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I. INTRODUCTION

I.1. Emergence of Modern Optics as a Branch of Electrical

Engineering.

Many of the most dramatic advances in the field of
optics in the last decade or two were directly stimulated
or originated by advances in electrical engineering, in
its various branches of communication sciences, microwave
electronics and radio-astronomy. The operational Fourier
transform treatment of optical image forming processes
and of spectroscopy, the introduction of resonant structures
and of optical feedback control, the remarkable simplicity
of optical computing, communication systems, and coherent-
background (heterodyne) detection, the exploitation of the
statistical and coherence properties of electromagnetic
signals and radiations, as well as polarization in inter-
ferometry and astronomy, the dramatic development of light
amplification and control in optical masers, and more
recently, the newly dramatic achievements in '"lensless"
photography and "automatic'" character recognition, and non-
linear optics, are some of the more well known examples
of the interdependence of theory and techniques throughout
broad ranges of the electromagnetic domain, in astronomy,
radio-astronomy, physics and electrical engineering. Skillful
recognition and exploitation of basic similarities in pursuits
throughout the entire electromagnetic domain is proving most
fruitful in pinpointing new areas of research and of industrial
applications in what may well be called the new field of

"electro-optical science and engineering."
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1.2. Mathematical Character of Electro-Optical Engineering.

Perhaps the single most important element in the
rapid development of electro-optical sciences is the great
experimental simplicity resulting from the deliberate use
of sophisticated mathematical formulation.

To paraphrase C. H. Townes(l), one may say that the
recent dramatic developments in electro-optical science,
including the maser, '"epitomize the great change that has
recently come over the character of technological frontiers."
The maser, non-linear optics, optical computers, inter-
ferometric gratings, lensless photography, optical filters
and automatic ''reading'" systems, to mention only a few,
were predicted and worked out "almost entirely on the basis
of theoretical ideas of a rather complex and abstract
nature." These are not inventions or developments '"'which
could grow out of a basement workshop, or solely from the
Edisonian approach of intuitive trial and error.'" They
are rather creatures of our present scientific age which
have come almost entirely from modern theory in physics,
communication sciences and indeed in electro-optical

engineering.

(1) C. H. TOWNES, '"Masers" in The Age of Electronics,edited by
Carl F. J. Overhage, McGraw Hill Book Co., Inc., New York
(1962) p. 166.
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I1.3. Mathematical Methods of Modern Optics

Except for the solution of boundary-value problems,

and in non-linear optics, where electromagnetic theory is
basic, and in the study of the basic physics of radiations,
where quantum theory and statistical theories are appropriate,
a dominant part of electro-optical engineering is based on
exploiting the simplicity of an operational, generally
Fourier-transform treatment of the problems. Fourier-
transform formulation, already used by Lord Rayleigh and

A. A. Michelson near the turn of the 20th century, and more

recently the theory of distribution, based on the work of

Laurent Schwartz (1950-51) appear as uniquely powerful tools,

not only in the analysis of more or less classical image-

forming and communication systems, but indeed the prediction
and synthesis of new devices and systems. The matrix

formulation of image formation by lenses and mirrors has

reduced lens-computation to very great mathematical simplicity,
especially when used with electronic computers. Indeed,

optical analogue correlators and computers, born out of the

new mathematical formulations, have started to complement
the sometimes much more complex digital computers. Optical
computers are marked by simplicity and compactness, and
have particular success because of their multi-channel,
two-dimensional spatial capability (as compared to the
single, time, dimension in purely electronic computers).

A list of the readily available mathematical references
is given at the end of this chapter.
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I.4. Some limitations of Operational Formulation of
Optical Image Formation and the Need for Boundary-
Value Solutions in the Study of "diffraction'" of
Electromagnetic Waves in Optics.

The emphasis placed on operational treatment of image-
formation and communicationsystems in optics also calls
for a clear understanding of its limitations, and indeed
of domains where it is inapplicable.

For instance, the recent advances in attaining

unprecedented high efficiencies in optical diffraction

(2)

gratings were based on recognizing that polarization,
and consequently, electromagnetic theory (rather than
extensions of elementary scalar "diffraction theory'") are
basic in determining the energy distribution among the
waves of various diffracted orders (or '"modes'"). Indeed,

a complete, exact solution of the electro-magnetic
boundary-value problem of optical gratings (added to the
very few electromagnetic boundary-value solutions in
existence) has been recently obtained in a series of papers

by Stroke, Bousquet, Petit and Hadni(z? based on the method

of solution given by Stroke in 1960(3).

The most important limitation in the use of "Huygens'
principle'", as given by its Fourier-transform expression,
is generally not serious in most cases. The Fourier-
transform relation between the complex amplitude distribution
in the wave front and the complex amplitude at any given
point in the image applies only to the near-vicinity of the

center of the (aperture-limited) quasi-spherical image-forming

(2) See for example, G. W. STROKE, "Effects of Polarization
on the Energy Distribution and Efficiency of Optical
Diffraction Gratings", J. Opt. Soc. Am. 54, 846 (1964).

(3) G. W. STROKE, Rev.Optique, 39, 291-398 (1960).
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wave front, for instance near the focus of a lens, although
regardless of whether this bea principal or a secondary
focus. The domain of applicability of ""Huygens' principle"
and of the Fourier-transform expression of image formation
can be made quite obvious when the Fourier-transform expres-
sion is derived from Maxwell's equations(4)(5).

However, it is not true, as sometimes assumed, that
the scalar formulation of diffraction will always provide
at least a qualitative description of optical diffraction.
For instance, in the case of the grating illustrated in
Figure l.a, it is found on the basis of electromagnetic

(3)

theory that the grating illustrated will behave like a

perfect mirror, reflecting only a single wave back along

the -E direction, showing none of the '"classical'diffraction

into any other side-orders, regardless of the narrowness of

the horizontal facet (parallel to E: ). Experiments with

3cm microwaves in the EU_ polarization, shown in Figure 1l.b (page 8)
confirm this classically unexplainable, but electromagnetically
easily foreseen prediction , made by Maréchal and Stroke in

1959 (3)

The basically electromagnetic nature of diffraction.

should be constantly born in mind when systematic inconsistencies
between experiment and '"theory'" are encountered in the use of
the otherwise so powerful Fourier-transform formulation of

"diffraction" and image formation in optics.

(4) A. MARECHAL and M. FRANEON, "Diffraction', Revue d'Optique,
Paris (1960).

(5) G. W. STROKE, "Diffraction Gratings'", in Handbuch der
Physik, Vol 29, Edited by S. Fligge (Springer Verlag,
Berlin and Heidelberg, in print).
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In the most general sense, diffraction of electro-
magnetic waves results simply from the requirement that
easily specified boundary conditions must be satisfied at
the boundary of the "diffracting object'" by the total
field, incident plus diffracted.

Frequently, the great simplicity in the actual
solution of a diffraction problem will result from

writing the diffracted field as an integral sum of plane

waves, with the direction cosines as parameters for the
waves of different amplitudes. An important example is
given in the following section, for the case of optical
gratings.

The theory of gratings and interferometry is

(D 5)

basic to much of modern optical image-formation theory

I.5. Grating Equation, as Example of Boundary-Value
(5)

Solution of a Diffraction Problen.

Perhaps the most well-known equation describing the
diffraction of light by gratings is the so called ''grating
equation"

PP ' ‘)
Sin( + sin ' =m72[a (1.5.1)
where i and i' are the angles formed by the incident and

the diffracted wavefronts with the mean grating surface,

and Q is the grating spacing constant.
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Fig. 1.- Mirror-like behaviour of grating for indicated polarization, according
Maréchal and Stroke (1959), Actual experimental recordings of Hertz-like
standing waves in 3-cm microwave domain are shown in (b).
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Parameters used in grating equation

sin i + sin i' = m A/a
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The derivation usually found in textbooks with the
help of Huygens' principle is straighttforward. However,
the Huygens' solution makes it appear, incorrectly that
the plane diffracted waves are "built up'", as it were by
"envelope'" of little "wavelets'.

More generally, it has been the practice to assume
that, when a plane wave is incident on a plane grating,
the diffracted waves are also plane and exist only in a
discrete set. In fact, the existence of plane diffracted
waves is merely the result of the periodic nature of the
grating.

The proof of the existence of a discrete set of plane
diffracted waves, satisfying the grating equation I.5.1
when produced by the incidence of a plane wave on a
grating, follows.

Ruled gratings are essentially two-dimensional
structures. As such, their surface can be described by
a function S:F(x’j [f"ig.f:.g}, which is independent of one
of the coordinates, say Z , but is periodic as a
function of X ,

g SX (P:\'r\’reger) (I.5.2)

X+Pa

The groove length is along Z . One next recalls the

existence of the class of two-dimensional problems (here,

independent of Z ). Two-dimensional problems are
essentially scalar in nature. However, this does not
mean that they can be identified to non-electromagnetic

problems (for example, to acoustical problems). Rather,
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two-dimensional problems can be expressed in terms of
only a single dependent electromagnetic field variable

(for example E, or Hz_ ). It can be further shown that
Ez_ or ‘42 , in these problems, satisfy the wave
equation (written for Ez" as example):

BEEZ )2Ez alEz +6Q2E

The factor QXP(‘!‘-UJB is implicit.
A fundamental elementary solution of (I.5.3) can

be written as
exp [L?a(xsmﬁ + ycos@:l (I.5.4)

which is the equation of a plane wave. ﬁﬁ=8TT/h.. When 8
is real, equation (I.5.4) represents an inhomogeneous or
evanscent (5) (6)
wave .
A complete solution of equation (I.5.3) is formed
by an angular spectrum of plane waves, and can be

represented by a Fourier integral

E(®) exP[L'&(XSl‘nG +\/COS@>] d6 (1.5.5)

(6) For general background, see for example, P.C. CLEMMOW,
"Rigorous diffraction theory" in M. Born and E. Wolf,
Principles of Optics, Pergammon Press, London, New York
(1959), p. 553-588.
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where {;@vare the amplitudes of the various waves. The
coefficients Ef(e) are generally complex, and are to be
determined, in order to solve any special problem described
by equation (I.5.5).

In the case of optical gratings, it is necessary to
investigate the diffraction of polarized waves, and either
E? or FI in the incident plane wave are chosen to,
be parallel to the groove length, along Z . Let E;
or H; be the components of the incident field for the

two cases. One has

EZL-—: exF[—L‘% (xsint ijOSC)] (I.5.6)

A}

(The ( in front of the &.is clearly equal to J:I ).
Let Ei'tm the diffracted field. Since the total field,
E7_= E; -\-ES’ satisfies the wave equation, and since the
incident field satisfies the same equation, the diffracted
field Ej'must also satisfy the wave equation. In its
most general form, the diffracted field fEZ can be

represented by its angular spectrum of plane waves:

E:L“—' f?j(t)) exF[L&<XS"ﬂ¢' +Y cosi')] U asn

—-i 'J
Here, tz Lﬂ> are the amplitudes of the plane "diffracted"
waves corresponding to the angles L) . According to
equation (I.5.7) there exists an infinity of diffracted

waves, distributed in continuous angular directions.
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We shall next show that the periodic nature of the
grating boundary, and the fact that the boundary condition
on the surface of the grating must be satisfied by the
total field Ez (incident plus diffracted), restrict the
continuous angular distribution of diffracted waves to

only a discrete set of waves, satisfying the grating

equation (I.5.1).
Indeed, one must have,

(€,) =, X .

X+ Pa

on the grating surface. Equation (I.5.6) and I1.5.7), when

introduced into (I.5.8) give

exp [——i% (x Sint +y Cosd)] exp :— Lf’epa sinc'j
5 Ed (O EXP[C&(XSI'M%)/COSL') eXP[ 3 pa sin¢ ]d.t'
exp[ Lfe(xsmt +>/CO.QLJ+JE (L)ex[)[k(xsuu 1—y C(JSL)} )

(I.5.9)

After division by eXP[L%<XS(VLL+>ICOﬂ)] and factoring
of QXP E—-L&Pa SIW-L] equation (I.5.9) gives:
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exp (—L’ezpasfnt] | + [Ef_l(iﬂ ex Ef’e(mpa)@anS‘MD
exp [L?Qj (cost' + co&U)]} ot

) (1.5.10)

= | +jE°ZL (L')exp[iﬁx(sinc#smi'ﬂ exp [Cfé) fosi +cost'9J d/

)

For any given g P @ and any given angle of incidence (
the factor exPc( épasm is equal to a constant.

Therefore, for equation (I.5.10) to be satisfied, one must
have

&Pa@iﬂi +Sih()> = nE"T (I.5.11)
(n:(nhsger)
that is
g (sint + S€n£’>= m%‘t
(Jn-:(n+e3ec}

Recalling that &-1 2“’/7\-» , equation (1.5.12)
gives finally

(I.5.12)
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Sint + sint! = m7N[a

(1.5.1)

which is indeed the grating equation. We have just
shown that a plane wave

E;= Qxp [—L‘ﬁa (xsm( *y CQS()J (I.5.13)

incident on a periodic surface, having a period Q ,
gives rise to a diffracted field Ez formed of a
discrete set of plane waves, such that

Ei: ZC (Ei)mex‘p [Lﬁ& (xsfn L:“+)/ oS Lr,n)} (I.5.14)

It is noted that it is truly the boundary condition
and the periodicity of the grating which are at the origin

of the diffraction of light by gratings. It is remarkable
that the exact nature of the boundary condition does not
enter the part of the solution required to demonstrate

the existence of plane diffracted waves, satisfying the

grating equation. Clearly, though, the ampitudes Ej (L’m)
of the diffracted waves do depend on the exact nature of
the boundary, and more particularly on its material nature
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(dielectric, conductor, etc.), as well as on the groove

shape. (See section I1.4).

I.6. Gratings as Information-carriers in Optics.

(Application to Wave-front "Reconstruction Imaging")*

Just like a sinusoidally time-varying wave is the
basic carrier for time-varying signals in radio-communi-
cations, so a spatially varying grating (for instance the
sinusoidal grating produced on a photographic plate by
interference of two plane waves) is a basic carrier for
spatially-varying images in optics. In both cases,
when either space or time are the parameters, the signal
(or image) involve variations of both amplitude and
phase. Single or double side-band modulation can both be
achieved, and the use of interference gratings as infor-
mation carriers can be immediately understood with the

help of elementary image formation theory.

coswet Z 3, o8 (0,k + ¢, )

cos Wb /

pd
AANY AN
T e

CARR\ER AMPLITUDE- AND PHASE - MODULATED
SIGNAL

Recorded PLANE WaveE

In¥ehsﬂhy

= SIeNAL
RE FERENCE WhAVE e
REF -
‘Os%rx W, Tntensity FERENGT WAVE

% 4 PHOTOGRAPHIC

7 PLATE ’ ol
INTERFERENCE GRATING AMPLITVDE = AN ASE ~MODULAT ED
“(CARRIER) INTE REERENCE _GRATING

* A more extensive treatment of the principles of
optical holography(wavefront-reconstruction imaging) is given in VIJ



"Optics of Coherent...." G. W. Stroke
March 1965 Pagel6
Consider first the case of two mirrors M1 and M2
illuminated by a plane wave ﬁ;i . The two mirrors
are inclined with respect to each other, so that the
£ A (P, A el
WO waves , € and 2 € incident on a
distant photographic plate form angles Eh , and 92
with the plate (that is, the two waves form an angle
@| - @?_ with each other). Clearly the intensity

recorded on the photographic plate is nothing but a

sinusoidal interference grating, with straight-line
fringes parallel to Z . One has, with (iA,l:constant,
| Aa\ — constant)

Ale“¢z

PHOTO
i? PLATE

C;\Mopqa)
J

Reference Wave K PHOTOGRAPHIC PLATE
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T()= (AP e ®)Ale™™ Afe™™)
W e P e e @) e

where one recognizes

T()= (A +lrlr elhAfoc(9-g) o

In this case one also notes

_ Cm

®|—~ " K@, (1.6.3a)
__ v

@L* ~'7'\_'Xea (1.6.3Db)

The period of the fringes is Q= 7\-/(.9‘*@2-) . When the
interference grating is now illuminated by a plane wave,
equation (I.6.1) immediately shows that three waves will

emerge from the plate: one wave on axis, and two waves
forming angles +(®‘-@L) and -(Q‘—@Z) with the plate.
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Indeed, one has from Fourier transform theory the

equation:

It ) — F(w)
Hhen F(x)eame'x_—;l:'(w~@‘) (I.6.4)

and Fy AN (wt6,)

where —%» indicates "by Fourier transformation'.
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Also, equation (I.6.1) can be written as

,_Z]—t- -le(@ @)

TAE

I(x)= [[A‘lu

X(e‘~QL) (1.6.5)

where one recognizes that [lAJEf‘Azt] and AJIAZl

constants, within the aperture of the plate. It follows
that the Fraunhofer '"diffraction pattern'" at infinity are
three spectral lines, one on axis, and one each at
-+QD ()) (For a plate of finite width, the spectral
lines have a SInG/G distribution.) To each of the
spectral lines at infinity corresponds a plane wave at the
emergence from the plate. Let one now consider one of the
original waves reflected by the mirrors, and forming the
interference grating’to be the '"reference wave'". Let
Z, be the reference wave. One can then say that the
two waves :ZU" and EfU'f obtained by illuminating
the interference grating with a plane wave are the
reconstruction of the original "unknown'" or'modulating"
wave.
The importance of this analysis becomes clear when

one examines how an arbitary wave EZ' , reflected by
an object of arbitrary amplitude and phase is recorded on

the interference grating, as carrier.
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Indeed, let :f‘ be formed by the spherical waves
originating by scattering at the various points £ of
the "object'". In other words, Zf’ can be taken as
equal to the resultant complex amplitude produced in the
plane forming an angle EBI , with the photographic
plate, when the plate is illuminated by light scattered
(or transmitted) by the object.

~ =

[N

PHOTOGRAPHIC
PLATE

SN\N\N

Vi
REFERENCE
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The intensity recorded is now given by

TR =(MAY AT+ AT+ [axe a7 p ¢ ()

n [Amewmj[A'A: e+c(¢,-¢z).[

(I.6.6)

where Zf' has been written as a modulated plane wave

) (4 x©
2=A, e CIS"“wA‘e ~ 1.6.7)

Al\ = constant and

As before, IA‘\ = constant,

LT« O
. R

(1.6.8)

It is important to note that both Am(x) and ¢m()() are

now functions of X
By comparing equation (I.6.6) to equation (I.6.1)

and by noting equation (I.6.4) one immediately sees that
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the modulating wave Am(x) eL¢"‘(X) can now be considered as
"carried" by the interference grating of the case described
by equation (I.6.1). Therefore, by illuminating the plate
with a plane wave, as before, one again obt?ins three waves
( »

a zero-angle (or zero-order) wave, carrying no information,

and two side-band waves, modulated by Am eLQS”\ and by

Am" e"Lqu. respectively, and leaving the plate at
angles i'.(@l—- 62) respectively. Clearly, the side-band
waves are complete '"reconstructions'" of the Zf, wave

which, in turn, was formed by scattering of light by the
original object. The two reconstructed waves will form a
real and virtual image, identical to the original object.
The preceding scheme of wave-front reconstruction
with linearly spaced interference gratings is of course,
applicable to tri-dimensional objects. It has now been
successfully verified in a number of laboratories* and was
suggested by the author, and his associates, as(iogﬁictical
The

Fresnel zone interference gratings, used as carriers in Gabor's

(7) (8) (9)

original hologram work tend to produce two reversed

basis for truly image-forming x-ray microscopy.

and overlapping images, and require other schemes for good

separation of the image, such as those described in ref. (18)and(21).

