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NOMENCILATURE

Cross sectional area of pipe.

Area of piston.

Speed of pressure pulse.

Constants of integration.

Volume displacement coefficient.

Inside diameter of pipe.

Friction factor.

Gravitational acceleration.

Elevation of hydraulic gradeline above a fixed datum.
Steady-state elevation of hydraulic gradeline.
Non time-varying complex number for head.

Complex number notation for instantaneous head at a point. The
subscript designates the location.

Fluctuation of hydraulic gradeline elevation.
J-1

Bulk modulus of elasticity of the liquid.
Length of pipeline.

Number of harmonics.

Integer which identifies a particular harmonic.
Net positive suction head.

Exponent on friction term.

Discharge.

Steady-state discharge.

Non time-varying complex number for discharge.

Complex number for instantaneous discharge at a point. The sub-
script designates the location. “
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Discharge fluctuation.

Resistance coefficient per unit length; crank arm radius.

Length of connecting rod.

Time.

Average velocity of fluid at a cross section.

Volume.

Volume fluctuation.

Distance along pipe in downstream direction; position of piston.
Hydraulic impedance, Complex ratio of pressure head to discharge.
Characteristic impedance.

Real part of vy .

Pure imaginary part of vy .

Complex number, 7y =& + i B

Angular position of crank arm on suction stroke.

Phase angle of the pressure head fluctuation.

Angular position of crank arm on discharge stroke.

Impedance phase angle.

Phase angle for the mth harmonic.

Angular velocity of crank shaft.

Angular freguency.
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1. Introduction.

Reciprocating pumps, by the nature of their kinematics, produce
certain periodic variationsin flow into and out of the pump. These fluc-
tuations may be expressed in harmonics of the pumping cycle for purposes
of analysis. When one of the flow harmonics coincides with the fundamen-
tal or an harmonic of the suction or discharge piping system, severe pres-
sure and flow pulsations may develop. In this paper the kinematics and
dynamics of the flow into and out of the pump are first considered, fol-
lowed by the development of methods of analysis of the piping systems,
the pump, and a few appurtenances to reduce fluctuations. The inclusion
of fluid compressibility adds considerably to the severity of the predict-
ed flow pulsation produced by the pump and yields a better agreement be-
tween theory and actual conditions. This factor is not adequately taken

*

into account in the literature.(l) Experimental results from the suction

side of a triplex pump are given which confirm the method of analysis.

¥ Number in parentheses designate references at end of paper.
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2. Kinematics and Dynamics of Flow Through Reciprocating Pumps.

To illustrate the analysis of the steady-oscillatory flow in
reciprocating pumps, one piston of the pump is shown in Figure l; having
a crank radius R and a connecting rod length of S . The displacement
from fully extended position is given by x . Two check valves are uti-
lized for each piston as shown. In this analysis the valves are assumed
to work perfectly, i.e. to close the instant the flow starts to reverse.
For more than one piston to a crank shaft. They are assumed to be spaced
at equal angles,

For the suction stroke the displacement of piston is given by
x = R(1 -cos 8) + S(1 - cos @) (1)

but since Rsin 6 = S sin O

x = R(1 -cos ) + S(1 - Ji - (5)2

. 2
) sin 9) (2)

After differentiating with respect to t to find the velocity x of the

piston

R cos ©
+
[s2 -R2sin2e

(3)

x = w'R sin @ 1

w' 1is the angular velocity of crank shaft. When pumping the discharge

due to displacement of the piston is given by x A.p with A.p the cross-

sectional area of piston. Owing to the compressibility of the liquid being

pumped, the piston does not draw fluid into the chamber over the 180° crank

position. For example, on the suction side at the end of the discharge stroke

(x = O), the liquid trapped between valves is at the discharge pressure.

Before the suction valve can open it is necessary to decompress the trapped

-2
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Figure 1. Displacement of Piston in Reciprocating Pump on
Suction Stroke.
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liquid, which requires an angular displacement of, say, ©5 . At this
angle the piston has acquired a velocity i(@o) which imparts a sudden
drop in suction intake pressure as the inflow commences. A similar pro-
blem arises on the discharge stroke, since the fluid must be compressed
to discharge pressure before the discharge valve opens. The greater the
discharge pressure, the greater is 6, and x(6y) ; hence the worse the
pressure and flow fluctuations.

