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ABSTRACT

The behavior of coat-substrate systems subjected to repeated impinge-
ments of liquid droplets was investigated. The systems studied consisted
of a thick homogeneous substrate covered by a single layer of homogeneous
coating of arbitrary thickness. Based on the uniaxial stress wave model,
the variations of the stresses with time were determined both in the
coating and in the substrate. Employing the fatigue theorems established
for the rain erosion of homogeneous materials, algebraic equations were
derived which describe the incubation period, and the mass loss of the
coating past the incubation period, in terms of the properties of the
droplet, the coating and the substrate. The results were compared to
available experimental data and good agreement was found between the
present analytical results and the data.

The differences between the uniaxial stress wave and the uniaxial
strain wave models were also evaluated by calculating according to both
models a) the stress at the coat-liquid interface, b) the stress that
would occur in the substrate in the absence of the coating, and c) the

stress in the coating after the first wave reflection from the substrate.
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NOMENCLATURE
constants (dimensionless)
area (ftz)

constant related to wave velocity defined in Eq. (81)
(dimensionless)

constant defined by Eq. (57) (dimensionless)

constant in Eq. (54) (dimensionless)

knee in the fatigue curve (see Fig. 4)

speed of sound (ft/sec)

diameter of the droplet (ft)

modulus of elasticity (1bf/ft2)

number of stress cycles (see Eq.L0}

force (1bf)

thickness of coat (ft)

rain intensity (ft/sec)

number of stress wave reflections in the coating required
for the stress at coat-substrate interface to reach a

value of 63.3 percent of 0, (dimensionless)

total number of stress wave reflections in the coating
during the impact period (dimensionless)

average number of stress wave reflections in the coating
(dimensionless)

mass eroded per unit area (lbm/ftz)
dimensionless mass loss defined by Eq. (76)
number of drops impinging per unit area (number/ftz)

number of drops impinging per site, see Eq. 1 ) (dimension-
less)

characteristic life (dimensionless)

fatigue life (see Fig. 4) (dimensionless)
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GREEK LETTERS

probability defined by Eq. (27) (dimensionless)
stress (lbf/ftz)

drop density (number/ft3)

distance (ft)

parameter defined by Eq. (59) (lbf/ftz)
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time (sec)

time required for k, number of stress wave reflactions
to take place in the coating (sec)

the duration of impact (sec)

particle velocity (ft/sec)

wave velocity defiried by Eq. (81)

velocity of impact (ft/sec)

terminal velocity of a rain droplet (ft/sec)
weight loss due to erosion (1bf)

dynamic impedance (lbm/(ftz-sec))

rate of mass loss (lbm/impact) (see Fig. 2b)
dimensionless rate of mass loss (see Eq. 73)
Weibull slope in Eq. (67) (dimensionless)
the ratio of kL to ke (y=kL/ke)

Poisson's ratio (dimensionless)

density (1bm/ft3)

angle (radians)

stress (1bf/ft2)

stress amplitude (lbf/ftz)



SUBSCRIPTS

sc

Lc

SUPERSCRIPTS

B

h

equivalent dynamic stress defined by Eq. (42) (lbf/ftz)
mean stress (lbf/ftz)

mean stress after kj number of stress wave reflections
(1b£f/fr2)

endurance limit (lbf/ftz)
ultimate tensile strength (1bf/ft2)

parameter defined by Eqs. (13)-(14)

coating

end of incubation period

upper limit of validity of model

the number of stress wave reflections in the coating
liquid

solid

coat-substrate interface

liquid-coat interface

uniaxial strain wave model
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liquid-coat interface
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SECTION I

INTRODUCTION

Components of high speed aircraft and missiles may experieace heavy
damage when subjected to repeated impingements of rain droplets. The
damage to nonmetallic components, such as plastic radomes, may »e parti-
cularly severe. To protect such surfaces from rain erosion, th :se sur-
faces are frequently covered with a thin layer of coating. Coiividerable
research has been performed in the past to select the most suitable coat-
ing material, and to determine the behavior of various coat-substrate
systems undergoing liquid impingement.

The majority of the previous studies of rain erosion of coated mat-
erials have been experimental in nature, with the bulk of prior research
concentrating on the measurement of an eroston parameter (e.g. weight
loss) under specific conditions (References 1-6). These experimental
studies provide information on the behavior of a given coat-substrate
combination under a given condition, but fail to describe material be-
havior beyond the range of the experiments in which they were obtained.
For the selection of the proper materials and for the design of the ap-
propriate structures an analytical or semiempirical model would be needed,
which would describe the response of coat-substrate systems in terms
of the relevant parameters. These parameters should include the proper-
ties of the coating and the substrate, the thickness of the coating, and
the impact velocity and size of the droplet. In recent years, ::-rogeess
towards this goal has been made by Morris (Reference 7), Engel .ad
Piekutowski (Reference 8) and by Conn and his coworkers (Refereices 9-11),
who analyzed the stress history in various coat-substrate systess, Al-
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though the results of these investigations further our understanding of
the processes which contribute to the failure of the coating and the sub-
strate, as yet they are not capable of correlating fully the existing
data and generalizing the results obtained from a few experiments.

The objective of this investigation is to develop a model which is
consistent with experimental observation and which predicts quantitatively
"erosion' of coated materials under previously untested conditions. In
particular, the model proposed here is aimed at describing a) the "incu-
bation period', i.e. the time elapsed before the mass loss of the coating
becomes appreciable, and b) the degradation of the coating past the
incubation period, as manifested by its mass loss. The model is based on
fatigue concepts (e.g. References 12, 13), and is along the lines devel-
oped previously for homogeneous (uncoated) materials (Reference 13).

