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Abstract

Rigorous UTD (Uniform Geometrical Theory of Diffraction) diffrac-
tion coefficients are presented for a convex coated cylinder simulated
with generalized impedance boundary conditions. In particular, ray
solutions are obtained which remain valid in the transition region and
reduce uniformly to those in the deep lit and shadow regions. These
involve new transition functions in place of the normal Fock-type inte-
grals characteristic to the impedance cylinder. Also, a uniform asymp-
totic solution is obtained for observations in the close vicinity of the
cylinder. As usual, the diffraction coefficients for the coated convex
cylinder are obtained upon a generalization of the correpsonding co-
efficients for the circular coated cylinder.
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I Introduction

The problem of scattering by a smooth convex impedance cylinder has
received much attention. Wang [1, 2] presented ray-optical solutions for
the impedance and coated cylinders. His results are valid only in the deep
lit and shadow regions and do not apply to the case where the observation
point is in the transition region. Wait and Conda 3, 4] developed a solution
which is valid in the transition region and for observation points on and
off the surface. However, as pointed out by Pathak [5] it did not uniformly
reduce to the ray solution [6, 7] exterior to the transition regions. Also,
it is not valid on the portion of the surface in the transition region and
these limitations were the primary motivations of Pathak’s work [§] for
the perfectly conducting convex cylinder. Recently, Kim and Wang [§]
presented a solution applicable to a coated cylinder that remained valid in
the transition region. They employed a heuristic approach to obtain the
numerical values of the resulting transition integral applicable to a coated
cylinder. Their solution is uniform but is not applicable to the close vicinity
of the cylinder.

In this paper we present a rigorous UTD solution of the diffraction by
a coated cylinder simulated with generalized impedance boundary condi-
tions In addition, a uniform asymptotic sclution is obtained which remains
valid when the observation point is in the close vicinity of the cylinder. An
important aspect of the paper is also the use of second order generalized
impedance boundary conditions (GIBC) for the simulation of the coating.
Their derivation has already been given in [9] and [10] and are character-
ized by the inclusion of higher order field derivatives in their definition.
Because of this they are less local which leads to an improved simulation
(with respect to the standard impedance boundary condition - SIBC) of the
coating in a manner analogous to the order of the highest derivative kept
in the condition. Recently, they were successfully applied to a number of
diffraction problems [11], [12] and have also been used in numerical simula-
tions of multilayer coatings (see fig. 1) [13]. These applications provided a
measure of the accuracy of the proposed GIBC and in particular accuracy
criteria were derived in [13] for the second order conditions as a function
of coating thickness and composition.

The UTD solution to be presented here parallels that given by Pathak
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. [8] for the circular perfectly conducting cylinder. However, in the case of
the coated cylinder the resulting UTD expressions are in terms of Fock-type
functions whose efficient evaluation is of primary concern. In the follow-
ing we first present the eigenfunction solution based on the second order
GIBC simulation of a circular coated cylinder. By employing Watson’s
transformation this is written in integral form which is then cast in a ray
representation. The ray solution is subsequently generalized to the case of a
general convex cylinder. Finally, the evaluation of the Fock-type functions
is discussed and some results are presented which validate the accuracy
of the GIBC eigenfunction and ray solutions. In the process, we demon-
strate the improved accuracy of the GIBC solution over the corresponding
SIBC solution, and it is also shown how the presented UTD solution can
be extended to treat multilayered coated cylinders.

II Boundary Conditions
Consider the coated circular cylinder shown in figure 2(a). We propose to

simulate the cylinder with an equivalent one (see fig. 2(b)) satisfying the
boundary conditions {an ¢*! time convention is assumed throughout) [13]

_ (a2 + ao) agz 62Hz
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in the case of E,.-incidence. In these Z = % is the free space intrinsic

impedance, k¥ = 2% is the free space wave number, and a,, with a;, are
constants which are dependent on the material properties of the coating.

