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SUMMARY 

A brief review of the status of knowledge of laminar and tur­
bulent boundary layers and of transition is given. Some new 
experimental results on transition in Poiseuille flow in a tube are 
reported. One set shows transition excited by the annular wake 
behind a ring airfoil. Another shows oscillograms of velocity 
fluctuations in the flow for several imposed disturbance ampli­
tudes. These demonstrate successive stages in the breakdown 
of the flow. 

(1) INTRODUCTION 

THE RAPIDLY EXPANDING li terature on boundary 

layers reflects the fact t h a t there is a practical in­
terest in an ever-widening range of Reynolds Numbers 
and in higher and higher Mach Numbers . The low 
Reynolds Numbers associated with hypersonic flight 
and the development of means of delaying transition 
have focused much effort on laminar boundary layers 
and on the mechanism of transition. Also, the drive 
toward a real understanding of the turbulent processes 
in shear flows, as well as toward the gathering of prac­
tical information on shearing stresses and interactions, 
has gained momentum with the refinement of experi­
mental equipment and methods. 

The space available here permits only a brief review 
of some aspects of boundary layers. Some of the topics 
are treated quite briefly, while others, notably heat 
transfer and the characteristics of turbulence in shear 
flows, have been omitted. These omissions are treated 
elsewhere in this issue in papers by Rannie on hea t 
transfer and by Lin on turbulence. 

More complete accounts of some of the topics and 
background material are given in references 1 and 2. 
Reference 3 describes briefly some recent investigations. 
A forthcoming volume of contributed papers on "Fifty 
Years of Boundary Layer Theory" was not available 
a t the time the present account was written. 

(2) LAMINAR BOUNDARY LAYER 

Over the past decade particularly, theories of the 
laminar boundary layer have been extended into the 
hypersonic range of speeds, into the low density or slip 
flow regime, and into temperature ranges where gas im­
perfections must be considered. Shock-wave bound­
ary-layer interaction has been the subject of many 
investigations. Three-dimensional boundary layers 
have likewise assumed a great practical importance, 
because of effect on the performance of axial flow 
compressors, on the flow over highly swept and low 
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aspect ratio wings, and on bodies a t angles of at tack. 
The original works by Busemann4 and von Karman, 5 

on the compressible laminar boundary layer on a flat 
plate with Prandt l Number uni ty and viscosity propor­
tional to a power of the absolute temperature were fol­
lowed by tha t by von Karman and Tsien,6 in which 
heat transfer was taken into account. The most exact 
analysis to date on the flat plate is t ha t by Crocco7 for a 
range of Prandt l Numbers and several laws of variation 
of viscosity coefficient with temperature, including tha t 
due to Sutherland. An important result of these cal­
culations is the relative insensitivity of the results to the 
law of variation of viscosity with temperature. 

From a practical standpoint, important investiga­
tions by Howarth,8 Illingworth,9 and Stewartson10 

enable a comparison of compressible velocity profiles 
with "equivalent" incompressible profiles. Under the 
assumptions of Prandt l Number unity, viscosity pro­
portional to absolute temperature, and zero heat t rans­
fer, they transformed the compressible boundary-layer 
equation into a form identical with the incompressible 
equation. Then, the transformations applied to any 
solution of the incompressible equation yield the 
"equivalent" compressible boundary layer. Crocco 
and Lees11 applied the transformation to mixing be­
tween two streams with promising results. 

The conditions under which similar solutions of the 
compressible boundary-layer equat ions 1 2 - 1 4 exist reveal 
further properties of the compressible boundary layer. 
With Prandt l Number uni ty and viscosity proportional 
to the absolute temperature, the conditions on the out­
side flow are derived such tha t distributions within the 
boundary layers are similar. By means of these equa­
tions, the effect of pressure gradient and heat transfer 
on skin friction and flow separation can be studied for 
specified pressure distributions. Solutions are obtained 
on an analog computer.12 