Equations (1), (2) and (3) apply to the suction inflow of a
single piston between the angles 0, and n radians. 6,5 depends upon
the volume of liquid between valves, expressed as number of piston displace-
ment volumes C, , the discharge pressure p, and the bulk modulus of
elasticity K of the liquid, for given piston area., The linear displace-

ment x. at which pumping starts is

O

x=2CR§—O (%)

for the suction stroke. Cv is greater by one for the discharge stroke.
With x, known, 6, may be found from Equation (2) by trial.

The number of pistons in the pump also greatly changes the pat-
tern and severity of flow fluctuations. In Figure 2 calculated flows over
a cycle (one revolution divided by number of pistons) are shown for four
pumps, using water as liquid, with trapped volume Cy = 3.6. By plotting
the flow from time of maximum flow, the curves coincidevexcept for those re-
gions where a piston is decompressing the liquid. Two pressures are shown to
indicate how the fluctuations become more severe as the discharge pressure

rises. The total piston displacement per revolution is the same in all

cases shown. With low discharges pressures, for example, the triplex flow
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is well represented by 4 to 8 terms in an harmonic series, but with high
pressures as many as 24 harmonics are needed to describe the flow.
On the discharge side of the pump, Figure 3, the displacement

x' 1is given by

x' = R(1L - cos 9) - (1 - \fl - (%)2 singp) (5)

and the piston velocity x'

R cos @ (6)

JSE -Rgsin2$

Since the trapped volume is larger by one piston displacement, 2 Ap R,

x' = 'R sin @ 1 -

on the discharge side, the angle P at which pumping starts is greater
then 6, for the suction side. Hence the sudden jump in discharge is
more severe,

If violent pressure fluctuations occur on the suction side of
the pump, causing cavitation and incomplete filling of the displaced vol-
ume, then the angle $O for start of pumping is much greater and the dis-

charge fluctuations become worse,
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3. Tmpedance Method for Piping System.

Whenever a mechanism is present on a system which creates a peri-~
odic fluctuation in discharge or pressure head, the impedance method(2’5),
of analysis is very useful. Reciprocating pumps produce such an oscilla-
tion so the impedance theory as applied to real fluid systems is developed
and used for analysis in typical systems. The complex impedance is deter-
ed from the piping system at the exciting frequencies. It is then combined
with the periodic flow pattern from the pump to yleld the pressure fluctua-
tions.

The equations of water hammer, continuity and equation of motion,

in terms of discharge @Q and elevation of hydraulic gradeline H are,

respectively
A
Ay *55 By = 0 (7)

and

LQ+1 &
X gA b ogpad

= 0 (8)

in which a 1s the speed of the pressure pulse wave, A 1s the pipe cross-
sectional area, f 1is the friction factor for steady state conditions, D
is the pipe diameter, n 1is the exponent of the velocity in the loss term,
X 1is the distance from upstream end of pipe, Figure 4, and t is the
time. The subscripts x and t denote partial differentiation.

These equations are solved for steady=-oscillatory flow, follow-
ing methods of transmission line theory.(l)u> The variables H and Q

are considered as
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with H ,'Q average steady-state values, and h' , q' variations from

the average. By making these substitutions into Equations (7) and (8)

and simplifying

a o+ f% h{ = O (10)
and
nt o+ gt + Rg'= O (11)
X gA q't
in which
3 n-1
R = nfQ (12)
2gDAN

is used as the linearized friction coefficient for the turbulent flow.