* See Chapter VII, as well as references (10) and (27)
(7) D. GABOR, "A New Microscopic Principle', Nat. 161, 777 (1948)
(8) D. GABOR, '"Microscopy by Reconstructed Wavefronts', Proc.
Roy. Soc. (London) A 197, 454-487 (1949)
(9) D. GABOR, '"Microscopy by Reconstructed Wavefronts II,
Proc. Phy. Soc. B, 64, 449-469 (1951)

(10) G. W. STROKE and D. G. FALCONER, "Theoretical and
Experimental Foundations of Wavefront Reconstruction
Imaging (Optical Holography)'" in Optical Information
Processing, (Symposium of Nov. 9-10, 1964), ed. by
J. T. Tippett, L. C. Clapp, D. Berkowitz and
C. J. Koester, (M.I.T. Press, in print).

** see also, G.W.STROKE and E.N.LEITH, private communucation
to the National Science Foundation(December 6,1963).
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Some possibilities of optical interference gratings
as carriers were explicitly considered at least as early
as 1944 by P. M. Duffieux in his classical treatise (11)

(12). (13) had

and again in 1958 More recently, A. Lohmann
again explicitly suggested the use of the optical
equivalents of single side-band modulation in the ''lensless"
hologram photography, originated by Gabor in 1948. (See also
ref. 14, 15). A more extensive discussion of the theoretical
and experimental foundations of holographic imaging can be
found in ref. (10) as well as in Chapter VII.

There is of course, no need for placing the reference
mirror next to the object, in actual practice, when recording
the hologram, nor is it necessary to illuminate the object
with a plane wave. For instance, illumination with a wave
scattered by a ground glass is perfectly adequatef The
only obvious requirement in the recording is that there
should exist the possibility of recording an interference
grating, in case that the object and the reference beam

both give rise to plane waves.

(11) P. M. DUFFIEUX, "L'Intégrale de Fourier et ses
Applications 2 1'Optique", Faculté des Sciences,
Besangon (1946)

(12) P. M. DUFFIEUX, "Les Franges d'interférences de deux
sysfémes d'ondes et la théorie de 1l'information', Rev.
Opt. 37, 441-457 (1958) i

(13) A. LOHMANN, "Optische Einseitenbandubertragung angewandt
auf das Gabor-Mikroskop'", Optica Acta, 3, 97-99 (1956).

(14) L. J. CUTRONA, E. N. LEITH, C. J. PALERMO, and L. PORCELLO
"Optical Data Processing and Filtering Systems', IRE
Trans. on Inform. Theory, IT-6, No. 3, page 386-400
(June 1960)

(15) E. N. LEITH and J. UPATNIEKS, '"Reconstructed Wavefronts
and Communication Theory", J. Opt. Soc. Am. 52, 1123 (1962)

* "Diffused" or '"scattered" light illumination in holography was
first suggested by G.W.Stroke and explicitly described in the
May 1964 edition of these LASER "Introduction to Optics of
Coherent..." notes.This and other aspects of a collaborative effort
between G.W.Stroke and E.N.Leith,extending from early 1962 to

late 1964,were subsequently incorporated in ref. (22).
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Extensive work on wavefront reconstruction, follow-
ing the initial work by Gabor, was carried out by many
authors, in particular by H. M. A. El—Sum(18’19’20’21)
and others (7 to 24). The 'zone-plate" lens-like image
forming properties of holograms were particularly noted

by Rogers in 1950.(16)

(16) G. ROGERS, "Gabor Diffraction Microscopy: the
Hologram as a Generalized Zone-Plate'", Nature 166,
273 (1950) .

(17) A. BAEZ, "A Study in Diffraction Microscopy with
Special Reference to X-rays'", J. Opt. Soc. Am. 42,
756 (1952).

(18) See for instance, H. M. A, EL-SUM, "Reconstructed
Wavefront Microscopy'" Ph.D. Thesis, Stanford Univ.
(Nov. 1952); available from University Microfilms,
Inc. Ann Arbor (Dissertation Abstracts 4663, 1953).

(19) A. V., BAEZ and H. M. A, EL-SUM, "Effect of Finite
Source Size, Radiation Bandwidth and Object Trans-
mission in Microscopy by Reconstructed Wavefronts'",
in X-ray Microscopy and Microradiography, Academic
Press, Inc. New York (1957) p. 347-366.

(20) See also: U. S. Patent No. 3, 083, 615, Granted
April 2, 1963, (Filed May 16, 1960 by H. M. A. EL-SUM,
Assignor to Lockheed Aircraft Corp.), Optical Apparatus
for Making and Reconstructing Holograms.

(21) P. KIRKPATRICK and H. M. A. EL-SUM, "Image Formation
by Reconstructed Wavefronts. I. Physical Principles
and Methods of Refinement", J. Opt. Soc. Am. 46, 825
(1956)

(22) J. UPATNIEKS and E. LEITH, "Wavefront Reconstruction
with Diffused Illumination and Three-Dimensional
Objects'", J. Opt. Soc. Am. 54, 1295 (1964)
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The surprisingly large magnifications--in excess of
1 million attainable in holographic two-step imaging, in
going from 1% x-ray construction to 63288 laser-light
reconstructions were of course already stressed by Gabor
in 1948, (7,8,9,16)
considered that these magnifications would--in holography--
(17) 4ith resolutions only of 50008 to 10 000%,
(23) in 1964 that

high-resolutions on the order of 18 should be attainable

However, it had generally been

be "empty",

until Stroke and Falconer demonstrated

in holographic imaging by new Fourier-transforming

(24)

construction and reconstruction schemes, with a

generalization of the remarkable results obtained by the

)(25)

xX-ray microscopy methods using digital computers (Kendrew

(26))_

or optical reconstruction (Buerger

(23) G. W. STROKE and D. G. FALCONER, "Attainment of High
Resolutions in Wavefront-Reconstruction Imaging',
Physics Letters, 13, 306 (1964)

(24) A) G. W. STROKE and D. G. FALCONER, "Attainment of
High Resolutions in Wavefront-Reconstruction Imaging II"
J. Opt. Soc. Am. 55, May 1965
B) G. W. STROKE and D. G. FALCONER, "Attainment of
High Resolutions in Holography by Multi-Directional
Illumination and Moving Scatters', Physics Letters,
15, 238(1965).

(25) J. C. KENDREW, G. BODO, H. M. DINITZ, R. G. PARRISH,
H. WYCKOFF and D. C. PHILLIPS, "A Three-Dimensional
Model of the Myoglobin Molecule Obtained by X-Ray
Analysis', Nature 181, 662 (1958)

(26) M. J. BUERGER, "Generalized Microscopy and the
Two-Wavelength Microscope'", J. Appl. Physics 21,
909-917, (1950)
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*G.WQSTROKE,"LENSLESS PHOTOGRAPHY'", International Science and
Technology ,May 1965.
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I.7. Optics and Communication Theory. Historical

Background.

Obvious similarities between the modulation and
demodulation in the use of interference gratings as carriers
and heterodyne methods used in communications are easily
recognized. Quite basic similarities between the methods
described, and the phase-constrast (coherent background)
methods introduced into optics by Fritz Zernike in
1934(27, 28, 29)

Physics was awarded to Zernike for this work in 1953. Indeed,

should be recognized. The Nobel Prize in

many of the beginnings of this work may be traced back at
least as far as Abbe (Arch. mikrosk. Anat. 9 (1873)) and
Toppler (1867)(30).

It has been stressed by Duffieux (loc. cit. 1) in his
now classic treatise reviving interst in Fourier transform
treatment of optical processes, that there is little
doubt that the modern foundations of operational methods
in optical communications, image processing and spectroscopy

(31)

can be found in the work of A. A. Michelson and of

(27) F. ZERNIKE, Beugungs-theorie des Schneidenverfahrens
und seiner verbesserten Form, der Phasen Kontrast
Methode, Physica, Haag, 1, 43 (1934)

(28) F. ZERNIKE, '"Das Phasenkontrastverfahren bei der
mikroskopischen Beobachtung'", Physik Z. 36, 848 (1935)

(29) F. ZERNIKE, Z. Tech. Phys. 16, 454, (1935)

(30) See H. Wolter, "Schlieren-, Phasenkontrast- und
Lichtschnittverfahren," in Handbuch der Physik,
Vol.24 (edited by S. Flugge), Springer Verlag,
Berlin (1956) p. 555-645.

(31) A. A. MICHELSON, Phil. Mag. V, 34, 280 (1892)
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(32) The attention to the use of Fourier

Lord Rayleigh.
methods in English speaking countries is largely due to a
paper on '"Optics and Communication Theory'" published by

(33) in 1953 and to the lecture notes on

Peter Elias
"Selected Topics in Optics and Communication Theory",
first published by Edward L. O'Neill in 1956(34).
Extensive references and credit to the considerable work
which has preceded their own papers is given by both
Elias and O'Neill. A large share of the credit for
stimulating modern developments in image formation theory

and filtering goes to A. Marébhal(4’ 35)

, in optical
(BG)P. Duffieux

(loc. cit. 11), and E. L. O'Neill (loc. cit .) and in
(37)

communication theory to A. Blanc-Lapierre,

spectroscopy to P. Jacquinot
The foundations for the dramatic achievements in
optical computing, filtering character recognition, and
more generally for the new sophisticated optical materiali-
zation of communication theory principles at The University
of Michigan have resulted to a large part from the work of

(14)

Louis Cutrona and his associates. More recently the

work by the author on interferometry and diffraction grating

principles have played a major role in these advances.(5’10’38)

(32) LORD RAYLEIGH, Phil. Mag. V., 34, 407 (1892)

(33) P. ELIAS, J. Opt. Soc. Am., 43, 229-232 (1953)

(34) E. L. O'NEILL, Opt. Res. Lab., Boston Univ. (1956)

(35) A. MARECHAL et P. CROCE, "Un Filtre de Fréﬁuences
Spatiales pour L'Amélioration du Contraste des Images
Optiques'", C.r.Ac.Sc. 237, 607 (1953)

(36) A. BLANC-LAPIERRE, '"Considérations sur la Théorie de la
Transmission de L'Information et Sur Son Application
A Certains Domaines de la Physique', Ann. Inst. H.
Poincare, 13, 275 (1953).

(37) P. JACQUINOT, '"New Development in Interference Spectros-
copy", Reports on Progress in Physics, 23, 267-312 (1960)

(38) G. W. STROKE, "An Introduction to Optics of Coherent and
Non-Coherent Electromagnetic Radiations', The Univ. of
Mich., Engineering Summer Conf. on LASERS, Lecture Notes
(77 pages), May 1964.
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II. DIFFRACTION THEORY

(Qualitative Introduction)

II1.1. The Two Aspects of the Diffraction of Light

Two characters of the diffraction of light have been recognized
ever since the early investigations of the properties of light in the
18th and 19th centuries (Fraunhofer, Fresnel, Young, Airy, etc):

1. The departures from straightness in the directions of propa-
gation of waves when interacting with boundaries.

2. The formation of diffraction patterns in '"image planes'" when
waves of finites aperture are brought to focus with the help of mirrors,
lenses or other means.

More recently, in partlcular as a result of work of Maxwell, Lord
Rayleigh, Sommerfeld, Maréchal and others, the two characters of dlffraction
of electromagnetic waves that need to be distinguished can be singled out
as follows:

1. An electromagnetic character which has to do with the very
origin of the diffraction of light by boundaries, gnd with the direction,
polarization and amplitudes of the various waves.

2. A scalar aspect, having to do with the image-forming properties
of the various diffracted waves, when they are limited in size by the
aperture of the optics and limited in quality by inherent or manufactur-
ing imperfections.

3. Moreover, the instrumental applications of optical elements
(mirrors, lenses, prisms, diffraction gratings, interferometers and so
on) for the formation and transformation of images, and in general for
the analysis and processing of 1light, involve certain geometrical
characteristics of optics (magnification, image-object distance equations,
spectral dispersion in spectroscopic instruments, resolution, etc.)

II1.2. Theoretical Calculation of Energy Distribution in Diffraction and
of Spectral Diffraction Patterns

1. Electromagnetic boundary-value solutions.

Maxwell's electromagnetic equations and the boundary conditions
that must be satisfied by the total field (incident plus diffracted) on
the surfaces of boundaries in the electromagnetic field are sufficient
to determine any electromagnetic diffraction problem in a homogeneous
dielectric medium. In. fact, if rigorous solutions of Maxwell's equations
were easy to obtain in practice, all optical diffraction and image-
formation problems would be attacked and solved with the help of these
equations.

If the incident electric field vector is described by E' and
the scattered field vector by Es , then one simply has for the
scattered field
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L (I1.1)

E=§‘*‘Es (I1.2)

has to satisfy appropriate boundary conditions on the diffracting
surfaces or apertures and boundaries. Of course, one simple type of
boundary is the infinitely extended perfectly conducting plane acting as
a reflector. In this case, one of the boundary conditions is that the
tangetial component of the total field.E must vanish on the surface of
the conductor. From this condition and Maxwell's equations, the laws of
reflection of electromagnetic waves are immediately obtained.

Maxwell's equations written in differential form for free space are
E = -u2t
Wt= }lo?t
WL H = eg%ﬁb-_ (II.3)
dvE =0
divih =0

To these equations one must always associate appropriate boundary
conditions whdch are for the normal components £ and TT

Fi D) h . H - =
Bouholary /(o <H \ Fh') O
(ZJ Surface (11.4)

heé& (El—Eu.) =0
with (@ = surface charge, and for the tangential components
<@ -F,) =K
nx(E-E)=0

(I1.5)

where K= surface current density.

When Maxwell's equations are written in integral form, the boundary
conditions are implicit. One has
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SUREACE § 86 -
E.d§=_4d f - _

CLOCED PATH C é hdS < j—b [S‘Eo Erndat SJ'°R'da

Maxwell's equations in the differential form and the associated boundary
conditions are particularly suitable for the solution of the diffraction
of electromagnetic waves (light) by boundaries of simple geometries,

which result in separable solutions of the differential equations. This
is the case of isolated cylinders, or developed cylindrical surfaces of
infinite extent (for example diffraction gratings), spheres; ellipsoids,
arrays of cylinders, spheres and so on. The solutions become particularly
straightforward for "two-dimensional" surfaces which are a function of two
cordinares only (cylinders, gratings).

(I1.6)

However, even when they appear straightforward, rigorous solutions
of electromagnetic boundary value problems have so far been obtained in
only a very small number of cases (edge, slit, wedge, sphere, gratings
of sinusoidal profile¥ etc). In reality, the mathematical complexity of
electromagnetic boundary value problems is generally rather formidable,
and comparable to that of boundary value problems in other domains of
physics (quantum theory for example).

In general one is interested in the diffraction of waves having a
simple harmonic frequency of the form

E-£=(§L)c xp (-Cwb) (11.7)

or of a superposition of such waves. In this case, the ' and H
vectors are known to satisfy wave equations of the form

VE + RE =0

— (1I1.8)
Vi +R*H =0
where B=2W/N  and w=2n'F . The frequency £ and the wavelength
are related by the equation
c=FN (11.9)

*Recently, rigorous solutions for gratings of triangular profile have
been obtained, based on the solution for the sinusoidal grating given
by Stroke in 1960 (see G. W. Stroke, J. Opt. Soc. Am. 54, 846, (1964).)
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where ¢ is defined as the 'velocity of light'". For the case of mono-
chromatic (single frequency) waves one has

(II.10)

and at boundaries

E-=

T = Wee (II.11)

' wlE
e
Clearly, at a perfect conducCtor, for which "~ aoe and E"O F->O

inside the conductor, one has from equation (II.5), s
the result ’ nx €, E‘-)‘ O

=1
[

NxE_ = KXE\ZO (11.12a)

which is the previously stated boundary condition

—
[—

k-ansmh‘at (I1.12b)

on the surface of the conductor.

The boundary condition for the H field is particularly simple to
obtain for two-dimensional surfaces which are independent of one corrdi-
nate. The method is used to illustrate some of the steps used,in dealing
with diffraction problems. Consider a plane polarized wave HZ incident

along the = direction in vacuo (medium 1) on to a surface of equation
y= (x) independent of 2 . Let H: be parallel to . By
Symmetry, the diffracted field will also only have a single magnetic
component, Hz . Let the total magnetic field component in the
medium 1 be H "H‘-+Hz . One has for the total field in the

medium 1

awd H = - (wWeE (I1.13)
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and on the surface
hxUxH = - Lwg, FxE =0 (I11.14)

from equation (II.12). By expanding 7§KV¥$F and noting that
H =H,=0 and that h, =0 , one obtains

=

ELES dH
hy =—= +n Nz (11.16

applicable to the total field. But

OH
2 . ReVYH,=hn 2Hz Hz dHz (11.16)
on 2= o TN 5y T 52
which gives the boundary condition
?_ﬁ.z_-:_o (I1.17)
on

We find that the boundary condition for the H field is that the normal
derivative of the component of the total magnetic field parallel to the
surface coordinate z must be zero, in the case when the perfectly con-
ducting surface is independent of the coordinate z to which the incident
magnetic field vector is parallel. More generally, it can be shown that
all normal derivatives of the covariant compoOnents of the magnetic field
must vanish on the surface of a perfect conductor, for the class of
surfaces for which the conductor surface coincided with the coordinate
surface of a curvilinear orthogonal coordinate system.