Compressible boundary layers in continuous adverse 
pressure gradients are of practical interest a t subsonic 
speeds, bu t a t supersonic speeds the adverse gradients 
will, in most instances, take the form of incident shock 
waves. The details of the flow field in the vicinity of 
a shock impinging on a surface have been studied in 
detail by Ackeret, Feldmann, and Rott1 5 and by Liep-
mann, Roshko, and Dhawan.1 6 In the lat ter investi­
gation, the authors found that , if the boundary layer 
is laminar, the flow separates in a limited region ahead 
of the impinging wave and the flow field is altered about 
50 boundary-layer thicknesses upstream and several 
hundred thicknesses out from the surface. However, 
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in spite of the flow separation and adverse pressure 
gradient, transition to turbulent flow did not always 
occur immediately aft of the shock. Donaldson and 
Lange17 found a critical pressure ratio Ap/qi (qi is the 
dynamic pressure in the free stream) beyond which the 
laminar boundary layer separated for free-stream 
Mach Numbers of 1.6 to 2.05. They found the critical 
Ap/qi to be proportional to Rx~

l/\\ The shocks across 
which Ap/qi was measured were formed by a collar 
on a body of revolution. 

Another type of shock-wave boundary-layer inter­
action occurs near the leading edge of a body in hyper­
sonic flow.18 Two influences are responsible for the 
interaction. First, the inclination of the shock wave 
is small a t high Mach Numbers so it will lie close to the 
outer edge of the boundary layer, and second, the high 
temperatures generated by the deceleration in the vicin­
ity of the leading edge cause the boundary layer to 
be many times thicker than it is a t low speeds a t the 
same Reynolds Number. As a result the shock will 
be detached and the curvature will be high a t the apex. 
This interaction was first recognized by Tsien19 and 
first investigated by Shen.20 

A recent paper by Lees21 goes into the details of this 
and subsequent investigations of hypersonic viscous 
flow. The parameter Mmt/ct where t is the thickness 
of the airfoil or maximum diameter of a body of revo­
lution and c is the chord of the airfoil or length of the 
body, is Tsien's similarity parameter for in viscid hyper­
sonic flow. However, for viscous flow, the interaction 
parameter % = Mm

dvC/vRex, where C — vwT'„ -h 
VooTw (the subscript w referring to conditions a t the 
wall), is found to govern the pressure distribution and 
the development of the boundary layer near the lead­
ing edge of a plate. The pressure is near ambient for 
low values of % (far downstream) and increases linearly 
to several times ambient for high values of % (near the 
leading edge). The effect of blunting the leading edge 
is to increase substantially the pressure for small x. 

Analysis of the effects of high surface temperatures , 
such as occur in flight a t high Mach Numbers, must in­
clude the effects of dissociation of the air and of variable 
air properties. Moore22 has shown, on the basis of solu­
tions on a differential analyzer, t ha t over a wide range 
of plate temperature and heat transfer the effect of dis­
sociation on the local skin-friction coefficient is negli­
gible. 

In flight a t very high altitudes, where the mean free 
pa th is greater than about 1 per cent of the boundary-
layer thickness, slip a t the surface is encountered and 
air can no longer be treated strictly as a continuum. 
Tsien23 defined the slip flow range as occuring when 
0.01 < MfVRe < 0.1 for Re > 1. Then the reflec­
tion and accomodation coefficients govern the energy 
and momentum of the reflected molecules, respectively, 
and hence the skin friction and equilibrium tempera­
ture of the surface. Although the trends of the ex­
perimental results on drag and heat-transfer coefficients 

f Shock-wave interaction with turbulent boundary layers will 
be discussed in Section IV. 

follow theoretical predictions,24 important discrepancies 
may be ascribed to shock-wave boundary-layer inter­
actions near the leading edge and uncertainties in the 
values of the reflection and accomodation coefficients. 

The investigation of three-dimensional boundary 
layers was greatly facilitated by the independent ob­
servations of Prandtl ,2 5 Sears,26 and Jones27 t h a t the 
equations of motion for incompressible viscous flow 
past a yawed cylinder are separable. As a result, the 
components of the flow in the plane normal to the 
generators of the cylinder are independent of the angle 
of yaw—i.e., of the span wise velocity component. 
This "independence principle" requires, however, t ha t 
span wise derivatives of all flow properties be zero. 
Therefore, transition to turbulence (see Section 3) as 
well as the development of the wake after laminar sep­
aration might be expected to be influenced by the 
yaw angle. 

