Asymptotic Analysis and Numerical
Analysis of the Benjamin-Ono Equation

by
Zhengjie Xu

A dissertation submitted in partial fulfillment
of the requirements for the degree of
Doctor of Philosophy
(Applied and Interdisciplinary Mathematics)
in The University of Michigan
2010

Doctoral Committee:

Professor John P. Boyd, Co-Chair
Professor Peter D. Miller, Co-Chair
Professor Sijue Wu

Associate Professor Jinho Baik



© Zhengjie Xu 2010
All Rights Reserved



To my parents and my wife

11



ACKNOWLEDGEMENTS

First of all, I would like to thank my thesis advisors, Professor Peter Miller
and Professor John Boyd, for offering me such a great opportunity to work in this
interesting area, and their guidance through my entire graduate life. I am very
grateful to Professor Miller and Ms. Miller for their hospitality, tremendous help
and warm regards. I am also indebted to Prof. Boyd for teaching me the skills in
numerical analysis. This thesis would not be possible without their supports and
advices.

I am grateful to Professor Sijue Wu and Professor Jinho Baik for being on my
thesis committee and Professor Smadar Karni for being on my proposal committee.
I would like to acknowledge funding support by the Department of Mathematics at
University of Michigan. I would also like to thank many friends in Ann Arbor for
their support and friendship.

I am greatly indebted to my parents Wenlai Xu and Lingdi Zhang for their love
and encouragement throughout life. I also gratefully acknowledge my wife Xin Xu,
who brings a lot of happiness to my life. Her love and support give me strength and

courage. She makes my life in Ann Arbor more colorful and memorable.

11



TABLE OF CONTENTS

DEDICATION . . . . . . ii

ACKNOWLEDGEMENTS . . . . . ... .. . .. iii

LIST OF FIGURES . . . . . . . . .. e vii

LIST OF TABLES . . . . . . . . . e xi

LIST OF APPENDICES . . . . . . . . . . . .. xii
CHAPTER

I. Introduction . . . . ... ... o 1

1.1 Zero Dispersion Limit of the BO Equation . . . . . . ... .. 3

1.2 Numerical Methods . . . . . . ... ... ... ... ... 6

1.3 Outline of Thesis . . . . . . .. . ... ... ... ... .... 6

1.4 Notation . . . .. .. .. 7

II. The Inverse-Scattering Transform for Integrable Evolution

Equations . . . . .. .. 8

2.1 The Inverse-Scattering Transform for the KdV Equation . . . 8

2.1.1 The Direct Scattering Problem . . . . . .. ... .. 9

2.1.2  Time Dependence of the Scattering Data . . . . . . 11

2.1.3 The Inverse Scattering Problem . . . ... ... .. 11

2.1.4 The Riemann-Hilbert Problem . . . . . . . ... .. 11

2.2 The Inverse-Scattering Transform for the BO Equation . . . . 13

2.2.1 The Direct Scattering Problem . . . . . .. ... .. 16

2.2.2  Time Dependence of the Scattering Data . . . . . . 23

2.2.3 The Inverse Scattering Problem . . . . .. ... .. 25

2.2.4  The Riemann-Hilbert Problem . . . . . . . ... .. 26

2.2.5  The Soliton Solutions . . . . . . ... ... ... .. 27

2.2.6  The Multi-phase Solutions . . . . . ... ... ... 29

2.2.7 The Conservation Laws . . . . . .. ... ...... 30

2.2.8 Matsuno’s Method . . . . . . ... ... ... ... 32

v



2.3 An Example for the Scattering theory of the BO Equation . . 35

II1. Zero dispersion limit of the BO equation for positive initial

conditions . . . . . .. ... 42
3.1 The Scattering Data in the Zero-Dispersion Limit . . . . . . . 42
3.1.1 Admissible Initial Conditions . . . . . . ... .. .. 42

3.1.2  Formula for Phase Constants . . . . . . . ... ... 45

3.1.3 Modification of the Cauchy Data . . . . . . . .. .. 46

3.2  The Inverse-Scattering Problem in the Zero-Dispersion Limit 50
3.2.1 Main Theorem . . . . . .. ... ... ... ... .. 50

3.2.2  Basic Strategy. Outline of the Proof of Main Theorem 54
3.2.3 Asymptotics of Traces of Powers of A.. Proof of

Proposition IIL.7 . . . . . . . ... .. .. ... ... 58

3.2.4  Convergence of Measures and Locally Uniform Con-
vergence of U,. Proof of Proposition II1.8 . . . . . . 71

3.2.5 Differentiation of U,. Burgers’ Equation and Weak
Convergence of u, . . . . . . .. ... ... ..... 83
3.3 Strong Convergence Before Breaking . . . . . . ... ... .. 90
3.4 Numerical Verification . . . . . . . ... ... ... ... ... 91

IV. Generalizations of the Zero-Dispersion Limit of the BO Equa-

tion . . . . 97
4.1 Higher-Order BO Equations and Their Soliton Solutions . . . 97
4.2 Generalizations . . . . .. ..o 98
4.3 Proof of Theorem IV.1. . . . ... .. ... ... ... .... 101
4.4 Proof of Proposition IV.2 . . . . ... ... ... 102

V. Numerical Methods . . . . . .. ... .. ... ... ... .... 104
5.1 Fourier Pseudospectral Method . . . . . . ... ... ... .. 107
5.2 Rational Basis Function Method . . . . . ... ... ... .. 108
5.3 Radial Basis Function Spectral Algorithm . . . . . . .. ... 114

5.3.1 Gaussian RBF Method . . . . . ... ... ... .. 115
5.3.2  Uniform Grid: Toeplitz Matrices . . . . . . . . . .. 116
5.3.3 Strengths of the RBF Method . . . .. .. .. ... 118
5.3.4 Drawbacks of the RBF Method . . .. ... .. .. 118
5.4  Courant-Friedrichs-Lewy (CFL) Time Step Limit . . . . . . . 119
5.5 Aliasing Instability and Dealiasing . . . . . . . . .. .. ... 121
5.5.1 Aliasing Instability . . . . ... ... ... ... .. 122
5.5.2 Dealiasing . . . .. ... Lo 125
5.6 Boundary Difficulties . . . . . ... ... 126
5.6.1 Moving Coordinate System . . . . . . . .. ... .. 126



5.6.2 Fourier Pseudospectral Method . . . . .. ... .. 128

5.6.3 Christov Method . . . . ... ... ... ... ... 128
5.6.4 RBF Method . . . . .. ... ... ... .. ..... 129
5.7 Summary: Comparisons of Three Spectral Methods . . . . . . 130
571 Cost . . . 130
5.7.2  Domain Truncation . . . .. . ... ... ... ... 131
5.7.3 Boundary Difficulty . . . .. ... ... .. ... 131
5.7.4  Grid-Flexibility . . . . . ... ... ... ... ... 132
5.8 Numerical Experiments on the Zero-Dispersion Limit of the
BO Equation . . . . . ... ... ... 132
5.9 Traveling Wave Solutions of the Cubic BO Equation . . . . . 134
5.9.1 Derivation of the Cubic BO Traveling Wave Equa-
tion and Its Scaling . . . . ... ... ... ... .. 136
5.9.2 A Numerical Method to Find A Traveling Wave So-
lution of the Cubic BO Equation . . ... ... .. 137
5.9.3 Homotopy Perturbation Method . . . . . . . .. .. 139
VI. Future Work . . . . . . . .. . 142

6.1 The Zero-Dispersion Limit of the BO Equation with Negative

Initial Conditions . . . . . . . . .. .. ... L. 142
6.1.1 Introduction . . . ... ... . ... ... .. .. .. 142
6.1.2 Methodology and Preliminary Results Related to

Conjecture VI.4 . . . . . . ... .. ... .. .... 147
6.1.3 Methodology and Preliminary Results Related to
Conjecture VI.b . . . . . . . ... ... 151

6.2 Numerical Analysis for the Stability of the Traveling Wave
Solution of the Cubic BO Equation and the Limited Area

Model . . . . . . . o 156
6.2.1 Instability of the Traveling Wave Solutions of the
Cubic BO Equation . . . . . .. .. ... ... ... 157
6.2.2 Limited Area Model . . . . . . ... ... ... ... 157
APPENDICES . . . . . . . 158
BIBLIOGRAPHY . . . . . . . 171

vi



Figure

1.1

3.1

3.2

3.3

3.4

3.5

3.6

LIST OF FIGURES

The evolution of a pulse under the BO equation. Top row: € = 0.04.
Bottom row: € = 0.02. In both cases the initial condition is the
same: up(z) =2(1+x%)~ ' ...

The graph of an admissible initial condition and the turning points
l’i()\) ..................................

Except along the caustic curves v = z () and z = x?(t) the number
of solutions of (3.34) is of the form 2P + 1, and these solutions are
simple roots. For this figure, ug(z) :=2(1+2?)~*. . . . .. ... ..