In addition to Maxwell's equations and the boundary conditions,
other conditions need to be considered and satisfied when attempting to
solve electromagnetic boundary-value diffraction problems. One of these
is the Sommerfeld "radiation condition at infinity", which has to do
with the requirement that the amount of energy flowing from sources
in a finite domain through an infinitely extended boundary at an infinite
distance from the sources must tend to zero. (In fact the condition is
somewhat stronger and states that the sources must be sources and not
sinks of energy). Another condition results from the use of energy
conservation laws and Poynting's theorem. Another still arises when
the fields are expanded as Fourier-transform superpositions of plane
waves, in which case all the waves not only with real but also with
imaginary propagation constants must be included. Waves with imaginary
propagation constants, or evanescent waves, and more generally inhomo-
geneous waves with complex propagation constants, have surfaces of constant
phase and surfaces of constant amplitude with do not coincide: in a two-
dimensional case, for example in an ordinary cylindrical lens, for which
the glass-thickness variation results in a variation of absorbtion
across the-+lens surface, the surfaces of constant phase and the surface
of constant amplitude are orthogonal to each other. Inhomogeneous waves
form the most general and most frequently encountered type of waves in
optics.
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2. Image Formation Solutions Using "Huygens' Principle"

Basically, it can be shown that the various '"Huygens' principle”
solutions used in optics (for example its '"rigorous" vector form or its
Fourier transform formulation) can be obtained from Maxwell's electro-
maghetic equations provided that certain important approximations are
made. One of the fundamental approximations is that the Huygens'
principle formulation applies only to the vicinity of the center of quasi-
spherical image-forming wave fronts. It is essential to be aware of the
approximate nature of the Huygens' principle expressions in their
application to the solution of diffraction and image formation problems.
The apparent simplicity and even reasonable form of Huygens' principle
expressions, when evaluated heuristically on the basis of superposition
. principles and plane wave spectra, should not be mistakenly used as the
basis for '"more rigorous'" solutions by the inclusion of higher order
terms obtained from the initially approximate formulation. When
correctly applied, however, Huygens' principle in its Fourier transform
expression, forms a most powerful tool for dealing with image formation
problems. In particular, it is being used for the calculation of the
distribution of energy in diffraction patterns formed by wave fronts
of finite size produced by reflection, transmission and diffraction
from optical elements (mirrors, lenses, prisms and gratings).

A "rigorous'" expression of Huygens' principle which we have obtain-
ed from Maxwell's equations is

(&ot é/% @-%DL—L@][E CXP[ ﬁA(K,gﬂexp[Lﬁ(o(xW@j] olx d:j (1I.18)

APERTVRE

where Ep is the complex amplitude of the electric field vector at a
point P in the image plane in the vicinity of the center of a quasi-
spherfical wave front of radius R, o and are the direction
cosines defining the position of P as seen from the aperture centered on
the point 0 on the quasi-spherical wave front, x and y the coordinates
defining the aperture, Lk(x,a) is the aberration of the wave front
from sphericity, f=2w/N, { = \/’-T 3 the amplitude E,,(xb) in
the wave front. The diréction cosines 58 and , and in~fact the
coordinates x,y refer to the quasi-plane wave front side of a perfect
focussing system (mirror or lens). A perfect focussing system is de-
fined as having the property of transforming a perfectly plane wave front
into a perfectly spherical wave front. Consequently, it transforms a
quasi=-plane wave front into a quasi=spherical wave front. Moreover,

the aberrations from the plane wave front are identical to the aberrations
from the sperical image forming wave front within the approximations used.

Equation (II.18) has the form of a Fourier transformation and can
be read as follows: the complex amplitude of the electric field vector
at a point in the image plane is equal to the Fourier transform of the
distribution of complex amplitude of the electric field within the image
forming aperture. Clearly here, the field vectors in the aperture and
the field vectors in the image plane project along the same direction
in the image plane. One Fourier transformation needs to be carried out
for each point in the diffraction pattern.

For example, for a perfectly uniform plane wave front within a
rectangular aperture of width A along the x-axis \EJ:A/ A=0 ,
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E_ (k) L [- (BR] HA
o= == /ex - kot
P 7 R ) P[ (et dx (1I1.19)
which immediately gives upon integration
4 sin B &
k) = [ 2 A

The com lex amplitude n@ijthus varies according to the well-known
sin X’/ x’ functlon along x/’2 Ra -_-Fa(, in the image plane and
has a first minimum for

XL p= X nadians (II.21)

or

=R2 x =fL i (WHK R=F= focaf (cnﬂ of focussing system)  (IT.22)

In general only the intensity

E .E»
= . II.23
T.= EE; ( )
is detectable (with the help of photoelectrlc, photographic or other
recelvErs) I, varies as (:|n>c/x )2 and has a first minimum at
from the central maximum. T is generally called the

diffraction pattern corresponding to the aperture A.

Equation (II.18) which expresses the diffraction at infinity by
an aperture can be made heuristically plausible on the basis of super-
position and "Huygens' principle'" as it is generally understood.
Consider a pupil in the X,y plane and a point M centered on an element
of area dx dy in that plane The element of area centered on M emits an

elementary wave Fé‘a ) dxd where (%, 2 describes the scalar
component of the vgctor in the pupi1 In the direction defined
by the direction c051nes ol zB , the wave from M is dephased. by
(2w/m) (o<><+(§ ) with respec1]: o ‘an elementary wave emitted from the

center of the pupil 0. By superposition, we have in the direction
s I (5/7 the sum of these waves

]/ F(x,g) expy [ Z;]\:(axﬂ%;ﬂ dxdy (1I1.24)

PUPIL
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A1l elementary waves emitted by the pupil (or transmitted by the pupil)
in the direction ¢ ' come to focus at a single point :E/ ><’ 5)
in the focal plane of a perfect focussing system, such that

‘;i y’= -%@— (1I.25)

In as much as Y= 1 and 0(14-/%7‘-1-71: {1 , we have
x'=fol a' = F/S (I1.26)

and if we define the coordinates in terms of ''reduced" coordinates

u_: Z.(F.’_ \/:.%i (I1.27)
and take for the unit of length we have
Elu 'U) —'j {:(“/8) &p EZTT'L(u,X-f-Va)J dx dclf (I1.28)
PUPIL

which is an expression for the diffraction pattern identical ko that
obtained in equation (II.18) from Maxwell's equations by using the
there stated approximations.

In summary, a knowledge of the distribution of complex amplitude
(amplitude and phase) of the electromagnetic field (or more exactly of a
component of the electric field) within an aperture, no matter how this
field is created in this aperture, permits to compute the diffraction
patterns corresponding to the aperture and light distribution. A unique
relation between the field distribution in the aperture and the 1light
distribution in the diffraction patterns exists, within the stated
approximations, and takes the form of a Fourier transformation. The
powerful techniques of operational calculus have been extensively applied
(to optical image formation problems with very fruitful results. In
particular, a basic similarity has been recagnized between problems in
electrical engineering and problems of optical image formation and
spectroscopy, whenever superposition and operational methods are
appropriate.

I1.3 Image Formation Theory and Optical Signal Processing in Fourier-
Transform Formulation

The well known operational theory of signal processing used when
dealing with electrical and electronic systems can be immediately trans-
lated into optics, provided that the parameter "time'" used in electrical
engineering is translated as ''space' when used in optics.

The diffraction patterns (intensity) can be considered as the
impulse response of an optical system. The intensity distribution in
the image as a function of spacial coordinates in the image space is
simply given by the convolution integral of the intensity distribution
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in the object (as geometrically imaged in the image plane) with the
intensity distribution in the diffraction pattern (as it appears in the
image plane). Also the Fourier transform of the image intensity
distribution is equal to the product of the transform of the object
intensity distribution by the transform of the diffraction pattern. The
transform 0f the diffraction pattern is also called the '"frequency
response function'" of the optical system, since it gives the distribution
of light in the image of a spakially periodic intensity distribution in
the object. Finally, the frequency response (function) of an optical
system can be immediately shown to be equal to the spabtial convolution

of the light distribution (complex amplitude) in the aperture with
itself. For example, for the uniformly illuminated rectangular aperture
considered before, the frequency response function is immediately seen

to have a triangular shape_as a function of sgabial frequency, that is as
a function of (distance) L.

Clearly, optical systems, when used as elements of a signal
processing system for electromagnetic waves, for example in television,
radio-astronomy and similar systems, present a degree of two-dimensional
flexibility unavailable in electrical systems. Moreover, the parameter
"time" can be reintroduced and used to advantage.

Skillful use of the relations between object, aperture and image
space permits to considerably simplify measurements of the desired
distribution of light (complex amplitude and intensity) in any of these
domains in practical applications.



"Optics of Coherent....." G. W. Stroke
March 1965 Page38

ITL IMAGE FORMATION IN NON-COHERENT LIGHT

(Elements and Definitions)

III.1 Image of Point Source

Peane wave front Spherical wave front
L.oan
POINT L L p!
S0 URCE t 2 (coorolinates x/’ai)
- (‘ —>| T+A/7. £ of
fxy) z
PUPIL

Under the conditions where the Fourier transform relation between the
complex amplitude distribution in the pupil F(x¥%) and the
cal pla

complex amplitude distribution at a point in the ne, f OMV)
holds, it was shown that ¥ J
B (up) = £(XY) exp LZH'L(VLXH\/)] dXdY (111 1)
?
PuPIL
F?,(u,v) is the electric field vector amplitude at the pointEl.
One has
/
u= ->é- = 0% (I11.2)
/
V= li': K%.
¢ 7 (111.3)

with X// \7'/ in units of 7\_ . One can write ((II.1) as

FP' (U,'U) = T [‘C()(/\/)l (III.4)

£( x/%) — FP, (“N) (111.5)

to indicate the Fourier transform relationship between pupil and
diffraction image. Note

%= Fol = ENw (111.6)
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3'= F/&: €Ny (111.7)

From Equation (III1.1) it is seen that the image of a point source is
not a point source.

In general, as a result of the electromagnetic nature of light
and the finite dimensions of the pupil, the light from a point source
is spread out into a '"diffraction pattern'.

A physical receptor (photo-electric cell, photographic plate,
eye, etc.) can only detect (or produce a signal proportional to) the
magnitude of FP' = F at best. The detectable quantity

is then the intensity g ’
-— [= -—51 — 2.
I,= EE IE\ (111.8)

PI

I11.2 Summation of Light from Several Source Points Reaching One
Image Point

It is very important to observe that light originating from more
than one source point may reach any point in the image. Let \ and
Ea be the light-amplitude vectors corresponding to the light reach-
ing a point 2’/ from two different source points. Two extreme situa-
tions may arise. They are illustrated for two source points.

1. The two source points radiate coherently: E} and Ez_
may interfere and the detected intensity is
- (LT /= L= = = .= |2
(T.] =EE)EE) = [E+E,)
P COHERENT ! ) ! L | A (111.9)
— 2. The two source points radiate completely non-coherently:
E% and EQL cannot interfere and the detected intensity is
- — 2 1=
— % | o -
5], =(EE) R <o Tor, coan

NON-COHERENT

The distinction between the detection according to equation
(I1I1.9) and equation (III.10) is all important. It is basic for
the further discussion of image formation.

Equation (I11.8), (III.9), and (III.10) describe ideal situations.
In general, only suitable time averages of the indicated intensities are
detected. Clearly also, in case of the light from several source points
reaching one image point, one has

= |2
— E. ’
[Ip,l COMERENT ’5; L (III.11)
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[IP' ‘E \Z 2 It (II1.12)

NoN - com;m:ur ¢

In coherent light: SUM AMPLITUDES AND TAKE SQUARE OF MAGNITUDE

In non coherent light: SUM INTENSITIES (i.e. SUM SQUARES OF MAGNITUDES)

It will be shown, when dealing with the mathematical formulation
of coherence, partial coherence and incoherence, that the absence of
interference is indeed sufficient to characterize non-coherence as
described by the above.

NOTE: It is very important to note that the transition from

complex amplitude TE to the detected intensity T=E . E¥ occurs
only at a detector.

III.3 Spread Function

NOTE: In non-coherent light, a point source at infinity will
produce not a point image, but rather an intensity distribution

IP, (U,v)":?';,(u,vj - F,(u,vj* = \P,(u,vﬂL (III.13)

The intensity distribution in the image of a point source at
infinity is defined as the Spread Function, such that

S(u ,’u) =

E?, O‘,’V)(—L) or betker S(U,D)=E7\:,V)-F(u,\a)* (I11.14)

I1I1.4 Image of Extended Source in Non-coherent Light

NOTE
IN DIV IDUAL

NON = COMERENT
RADIATORS

LINE ~-ELEMENT AREA — ELEMENT
N SOVUR CE IN S QUR LE
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An extended source can be considered as formed by individual
radiators (dipole, atomic, molecular etc.). This is true for self-
radiating or illuminated surfaces, gases, lasers etc.

For the purposes of image~formation theory, we shall concern
ourselves at first with sources in areas at right angle to the optical
axis of a lens system. Two conclusions reached previously are basic to
what follows:

1. The light from a point source is spread out into a "spread
function". As a corollary, it is clear that light from two neighbouring
points in the source will spill over from one of the ''geometrical optics"
images to the other, and vice-versa.

2. In non-coherent light, the contribution to the light intensity
at any image point is obtained by a suitable summation of the intensity
contributions to the particular image point of the light 'spilled" over
or centered there, as a result of its origin in the discrete object
points.

METHOD

The light intensity at an image point in the presence of '"spread-
ing" can be computed by considering the image formed according to
geometrical optics (called '"geometrical optics image' hencefdorth) and
by computing the weighted contribution by starting from the geometrical
optics image rather than from the object.

LENS w Let OOLnL) be the image according
IMAGE to geometrical optics.

SNSTEM
,,,———”7'1— PLANE Let s(Vv) be the spread function

according to equation (III.1l4).
s(u,v) is the intensity distribu-
tion in the image of a point source
ak infinity. (Later the concept of
spread function and convolution can
be easily extended to objects at
finite distance).

Let W= W for more convenient description of the image
plane.

We need to compute the
intensity

L (W, Vo)
o(w) at a point (wo,V’s) in
the image. Clearly, the

contribution of the image of
a source element of width

Ap and having an amplitude
:p\ ocu’) when centered at the
< oy Uj" X/ point / is given by
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Al (W) = sW,-w) olw) A

(III.15)

Equation (III.15) is nothing but the diffraction pattern (or
spread function) weighted by the intensity Q(uQ at the point W’/
where it is centered. Since even an elementary radiator (atom, molecule

..... ) has some finite width Aw , the spread function maximum
intensity must be weighted by of(u') éuj . If several source (image)
points contribute to the intensity & W , one has
L) = 2 olw ). s(uy-u') dw’ (111.16)
I

and in the limit of a great number of source points

\ v
L{us) = foooéu,’) s(w,-u') du’ (111.17)

Equation (III.17) is immediately recognized as having the form
of a convolution integral, i.e.

((UWs)= ow') ® s(w) (111.17)
LENS F | IMAGE
SYSTEM PLANE

\ fny) \e— F —>

The two important relations established so far can be written

as

SPREAD FUNCTION (I1I.18)
s(Wo) = T [F(x,\a)] . rﬁ[%‘/‘@]

s e s

L (U'n,'\)'o): O(u_/‘rul) @ S(U’,’U')

where M= Fourier transform, i.e.

Plurv) =}ﬁ:()<,\/) exp [’ZTrC(uX+ vYﬂ dXdY (111.20)

- OO0
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and @ == convolution integral, i.e.
tWovy) = o(wv) @ s (w,v)
o0
=ﬂ o(u'rv) s(u’.-u’/ \Ju'-\/‘) du’dv’/
- So

Equation (III.21) is the two-dimensional equivalent of equation
(I111.17).

(III.21)

I11.5 Analysis of Image Formation in Terms of Spatial Harmonics

Certain important advantages are obtained by analyzing the
image formation problem, as expressed by equations (III.18) and (III.19)
in terms of its expression in the '"spatial frequency'" domain. A
spatlal frequency has been defined as the number of light intensity
cycles (of a sinusoidal intensity distribution) per unit length. Tﬁecall

that the dimensions of u v , respectively here Ly/m/ are (LENGTH)™1)
Consider
‘*(U'o YV o) 0(0.,\)') & s{u 'v_) (I11.19)
Take the inverse transform \
I.T= ff( )&r[- Z‘Iﬁ.( ATR +wv;u’)]du’ dv/ on both sides of equation
(I11.19) .

In order to do this, recall one of the expressions of the Con-
volution Theorem, which gives

I.T. [i (u’olvo)l-- I.T [o(u.',w)] - IT. [s(u’,-\y)_-( (111.22)
Also note that

S(u.',‘o‘) = T[F(x,g)] - T [F(x,g)_] (I11.18)

where * indicates the complex conjugate. By applying the second ex-
pression of the Convolution Theorem to equation (III.18) one has

T TTs(iwd] = T (] T TtegT) = Fly)o #(ony

and finally equation (III.23) gives with equation (III.22) the equation

(I11.23)

eemmssion 1T Ui )J= T Jouind)] « [Fley)e of"Gy] T

Note: For real symmetrical Féﬁa) , equation (III.24) becomes
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(I11.25)

II1.6 Physical Significance of "Spread'" Function and of Spatial

Harmonic Analysis of Image Formation

1. Point Source (Dirac Delta Function) —m

Spread Functi%%
ul

Consider a point source with a geometrical optics point source image

+d/2

fw)=bm | (/8) o
=0 /-§/2

According to equation (III.17)
L(w) = S() @s(v) =s(w)

and one concludes that

SLUL) =

as in fact assumed in establishing equation (III.17).

as shown. 4

image of point source

Note that s(W)

does not in any way have to be the '"ordinary'" diffraction pattern of the

simplest type (for example the (shuu/u’)z
equivalent). In its most general form
images of a slit or point source respectively.
s{w) do not have to be in the focal plane,
(II1.17) goes.

2. Sinusoidal Intensity Object —_—

Let
_o_(i'\_\,_») =Re {exr [eri(xwu.' + 3\;/\")]} (III.27)

Let us deal with
olu' V') = e)zp['lﬂt(xwu' +y,,’v‘>:] (I1I.28)

and take the real part at the.end. o(wW,v')
describes the sinusoidal object (geometrical
optics image) represented schematically in
FIGURE. Use Equation (III.19)

()= oW, v ) @ s(Wv) (111.19)

It has been shown that the convolution integral
is commutative i.e.

s(w) and
In fact
as far as equation

distribution or its

s(w,v') are the
s(w)  or

Spatial Frequency
Response Function

INTENSITY
N

> !