The success of this model in describing the damage of homogeneous

materials warranted its extension to coated materials.



SECTION II

THE PROBLEM

The problem investigated is the following. Spherical 1liquid drop-
lets impinge repeatedly upon a plane, semi-infinite material cusisting
of a homogeneous substrate covered by a homogeneous coating (Fig. 1).

The thickness of the coating is h. The substrate is taken to ! 2 semi-
infinite normal to the plane of the surface (x direction in Fig. 1). The
coating and the substrate are characterized by the following properties:
density p, speed of sound C, modulus of elasticity E, Poisson's ratie v,
ultimate tensile strength ou and endurance limit Or- Parameters related
to the coating and the substrate are denoted by ¢ and s, respectively.
Parameters related to the droplet are identified by the subscript L.

A perfect bond is assumed between the coating and the substrate, i.e.
at the interface (x=h) the stresses and the displacements are the same
in the coating and the substrate. Furthermore, the stress wave propa-
gating through the coating and the substzate are considered to “»e one
dimensional, propagating normal to the surface (compression waves). Waves
parallel to the surface (shear waves) are neglected.

The diameter of the droplets d, the angle of incidence §, and the
velocity of impact V are taken to be constant. The spatial distribution

of the droplets is considered to be uniform. Accordingly, the number of

droplets impinging on unit area in time t is (Reference 13)
n = (Vcosf)qt (1)

where q is the number of droplets per wnit volume. Rain, falling with
eonstant terminal velocity Vt’ is usually characterized by a pa-ameter I

-3-
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called "intensity” (with units of length/time) which is related to q by

the expression

@=7 T3 (2)

Equations (1) and (2) may be combined to yield

(V cosB)I

6
"ty o3 ¢t 3
v,d

The impingement rate is assumed to be sufficiently low so that 11l the
effects produced by the impact of one droplet diminish before t'-e impact
of the next droplet (References 13, 14),

The pressure within the droplet varies both with position and with
time. For simplicity, the pressure at the liquid-surface interface is
taken to be constant, its value being given by the water hammer pressure
(Reference 15)

pLCL V cos6
c

PLL

PeCe

P = (4)

1+

Although more accurate representation of the pressure is possible (Refer-
ence 15) the accuracies afforded by the use of equation (4) will suffice
in the present analysis. The duration of the pressure at the interface

is approximated by

= 2d

(5)
thL

The forces, created by the repeated droplet impacts, damage the material
as manifested by the formation of pits and cracks on the surface, and by
weight loss of the coating material. Experimental evidence indicates

that under a wide range of conditions the weight loss W varies with time t

-5-



as shown, sehematically, in Fig. 2a. For some period of time, referred
to as dncubation period, the weight loss is insignificant. Between the

end of the incubation period t, and a time denoted by tf the weight loss

i
varies nearly linearly with time. After tf the relationship between W
and t becomes more complex. Here, we will be concerned only with the be-
havior of the material up to time e In most practical situations the
usefalness of the material does not extend beyond tf.

It is advantageous to replace the total weight loss of the sample
by the mass loss per unit area m, and the time by the number of droplets
impinging upon unit area n. In terms of the parameters m and n, sche-
matic representation of the data is given in Fig. 2b. It is now assumed

that the data can be approximated by two straight lines as shown in

Fig. 2b, i.e.
m=0 0 <n (6a)
m=a (n-ni) n, <n < ng (6b)

Thus, the material loss m produced by a certain number of impacts n, can
be calculated once the incubation period n, and the rate of subsequent
mass loss (as characterized by the slope a) are known. Therefore, the
problem at hand is to determine the parameters N, a, and ﬁf, the latter
being the upper limit of validity of equation (6b). It is noted here that
the above model is valid only if there is an incubation period. Problems

in which even one impact results in appreciable damage will not be con-

sidered.
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In order to establish n, and a, the stress history in the coating
must be known. Thus, first expressions are derived which describe, in
suitable form, the variation of the stress with time in the coating and

in the substrate.



SECTION III

STRESS HISTORY OF THE COATING AND THE SUBSTRATE

The variation of the stress with time may be evaluated by consider-
ing either uniaxial stress waves (References 10, 11) or uniax!al strain
waves (References 6, 7) propagating through the coating. As will be
shown in Section VIII these two approaches yield similar resul s. The
present calculations are based on the uniaxial stress wave mod~:1l.

When a liquid droplet impinges upon the surface of the coating, a
stress wave propagates through the coating (see Fig. 3). The magnitude
of this initial stress wave, denoted by 995 is fdentical to the hydro-

static pressure P, i.e.,

01 = P (7

P is given by equation (4). At the coat-substrate interface a portion of
the stress wave is transmitted into the substrate while a portion of it
is reflected back into the coating. Thus, there is a "left'" tvaveling

wave in the coating of magnitude o, (Fig. 3)

N

g, =0, + oh (8)

In equation (8) o: represents the magnitude of the reflected wave which
may be expressed as (Reference 8)

Z -7
S ¢ 9)




