i m a l  
p a t h  g e n e r a t e d  c o n s i s t s  o f  a C in-CD a i - C ~ m i n  
s t r a t e g y  w i t h  the  f i r s t  s w i t c h  t k i n g  p?ace a t  ts 

= 35.879 S B C .  t h e  s e c o n d  s w i t c h  s t  ts = 145.879 
sec  a n d  t h e  t o t a l  a t m o s p h e r i o  f l i g h t  t i m e  tf  = 
723.600 $ e o .  T h i s  o p t i m a l  ( m i n i m u m  AV2) 
t r a j e c t o r y  i s  Some 11.121 s e c  l o n g e r  than the  near 
o p t i m a l  one-switch example of the  p r e v i o u s  s e c t i o n  
and t h e  AV2 needed t o  c i r c u l a r i z e  i s  some 0.5 mls  
less. This t r a j e c t o r y  i s  r e f l e c t e d  i n  F i g u r e  1 0  
w h i c h  i n c l u d e s  a l t i t u d e ,  v e l o c i t y .  d y n a m i c  
p r e s s u r e  a n d  c o n v e c t i v e  h e a t i n g  r a t e  (1 m e t e r  
s p h e r e )  t i m e  h i s t o r i e s .  The m o d i f i c a t i o n  t o  t h e  
t r a j e c t o r y  w a s  s l i g h t  s i n c e  t h e  cDmin i n i t i a l  
f l i g h t  was v e r y  b r i e f  and the  v e l o c i t y  d e p l e t i o n  
i s  s t i l l  t a k i n g  p l a c e  d u r i n g  t h e  CDmal p o r t i o n  of 
t h e  p a t h .  
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Discuss ion  of Closed Guidanoe 

Ihe  o p t i m a l  o r b i t a l  t r a n s f e r  s tudy  sugges ted  
t h a t  t h e  n a t u r e  o f  t h e  a t m o s p h e r i c  f l i g h t  
t r a j e c t o r y  c o n t r o l  w o u l d  be bang-bang b e t w e e n  B 

C D ~ ~ ~  and  C D ~ ~ ~ ,  Of t h e  two t r a j e c t o r i e s  s o l v e d ,  L 
one r e s u l t e d  i n  an o p t i m a l  o r b i t  t r a n s f e r .  The  
f i r s t  sugges ted  t h a t  only one s w i t c h  would occur 
from i n i t i a l  f l i g h t  a t  C,,,, t o  a f i n a l  s w i t c h  t o  
C D ~ ~ ~  t o  e f f e c t  a s k i p  t r a j e c t o r y .  Unfor tuna te ly .  
t h i s  i s  e s s e n t i a l l y  a b a l l i s t i c  t r a j e c t o r y  which 
does not  provide  the  accuracy o o n t r o l  r e q u i r e d  t o  
m a k e  d r a g  m o d u l a t i o n  a f e a s i b l e  c o n c e p t .  The  
l a t t e r  S t r a t e g y  r e s u l t e d  i n  t w o  s w i t c h e s  f r o m  
C to-C -to-CDmin. T h i s  s o l u t i o n  i s  a 
s??$?.; mo$?!fca t ion  o f  t h e  C D m a x - t o - C D m i n  
t r a j e c t o r y ,  s i n o e  t h e  i n i t i a l  f l i g h t  a t  C D ~ ~ ~  I S  
r e l a t i v e l y  s h o r t .  These s o l u t i o n s  were B r e s u l t  of 
the  m a t h e m a t i c a l l y  d e r i v e d  o p t i m a l i t y  c o n d i t i o n  
w h i c h  o o n n t r a i n e d  t h e  a t m o s p h e r i c  t r a j e c t o r y  t o  
e x i t  a t  C D ~ ~ ~ .  

The g u i d a n c e  m e c h a n i z a t i o n  t h a t  f o l l o w s  
Sugges ts  an a d d i t i o n a l  s o l u t i o n  w i t h  a C D m a x - t O -  
Comin-to-Cpmaa s t r a t e g y .  I t  t u r n s  O U ~  t h a t  t h e  
d i f f e r e n c e  ~n o r b i t  t r i m  AV between t h i s  s t r a t e g y  
and t h e  two d i s c u s s e d  a b o v e  i s  on t h e  o r d e r  of  
m e t e r s  p e r  second. 

T h i s  s t r a t e g y ,  t h o u g h .  h a s  t h e  a d d e d  
a d v a n t a g e  of  p r o v i d i n g  s i g n i f i c a n t  BCcULaCy 
c o n t r o l  c a p a b i l i t y ,  s i n c e  i t  can r e a d i l y  m o d i f y  
t h e  b a l l i s t i c  e n t r y  t r a j e c t o r y .  T h i s  w i l l  be 
demonst ra ted  i n  the  d i s c u s s i o n  of the  r e s u l t s .  