Py

Pu

GEOMETRICAL OPTICS IMAGE

by

Xw, Yy, Rave He dimensions
of LENSGTH

RECALL: dimensions of uy v/
are (LENG;TH\).1

= L _
o rw J g'"'_




"Optics of Coherent..... " G. W. Stroke
March 1965 Page 45

0(‘*’4’”’)‘3 Sfu'vt) = s(uyv) @ O(“’/’Vy (1I1.29)

and therefore

l:(u,o,’\)lo) = s(w,v) e o (W) (1I1.30)

+50
L (w, /'U'o) = / / s(w)v) exp {Zﬁi[xw(u'o—w) -l-gv@:‘\” :{‘?{ dwdv’ (rrr.sn)

By noting that the integration is with respect to w fUl equation
(III.31) gives

L(u’o,m)._ exP[?m(x W oty V ]/[S(u“u exP Zm(xu,u oY )]du dv/ (111.32)

T g, DD
qr os:rec INT, I
DISTR IBUTION 4 Dls'rkrl BVTI%%‘”Y -7-' T. E S(u v’)] T (%, g)

Let us define

I.T. [5 u'v)]_ﬂs(u,n)exp[}m XUy v)]du dv' = ( t:w) 'C(x'g) (1I1.33)

as the complex spatial frequency response function of the optical
system. Note that the function ’tC&a) is a function of the pupil cor
ordinates X, which have inverse dimensions from the image coordinates
W and V  (re pectively W' and Vv’ ). A sinusoid in the W,V

domain is represented by a frequency in the X, domain. The mean-
ing of 7T (x, ) indicated in equation (III.3Z)canbefurther clarified
by taking the magnitude and phase of 't'(x,!a) . One has with equations
(111.28), (II11.32), and (III.33)

( (u’/uc) Frequency response function
t(&g): —— = for a complex (1I1.34)
) (LU’W)O (exponential) object '

Equation (III.34) is important and shows that T(x ) is
nothing but the gain of the optical system. By taking the real part
and phase in (III.34) one has

\-— lTUL[z<h/fW)]{ or thusov’ e
P B Rl i 4 s
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Plregl= SLbew)] — ¢ Lowmd]

Recall

(C(X,%) = (i(x,«é) X® C*(‘X, "&) (I1I.24)

INTENSITY

| )|

Bltlxy)] >

EXAMPLE

A2 LENS =
SYSTEM
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IV, COHERENCE CHARACTERISTICS OF LIGHT

(Experimental Characterization)

IV.1 Introduction

It appears that it is experimentally possible to distinguish at
least the following types of coherence:

1. Spectral (temporal or phase) coherence

2. Spatial coherence

3. Frequency stability in time.
In general, light must be described by probability functions. In general
also light from ordinary sources, and even from lasers, is either

unpolarized or partially polarized, and has a finite frequency spread
and an amplitude which varies in time.

The narrowest definition for light will describe it as a single-
frequency, polarized electromagnetic wave of constant amplitude. Let
E{?to dfscribe the instantaneous value of the light vector.

Over short periods of time one has
\4’"\ r/{_—é(t)
Re

| Elt) = St

Over longer periods of time, the mean E('E) =0
Im =
E(t)= L AT -
N VAL CLS
N bn B =0

However the mean square E(é) §(€J* is equal to the energy and
not zero:

FOEE = fn [TEGE@* b 0

IV.2. Characterization of time-coherence

1. Correlation method
Consider a light source d?

and an observation point P .

E (k)= E(E) g2

—> ORSERVATION It is assumed that the light
PO INT arriving at P via the two
E(t)=F paths shown has colinear
1()"E(€‘§) polarizations.

SOVRCe

LLOYD MIRROR
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The resultant field at L  is

Er(t) = E,(t)+ELlt) = E&) + E(t—) (1V.1)

Assuming gquadratic detection with long time integration, the
observable quantity is

I(E) = ER&) ER(E)* (IV.2)
L[ ATee(y) el dt %0

If one further assumes that the source is stationary, one has

T = Lliv) on€¥ (1V.3)

where Tf is the time difference between the two beams. One has

L) = |E(® +E(E-T)
= [eWP +[Eeyl re[Emet)] Y

The three terms in equation (IV.4) are recognized as auto-correlation
functions So('c) . One also has

lE(BI* = \ E(k-t)|* = SD(O) (IV.5)

because the source is assumed stationary. One finally has for the
observed intensity

I(t) = 2-50(0) -+ 2&0&‘) (1V.6)

where the varying quantity of interest is (ﬁf) , the auto-correlation
function of the electric field in the light” beam. Equation (IV.6) will
appear particularly interesting when it is compared to the expression for
I("C) obtained from interference theory.

2. Alternate way of looking at time coherence (Interference theory).

a) Monochromatic (single-frequency) light

Consider any ordinéry two-beam interferometer: for example,
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the Lloyd mirror illustrated under 1, or a Michelson Twyman-Green
interferometer, illustrated here

<« L, =P
_//rlr ,’LM | — Consider the I (T)
INBEX = o ' X obtained with a finite
I L delay a1~ at a given
p > 4 q frequency W .
< |7 b
¢ . /
M

s

PHOTOELECTRIC DETELTOR
One has

I(Tf}‘—" |+ | =+ 2@3'2\7'%: 2 ((-1- (mZTrufc)

W

(IvV.7)

with T = l/w :
In an actual interferometer, one has
Path difference A= n ( L, - Ll)

Phase difference ¢ = 27 A/?\_,
Time difference T = A/C

c = velocity of light in vacub

n refractive index.

7

PHOTOELECTRIC/
FLUX

0
ZERD
PATH  DIFFERENCE le—2J2 =

> A=cT
b) Polychromatic light (Non-coherent Source)

Let Z(w) be the

SPECTRAL spectral energy distri-
bution in the light
ENERGY — é'(w source. It is assumed
CEGLD 9) that a '"non-coherent
§69\ A source'" 1is such that the
o DWW different spectral fre-
quencies in the source

> 1) are statistically un-
(/q“o
-

correlated, so that no
AL > "interference'" in the
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ordinary sense is possible between waves of different frequencies. (The
case of beat-frequencies between waves of different frequencies is
analyzed below). Under this assumption, one has for

Wy Ife)= Sé(w.)Aw 2(1+cos 2wt
W, % T.0) = Q) bw 2 (I+w@s 2nw.T)
etc. .

and since the different frequencies are non-coherent with each other, the
intensity observed is

ICC')——-'- ?_fw( | + ¢os 2T w'c) (f(w) dw (IV.8)

Do
where / :/ .
w 0

A

I()

3. Compare correlation method with interferometric method.

Equation (IV.7) is
T®) = Z}D(o) + Zﬁj)(‘t’) (1V.7)

Equation(IV.8) is

I(’C’) = Z/Q(w)dw + Z/@(w}cas@wm) dw v.s)

One immediately recognizes the physical meaning of the auto-correlation
functions. One has

50(0) = /w @(w) dw (1V.9)
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and

jDCC) =‘l:) QE(‘U) COS(ZW“’IT) dw (1V.10)

Equation (IV.10) shows that the auto-correlation function of the electric

field in the light beam is equal to the Fourier cosine transform of the
energy distribution in the spectrum.

Equation (IV.10) has found important applications in Fourier-
transform spectroscopic analysis of light, and also in radio-astronomy.

4. Narrow spectrum. (Flat-tope line) (Special case. Important
for laser analysis)

17 W) o one has for the
é/ intensity
/
/
7 Wy g Lu w(ﬁ'ﬁ‘ﬂp wo‘l"AWD
Wy- A Wothw =
; ﬁﬂw\; ° I(t)-zjdm + 2 cos(2mwe) dw (Iv.11)
° wo-A% Wi B
i.e.
Wet+ Dw
2 ' ¢ °
I('c) = 4 Awb — [:w\ ZTTWT::( (Iv.12)
29T bo"AwO
and finally
Tt)= 4 Aw, || + Sin 27 Suugt Con 2T b,
= Wo 2T Aw, v ° (IV.13)

The I(If described in equation (IV.13) is shown in the figure

. The first.minimum of the
\ Sih ZWAwQ’b Sin x/>< envelope
2T B, T occurs for 2frAw,T,=T"-

Tl

CoS 21 W T
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The SNnx/& envelope is sometimes described as the fringe-
visibility curve. It is seen that the decrease of fringe visibility
with path difference is inversely proportional to the width of the spectral
line.

5. Photoelectric interferometry with Gaussian line-shapes.

For Gaussian line-shapes, the envelope is also Gaussian.

Indeed, let

%(w) = e (1V.14)

where a = constant. By Fourier transformation
_ a w 2 ’
Ca(w)-.: e . G(X) f mwxdu (IV.15)

G (%) / “SW sy du + L/ e sm(zrwx) dw (1V.16)

The second term is zero because 3(@0 is even, and therefore

v _aiw-z . - 7”_"_§2
G(x) = 2/ 12 cos@—mwg) dw ==‘£i e ° (1y.17)
()

In other words PR
_(Bw)? _Cn:)
%(w): ¢ — G(*) = 'V;i e (1V.18)

Equation (IV.18) shows the remarkable feature that the Fourier
transform of a Gaussian function is also a Gaussian function, with a
width that is inversely proportional to the width of the original
function.

More generally, as shown by Stroke(l), the complete expression for
the photoelectric flux _fb , for the case of a line of Gaussian line-
shape

(1) G. W. STROKE, "Photoelectric Fringe Signal Visibility and Range in
Interferometers with Moving Mirrors", J. Opt. Soc. Am. 47, 1097-
1103 (1957).
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dle)= e eeo

(IVv.15)
where
e = Gep { - (nafatT e fe
1s . 4 16*n? sin WX"(?h/h [2n ((—d /L‘)
F‘(x) 4! Rg O r{\'t‘ é re (W)((ol‘s *n/n) COSL @t(/?l)v/%; J

where account has been taken not only of the line shape, but also of the
effect of finite source aperture g . The line shape effect is con-
tained in the exr[lhﬂ xt¢tn?| factor, while the effect of the finite

source aperture is contained
in the sinx/X factor.

COLLIM
O-HMATOR 5 X e (Note that this factor
» ; / results here from another
S V. > cause than the factor in
(} / > equation (IV.13). With a
1’ / / finite source aperture,
M1. M4 beams go through the

interferometer not only normally, but also at angles within a finite cone.
In practice, the geometrical SINX/x factor can be made negligibly

small compared to the line-shape factor for distances up to the order of
meters. For instance, with (=6 x (O 4 radians, the first zero of the
SH\\A/K factor appears at xo |.5 meters. However, as shown by
Stroke (Loc. cit. 1) a non-negligible length correction needs to be made
in the use of 1nterferometers with flnlte apertures. For instance, with

the same olg2> leO’ , the o(,s/[; = | x |[0=7 in the cosine term,
which is far from negligible in practice (an error of .05 7tkL would
result in X =136 mm , if no account were taken of this correction).

6. Physical significance of power spectra

a) Case of a single-frequency signal

(k)
> ¢ Consider the circuit
?\ (t) shown. Let
gV .
= (IV.17)
l (b= T, wouw,t

and therefore

'\JCE) = RI, towt (IV.18)
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It follows that the power is

wit) = RI," oo w,t

n (Iv.19)
= J—.;Rl}" -+ '\i :Rro mzwoe
In the frequency domain, one has
T(w)= 'T'[_CU:)]= LT, 8(00‘%) +5 1, %(""*‘*’0) (IV.20)
where the delta function is definied by the scalar products
too
f (x) BDx) dx = F(D) (IV.21)
-0

and

f_:oqx) dfx-a)dx = Y[(a) (1V.22)

The spectral representation of the current, according to equation
(IV.20) is

|
T.Io

w

1
]

-We D + W

The frequency-domain representation of the power is

W) = T~ LRI
+ 4RI §(w-2u) +4 U}S(mzw) (1v.23)

Wi(w)

R

e [ 2

S 0 +2 o,
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Wi(w)
One notes that the spectral representation,of the pawer w(&) as
described in equation (IV.19) shows energy at frequencies where there is
no current! One concludes that it is necessary to seek a more suitable
representa tion of the "power spectrum'.

Consider the autocorrelation function of the current. Examine

T 2w, T
[Ty - g1 S (tv.20
-7

2w, T

In the limit, one has

oo
74}:@ ZL? /T ) dt = %'If (IV.25)

and therefore, an autocorrelatlon function ff('t’) exists.

Y()= b / [Iocmwl:][h o W (é-t)] ok (IV.26)

11+cn>21'

)0(,'(2‘) = 'li I, o Wy T (IV.27)

The Fourier transform @(U)) of the autocorrelation function is
@(w)= T[tf(’tﬂ = 21‘-_1-0[8 (Lu-wo) -+ g(w-\»wo)J (IV.28)

éB(ﬁQ) is defined as the power spectrum or the spectral energy distri-
bution of the current. It is readily seen that uq) has '"power'" at
the same frequencies at which the current exists.

P (w)
\ i
: Io‘ X ‘ [T} IO
=W, © 4o
One is led to conclude that the power spectrum (equal to the Fourier
transform of the autocorrelation function of the signal) is a meaningful

representation of the spectral energy distribution in the signal (here,
the current).

W

b) Case of a multiple-frequency signal.

Let

Flp) = 2o, ep (kal:)

(IV.29)
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be the signal. One has
Flw)= Z Qp 5(w—wt) (1V.30)
and the power spectrum is
@(U))= T[yCL‘)] =2 la&\l S((&)’Wﬂ) (IV.31)
according to Fourier-transform theory, and the theory of distributions.

7. Heterodyne analysis of signals, beat frequencies, etc.

Will be examined separately.

8. Spatial Coherence

The spatial coherence in a light beam generally has to do with
the ''coherence" between two points in the field illuminated by one or
more light sources. 1In its elementary sense, the degree of coherence
between the two points simply describes the contrast of the interference
fringes that are obtained when the two points are taken as secondary
sources.

The meaning of spatial coherence can best be understood with the
help of Young's two-slit experiment, or some equivalent. The important,
and generally unexpected conclusion to be demonstrated is that even an
extended source, composed of millions of statistically incoherent
oscillators, can produce a coherent field, provided only that the angular
diameter of the source, as seen from the plane of the two slits, is
small compared to the slit separation.

We next derive the equation defining the partial coherence factor.

Sl M o 7
RS \< Sz]'[ /

SOURCE

Let SH and SE_ be the two slits illuminated by an extended, non-
coherent source. Let E}(t) and E.(b) be the electromagnetic field
amplitudes at S4 and Sz. . The amplitude at T is then

Ee(t)= E, (t) e,xlo(t %) + E, (t) exp (‘L%J (1IV.32)

where

= 2 (151~ %)

(Iv.33)
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The observable quantity at }3 is
—_— +T
— - * |-
ELLE(t = 57| EDELY ok (1V.34)

where T >> T, ( period of oscillation).
One has

EHEl <[ e et ]

(IV.35)
== - : -
=EES +E2E{‘+E|g;et¢ +EXE,e ®
Let
- ox _|Fr =x s
E'Ea ) E'Ez‘e (IV.36)
then \e
EXE, = |E*E,|le 1V.36
Ea* 2 = ET§EZL e ( a)
and jm _
——— — — — ——
ERE: =EE* +t Bty + lE.E-ﬂQ € —\—IE‘*EIE e (IV.37)
B (1IV.38)
\E'E;j \ — ‘TEZ (DEFINITION OF "NON-COHERENCE" OF SOURCE 8S)

it follows that

oS (Cb+9) (1v.39)

Er(DE,(b< = EE* + E,EX+2|EE

It is now appropriate to compareequation (IV.39) to the inter-
ference fringe equation, obtained in Young's experiment with two

perfectly coherent sources, namely

L = lE|\e + |E, “+ EJE‘E,*JEZE; cosch (IV.40)
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I= I,\ ¥ L_"" ZV}TE 05395 (IV.40a)

It is seen from equation (IV.40) that one ¢an Wrile equation (IV.39) as

Et) et = EE* + EE 4 gl),'zl E B E COS@-!—G) (1V.41)

where we have defined a

PARTIAL COHERENCE FACTOR
_ E E> _ Iﬁz"‘ &p (LQ)
7& VEEXVEEX EEx VEEX

(IV.42)

One can also write equation (IV.41l) as

Ep(t) Eplt)*= T, + L+ 2‘7".\&7 \rITz o2 (¢+G) (IV.41a)

The meaning of the partial coherence factor 7.2 becomes immediately
apparent by comparing equation(IV.41) to equation(IV.40). It is seen
that the magnitude |7|2.| of the partial coherence factor is a measure of
the contrast in the two slit interference fringe system formed by S
and ;S',_ when they are illuminated by the source . The phase
of the partial coherence factor is a measure of the phase shift

s FRINGES OF Y2 =1
1
FRiNGES ©F vy, =/7n_/ar/n (¢9)
|
T

of the fringe maxima, compared to the phase obtained by perfectly
coherent slits. For instance, 'Q measures the position-shift along
Pl in the observation plane.

It is clear that

7|2=1 ——> perfect coherence

7!2.:0 ——> perfect incoherence (IV.43)

0O 4\")/ \ <] —— partial coherence
oY
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The meaning of 69 can be illustrated for a few special cases.
For example:

P+0 = 2m 7 —  ¢os (8+6) = MAX = +1
ond EEF = (E[gﬂx)m;._ L+ L+ 2y N Vz
G+6 = @m)) — o (B+6) = MIN = -1

ond LLEX =--(ERER*)M,N = I,-r];-Z/};z_/ﬁﬂ/};_

The meaning of /”&/ can be illustrated by comparison to the
case of perfect coherence, described by equation (IV.40) and (IV.40a).
Assuming Z; = IP_ one has

I.= 21 (l ro ) (IV. 44)

and therefore

Ic.,MAX =4 I,

and

\/

Lown =0

For the case of {7 l44 the partially coherent fringes can be
described (for the case Mlyx =\T, ) by

IPC =21, /Wzl D -+ Cm(¢+9ﬂ (IV.45)

The fringe contrast is then smaller by ljﬁzl

M_ <L,

For completely incoherent sources, “7‘.2_(=O and

(E‘E‘:‘)MA\( = G—T-:EL*)M/N 1y

Consequently, the fringe contrast is zero ,
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As a general remark, it should be noted that the mere observation
of fringes, by placing two slits into the field (for example at the exit
of a laser only shows that there is partial coherence in the field. In
order to truly describe the degree of coherence in the field, it is
necessary to measure the fring contrast.

p— — - — — - — e — A — — —— - —— e —— —— — —

HIGH-CONTRAST FRINGES LOW —CONTRAST ERINGES NG FR|NGES
,7nJ =1 r%z‘ < 1. k%1l==C3

9. Partial coherence with extended non-coherent source.

Let a source cg illuminate the two slits SL s SZ_ , as
shown. The source is centered on the z-axis, normal to the Xy plane at

one of the slits, say ;S",L . Ix/g’

- S (0Y)

“ip
' OSCILLATOR )
/ (rToMm ,JgLEg}ﬁ:—, ek.)

A R= Lo +Ty

: :Q&®

(;Ztended non-coherent

source

The source is perfectly non-coherent, according to the preceding
section. That is to say that no interference fringes can be obtained by
placing two slits in the plane of the source. It will be shown, however,
that if the two slits are placed far enough away from the non-coherent
source, interference fringes of good and even excellent contrast can be
obtained.

TIOf
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Consider the two wave-fronts 2 , and Zz_ originating from
and oscillator in the direction n, as seen from L One has
h=L,ot+ T (IV.46)
X J

where O,  and /%, are the direction cosines, and Uy ,';j the
unit vectors. Let

f = Exx +Ejy (IV.47)

describe the coordinates of /S‘ (X, )w1th respect to S (O 0) The

path difference between the two wavefronts 24 and é‘z from A is

= ﬁvf_': QZ)«-;—/?:a_ (1IV.48)

The electric fields at ﬁu and A;L , resulting from the oscillator
AL are therefore

At Sy s Eoi(t) = E(¢)
AE S,_ . Ep_ (l:) = E&) exr[- Lﬁ.(oLx.,—/QJ):( (IV.49)

In case of many atoms .l&t , one has

ALS, . Eule)=ZE, (8
AL S ESZ(JC) = ZL:CU:) Q—XFEC@(o(.LX +13, 3)] (1v-50)

Monochromatic light is assumed. 1In practice, only reasonable mono-
chromaticity is necessary for the observation of fringes in two-slit
measurements, when the fringes are observed with reasonably small total
(g from the source to the observation plane. (Filters are used in
the case of polychromatic sources).