LIQUID |COAT | SUBSTRATE
O<t< h/Cc
C .10, Cc .
o h —»

h/Cc <t < 2h/C¢

«—LI1QUID —=tCOAF{— SUBSTRATE —

Fig. 3. Stress Wave Pattern in the Coating and in Substrate.
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In the time interval t=CC/2h the "left" traveling o, wave reaches the coat-

liquid interface and a new 'right" traveling wave of magnitude 04 is

generated at the x=0 surface

o
03 0, + or (10)

where oro is the reflected wave from the surface of the coating (Refer-

ence 8)
Z -7
(] L ¢
o =0, o— (11)
r 2 &L+Zc
In equations (9) and (11) Z is the impedance of the material
Z=pC (12)
Introducing the notation
zs—zc
We =737 (13)
s ¢
yYARYA
L ¢
ch AR A (14)
L "¢
the magnitudes of the "left" and '"right" traveling waves become
01 = P
o, =0, +0. ¢y = o (1+9¢ )
2 1 1 S¢C 1 8¢ (15)

o3 = Gl 1+ lpsc + wSc ch)
O, =0y 1+ Yoo t Ve, ch+ Ve ch Vo)
etc

-11-



Equations (15) may readily be generalized to the following forms

g 1+
2k sc k
== = (1~ (y_ ¥ )] (16)
ol 1 - wschc sc'Lc
o] o]
2k~-1 2k k-1
cl cl - wsc(wschc) (17

where k is an integer, k=1, 2, 3, ... .
Note that the stress history in the coating depends on the relative

magnitddes of Z ZC and Zs. This is illustrated in Fig. 4, where the

L’
variation of the stress with time is shown for the four possible combina-
tions of impedances. After a long period of time (i.e. after a large
number of reflections, k+») the stress at both on the surface of the
coating (x=0) and at the coat-substrate interface (x=h) approaches the
constant value

R 1+ zL/zc

K300 2k l-¢sc ch 1+ ZL/Zs

o, =0 lim o (18)

1

o, is the stress that wauld occur in the substrate if the droplet would
impinge upon it directly in the absence of a coating (see Appendix I).

It is evident from Fig. 4 that the coating reduces the stresses in the
substrate only if the appropriate coating material (i.e. appropriate com-
bination of ZL’ Zc and Zs) is selected (Figs. 4c and 4d). For certain
combinations of coating and substrate the mean stresses in the substrate
are actually higher with the coating than without it (Figs. 4a and 4b).
This result clearly indicates the importance of the proper selection of

the material used as coating for a particular substrate.

-12-
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Equations (16) and (17) describe the variation of the stress with
time in the coating. For our further calculations it is convenient to
replace the stepwise variation of the stress by a continuous function.

To accomplish this, equation (16) is rewritten in the form

g o g o
2k o o 2 k-1
—=—- (=== (¥ ¥ ) (19)
01 c1 ol Ul sc'Le
Equation (19) 1is now approximated by the expression
g o g o
2k ® © 2 k-1
< "o - G- exp (-3 (20)
1 1 1 1 e

By replacing equation (19) by equation (20) we replace, in effect, the
stepwise stress function with an exponential curve, as illustrated in
Fig. 5. 1In equation (20) ke is the number of reflections required for
the steess to reach 63.3 percent of o . To evaluate ke we introduce the
condition that the area under the actual (stepwise) and the exponential
curves are to be the same. This condition requires that the following

equality be satisfied

L g o o k-1 ® @ o o
o L) 2 © ) 2 k-1
I =-C-B ww) 1= 2 - DexpeEax
k=l 01 01 01 sc ' Le 1 01 01 01 ke

(21)

Evaluating the summation and the integral in equation (21) we obtain

1
ke = W (22)

sc Lc

Substitution of equations (13) and (14)into equation (22) yilelds

(23)

. 1+2/2, 1+2 /2
e 2 1+ zL/zs
In the absence of coating Zs-Zc and ke=l, which, as expected, shows that

there are no reflections in a semi-infinite material,

14~
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The time required for ke number of reflections to occur is (see

Fig. 3)

¢ =k 22 (24)

k =t == (25)

Similarly, the number of reflections which occur during the duration of

the impact t (gkven by equation 5) is

(@]
a

c c d
k=Y ®m~Cc & (26)

[

It is to be noted that ke is independent of the thickness of the
coating (see equation 23), while kL depends on h. For thick coating

(h/d +=) k; + 0 and for thin coating (h/d +0) k, +=. Thus, the ratio

Ky
vk @27)
e

may vary between zero and infinity. It is conveninet to bridge these

two limits by the exponential curve

- ky

k =k, [1 - exp(- E;D] (28)
or

k = k, [1- exp(-y)] (29)

k represents the average number of reflections in the coating. The var-

iation of k with Y is illustrated in Fig. 6. For thiwk coating k becomes

iil'\/t:i + ® =0 (30)

-16-
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For thin coating equation (29) reduces to

knsa » 0" Ke (31)

which is, by our definition, the maximum number of reflections which may
occur in the coating.
We may evaluate now the average values of the stresses at the coat-

liquid (x=0) and at the coat-substrate interfaces (x=h) during the period

of impact tL. The average stress at x=0 is
kg,
o 1
g '{(‘I: L UZk_l (32)
k=1
and at x=h is
ky,
“h _ 1
g E;- T Lp (33)
k=1

Substituting equations (16), (17) and (18) into equations (32) and (33)
and utilizing the exponential approximation givem by equation (20), after

some algebraic manipulation, we obtain

° 1 + wsc 1+ ch 1- exp(-y)

T Ty s Wk Ty ] (342)
1 sc L¢ sc Y

-~ h 1+

g = sc [1- v ¥ ._]':.‘_".’SEL'J.)_] (34b)