Simple methods of calculation are worked out 
by R o t t and Crab tree,28 and Crab tree29 has given 
an approximate method for calculating compressible 
flow over a yawed cylinder, based on the Illingworth-
Stewartson transformation. For supersonic flow past 
a yawed cone, Moore30 and Hayes3 1 showed tha t veloc­
ity and density in the boundary layer are constant 
along parabolas with vertices a t the vertex of the cone 
and lying in a meridional plane. Moore analyzed the 
flow in the plane of symmetry for supersonic flow over a 
cone a t high angles of at tack. Differences in the be­
havior of the boundary-layer equations over different 
ranges of angle of a t tack were interpreted as indicating 
changes in the character of the flow over the lee side— 
i.e., boundary-layer flow at low angles of a t tack is sup­
planted by symmetrically placed vortices, and finally 
by the von Karman vortex street a t high angles of at­
tack. Allen and Perkins32 analyzed roughly the second­
ary flow over a cylindrical body and identified the drag 
due to the cross-flow component as an increment to the 
lift. They found excellent agreement with experiment. 
Mager3 3 derived momentum equations applicable to 
three-dimensional flows including effects of rotation. 

(3) TRANSITION TO T U R B U L E N T F L O W 

The stability of laminar flow, whether it be in a 
boundary layer, in a fully developed flow in a tube or 
channel, or in a jet or wake, is susceptible to analysis 
as a linear problem. A recent monograph by Lin34 

summarizes the s tate of the knowledge and shows tha t 
much is known about the stability of the basic flow to 
infinitesimal disturbances. However, the establish­
ment of turbulent flow as a consequence of flow insta­
bility is far from well understood. The experiments of 
Schubauer and Skramstad3 5 describe in detail the in­
stability of the laminar boundary layer on a flat plate, 
bu t only very recently has it been possible to delineate 
some of the details of the changeover from regular to 
turbulent fluctuations. Some of these experiments 
will be described later. A s tudy of transiton a t super­
sonic speeds has recently been carried out by Probstein 
and Lin.36 
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There appears to be no single sequence of events t ha t 
describes the transition phenomena under all circum­
stances. The initial disturbances may be two- or 
three-dimensional; they may be excited by turbu­
lence,35 by surface roughness,37 by disturbances imposed 
within the boundary layer, or by shock waves.17 What­
ever their source, however, the rate of amplification, 
and therefore the rapidity with which transition fol­
lows the disturbance, will be affected by pressure gra­
dient,85 Reynolds Number,3 5 Mach Number,3 8 , 39 suc­
tion,40 heat transfer,41 and curvature of the stream­
lines.42-45 

If the initial disturbances are small, their subsequent 
growth or decay follows the linearized theory initially. 
If the disturbance grows, its ra te of growth determines 
a t what stage of its development the nonlinear terms, 
which were neglected in the analysis, take over and 
govern the transition process. If, on the other hand, 
the initial disturbance is large enough, the process may 
be nonlinear from the star t . 

Transition in three-dimensional boundary layers 
introduces some new aspects tending in general to move 
the transition upstream. A theoretical and experi­
mental investigation by Gregory, Stuart , and Walker45 

was initiated after observations on swept wings showed 
transition occuring upstream of its position on unswept 
wings. The theoretical s tudy concerned the stability 
of flow in the boundary layer on a rotat ing disc; this 
flow was chosen because it represents a relatively simple 
three-dimensional solution of the Navier-Stokes equa­
tion46 and it shows some similarity with the boundary 
layer on a swept wing. The stability analysis showed a 
disturbance which may be described roughly as a 
superposition of Tollmien-Schlichting waves on Taylor-
Goertler vortices.42 The Taylor-Goertler vortices occur 
in a boundary layer over a concave surface and are 
known to exert a powerful influence on transition. 
Hence, their appearance in a three-dimensional bound­
ary layer probably accounts for the earlier transition 
due to sweep. Experiments with china clay on the sur­
face of a sweptback wing show streaks roughly parallel 
to the streamlines near the surface. The presence of 
these streaks is interpreted as indicating the presence 
of the Taylor-Goertler vortices, since their axes lie 
along the streamlines. Experiments a t supersonic 
speeds47 show qualitatively the same effect of sweep 
on transition—i.e., the transition point moves upstream 
with increasing sweep. 

Present knowledge of the detailed nature of transi­
tion consists to a large extent of isolated observations 
on a small number of configurations. Visual studies of 
the life history of particular disturbance configurations 
such as horseshoe vortices48,49 give a qualitative idea 
of a mechanism by which energy can be transferred 
from the main flow into fluctuations. However, it does 
not appear possible to describe by means of a single 
mechanism all of the phenomena associated with 
transition—e.g., the sudden changes t ha t occur a t the 
transition front. 