Assuming a single layer coating of thickness é and denoting the associ-
ated relative constitutive parameters as ¢, and u,, we have

a, = (e’*" = 1) k6 (3a)
€

a = —j (3)



a; = ké/e, | (30)

and
a=1 (4a)
ay = +jku,b - (4b)
a ~ 0 (4c) |

These constants are valid for /e, 1,4 <~ 0.15) and for higher contrast coat-
ing they must be redefined as [9]
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We note that (1) and (2) reduce to the standard impedance boundary
conditions (SIBC) when a; and &}, are set to zero and

a a
e T — 7
ldon (7)

wheren = —j ‘/‘E tan{k, /e z1-6) is the normalized impedance of the coating.
We also remark that a,, and a, satisfy the duality relation

! ’
ay _ 4 + a, ( 8)

The aforementioned boundary conditions can be employed for simulat-
ing multilayer coating by simply redefining the material constants a,, and
a,. as discussed, for example, in {10] and [13]

IIT Eigenfunction and Integral representa-
tion
Consider the plane wave
u' =y, = y P eosd - (9)

incident on the coated circular cylinder shown in figure 2, where u, is the
amplitude of the wave and u* denotes either the E, or H, component of
the incident field. An eigenfunction representation of the total field in the
presence of the cylinder can be generally written as

W= 3 5 [Julke) + AHD(kp) (10)

n==00

where J,(-) is the Bessel function of order n and H{?)(-) denotes the nth
order Hankel function of the second kind. To find the constant A, we
enforce the GIBC given by (1) or (2} at p = b. This yields

Ji(kbd) + Q(n)Ja(kbd)

THD (k) + Q(n) HP (kb) b

n —
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in which the prime denotes differentiation with respect to the Bessel or
Hankel function argument,
-J (32;1'13‘1 - nzp—:,%:-) for H,- incidence
Qn) = (12)

-3 (5&2;'" —n? F%H) for E,-incidence

and when a; = a, = 0, @(n) reduces to

—j¥ = —jn for H,-incidence
Qn)=Q = (13)
-7 f;“ = —j% for E,-incidence

To obtain a ray representation of (10) in conjunction with (12) we must
first recast u' in integral form. Employing the usual Watson’s transforma-
tion [14] and noting that Q(n) = @(—n), we find [5]

u' = u; 4+ uy

L L) + QUKD ] s
e o.[—oo I:Ju(kp) H£’2)'(kb)+Q(y)H£2}(kb)Hy (kp) € db(14a)

or
o0 (y (1) .
w =g [ [ - BN QU )] -sesg aat
2 Jooo H, (kb)'i-Q(V)Hu (kb)
and
oo J; kb) + v Jy kb 17
Uy = uof [Ju(kp)'_ (2}l( ) Q( ) ((2) ) Ha?)(kp)] ¢’ &
—o0 H (kb) + Q(v)H? (kb)
(15)
e=iv(2r+é) | o=iv(2x—9)
. dv
] — e=tivx
in which
ki)
v=14l-3 (16)



and Q(v) is given by (12) upon letting n — v. The field component u,,
defined above, contains the geometrical optics and dominant surface diffrac-
tion contributions whereas u; denotes the creeping waves which circulate
around the cylinder more than once. We are interested in an asymptotic
evaluation of u; and to do this we must consider separately each of the
space regions illustrated in fig. 3.

IV Field in the Deep Lit and Shadow Re-
gions

In the deep lit region, the geometrical optics incident and reflected rays
represent an accurate first-order high-frequency approximation of the total
field. The geometrical optics field can be extracted from «, upon performing
an asymptotic evaluation of {14) [18] yielding

uCO(PL) ~ v (PL) + u'(Qr)Run eIk (17)

p+£
in which

al, — d} cos§' + a} cos® 6

R, =~ (E. - incidence) (18a)

@, + a} cos & + a) cos? ¢

a, — ay cos & + a, cos® 6 o
R — . N . .
B a, + ay cos # + a, cos? & (H. - incidence) (18b)

are the reflection coefficients associated with the coating [9]. The parameter
8" is illustrated in fig. 4 and € is the distance (must be large) from the surface
reflection point Qg to the observation point Pr. Finally, 5 is the reflected
ray caustic distance and for a convex cylinder is given by

5= @%ﬂ (19)

po(@r) is the radius of curvature of the surface at Qg and is equal to b for
the circular cylinder.