In order to evaluate the fringe contrast, it is necessary to obtain
an expression for

Ea(t) Esz( £)*
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One has

E%\(QJ -=.E;‘<EJ T E:z (éj URTRRTRRRT
ESZ(t) = E1(t)@(f’ (°C¢l> + Ez(t)ar(-Ccﬁz)Jr... ey

(Iv.51)

and therefore

En(t) Ea(t)* = [En *’Ez+""][El*@‘[’é'"d%) “sz exf(ﬂ’gﬁ})—r....]

e _
Eqlt) 1E,(0% == EEXeq(id) + &Ex ep(C9,) (1v.52)

+ [E, Er eq(1) + ESEX aplB) + Her cross reend]

However, all of the cross terms are equal to zero, as a result of the
non-coherence of the source.

The only terms remaining in (IV.52) are

EyBE,(B* = EEx ep(ih) + EEX 60 ()t e

EHE() = 2 SHOIN(FSN [+ (t.x +8.9)] |

In the limit of an infinitely great number of oscillators,
equation (IV.53) becomes

ESI(t) Esza")* — JfISGL |/0°) eXF [Lﬁ(dx‘“fgéfﬂ Aot d/@ (IV.54)

SOURCE

— %

E: £ |
energy per unit
angular area of the

dO( dﬁ source at

given o¢ J /3

S
‘o
=
l
I

(IV.55)
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In other words, I;(;ZB)IS the apparent intensity distribution in the
source as seen from /32 .

It follows immediately from (IV.54) and (IV.55) that the partial
coherence factor , describing the coherence between A& and A%L
when illuminated by the extended non-coherent source is given by

7/= //OUQCIE (d A) exrﬂ@(dx-r/:%g)] doal 3
/é]; (;x /3) (jcx<j/g (1IvV.56)

uece

Equation (IV.56) is very remarkable indeed. It shows that: the
degree of partial coherence between two points Se  and 2 illumi-
nated by an extended, non-coherent source is given by the Fourier
transform of the 1ntens1ty distribution g (oL, B) of the source as

seen from the I, S2 plane. It is quite essential to note that the
source is centered on Sy . This will be clarified in the following
example.
Two S81lit Interference.
EXAMPLE: Michelson's Stellar Interferometer
ﬁ}
Iék’
~ FRINGES
U,///r/T B
STAR (/ P

Let ]}@X ﬁ) Ig, a constant. Experiment shows that an interference
fringe system is observed, under suitable circumstances, in the

plane T

The nature of the fringe system is easily described in Fourier
transform notation. Yk W= X

X / C?b
Z(-FYX) ~ ,,/ﬂ’fj
R

) s — -
Sy = .:1‘;\_‘w _JL_
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F) —= Flw)
F(x-d)  —> Flu eqp[2riud]
\C(y(-q-d) —s P(u) fX/l[__-znl'uol]

o rd) 4 o) —> 2Fu) an 27ud

and the observed intensity is

TW= 4 |[FW|* en? 2nud

that is

T(w) = ZlF(‘*)ll (( + o 47ud)

where the envelope

Fo) = TLE9]

— f+W/7.&(F (21Tli,gx) dx

“Wle
- W Sl'néTl’qu
W
and
Csin (riuw ) | E
[F(UL)(Z = wlt n 0 :(
Tiuw
The contra%} in this fringe system is obtained as
MAX ™~ .
7(%)= =</ MAX Is‘ eXp \_-Léo(.)(] dX
f”dw ' |
L oot (%o, )
= SinfRotyn ) sin (& XX

R o X T (X))

G. W. Stroke
Page 64

(Iv.57)

(Iv.58)

(1vV.59)

(1IV.60)

(1Iv.61)

(1v.62)

(IV.63)
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The 776%) due to the star is shown in the figure
Ped

Y(x) due o suree $, 4
L ‘_/‘NOTE‘: CCH"CTCO/ at )gi
S,

xoz.lﬁ_

2ol ny

X = 3/ N
l— ————————
It is clear that the apparent angular diameter Qf the star can

be obtained by simply determining the distance 2d of 2 from o, ,such
that the fringes disappear.

The remarkable feature of this experiment is that there is always
a separation &u 2 at which good fringe contrast is obtained with an
extended non-coherent source.

It is sometimes said that the coherence in light beams increases
with distance "by mere propagation'. What is happening is simply ith
all dimensions (source, AR ) constant, that the separation ﬁigi
becomes increasingly smaller compared to ’7(x) as the distance of the
slits from the source increases.

10. Intensity correlations in partially coherent fields.

Much more can be said about the coherence properties of light
than is sufficient for the experimental characterization given above.
The reader should consult, for example.

1. L. Mandel, "Fluctuations of Light Beams'", in Progress
in Optics, Vol. II., edited by E. Wolf, North-Holland
Publishing Co. (1963) pp 183-248.

2. "Quantum and Statistical Aspects of Light." Selected
Reprints. Published by the American Institute of
Physics (1963), $2.00.

3. "Quantum Electronics III", edited by P. Grivet and
N. Bloembergen, Columbia University Press (1964).

Much of the basic theory of coherence was developed by
P. H. Van Cittert, Physica 1, 201 (1934)
F. Zernike, Physica 5, 785 (1938)

H. H. Hopkins, Proc. Roy. Soc. A208, 263 (1951);
ibid. A217, 408 (1953).

A. Blanc-Lapierre and P. Dumontet, Rev. Optique,
34, 1 (1955)
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E. Wolf, Nuovo Cimento 12, 884 (1954)

A. Marééhal and M. Frangon, "Diffraction”,
ed. Revue d'Optique (1960)

as well as by A. Einstein, and others.

Only one more of the many aspects of coherence will be examined,
in order to further illustrate the simplicity which results from the use
of modern image-formation theory and Fourier-transform methods in
dealing with coherence.

11. Intensity Interferometers

A great deal of interest in the understanding of the coherence
characteristics of light was created by some classically unexpected and
not easily understandable results of an experiment reported by Hanbury
Brown and Twiss in Nature, 177, 28 (1956). Basically, the experimental
arrangement is quite similar t to the two-slit experiments described above.
However, instead of observing the 1nterfere §p fringe-system formed at
some distance behind the two slits 1.and 2 , photoelectric receivers
are placed directly behind the slits, and their outputs are correlated.
A perfectly equivalent arrangement consists of correlating the outputs
of two radio-astronomical antennae, following square-law detection.

The interpretation of the experiment in terms of image formation theory,
is immediate and perfectly straightforwardx.

Consider the radio-astronomical experimental arrangement
illustrated:

A AERIALS B

AMPLIFIERS

() sawmee-Law  detecrion ()

MULTIPLIER

, . m—— —
O VAT o 1 Y EQUALZING

\NTEGRRTOR m DELAY L|NE

RECORDER. (A HINEAR

*See, for example, R. C. Jennison, '"Fourier transforms and con-
volutions for the experimentalist', Pergamon-Press, The Macmillan
Co., New York (1961).
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It will be shown that the intensity (or post-detector) inter-
ferometer permits to measure the ’)/Cx resulting from the star, just
like Michelson's stellar interferometer. The significant difference
between the two interferometers is that the intensity interferometer is
much less subject to atmospheric fluctuations and considerably less
subject to the mechanical and optical stability required in Michelson's
interferometer.

First note that

i E wc()() F (04,)

]
—_—> '
- '
/ —> AT «
then
|
AMPLITVDE )
)
PHASE !
]
—> X Sy WaN

4

il
() exp(2miBpy)  =— F(0-6)

This is to say that if F(XJ is the image of the source as
seen from one of the antennae, its image as seen from the other
antenna is €(x) exXp (21i0x) . The corresponding functions in the
frequency domain 'are shown on the right. The way in which the stellar
diameter can be measured will now be explained, with the help of
non-coherent image-formation theory.

In fact, a graphical explanation is most suitable.

The analysis is based on taking the transfer functions for
the geometrical image of the star) ox) , separately for each antenna,
then convolving the two "images" 4 () and R ilx)g , according
to the operation of the multiplier and 'integrator. The instensity
recorded on the cross-product recorder is shown to be,(Yﬁh%¢éf4from
which the intensity distribution across the star is immediately
obtained by varying the antenna-distance (whigh in turn, results in
the desired variation of A ).

The graphical analysis is given on the following page.
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INTENSITY INTERFEROMETER
ANALYSIS

-
Ao >

ﬁ X
/\”C (x) TRANSIT
— > RECORDED ON CHANNEL BD
SOURCE Slh ol
INT 2N S _
ICIN

L N\ - > % — J\Af- he oy

0(ct)

‘4 X
@ T(x) TRANS|IT

L _
/\ X RECORDED ON CHANNEL

= §‘_'123L = I(O‘).B

/\oh.
ANy yA

TRANSIT RECORDED
ON CROSS- PRODUCT RECORDER.

2 s
SN\
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V. IMAGE FORMATION IN COHERENT LIGHT

V.1. Introduction

The basic characteristic of coherent-light image forming systems
is that complex amplitudes, rather than intensities in the field add
before recording. Of course, just like in the case of non-coherent image-
formation, only the intensity &£ of the resultant field can be recorded.

It is essential to note, however, that what is recorded is the
resultant intensity. Thereqds no law that prevents a coherent background
field, heterodyning and interferometric methods from being used to suitably
modulate or indeed demodulate the ''coherent'" signal field.

A basic example of an interferometric heterodyning method, as used
in wave-front reconstruction, was described in the introduction
(Section I.6.).

In the final analysis, coherent-light optical systems still appear
to permit more flexible image processing, for instance in communication
systems, than non-coherent systems.

Only some of the most basic concepts are introduced here.

V.2. "Coherent'" Illumination

Coherence, in this chapter, is referred to principally in terms of
spatial coherence.

Three examples illustrate coherent illumination:

Example 1
LENS
—
POINT
JOURCE
PHASE
FRONT

Any object placed in this’/region can be considered as coherently
illuminated.

Example 2: Equivalence
2> COHERENTLY

= WLuMINATED
POIN \:j ORTECT

SOURCE -

COHERENT ORTECT
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This coherently illuminated object must conserve uniform phase

transmission, if it is primarily an amplitude object.
Example 3 Equivalence
-
L /V~ - (S§\. N
) ~_ 2
ILaser |] ) N
T Y
e s o
-~
TWO SLITS URCE_ TWO SLITS '\_}33_):
INTERFERENCE
FRINGES
V.3. Image Formation in Coherent Light, Considered as Double
Diffraction.

In many cases, it is convenient to consider image formation in
coherent light as a '"double-diffraction'" process.

‘.«t——- 2.4, —— | 2 —>
COMPLEX FILTER
“~ - ~

- - & -~
~L L o
SOURCE i e /‘
COLLIMATOR
CoOMmPLEX ORTECT < g ':LL\TEZ‘EE }

U’H‘\&E AMPLITUBE)

& £,
This is the arrangement used by:

o SPECTRUM OF COMPLEX 2RTE(T
=

Zernike (1935)
Mar€fchal and Croce (1953)
E. L. O'Neill (1956)

SPECTRUM Flirer

SOURCE
N e = f -
COLLIMATOR covaEx
QBTECT FILTERED
. IMAGE
This is the arrangement used by:

Cutrona, Leith, Palermo and Porcello (1960)
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An example will illustrate the double diffraction concept. (Abbe,
Wood, Maréchal).

Consider the phase grating shown.

ORTE(T SPECTRUM IMAGE
0 3 )
L1 ﬁ L'L O
?eri'od'-'x'F
WITHOUT FILTERI Rrisd=

NS
4
WITH FILTERING

specrrym I FllteR
| e
P IMAGE
a; :j[ L 0!

Period = P/E_

The filter (in this case a simple mask) has singled out only the
0, 2, 4, etc. harmonics in the spectrum.

V.4. Abbe Resolution Criterion
(Another example of double diffraction concept)

Consider the coherently illuminated periodic amplitude object of
period p

2 F(u) c@GTr -‘,’g)

producing a diffraction image (spectrum),
F(x+'—p) + £ (x- l)
P

according to Fourier transform theory.
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@sz*f
fe—1d —

Let D be the aperture of the o) ectlve lens looklng at the object. If
the two spectral "lines" C get transmitted through the
aperture, the amplitude in the im ge, according to Fourier-transform

TLf(xed) + Fle-1) ]
= 2 FT}L) o (Znﬁﬁ)

March 1965 Page 72
OBJIE(CT SPECTRUM IMAGE
TZE A T
| P,
P ] d D

4&—- C*’ d"-——-—>~

and the intensity in the image is

(W) = Ae) A (W)™
4 [Fwl* o (2m o,
= 2 |FWI*( [+ w20 %)

It is seen that the "image'" has the same periodicity as the amplitude
object. In fact, the object is fully "resolved".

As long as the two spectral lines pass through the apeérture,
complete resolution will be obtained. It is seen that resolution, without
loss of contrast, is obtained up to the value of

Ly < 2 3
c.

P

that is up to

27
F>—5d

in agreement with the Rayleigh criterion (see figure, recall operation
in coherent light here).
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V.5. Transfer Functions in Coherent and in Non-Coherent Light

From the preceding section, we can represent the frequency
transfer function T ( XD by the graph

| 'C'(K)

[ -
\

°~ ———

N
D +D X=% d
2. r

showing that transmission without loss of contrast is obtained from
x=0 ¢to x:% =-'-7,1. , and then the contrast is zero.

We recall, for comparison, the frequency response for non-coherent
light:

T(x)
NON=COH,
| L : X
=D D
Finally,

in terms of the double-diffraction concept, it is easy
to understand why the resolution appears to be doubled

, in coherent light
with the use of oblique illumination

OBTECT ’[‘h( \"L T ORTECT

i T
‘i ""Z/PN _‘oL‘ D '/P" - L D
!

_SPEC.TRU ﬁ \/" b 3 u

iy SPECTRUN T
(At L|MIT OF Resu.umu) 'L‘JLJ*ENJ

CAT LiMmiT OF RESOLUTow
NORMAL ILLUMINATION OBLIQUE ILLUMINATIO




"Optics of Coherent..... " G. W. Stroke
March 1965 Page 74

Analysis shows that the single side-band imaging obtained with
oblique illumination does not represent faithful imaging. However,
there is no doubt that increased 'resolution' is obtained.

V.6. Phase-contrast Filtering

The concepts of double diffraction permit a very simple inter-
pretation of the phase-contrast filtering used in microscopy, in order
to transform unobservable small phase variations into easily observable
intensity variations. We recall that F. Zernike received the Nobel
Prize for this work in 19353.

Consider an object Féﬁg) which is a pure phase object, i.e.

F(x,é) = exp Lo blxy )] V.1

Let the phase ¢[X,%) have sufficiently small values, so that one can
write

F(x,%)v.__fy___ |+ L(b(x,a) oo v.2)

It follows that

qx,g) —> Plu) = S(O) ~+ T [Lﬁ(x,a}l (V.3)

FILT
CONDENSOR.  PhAce SPECTRUM {FlLTER [H@N)J N'_GF"EA L&
OBJEC _ - ) -~ -
SESSIN S
\/ @ L o~
SN 0 ~ >0
\k _ - -

FGuy) i f(}ﬂ,\) i) ¢(x,gﬂ/ ey

Let the filter H(u,'u) be chosen so that
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H(M,’UJ = Lt over e reg,'on 8(0)

V.4
= i over the \"ema\‘m'nj s'oech"tum ( )
where t=amplitude transmission factor ( 0 = £ = i.) .
The "filtered spectrum" is then
Guv) = P(un) H (u,v)
(V.5)

= 180 + LT Lotny )]

By the second '"diffraction'", the image @(xﬁg{) is

(:(x',\é,’) = TL 6(um) |
LE +L FBlxy)

that is

F(X’,%') = ):& + d>(><,t4)] (V.6)

‘The intensity in the image is

v

L (X',\a')= \C(x’,\a') . F(x',\d')*;— 't pte2gk 2 gk (v.7)

The intensity of the background is ﬁ?‘
portions of the image is

C 2 gk 20

and the contrast of the phase

TS — 1 a5 V.8
b+ 20k  é+2f (V.8)
With E =4 , 1t is seen that a very high contrast is obtained even
for extremely small values of qﬁ . (For instance, with E = {0‘3 ¢=|O'3

radians, = C = 2/3 ).

Equation (V.8) is to be compared with the contrast which would
be obtained without filtering. One would have

L(x/'al)wpluem = |+ ¢2(X’3)

(v.9)
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and the contrast of the phase portion would be

C. = %} = Q52 (V.10)

UNFILTERED —

giving, for @ =/0""= C=| -C

The phase contrast method of selective filtering is a basic
example of the '"matched" optical filtering.

V.7. Optical Filtering with Interferometrically Matched Spatial Filters.

Consider the system shown in the figure:

) — Flpy)  — Elonmy)

-— e _-.-.‘-—-

L]
) :7/ |
01 - N )
- N\
g o o’
N .4
\ | 7 {
- '?i N { Fz_. { P'S
L oo VY & !
c INpYT 1 FILTER * outeuT
PLANE PLANE PLANE
The system shown is recognized as one of the coherent-light imagin
systems. The object 0 , in the P, , plane is imaged one to one in the

P, plane. If a suitable spatial frequency filter is used in the :PL
plane, it is possible to selectively filter out of the image CY any
desired frequency, in a way quite comparable in principle to the filterin
methods used in electrical communication systems.

Floy)  —> Flbg) < Hlg)— "Ony)

> = f(-« -
ﬂ @ M_XI:B

\—-4—-—-4—
-

‘ j
¢ |171 L4
X Lo

OPTICAL IMAGE FILTERING SYSTEM

g

g

|
)
u
J
0!
|
|
|

LY
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It should be clear that the entire process between
and C)) must be carried out in coherent light, and,
a
therefore, that the spatial filter H(Fﬁi) must beAcomplex filter.

As an example of a filtering operation, one may wish to
determine the location of the word CHRIST in a page of the
"Letter of Paul to the Philippians'". The location of the
word CHRIST will be marked by a bright dot of light,

corresponding to the convolution

¢ (‘X, ! ) ® F\ (-x/ -%)

indicated on page 76, where

R (xy) = THpg)]

and H(qu;) - complex filter for the word CHRIST.

The photographs on page 31, illustrate the three principal
steps in a coherent-light filtering operation. The top figure
shows the section of the transparency in which the location of
the word CHRIST is to be determined. The center photograph
(center-left) shows the "filter" obtained by recording the
diffraction pattern of thw word CHRIST in the Fourier-trans-
forming arrangement illustrated below, together with a coherent
background. The similarity between the '"complex filter" and a
Fourier-transform hologram" is readily recognized. A "Fourier-
transform reconstruction" of the word CHRIST, obtained in the
focal plane of a lens by illuminating the filter in collimated
light is shown in the (Center-right) figure.