V 
Before  d i s c u s s i n g  the guidance approaches and 

r e s u l t s ,  i t  i s  i m p o r t a n t  t h a t  t h e  d e f i n i t i o n  of  
Comar and CDmin s t r a t e g i e s  be made a s  i t  r e l a t e s  
t o  g u i d a n c e .  I n  t h e  o p t i m a l  o r b i t a l  t r a n s f e r  
a n a l y s i s ,  the t r a j e c t o r y  w a s  shaped by bang-bang 
c o n t r o l  B E  d i c t a t e d  by the  Maximum P r i n c i p l e .  I n  
t h e  g u i d a n c e  a n a l y s i s ,  t h e  t r a j e c t o r y  i s  n o t  
a b s o l u t e l y  c o n t r o l l e d  i n  a bang-bang mode, b u t  
r a t h e r  commands a r e  i s s u e d  a t  i n t e r m e d i a t e  v a l u e s  

This  a l l o w s  the  t r a j e c t o r y  t o  
be t r i m m e d  an damped t h r o u g h  v a r i o u s  p h a s e s  a s  
w i l l  b e  d i s c o s s e d .  The t r a j e o t o r y ,  t h o u g h .  d o e s  
r e s i d e  a t  some C a n d  C D m i n  v a l n e s  t h r o u g h  B 
large p o r t i o n  oPmtFe  t r a j e c t o r y .  A s  s u c h ,  t h e  
r e f e r e n c e  t o  C D ~ ~ ~ - C D ~ ~ ~  and  C D ~ ~ ~ - C D ~ ~ ~ - C D ~ ~ ~  
guidance s t r a t e g i e s  i s  made. 

to-c2in. 'Dme.1- 

cDmar-chitl Goidance 

The s t r a t e g y  h e r e  i s  f o r  the  e n t r y  v e h i c l e  t o  
f l y  i n i t i a l l y  a t  i t s  c,,,, or &,,in, c o n f i g n r a t i o n  
u n t i l  some r e f e r e n c e  drag  a c c e l e r a t i o n  (DRef), has  
b e e n  e x c e e d e d .  The  e n t r y  v s h i c l e  I S  t h e n  
c o m m a n d e d  t o  c h a n g e  i t s  o o n f i g u r a t i o n  t o  B 

c o m m a n d e d  0 ,  t o  f l y  t h i s  r e f e r e n c e  d r a g  
a c c e l e r a t i o n .  The r e f e r e n c e  $. w h i c h  u s o a l l y  
t e n d s  t o w a r d  B CDmin or p m a x  i s  b a s e d  on a 
v a l o e  which w i l l  i n s n i e  sk ip-oa t  a t  B d e s i r e d  e x i t  
s p e e d  and f l i g h t  p a t h  a n g l e .  The e n t r y  v e h i c l e  
c o n t i a n a l l y  m o d o l a t e s  i t s  c o n f i g u r a t i o n  t o  t h i s  

u n t i l  i t  meets  a s k i p  or e x i t  s t a t e  c r i t e r i a .  
Once t h i s  c r i t e r i o n  h a s  been met, i t  f l i e s  a t  i t s  
c a r r e n t  c o n f i g n r a t i o n  o n t i l  e x i t .  l h i s  i s  n s u a l l y  
a t  the  Om,, command i n  the  t r a j e c t o r y .  

- 
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Ibe c r i t e r i o n  used t o  i n i t i a t e  e x i t  i s  g iven  
B E  f o l l o w s  i f  

Vel L V, then  the  c r i t e r i o n  has  been met 

where V, = the  d e s i r e d  e x i t  speed 

V e l  = V W - k )  (8  ) 

V = c u r r e n t  a i r  speed  

D = measured drag  a c c e l e r a t i o n  

y, = mean v a l u e  o f  e x i t  f l i g h t  
p a t h  angle 

AS = d e n s i t y  s c a l e  h e i g h t  
6, = the  c u r r e n t  commanded B 

T h i s  i s  d e r i v e d  i n  Appendix  3 and  also a s s u m e $  
t h a t  f o r  t h i s  s t r a t e g y  (HE-H)>)Hs. I f  t h e  
c r i t e r i o n  Vel < V, i s  n o t  m e t ,  B new commend i s  
i s s u e d  b a s e d  on a s k i p  c r i t e r i o n  damped by t h e  
D R ~ ~  c o n t r o l l e r .  T h i s  i s  m e c h a n i z e d  a s  f o l l o w s  

9 = D B , ,  i n f c r r e d  dynamic p r e s s u r e  

Bc = p r e v i o u s  command 

= computed r a t e  of c l imb li 

cl,  c2 = Guidance g a i n s  

kRef = In (VIVe 1 (13) 

A d e r i v a t i o n  o f  t h e  g n i d a n c e  g a i n s  i s  g i v e n  i n  
Appendix  4 and t h e  r e f e r e n c e  q u a n t i t i e s  a x e  
d e r i v e d  i n  Appendix 3. 