For observations in the deep shadow region, a residue series representa-
tion of u; is more appropriate. From (14), we obtain

4 f: H,(,z)(kp)e-—j”"'(‘s-;)
Uy = —Upo— m
YTTR S HR R E [EY ) + @ ED (k)]

where v,, are the zeros of the transcendental equation

HO (kb) + Q(um)HP (kD) = 0 (21) -
Obviously (20) does not provide a ray-picture interpretation of the creeping-
wave diffraction which is desirable for generalizations to non-circular cylin-
ders. To recast (20) in a form compatible with the Keller type GTD for-

mat, the Debye approximation must be employed for the Hankel function
for kp > |vy|. This yields

(20)

. —jka
Wi(P) % w(Qu)Tn (22)
where
Top == 3 Dal@) - €77 - Du(@2) (23)

is the corresponding diffraction coefficient and for the circular cylinder

Dn(Q1) = Dm(Q2)
(24)

L. o

2 4 e’
\/;ﬁm:.’(kb)% {HP (kb) + Q) HP (KB} _ ]

with @ as defined in figure 5.
A generalization of (22) - (24) for convex cylinders is now possible by
making the replacements

b — pg(Qu2) ‘ (25)

N . 1@y (t) ]
g~ vme - at’ 26
- exP[ J-/t'(an ps(t') (26)

Consequently, the attachment coefficient D,,(@;) is no longer equal to the
launching coefficient D,,,(Q2).




V Field in the Transition Region

The geometrical optics and creeping wave solutions presented in the pre-
vious section are not valid in the transition region close to the shadow
boundaries as illustrated in figure 3. New uniform expressions are, there-
fore, required to overcome this limitation. These can be derived following
the procedure adapted by Pathak [5] for a perfectly conducting convex
cylinder. For the lit region we find

ul(PL) =] ui(PL) + u"(QR)R,.,-. Pl (27)

5+E

where R, ; is now given by

\/_exp{ (x’)3} [2:0:‘/‘_ {1 F(2k¢ cos® 8’)} +G(z’ ,q)] (28)

F(z) = 2j/Ze* L * e dz (29)
z' = —2m(Qr)cos § (30)
mi@n) - { 22 (1)
5= p,(QR‘g cos & (32)

F(z) is the UTD transition function [19] and G(z',q) is defined by

ooy L € o V() g(n)V(r)
€0 = x| Wi = (W)

e " dr (33)

g(r) = mQ(v) | (34)



where V(1) and W, 3(7) are the Fock-type Airy functions [15]
2jV(r) = Wy(r) — Wa(r) (35)

1
VT Jry,

The contour I'; runs from coe™ ¥ to co— jeand I'; is the complex conjugate
of I'y. We remark that for the case of SIBC g(7) will be replaced by a.
constant term gq. '

For the shadow region, we have

Wisr) = "= dy - (36)

; e—jks
u(P) = u (Q1 )T,,h-f (37)

where the diffraction coefficient T}, is now redefined as

£ = @@ [ £ 1 - P + 6] o9

in which
z = ]‘ '('z:’ ::—g%dt' (39)
7
t = '/tf(::) at’ (40)
= B )

As is usually the case, (27)-(40) were first derived for the circular cylin-
der and were subsequently generalized for non-circular convex cylinders.

V1 Field in the Close Vicinity of the Conex
Cylinder

In all of the above derivations we have assumed that ¢ is large. Conse-
quently, the given expressions are not adequate in describing the field in
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the close vicinity of the cylinder. In this case, it is possible to obtain
a suitable approximation of the integral (14) by replacing the Hankel and
Bessel functions in terms of Airy integrals and then emplyoing Taylor series
expansions for the Airy integrals.