01 1- wschc sc Lc Y

If the coating is of the same material as the substrate wsc=0 and equation

(34a) reduces to

-18-



The force exerted by the droplet on the surface of the coating also
varies with time. The average force on the surface during the duration
of one impact tL is

= -0 wdz
F=g0 % (36)

The foregoing equations describe the stress history in the coating
and in the substrate when the substrate is covered by a single layer of
coating. The results could be generalized readily to include two or more
layers of coatings. It is emphasized, however, that the expres-ions here
developed are not restricted to thin coatings, but may be appli:d to
coatings of arbitrary thicknesses. The thickness of the coating enters

the results through the parameter Y. From equations (23), (26) and (27)

we have
1+2 /2
B e
L c 2

For a thick coating (h/d + =)y becomes

Th/d »w =0 (38)

For a thin coating (h/d + 0) y assumes the value

Yh/d > O = » (39)

-19-



SECTION IV

INCUBATION PERIOD

It has been recognized in the past that fatigue plays an important
role in the erosion process (References 12, 14, 16-21), particularly in
the "early' stages of the process, corresponding to the incubation period.
Applying fatigue concepts to the problem of rain erosion, Springer and
Baxi (Reference 13) recently established a semiempirical formula which
describes the dncubation period in a homogeneous material. Here, Springer
and Baxi's analysis is extended to homogeneous materials covered by a
single layer of coating. The analysis is based on the concept that fatigue
theorems established for the torsion and bending of bars might be applied,
at least qualitatively, to materials subjected to repeated liquid impinge-
ment. The failures of bars undergoing repeated torsion or bending have

been found to follow Miner's rule (Reference 22)

fl f2 f
——'+—+ R -ﬂ- = a (40)
N N 1
1 2 q
where fl’ f2 ...f represent the number of cycles the specimen is sub-

jected to specified overstress levels Uel’ °e2"'0eq’ and Nl’ NZ""Nq
represent the life (in cycles) at these overstress levels, as given by
the fatigue (oe versus N) curve. a; is a constant.

Let us now consider a point B on the surface of the material as
shown in Fig. 7. Each droplet impinging upon the surface ceeates a
stress at point B. Assuming that the force created by the droplet at its

point of impact is a "point force', the stress at point B due to any one
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droplet is (Reference 23)
i (1-v,)
g . — (41)
2 N
rr
where F is given by equation (36). Due to the propagation and reflection
of the stress waves in the coating (as discussed in the previous section)
the steess in the coating does not remain constant, but fluctuates, as

illustrated in Fig. 8. Fatigue life éf the material is generally calcu-

lated using an "equivalent dynamic stress" (Reference 24)

UaO'm
g =
e 0 -0
a n

(42)
where LA is the ultimate tensile strength of the material. In the pre-
sent case ¢ may be separated into two parts 0" c; + U;. The first
part, 0; is due to oscillations abotnt the mean a;f o with amplitude o; .
The second part c; is due to '"oscillation" about the mean o;-o/Z, with a
constant amplitude 0;-0/2. Thus, c; is not a constant but varies with

time. For simplicity, we assume that a; is a constant with a value equi-

valent to the maximum amplitude, i.e.
o' = |02 - g (43)
Equations (36) and (43) yield

o) =0 f $84 (44)

22~



'@0B3a23UT 3BOD-137d0aQ PINSIT Y3 38 dWLL YITm SSIXIS By Jo UOTIRIIBA Oyl g ‘8134
¢
+ JNIL
‘ [
1 ]
:Eb
Mo
%0
(\/\/\( fl%nk
o)

0'SS3YLS

-23-



The equivalent dynamic stresses corresponding to the two modes of stress

oscillations just described may thus be written as

"o g lwsci ou

Oe g -0 (45)
u

w (0/2) o

“ " oal, (“6)

The number of cycles for which the material at point B is subjected to a
given stress between e and oe+doe is equal to the number of impacts on
a dr wide annulus located at r (Fig. 7). During the incubation period

the total number of impacts on the annulus is
fi = nizwtdr (47)

For each single impact the number of stress oscillations in the coating
is k (equation 29). The total number of stress oscillations during f

impact is, therefore, Efi. Accordingly, Miner's rule becomes

£, k£,
L (Ggrt—) =3 (48)
i Ny
i
where Ni is the fatigue life for overstress levels at cé and N; is the

fatigue life for overstress levels at o;.
Since r varies continuously from zero to infimity, equations (47)
and (48) may be written as

> n, 2nr “k n, 2vr
] dr + ]'-——*————-dr = a (49)
o

Nll
(o)

The first term on the left hand side represents the stress oscillation

about om-o/Z and the second term the oscillation about omﬂc. From
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equation (41) rdr is

F(1—2vc)

rdr = - 7w T do (50)
2a

do 1is determined by differentiating equations (45) and (46)

2
lwscl(cuc) ]_1

do = [ do' (51)
[ (6y,) -01° e
2(0, y?

do = [—— 3 T aon (52)
(2(q,,) -0] €

Substitution of equations (50-52) into equation (49) results ir

(1-2v ) _ L (1-2v )
91 2m ¥ -———«—%E- °1 k2m ¥ i scl 5 <
X (403 : 4n og
g
u (o]
u

The lower and upper limits of the integrals have been changed to the
ultimate tensile strength T and the endurance limit Ops respectively.