I n  g e n e r a l ,  t h e  c r i t e r i o n  on  Ye i s  s l i g h t l y  
b i a s e d  from t h e  e x a c t  e x i t  a i r  speed  v h i c h  i s  due 
t o  t h e  d i f f e r e n c e s  botween t h e  l i n e a r i z e d  maneuver 
and a c t o a l  f l i g h t  dynamics. 

c ~ ~ ~ - c ~ ~ ~ - c ~ ~ ~  Guidance 

T h i s  s t r a t e g y  i s  B m o d i f i c a t i o n  of the  Chax- 
CDmin s t r a t e g y  w h i c h  a d d s  one more  d e g r e e  o f  
c o n t r o l .  Once C D ~ ~ ~ ; C ~ ~ ~ ~  a p p r o a c h  h a s  m e t  i t s  
c r i t e r i a ,  i t  w i l l  e x i t  t h e  $ c o n t r o l l e r  a t  i t s  

'- l a s t  $ command. I n  e s s e n c e ,  i t  h a s  no more  
c o n t r o l  over t h e  t r a j e c t o r y .  T h e  i n t e n t  o f  t h e  
m o d i f i c a t i o n  i s  t o  cont inuo  t o  modifv or c o r r e c t  

i s s u e  B commands w i t h o u t  damping. These commands 
are executed  a s  follows 

where 

HE = e r i  t sl t i  tude  
H = c u r r e n t  computed a l t i t u d e  

=Dp,, a g a i n  d y n a m i o  p z e s s u r e  
i n f e r r o d  from p r e v i o u s  B commend 

The g e n e r a l  response  of t h i s  m o d i f i o a t i o n  i s  
t o  command $ t o  B,,, or CDmin s h o r t l y  a f t e r  t h e  
cDmar-CDmin mode h a s  been e x i t e d  and l a t e r  command 
B t o  B m i n  or C D ~ ~ ~ .  T h i s  i s  due t o  t h e  lack of 
d a m p i n g  i n  t h e  g u i d a n c e  m e c h a n i z a t i o n s .  
C o r r e c t i o n  t o  this  response is a f u t u r e  task.  As 
tho e n t r y  v e h i c l e  c l i m b s ,  the  d e n s i t y  d i m i n i s h e s  
and as such the  e x i t  is towards  Chax ox p in f o x  
f i n a l  o o r r e c t i o n .  These commands are i s s u e %  u n t i l  
t h e  e n t r y  v e h i c l e  d r a g  drops  below 0.1 g's. 

&&& 

T h e  a b o v e  g u i d a n c e  s t r a t e g i e s  a n d  
m e c h a n i z a t i o n s  were i m p l e m e n t e d  i n t o  a f l i g h t  
d y n a m i c s ,  and G u i d a n c e ,  N a v i g a t i o n  and C o n t r o l  
s i m u l a t i o n  which decouples  t h o  v a r i o u s  f u n c t i o n s  
(Reference 6 ) .  A number  of p a r a m e t r i c  g u i d a n c e  
a n d  e r r o r  a n a l y s e s  w e r e  t h a n  p e r f o r m e d  t o  
d e t e r m i n e  performance.  

The e n t r y  v e h i c l e  w a s  assumed t o  have B Bmin 
= 2 5  kg/m2 a n d  p o t e n t i a l  t o  m o d u l a t e  i t s  p t o  
CDmar-to-CDmin r a t i o s  of 25:I. 1 O : l  and 3 : l .  This  
i s  c o n s i s t e n t  w i t h  Some p r o p o s e d  c o n c e p t s  ( i . e .  
R e f e r e n c e  2 ) .  

F o r  t h e s e  a n a l y s e s ,  t h e  o r b i t  t r a n s f e r  
c o n s i d e r e d  was B r e t u r n  from geosynchronous o r b i t  
t o  a 350 km LEO. T h i s  c o r r e s p o n d s  t o  an e n t r y  
s p e o d  of a b o u t  10.31 k m / s o c  ( i n e r t i a l )  and  9.84 
( a i r  r e l a t i v e ) .  The nominal  a t m o s p h e r i c  model i s  
t h a t  g iven  i n  Table  1 and Reference  7. 