Finally, the filtered image is shown at the (bottom-right)
together with a zero-order image, both in the '"output plane'.

The entire work was carried out on P/N Polaroid Film.

This work shown in these photographs was carried out in the
Electro-Optical Sciences Laboratory, at The University of Michigan.

under the direction of Professor George W. Stroke.
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Realization of the Complex Filter and of Filtering Opera tion

Let the desired filter be

(p,q ) =(Hle#®

(V.11)

Let %('X,g) be a transparency of the word CHRIST which

is to be filtered,

h(x,y) = CHRIST = "filter signal"
Let

HX3)~9 H(pq) =WH\€}@

by Fourier transformation, in the focal plane of

Let the reference signal be

YR\ €f;¢

produced as shown in the figure.

—> _"E\LTER SIGNAL”
— ¢(xy)

< IRIGGeby )

LENS ) L
X e

l

E<?— F ‘——————€>r&““ (~’—_—§A
\

One has, in the focal plane of L.a !

iy ) + [{80k-by) —

e+ R|et?

L.

(v.12)

(V.13)

(V.14)

Photograpkic
sl

FILTER
PLANE

(V.15)
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It is clear that

R\e‘m: ]R[ exp [ETTJ ((zb‘r ‘i)] (V.16)

e Qb: PLD—b(a_ = linear phase function (V.17)
The intensity G(F/ c.)l.) recorded on the filter is
Glpg)=[ler® [T M e
that is
G(F/ Ll) = \R‘2+ lle"' RI H‘e&@@_ R‘lHle—~&(¢~9) (V.19)
In other words, the recorded filter is
6(pg)= [IR 0] + (e Rl 4 ole P Rle?® cvzo

However, the desired filter is lHle&e . '

Question: How can the desired filterlHleﬁ be separated
from the recorded filter G(p,q) ?

Answer: The separation is carried out "automatically" by
the lens La in the optical image-filtering system shown

above (p.76).
Indeed, let |Rl = % = some constant, Say 1. Note that

the phase is a linear phase function

&= ZWGF +cci)
As a result, it is seen that the desired filter function
lH\ Ei&e has been placed on an interferometric grating

carrier, such that the filtered output will appear off axis

by amounts X=LU '7=C . Indeed,

IH‘ e,ieeM —_ %<x+L/7+c> (V.21)
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and therefore,
Flo) [’ — €l g)@hlabyre)

Comparison of equation (V.22) with the Optical Image Filtering
System'" figure (p.76) shows that the image has indeed been
filtered as desired.

The other terms "f'iltered" by <;(P/9_ , some undesired and
some desired will appear respectively on axis (the IR(Z‘ and lStl
terms), and on the other side of the axis (the “Hef}e[kleé¢ term) .

The close relation of spatial filtering work to aspects of

optical holography will be further stressed in Chapter VII,
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INPUT PLANE

£(x,y)

"RECONSTRUCTION"

FILTERED IMAGE
(RIGHT~HAND SIDE BAND)

OUTPUT
PLANE

h(-x,-y)

OUTPUT

PLANE

f(-x,-vy)

8 h(x+b,y+c)

(Prof.Stroke's Electro-Optical Sciences Lab. The University of Michigan)
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V.8. Optical Computing, Correlating and Signal Processing

Two principal types of optical signal processing systems, using
coherent imaging, have been developed at the University of Michigan and
at the Conductron Corporation in Ann Arbor, as a result of the pioneering
work of Professor Louis Cutrona and his associates.

These are:

1. Spectrum analysers.

2. Optical cross correlators.

A brief description of these systems now follows.

1. Spectrum analyzers

Basically, an optical spectrum analyzer is comparable to an
optical grating spectrometer using monochromatic radiation and an imper-
fectly spaced diffraction grating.

In an optical spectrum analyzer, the grating '"imperfections'" contain
the significant, desired information, recorded on photographic film, for
instance with the help of a cathode ray oscilloscope. Seismic vibration
recordings are an example of signals recorged and analyzed in this manner.
The analysis aims at determining the power '"spectrum" of the recorded signal,
forming the imperfect grating.

A complete theory of optical grating imperfections was given by
G. W. Stroke in 1960*, Its results are immediately applicable to the
spectral analysis as carried out in optical spectrum analyzers.

A schematic diagram of a spectrum analyzer is shown here:

SIGNAL W,y
)y !

Q

F ——>

F(X,a) %(ul’u)

a(up) ——ff€(x,\é) . 21r

*G. W. Stroke, "Etude theorlque et experlmentale de deux aspects de la
diffraction par les réseaux optiques, L'évolution des défauts dans les
figures de diffraction, et l'origine &lectromagndtique de la repartition
entre les ordres'", Revue d'Optique 39, 291-398, (1960).

One has
L

WXV
(1 %)dx :’1 (V.24)
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In the (u,—u) plane one has (Zz,, Uines fmm

v
. W
W °
Buch that Wo = 7\F&b . The difference with spectrometers used in the
analysis of optical radiations is that here one investigates g, rather

than

The important feature of optical spectrum analyzers is that they
can be designed to perform the spectral analysis simultaneously for
dozens, hundreds, and in principle thousands of channels.

A4

A W

Bl — MANY CHANNELS
M

C
Ay W (s~ .

The simultaneous analysis is based on the use of cylindrical
optics. A two-plane view of a multi-channel analyzer is shown.
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For example, 120 channel analysis has been carried out in some oil-
industry application.

2. Optical cross-correlators

Cross correlation problems arise in such diverse fields as statistics,
pharmaceutical product development and indeed target detection and identi-
fication.
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In an optical cross-correlator, using coherent light, both the
"known" and the '"unknown'" signals are recorded on film. Both films are
generally immersed in liquid gates, and indeed one of the films, say the
reference film 3(&) is moved through the liquid gate, at very uniform
rate, in order to carry out the cross-correlation.

F(x) unkNown gy SL IT
GATE —>
0
PHoTo -
ELECTRIC
PLANE
% g(u '\)) MOVE D
POSITI\) E @ - £
(care&.l\\/ controlled gamma) NX) 9()( 1'“[’) (*)

One obtains inthe exit plane the function

Au) = T[A(XJ /F(*) g(xﬂt)e xd)( (V.25)

called the ambiguity function.

Note that ®f the exponential term is made equal to unity, then the
output is equal to

A(u)°= /_: 1[(*) %L(X"'T:) ol (V.26)

which is the desired cross-correlation. The desired reduction of the
exponential term to unity is very simply accomplished by placing a slit
(pinhole) on axis. Indeed, in this case W=0 and % =

For multichannel cross-correlations, cylindrical optics and a s11t in
the exit plan are used, together with multiple photo-detectors, to obtain
simultaneous analysis.

V.9. Note

Some additional background and details on material described in
this chapter are given in University of Michigan technical reports by
A. B. VanderLugt (Signal detection by complex spatial filtering) and by
A. B. VanderLugt and F. B. Rotz (Data reduction by coherent optical
systems), as well as in G. W. Stroke (University of Michigan, EE475
lecture notes, '"Optics of Coherent and Non-Coherent Electromagnetic
Radiations), and in technical literature available from the Conductron
Corporation in Ann Arbor (L. Cutrona and C. E. Thomas).
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VI. CONVOLUTIONS, SPECTRAL ANALYSIS
AND THE THEORY OF DISTRIBUTIONS

VIi.1. Introduction

The theory of distributions, as first described by Laurent Schwartz
in 1950-51, and developed by many authors (in particular J. Arsac,
A. Erdélyi, M. J. Lighthill, G. Temple and others) is proving to be an
increasingly powerful tool in modern optics and electro-optical science.
The reader is referred to one of the new treatises for even the basic
definitions. However, a few examples will be used to illustrate the
power of the method.

VI.2. Distributions

A scalar product of two functions F(x) and SLX) is defined

/?;M gdx = < {:(x),%(")> (VI.1)

by

Even if a function ((x) does not have a Fourier transform, one can
define

- f(x)( %Cx) > = Some Number (VI.2)
150
provided that _[;o 9&)dx exists. In this case, (GQ is called

a distribution. It is recalled that a function can have a Fourier trans-
form in the strictest sense only if it is obsolutely integrable, that is

if
/.:o l FE9) dlx (VI.3)

For instance, F(X)==i does not have a F.T. in this sense. However, let
f(+x)=§&) such that

< §(x) La(x) > = 3(0) (VI.4)

and

< B(x-a), 9(x) > = g(a) (VI.5)

Equations (VI.4)and (VI.5) define the Dirac delta function as a
distribution .

VI.3. Impulse Response of a Linear System

Let L be a linear operator, operating on F\(gj or FC&) , such
that
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E(y) O n( - L [f(e]
INPUT OUTPUT
£(x) L %)= Llka]

We require the linear system to have the properties of:

Linearity:

L. [04 Q(H + Q, R(t)] = Q, L [ﬁ (E)l + Qx(_ [Czce)l (V1.6)

with a’flz = constants and

Time (or space) invariance

L [ fle-e)]
L ):\C(x-x,)l

The impulse response of the linear system (bptical system, electrical
network, etc.), is represented by 4(t) or R(x) such that

f(t) =L [5(
&) | JT NG [_ﬁﬂ

IN

il

n(t-E

h(x-xJ

(VI.7)

ouT

| — At
8(‘7"51) I L RN )?

where R(t):: impulse response of the system.

For an optical filter (f.ex. interference filter, optical network*)
ﬁlb)) the "time' impulse response is in order. For an optical image
forming system, OQ , the '"space'" impulse response is in order.

(The "space" impulse response (ﬁ is nothing but what is ordinarily
called the "diffraction pattern").

*See, for example, G. W. Stroke, "Optical Network and Filter Synthesis
Using the Theory of Distributions", Proc. IEEE, 52, No.7(July 1964).
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VI.4. Response of Linear System to Any Input Function

Now let the input function C(ﬁ) be formed of a sum of unit impulses:

fey= [R(L) §(5-t) olt v1.8)

<290

Recalling that (S((:,-l?) f(EJ :gf}according to (VI.5)

fe= [ Fe)S o L[e]= k) o k)
»T \_ —>

One immediately finds for the output function

LA = L [ [ ) (et ot
- fjoo (L) L [8(&,-&)] ot (V1.9)

because of the fact that L is linear. It follows that

L[F((z) ] =n(t) = [bo(:(é.) ﬁ(é,‘(:) df‘ (VI.10)

OouT

showing the remarkable fact that the output Q(ﬁ) is equal to the
convolution of the impulse response function with the input function.

In case of non-coherent image formation, for which the "diffraction
pattern'" or spread function is

{(x) = £(x)

one has, for an (imput geometrical image)p(x):ofx) the output 'z(x) =(—(K]

Lx) = olx) @ 5(") (VI.11)

VI.5. Spectral Analysis

Let §é>(k{) be the spectral energy distribution in the input.
The output 120») j‘[iiqﬂ is as shown



"Optics of Coherent..... " G. W. Stroke
March 1965 Page 88

dlw) L (&) ]=RWw)

L. ——

ouT

Sw) Hlw )

L —>

I{(LU) may be the spectrum as recorded in a grating spectrometer, as a
function of W or /A_ , or the response in an optical spectrum analyzer
using heterodyning detection.

Let the impulse response of the spectrometer be ‘ﬁ(w) . Also,
let the input §(w) be

é{w) = fpo@_é((ﬂo) S(UJ;W) olwc (VI.12)

One immediately has for the output

TR((A) fbo(f(w X P\((,u 4,0) G’Wo (VI.13)

that is

Rw)= Pw) ®R (w)

(VI.14)

which is recognlzed as the basic equation governing the behavior of
spectrometers. R UJ) is the quanitity actually recorded in the
spectrometer. One has by Fourier transformation

TLRw]= T[0w] + T[aW] v1.15)

It is recalled, for optical as well as for electrical network systems,
that

T [R(UJ)-} —= frequency response of system (VI.16)
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VII. THEORETICAL AND EXPERIMENTAL FOUNDATIONS OF OPTICAL
HOLOGRAPHY. (WAVEFRONT-RECONSTRUCTION IMAGING) *

Introduction

Recent developments have generated a new interest in
extensions of the wavefront reconstruction method first described
by D. Gabor in 19481 (2)

It now appears possible to describe conditions under which
and "xX-ray microscope'" might indeed be made to work so as to
produce from x-ray holograms images which would be "true" well-
resolved pictures of crystals, proteins, and molecules.

A great deal of work has been devoted to wavefront recon-
struction since 1948.1—22 Much progress has been made in
developing methods for superposing the coherent background on
the field scattered by the object, and for obtaining well-
separated reconstructed "wavefronts'" and images'. By and large,
the optimism and foresight expressed by Gabor in his 33-page
paper in the 1949 Proceedings of the Royal Society have appeared
to be justified in the 15-odd years which have followed his work.l-5

It now appears that some of the principles required for new
extensions of wavefront reconstruction methods may require
additional clarification.

It is the purpose of this paper to discuss the theoretical
and experimental principles of wavefront reconstruction imaging,
as they now appear, in the light of new theoretical and experi-
mental evidence. Four advances, two experimental and two

theoretical, may be particularly singled out.

*This chapter is substantially the material presented on Nov 9, 1964
in Boston at the Symposium on Optical Information Processing....

and forming the chapter "THEORETICAL AND EXPERIMENTAL FOUNDATIONS
OF OPTICAL HOLOGRAPHY (WAVEFRONT RECONSTRUCTION IMAGING)'" by

G. W. Stroke and D. G. Falconer in "Optical Information Processing",
edited by J. T. Tippett, L. C. Clapp, D. Berkowitz and C. J. Koester
(M.I.T. Press, 1964).
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1. The successful reconstruction of wavefronts
scattered from three-dimensional macroscopic scenes illuminated
with 63288 laser light.

2. The attainment by '"lensless'" wavefront reconstruction
of greatly magnified (= 150 X ) microphotographs of biological
samples, illuminated in 632828 laser light without the aid of
any auxiliarly lenses.

3. The new theoretical evidence, which we indicate, that
considerably greater resolving can be obtained with x-ray
holograms then had in the past been considered possible. Real
rather than "empty'" magnifications on the order of 1 million
and more appear attainable, and should permit one to obtain the
highly resolved x-ray pictures which have been sought.

4. The simple interpretation of the spatial and temporal
coherence requirements, which led to the three-dimensional laser
holograms, and which is necessary for the extensions of the method
to such problems as x-ray microscopy.

It might be in order to recognize Gabor's unique role in
introducing a new method of image formation in optics.l—5 In
analogy with photography where lenses are used to form images,
we suggest "holography" as the description for a process where

holograms are used as aids of image formation

viI.1l. Background and Experimental Foundations

The term "wavefront reconstruction" refers to a process in
which the amplitude and phase of a scattered electromagnetic
wavefront is recorded (usually photographically) together with
a suitable coherent background in such a way that it is possible
to produce at a later time a reproduction of the electromagnetic
field distribution of the original wavefront. The coherent back-
ground is necessary for the separation of the 'reconstructed"
wavefront from the rest of the field scattered by the hologram.
The various wavefront recording methods differ by the manner in
which the coherent background is supplied, although the general
idea of introducing a coherent background may be shown to be
directly related to the methods introduced by Fritz Zernike in

1934 with specific application to phase-contrast microscopy.24_27
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Much similarity can be found between the manner in which the
"phase'" in the scattered field is recorded in a hologram, on one
hand, and the manner in which the phase is being recorded in an
ordinary two-beam interferogram, on the other (Fig. 1). This
analogy is almost complete in the method which we use for
illustration.

In fact, it can be readily shown?2(Fig. 2 and Fig.4) that
an 'interference grating'" is formed on the photographic plate,
both in the case of a two-beam interferogram (Fig. 2), and in
the case of a hologram (Fig. 4) where the '"background" or
"reference'" wave is made to fall at a suitable angle on the plate,
with respect to the scattered wave. In the case of a plane
scattered wave (such as that reflected by a mirror) and a plane
background wave (Fig.2), the "hologram" or "interferogram" is
simply formed of a grating with sinusoidally varying, spatial
straight-line interference fringes.

When this '"grating'", forming the hologram, is illuminated
by a "plane" wave (Fig. 3), it will produce by diffraction a
set of plane diffracted waves, which are readily seen to be the
"reconstructions'" of the originally plane "scattered" wave.

In the case of a scattered wave containing both amplitude
and phase variations, the fringes in the "hologram" will still
form a "grating" in the general sense (Fig. 4). The fringes
in the grating will be suitably modulated in position and in
intensity, according to the distribution of the electro-
magnetic field in the scattered wave near the photographic
plate. When the "modulated interference-fringe grating'" is now
illuminated by a plane wave, it will reproduce, in two distinct
sets of diffracted waves, precisely the phase and amplitude
modulations which were present in the original scattered wave
at the plate. An observer '"looking" at one of the diffracted
waves would ''see" the same object which he would have seen
by looking at the waves scattered by the original object. The
other wave has the property of actually forming a real image of

the object without the aid of any auxiliary lenses.
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Interference and diffraction principles of gratings are

not only basic, but sufficient to explain the physical aspects

of wavefront reconstruction.zz’23

It may frequently appear
convenient to visualize the generalized hologram as "modulated
intereference gratings', or as '"diffractograms'.

The Fresnel-zone plate interpretation of some aspects of
holography was already recognized by Gabor,l’2 and later
clarified by several authors, among whom are Rogers6 and El—Sum.14

For the purposes of clarity we shall briefly review those
elements in the theory which are required for the further

development of the theory which we present.

vi1.2. Theoretical Foundations

Strictly speaking, rigorous electromagnetic theory of
scattering, diffraction and polarization is required for an
exact treatment of holography. Under the conditions discussed
elsewhere,z3 the '"physical optics' approximations used in this
paper are generally found to be sufficient.