The multivalued solution (black) of (3.33) and the signed sum of
branches (red) corresponding to ug(z) = 2(1 + 2?)~'. Left: ¢ = 0.
Middle: ¢ = 1. Right: ¢ = 2. Before the breaking time as well
as afterwards but outside the oscillation interval there is only one
solution branch and hence no difference between the red and black
CUTVES. « + v v v v e e e e e e e e e e

Histograms of eigenvalues of A, corresponding to the initial condi-
tion ug(z) := 2(1+2?)~!, z =5, and t = 2, normalized to have total
area M = 1, compared with the density G(o;x,t) of the limiting
absolutely continuous measure p. . . . . . . ... ..

The region of integration —2A(z+2At—z(N)) < a < =2A\(z+2\t—
r_(N\)) for up(x) = 2(1 + 2*)~! with ¢t = 0.7. Left: z = 2 (to the
left of the oscillatory region for u.(x,t)). Center: xz = 2.5 (within
the oscillatory region for u.(z,t)). Right: = 3 (to the right of the
oscillatory region for u.(x,t)). The line a = 0 of discontinuity of the
integrand is superimposed, and the intersections of the boundary
with this line are indicated with arrows. . . . . . . .. .. ... ..

The square [—L, 0] in the (x, A)-plane is covered by the six regions
SD, SOD; BD, BOD7 HD, and HOD ....................

Vil



3.7

3.8

3.9

3.10

5.1

5.2

2.3

5.4

2.5

2.6

2.7

The graphs of a_(a) < a, (a) (black) and several graphs of 2 arctan(e ')
fore <1 (gray). . . . . . . 82

Left: plots of Ug(x,t) (black) and its locally uniform limit U(x,t)
(red) at t = 4 for various values of e. For these plots, ug(x) =
2(1+2)~1. Right: corresponding plots of the error U(z,t) — U(z,t). 94
Circles: logo(||U(-,4) — U(-,4)]||s0) for e = 1/25, 1/30, 1/35, 1/40,
1/45, 1/50, and 1/100, as a function of logy,(€). In red: The least-
squares linear fit. . . . . . . ... ... 95

Left: plots of @.(z,t) (black) shown together with u.(x,t) (red) for
the initial data ug(z) = 2(1 + 2?)~! shown for several values of ¢ at
t = 4. Right: The error u(z,t) — de(x,t). . . . . . ... ... 96

The graphs of the Higgins functions C'Hy(z) (blue) and SHjs(z) (red)
with L=1. ... . . 109

The graphs of the Christov functions C'Cy(z) (blue) and SCs(z)
(red) With L= 1. . o o oot 110

The graphs of the rational Chebyshev functions 7'Bs(z) (blue) and
UBs(x) (red) with L=1 . . . . .. .. ... ... .. ... 111

Comparison of the errors in ¢ € [0,5] using the Christov method
to solve the BO equation with different choices of the parameter L
and the number of the grid points N. Here the initial condition is
u(x,0) = 2/(2*+1) and the exact solution is u(x,t) = 2/((x —t)*+1).115

The CFL limit of the linear BO equation for the Fourier method,
the RBF method and the Christov method. . . . . . . . . . ... .. 121

The benchmark case used to demonstrate aliasing instability in the
BO equation. With 256 grids points, a timestep of 6t = 0.004 is sta-
ble. The initial condition evolves into three solitons on the periodic
domain x € [=5m,5m]. . . ... 123

Canonical run but with n = 512 grid points and a timestep of 1/1000.
The Fourier coefficients are plotted every one-fifth in ¢ with the low-
est curve showing the initial curve; the slope monotonically decreases
with time. . . . . . . .. 124

viil



2.8

2.9

5.10

5.11

5.12

5.13

5.14

5.15

Canonical run but with n = 128 grid points and a timestep of 1/250.
The Fourier coefficients are plotted every one-tenth in ¢ with the low-
est curve showing the initial curve; the slope monotonically decreases
with time. At the final time, the error in physical space is 5000%
(not illustrated on this graph). . . . . . ... ... Lo 125

Canonical run but with n = 128 grid points and a timestep of 1/250.
u(z,t) are plotted every one-tenth in ¢; the slope monotonically de-
creases with time. The flow blows up catastrophically with overflow
betweent =34 andt=35. . . . .. ... Lo 126

Comparison of the exact benchmark solution at ¢ = 10 with the so-
lution as computed using Orszag-Phillips dealiasing with resolutions
of N =32, N =64 and N = 128 grid points. In each frame, the true
solution is shown as the dashed curve; the solid curve with the cir-
cles is the lower resolution dealiased approximation. The lower right
shows the N = 128 grid point solution without dealiasing: there is
no graph because the aliased computation is unstable and overflows
to Not-a-Number (NaN) at every grid point. This difficulty cannot
be fixed by shortening the timestep. . . . . . . . .. ... ... ... 127

Waterfall plot using the Fourier pseudospectral method to solve the
BO equation with N = 512 grid points and a timestep of 1/50000.
u(z,t) plotted every one-tenth in t. The initial condition of u(z,1)
is u(z,0) = 2/(2? + 1) for x € [—7, 7] and u(z,0) = u(z + 27,0) for
all z € R .. 0o 128

Waterfall plot using the Christov method to solve the BO equation
with N = 128 grid points and a timestep of 1/1000. u(z,t) plotted
every one-fourth in t. The initial condition of w(z,t) is u(z,0) =
2/(22 4 1) o oo 129

Waterfall plot using the RBF method to solve the BO equation with
N = 256 grid points and a timestep of 1/5000. u(x,t) plotted every
two-tenth in t. The initial condition of u(x,t) is u(x,0) = 2/(z* +1) 130

The red curve is the right hand side of the equation (5.66) and the
blue curve is the left hand side of the equation (5.66) with ¢ = 0.05.
The initial condition used in the calculation is u(x,0) = 2/(z* +1) 134

The red curve is the right hand side of the equation (5.66) and the

blue curve is the left hand side of the equation (5.66) with e = 0.05.
The initial condition used in the calculation is u(z,0) = 2/(2? +1) 135

1X



5.16

5.17

6.1

6.2

6.3

Al

The red curve is the right hand side of the equation (5.66) and the
blue curve is the left hand side of the equation (5.66) with ¢ = 0.05.
The initial condition used in the calculation is u(z,0) = 2/(2? +1) 135

Comparison of the errors of different methods for the cubic BO equa-
tion . . . . . e e e 141

Left: the curve I'* corresponding to x and t satisfying x + 2Lt < x
Right: the curve I'* corresponding to x and ¢ satisfying x + 2Lt > xy 148

The graph of the curve T™ . . . . . . .. . ... . ... ... ... . 151
The graph of the curves I and T . . . . . . o oo i 154
Two-layer Fluid . . . . . .. .. ... ... ... ... .. 159



Table

5.1

5.2

2.3

5.4

LIST OF TABLES

Formulas for the CFL limit of the linear BO equation. The number
W in the formulas is the width of the domain and L is a parameter
in the Christov method. . . . . . . . .. ... ... ... ......

Comparison of Numerical Methods . . . . . ... ... ... ....

Error of small dispersion limit calculation. The initial condition of
w(z,t)is u(z,0) = (cosz+1)/2. . . . . ..

Maximum of ¢ such that 0 < 6 < 1 and by using the solution we

obtained as the first guess, Newton’s method for the equation (5.85)
will converge . . . . . ...

x1



LIST OF APPENDICES

Appendix

A.  Derivation of the BO Equation

B.  Proof of an Integral Identity .

xii



CHAPTER 1

Introduction

Nonlinear evolution equations as mathematical models are widely used in almost
all science disciplines. For most of nonlinear evolution equations, it is very difficult
to find exact solutions and there is no general solution available in close form. How-
ever, there are some theoretical methods available to study some nonlinear evolution
equations with special properties. For example, the inverse scattering transform can
be used to investigate integrable evolution equations. Here, the integrable evolu-
tion equations are evolution equations that have a Lax pair developed by Lax [42].
The Lax pair of an integrable evolution equation is a pair of linear equations, whose
compatibility condition is this integrable evolution equation. The inverse scattering
transform based on the Lax pair is a very powerful tool to find exact solutions (soli-
ton solutions) and analyze the Cauchy problem of integrable evolution equations.
With the use of the Lax pair, instead of solving a nonlinear evolution equation, one
deals with two linear equations and one of them is a single variable equation, which is
easier to solve. Among integrable evolution equations, the Korteweg-de Vries (KdV)
equation and the nonlinear Schrodinger (NLS) equation are most famous and well-

studied. They can be derived from various physical phenomena. In this dissertation,



we study another integrable evolution equation, the Benjamin-Ono (BO) equation
(1.1) u + 2uty + €H(uyy) = 0,

where € is a constant and H is the Hilbert transform defined by

(1.2) ) = —f ) yf“f_yldy.

It arises in modeling internal gravity waves in deep water [5, 18, 59, 12] (see Appendix
A for details). It also describes “morning glory cloud” in Northeastern Australia [64].
The Lax pair of the BO equation was discovered by Nakamura [57], Bock and Kruskal
[6]. By using the Lax pair, Fokas, Ablowitz, Anderson [2, 25] introduced the inverse
scattering transform of the BO equation. They investigated the solutions of the
single variable equation in the Lax pair with four different boundary conditions and
introduced the scattering data that characterize the relation among these solutions.
The time evolution of the scattering data was derived from the other equation in the
Lax pair. Fokas, Ablowitz, Anderson also studied the inverse scattering problem,
which is to calculate solutions of the BO equation by using the known scattering
data. Soliton solutions of the BO equation corresponding to reflectionless scattering
data were obtained by solving the inverse scattering problem. Later, Kaup and
Matsuno [39] analyzed the conservation laws of the BO equation and the asymptotic
behavior of the scattering data. With the real initial condition assumption, they also
proved two identities of the scattering data.