In order to perform the integration the fatigue life N must be known as

a function of the stress Og¢ For most materials the fatigue curve between

Ty and ¢, may be approximated by (Fig. 9)

I
-b
N blce (54)

where b1 and b are constants. Equation (54) must satisfy the conditions
N, =1 for 6 =g (55a)

N= 10 for g =0 (55b)
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b
In equation (55b), 10 2 corresponds to the 'knee' in the fatigue curve

(Fig. 9). Equations (54) and (55) yield

b
N = (Ouloe) (56)
b o]
ppp— ) (57)
S Cr,

c
Substituting equations (56) and (36) into equation (53) and int:grating

we obtain
o b-1 o b-1
1Td2 -0 Uc B Ic -
00 (1mv) = (1 +2 stc! k) = a (58)
4(b-l)cuc
Introducing the definitions
4o (b-1) 4(oy.) (b-1)
S = u ~ ¢ (59)
b-1 1-2v
o; ) c
(1-2vc)[1~(;:: ]
S
Se * T+ 2k V| (60)
sc
2
x=qn M
n¥ =n, = (61)
equation (58) becomes
S
n* = a & (62)
i 1 EO

The parameter Se characterizes the ''strength' of the mater:.al. Thus,
the number of impacts needed to initiate damage is propositiona’ to the

ratio of the '"strength" of the material Se to the stress g’ prciuced by
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the impinging droplets. Such a dependence of nI on Se and 3° is reason-

able, since the length of the incubation period is expected to increase
with increasing Se and with decreasing 30. However, in view of the fact
that equation (62) is based on the fatigue properties of materials in

pure torsion and bending, one cannot expect a linear rélationship to

*
i

of equation (62), while retaining its major feature (namely the functiomal

hold beeween n; and Se/ao. In order to extend the range of applicability

*

dependence of n,

on Se/oo) we write

as a,

* - —-.e_ - ..s.._ 1 i |
nt ) = lory ®[Y_| €3
g g scC

where both a, and a, are as yet undetermined constants.
For a homogeneous material (in the absence of coating) the incubation

period is (Reference 13)

)
*
ag =8 Q) (64)

Both P and o° denote an average stress at the surface. Note, that nI

and n;H differ only by the factor 1/(1+2E|¢scl). This factor represents
the damping effect of the coating.

A homogeneous material may be viewed as either a material with very
thick coating (h/d + =, k » 0, equation 30), or one in which the coating
and the substrate are made of the same material (wsc-o, equation 13).

It is evident that for either one of these conditions equation (63) re-
duces to equation (64), provided that the constants a, and a, have the
appropriate values. To ensure that in the limits (k+ 0 and/or wsc -+ 0)

equations (63) and (64) become equal we adopt here the same values for



a; and a, as were derived by Springer and Baxi (Reference 13) for homo-

==7.lx10-6 and a,=5.7 we obtain

*
geneous materials., Using the values a; 2

* -6 Se 5.7

n, = 7.1x10 (550 (65)
Equation (65) gives the incubation period of a single layer of coating
of arbitrary thickness. The validity of the model must now be eraluated
by comparing this result to experimental data. The comparison i: pre-
sented in Fig. 10. In this figure all the data are included for which
both n, and the relevant material properties (Gu, Op» b2‘ v, E,p for
both the coating and the substrate were available. As can be se-n,
there is excellent correlation between the model and the data, leading
support to the validity of the model.

As was discussed in Section II, the present model is valid only
when the incubation time is greater than zero. This condition is met
when-n* >1 or, according to equation(65), when Se/5° > 8. Thus, an

i
incubation period exists if

ni > 1

se/g0 > 8 (66)

When Se/c—t0 is equal to or less than 8 damage will occur even upcn one
impact per site. This is most likely to occur at high impact velocities

in which case ° is high (since 0®~ P~ V).

The value for the constant a; was given in Reference 13 as 3. x107%4.
This value was obtained by using the stress o instead of g, ia calcu-
lating the fatigue life. When o is replaced by 0o a; becomes
7.1x10-6 (see Appendix II).
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Present Model

Data:

® Lapp et al 1955

a Lapp et al 1956

a Lapp et al 1958

o Schmitt et al 1967
e Schmitt 1970

Se/To

Fig. 10. Incubation Period ni versus So/07°.

Solid Line: Model

(Eq. 65). Symbols Defined in Table 1.
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SECTION V

RATE OF MASS REMOVAL

The mass removal rate of coat-substrate systems can be caiculated
in a manner analogously to the mass removal rate of homogen=¢ @ materials,
The analysis relevant to homogeneous materials is given in Ref:rence 13.
Parts of this analysis will be repeated here for the sake of < mplete-
ness, and to enable the reader to follow the discussion withou. the need
of constant referral to the earlier reference.

Beyond the incubation period, erosion of the surface of tie material
(as expressed in terms of mass loss) proceeds at a nearly constant rate
as shown in Fig. 2b. In order to calculate this erosion rate, an analogy
is drawn again between the behavior of the material upon which liquid
droplets impinge, and the behavior of specimens subjected to torsion or
bending fatigue tests. Experimental observations show that in the latter
case the specimens do not all fail at once at some "minimum 1ife", but
their failure is scattered around a "characteristic life". Fo. specimens
in torsion and bending tests the probability that failure will occur
between minimum life ny and any arbitrary longer life n may be estimated
from the Weibull distribution (Refewence 25)

8

n-n,

=) ] (67)