E n t r y  F l i u h t  P a t h  Anule S e n s i t i v i t y  A n a l y s i s  

S e n s i t i v i t y  a n a l y s e s  of t h e  e x i t  s t a t e  a s  B 

f u n c l i o n  e n t r y  f l i g h t  p a t h  a n g l e  w e r e  p e r f o r m e d  
u s i n g  t h e  two g u i d a n c e  s t r e t e g i e s .  The i n t e n t  
h e r e  w a s  t o  d e t e r m i n e  t h e  e n t r y  c o r r i d o r  f o r  a 
geosynchronous Lo LEO r e t u r n  m i s s i o n  and d e t e r m i n e  
how r i d e  i t  Y B S  f o r  each guidance s t r a t e g y .  T h i s  
i s  i n d i a t e d  i n  F i g u r e  11 f o r  a n  e n t r y  
c o n f i g u r a t i o n  w i t h  CDmaa-to-Chin r a t i o  c a p a b i l i t y  
o f  25:l. As w i l l  be  n o t e d ,  an i n f l e c t i o n  i n  t h e  
e x i t  s p e e d  and  e n t r y  f l i g h t  p a t h  angle curve  i s  
o b s e r v e d  for t h e  C D ~ ~ ~ - C D ~ ~ ~  8UidancO s t r a t e g y  
w h i c h  s u g g e S t 6  t h a t  an i m p r o v e m e n t  over  t h e  
b a l l i s t i c  t r a j e c t o r y  can be made (Reference 5 )  by 
t h i s  a p p r o a c h .  The C D ~ ~  g u i d a n c e  
s t r a t e g y ,  though, g i v e s  &e s u p e r i o r  performance. 
The e x i t  s t a t e  s e n s i t i v i t y  o v e r  5 0.20 i n  e n t r y  
f l i g h t  p a t h  angle i s  s s s s n t i a l l y  zero. The A V  
r e q u i r e d  t o  t r i m  errors about  II -4.8O nominal  (AV 
= 106 m l s s o )  i s  on t h e  o r d e r  o f  5 1 0  mfsss.  The 

~ 

the  e x i t  maneuver. I t  does t h i s  by c o n t i n u i n g  t o  e n t r y  a t  -5 .0°  r e s u l t s  i n  e x i t  s t a t e s  very  c l o s e  

8 



t o  the o p t i m a l  t r a j e c t o r y  and t r i m  AV d i f f e r e n c e s  the nominal  e n t r y  c o n d i t i o n  d e r i v e d  from the  p r i o r  
on the  o r d e r  of 2 mlsec. e n t r y  c o r r i d o r  a n a l y s i s .  Nominal  e n t r y  w a s  - 4 . 5 O  
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Figure 11 

n s i n g  t h e  t w o  g u i d a n c e  s t r a t e g i e s .  T h i s  i s  
r e f l e c t e d  i n  F i g u r e  12. The nominal a tmospher ic  
mods1  w a s  p e r t u x b e d  i n  i n c r e m e n t s  o f  15% by a 
m n l t i p l i e r  w h i c h  e s s e n t i a l l y  assumes t h a t  t h e  
e n t i r e  a tmosphere  d e n s i t y  p r o f i l e  i n  o f f  nominal  
by a f r a c t i o n .  T r a j e c t o r i e s  were s i m u l a t e d  n s i n g  
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p a t h  a n g l e  d i s p e r s i o n  ( R e f e r e n o e  4). Also ,  t h i s  
assumes a C Q , ~ , - C D ~ ~  r a t i o  of  Z 5 : l .  F i g u r e  1 3  
shows t ime h i s t o r i e s  of the t r a j e c t o r i e s  f o r  t hese  
d i s p e r s i o n s .  

I . 5 v  2 .  7 v .  3 . 8%;. A . I,'?, 

I. 11SI. 6 .  1,w i . ,S,Y, .J 

S e n s i t i v i t y  t o  L i f t  and Drae DisDers ions  

T h e  r e s p o n s e  o f  t h e  C D ~ ~ ~ - C D ~ ~ , ~ - C D  a x  
guidance mechaniza t ion  t o  l i f t  was i n v e s t i g a t e 8  t o  
d e t e r m i n e  i t s  c a p a b i l i t y  t o  c o n t r o l  n n f o r e s e e n  
aerodynamic f o r c e s .  S i m u l a t i o n s  were executed  f o r  
a n  LID r a n g e  of  -0.1 t o  0.1 a t  n o m i n a l  e n t r y  of - 
4.8'. The f l i g h t  dynamic s i m u l a t i o n ,  which f e e d s  
bsok a c c e l e r a t i o n  and v e l o c i t y  i n f o r m a t i o n  t o  th0 
g u i d a n o e  and n a v i g a t i o n  f u n c t i o n ,  s i m u l a t e d  t h e  
p r e s e n c e  of  l i f t .  The g u i d a n c a  a n d  n a v i g a t i o n  
f u n c t i o n s  b a s e d  on t r a j e o t o r y  response  a t t empted  
t o  c o r r e c t  the  b i a s .  F i g u r e  14 shows the  guidance 
s e n s i t i v i t y .  It can he i n s e n s i t i v e  t o  s m a l l  l i f t  
b i a s e s ,  b u t  f a l l s  o f f  t h e  e d g e  a n d  crashes f o r  a n  
LID n o s e  down o f  more  t h a n  0.03. T h i s  i s  10% of  
t h a t  e x p e r i e n c e d  b y  A p o l l o  t y p e  e n t r y  v e h i c l e s .  
T h i s  c o u l d  p o t e n t i a l l y  b e  a p r o b l e m .  The e n t r y  
v e h i c l e  w i l l  p r o b a b l y - r e q u i r e  v e r y  a c t i v e  p i t c h  
damping or r o l l  c o n t r o l .  
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Figure 14 