In this dissertation, theoretical methods (Chapter II-IV) and numerical meth-
ods (Chapter V) are used to investigate the BO equation. First, we review the
inverse scattering transform of the BO equation and fill in many mathematical de-
tails and mathematical gaps to make it easy to understand. Next, we study the zero

dispersion limit of the BO equation and its generalizations in Chapter III and IV



respectively. The contents of Chapter III and the proof of an identity in Appendix
B were published in [56] and the contents of Chapter IV will be published in the
future. In Chapter V, we use numerical methods to investigate the BO equation and
the contents of this chapter will be published in the future. Moreover, we review the
derivation of the BO equation and fill in some mathematical details in Appendix A
and some new ideas to analyze the BO equation are provided in Chapter VI. To be

more precise, first let us talk about the zero dispersion limit.

1.1 Zero Dispersion Limit of the BO Equation

The parameter € > 0 represents the relation between the nonlinear and dispersive
effects in the BO equation (1.1). The dispersive effect is dominant in the system if
the parameter € is very large. In this case, a solution of the BO equation can be
approximated by a solution of the linear BO equation with the same initial condi-
tion. On the other hand, if the parameter € is very small, then the nonlinear effect
becomes the dominant effect. One may expect a solution of the BO equation can be
approximated by a solution of the inviscid Burgers equation (obtained by choosing
e = 0in (1.1)) with the same initial condition. This conjecture holds true only for
t < T (see Corollary II1.6) because of the formation of a shock wave in the inviscid
Burgers equation in finite time 7. What happens to the solutions of the BO equa-
tion after that time is a very interesting question. For the KdV equation, the small
dispersion term forces the shock wave to become approximately periodic traveling
waves [43, 44, 45]. This phenomenon also appears in the solutions of the BO equa-
tion for small € (see Figure 1.1). Here, Figure 1.1 is taken from [56]. This interesting
phenomenon can be analyzed by studying the zero dispersion limit, where the zero

dispersion limit is the limit of the solution of the Cauchy problem with e-independent
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Figure 1.1: The evolution of a pulse under the BO equation. Top row: € = 0.04.
Bottom row: € = 0.02. In both cases the initial condition is the same:

uo(z) = 2(1 + 2?)~L.

initial condition ug(x) as € | 0. Before we talk about the history of the zero disper-
sion limit of the BO equation, let us first review that of the KdV equation. The KdV

equation [41]
L,y
(1.3) Uy + 2uy, + 36 Usoo = 0,

where € is a constant, has very wide applications in various areas. The KdV equation
describes shallow-water waves with weakly non-linear restoring forces, long internal
waves in a density-stratified ocean, ion-acoustic waves in a plasma and acoustic waves
on a crystal lattice, etc. The inverse scattering transform of the KdV equation intro-
duced by Gardner, Greene, Kruskal and Miura [29, 30] is widely used to investigate
the KdV equation. Especially, the inverse scattering transform provides a simple
way to construct soliton solutions of the KdV equation. On the other hand, the for-

mula for the N-soliton solutions of the KdV equation can be obtained via a bilinear



method introduced by Hirota [36]. This formula was used by Lax and Levermore
[43, 44, 45] to analyze the zero-dispersion limit of the KdV equation with negative
initial conditions. They approximated the solutions of the KdV equation with neg-
ative initial conditions by N-soliton solutions, which can be written in terms of the
determinant of a huge matrix. Lax and Levermore analyzed the asymptotic behav-
ior of the dominant part of the determinant and obtained a method to calculate the
weak zero dispersion limit of the KdV equation.

The zero-dispersion limit of the BO equation was studied by Matsuno [52, 53],
Jorge, Minzoni, and Smyth [38]. They assumed that the approximately periodic
traveling waves can be modeled by the formula of periodic solutions of the BO equa-
tion where the parameters in the formula varies very slowly for small . Based on
this conjecture, they estimate the zero dispersion limit of the BO equation via an
analogue of the method developed by Gurevich and Pitaevskii [32] to study that of

the KdV equation. In [52], Matsuno wrote:

From a rigorously mathematical point of view, however, the various re-
sults presented in this paper should be justified on the basis of an exact
method of solution such as [the inverse-scattering transform], or an analog

of the Lax-Levermore theory for the KdV equation.

In Chapter III, such a rigorous proof is provide. Similarly as the Lax-Levermore
method, we approximate the solutions of the BO equation with admissible initial
conditions by N-soliton solutions. The bilinear method applied to the KdV equation
can also be used to the BO equation to construct N-soliton solutions, which was
done by Matsuno [48]. These N-soliton solutions can also be written in terms of the
determinant of a huge matrix. Instead of analyzing the determinant, we investigate

the eigenvalues of this huge matrix to calculate the weak zero dispersion limit of the



BO equation. The most surprising result about the zero-dispersion limit of the BO
equation is that the weak zero-dispersion limit can be simply written in terms of the
multivalued solution of the inviscid Burgers equation with the same initial condition

(see Theorem III.5 for details).

1.2 Numerical Methods

Compared to the other evolution equations, analyzing the Cauchy problem of
the BO equation numerically is more challenging due to the presence of the Hilbert
transform. The Hilbert transform in the BO equation is an integral operator, which
is essentially nonlocal. To evaluate the Hilbert transform of a function at one point
requires knowledge of the function at every other point. Thus if one discretizes the
computational domain, one needs to use the values of the approximate solution at
all of the grid points just to compute its Hilbert transform evaluated at only one grid
point. To avoid this difficulty, spectral methods in which the Hilbert transforms of
the basis functions are simple are used. This idea was used by Thomee, Vasudeva,
Murthy [67], James and Weideman [37] to numerically study the BO equation. In
this dissertation, we make a comparison of three different numerical methods and
use one of these methods to illustrate and verify our results of the zero dispersion

limit of the BO equation.

1.3 Outline of Thesis

In Chapter II, we review the inverse scattering transform of the BO equation in
detail by comparing to that of the KAV equation. To provide a better understanding
of the inverse scattering transform, the calculation of an example is given to illustrate

the method to calculate the scattering data of the BO equation. In Chapter III, the



zero-dispersion limit of the Cauchy problem of the BO equation is studied via an
analogue of the Lax-Levermore method. Moreover, some generalizations of these
results are given in Chapter IV. In Chapter V, three different numerical methods:
the Fourier pseudospectral method, the Radial Basis Function (RBF) method and
the Christov method are described to solve the Cauchy problem of the BO equation
in infinite spatial domains. Furthermore, a comparison of these three methods is
made and the numerical illustrations of the theoretical results are given. Finally,

some discussion about the future work is provided in Chapter VI.

1.4 Notation

In this dissertation, we use capital and lowercase letters in bold font to represent
matrixes and vectors respectively. If n()) is a function defined on the complex -
plane, we use ny () (n_(\)) for A € R to represent the boundary value of n(\) taken

from the upper (lower) half A-plane.



CHAPTER II

The Inverse-Scattering Transform for Integrable
Evolution Equations

In this chapter, we first introduce the inverse scattering transform of the KdV
equation and then we discuss the inverse scattering transform of the BO equation in
detail. For those who are familiar with the inverse scattering transform of the KdV
equation, the inverse scattering transform of the BO equation will become easier to

understand by comparing with that of the KdV equation.

2.1 The Inverse-Scattering Transform for the KdV Equation

The Lax pair of the KAV equation [42] is

(2.1) thag + %w = —k*

2
(2.2) ey = (euz + p)h — € (gu — 4k2> (8
where p is a constant and k is a complex spectral parameter. By letting A = k2,

the equation (2.1) can be viewed as an eigenvalue problem for the Schrédinger op-

2 d*

75 —u/3, where X is the spectral parameter. If u is a real function, the

erator —e
Schrodinger operator is a self-adjoint operator on L?(R) and its continuous spectrum

is RT.



2.1.1 The Direct Scattering Problem

The equation (2.1) is a second order ordinary differential equation (ODE). By
assuming the potential u lies in L?*(R), one can find that if k is a real number, any
solution of the equation (2.1) tends to C1e™**/¢ + Che ™7/ as & — 400, where O}
and Cy are constants. Let ¢(x; k), ¥ (z; k), ¢(z; k) and ¢(z; k) to be the solutions of

(2.1) with the boundary conditions:

(2.3) @z k) = e /(1 +0(1), o(a;k) =e*/(1+0(1), as z— —oo,

(2.4) Y(x;k) = e* (1 +0(1), U(x;k) =e ™ /(1 +0(1), as z — oo,

where & € R. Then the functions ¢(x;k), ¥(x; k), ¢(x; k) and (x; k) satisfy the

following Volterra type integral equations [1]:

23) otk = e o [ oy
20 atek) = e o [ S50y,
27) i) = el o [T I gy yay
28 k) —ehies o [T ZII )y

Here, each of these Volterra type integral equations (2.5)-(2.8) has a unique solution.