These sudden changes are described phenomeno-
logically by Emmons5 0 postulate tha t transition comes 
about through the random appearance of " turbulent 
spots" and their subsequent growth. The rate of 
growth of the spots as observed on the surface of water 
in a shallow channel was found to check roughly with 
the measurements of Charters5 1 on transverse contami­
nation. By postulating t ha t the spots appear in a 
random fashion in t ime and space and t h a t a fully de­
veloped turbulent boundary layer exists within the 
spot, Emmons could match the observed dependence 
between average skin friction and Reynolds Number 
through the transition region. 

The upstream location of the transition front would, 
according to Emmons ' postulate, wander in a random 
fashion with time. The random wandering of the 
transition front a t supersonic speeds has been observed 
by Evvard, Tucker and Burgess52 by means of schlieren 
pictures of conical flow, and by Schubauer and Kle-
banoff53 by means of hot-wire measurements of the 
intermittency factor on a flat plate a t low speeds. 
The separate spots have been observed in schlieren 
photographs of supersonic flow as a laminar region 
sandwiched between two turbulent regions. 

Schubauer and Klebanoff measured the details of 
the growth of the spots. They conclude, in agreement 
with Emmons, t ha t transition occurs naturally as a suc­
cession of turbulent spots which grow more or less in­
dependently as they move downstream, finally merging 
into a turbulent boundary layer, f 

Some measurements made recently by R. J . Leite54 

under the author 's supervision add some information 
on the details of transition. J The measurements were 
made with a hot-wire anemometer in fully developed 
laminar flow in a circular tube 1.25 in. in diameter and 
73 ft. (700 diameters) long. Air was discharged from 
a high-pressure source through baffles, screens, and a 
settling chamber, thence through the tube. About 68 
ft. (650 diameters) from the entrance a disturbance 
generator, consisting of a loud speaker coil with axis 
parallel to the flow, was connected with an axially sym­
metric member inside the tube. The member inside 
the tube was oscillated axially a t frequencies up to 100 
cycles per sec. Reynolds Numbers UmaxQ/v, where a 
is a radius of the tube, varied from 4,000 to 13,000. 

The interesting feature of this flow lies in the theoreti­
cal prediction t ha t it is stable to all infinitesimal axially 
symmetric disturbances a t all Reynolds Numbers.55 

Other flows, such as boundary layers or flow in two-
dimensional channels, show complete stability only at 
Reynolds Numbers below some critical value. Against 
the theoretical prediction of the stability of tube flow is 
the practical fact t ha t the flow does become turbulent 
when sufficiently disturbed. 

f Further discussion of reference 53 will be found in the paper 
by C. C. Lin entitled Aspects of the Problem of Turbulent Motion 
in this issue, p. 453. 

% The investigation was supported by the USAF Office of 
Scientific Research. 
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FIG . 1. Radial distribution of turbulence in wake of ring airfoil of 
radius 0.45 in. 

0.2 0.3 0.4 
RADIUS (IN.) 

FIG. 2. Radial distribution of mean velocity downstream of ring 
airfoil. 

Leite's measurements show tha t the flow is indeed 
stable up to the maximum Reynolds Number at tainable 
in the tests (13,000) as long as the magnitude of the 
disturbance does not exceed a critical value, which de­
pends on Reynolds Number. The measurements and 
their comparison with theory will be reported in detail 
elsewhere. Our concern here will be only with a few 
observations applicable to the s tudy of transition. 

The measurements which led to the conclusion tha t 
the flow is stable to small amplitude disturbances were 
made downstream of an oscillating sleeve 0.002 in. 
thick and 2 in. long, fitting closely to the inner wall of 
the tube. The measurements described here involved a 
larger amplitude disturbance, generated by a 0.9 in. 
diameter ring airfoil of about 0.1 in. chord, 0.003 in. 
thick, set a t an angle of a t tack of about 6°. The ring 
was symmetrically placed inside the tube and was os­
cillated by means of an oscillator connected to the 
loud speaker coil. 