I n  a d d i t i o n ,  d i s p e r s i o n s  of  20% i n  d r a g  
were s i m n l a t e d  t o  a g a i n  t e s t  t h e  a d a p t i v e n e r s  of  
the mechaniza t ion .  The response  or s e n s i t i v i t y  t o  
e r r o r  i n  d r a g  o v e r  n o m i n a l  w a s  e s s e n t i a l l y  z e r o .  
Of conrse. t h i s  w a s  f o r  t h e  CDmar/CDmin r a t i o  of 
25:l  which i s  a g r e a t  dea l  of c o n t r o l  c a p a b i l i t y .  

En t ry  F l i g h t  P a t h  Anale and Con t ro l  S e n s i t i v i t y  
Ana1vsis 

T h e  s e n s i t i v i t y  a n a l y s i s  shown i n  F i n n r e  11 - 
was r e p e a t e d  f o r  v a r i o u s  v a l n e s  of Char-to-CDmin 
c o n t r o l  r a t i o s  us ing  a C h a r - C h i n - C  ~I guidance 
s t r a t e g y .  T h i s  i f  shown i n  F i g u r e  1% As c a n  he 
n o t e d .  C D ~ ~  - to-CDmin r a t i o s  of  less than 1 O : l  
s i g n i f i c a n t f y  r e d u c e s  t h e  e x i t  s t a t e  c o n t r o l  
c a p a b i l i t y .  Based on a tmosphe r i c  d i s p e r s i o n s  and 
e n t r y  s t a t e  nav iga t ion ,  an e n t r y  c c r r i d o r  w i d t h  of - + 0 . l o  s h o u l d  be m a i n t a i n e d .  T h i s  s u g g e s t s  
c o n t r o l  s n t h o r i t y  r egn i r emen t s  of 1 O : l  cr b e t t e r .  

Aocnracv Assessment 

An eccuracy a s s e s s m e n t  of t h e  CDmar-CDmin- 
cDm I g n i d a n c a  s t r a t e g y  and  m s o h a n i r a t i o n  w a s  
performed f o r  a CDmar- to-Cmin  c o n t r o l  r a t i o  of 
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Table 7 - heroassis tcd O r l ~ i t a l .  Transrer- T r a j e c t o r y  Bias t o  Navigator Er rors  

Input Error Sovrrr 

I Pc,b-Nm Qc=l -0.02 -1. -4. 0.0 I 

4.02 -4. -4. 0.0 I 



8.41 - 8 . 2 ~  - : 
2 5  - 8 . 0 ~  

0- 

v, 7 . 8 -  c 

5 1 . b ~  

Y Y 

a 

x 
Y 

2 

1 7 . 9 2 5  

17 .325  E 
w 4 %  7.125 5 

3.  

4 .  

5 .  

J. A. K e o h i c h i a n ,  N. X. Vinh,  E. A. R i n d e r l e ,  
M. I. Crnz ,  ‘ O p t i m a l  N o n l i f t i n g  A e r o a s s i s t e d  
T r a n s f e r  B e t w e e n  C o p l a n a r  C i r c u l a r  O r b i t s  
Using Drag Modulation‘, JPL Document 314-280, 
25 August 1982. 

M. I. Cruz ,  ‘Drag M o d u l a t e d  A e r o a s s i s t e d  
O r b i t a l  T r a n s f e r  G u i d a n c e  S t u d i e s ’ ,  J P L  
Document 314-281, 15 September  1982. 

K e c h i c b i a n .  J.  A. a n d  R i n d e r l e ,  E.A.. 
‘ S e n s i t i v i t y  A n a l y s i s  o f  D e - o r b i t  f r o m  Aigh  
A l t i t u d e , ‘  JPL Document 314.4-239, 1982. 

2 
6. Cruz, M .  I. a n d  R i n d a r l e ,  E. A , ,  ‘ATMOS 

A n a l y s i s  Computer Program,‘ JPL Document 725- 
76. March, 1982. - 7.4 

I I I 1 , I , 1 16,725 7 .  ‘U. S. Standard  Atmosphere Supplements , ’  1966. 

8 .  C r u z ,  M. 1. a n d  Rinder1e.E.A.. ‘ A e r o a s s i s t e d  - 4 . 0 - 4 . 2  -4.4 -4.b -4.8 -5.0 -5.2 
A I R  RELATIVE ENTRY FLIGHT PATH ANGLE, I d q l  O W  B a l l i s t i c  E n t r y  S e n s i t i v i t y  Analysis‘ ,  JPL 

Doonmant 314-267, 18 March 1982. 