By restricting the solution of Equations (10) and (11) to the
steady oscillatory case, the resulting equation<u) for the oscillatory
head is

ni(x,t) = H(x)el®® = &It (cie” + Ce™7) (13)

where o is any given angular frequency, i V-1 5 Cl and 02 are
constants of integration to be determined by use of the pipe boundary
conditions, and 7y is a complex constant, 7y =Q+ 1 g, commonly refer-

red to as the propagation constant. The value of 7y is determined to be

A(i R - §K> (1)

ol

from which

a = @_%_é (9)__)2 + R2 l/J+ sin(l -[;a,n“:L gﬁ.“@_) (15)

8.2 gA 2 w
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WgA W \2 2 l/h 1 -1 gAR
B = L8 (=)= + R cos (E tan CL)) (16)
The solution for the oscillatory discharge is obtained by substi-

tuting Equation (13) into Equation (10) and integrating

Q' (x,t) = Qx)e®t = ?52 WY (Cle7X - Ce™7¥) (17)
iacy

The hydraulic impedance Z(x) is the ratio of head fluctuation to discharge

fluctuation h‘/q‘

i;a2 Cleyx + Cge_7x
X (18)

wgh  Cqe’™ - Cpe”

Z(x) =

The characteristic impedance ZC of a pipe is a function of w , defined

2 2
YA .
Z, = Togh gk (B -1ia) (19)
SO
C.e?® 4 e
Z(x) = -2, _A° 2° (20)
Cle7x - C26-7X
Conditions at the pipe inlet and outlet are now introduced to
evaluate the integration constants, C; and Co, . For the inlet, let

x = 0, H(o) &Mt =Hp , qo)elwt = qp (21)

After substitution in Equations (13) and (17), eliminating C; and Cp ,

n'(x,t) = H(x)elwt

HR cosh yx - QR Zc sinh 7x (22)

‘. H
a'(x,t) = Qx)el®t - - B sinn yx + Q cosh 7x (23)
’ ‘ Z R
(6]



and

in which

let

then

number having a magnitude |Z(x)| and a phase angle ¢

11~

H(x)elot Zp = Zo tanh 7x

Q(X)eiam ) 1 - (ZR/ZC)tanhyx

ZR = HR/QR . For known conditions at the pipe outlet

2

Zg + Z¢ tanh 7xq
1+ (ZS/ZC)tanhyxl

7(x) =

(26)

Since Zg , Zgq, Zg , and 7y are complex, Z(x) is a complex

q z(x)

The head leads the discharge by ¢q .

,Z(x)leiwq.

By analyzing a piping system, starting with known impedances, say,

at reservoirs, deadends, valves, or orifices, the impedance at some desired

point in the system may be calculated for a given w , when R , A, a, f,

L, n and

o

Q are known for each pipe. As a simple example, if a known

sine wave variation of discharge is superposed on a steady flow at a point,

say q' = A Q sin wt , the head variation can easily be calculated at this

point. The hydraulic impedance is evaluated at the point from the pipeline

at the particular frequency  and, since h' = Z(x)q" 5

AH = AQIZ] , h'=AHsin (et + )

(27)

For more complex discharge variations as from the reciprocating pump, the

discharge

frequencies is calculated and h'

is expressed by a Fourier series. The impedance for each of the

taking phase into account.

is then found by adding the harmonics
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The computations to evaluate the impedance at a point in a single

pipeline and at a particular frequency are quite involved. However, with

the aid of a digital computer the equations are easily and rapidly handled

for complicated systems involving many pipelines.



4, Suction Piping.

The hydraulic impedance at the suction flange of the pump in terms
of frequency is found for the suction piping system, starting at reservoirs,
dead ends, etc. and working to the suction flange. Independently, a har-
monic analysis of the suction flow at the pump is carried out for as many
harmonics, M , as are deemed necessary. The flow harmonics, when multiplied
by the hydraulic impedance for the same frequency, result in an expression
for head variation. When the head fluctuations for each harmonic are added
for a given time, the head change from mean value is found.

The most common suction line would normally be a pipe of constant
diameter connected to a reservoir and to the suction flange. At the reser-
voir, A H = 0 , and the hydraulic impedance is zero; hence, Figure b,

ZR = 0 , The impedance at S is given in general by Equation (24). For
Zg = O this reduces to
Zg = = Zg tanh (yL) (28)

The complex numbers Zg must be calculated for each of the M
harmonics. The number of a particular harmonic is identified by m , its
angular frequency by mw where o is the frequency of the fundamental
(i.e. 3 @' for a triplex pump).