The functions 1 (z; k) and (x; k) are linearly independent of each other if the real
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number k # 0, because the Wronskian

Since the equation (2.1) is a second order ODE, any solution of the equation (2.1)
can be written as a linear combination of ¢ (z; k) and ¢ (z; k). This fact implies that

there exist a(k), b(k), a(k) and b(k) such that
(2.10)  @(; k) = alk)(z; k) +b(k)p(z; k); - o(w; k) = a(k)p(z; k) + b(k)(a; k),

where a(k) = —a*(k) and b(k) = b*(k). The functions ¢(x;k) and v (x;k) have
analytic extensions to the upper half complex k—plane and ¢(z; k) and 1 (z; k) have
analytic extensions to the lower half complex k—plane. A complex number k, is
defined to be an eigenvalue, if k,, satisfies a(k,) = 0. In fact, A, = k2 is an eigenvalue
of the eigenvalue problem (2.1) for the Schrodinger operator. A complex number c¢,, is

defined to be the norming constant corresponding to the eigenvalue k,,, if ¢, satisfies
(2.11) Up ~ cpe®nCas x — o0,

where v, is the eigenfunction of the eigenvalue problem (2.1) for the Schrédinger

operator corresponding to A, = k2 and satisfies

(2.12) / vidr = 1.

0
Since the Schrodinger operator is a self-adjoint on operator L?(R) and its continuous
spectrum is R, the eigenvalue A, has to be a negative number, which implies k,, is
a purely imaginary number and if k, is an eigenvalue, the complex conjugate & is
also an eigenvalue. In fact, the norming constant corresponding to k7 is the complex
conjugate of ¢,. So we will use k,, and k£ to represent the eigenvalues in the rest of

this section, where imaginary part of k,, is positive and that of &} is negative.
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Here the functions a(k,t) and r(k,t) = b(k,t)/a(k,t) and the constants {k,}_;,

{3 {e 30, and {cf }Y_, are called the “scattering data”.

2.1.2 Time Dependence of the Scattering Data

The time evolution of the scattering data for the KdV equation is given by

(2.13) ken(t) = kn(0),  cn(t) = cp(0)e™*at/,

(2.14) a(k,t) = a(k,0), r(kt)=r(k, O)e8i]{;3t/53'
2.1.3 The Inverse Scattering Problem

If the scattering data are given, one can construct a Gel’fand-Levitan-Marchenko

equation [1]:
@15 K@y +Faty+ [ K@soPs+pda=0, yza

where

1
o

(2.16)  F(z) / "k, )l + D (h(tye e 4 ()P (H)eHarle)

n=1

The potential u(x,t) can be calculated by solving the equation (2.15) and using the

relation between the potential u(x,t) and the function K (x,y):
0
(2.17) u(z,t) = —2e—K(z, ).
This calculation can also be done by solving a Riemann-Hilbert Problem.

2.1.4 The Riemann-Hilbert Problem

According to the properties of ¢(x; k), ¥ (z; k), ¢(x;k) and (x; k) discussed in
§2.1.1, one can find that the row vector function m(k; x,t) = (mq(k; x,t), mo(k; z,t)),

where

¢eikx/e

(2.18) my(k;z,t) = o(F)

and  my(k;z,t) = e~/ for (k) >0,
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7672%2/5
—a(k)

satisfies the following Riemann—Hilbert Problem.

(2.19) my(k;z,t) = and  my(k;z,t) = Ye*@c for (k) <0,

Riemann-Hilbert problem II.1.
Analyticity: m(k) is analytic in C\(RJ{k1, k2, -+ , kn})

Restdue condition:

0 0
(2.20) Res m(k) = lim m(k) :
k=k; k—k; . 2iknx /€
—icy(t)e 0
0 dick(t)e2ikne/e
(2.21) Res m(k) = lim m(k) :
k=k k—k 00

Jump conditions: The boundary values taken on R satisfy: m (k) = m_(k)v, (k)

for k € R, where

1—|r(k,t)]? —r*(k, t)e %k
. o |1

r(k,t)e?r 1
Normalization: m(k) is normalized at infinity:

(2.23) m(k) — (1,1) as k — oc.

The potential u(z,t) can be evaluated by solving Riemann-Hilbert Problem II.1

and using the relation between u(x,t) and m(k):

.0
(2.24) u(z,t) = —2ze%m11(m,t),

where
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2.2 The Inverse-Scattering Transform for the BO Equation

The Lax pair of the BO equation [6, 57] is

(2.26) iew) + Mw" —w”) = —uw*

(2.27) iwiE — 2idwE + ewE, — 2iCs (uy)w® = —pw*

where p is a constant and C4 are the Cauchy operators defined by

1 1.
(2.28) Ci(u) = iﬁu — 52H(u)

In fact, the Cauchy operators C. can be equivalently defined as

(2.29) Ci(u)(x) = lg{g (% /OO %dy) .

The constant p will be determined later to match the boundary conditions. Here,
the functions w® () represent the boundary values of a function which is analytic
in the upper (4) and lower (-) half z-plane. In this section, we introduce the in-
verse scattering transform of the BO equation, most of which was discussed by Fokas
and Ablowitz in [25]. We also introduce some results given by Kaup and Matsuno
[39, 49, 50]. Moreover, we fill in some mathematical details and mathematical gaps
in this section to consummate the theory and make it easy to understand. Before
talking about that, we discuss the definitions of the Cauchy operators C+ and the
Hilbert transform H and introduce the definition of the Hardy space and some basic
properties of the Cauchy operators C, which will be used later. The Hilbert trans-
form H and the Cauchy operators C.. are operators on L*(R). The Hilbert transform
is defined in terms of a principal value integral by (1.2) where the principal value

integral is defined by

s [ ([ e [ 1)
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To provide a better understanding of two equivalent definitions of the Cauchy oper-
ators, we calculate the function Cy(u)(x) via two different definitions, where u(z) =
1/(z* + 1). First we use the equation (2.29) to calculate C,(u)(z). By adding an
integral on a contour on the upper half complex plane connecting co and —oo to the
right hand side of the equation (2.29), one can obtain an integral on a closed con-
tour. After applying Cauchy residue theorem to the right hand side of the equation
(2.29) and letting the contour on the upper half plane go to oo, one can find that

the integral on the contour on the upper half plane vanishes and that

Cy(u)(z) = — 1533 (ie% Ly (@t ;z'))(yQ + 1)])

2(x +1)

(2.31)

One the other hand, we first calculate H(u)(x). Since

1 _ 1 ( 142y B x)
(2.32) y—o)y?+1) 22+1\(y—2)2+1) y*+1

1 1 Y T
S22+ 1\y—2 2 +1 y2+1)

then the function H(u)(x) can be written as

B 1 o 1+ xy x < 1
(2:88) Hw@) = ey 1>J[_oo D@ DY w@ ) (/oo o 1dy) |

The first integral on the right hand side of the equation (2.33) vanishes based on the

following calculation.

(2.34)

I <y(i ;fjﬁ Y= (15%1 (/ <y(i ;9(053 Tyt / <y(i 1)?53 C—li/l)))
(

[GH#)w)
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The fact that y/(y* + 1) is an odd function tells us that

o0 1 r—0 1 L 1
][ ( +a:y2)dy = lim (lim (/ dy+/ dy))
oo =)+ 1) Lo\l \J_, y—z s Y —
L — z|
2.35 =1 | ‘
(23 Lfﬁo(og(ww”

=0.

Therefore, one can obtain

(2.36) Flu)e) = _W($2x+ 1) (/_: y? :- 1dy)

Then it is easy to see that

2(x +1)

(237 Co(u)(x) = sulr) — 5iM(u)(x) =

The above calculation verifies the fact these two definitions of the Cauchy operator
are equivalent. Next, we introduce the definition of the Hardy space and some basic

properties of the Cauchy operators C.

Definition I1.2. The Hardy space H" (H™) on the upper half-plane (lower half-
plane) is defined to be the space of holomorphic functions f on the upper half-plane

(lower half-plane) with bounded norm given by

1/2
(2.38) [l = sup [ / rf<x+zy>|2dx] .
yERE R

The most well-known property of the Cauchy operators is the Plemelj formula
(2.39) [19, 73, 26] in the following theorem. In fact, the Cauchy operator C, are
orthogonal and complementary projections onto the Hardy spaces HT respectively
[73, 26]. This fact implies the first two statements in Theorem I1.3 and the identities

(2.40) and (2.41).
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Theorem I1.3. [19, 73, 26] For any function f € L*(R), the function Co(f) (C_(f))
belongs to Ht (H~ ). On the other hand, if g € Ht (H~), then there exists a function
f € L*(R) such that g = C.(f) (9 =C_(f)). Moreover, for any functions f,q € L?,

the following identities hold true:

(2:39) C.(f)—C_(f) = .
(2.40) C.(C_(f)) = C-(C:(F)) = 0.

(2.41) C-(Co(f)) = Cu().

(2.42) | eshesaiis o

(2.43) | ep@ais =~ [ e @i

Here, the identities (2.42) and (2.43) can be directly obtained from an alternative

interpretation of the Cauchy operators (see the identity (2.2) in [26]).