Hot-wire measurements of the relative mean velocity 
U/Umax and relative root mean square fluctuation 
uf/Umax a t a Reynolds Number of 12,000 are shown in 
Figs. 1 and 2. The fluctuation amplitudes were in­
dependent of frequency or ampli tude of oscillation of 
the ring. The first measurements were made 3.1 diam­
eters downstream of the ring. A weak turbulent 
wake with maximum fluctuations of about 0.2 per cent 
was measured a t this station. Within the wake the 

fluctuations had the random character of turbulence. 
As we move downstream, the wake grows considerably 
in magnitude; however, the rate of spread is surpris­
ingly small, the double angle being between 1.0 and 1.5 
degrees. The fact t ha t the tube flow is stable to small 
disturbances is probably responsible for the slow rate 
of spread of the wake. Between 10.3 and 47 diameters, 
the fluctuation profile changes radically to one very 
near t ha t measured by Laufer59 in fully developed tur­
bulent flow in a tube. 

The corresponding changes in the mean velocity pro­
files are shown in Fig. 2. Little change is noted be­
tween 3.1 and 10.3 diameters; in fact, a t 10.3 diameters, 
the profile is slightly farther from the turbulent distribu­
tion than it is a t 3.1 diameters. The fully developed 
parabolic laminar profile is shown for comparison. 
We note that , a t 47 diameters, the mean velocity profile 
is near t ha t measured by Laufer. The transition dis­
tance shown by these measurements seems rather long, 
though intermediate measurements between 10 and 47 
diameters may show rapid adjustment a t some inter­
mediate position. 

As was mentioned above, the ring was stat ionary a t 
a Reynolds Number of 12,000 for the results shown in 
Figs. 1 and 2. In fact, no change in the fluctuation 
ampli tude could be detected when the ring was oscil­
lated. At a Reynolds Number of 8,000 the flow was 
stable when the ring was stationary, bu t transition re-
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1. Input - 15.5 div. 2 Input - 16 5 div 3. Input - 17 5 div. 

4. Input - 18. 5 div. 5. Input - 19. 0 div. 6. Input - 20. 0 div. 

7. Input - 23. 0 div. 8. Input - 26. 0 div. 

F I G . 3. Oscillograms of velocity disturbances for various 
imposed disturbances with ring airfoil. Upper trace is pro­
portional to the current input to the disturbance generator; 
frequency 25 cycles per sec ; Reynolds Number 4,000. Lower 
trace shows hot-wire response at r/a = 0.57 (3.6 in.), 47 diameters 
downstream of generator. The amplification of the hot-wire 
response was decreased between exposures 2 and 3. 

suited when the ring was oscillated a t any frequency or 
amplitude. At a Reynolds Number of 4,000, it was 
possible to oscillate the ring in the stable or unstable 
regimes as shown in Fig. 3, which represents photo­
graphs of the oscilloscope traces of hot-wire response 
for various input signals to the disturbance generator. 

In Fig. 3, the ampli tude of the upper traces on each 
exposure is proportional to the current being supplied 
to the disturbance generator. The lower trace is the 
response of a hot wire a t r/a = 0.568, 47 diameters 
downstream of the disturbance generator. In ex­
posure 1, the hot-wire response is very nearly a pure 
sine wave. Between exposures 1 and 2, the current to 
the generator has been increased only 6.5 per cent, 
while the hot-wire signal increased 400 per cent. In 
exposure 3, the hot-wire signal reaches a maximum 
(uf/u'max = 1) and the wave is visibly distorted. I t 
is noteworthy that , in exposures 4 and 5, the upper half 
of the wave is distorted much more than the lower; 
the velocity increases downward so t h a t a t this station, 
i t is the low velocity half of the wave tha t is experienc­
ing the maximum distortion. Characteristic turbulent 
fluctuations appear to have been achieved in exposures 
7 and 8. 

We may go a little further in describing the first 
stages of transition if we adopt a streamline picture 
similar to t h a t found for the laminar boundary layer— 
t h a t is, the disturbances in the tube would be repre­

sented by ring eddies alternating in the sign of their 
circulation, f Exposures 4 and 5 indicate t ha t initially 
every second disturbance eddy breaks up. More ob­
servations will be required before the essential features 
of the breakup of the regular disturbances can be de­
scribed closely. 

(4) T U R B U L E N T BOUNDARY LAYER 

In the previous section, a few features of the transi­
tion from laminar to turbulent flow in boundary layers 
and tubes were described. While transition can come 
about in many ways, the final result, the turbulent 
boundary layer, eventually develops certain character­
istics independent of the way in which the laminar flow 
was destroyed. Sharp, distinct boundaries separate the 
turbulent flow in the layer from the potential flow in the 
free stream56 and from the laminar flow upstream.5 3 

The outer boundary a t any particular station wanders 
in and out and the upstream boundary of the turbulent 
layer wanders upstream and downstream in a random 
fashion. Gaussian distribution functions describe 
closely the positions of both boundaries. 