Let ?E& be a wavefront, such as the scattered by an
illuminated object (Fig.4). Then the complex amplitude of an
electromagnetic wavefront may be decomposed into two parts: its
magnitude A(x) and its phase ¢(><), each of which is essential
to the structure of the wavefront. 1In order to be able to
reconstruct this wavefront at a later time, care Must be taken
to lose neither the magnitude nor the phase of the scattered
amplitude during the recording process. The magnitude, or rather
some power of it, can be captured by simply photographing the
wavefront; however, the phase is invariably lost in such a process,
since photographic emulsions are sensitive only to the absolute
value of the scattered amplitude. Fortunately, there exist several
methods for recording the phase as well as the magnitude of a

scattered wavefront.
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Perhaps the best-known methods for recording the phase in

a wavefront are the methods of two-beam interferometry. For

instance, it is possible to photograph the phase distribution in
a wavefront diffracted by a ruled optical grating (Fig. 5) by
means of the interferometer shown in (Fig.6). The spatial
displacements of the interference fringes in the interferogram
are linearly related to the phase distribution in the diffracted
wavefront one fringespacing corresponding to 2. Using this
interferogram, it is possible to reconstruct the diffraction
pattern, either empirically, or by Fourier-transform computation
(Fig. 7). Many other two-beam interferometer systems are known
to permit similar recordings of the phase in a wavefront. It
may suffice to recall the Lloyd mirror, the Fizeau interferometer,
the Michelson = Twyman-Green interferometer, and so on. Heterodyning
mehtods, using lasers, also have many points in common with two-
beam interferometry.z2

An important methodof recording both the amplitude and the
phase distribution in scattered wavefronts was introduced by
Frits Zernike in 1934 in connection with microscopy.24—27
Zernike's method of phase-contrast microscopy is based on bringing
a suitably phased and attenuated background to interfere with the
wavefront scattered by the object, the interference taking place
before the recording. The coherent background originates in the
object istself, and is in fact, nothing but the '"undiffracted"
portion of the field scattered by the object (Fig.8). The
coherent background is superposed on the widely scattered field,
produced by small-size object regions in the object. The
superposition as it occurs in the Fourier space before the second
imaging by the lens l_z , is shown in Fig. 8. The entire process
then amounts to a one-step imaging process. The role of the
complex filter in the Fourier space is to suitably shift the phase
and to attenuate the generally strong coherent background with
respect to the field scattered by the small object regions under
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study. Principles similar to those illustrated in Fig. 8 are
basic to the methods of spatial filtering, originated by
Marechal in 1953,28 and developed by many authors.zg—'30

In a general sense, the two-step hologram imaging process
introduced by Gabor was already noted by him to have some signifi-
cant basic similarities with Zernike's phase contrast microscopy.2
As in Zernike's method, the coherent background is introduced
by means of scattering from the object itself. The important
difference between the two methods results from Gabor's successful
prediction and demonstration that the "diffractogram" or
"interferogram'" obtained by interference between the back-
ground and the scattered light can in fact be first photographed
and subsequently used to form an image by a second diffraction,
rather than proceeding directly from the '"diffractogram" to
the image, as in the method by Zernike.

Unfortunately, the in-line or forward introduction of the
coherent background in Gabor's method has proven to be a basic
limitation in some applications of optical holography, in that
radiation from the "twin image" interferes with the reconstructed
wavefront, and hence reduces its fidelity with respect to the
original wavefront. This is a very serious problem when actual
image formation is desired, for instance in photography
and microphotography. A method for eliminating the difficulties
associated with the twin images was hinted at by Gabor in the
conclusion of his original (1949) paper,z and was subsequently
developed by Lohmann18 in 1956 in direct reference to wavefront
reconstruction work as well as by Cutrona et a1131 in 1960.
Additional theoretical and experimental work22 and various spectacular

verifications were reported by Leith and Upatniekszo’z1

in 1963 and
1964. The method can best be described as the "interferometric
wavefront reconstruction me1:hod."22 Its physical principles as

given above can be described without elaborate mathematical
formulation. The various aspects of this method will be further
developed in our discussion of the theoretical foundations of

optical holography.
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A. The Recording Process

The magnitude and the phase of a scattered wavefront can be
recorded photographically by superposing a coherent '"reference
beam'" or background-wave on the field striking the photographic
plate. Perhaps the simplest technique for carrying out this
superposition is the one illustrated in Figs. 4 and 9, wherein
a plane wave illuminates a region containing scattering object
and a plane mirrorz2 or simple trianglular prismzO respectively.
The object, of course, diffracts the incident radiation to
generate a field with some magnitude A(X) and some phase ¢(X) at
the photographic plate, while the prism simply turns the incident
plane wave through an angle 6} to contribute a field with a
uniform magnitude Ao and a linear phase variation X, where ol is
a constant relating the angle B and the wavelength n according
to

Thus the total amplitude striking the plate is
Age + A(x)etet) (2)

Hence, the intensity, i.e., the quantity to which the emulsion

is sensitive, is

I(x) = A%+ A(x)"= 2 ALA(%) cos EE +¢3(x)J (3)

It will be noted that the phase ¢GQ of the scattered wavefront
has not been lost in computing the intensity, as it would
be if the reference beam were not present.

The emulsion of course, records some power of the intensity;
that is, the amplitude transmittance-T(X) of the resulting
photographic plate, providing one works in the linear range of the

H-D curve, is proportional to
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[ 169]7
' =7
== [Af + Al) -2 A, A(X) cos [o<X+¢(X)]] /e

~ A72[ A, a7/-\ 7/\ AX)COS(&H%))]

=2 A2 —7A(x)2+ 2 AcAK) cos [oxx+8064]

ZA 7A(><) +7’A A(X)Q x)+Lo:<_onA(X)e—égb(x)-c‘o(x

where :Y is the slope of the H-D curve, It has been assumed

(4)

that the intensity of the reference beam greatly exceeds that of
the radiation scattered by the object, so that the approximation
made in dropping the higher orders terms of the binomial expansion
is justified. The photograph described by Eq. (4) is called
a hologram after Gabor.1’2
There are two aspects of Eq. 4 that should be pointed out.
The first involves the role of 7/ : Contrary to the requirements
of many similar processes, neither the sign nor the exact magnitude
of 7/ is of any consequence in the recording process; that is,
making a contact print of the hologram, which is equivalent to
changing the sign of '7 , serves only to shift the phase of the
nonconstant protion of the transmittance of an inconsequential
1800, while changing slightly the magnitude of‘7 serves only to
enhance or to suppress the magnitude of this same portion of the
transmittance. The second facet involves the relationship between
A(x) and @(x) : it will be noted that the magnitude A(X)
and the phase qS(x) of the scattered wave appear in the natural
way, i.e., as A(x) exp[t‘QS(x)J , in the third term of Eq. 4,
and with the sign of the phas reversed in the fourth term. The
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fact that each of these terms has been multiplied by
exp [1 UXX] is a consequence of the presence of the coherent
reference beam, which solves the otherwise vesing problem of

the "twin" or "virtual" image.

B. The Reconstruction Process

With the hologram of Eq. 4 the reconstruction process is
simple, involving no lens systems, schlieren disks, half-plane
filters and the like. In fact, to reconstruct the original
wavefront it is only necessary to illuminate the hologram with
a plane wave of radiation, as illustrated in Fig. 10. As the
plane wave passes through the photographic plate it is multiplied
by the transmittance 'P(X), producing thusly, four distinct
components of radiation corresponding to four terms of Eq.4.

The first term, being a constant, attenuates the parallel beam
uniformly, but otherwise does not alter it. The second term
also attenuates the beam, but not uniformly, so that the plane
wave suffers some diffraction as it passes throughthe photograph.

The patterns produced by the third and fourth terms are more
complicated. To understand how they affect the incident plane
wave, it is necessary to recall that a common triangular prism
shifts the phase of an incident ray by an amount proportional
to its thickness at the point of incidence (Fig. 11), a positive
phase shift deflecting the ray upward and a negative one
deflecting the ray downward. Thus, the third term of Eq. 4 may
be interpreted as the product of the amplitude of the scattered
wavefront and a positive prismatic phase shift; similarly, the
fourth term of Eq. 4 may be viewed as a composite of the complex
conjugate of the amplitude of the original wavefront and a
negative prismatic phase shift.

By virtue of these prismatic phase shifts the third and fourth
terms of Eq. 4 deflect the incident beam respectively upward and

downward through an angle 6 , as defined through Eq. 1.
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Moreover, in the case of thethird term the upward deflected beam
is also multiplied by the scattered amplitude A(x)exp[cdkx)]
and hence reconstructs a copy of this wavefront. On the other
hand, the fourth termmltiplies the downward beam by the complex
conjugate of the scattered amplitude, and hence constructs a
copy of the scattered wavefront except that it travels backward
in time and consequently constructs a three-dimensional image

of the scattering object. (The physical principles underlying

this process are explained in the next section.)

C. Physics of the Method
The physical principles of the process described above can

be illustrated by tracing the history of a vanishing small object
through the recording and reconstruction process. This method was
originally introduced by Gabor? and later clarified by Rogers® 2
and El—Sum.14

Our approach is similar to theirs in that we suppose that
the object used in the recording process is an opaque plate with
a very small hole in it. When this aperture is illuminated with
a plane wave it will act as a simple spherical radiator according
to "Huygen's principle." Thus, the amplitude striking the

photographic plate will be of the form

-LotX Cm z) (5)
L ac X
o€ + %\cfxp ( NE
where ;\ is now some constant, N is the wavelength of the
radiation, and where F is defined in (Fig.12). Hence according

to formula 4 the transmittance of the hologram corresponding to

this elementary source will be of the form
2
T(x)o< 2 A7 —YA®
.I-_ L ' )
+7AOA€XP<L X+ Lo

(6)

+Y AoA exp (Tt - Cax)



"Optics of Coherent...." G. W. Stroke
March 1965 Page 99

The relative simplicity of this formula together with that
of the diffracting object permits one to discover the mechanism
of the reconstruction process in the following way. When the
hologram described by Eq. 6 is placed in a parallel beam three
distinct components of radiation are generated, as shown in
Fig. 13. The first component arises from the first two terms
of Eq. 6, which, being constants, uniformly attenuate the incident
waves producing another parallel beam to the right of the hologram.
The third and fourth terms produce two additional components by
deflecting the incident waves upward and downward, respectively,
by virtue of the linear phase shift in their exponents.

To understand how the quadratic phase shifts in the terms
DonAexp(C%‘;xﬂux)] and [+7Aerxp(-i%xz—C0(x)]
act on the incident radiation one simply recalls that a thin
spherical lens shifts the phase of an impinging ray by an amount
proportional to the square of the distance between the optic
axis and the point of incidence, a positive phase shift describing
the action of a positive lens Fig. 1l4. Thus, the third term of
Eq. 6 actsmot only as an upward deflecting prism, but also as a
negative lens on incident radiation; i.e., an incident plane wave
will be deflected uward and given a convex spherical wavefront,
and this spherical wavefront will in fact be identical to the one
which exposed the hologram. Similarly, the fourth term of Eq. 6
acts not only as a downward deflecting prism, but also as a
positive lens on incident radiation; i.e., an incident beam will
be deflected downward and given a concave spherical wavefront,
and this spherical wavefront will in the normal way come to focus
at a distance F\ from the hologram. Thus, in illuminating

the hologram with a plane wave one not only reconstructs the

scattered wavefront, but also obtains as a "bonus" an image of the

object, which in this case was a point source. The image formation
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with point-source illumination of holograms, and the associated

very considerable magnification characterics inherent in holography
are discussed in Sec. IID.

D. Magnification

A surprisingly large magnification is attainable with wave-
front reconstruction systems, especially if one uses a longer wave-
length radiation in the reconstruction process than in the recording
process. To obtain a formula for the degree of magnification we
suppose that the object is again an opaque plate, but now with
two identical and vanishingly small holes in it)which are
separated by a distance 28 . Then, since each of the holes
will act as a simple spherical radiator according to Huygen's
principle, the amplitude of the wavefront at the photographic
plate will be

AoexP (- L'o(y) + A exp [L‘ %—F (x-fﬂz] + A exp [-L % (}-«-8)21 (7)

Hence, according to Eq. 4 the corresponding hologram will have a

transmittance of the form:

T(x) o< 2n2 -2y A2 [1 - cos(3 §x)]
+y A Aenp [0 T 8] + expli T (e8] explioun)
7A A’iexp[ (I (x Y ]+ exp[ (x+8} ex{;(uxx)

At this point we depart from the usual method of reconstruction

(8)

and use instead the system shown in Fig. 15. Heree a point source

of wavelength 7\,is used to illuminate the hologram, rather than
a plane wave of wavelength N . The fourth term of Eq. 8 still
focuses the radiation from the point source according to the lens

plus prism interpretation introduced in Sec. IIC. However, since
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we have changed the wavelength used in the reconstruction
the focal length of the '"lens'" will no longer be F. but ,@J

MNE = nf (9)

Of course (see Fig. 16), the object distance p will be related to
the image distance a_ according to the classical formula, namely,

| A

l |
Y
Moreover, the linear magnification M attained with this

method of reconstruction will obviously be Fig. 16.

M — _a_% (11)
In order to reduce this formula to one involving known parameters

we observe from (Fig. 16) that

+
2/.%___ Pra (12)
because of the similar triangles involved. ( The prism deflects
the two rays through an equal angle and thus does not affect the

similar traingles argument.) Hence, we immediately obtain the

following formula for the liner magnification:

-2 9
M s (13)

In this equation, F is the distance of the original object from
the hologram (Fig. 12), when photographed in the wavelength 7[,
and EL is the distance of the hologram from the final image
plane (Fig. 16), when the wavelength used in the reconstruction is
A’ . This number could exceed 106 in applications to x-ray

microscopy.
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E. Resolution

It is well known that magnification alone is "empty'" unless
it is accompanied by a corresponding degree of resolution. As
a number of writers, notably Bae212’13 and El-Sum,14 have
pointed out a resolution capability of conventional projection
holographyl_z1 is limited ultimately by (1) to that of the
photographic plate used to make the hologram and by (2) the
diameter of thesource used in the recording process. Since holo-
graphic recording systems are fundamentally interferometers, the
source diameter and emulsion limitations enter into holography
as they do into interferometry in general (see reference in
Fig. 9.6). The intensity which strikes the photographic plate
in recording the hologram for a single point is with a plane-

wave reference beam

I(X) = Ag +AT=2 AA cos (obu— 2 x’-) (14)

Now, the frequency Y of the term of interest, i.e., the third
term, is a function of %X since by definition

I

v(x) = L+ 9 (ex DX
2% dx NE (15)
oL X
2 T NE
Thus, if the emulsion used in the recording process has a resolution

of fq' lines per unit length, the only frequencies which will

register on the plate will be those which satisfy

Mel= g+l =

In other words, an oscillating pattern will be recorded only if

(16)

X falls in the range defined by

-N — ¢ < X < N - (17)
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where the length d of this range is obviously
d=2 N (18)

Physically, the finiteness of this range means that the
positive '"lens'" which brings the incident plane wave to focus
in Fig. 13 has a finite diameter d'; Moreover, as is well known
from classical diffraction theory, the diameter &£ of the spot
produced by a lens of focal length C and diameter d when

illuminated by a plane wave is

7\_:_8_ (19)
d f

Thus, in light of Equation 18, we see that

i
£‘== PN

Eq. 20 applied also to the more general case where an off-axis

(20)

spherical wavefront is used as a reference-beam, and where the
sour ce-diameter Ci exceeds the resolution-limit (1/N) of the
emulsion. Indeed, with presently available pinhole-sources and
photographic emulsions d is of the order of (1/N).
Consequently, the ultimate resolution of the conventional
projection wavefront reconstruction technique is seen to be
approximately one-half that of the recording media. Since the
best emulsions, e.g., Kodak spectroscopic plate 649 F, have a
resolution of about one-half micron, the conventional projection
wavefront reconstruction technique is limited to resdlutions to
the order of one micron independently of the wavelength used in
the recording process. However, our recent theoretical investi-
gations32 have revealed that considerably higher real resolutions
may be attainable in certain cases where resolution-preserving
methods of recording are employed.32 Attainment of high resolutions

in holography is discussed in Sec. IV, below.
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F. Temporal Coherence Requirements

Simple interferometric considerations22 readily show that
a primary coherence requirement in holography is that the source
be a steady-state source over the range of extreme path differences
between the object and background. In fact the term "coherent"
background implies this condition.

The degree of temporal coherence required to carry out the
recording of the hologram may also be determined by a simple
argument. In order that the interference pattern produced by the
superposition of the reference beam and the scattered waves
not be destroyed, it is necessary to arrange the prism, object,
and photographic plate in such a way that the maximum path difference
between any two interfering waves will be less than, say, a
quarter of the coherence length of the radiation. Now, according
to the (Fig. 17) the maximum path difference in this arrangement

is approximately

- \J FZ-#(EQ)L = 2—{:?—2 (21)

where Q is a measure of the dimensions of the object. Thus,

since the coherence length is equal 712/41]'[\7\ , where AN
is the rms bandwidth about the central wavelengh 7\ , we obtain
the condition

2 ¢0* < 1. il |

- 4 AN

or

r] PR
224 0*AN < F2 22)

G . Steady-State Coherence Requirements

The '"Coherence'" requirements discussed above must exist
between the coherent background on one hand, and each object
point (i.e., re-radiator point) on the other. Unlike some
arguments which have been made to this effect the relative phase
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difference between the various object points calls for no

special requirements. Accordingly, as first suggested by

Strokez2 in 1963, one can, for instance, illuminate the '"object"
through a stationary or moving diffusing glass or other diffusor,
if desirable, provided only that the reference background is

indeed a continuous wave (for example, plane or spherical) as

shown above44 . The three-dimensional holograms (Fig. 19 and

20) and the photomicrographs (Figure 21 to 27) made following these
and other relevant considerationszz have indeed permitted one to
successfully verify the various holography principles which we

discuss in this paper.

Vii.3. Summary and Results

The theoretical and experimental foundations of holography
are implicit in the discussions of the previous sections. We
recall here for clarity the principles involved, notably:

1. Interferometry.

2. Diffraction gratings.

3. DPhase-contrast methods using coherent background.

4. Coherence requirements.

In view of extensions, such as the x-ray domain, it is
important to note that the interferometric criteria permit an
a priori evaluation of the likelihood of success of a holography
method, provided that suitable experimental evidence is available.

In Fig. 18 we show, according to Kellstrom,34 interference
fringes produced with 7\= 8.338 x rays, by means of a Lloyd's
mirror system. Such evidence can be taken as an indication of the
orders of magnitude of attainable coherence, and therefore of
the attainable holograms, according to the principles discussed

in the preceding section, and notable in Figs. 1 to 4.
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Reconstructions of a three-dimensional scene illuminated according

21’23’32’33are also shown in

to the principles which we describe
Fig. 19 and 20. Holograms corresponding to three-~dimensional

scenes are also shown in Fig 20 (holograms and reconstruction

in 6328 ! laser light).

A photomicrograph of crystal-like grating (magnification ~ 6x)
obtained by holography in our laboratory, entirely without lenses,
according to the principles discussed in Section II.D. is shown
in Figure 21A, and the corresponding hologram, also obtained
without any lenses is shown in Figure 21B. A schematic diagram
of the arrangement used in obtaining the hologram is shown in
Figure 22, and a photograph of the apparatus used in Figure 23.

The lensless reconstruction of the real image of Figure.ZIA was
obtained in the arrangement sketched in Figure 24A and a

photograph of the actual apparatus used is shown in Figure 24B.

In extending holography to x-ray microscopy applications, it may

be necessary to illuminate the object by means of a moving mirror
or scatterer. A photographic reproduction of a lensless reconstruc-
tion obtained from a hologram photographed by means of illumination
with a moving scatterer is shown in Figure 25, together with a
reproduction of the actual hologram and object, all to scale.