The complex discharge fluctuation for the m-th harmonic, from
the harmonic analysis is given by

(mot + ¥ - z
o) =0 Qpsin(mot + ¥y) = A Qy el 2 (29)
in which A Q%n is the amplitude of the m-th flow fluctuation and Vy, is

its phase angle. Since Zs(m) q', =h! , the sinusoidal head fluctuation

-13-
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in complex form for the m-th harmonic is

)

(mwt + 6 -

nja

ht = AHe!

= Zg(m) (30)

From Zs(m) q' , the magnitude of the head fluctuation of the m-th har-
monic is A Hp = |Zg(m)| & Qp and its phase angle, 6y = Yy + ¢, . The
angle ¢, 1s the impedance phase angle determined from the piping system
for the m-th harmonic,

For M harmonics the head-time curve for a cycle at the pump
suction flange then becomes

M
H=H + = A Esin(mot + o) (31)
m=1

For a complex suction piping arrangement, which may consist of
series or parallel pipes, branching pipes, or include a standpipe or more
than one reservoir, the hydraulic impedance is calculated at the pump suc-
tion flange starting at the extremeties of the suction piping system.(5)
With the impedance and complex flow known for each harmonic of the flow,
the calculation is carried out to find the steady-oscillatory head as for
a single suction pipe.

If the pressure approaches vapor pressure anywhere in the suction
piping system or within the pump the behavoir of the pump changes and the
impedance results are not valid.

The net positive suction head NPSH is frequently used in the
specification 5f minimum suction conditions for a pump. It is defined for
turbomachinery by

2 - -
NPSH = _'e Py = Py 785 o h, - h, - Hg (32)
2g Y




10

in which point e , Figure 5, is the point of lowest pressure in the suc-
tion system, usually within the pump; hy is atmospheric pressure expres-
sed in ft of fluid flowing (abs.); h, 1is vapor pressure in ft of fluid
(abs.); and Hg is distance of suction reservoir below critical point e.
Since the pressure fluctuations for a given reciprocating pump
depend on its speed, its discharge pressure, and upon the exact geometry
of the suction piping system, tests to determine the maximum value of Hg
for operatioﬁ with no impairment of efficiency or without objectionable
noise and damage must be made for each speed and set of internal conditions
within the pump. However, it is likely that NPSH can be determined quite
satisfactorily from a minimum of tests at various speeds on a specific pump;
then, by use of the computer and the impedance relations for the suction
piping system plus the kinematics and dynamics of the suction flow, these
results can be extended to other discharge pressures and suction piping

systems,
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Figure 5. Suction Pipe for Definition of NPSH.
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5. Discharge Piping System.

The flow as a function of time over the pump cycle may be quite
accurately predicted by using Equation (6) with compressibility effects
included. A harmonic analysis of the flow is performed when an impedance
analysis is desired. If the system is such that expressions for impedances
at the extremeties of the piping system can be obtained, then the impedance
at the discharge flange can be calculated. With known flow magnitude and
phase for each harmonic, and with known impedance magnitude and phase for
the same harmonics, the head fluctuations may be calculated as outlined
for the suction side. Transfer functions which relate pressure oscillations
at one location to pressure head at another location, may be used to find
pressure fluctuations throughout the system.

When the discharge piping system has components with nonlinear
features that should not be linearized, then the characteristics methods(5’6)
may be utilized. Nonlinear ordinary differential equations may be written
for the elements (e.g. when Coulomb friction is included) and solved simul-
taneously with the characteristics method using Runge-Kutta techniques.
Depending upon the magnitude of the fluctuation, several cycles may be re-

quired to obtain the steady-oscillatory fluctuations.