The mean properties of the turbulent boundary layer 
and the effects of roughness and compressibility have 
been extensively investigated by the mixing length and 
similarity theories. In spite of the simplifications in­
troduced, these theories have been remarkably success­
ful in predicting effects of roughness and compressibil­
ity. Ra ther than discuss these theories, however, a 
more revealing approach is to consider the parameters 
which affect the mean velocity distribution. Many in­
vestigations57"63 have demonstrated tha t the turbulent 
layer is divided into two distinct regions; an inner region 
adjacent to the wall in which the distribution is in­
fluenced by the viscosity, and an outer region adjacent 
to the potential flow in which the velocity defect a t any 
position y/8 is governed by the friction velocity V TO/p. 
These regions are separated by an "overlapping region" 
in which the laws governing the flow in the inner and 
outer regions overlap. 

The three regions are described as follows. (1) The 
inner or laminar sublayer region is defined as the region 
within which the flow phenomena are governed by the 
friction a t the wall—i.e., by P ran t f s "law of the wall"64 

u*=U/UT =f(yUr/v)=f(y*) (1) 

where U is the mean velocity, UT is the friction velocity 
V T O / P , y the distance from the wall, and v the kine­
matic viscosity. Hama6 5 gives a formula which ap­
proaches a linear relation w* = v* for y* -> 1 and fairs 
smoothly into the overlapping region described below at 
v* = 32. (2) The "outer region," comprising the outer 

f Theory and experiment indicate that, for a flat plate, the dis­
turbances may be represented by eddies, with axes normal to the 
flow and with circulation of alterating sign. The eddies are 
carried downstream at a speed less than that of the main stream. 
Leite's measurements54 indicate that this picture is somewhat 
idealized when applied to the disturbances in a tube, but qualita­
tively there appears to be some similarity with the configuration 
over a plate. 
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85 per cent of the layer a t low speeds, is t ha t portion of 
the boundary layer in which flow conditions are inde­
pendent of viscosity, but. dependent on the friction a t 
the wall. The functional dependence in this region, first 
recognized by von Karman,6 6 is described by the func­
tional equation 

(C/i - U)/UT = g(y/8) (2) 

where U\ is the velocity a t the edge of the boundary 
layer. This relationship describes the experiments for 
y UT/d*Ui > 0.045, where 5* is the displacement 
thickness of the boundary layer. (3) The region of over­
lap between the inner and outer regions was shown by 
Millikan67 on the basis of functional reasoning, to have 
the semilogarithmic form. Clauser57 gives the formulas 

U/UT = 5.6 log [yVJv) + 4.9 (3a) 

(f/i - U)/UT = -[btilogtyUjb*^) + 0.6] . . (3b) 

which then describe the velocity profile between the 
points y UJv = 32 and y UJb*Ui = 0.045. Figs. 4 
and 5 show the three regions defined by some of the ex­
perimental results. 

While the three regions described above can be identi­
fied whether the turbulent flow be in a boundary layer, 
tube, or channel, there are important differences among 
the three, particularly in the outer region, f Deviations 
in the outer regions are ascribed to differences in the 
outer boundary condition.68 The intermittency5 6 of the 
turbulence in the outer region of the boundary layer has 
no counterpart in a tube or channel, since no outer po­
tential flow exists there, and the resulting mean velocity 
distributions reflect this difference throughout the outer 
region. Over the inner region the distribution is inde­
pendent of pressure gradient,61 and over the outer region 
the distribution is independent of roughness if a small 
adjustment of the origin of y is introduced.65 

t Fig. 4 shows that velocity distributions in the inner and over­
lap regions coincide closely for measurements in a tube (Laufer) 
and in a boundary layer (Kleanoff and Diehl). Laufer's meas­
urements in a channel60 are, however, higher than those shown, 
and no reason for the disagreement is evident. (See page 22 of 
reference 70.) 

FIG. 4. Distributions of mean velocity near wall in turbulent 
flow. Effects of roughness and compressibility are shown. The 
Lobb et al data are plotted using values of p and p, at the wall. 
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FIG. 5. Distributions of mean velocity in outer and over­
lapping regions of turbulent boundary layers on smooth and 
rough plates. 