Following a procedure similar to the one given in [5], the resulting ex-
pressions for an arbitrary smooth convex cylinder are '

n=0

u:(P)«-u(PN)["'" Z( )"(:hz)"+e L M) — A=)} (42)

when Py is in the lit region, and

ui(P) = u'(Qy)e ™ [%g:—))] N {A1(2) - Aa(2)} (43)
when Py is in the shadow region. In (42) and (43)
2 4
A(D) = 0x(D) + 7o 61(D) — Bgu(D) — 2 gl(D) - b gi(D)  (a4)
AxD) = hga(D) + - g3(D) - 2hgu(D) - guD)  (a8)
? 3192 Pk 5192
[+ =] "JD"'

\/_ o Wi(r) — ‘I(“')Wz(f)

'r)e"D"'
0= 72 | W) - qw 0
z' = —m(Py) cos & (48)
for Py in the lit region and
t'{Pn) m(t’) (49)

@) pglt')
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for Py in the shadow region

¢(PN) |
t = /v(o,) dt (50)
s - 2
d(Pn) = p—py(Pn) (52)

The points P and Py in the lit and shadow regions are illustrated in figure -
6. We remark that when the cylinder’s surface obeys the SIBC, ¢, 2(D)
simplify to

1 oo e~ 107
(D)~ o(D)= — [ grs—sdr (53)
92(D) — mQg(D) (54)

It should be noted that (42) which is applicable in the lit region may not
be of sufficient accuracy in the case of slowly attenuating creeping and/or
surface waves. An improved result can then be obtained by adding (42)
and (43) with ¢ > 7b (in case of a circular cylinder of radius b). Clearly,
the addition of (43) corresponds to the contribution of the creeping wave
that has travelled the minimum distance on the cylinder’s surface to reach
Py. The contribution of those creeping waves that travelled more than
once around the cylinder is given by u; and could be added to u, if greater
accuracy is required.

The functions g,(D), g2(D) and G(z,q) are Fock-type integrals that
are formally the Fourier transform of a slowly varying factor consisting of a
quotient of terms containing Airy functions and their derivatives. A compu-
tationally efficient scheme was proposed by Pearson [16] for the evaluation
of these integrals. The scheme is an extention of the Fourier trapezoidal
rule, devised by Tuck [17], to treat the rotated-ray exponential behavior oc-
curing in the integrals. The sampling frequency used in the computation is
dictated by the slowly varying Airy-function factor in the integrands. Suf-
ficiently accurate results have been obtained for both lossy and non-lossy
coatings on a perfectly conducting cylinder using this scheme.
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- VII Numerical Results

The UTD expressions derived in the previous sections provide a complete
set of equations for the computation of the total field in any region of
interest. In this section, we present some curves which validate the accuracy
of the derived expressions by comparison with data based on the moment
method and eigenfunction solutions.

In figure 8 the eigenfunction solutions based on GIBC and SIBC are
compared with the exact one for a coated cylinder which demonstrates an
improved simulation (with respect to the standard impedance boundary
conditions - SIBC). To show the validity of the UTD solution in the case
of a convex cylinder, a special case of an elliptical cylinder (see fig. 7)
is considered in figure 9. Data based on the moment method solution are
compared with the one obtained from the UTD solution in conjunction with
low (equ. 3,4) and high contrast (equ. 5,6) boundary conditions. Figure
10 verifies the asymptotic solution, developed for the field point in the
close vicinity of a convex cylinder. We remark that the approximations
used for the Hankel functions for the derivation of (42) and (43) become
less accurate for some values of ¢, and g, in case of non-lossy coatings.
This can be avoided by using more accurate approximations for the Hankel
functions. Finally, figure 11 demonstrates the use of GIBC to simulate
multilayer coatings by simply redefining the material constants a,, and d,
as discussed in [10, 13).