A sketch of the apparatus used for obtaining the hologram of

Figure 25 is shown in Figure 26, and a photograph of the

apparatus in Figure 27. Among the principal experimental
requirements for the attainment of good holograms are:

(1) interferometric (mechanical and thermal) stability
between the object, reference mirror(or lens) and the photographic
plate;

(2) an intensity in the reference beam about 5 to 10 times
greater than the intensity in the scattered field, at the photo-
graphic plate, so as to permit to maintain only the first side-

band terms in eq. (4) above.
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Waxing down of the various elements on solid support,
and waiting for the object, mirror and photographic plate to
come to a thermal equilibrium has been found to be as

important in holography as it is in interferometry in general.

Vii.4, Attainment of High Resolutions

The classical resolution 1imitations12’13’l5 in

"projection holography" can be shown to result from the non-
recordability of the interference fringes with available
photographic emulsions and source sizes. For instance, an
emulsion with a 1/2 micron resolution will only resolve about
10,000 R at 1 8 x-ray wavelengths (if a minimum of one fringe
is recorded in the 1/2 micron distance, assuming plane-wave
illumination).

A gain of 104 in resolution and the possibility of resolving
18 at x-ray wavelengths should result if the hologram is recorded
in a "Fourier-transforming'" rather thanin the conventional
"projection" holography arrangement.

A Fourier-transforming holographic recording arrangment is
obtained, for instance, by placing the "point=reference'" into
the plane of the "object-grating'" in Fig 22.

More generally, the transmission of a high-resolution
hologram should correspond to the recordable equation

H(XB oSC 2 A + \/Zh Ana rect <X/€ *fn/%/?e@
*ZAJ %red(xlf—(:hﬁ)/%f) COS(O(X+¢n ~%2B2/Eé)

(25)

rather than to Eq. 4 characterizing conventional projection
holograms.
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Any one of a number of Fourier-transforming recording arrange-
ments should pe%%iﬁé%ne to realize Eq. 25, in addition to the one
indicated aboveAlgRegafdless of the manner in which the high-
resolution hologram of Eq 25.is recorded, the reconstruction is
then clearly obtained in the focal plane of a Fourier-trans-
forming lens. The high magnification of Eq 13.is of course
maintained in the use of high resolution holograms.

VII.5. Electron-Microscopy and X-Ray Hologram Microscopy

Some remarks may be in order concerning the possible
applications of hologram microscopy, in the light of the remarkable
results obtained with modern electron microscopes.

Modern electron microscopes appear to readily provide

-10 meter) .

resolving powers on the order of the Angster (10
Even the most optimistic present estimate makes it unlikely that
these values would be exceeded by an x-ray hologram microscope,

or for that matter by any x-ray microscope, using the wavelengths
of the x rays contemplated. On the other hand, it is not at all
unlikely that even these remarkable resolutions will be exceeded

by future electron microscopes, and that sample-heating problems
will be satisfactorily elminated.

There are, however, several aspects in which an x-ray hologram
microscope, if developed, would fill a role which cannot at the
moment be filled by electron microscopes. Considerably greater
penetrations without heating of the samples can be obtained with
xX-rays than even with very-high-energy eleétron beams. This
would be of a particular interest in areas such as metallurgy,
and especially biophysics, in particular perhaps with "live"
tissues and so on. It is also of interest to note that an x=ray
microscope would not necessarily require a vacuum, which is a
necessity in the electron microscopes. Considerably greater
resolutions could be attained if the hologram technique could be

extended to gamma rays.
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FIG.2. Recording of hologram(modulated interference grating)for the case of a
plane-wave generating object(Ml)

—_— T
Plane Wave X ’////
1<
N z|'.
¥ \\*-\.zl o\ -— " "
> a ~ < > Reconstructed
- 1~ Waves
- ~

Interference T

Grating — I, +
\ ~

—

FIG.3. Reconstruction of plane wave from hologram of FIG.2.



G.W.Stroke
Page 110

"Optics of Coherent....'

March 1965

‘seoryins Junpicddns jely ‘pauigoews
-[[em oaey pue ‘ejrueyesur, Jo jno opeuwr o[qrssod J1 ‘Aavey A(irej ole spunowr
TBOTURYDODUI 91} J1 POPIOAR AJISES 91 SIS}UIOISIO}UI YONS UT SUOTFRIQLA [EOTURYISY
‘uoryeuI[ooojne Ul (,9L) seSue 3seylry oy} Je YIpm ur soyour g Aperewixordde
03 dn sSupeid jo Sunse; syrured I19}OUICIONSIUT STY) ‘UMOYS SV IOVBUII[OD
‘oI 9ouLIeyel ‘19331[ds wresq ‘(Aj1repo 1of o[Sue MOl e 9197 umoys) Jureid
YOoul-§ ‘SUS| BISWED :3YSII 03 3J9] WOI] "I9)ouIoIsfIetur Sugsey Surern

‘(1961
0961 ‘9961] aMou1g) Y3Bus] 240018 o3y 03 so[Sue 3ySu 3¢ resdde juosy saem
uesw oY) Jo seSury oy jeyy ‘smeros Surpsel yo diey oyy yimm ‘pojsnlpe os st
Buryerd ey, SJ0Y 90INOS 9Y} UO POEW[OO0FNE AJ[NFOIed 9 0} SPOSU JIOLITII
90URI0JR1 9} “JSBIIU0D oJULLy Poos 10 ezelq oY) Aq pejyjrurred odue 3504y oyl
Je pourwrexe 9q pinoys s8unyeid oyj -Iejewoleyrojur Sunse; Sunjels)

¢

324n05 Q6| b
ELUIE]
$U3T J040WI)|00)
2|0H 89iN0G—s—Y—

{Bunyoin vo
pajunow Aip1biy)
2|098 pajonpoig

SUDT]. PB402LIOD M. Judsodsuvod)

DI2W0Y
siydoabojoygd

Burinio vo
passnaog sua”

(4D1d) 204411y
UBIBLIY ™

ings

ical grat

i

lay of wavefront d

isp

d

Interferometric

6
according to G.W.Stroke(J.Opt
300 groove/mm grating. Below

FIG.5. and FIG.

ffracted by opt

interferogram of a

Note similarity with hologram recording.

o
S

(1955) ). Above

’309
terferometer.

.Soc.Am.45

o

in



"Optics of Coherent...." G.W.Stroke
March 1965 Page 111

b -
o 2 o)

Q) . -
(ﬁbg W0
O N
o N -2
— ¢ lo
O wn -0 ®©
L) - E
Q.

o &)
moq 2
8 -

<
L &
AR w
Low 2 T
. O
Z
i
O
KM;‘O‘ ““‘
" %"‘
-2
e }
P (=N
) 1 1 3 i 1 3 i i 1 OE
o
(¥
&
o~ &
[+ St
(q -
0 > 0
‘\" Q "
< =
3 s @ ]
o« o Ll
O O fr
o le. -
o e p—
u 2z3 !
« %405
- r&o B
z pe B -
- Q) tq,
e o '
)
Du g™ -2
Q.m;g:ﬁi =
33 u i
ocuwol I
e N}
i
FIG.7. Fourier-transform computation of point-~source image(diffraction pattern)

corresponding to diffracted~wavefront interferogram of a 300 groove/mm
grating shown(according to G.W.Stroke, Revue d'Optique,39,291 -1960~ and
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(P.L.Jackson,Applied Optics 4,419,-1965-) .
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FIG.4. Recording of hologram in case of three-dimensional object
according to Stroke22
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FIG.9. Schematic arrangement to illustrate recording of hologram

(See also FIG.2. and FIG.4)
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FIG.8. Arrangement used in phase-contrast imaging according to Zernikeza_

- ¥

2f5 _l ng—_—‘

and in "spatial filtering" according to Marechal and Croce28

(C.r.Ac.Sc.237,607

- 1953-
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FIG.10. Wavefront reconstruction and image formation from
a hologram in case of plane-wave illumination.
X
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FIG.11. Phase shifts and deflection angles corresponding to

the"prism" terms in Eq.4.

Note: 0(71:2’\7"6
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—

|
)Y ) )
] ,
Incident  Pinhole Spherical Photographic
Beam Aperture  Wave Plate
FIG.12. Hologram of point object(pinhole aperture)

Arrangement used in discussion of magnification in Sec.II.D.,in the
discussion of Eq.6.,and in the discussion regarding FIG.13.and FIG.14,

Reconstruc-
” ted Wave

Front

P Unperturbed
//\\\ Beam
2N T
L\ LY
Z>"
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Virtual , Real
Source Image

FIG.13. Wavefront reconstruction and image formation from hologram of a
point scatterer(see FIG.12.)
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FIG.14. Lens-like effects and phase shifts associated with
terms in Eq.6. '
\
Recon-
\struct
Wave-
Front
\
Hologram J

Source )\’ )
Unpertur-
% (bed Beam
J

Image of
Pinholes

Virtual L
Sources) -~
&

FIG.15. Wavefront reconstruction and image formation with point-source
illumination of hologram,in the case of an object formed
by two point scatterers(See also FIG.16)
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/

Source \’
Hologram T
2A /Image
FIG.16. Magnification property inherent in holograms.

In comparing the geometry shown with FIG.15-, it should be noted that

that the hologram of FIG.1l5. has been replaced by its equivalent

lens-prism arrangement.(The central and upper beam components have been
omitted for clarity.)
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Incoherent  Collimating Scattering Photographic
Source Lens Object Plate
FIG. 17. Geometry used in the discussion of spatial and temporal

coherence requirements in holography.

(a) (b)
(a) Taken with visible

light, A\ = 4358 A. (Aflter White) (b) Taken with X rays, A = 8.33 A, (After
Kellstrom.)

Fra. 13M. Interference fringes produced with Lloyd’s mirror.

FIG.18. Interference fringes at x~ray wavelengths(b) illustrating

likelihood of success of x-ray hologralhic microscopy. Interference
fringes produced with Lloyd's mirror. FIGURES 18(a) and (b) according
to F.A.Jenkins and H.E.White,Fundamentals of Optics,McGraw Hill Book Co.
New York(1957). (a) Taken with visible light A.=4358&(after White).

(b) Taken with x-rays, 7A- =8.33R(after Kellstrom34).
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(b)

(c) (d)

Holographic recording and reconstruction of three-dimensi
according to the principles first suggested by Stroke

(a) Recording : R=reference mirror, O=object, H=hologram(on Kodak 649 F photo-plate)
(b) Hologram

FIG.20. Sgal object

°

(¢) Lensless reconstruction of real image

(d) Reconstruction of virtual image,as photographed through hologram

(A1l holographic work in 63288 laser light in Prof.Stroke's Electro-Optical Sciences
Laboratory , University of Michigan,Ann Arbor,Michigan).
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F1G.21.

(a)

(b)

(a) (b)
Lensless microscopy.

Lensless reconstruction of image of a crystal-like grating.

The 6 times enlarged image was reconstructed from the hologram(b)

by means of the arrangement and apparatus shown in FIG.24.Note

the remarkably fine resolution of details (f.ex.the 0.lmm diameter

wire supporting the grating).The 6 times enlargement was used here to show
the reconstruction in its entirety,but enlargements of well over 100

times have been obtained without any difficulty~<.

Hologram obtained by '"projection microscopy'" arrangement shown in FIG.22
and in FIG.23 and used in reconstructing image in (a).The entire recording
and reconstruction process shown was carried out without the aid of any
lenses in 63288 laser light in Prof.Stroke's Electro-Optical Sciences
Laboratory,University of Michigan.An additional magnification of 6328x
would result if the recording were carried out in 1& x-ray light,leading
to magnifications in excess of 1 million in x-ray microscopy.
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POINT REFERENCE
\ MODE-SELECTING

3 PINHOLE

COHERENT -
BACKGROUND FIELD ™

\_OBJECT-GRATING

ON PHOTOGRAPHIC PLATE

FIG.22.

FIG 23.

Lensless microscopy
Projection holography arrangement used for "lensless'" microscopy in the
recording of the hologram of FIG.21. The three-dimensional character of
""lensless" microscopy, and the associated great depth of field are of
particular interest,not only for x-ray and electron microscopy applications,
but for visible and ultraviolet applications as well. The object-grating
in the photograph has a diameter of about l4mm.

(Prof.Stroke's Electro-Optical Sciences Lab.University of Michigan)
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o/ MODE - SELECTING
HOLOGRAM A PINHOLE

RECONSTRUCTED IMAGE

PHOTOGRAPHIC PLATE

(b)

FIG.24. Lensless microscopy.

Apparatus used in the reconstruction of images in "projection microscopy'.

P=plate holder, H= hologram, L= laser.

(Prof.Stroke's Electro-Optical Sciences Lab.The University of Michigan)
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Lensless reconstruction

Hologram

Object

HLLELES i

MACGAL Agg'fgg.’ﬁ Esburatary Equipaent fducatisnal Spparatur
" 4

243 BROADWAY, CIMBIIDOE 30, MASR, Rirkisnd 20033
BOHERTIFIG CURFORATION Resgent Chamivaly Xesenreh Glasyware

FI1G.25. Lensless microscopy using multi-directional illumination and moving
scatterers. Shown to scale are ,left to right: image(magnified about 3x),
hologram and object.The hologram was obtained in the arrangement shown in
FIG.26(photograph in ¥IG,27) while a diffusing scatterer was actually moved
during the exposure, The remarkable quality of the reconstructed image
obtained under this unusual condition serves not only to illustrate some
important aspects of the degeneracy of the coherence requirements in holo-
graphy, but the use of a moving scatterer,or mirror, may be a necessity in
the attainment of high resolutions in holographic wmicroscopy.

(Prof.Stroke's Electro-Optical Sciences Lab.Univ.of Michigan)
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FIG.26. Recording of hologram with "multi-directional” illumination and a moving
scatterer. The use of a scatterer in holographic imaging makes it possible
not only to obtain multi-directional illumination,but is also a means
for "beam-splitting(for instance with the aid of partially diffusing
"scatter—-plates" ,such as those already mentioned for interferometry by
Newton in his Optics:isce also J.,M.Burch,Nature 171,889-1953~ and J.Strong,
Concepts of Classical Optics,article by J.Dyson,p.383(1958).
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FI1G.27. Photograph of apparatus used in holographic microscopy
with "diffused" illumination
(as in FIG.26)
The high-power CW laser used in obtaining the hologram of FIG.25
appears on the right.CW lasers were used in the work shown in the
previous pages,but pulsed lasers should help in overcoming
vibration difficulties and temperature stability requirements which
tend to appear in the interferometers used for the recording of
holograms of large-scale objects. The results obtained in the
work in Prof.Stroke's Electro-Optical Sciences Laboratory,as
assisted by D.G.Falconer, A.Funkhouser and D.Brumm, show that
completely satisfactory stability in the interferometers used for
holographic recording is achievable for holographic microscopy
applications,as well as for comparatively small-scale macroscopic
objects.
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FIG.28. '"Lensless" Fourier-transform hologram recording arrangement (b) according

to G.W.Stroke and D.G.Falconer.

The "equivalent" Fourier-transform hologram recording arrangement using
a lens L is shown in (a).

Fourier-transform holograms for use in high-resolution holography were first described
by G.W.Stroke and D.G.Falconer in Physics Letters,13,306(1964),and the Fourjer-

transform recording and reconstruction principles with holograms by Stroke2 {in
the March 1964 set of these notes).
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Reconstruction of the two side-band images from
"lensless Fourier-transform hologram' obtained

in arrangement of Fig.28.(b) ,according to G.W.Stroke
and D.G.Falconer. The figure shows a single exposure

of the two side-band images,as well as the unattenuated
central image,

(Prof.Stroke's Electro-Optical Sciences Lab.,Un.of Michigan)
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VII.6 Conclusion

The determination of the phase of a scattered wave has
long been a significant and formidable problem for the x-ray
crystallographer. Without some knowledge of both the magnitude
and the phase of the scattered waves it does not readily appear
possible to obtain a complete, well-resolved 'image' of the
crystal specimen. The first attempts to solve the phase

35, 36

problem appear to have been made in 1939 by Bragg and

by Buerger37-39, who noted an early suggestion by Boersch.40
Buerger and Bragg demonstrated that an 'image' of a crystal

could be obtained by placing suitably manufactured optical phase

plates over the various diffraction points in the reciprocal

lattice, and then optically Fourier transforming the composite

arrangement in what amounts to an optical image-synthecizer.

The technique has been very successful, but it clearly requires

some apriori knowledge of the phases of the scattered waves,

such as that which is available with centro-symmetrical crystals,

for examp1e35_39. More recently, Kendrew41’42

and co-workerss
have successfully '"synthecized" images of crystals by electronic-
computer Fourier-transformation of x-ray diffraction patterns,
in particular in those cases where the '"heavy-atom" isomorphous
replacement technique was applicable, for instance in protein
crystals such as the myoglobin molecu1e43. A general applicability
to "x-ray microscopy' of either the Kendrew or of the Buerger and
Bragg methods appears to have been restricted, in their present
forms, by the difficulty of ascertaining the phases of the various
diffraction spots in the reciprocal lattice, in the general case.

A new approach towards the solution to the '"phase problem" in
x-ray microscopy has recently been proposed by Stroke and Falconer?
it is based on the general principles of wavefront-reconstruction

imaging first proposed by Gabor in 1948.1_5 Gabor proposed that a
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coherent background be superposed onto the diffraction pattern, so
as to provide a reference wavefront for the recording of both

the amplitude and the phase of the scattered waves. Success in
Gabor's method of holographic microscopy in the visible domain
was immediately demonstrated by Gabor himselfl-5 and has been
verified by many others since that time. However, it quickly
appeared that high resolutions at x-ray wavelengths would be
unattainable, in the application of conventional projection
holography, because of the difficulties associated with film-
resolution and source-dimension discussed in section E above.
Indeed, resolutions of only 5,0003 to 10,0002, rather than 18
appeared attainable by means of '"conventional" projection micro-
holography. In noting the basic similarity between the Buerger
and Kendrew image-synthecizing methods, on one hand, and micro-
holographic image reconstruction, on the other, Stroke and
Falconer have arguedszthat high resolutions in micro-holography
should be attainable by a suitable modification of the early
principles of holography. In particular, Stroke and Falconer

have shown that "Fourier-transform holograms" permit one to
overcome the '"source-emulsion problem" characteristic of conventional
projection holography. Stroke and Falconer have also shown45 how
to obtain Fourier-transform holograms by lensless Fourier trans-
formation, thus preserving the original advantages of '"lensless"
photography first suggested by Gabor. Scattered-light illumi-
nation and "structured'" source apertures, based on interferometric
resolution-luminosity-coherence considerations, are likely to

have a primary role in the complete solution of the '"source-

22,33,44,45

aperture'" problem in micro-holography, as are

"lensless" Fourier-transform recordings of holograms.44’45
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Matrix formulation of geometrical optics
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te:
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