7. 2 

F igu re  15  

APPENDlX 1 

2 5 : l .  This i s  r e f l e c t e d  i n  T a b l e  6. I t  i n c l u d e s  FORDmLAnoN 211E o p ~ ~  c o N ~ o L  
a number of n a v i g a t i o n  and c o n t r o l  e r r o r  S O Y ~ C B S  

which impact  guidance performance. It p o i n t s  out The e q u a t i o n s  o f  m o t i o n  f o r  a p l a n a r  
t h a t  t h e  d r i v i n g  error s o u r c e s  are i n  c o n t r o l  o f  
L,D and f l i g h f  pa th  angls. The ~ o r r e c t i v e  Av n o n l i f t i n g  e n t r y  i n t o  Ear th’s  a tmosphere a r e  g iven  

r e q u i r e d  i s  n o t  e x c e s s i v e  (3oAV = 2 4  m f s e c  o v e r  by 
t h e  n o m i n a l  AV of a p p r o x i m a t e l y  106 m l s e o  f o r  a 

1 s  2 
r (1-1) 

3 5 0  km LEO). A d d i t i o n a l  A V, t h o u g h ,  may be  G = - - - p - c  v - 6 s  
r e q u i r e d  t o  c o r r e c t  rendezvous phas ing  w i t h  10.5’ 2 m n  
g r e a t  c i r c l e  ?.IC errors. These ~ r z o r s  may be  
g r e a t e r  f o r  e n t r y  v e h i c l e s  w i t h  C D ~ ~ = - ~ O - C D ~ ~ , ,  
c o n t r o l  c a p a b i l i t y  of 1 O : l  o r  less. Table  7 shows 
the b i a s  error between the  a c t u a l  s t a t e  p e r t u r b e d  
by the  n a v i g a t i o n  and t h e  a c t u a l  nominal  s t a t e .  

Snmmarv and Conclus ions  

An a p p r o a o h  w h i c h  e f f i c i e n t l y  s e a r c h e s  out 
o p t i m a l  a e r o a s s i s t e d  o r b i t a l  t r a n s f e r  h a s  b e e n  
d e v e l o p e d .  An e x p l i c i t  and  a d a p t i v e  c l o s e d  l o o p  
g u i d a n o e  a p p r o a c h  has a l s o  b e e n  d e v e l o p e d  w i t h  
p e r f o r m a n c e  n e a r  t h e  o p t i m a l  a n d  s i g n i f i c a n t  
g u i d a n c e  a c c u r a c y .  S y s t e m  d e s i g n  r e q u i r e m e n t s  
have  evolved from t h e s e  s t u d i e s  which s n g g e s t  t h a t  
t h e  e n t r y  s y s t e m  h a v e  C D ~ ~  - to-CDmin C o n t r o l  
g r e a t e r  t h a n  1 O : l  and  n e v e r  f e v e l o p  l i f t  d u r i n g  
the  e n t i r e  en t ry .  
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. .  
I1 = r = ‘JS”  (1-3) 

w h e r e  V, r a n d  r B I B  t h e  v e l o o i t y ,  f l i g h t  p a t h  
angle  and r a d i a l  d i s t a n c e  r e s p e c t i v e l y  end where 
p .  S.  C g  a n d  m a r e  t h e  a i r  d e n s i t y ,  v e h i c l e  cross 
s e c t i o n a l  a r e a ,  c o e f f i c i e n t  of d r a g  and  v e h i c l e  
mass .  F i n a l l y  g ( r )  = p f r 2  i s  t h e  a c c e l e r a t i o n  o f  
g r a v i t y  w i t h  t h e  g r s v i t a t i o n a l  c o n s t e n t  o f  
E a r t h .  In a d d i t i o n ,  I = E+R w i t h  R r e p r e s e n t i n g  
t h e  r a d i u s  of E a r t h  and E a l t i t u d e .  

The atmosphere be ing  assumed t o  have a r a d i u s  R,. 
II s e t  of non-dimensional v a r i a b l e s  may be used t o  
c a r r y  o u t  the  a n a l y s i s  of t h i s  problem. 

(1-31) 

Using d a t e  from a t a b u l a t e d  s t a n d a r d  a tmosphere ,  
let p(K) r e p r e s e n t  t h e  d e n s i t y  at a l t i t u d e  E such  
t h a t  w i t h  P, corresponding  t o  sen l e v e l ,  

_ = _  d6 d 6 $ = s d p  
dh dH dh  p, dH (1-5) 
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d 
w h e r e  4 i s  t h e  d e n s i t y  g r s d i e n t  r e a d  f r o m  t h e  
t a b l e .  d%'he e x a c t  e q u a t i o n s  of  m o t i o n  (1-1) a r e  
then  rednced  t o  the  d i m e n s i o n l e s s  form below 

a r e  f a c t o r s  d e p e n d i n g  on t h e  p h y s i c a l  
c h a r a c t e r i s t i c s  of t h e  v e h i c l e  and the  atmosphere. 