2.2.1 The Direct Scattering Problem

In §2.1, the first equation in the Lax pair can be written as an eigenvalue problem.
Here, this fact also holds true. If w* € H¥, by applying the Cauchy operator C
to each side of the equation (2.26) and using (2.40) and (2.41), the equation (2.26)

becomes
(2.44) iew! + Mt = —Cy (uw™).
Then after using the fact w™ = Cy(w™), one can write (2.44) in the form

(2.45) Lwt = w™,
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where the operator £ is defined by:
(2.46) L= —iei — CiuC
. - dm + +.

This is an eigenvalue problem of the operator L. If u is a real function, the operator
L is an essentially self-adjoint operator on H' and its continuous spectrum is R¥.
For A € R, if w* are bounded, then uw™ € L?(R). The identity (2.39) implies

that uw™ = C; (vw™) — C_(uw™). Then the equation (2.26) can be written as:
(2.47) iew,! + Mt + Co(uwt) = A 4+ C_(uw™).

Since each side of the equation (2.47) is bounded and analytic in the upper and lower
half z-plane, according to Liouville’s Theorem, each side of the equation (2.47) is

equal to a constant denoted by A\wy. Then one can obtain an equation for w:
(2.48) iew! + Mwt —wy) = —C4 (uw™).

With the use of an integrating factor, one can write w™ as:

(2.49) wh = wo + Ce*/e 4 z /_x Cy (uw™) (y)e*@e=v/egy,

where C' is a constant. It implies

(2.50) wh — wy + Ce™*™¢ as 1 — —o0

(2.51) wt — wy + (C + E/ C+(uw+)(y)e_iky/€dy) eftle as z— o0
€

—00

For A > 0, the functions M (x;\), M(x;\), N(z;\) and N(z;)\) are assumed to

be the solutions of the equation (2.26) with the following boundary conditions:

(2.52) M(z;\) =14 o(1), as T — —o0,
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(2.53) M(x;\) = e?%/¢(1 + 0(1)), as r — —oo,
(2.54) N(z; ) = ™<(1 + o(1)), as T — 00,
(2.55) N(z;\) =1+ 0(1), as T — oo.

After applying the Fourier Transform, one can show that for A > 0, the func-

tions M (x;\), M(x;\), N(x;\) and N(x;\) satisfy the following Fredholm integral

equations:
1 o0
(2.56) M (2 M) =1+g/ Gy (@, y; Nu(y) M (y; N)dy,
_ . 1 o0 _
(2.57) Wi 2) = /42 [ Gy Nl M (s Ny,
. 1 o0
(2.58) N(aN) = /2 [ G uly) Nz Ny
__ 1 o0 _
(2.50) Nwid) =1+ ¢ [ G- Nulo) Ny Ny,
where

2.60 G N m L [T
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In fact, G4 (z,y; A) are the boundary values of G(x,y; \) taken from the upper and

lower half A-plane respectively. Here the function G(z,y; A) is given by

2.61 Gl = [ o A ¢ R
(. ) (.T,y,)—%/o p——)\p or ¢ .

By using the definition of G4 and applying Cauchy’s residue theorem, one can show

that the difference between G, (z,y; \) and G_(x,y; \) is given by
(2.62) Go(x,y;\) — G_(z,y;\) = i’V for X\ > 0.

If A\ ¢ R*, after integration by parts, one can find the asymptotic behavior of
G(z,y; \) as |x| —oo is given by

1
C2miz)\

(2.63) G(x,y; \) +0(z7%) for X¢R'.

By taking derivative with respect to A and integration by parts, one can obtain

(2.64) DGy ) = g+ D),

which implies G4 (x,y; A), the boundary values of G(z,y; \) also satisfy

(2.65) %(Gi(x,y; A)) = _271r)\ + i e_ y>Gi(x,y; A).

The corresponding integral equations in §2.1 are Volterra type integral equations,
which are easier to analyze. Here, a different method is used to investigate these Fred-
holm integral equations. To investigate the relation between M (x;\) and N(z; )),

we introduce a new function A, (x; \) = M(2;A) — N(z; A). By subtracting (2.59)

from (2.56) and using (2.62), one can find that the function A(z; \) satisfies

266 Aay(N) = BN+ 2 [ Gy Nuly) By (s D)y
where
(2.67) 500 =1 [ utg)ary e dy,
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The equation (2.66) implies A, x(2;A)/B(N) is a solution of the equation (2.58).

Since N(x;\) is the unique solution of the equation (2.58), one can obtain
(2.68) Ay () = BOYN (a3 ).

Therefore, the relation between M (x; \) and N(z; )\) is given by

(2.69) M(z;\) = N(x; ) + B(A)N(z;\) for X > 0.

The same strategy can be used to write N(x;)\) in terms of N(x;)\). After

idx/e

multiplying each side of the equation (2.58) by e~ , differentiating them with

respect to A and applying the equation (2.65), it is easy to show

(270)  An(wsA) = e ™/ f() + 2 / G (. N () A (y: Ny,
E — 00
where
271 An(e) = o (V@™ and J0) =~ [ ulp)N (s Ny,
7 1)) ’ 2Ne J_ o 7

Then it is obvious that Ay(x; \)e**/</f()) is a solution of the equation (2.59). The
uniqueness of the equation (2.59) and the asymptotic behavior of N (z;\) as A — 0+

given in [39] indicate
(2.72) N(z;\) = e/ / f(k)e = N (z, k)dk.
0

By simply substituting it into (2.69), one can obtain a nonlocal relation between

M(x; \) and N(z;\):
(2.73) M (z;0) = N(z; X)) + B(N)ee/e / ' f(k)e /N (z, k)dk.

Fokas and Ablowitz introduced the functions M (x; \), M (z; \), N(x; A) and N (z; \)

in their paper [25] and kept using these notations throughout the paper. To provide
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a better understanding of the theory, we introduce a new function W(z, A). In fact,
the functions M(x;\) and N(x;\) are the boundary values of a function W (x, \)

taken from the upper and lower half A-plane respectively:

(2.74)  M(z;)) = lim W(z,\); N(z;A) = lim W(z,\) for \eR*.

N = A+i0 N —A—i0
The function W (z, A) is analytic in C\(RTU{Ay, -+, \,}) and satisfies the equation

(2.26) and the following Fredholm integral equation

1 (0.9)
(2.75) W) =1+ 1 [ Glaags ()W (s Vi
for X ¢ R U{\, -+, A\, }. Here Ay, --- |\, are simple eigenvalues of the eigenvalue
problem (2.45) (In [25], Fokas and Ablowitz assumed all the eigenvalues correspond-
ing to the problem they discussed are simple eigenvalues), which are negative real

numbers. Assume ®;(z) € H" is the eigenfunction of the eigenvalue problem (2.45)

corresponding to \; and satisfies

(2.76) N = [ u)a, )y,

2w ) o,
then it also satisfies the equation (2.26). By applying the Fourier Transform to the

equation (2.26), one can show that ®;(x) satisfies the following Fredholm integral

equation:
1 o0
(2.77) B0) = > [ G\l Wiy
After using (2.63) and (2.76), the (2.77) tells us that
1
(2.78) D;(x) ~ L 8 |x| —o0 .

By applying the analytic Fredholm theorem [65] to the Fredholm integral equation

(2.75), one expects a pole at A = A;. Since the eigenvalues are assumed to be simple
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eigenvalues above, one can write W (z; \) as

(2.79) W(x;A) = W9 (3 0) + f i(i).

where C; is a constant and W\ (x; ) is analytic at A = \;. Then by substituting
it into the equation (2.75), using (2.77), letting A tend to \; and using (2.64) and

(2.77), one can obtain

o0

. 1 :
(2.80) WY i) - ¢ [ Gl )W Ay = a

o0

where

(281) W (a:\) = WO(a:\) — “Dady(a); ay=1— - / ®,(y)uly)dy.
€ 27r6)\j

—00

Here Wg)(x; A;) is analytic at A = A;. By the Fredholm theory, a; is equal to 0.
It implies that Wg)(m; A;) is a solution of the equation (2.77). Then Wg) (x;\j) =
v;®;(x), where ~; is a constant. The constant 7; plays a similar role as the norming

constant ¢, in §2.1. Moreover, after using the fact a; = 0 and the equation (2.76),

one can find the constant C; = —ie. Therefore,
.
(2.82) lim {W (z; \) + eﬂ} = (x +7;(t)P;(z).

The above calculation is valid for all complex potential u(x,t). The function
u(x,t) we are interested in is a real function. With the assumption that the potential

u(z,t) is real, Kaup and Matsuno [39] showed
EAOY

(2.83) f) = i) for A >0,
and

1
2.84 S(v;(0)) = ——.
(2.8) 4(0) = ~55

The eigenvalues A; j = 1---n, the constants 7; j = 1---n, and the reflection
coefficient B(A) where A > 0 constitute the scattering data, which can be used to

calculate the potential u(z,t) as will be shown later.
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2.2.2 Time Dependence of the Scattering Data

Since the potential u(x,t) varies as time ¢ varies, one expects the scattering data
also vary as time t varies. The variation of the scattering data can be derived from
the equation (2.27). By substituting M (z; A) into equation (2.27) and applying the
boundary condition (2.52), one can find that the constant p in equation (2.27) is

equal to zero. Therefore,

(2.85) iM, — 2iIAM, + €My, — 2iC. (uz)M = 0.
After applying the same strategy to N(z;)), one can obtain
(2.86) iN; — 2iIAN, + €Ny — 2iCy (uy)N = 0.