The effects of roughness are complicated by the fact 
tha t a quant i ta t ive measure of roughness depends not 
only on the height of the roughness element, bu t also 
on the distribution of the elements on the surface. 
However, as long as one deals with a particular type of 
roughness—e.g., sand—some interesting generalizations 
are possible. For instance, the influence of roughness is 
well represented by subtracting Aux/ U from the right-
hand side of Eq. (3a).57 The quant i ty Aui/U is il­
lustrated by some experimental results65 plotted in Fig. 
4. Auj/ U is a function of k UT/v where k is the height of 
the roughness elements. The results of many investiga­
tions show tha t the effect of roughness on the skin-fric­
tion coefficient is essentially zero if kUT/v < 5 (approx.) 
—i.e., if the roughness elements lie within the laminar 
sublayer, defined by yUT/v — y* ~ 5.85 

The skin-friction coefficient law for smooth and 
rough plates follows from Eqs. (3a) and (3b) for the 
overlapping region. Adding the two equations results in 
the formula for local skin-friction coefficient, 

VtyCf = 5.6 log (£/i5*/y) + 4.3 - (Au!/U) (4) 

One of the important results found empirically by 
Hama6 5 is t ha t the effect of roughness is not dependent 
on the outside flow and therefore the effects established 
for rough pipes can be applied to plates. This conclusion 
is t rue a t least for "fully developed" roughness effect a t 
zero pressure gradient. 

Clauser57 and Rotta6 9 analyzed the turbulent 
boundary layer with pressure gradient and found con­
ditions for "similar" velocity profiles in the outer re­
gion, under the influence of pressure gradient. They 
found the similarity parameter 

G = /; ra* d yJK (5) 

Clauser made extensive measurements and found G = 
6.1 for constant pressure and G = 10.1 and 19.3 for two 
adverse pressure distributions empirically determined. 
The velocity profiles were similar in the sense t ha t the 
above values of G held over the entire length of the plate 
and, when the results were plotted according to Eq. (2), 
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F I G . 6. Ratio of compressible to incompressible skin-friction 
coefficients for flat plate as function of Mach Number of external 
flow. 

a separate relationship (U\ — U)/UTv$. y/8 was defined 
for each pressure distribution. I t was found further tha t 
the effect of pressure gradient could be represented by 
a Au2/UT analogous to the Aui/ UT used in Eq. (4) to 
represent the effect of roughness. Au2/ UT had different 
values for the two adverse pressure distributions for 
similar profiles referred to above. 

A valuable review and analysis of the turbulent 
boundary layer in both compressible and incompressible 
flow was given by Coles.70 The functional reasoning 
leading to the various relationships for the shearing 
stress and for the velocity distributions in the various 
regions of the boundary layer is given in detail. 

Some of the details of the turbulent boundary layers 
a t high Mach Numbers are determined by Lobb, Wink­
ler and Persh71 on the basis of total head and tempera­
ture transverses in the entrance section of a hypersonic 
tunnel. Free-stream Mach Numbers between 5 and 
7.7 were achieved. The boundary layers were thick 
enough so t h a t the measurements penetrated into the 
laminar sublayer. They show that , up to the highest 
free-stream Mach Numbers attained, the "law of the 
wall" u* = y* (see Fig. 4) is valid, provided the proper­
ties /x and p are evaluated at the wall. 

A remarkable feature of these results is the relatively 
large par t of the boundary layer which conforms ap­
proximately with the law of the wall. The edge of the 
boundary layer is a t log y UT/v = 2.4, whereas in the 
low-speed boundary layer this point represents less than 
15 per cent of the boundary-layer thickness. Further , 
results taken over a wide range of values of heat transfer 
from the wall to the stream show tha t the law of the wall 
is valid throughout. Outside of the inner or laminar 
sublayer region, the velocity profile closely satisfied a 
power law U/ U\ = (y/d)1/n where n decreased from 7 to 
5.5 as the Mach Number increased from 5 to 7.7. 

The effect of heat transfer on the skin-friction coef­
ficient was found to be quite small. Further , calcula­
tions of the skin-friction coefficient by the use of Reyn­
olds' analogy agreed to within 5 per cent with tha t 
given by the measured velocity gradient a t the wall. 