1>==1-exp[-(na

where n, is the characteristic life corresponding tc the 63.2 percent
failure point and g is a constant (Weibull slope). For (n-ni);na <<l

equation (67) may be approxtmated by

B
) (68)

n-n,

1
p=(
Ny
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The probability p can also be taken as the number of specimens that fail
between n; and n. If the material undergoing erosion due to liquid im-
pingements is considered to be made up of many small "parts', then the

amount of material eroded (mass loss) is proportional to p, i.e.

o n—ni B n*—ng B
= a,(—) = a (—5) (69)
pgd 3 n 3 n;

p 1s the density of the material being eroded. In equation (69) m was
nondimensionalized with respect to pd in order to render the proportion-

ality constant a, dimensionless. Equation (6b) is now rewritten in dim-

ensionless form

Pd &34

(n*-ng) (70)

Equations (69) and (70) give

*-n*
(n i)

== a B e
od/s 3 @nB

(71)

According to equation (71) the mass loss rate & depends on the total num-
ber of impacts n. However, our model postulates a constant mass loss
rate (i.e. a is independent of n, see Fig. 2b), at least when ni<n<nf.
This requirement can be met by setting B=1., Such a value for B &s not
unreasonable under high frequency loading (Reference 21). The character-

istic life n, is related to the minimum life n This relationship may

il
be empressed suitably as

* % 25
n = an, (72)
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where a, and ag are constants. Introducing the dimensionless wass loss

Zate

* a

a =

wpﬂ3/4 (73)

equations (71-73), together with the assumption B=1 yield

a* = 2, — (74)

ag
()

The o* given by equation (74) applies to both homogeneous materials
and to coat-substrate systems. For homogeneous materials the alues of
a, and ag vere determined by Springer and Baxi (Reference 13) «nd were
found to be a3'0.023 and a6=0.7. Similarly as for the incubation period,

we adopt the same values of these constants for the present prcblem of

homogeneous substrates covered by a single layer of coating, i.e.

1

0.7
* .
(ni)

*
a = 0.023 (75)

In the case of k+0 and/or wsc+0 the incubation pariod n; reduc-s to n:H
(see Section IV). Consequently, under these conditioms, a*(giuen by
equation 75) becomes the same as given by Springer and Baxi's formula for
homogeneous materials.

The validity of the foregoing model was assessed by comparing a*,
calculated by equation (75) to available experimental data. This compari-

son, given in Fig. 11, shows very good agreement between the calculated

*
and measured ¢ values. This lends further confidence to the rodel.

-33-



102
a.
a
a
- a 8
10> s
Present Model
ad
-4
10 Data:
® Lapp etal 1955
4 Lapp etal 1956
4 |_app etal 1958
e Schmitt etal 1967
o Schmitt 1970
|65 ] | 1
1g* 10” 1072 R 10
I/nT

Fig. 11. Rate of Erosion Versus the Inverse of the Incubation Period.
Solid Line: Model (Eq. 75). Symbols Defined in Table 1.
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SECTION VI
TOTAL MASS LOSS

The total mass loss was given by equation (6b) as

m = a(n—ni) (6éb)
Introducing the dimensionless parameter

ot - 5_13_5 (76)

equations (6b), (70) and (73) yield

m = aF (n*—n:) (77a)
or
*
o i

According to equation (77b) it should be possible to correlate all ero-
sion data on a m*/a* versus (n*-n;) plot. Therefore, we have included
all the existing data on such a plot (Fig. 12). In this figure the the-
oretical result given by our model (equation 77a) is also indicated. The
agreement between the model and the data is quite good, particularly in

view of the large errors inherent in many of the measurements.
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Experimental Results. Symbols Defined in Table 1.
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SECTION VII
LIMITS OF APPLICABILITY OF MODEL
The results presented in Sections II-VI are valid when (a) there
is a finite incubation period, and (b) the mass loss varies 1lis :arly
either with time t or with the number of impacts n. The first :{ this
condition is met when the following inequality is satisfied (s¢: equa-

tion 66)

ni > 1 (663)

According to equation (65) this condition may also be expressed as

Se/o0 > 8 (66b)

Equations (66a) or (66b) provide the lower limit of the applicability
of the model. The upper limit beyond which the present model cannot be
applied is determined by the second condition given above, namely that
the mass loss must vary linearly with t or n. An estimate of this limit
was made by observing that up to about n=3ni the data obtained at various
values of n did not show any systematic deviation from the model. Thus,
the results are valid as long as the number of impacts is less than three

times the incubation period, i.e.
n < 3ni (78a)

or in dimensionless form

n < 3n (78b)
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Using equation (65) we obtain the following expression for the

upper limit
5.7

-6 ,Se
n <21.3 x 10 (:39 (78c)
g
Note that the two limits expressed by equations (66) and (78) do not
impose any constraints on either the material or the impact velocity.
Thus, the results are valid for any material and for any velocity, pro-
vided that the experimental conditions fall within the range specified

by equations (66) and (78).



SECTION VIII

FATIGUE FAILURE OF THE SUBSTRATE

The foregoing analysis was based on the agsumption that the coating
fails before the substrate. Under some conditions, however, t.'«: sub-
strate may fail before the coating. The analyses presented in Sections
IV, V and VI can be applied readily to such a situation. Tc¢ ¢ iculate
the behavior and failure of the substrate only minor modificat.ons need
be made in the previous results. The average stress at the surface of the
coating a° (equation 34a) must be replaced by the average stress at the
coat-substrate interface Sh (equation 34b). Consequently, equation (62)

must be written as
ng = a; (79)

Furthermore, in calculating Se (equation 59) the parameters (ch)s (oIC)
and v, must be replaced by the properties of the substrate (ous), (oIS)

and vs. All other results remain unaltered.
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SECTION IX
COMPARISON BETWEEN THE RESULTS OF THE

UNIAXIAL STRESS AND STRAIN THEORIES

It was discussed in Section III that the stresses in the coating may
be evaluated by assuming either uniaxial (one dimensional) stress waves
or uniaxial (one-dimensional) strain waves propagating through the mater-
ial. The uniaxial stress wave model was applied to the problem by Conn
et al (References 10, 11) and by Engel and Piekutowski (Reference 8).