R e p l a c i n g  s i n  1 ' b y  s, a n d  i n t r o d u c i n g  q = 
C ~ / C D ~ ~ =  w i t h  qmin iqil, t h e  s y s t e m  e q u a t i o n s  
rednce  t o  

The Hamil tonian  i s  then g iven  by 

lks sys tem b e i n g  autonomous and t h c  t imo of  f l i g h t  
f r e e ,  H=O i d e n t i c a l l y .  I n s t e a d  of minimiz ing  r f ,  
it i s  p o s s i b l e  t o  maximize vf  f o r  g iven  s f  and f o r  
h,=hf=l w i t h  ve and s e  a l s o  given. 

B i o  t h e n  m a x i m i z e d  b y  c h o o s i n g  CD t h e  c o n t r o l  
soch tha t  

h y > O  CD = C h i n  

A,=, Cg = i n t e r m e d i a t e  

The Eulsr-Lagrange e q u a t i o n s  a re  g iven  by 

(1-13) 

I ~1 

(1-14) 

(1-15) 

The i n t e r m e d i a t e  c o n t r o l  case  can be r u l e d  o u t  by 
observ ing  t h a t  f o r  A,=O!.dLv = 0, the  Hami l tonian  
i n  (1-12) and the  sqna t iodT(-13)  a r e  
s a t i s f i e d  o n l y  i f  1% = Ah = 0 too.  

APPENDIX 2 

A DISCUSSION OF lTIE 'IRANSVERSALITX CONDITIONS 

L e t  '1 r e p r e s e n t  the  r a d i u s  of t h a  h i g h  o r b i t  and 
r2 t h e  r a d i u s  o f  LEO. 

W i t h  a1 = ''/Raand a2 = /Kaand Av =- , t h e  

c o n s e r v a t i o n  of the  a n g u l a r  momentum g i v e s  

=2 AV 

where v1 r e p r e s e n t s  the  nondimensional  v e l o o i t y  a t  
IIEO j u s t  a f t e r  the  s p p l i o a t i o n  of the  d e o r b i t  Avl  
a n d  Ay2 r e p r e s e n t s  t h e  v e l o c i t y  just b e f o r e  t h e  
a p p l i o a t i o n  of the  c i r c u l a r i z i n g  AVz at LEO. ",, W 

and a1 a r e  r e l a t e d  by 

The o v e r a l l  o p t i m i z a t i o n  p r o b l e m  r e q u i r e s  t h e  
m i n i m i z a t i o n  of  t h e  a l g e b r a i c  sum of b o t h  Av's 
namely Av1 + hv2 

And w i t h  t h e  u s e  o f  ( Z - l ) ,  t h e  p e r f o r m a n c e  i n d e x  
o r  payoff  t o  maximize i s  

w i t h  the  s i d e  c o n s t r a i n t s  (2-21 and (2-31 w r i t t e n  
i n  compact form 

L 



The t r a n w e r i a l i t y  c o n d i t i o n s  a t  i n i t i a l  and f i n a l  
t i m e s  are then 

w h e r e  u and u f  * r e  Constant  m u l t i p l i e r s  a d j o i n t  
t o  t h e  s!de c o n s t r a i n t s  ( 2 - 6 ) .  The e l i m i n a t i o n  of 

and  u f  i n  (2-7) l e a d s  t o  

If Ayz alone must  be minimized,  then only  the  s i d e  
c o n s t r a i n t  o f ( v f , s f )  need t o  bo taken  i n t o  aocount  
s i n c e  ve ,ye  a r e  t h e n  g i v e n  a n d  t h e  o o r r e s p o n d i n g  

-d t r a n s v e r s a l i t y  c o n d i t i o n  (2-9) c o n s i d e r e d  o n l y .  
Ah i s  guessed and the  cor responding  v a l u e s  of A, 
an6 A s  8 x 0  o b t a i n e d  f r o m  (2-9) a n d  (1-12) withf  
Hf'O. f 

The system and Lagrangs e q u a t i o n s  (1-9)-(1-11) and 
(1-13)-(1-15) are i n t e g r a t e d  b a c k w a r d s  u n t i l  h ,= l  
a t  e n t r y  a f t e r  a s u i t a b l e  guess o f  t h e  e x i t  s f .  

i s  t h e n  a d j u s t e d  u n t i l  t h e  e n t r y  v e  i s  
k%ched.  T h i s  p r o c e d u r e  i s  r e p e a t e d  w i t h  B 
d i f f e r e n t  guess of s f  u n t i l  b o t h  e n t r y  c o n d i t i o n s  
ace matched namely v, and se. The t r a j e c t o r y  t h u s  
o b t a i n e d  r e p r e s e n t s  the  minimum AVz s o l u t i o n  f o r  
g i v e n  a r b i t r a r y  e n t r y  s t a t e  and  g i v e n  
t a r g e t  LEO. This p a r t i c u l a r  t w o - p o i n t  b o u n d a r y  
value p r o b l e m  c o n s i s t s  o f  a 2 x 2  s e a r c h  on ( A h  , 
sf ) i n  o r d e r  t o  m a t c h  t h e  e n t r y  s t a t e  