A difficulty in implementing the expressions derived in this paper was
the evaluation of the Fock-type integrals G(z, ¢), ¢:1(D) and g,(D) as well
as the determination of the zeros corresponding to (21). The Fock-type
integrals were evaluated by employing the method described in [16] and
the zeros of (21) were determined using the routine given in [20].
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- Appendix

Consider an elliptical cylinder as an example of a convex geometry shown in
figure 7. The geometrical and field parameters associated with this surface
are listed below:

Incident field

At the observation point (p,¢) a unit amplitude plane wave incident
at an angle ¢; is specified by (phase of all fields will be referenced to the

origin)

ui(p,$) = eitremsie=2) (4.1)

Geometry
The surface of an elliptical cylinder is described by a parameterized

vector as
r(y) = acosvi + bsin vy (A.2)

where the parameter 4(0 < v < 27) is related to the angle ¢ via the relation
b
tan ¢ = zta.n‘y (A.3)

Also, a and b are the half lengths of the major and minor axis of the
elliptical cylinder, respectively. The radius of curvature at any point v on
the elliptical surface is

a? sin? v + b? cos? v)3/2
pol) = &I — 7) (A4)

and the unit tangent and normal to the surface are given by

o I .
i (v) _ asinyz + bcos vy (A.5)
Ir'(7) va?sin?y + b2 cos? y
PO bcos ¥Z + asin vy (4.6)
\/a2 sin®y + b2 cos? v

Location of the reflection point Qr
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The direction of the incident ray at the point of reflection Qg is
3 = — cos ¢;% — sin ¢ (A7)

Let @r be the reflection point corresponding to v = yg. The direction of
the reflected ray is then given by

&= (pcos ¢ — acosyr)Z + (psin ¢ — bsinyr)j (A8)
\/(PCOS¢ —GCOS'YR)S + (psin¢»— bSin'm)?

Enforcement of the reflection law 71 - & = —fi - §" at Qg then yields the
transcendental equation
p(bcos ¢ cosyr + asin ¢psinyg) — ab

v/ P + a? cos? 4 + b2 sin yp — 2p(acos ¢ cosyr + bsin ¢ sinyr)
(4.9)

= bcos ¢; cosvg + asin ¢; sin vg

to be solved for yr for each observation angle ¢. The solution must of
course be done numerically using an iterative routine such as the Newton-
Raphson’s method. Given g the incident field at Qg

u(Qr) = &R (4.10)
where
tr = \Ja? cos? ya + b sin? yn cos(d, — ¢:) (A11)
with
¢r = tan™’ {gtan‘m} (A.12)

The reflected ray caustic distance at Qg is given by
5= M (A.13)
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where

2 22 2 o2 m\3/2
pp(@n) = TR ':: o8 r) (A.14)

_ bcos ¢; cosyr + asin ¢;sin yg

cos§ = #(Qr)-§ = (A.15)
\/a’ sin? yg + b2 cos? yg
with £ in (17), (27) and (28) found from
= \/(p cos ¢ — acosyr)? + (psin ¢ — bsin yg)? (A.16)

Attachment and detachment points for the surface diffracted ray

The attachment point ¢; on the surface of the cylinder shown in
figure 7 can be determined by enforcing the generalized Fermat principle
implying that at Q,(acos v, bsinm)

AQy) -5 =0 (A.17)

this yields
—1 b
¥ = tan —Z cot ¢; (Als)

Similarly, the surface detachment point Q.(a cosv,,bsin+y,) is determined
by enforcing

{(Q2)-§=0 (A.19)
where
s (pcos¢ — acos )T + (psing — bsiny,)f (A.20)

(pcosd — acosv;)? + (psin ¢ — bsiny,)?
This leads to the transcendental equation
plasin ¢sinvy; + beos pcosyz) —ab=10 (A.21)

which can be solved numerically for ;.
Incident field at @, is
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ui(Ql) — e.ikfl coa(dy —¢i} (A22)

where
o= \/ a?cos? v, + b?sin’n (A.23)
a )b
¢ =tan™ { —tanm (A.24)
a
Also, the parameters r and ¢ in (38) and (39) are, respectively, given by
23271/3
z= {k“ b } f” dy (A.25)
2 m ‘/az sin?y + b2 cos? y
t= f" \/ a?sin® v + b2 cos? ydvy (A.26)
" .

The integrals in (A.25) and (A.26) must be computed numerically.
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Fig. 7. Elliptical cylinder configuration.
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