Then by substituting (2.69) into (2.85) and using (2.86), it is easy to show N(z; \)

satisfies
(287) BN +iBOVN; — 208NN, + eB(N) Ny — 20, () BN = 0.

After using the boundary condition (2.54) and considering the asymptotic behavior

of each side of the equation (2.87), one can obtain 3;(\) = iA\?3()\)/e, which implies
(2.88) B 1) = BN, 0)eNe.

It follows from (2.83) and (2.88) that the variation of f(\,t) is given by

(2.89) FONLE) = F(N, 0)e e,

In [25], Fokas and Ablowitz stated the number of eigenvalues and the eigenvalues
themselves are constants without a rigorous proof or a detailed calculation. Here,

we provide the proof of this statement. By differentiating each side of the equation
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(2.76) with respect to ¢t and using (1.1), (2.27) and (2.45), we obtain

1 o0
Ao =g [ (w(®s)e +u?;)dy
1 [ |
(2.90) = o [ (@A) +ie(Dy)yy + 2 (1)) ®) + ;) dy
1 [ |
=5 (w(2C4 (uy)P;j — ie(P})yy — 2CL ((udy),)) + wP;) dy

Since the function ®; belongs to HT, ®; is a eigenfunction of the Hilbert transform
and satisfies H(®;) = i®,. After using this fact, the skew-adjointness of the Hilbert

transform and the asymptotic behavior of u and ®;, we obtain

(2.91) /_ Z (@), dy = — /_ Z H(uy,)®;dy

and

(2.92)

| ety [ esw iy = [ )2, - C-w)uty) dy

= /OO uu, ®;dy.

Then the equation (2.90) becomes h

)= 5 : (2t + eH (uy,))®; + ;) dy
(2.93) = % _OO (—u®; + w, ;) dy
—0,

which implies the number of eigenvalues and the eigenvalues themselves do not vary
as time varies. Since W (z;\) and @;(z) satisfy the equation (2.27), the equation
(2.82) indicates the function (x + ~,(t))®;(x,t) also satisfies the equation (2.27).
By substituting this function into (2.27) and considering the asymptotic behavior
as = tends to infinity, one can obtain (v;); = 2);, which implies the explicit time

dependence of the constants ; is given by

(2.94) 75(t) = 27t +7,(0).
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2.2.3 The Inverse Scattering Problem

If the scattering data are given, then one can use them to calculate the potential
u(z,t) by analyzing the function W(x;A). The equation (2.79) indicates one can

write the function W(x; \) as

i®;(z)

(2.95) W(w; \) = e

+n(z; ),

where n(x; A) is analytic in C\R™. By substituting it into (2.69), one can obtain the

jump condition for n(x; \) on RT:
(2.96) n* (2, N) = n(, A) + BN (2, ),

where n*(z, \) represent the boundary values of the function n(z, \). Since n(z;\)
is analytic in C\R* and n(z,\) — 0 as A — oo, we learn from the jump condition

(2.96) that

(2.97) n(z, ) = % /O h de

The equation (2.97) implies that

(2.98) W(zA) =1+ — / %dk Z ().

A=

By substituting (2.98) into (2.82), it is easy to show that

/ B(k)N (z, k) Pk)N(z, k) |
o kE—\;

(2.99) (x + ) D;(z) + i€ Z
J74q

Aj— )\
This formula can be used to calculate soliton solutions of the BO equation, which

will be discussed later. After letting A go to the positive real axis from the lower half

A-plane, the left hand side of the equation (2.98) becomes N (z; \):

= B(R)N(z, : 1
(2.100) N(z;)\) =1 +1§ﬂ]1 (2m i m k:) —ze;m@j(x)
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By substituting it into (2.72) and changing the order of integration, one can show

27

(2.101) N(z:\) = f(x, ) +—/ flz,k)p (x;k)dk—ierj(x,A)(bj(x),

where

A f(k)e—zer/sdk

A
2102) e = [ pe s ey = e
0 0 k—)\]

and

R fzk:r/edk,
_ 1 idx/e f
(2.103) f(z,\) =lim ( / /\ s ) :

010

By using the equation (2.75) and the asymptotic behavior of W (z; \) and G(z,y; \),

one can obtain

C.(0)

(2.104) W(aid) — 1 - 5=,

as A\ — oo.

By substituting (2.98) into (2.104), it is easy to show that C(u)(x) can be written
in the form
1 o .
(2.105) Cy(u)(z) = — / B(k)N (z, k)dk +ie Y~ @;(x)
2m J r

If one can obtain N(z, A) and ®;(x) by solving the equations (2.99) and (2.101), the
potential u(z, t) can be calculated via (2.105) . It is very difficult to use the equations
(2.99) and (2.101) to analyze the asymptotic properties of the BO equation. However,

there is a more powerful tool, the Riemann—Hilbert Problem, available.
2.2.4 The Riemann—Hilbert Problem
Based on the properties of W (z, A, t) given above, W (x, A, t) is the solution of the

following nonlocal Riemann-Hilbert Problem. Here W (z, A, ) is viewed as a function

of A and z and ¢ are parameters.
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Riemann-Hilbert problem II.4.
Analyticity: W(X) is analytic in C\(RT [J{\1, A2, -+, \n})

Restidue condition:

—i€ 0
(2.106) Res (W())) = v o WA =) .

Jump conditions: The boundary values taken on RT satisfy

A
(2.107) W (A) = W_(\) + B(\)ePe/e / FYW_(k)e~™*/<dk,  for \eRT
0

Normalization: W () is normalized at infinity:

(2.108) W) —1 as X\ — oo.

Compared to Riemann-Hilbert problem II.1 in §2.1, Riemann-Hilbert problem
IT.4 is much more complicated. The residue condition and the jump condition in
Riemann-Hilbert problem II.1 are local conditions and those in Riemann-Hilbert
problem II.4 are nonlocal conditions.

The equation (2.104) can be rewritten as

(2.109) Ci(u) = lim A(1—W(N)).

A—00

If one can solve Riemann-Hilbert Problem II.4, then w(z,t) can be obtained via

(2.109).
2.2.5 The Soliton Solutions
Soliton solutions are very important special solutions for nonlinear integrable

evolution equations. The soliton solutions of the BO equation are rational functions

and the corresponding scattering data are reflectionless (the reflection coefficient
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B(A) = 0). If the potential u(x,t) is a soliton solution, then the equation (2.99)

becomes

1
N — Mg

(2.110) (x4 7))@ (x) +ie Y
J#q

o, (z) = 1.

The soliton solutions can be calculated by solving this linear algebra problem and
using (2.105). The soliton solutions also can be obtained by solving Riemann—Hilbert
Problem I1.4. Since S(A) = 0, W(z;A) is analytic in the whole complex A-plane
except some simple poles on the negative real axis. The normalization condition of

W (z; \) suggests the function W (x; ) can be written as

MWt any AVt
(A=A)--(A=Ay)

(2.111) W (s \) =

where ag, a1, - - - ,an_1 are constants to be determined to match the residue condition.
One can turn it into a linear algebra problem by substituting (2.111) into the residue
condition. In fact, the formulas of the solition solutions obtained via these two
methods are same as the N-soliton formula obtained by Matsuno [48] via a bilinear

transformation method. Matsuno’s N-soliton formula is

(2.112) u(z,t) = 26%% (log(7e(x, 1)),

where the “tau-function” 7.(z,t) := det(I+ie 'A.). Here A, is an N x N Hermitean

matrix given by

(2.113) (A)nm = =2 ,(z + 2X,t +7,(0)), for n=m,
and

2 1/2
(2.114) (A)um = ZienAm) - for n # m.

)\n_)\m ’
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2.2.6 The Multi-phase Solutions

The periodic solutions of the BO equation obtained by Benjamin [5], Ono [59],

Satsuma and Ishimori [66] are given by

ktanh ¢
2.11 t) =
(2.115) w(@,t) 1 + sech¢ cos &
with
(2.116) E=k(r—at)/e+& and a=kcotho,

where k and ¢ are real constants and &, is the phase constant. Satsuma and Ishimori
[66] also constructed multi-phase solutions of the BO equation (also called N-periodic
wave solutions in [66]) via a bilinear transformation method. Later, Dobrokhotov
and Krichever [22] obtained the same multi-phase solutions of the BO equation by

using a different approach, which is given by

N
0
2.117 t)=C W —bn) — 23 [ = (log(det(Q(x, ¢
D) )= O D (e ) =28 (5 on(der Qe 1))
where C < a; < b; < a3 < by < --- < ay < by are real constants. The matrix

Q(z,t) is given by

1

bj_@m

(2.118) (Q)jm = Cmei(am—bm)x/f—i(ain—bfn)t/e(gjm _

Y

where 0, is Kronecker delta and the constant c,, is defined by

(bm = CO) [ ;@i — a;)(bi — b))
(am — C) T2y (b — a)(a;i — bj)

In fact, the solutions given by (2.117) are the periodic solutions of the BO equation

(2.119) Cm = | —

when N is equal to 1. The discussion in [22] suggests that the periodic solutions of

the BO equation can be also written in the form

(2.120) u(z,t) = C+ay — by + 2R(r(z, 1)),
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where r(z,t) satisfies that the function R(\;x,t) given by

r(z,t)
A — aq

(2.121) R(\;z,t) =1+
is a solution of the following Riemann-Hilbert problem
Riemann-Hilbert problem II.5.
Analyticity: R(\;z,t) is analytic in C\{a}
Residue condition:

(2.122) Res(R(\;z,t)) = R(by; z, t)(cl)_1ei(b1_al)x/e_i(bg_a%)tk

A=a1
Normalization: R(\;x,t) is normalized at infinity:

(2.123) R(A\;z,t) =1 as A\ — oo.