The uniaxial strain model was employed by Morris (Reference 7). There
has been considerable speculation in the literature (References 16, 26,
27) as to which approach yields more accurate results. Here, we examine
briefly the differences in the uniaxial stress and strain models. These
differences can best be illustrated using a graphical solution method
(Reference 7). First let us consider the impact of a droplet on a homo-
geneous (uncoated) material. Upon impact one dimensional stress waves
propagate into the solid and the liquid with velocities Vg and vy, re-
spectively. The stress at any point behind the wave front in either the

solid or in the liquid is given by
o = pvu (80)

where u is the particle velocity at the point and p is the density of the

material. The wave velocity v is specified by the relationship

2
v=2C_C+ 31U'+ Bzu (81)

C is the velocity of the sound in the material. B1 and B2 are constants.

The o versus u curve, shown in Fig. 13, is called the Rankine-Hugoniot

-40-
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curve. Note that the slope of the curve at the origin (u=0) is the dy-
namic impedance pC. The slope of the curve at u>0 is always larger than
w0,

It is assumed now that at the liquid-solid interface the displace-
ments of the liquid and solid surfaces are equal (perfect contact). Then,
if the particle velocity at the interface is denoted by u, then the

stresses at the interface are (see equation 80)

0. =p V. u (solid) (82)

o, = vaL(V—uO) (1iquid) (83)

Since 0g=q, the intersection of the g, versus u, and 0, versus u_ curves
(i.e. the Rankine-Hugoniot curves for the solid and the liquid) yield
the stress ¢_ and the particle velocity u, at the interface (Fig. 14).

In the uniaxial stress model proposed by Conn (References 10, 11)
v is taken to be constant and equal to C, i.e. B1=B2=0 for both the
liquid and the solid. In the uniaxial strain wave model described by
Morris (Reference 7) v 1s a function of uy (equation 81). The uniaxial
stress model yields a lower stress at the interface than the uniaxial
strain model, as indicated in Fig. 14. In this figure, and in the sub-
sequent discussions the superscript B implies stresses evaluated by the
uniaxial stress model (B1 and B2 are not zero).

The foregoing procedure can be extended to a substrate covered by a

thin layer of coating (Reference 7). The Rankine-Hugoniot relationships

-42-
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for the coating and the liquid

o, =P vu (curve 1) (84)

o = vaL(V-uo) (curve 2) (85)

are drawn on a g versus u, plot, The intercept of these curves yields
the stress oland the particle velocity u, at surface of the coating (x=0).
Equation (84) is based on the properties of the undisturbed coating.

The Rankine Hugonoit relationship for the coating behind the stress wave

is
(oc—ol) = pcvc(ul—uo) (curve 3) (86)
Finally, for the substrate we have

o, = PeVels (curve 4) (87)

Curves (3) and (4) are also drawn on the ¢ versus u plot. The inter-
cepts of curves (3) and (4) and (2) and (4) give o, and 0_, respectively.
Construction of a typical ¢ versus u plot is illustrated in Fig. 15.
Figure 15a shows the results for the uniaxial stress theory (vL=CL,

v=C , v=C_ ) for the condition
¢c ¢ 8 L
pLCL > pcCc < pscs (88)

For the uniaxial strain model the wave velocities Vis Y, and v, are not

constants. However, if the condition

vaL ’.pcvc < psvs (89)

=44~
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is satisfied for each value of u then the Rankine-Hugonoit curves are as
shown in Fig. 15b. Thus, as long as the condition im equation (89) is
satisfied cg < 02. This is in agreement with the result of the uniaxial
stress wave model. If the condition expressed by equation (89) is not
satisfied for all values of u then og may be larger than 02. Whether
og is larger or smaller than 02, depends on the relative magnitudes of
Bl and B2 for the liquid, the coating and the substrate. The conditions
under which this might occur cannot be specified at present time, be-
cause values for B1 and B2 are unavailable for most materials.

Plots similar to those presented in Fig. 15 could also be drawn for
materials with different relative impedances (i.e. IR PV < PgVys
DLVL < pcvc > psvs, vaL > pcvc > psvs;see ?ig. 4). However, the con-
clusions presented in the foregoing would not be altered.

It is noted here that curves (3) and (1) in Fig. 15 are symmetric with

respect to 0 = 0,, regardless of the values of B1 and Bz. This symmetry

was not satisfied by the Rankine-Hugonoit plot presented in Reference 7.
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SECTION X

SUMMARY

The following formulae may be used to estimate the incubaf‘on time
and the mass loss of the coat material of coat-substrate systev: subjected
to repeated impingement of liquid droplets.

a) Incubation Period

* -6 Se 5.7
n, = 7.1x10 [~—J (90)
or
6 S 5.7
- 9.05x10 _e no. of impact
" 42 [50 ( unit area ) 1)
or
t, = g;géﬁlg_z. [Zgﬂ (time) (92)
q Vcos6d o
where
4o (b-1)
S = = (93)
e T
(1—2vc)[1 +2k *wsc' ]
o P CLVcose 1+ wsc 1+ ch 1-exp (~¥)
T e, T g Meetww oy ) 68
LL sc'Lc
1+ C
Pee
and
o - DSCS-DCCc . - OLCL -p C
sc P CH+C i Lc P . C 40 C :
ss8s cc¢ LL
e 9
CL [l wschc] (93)
- Ce -
k= l—w 7 { 1-ex [- C, h (l sc Lc)]k

sc Lc L
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b) Rate of Mass Removal

4
* o
a = 92 [g‘*] (96)
e
or 4
3 50 mass loss
a = 70.6p d lgj ("‘17.,‘5;’&“) 97)

Se and ¢°® are defined 1in equations (93) and (94).