The first estimate of the effect of compressibility on 
the turbulent skin friction was made by von Karman. 5 

He simply introduced wall properties for an insulated 

plate as functions of the free stream Mach Number in 
his formula for skin friction a t low speeds, and evaluated 
the skin-friction coefficient as a function of the free 
stream Mach Number . This method receives some a 
posteriori justification from the results of Lobb, Winkler 
and Persh,71 described above, in t ha t they find the law 
of the wall valid up to high Mach Numbers provided 
t ha t values of density and viscosity prevailing a t the 
wall are used in the calculation of u* and y*. 

In the intervening years, virtually every variation of 
the mixing length and similarity theories has been used 
to calculate turbulent skin friction a t high speeds. I t is 
not possible to distinguish between their relative ac­
curacy except by comparison with experiment. For­
tunately, there have been many excellent measurements 
of the skin friction on flat plates and on cone-cylinder 
combinations. The determinations of friction co­
efficients have been made by the von Karman momen­
t u m integral,46 by overall drag measurements and by 
measurement of the force on a section of the plate sus­
pended on a sensitive balance. Some of the available 
experimental results are plotted in Fig. 6 as the ratio of 
the skin-friction coefficient to t ha t for incompressible 
flow vs. free-stream Mach Number. For comparison, 
those theoretical results which bracket the measure­
ments are included. While there is some effect of 
Reynolds number on the ratio Cf/Cf., the major varia­
tion is with Mach Number. Fig. 6 indicates t ha t the 
skin-friction coefficient on a flat plate as a function of 
Mach Number is slightly higher than von Karman ' s 
estimate. A variation on von Karman ' s method is 
given in reference 79, along with a comparison with ex­
periment. 

Investigations of separation of turbulent boundary 
layers for both incompressible and compressible flow 
have been directed toward finding the governing dimen-
sionless parameters. In incompressible flow, a large 
body of experimental data over a wide range of Rey­
nolds Numbers indicates t ha t the velocity profiles 
satisfy the functional relation80 

U/m = [f(y/6), (5*/0)] 

where 6 is the momentum thickness of the boundary 
layer. There is some disagreement between these 
measurements and the analyses of Clauser57 and Rotta6 9 

in which the factor G [Eq. (5)] rather than d*/6 is pro­
posed as a similarity parameter. The factors G and 
5*/6 are connected by the relation 

S*/d = 1/(1 - GVcf/2) (6) 

However, Clauser found tha t the boundary layer was 
quite sensitive to small lateral pressure gradients, so 
t ha t his measurements, in which precautions were taken 
to eliminate the lateral gradients and which showed good 
correlation with G ra ther than with d*/0} might con­
ceivably satisfy a different similarity parameter than 
those of Schubauer and Klebanoff.80 Von Doenhoff 
and Tetervin8 1 give a semiempirical analysis for the 
growth of the turbulent layer in an adverse pressure 
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gradient. Their measurements show that separation 
occurs for a value of 5*/6 between 2.6 and 2.8. Chapter 
22 of reference 1 gives a more complete account of these 
and other investigations. 

Separation of supersonic turbulent boundary layers 
has been studied by means of shock-wave interactions. 
In references 15 and 16 incident shocks were not strong 
enough to cause separation of the turbulent layer. In 
reference 17, when collars with step leading edges were 
fitted around the body of revolution, Ap/qi for flow 
separation varied with Re~l/\ Bogdonofl82 gives a 
summary of an extensive series of tests carried out at 
Princeton University. Optical studies and wall pres­
sure distributions were made with incident shocks on a 
flat plate, with steps and with normal shocks in a diverg­
ing channel. Separation points were located with a 
total head tube. It was found, for instance, that 
separation occurred when a 10° shock intersected the 
boundary layer at ¥ = 2.9 and 3.8; shocks of lesser 
strength did not cause separation. Reynolds Numbers 
based on momentum thickness of several thousand ¥/ere 
used. 

Incompressible flow about a yawed cylinder may be 
analyzed by the independent consideration of one of the 
equations of motion, provided the boundary layer is 
laminar (Section 2). For a turbulent layer, the fact 
that span wise gradients of the velocity exist—by reason 
of the turbulent fluctuating velocities—nullifies the in­
dependence of the equations. However, the experi­
mental evidence83, 28 is mixed as to whether a practical 
degree of independence still exists. Careful investiga­
tions on yawed flat plates83 indicate that the boundary-
layer properties are not the same functions of the nor­
mal distance from the leading edge as they would be if 
the independence principle were valid. On the other 
hand, measurements on yawed airfoils84 indicate ap­
proximate validity of the principle. 
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