_17 -



6. Experimental Confirmation.

A triplex pump, supplied by the Union Pump Company, Battle Creek,
Michigan was set up in the fluids engineering laboratory of The University
of Michigan. The 3" diameter suction pipe, supplied from a constant head
reservoir, was 56 ft. long, Figure k, A short length of discharge pipe
was fitted with an adjustable relief valve to maintain the mean discharge
pressure, A '"'Dynisco" transducer was placed in the suction pipe near the
suction flange, and pressure time curves were photographed on an oscilli-
scope for various rotational speeds and relief valve settings. The sys-
tem was programmed on the IBM7090 using the characteristics method(5’6)
to study the flow and pressure fluctuations; and, independently, it was
programmed for use of the real fluid impedance system. In general, opera-
tion of the system is quite smooth, except when a speed is selected which
causes one of the flow harmonics to have the period 4L/a. One of the severe,

but not cavitating, speeds (170 RPM) was studied, and results of the three

determinations are shown in Figure 6.

~18-
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7. Reduction of Pressure Fluctuations in Reciprocating Pump Systems.

There are many ways to improve the performance of a reciprocat-
ing pump system, varying from design changes in the pump to changes in ar-
rangement, sizes and length of piping components, and inclusions of appur-
tenances to absorb certain fluctuations.

Pump design changes. ©Since the kinematics of the pumping cycle

is relatively fixed, and economics usually does not permit the use of slow-
er and larger units, one big design improvement is the reduction of volume
between suction and discharge valves., Not only will this reduce suction
and discharge flow fluctuations, but it will reduce stresses within the
pump body. Another possibility of reducing the shock due to the compressi-
bility of the liquid is to build in internal accumulators that would pre-
compress the liquid on the start of the discharge stroke and decompress

it on the start of the suction stroke. For the analysis discussed in this
paper, perfect valve function has been assumed. To the extent that the
valve delays in closing or in opening the pump behavior is worsened.

Suction piping system. In general, waterhammer effects are re-

lated to changes in velocity; the greater dV/dt is at a point, the great-
er the pressure change. By increasing the diameter of the suction-piping,
fluctuations in pressure are reduced., This one change may reduce noise and
cavitation effects. The length of the piping system may also be critical.
If a single suction-line is employed, its fundamental period is 4L/a , i.e.
four times the wave travel time over its length. If one of the periods of
the flow harmonics (T = 2n/mw where o is the angular frequency of the
fundamental of the flow fluctuation) happens to coincide closely with the
pipe period, severe pressure fluctuations occur. The greater the magnitude

of the flow harmonic, the greater the pressure fluctuation. For example,

=20~
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a suction line 3L ft long might be quite satisfactory for an installation;
but one 30 ft long would give trouble. For complex suction piping systems
an impedance analysis, will reveal the fundamental and harmonic periods.
Coincidence of a harmonic period of the system and one of the pump flow
may cause serious pressure fluctuations, depending upon the magnitude of
the flow harmonic,

Close attention should therefore be given to the proper size and
length of suction piping systems. In addition, certain corrective devices
may be added to the system, to eliminate particular pressure fluctuations,
or to give broad reduction of fluctuations over a wide frequency range.

A dead-end stub(7) may be added to the system and quite completely elimi-
nate a disturbance of a given frequency. Combinations of resistances,
chokes, and accumulators may yield broad improvement. There are several
commercial devices that apparently act to reduce fluctuations of the high-
er harmonics by causing a partial phase shift. The introduction of piping
having a different wave speed, suchasrubber hose, may be very effective.
Standpipes at or near the suction flange may be very effective when long
suction lines are required. Any of these devices which act on a one-di-
mensional basis can be analyzed by impedance or characteristics methods.