¢) Total Mass Loss

* * k *
m =qa (n -ni) (98)
or
1
e otrny (e 2o o

Equations (91), (97) and (99) yield the mass loss per unit area in time t

5.7
) -6 S8

m= 7060 d° (3] { (at Veoss) - 20XI0 &y 3 (100)
e d Y

Se and o° are defined as in equations (93) and (94).

The foregoing results are subject only to the following two con-
straints.
a) Incubation time must be greater than zero (ti>0), a requirement sat-
isfied by the condition

S

f > 7.96 (101)
g



b)

Total time elapsed must be less than three times the incubation

period, i.e.

or

t<3ti

N w

th

S, and 0° are defined in equations (93) and (94).

(Vecos9) It

3

< 8
< 2.13x107° =]
g

-49-
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APPENDIX I

DERIVATION OF EQUATION (18)

After k number of wave reflections the stress at the coat-substrate
interface is (equation 16)
1+!bsc "
= 0 -
°2k 1 I:w—*$°“—"'[l (wschc) ] (A.1.1)

sc Le

After a large number of reflections (k*») the stress approaches the limit

Koo 2k
Noting that
Z.-2 Z -2
s "¢ L ¢
Vodie = G G < 1 (A.1.3)
8 ¢ L "¢
we obtain
lim (@ @ )k+ 0 (A.1.4)
k3o sc Lec
Equations (A.1.1), (A.1.2) and (A.1.4) give
o o 1+
o 2k "sc¢
9 k- 01 1‘Hpschc

Using the notations (13) and (14) of Section III, equation (A.1.5) may

be written as

o e 1+ ZL/zc Y ZLVcosel(l + ZL/ZS) AL6)
© 11+ ZL/Zs 1 ZLVcosel(l + ZL/Zc)



We now observe that the denominator of equation (A.1.6) is equal to the

stress at the surface of the coating [P=0., see equations (4) and (7)].

1)
Thus, o is

(]

ZEVcose

R (A.1.7)
1+ zL/zs

g

This is the stress that would be produced on the surface of th- sub-

strate if the droplet would impinge upon it directly (see equ2:ion 4).
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APPENDIX II

THE VALUE OF THE CONSTANT a, FOR HOMOGENEOUS MATERIALS

Springer and Baxi (Reference 13) calculated the incubation period

from Miner's rule

f f f
;{1-+ﬁ£+ . +§l<.=al (A.2.1)
1 2 k
basing Ni on the stress g (equation 10 of Reference 13)
_ F(1-2v)
a 2r (A.2.2)
Introducing (see equation 11 of Reference 13)
f = n, 2nrdr (A.2.3)
and (see equation 16 of Reference 13)
-b
N = bl o (A.2.4)
Springer and Baxi obtained
” niZﬂtdr
J e S (A.2.5)
b G—b 1
0 1
Equation (A.2.2) and (A.2.3) yield
rdr = - - ELI—;_Q—)— do (A.2.6)
20
Substitution of equation (A.2.6) into equation (A.2.5) gives
°1 42 2
ni[PT (1-2v) /207]
- j 5 do (A.2.7)
b,o
c 1

u
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Evaluating the integral Springer and Baxi obtained

2
nd S
% Yy T (A.2.8)
where
20u(b-1) 2°u(b—l)
S = . B = 1-%v (An2-9)
1-29)[1-G) ]
u

and a constant a; was introduced in Springer and Baxi's work
az
2

nd S
n, el al(g) (A.2.10)

Comparing equation (A.2.10) with data, Springer and Baxi deduced the

values of a, = 3.7x10_4 and a, = 5.7, i.e.

1 2

2 5.7

nd -4 .S
7 0y 3.7x10 (—1;) Aa.2.11)

We compute now the above results basing the fatigue stress N on the

equivalent dynamic stress

g == (A.2.12)
e 0 —C
n om
g g
Since 0.3 and o= 7 > equation (A.2.12) yields
oo
o, = 20u-0 (A.2.13)

The replacement of o by o, in equations (A.2.2), (A.2.4) gives

ﬂdz 4 ou(b-l)
B B |

(A.2.14)

O =

b-1
%1
-2 [-GD



Introducing the nogation

4ou(b~1) Aou(b—l)
Se = - b1 = —m—‘ (A.2.15)
(1-29) [1- D ]
u
we obtain
o Se
4 i 1p (Ai2.16)

Comparison of equations (A.2.9) and (A.2.16) shows that

Se = ZS (A.2017)

Accordingly equation (A.2.11) becomes

9 5.7 5.7

4 S 65
1o =m0t 6D = 7.1x107°GD) (A.2.18)

Thus in terms of Se the incubation period is
2 5.7

nd -6 Se
4 ni = 7.1x10 (P ) (A.2.19)
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