For t h e  more g e n e r a l  c a s e  w h e r e  AV1 + AV2 i s  
minimized  w i t h  p r e s c r i b e d  al and a2' the  two p o i n t  
boondary v a l u e  problem is  e s s e n t i a l l y  i d e n t i c a l  t o  
the one j m t  descr ibed .  Ah and s f  are  guessed 
and the  baokward i n t e g r a t i o n f c a r r i e d  o u t  u n t i l  (2- 
2) a n d  ( 2 - 8 )  a r e  s a t i s f i e d .  These i t e r a t i o n s  can 
a l s o  be  c a r r i e d  o u t  by f o r w a r d  i n t e g r a t i o n ;  f o r  
e x a m p l e  i n  t h e  case of t h e  m i n i m i z a t i o n  o f  Avl  + 
Avz. A h e  and  s e  are g u e s s e d .  oompnted  f r o m  (2- 
2).  A a n d  1, c o m p o t e d  f r o m  ( 2 - 8 )  a n d  E,=O and 
t h e  f k r u a r d  i t t s g r a t i o n  of b o t h  t h e  s y s t e m  a n d  
m u l t i p l i e r  s e t s  c a r r i e d  o u t  o s t i l  h f = l  a n d  s u c h  
t h a t  (2-3) and (2-9) are s i m u l t a n e o u s l y  s a t i s f i e d .  
Bowsvsr i t  h a s  b e e n  f o u n d  t h a t  t h e  b a c k w a r d  
i n t e g r a t i o n  i s  mor0 s t a b l e  becaoss of t h e  b e h a v i o r  - of  A, w h i s h  e x h i b i t s  II l a r g o  g r a d i e n t  dAv/dr  
n e a r  e x i t  making i t  v e r y  s e n s i t i v e  t o  the  i n i t i a l  

f 

Ave guess. 

APPENDIX 3 

The e q u a t i o n s  of motion assuming y t o  be small are 

H = Vy ( 3-2 ) 

Assuming an e x p o n e n t i a l  a tmosphere ,  e q n a t i o n s  (1) 
and (2) o m  be r e w r i t t e n ,  as f o l l o w s :  

L e t  us assume t h a t  o v e r  t h e  e x i t  interval t h a t  y 
c a n  b e  a s s u m e d  t o  b e  an a v e r a g e  c o n s t a n t ,  
t h e r e f  ore 

An e s t i m a t e  of t h e  e x i t  speed  can be made assuming 
a c o n s t a n t  or r e f e r e n c e  p r e f ,  as f o l l o w s :  

V = Current  computed a i r s p e e d  
B = C u r r m t  computed a l t i t u d e  
B = Current  computed = a t e  of c l imb 
V = Current  measured aerodynamic a c c e l e r a t i o n  
BF C u r r e n t  commanded p . -  

C o n v e r s e l y  i f  t h e  c o m p u t e d  VL i s  g r e a t e r  t h a n  V, 
d e s i r e d ,  t h e  new r e q u i r e d  o r  r e f e r e n c e  j3 can be  
computed a s  f o l l o w s :  

and q i s  i n f e r r e d  from c u r r e n t  V and the  p r e v i o u s  
command 0 or 

q = VP, (3-9) 

APPENDIX 4 

Assuming a s m a l l  1, t h e  e q u a t i o n s  of motion can be 
w r i t t e n  a s  f o l l o w s :  
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Vertical aoceleration 2Hs (4-12) 
H =  - T  n 

Eorizontal acceleration 

where the p can be approximated by an exponential 
atmospherio model as f o l l o w s :  

P Po exP [- (H-Ho)/Hs] (4-3) 

= Reference p 

A, = Altitude at referenoe p 

Taking the time derivative of drag, we get 

and the second derivative is 
(4-4) 

If w e  further assume that (D/V) is approaimstely 
zero f o r  powers greater than one, w e  get 

The difference equations in 66, V, bb, SD, ii, and 
6V 828  then 

60 = 

From (4-6) 

From (4-4) 

From (4-1) 

From (4-2) 

The controller f o r  B is a second order system a s  
follows: L4 

6R = C16D - C 6 ;  
2 

(4-13) 

Substituting eqnations (8). (91, (10 ) .  (12) and 
(13) into equations (Il), w e  get 

2 v :  I '  '' [i," R " 2  

C 
SD + - + - g SI1 

(4-14) 

Using the standard form f o r  a damped harmonic 
system, namely 

. 2  
x + ZSOX + 0 x = 0 

(4-15) 

We get (Dref = constant drag l e v e l )  

(4-17) 

(4-9) w h e r e  pRef is derived from the exit speed 
controller or estimator (Appendix 3). 

V V 6V = .- 6D + - 6!1 2D 2R 

The above gains can be computed e v e r y  internal for 
(4-10) commanding the p a s  follows: 

Assoming drag to be constant over a BV i n t e r v a l e ,  
xo gst 