2.2.7 The Conservation Laws

Kaup and Matsuno discussed the conservation laws of the BO equation in [39],
which is introduced below. By employing the strategy used in §2.2.2 to show the

eigenvalues do not vary as time changes, one can show

(2.124) / " ()N \)edy = 0.

o0

The equation (2.124) implies that I is a conserved quantity, where

(2.125) I= /00 u(y) N (y; \)dy.

By multiplying each side of the equation (2.100), changing the order of integration,

using (2.71), (2.76) and (2.83), one can write [ in terms of u, G(\) and A;:

[ € .. > Bk Aj
(2126) I —/ u(y)dy + o lim (/0 sk +2W€zj: AN

[e.9]
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Kaup and Matsuno [39] expanded N (x;\) as

(2.127) N(z:\) = f: (1) Ny (2)

By substituting it into (2.26), they obtained that N; = 1 and

_ — . ON.

(2.128) Nii1(x) = Co(ulNg)(z) + ie 8xk (x).
The conserved quantity / then can be expanded as

o (1)F L
(2.129) I=>Y" —

k=0
where
(2.130) L= [ )Ny

By expanding the right hand side of the equation (2.126) in inverse powers of A,

Kaup and Matsuno [39] obtained

N
—1)™ 0o
(2.131) I, = %/ IBOVPA2dN + 2me Y “(=A)F! for k=23,
N 0 -
7j=1

where N is the number of eigenvalues. They showed that the equation (2.131) is
also valid for m = 1 by multiplying (2.100) by u(x), integrating over R, letting A
tend to 0 and using the asymptotic behavior of N(z; ) as A — 0+ given in [39]. In

particular, for m = 1, 2, it is easy to see that

o] )\ 2 o]
(2.132) 27 Ne = %/0 @d)\+/oou(x)dx
and
00 1 n 00
(2.133) /_oo 5u2(:1:)dx = 2me Z(—Aj) + %/0 |B(A\)[2dA.

j=1
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2.2.8 Matsuno’s Method

Matsuno provided a remarkable method to approximate the eigenvalues corre-
sponding to an e-independent smooth positive initial condition uy valid for small
€ > 0 by using the conservation laws (2.131) in his papers [49, 50]. Here, we intro-
duce his method by following the reorganized calculation in [56].

By using the recurrence relation (2.128) with € = 0, one can calculate the limits

of I, as € tend to 0:

(2.134) lim [, = /Ru(:v)C+(uC+(uC+(~ cuCy(u) -+ ) (z)dx, keZt,

el
where the Cauchy operator C, appears k — 1 times in the integrand. Since [j are
conserved quantities, their limits are also independent of time ¢, which suggests the

limits of I, also can be written in the form:
(2.135) liﬂ[)l I, = / uo(2)Cy (uoCo (ugCo (- - - uoCoy (ug) - -+ )))(x) dz, k € Z™.
€ R

With the use of an identity

(2.136)

1

/R uo(2)C (o€ (oo -+ uoC o) -+ ) () e = /R wo(z)F dz, k€Tt

we proved for the first time (see Appendix B), one can simplify the equation (2.135)
as follow:

1
(2.137) lim I, = z / up(z)* dz, k ez
R

€l0
In fact, the equation (2.137) can also be obtained by an older argument given in
Nakamura’s paper [58].

After substituting (2.131) into (2.137), one can obtain

. (_1)k€ /oo 2y k—2 . = k-1 _ 1/ k
(2138)  lim=—- 0 1BV 22 dA+zw1€1}ge;( M)t = Ruo(x) dz,
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for k € Z*. In [49, 50], Matsuno assumed the integral in the first term on the left
hand side of the equation (2.138) is bounded for small ¢ > 0 and k € Z*, if the
initial condition ug is positive and smooth. Here the upper and lower bounds are
independent of €. This assumption is based on a physical argument. By using this
hypothesis, it is obvious the first term on the left hand side of the equation (2.138)

is equal to 0. Then the equation (2.138) becomes

1
: oy kel k +
(2.139) 161%167;:1( An) 5k Ruo(x) de, kel

The finite sum in the equation (2.139) can be written in terms of an integral and

then the equation (2.139) becomes

0 N

1
. k—1 _ k +
(2.140) 161%1 700(—)\) (7;1 (A — )\n)> d\ = Ey Ruo(:t) de, keZ",

where §(\) is the Dirac delta function. The finite sum in the equation (2.140) con-

verges to an eigenvalue density function F'(\) as € | 0 in some weak sense. Then the

equation (2.140) becomes

(2.141) /O (VTP dA = — ()t de, keZ*

—0o0 N ﬂ ]Ruo
Matsuno calculated the function F'(X) explicitly by solving the classical moment

problem (2.141). He noticed the integral on the left hand side of the equation (2.141)

can be written as

0 k—17;
(2.142) /_ (“AFTP(A) dA = (—i)k-l‘fl gk]f (0)

where F(€) is the Fourier transform of F:

(2.143) Pe) = / " POy an,

Then the equation (2.141) becomes

dk— 1 F ik_l

(2.144) T (0) = ok

/uo(a:)k dv, keZ.
R
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If ug(x) € LY(R) N L®(R), then by expanding F(€) about ¢ = 0 and using the
equation (2.144) to estimate the coefficients, one can find F'(€) is an entire function,
which implies the Taylor series of F(£) at 0 converges to F/(€) for & € R. Then the

function F(€) can be written in the form:

R 0 dkflﬁv
F©) = Y Gy g 06

k=1
(2.145) = Z %2[{:' /uo(:z:)k dx
k=1 - IR
1 o [ [i€uo(2)]
2w ;/R k! d

Based on the absolute convergence of the combined sum and integral in the equation

(2.145), one can interchange the infinite sum and integral and write F/(€) as

[i& uO
2m§ / Z

(2.146) _ 1 / i€uo(z) _ |
277-7/5 R (6 ) du
1 )
_ L[ itz gy (1 d
7Té_/Re sin (2&uo(z)) dx

After applying the inverse Fourier transform to each side of the equation (2.146), the
equation (2.146) becomes

2.147 POy = L [ e [ du d
(2.147) (A\) = — lim e /T81n (2¢uo(z)) dxd€.

27T Rloo R
According to Fubini’s Theorem, one can change the order of integration and pass the

limit through the integral in (2.147). Then the equation (2.147) becomes

_ 1 i€ O (z)/2) S (lfUO(f))
F(A)_%/]R(/Re§A+ 2—27r£ d¢ | da.

1
27T

(2.148)
| X-uo(@). (A) de.

where X[_uy(z),0/(}) is the indicator function of an interval [—ug(x),0]. If X ¢ [—L, 0]

where L is the maximum of the initial condition ug(z) for z € R, then the indicator
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function in (2.148) is always equal to 0. This fact implies F'(A\) = 0 for A ¢ [—L,0].
If A € (—L,0), the equation (2.148) can be simplified as:

1
(2.149) F(\) = —/ de, —L<\<0.

2T J{2eR, uo(w)>—A}

2.3 An Example for the Scattering theory of the BO Equa-
tion

Kodama, Ablowitz, and Satsuma [40] calculated eigenvalues and eigenfunctions
in the inverse scattering transform of the BO equation with special initial conditions
of the form

2v
2+ 1

(2.150) u(z,0) =

?

where v is a constant. In this section, we illustrate their method to calculate the

scattering data corresponding to these special initial conditions.

The eigenfunctions @;(x;k;) and the functions M(z;k), M(x;k), N(x;k) and

N(z; k) all satisfy the following equation:
(2.151) iew! + Mw" —w”) = —uw.

The right side of the equation (2.151) can be broken down into two parts —C, (uw™)

and C_(uw™) with the use of the identity (2.39). Then the equation (2.151) becomes
(2.152) iew! + Mt + Co(uwt) = v~ + C_(uw™).