Discharge piping system. The same remarks regarding the suction

system apply for the most part to the discharge system, except that cavita-
tion is not usually a problem. Before attempting to improve the discharge
system it is very important that the suction system avoids any effects of
cavitation. If the suction stroke does not completely fill the cylinder,
very high fluctuations occur on the discharge side. Owing to the generally
high pressures on the discharge side, the cost of reducing pressure fluc-
tuations is greater. Accumulators must be selected so that inertial effects

do not reduce their effectiveness.
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Impedance analysis of inertialess, frictionless accumulator,

Consider the accumulator shown in Figure 7 which has substantially no in-
ertia and no friction. If it is attached to the suction piping system
and %, , the hydraulic impedance, is known, then 2%, , may be calculated
as follows:

The head fluctuation h' at points 1, 2, and 3 is the same, in
magnitude and phase, and the gas volume fluctuation is always 180° out of

phase with the head. From continuity

Q = @ *+ ¥ (33)

in which qi and qé are the flow fluctuations and ¥ the time rate
of change of gas volume in the accumulator for the harmonic. By substi-

tution of the impedances

2y = = 5, Ly = —— (34)
1 qi 2 ab
£ L 4 F
Z, 2, n

Now, by assuming polytropic expansion or compression of the gas volume
H¥! = constant (35)

with H the absolute head, ¥ the gas volume, and n the polytropic

exponent.‘ By writing

H = H + M ¥ o= ¥ o+ 0¥



23~

After defining the head fluctuation for the harmonic as
(6, - = + mot)

n' =oH el w2 (37)

m
Then the volume fluctuation w 1s given by

. (e + X + mwt)

vy = Oy e 2 (38)
since it is 180° out of phase with the head. AHm is the magnitude of
head fluctuation [h'l and &, is the magnitude of volume fluctuation

m

[vm| . After taking the derivative of ¥ with respect to time

o
impy A¥, el O+ 2 ) (39)
m

¥m

and

-

¥m

I
- impy 8o LWV (40)

P

1
hm AHm. nH

by use of Equation (36). Now, using Equation (34)

A1, im¥
and
7
Z, = 2 __ (k1)
1+ ——
nH

With Z; calculated for each harmonic, the head at 1 may be calculated if the
flow at 1 is known.

A small accumulator at the suction flange can be effective in
reducing fluctuations. For example, computer calculations show that an
air volume of 0.3 cu ft. reduces the head fluctuation from about 100 ft
(Figure 6) to 0.05 ft and an accumulator of 0,01 cu ft air volume reduces

the over all head fluctuation to 1.4 ft.
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Impedance analysis of accumulator with friction and inertia.

If an accumulator has appreciable inertia and frictional effects are to be
taken into consideration it may be represented as in Figure 8. The hydrau-

lic impedance at 2 is

h} —
7 __2& inH 42)
2 T vy T mw (k2

from Equation (4O). The impedance at % is found by considering the length
2-3 of pipe to be so short that the general impedance equation [Equation
(24)] may be lumped. Then with the impedance at 3 and 4 known the impedance

at 1 is found for a branching system. For the lumped system,

. 2 .
2 - 2, Zo(1 + 1 OBL®) - ZoL (@ + iB) (45)

Zo(1 + 1 0BI2) - 2L (@ + iB)

Impedance analysis of a standpipe. In Figure 9 a standpipe on

a suction line is shown. The impedance at 2, close to the surface is ob-
tained as follows: Let S Dbe the submergence at 2; then for a harmonic

T

Sp = hy = Asyel (44)

The flow qém is

] . (6, + mot - )
a) = Sp A=Aim A set 2 (45)
From Equations (44) and (45)
h! i
Z2 = 2m = - ﬁ ( h‘6 )
%

With 2, known, Z2; and then 2

3 may be found for known 2 .

1
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Although only a few cases of design to avoid gevere fluctuations
have been discussed, the general methods of analysis of systems have been

presented.



8. Conclusions.

An analysis 1s presented for the study of hydraulic transients
produced by reciprocating pumps. Although the frictional term is linea-
rized in the impedance theory, the linearization applies only to the oscil-
latory components of flow and not to the steady flow. Thus the linearized
friction assumption is an acceptable approximation. Various design possibil-
ities are suggested for noisy and/or rough operating conditions, and analy-
ses are given for these components., Experimental confirmation is provided
to validate the theory presented.

It can be concluded that most practical reciprocating pump instal-
lations can be correctly analyzed. When an undesirable condition appears
in an installation or is uncovered in a design, several possible remedial

measures are available.
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