Since the solutions of the equation (2.151) discussed here are bounded, each side
of the equation (2.152) has analytic and bounded extensions to both the upper and
lower half planes. According to Liouville’s Theorem, each side of the equation (2.152)

is equal to a constant denoted by Awy, then the equation (2.152) becomes,

(2.153) iew! + AMwt —wy) = —C4 (uw™) and Aw™ —wp) = —C_(vw™).
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By using the definition of the Cauchy operator C_, w™ can be written as:

1 o 1 20
2.154 ~—wp — i + .
(2.154) T (27Ti)\ /_Ooy— (z — ) (y2+1> v (y)dy>

After applying Cauchy’s residue theorem to the right side of (2.154), one can write

w~ as:

(2.155) w™ = wp — lim G Res [ ! ( 2 ) w+(y)D — gy — 2T

510 y=i |y — (r—10) \y*+1

Then one can obtain a first order ordinary differential equation for w™ by substituting

(2.155) into (2.151):

20 - ivw™ (i)
2+ 1 x—1

(2.156) iew! + AMwt — wp) + = 0.

With the use of an integrating factor, one can obtain a general solution of (2.156)

.\ V/€ z 4 .\ v/e
R (Q) <C_ 1 / vt (i) iy (y_ﬂ) "
T+ €J oo Y—1 Y —1

given by
(2.157)

where C'is a constant.
If A, is an eigenvalue and ®;(z) € HY is the corresponding eigenfunction, then
®;(x) is a solution of the equation (2.151) for A = X;. This fact tells us that ®;(x)

can be written as the right hand side of the equation (2.157) with wy = C' = 0:

.\ v/e px .\ v/e
) — 1 )
(2.158)  ®j(x) = ——d; (i)l ("” Z) / = emihule (y—“> dy.
€

T +1 Ceo Y — y—1
Here, the constants wy and C' are chosen to be equal to 0, because ®;(x) — 0 as
|z| —oo . But, the equation (2.158) only guarantees ®;(z) — 0 as x — —oo. If it is
also true that ®;(z) — 0 as * — 400, the eigenvalue \; has to satisfy the following

equation:

00 .\ v/€
1 )
(2.159) / —_emiNle <y—+z> dy = 0.

oY —1 y—1
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In fact, that the equation (2.159) holds true is a necessary and sufficient condition
of )\; is an eigenvalue.

If v/e is a positive integer, then the left hand side of the equation (2.159) can be
calculated explicitly by a recurrence relation. Assume the function D, () is defined

by

(2.160) Dn()\> _/ Lefﬂy/e (y_ﬂ> dy,

oYt y—1
then by integration by parts and applying Cauchy’s residue theorem, one can obtain
Di(N\) = 27mi(1 + 2)\/e)eMe. After applying integration by parts to D,1()), one can
obtain

2n 4+ 142\
:n—i———i—/eDn()\)_ n
n+1 n+1

(2.161) Dyar(N) Dy1(N),

which is related to the famous three-term recurrence relation for the Laguerre poly-

nomials [3]. Thus D,,(\) can be written in terms of the Laguerre polynomials:
(2.162) D,(\) = 2mieM L, (—2)/e),

where L, () is the Laguerre polynomial of degree n. Therefore, if v/e = n, then the
eigenvalues are equal to the roots of the Laguerre polynomial of degree n scaled by
—2/e, which implies the number of eigenvalues is n.

If v/e is a positive number but not an integer, then there exists an integer n such
that n —1 < v/e < n. By solving the equation (2.159) numerically, one can find that
the number of eigenvalues is n.

The method introduced above cannot be directly applied to general rational initial
conditions because with general rational initial conditions, the right hand side of the
equation (2.158) may become a sum of two terms with two unknown coefficients and

the relation between these two coefficients is also unknown. In that case, besides the
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eigenvalue \;, the equation (2.159) has another unknown parameter. So, one cannot
calculate the eigenvalue \; only by using the equation (2.159).
If v/e is equal to an integer n, then from (2.132), one can find that the reflection

coefficient B(\) = 0 by the following calculation:

(2.163)

1 S) 2 1 o0
- |ﬁ<)\)| d)\:27-‘-n__/ u(;)j)d,f)j:Q?T?’L-Q?TU/EZO-
27 /o A € J_

According to the discussion in §2.2.5, a solution of the BO equation is a soliton
solution if the corresponding reflection coefficient is identically equal to zero. This
argument shows that if v/e is an integer, the solution of the BO equation with the
initial condition (2.150) is a soliton solution.

Kodama, Ablowitz, and Satsuma only calculated the eigenvalues corresponding
to the special initial condition (2.150) in [40]. Since the functions M (z; X)), N(z; \),
M (x;\) and N(x;\) satisfy the equation (2.151), one can calculate them also by
using the equation (2.157) and choosing appropriate values for wy and C' based on
their asymptotic behaviors as |x| —oo . We provide this calculation here. From the
boundary condition (2.53), by choosing wy = 0 and C' = 1 in the equation (2.157),

the function M (x; \) can be written in the form

.\ v/e px .\ v/e
o e R e e I
€ T+ o Yt Y—1

According to the boundary condition (2.54), by letting wy = 0 and

. % wt(i) . N\ Ve
(2.165) C':eZ’””/ﬁ—l—E/ v (l)e*”\y/6 <_y+z) dy,

€J oo Y—1 y—1



39

the function N(x;\) can be written as:

T —1
T+

A o\ v/e poo 1 ' .\ v/e
F NG (28] [T e (1) T,
€ T+ s Y—1 Yy—1

Similarly, from the boundary condition (2.52), by choosing wy = 1 and C' = 0, the

(2.166) N (z;\) = e@/¢(

v, —27vi/e
)’e

function M (x;\) can be written in the form

) s v/e €T M )\ ] . ’U/E
(2.167) M(z;\) = 1 + —eiale (u) (— L.)e‘“y/ﬁ (y—ﬂ> dy
€ T+ oo Y1 Yy —1

T ; .\ v/e
+ / = (—y i Z_) dy .
—00 ?J2 +1 y—1
According to the boundary condition (2.55), by letting wy = 1 and
(2.168)
o ) -\ /e 00 . .\ v/e
c=" / —11}+<Z.)65_WJ/6 yrt —H_ dy — / _ 2 o—iv/e (Y —l—z- ).
€ \Jo Y1 y—u o Y1 y—1

the function N(z;\) can be written as:

o ) s v/g o0 N . ) . 1}/6
(2.169) N(z;\) = 1+ Leirele (u) (/ NEA) inre (y—ﬂ) dy

€ r+1 Yy —1
. .\ v/e
. / T2 o (y_ﬂ) dy> |
» Y1 y—i
After letting x in each side of the equation (2.167) tend to infinity and using the

jump condition (2.69) and the boundary conditions (2.52), (2.54) and (2.55), one

can write #(\) in the form

. . .\ v/e
(2.170) B(N) = Le2vrile ( / = gmide (y—ﬂ> dy

€ oY +1 y—1

Y —]\/‘l(i;)\)e*iky/6 (_y +Z~>v/€ dy) .

oo Y1 y—1
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In fact, the formulas (2.164), (2.166), (2.167), (2.169) and (2.170) do not determine
M (x;\), M(x;\), N(x; ), N(z; \) and B(\), because M (i; \), M(i; ), N(i; \) and
N(i;A\) can not be determined from them.

As discussed above, the eigenvalues corresponding to the special initial condition
(2.150) are the roots of the Laguerre polynomial of degree n scaled by —2/e, if
n = v/e is a positive integer. Here we use this fact and the asymptotic distribution
of the roots of the Laguerre polynomial studied in [20, 47| to verify Matsuno’s results
given in §2.2.8, which has not previous been done. We first recall the definition of

weak-* convergence.

Definition I1.6. Let X be a normed vector space. Then the dual space of X consists

of all bounded linear functionals on X and is denoted by X*.

Definition II.7. Let X be a normed vector space and X* be the dual space of X.
If ¢, € X* and ¢, (x) converges pointwise to ¢(z) for all z € X, then ¢, weak-x

converges to ¢(x).

The eigenvalues A1, Ao, - -+, A, are the roots of the polynomial L, (—2\/¢). Since
the positive integer n is equal to v/e, the polynomial L, (—2\/€) can be written
as L,(—2\/e) = L,(—2nA/v). Then ki, ks, --- , k, are the roots of the polynomial
L,(nk), where k; = —2\;/v for j =1,2,--- ,n. Let u, be the normalized counting

measure of A, Ag, -+, \, defined by

n

(2.171) fin(N) == %Z SN — X))

According to Theorem 3.1 in [20] and Theorem 1 in [47], Ay, A, - -+ , A, belong to the
interval [—2v, 0] and the measure p, converges in the weak-+ sense to u, where p is

a measure with density f(\) defined by

(2.172) f\) = ——V_QUMCM, A€ [—20,0]

TV
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and the support of the measure u is [—2v,0]. That is, for each continuous function

g :[-2v, 0]— C,

(2.173) lim g(k)d,un(k):/_ g(k)du(k).

n=eo ) 2 2v

Here, p, and p belong to the dual space of C([—2v,0]), where C([—2v,0]) is the
function space consisting of all continuous functions on [—2v, 0].
Based on this result, the equation (2.141) with £ = 1 and the definition of the

eigenvalue density function F'(\) given in §2.2.8, one can find F(A\) = 0 for X ¢

[—2v, 0] and
V_ZoA— 2 1 [™
Py = _Y2AZA _/ u(z, 0)dx

TAV 21 J_ o
(2.174) __Vowa-a

TAV

—20\ — \?
D )
7r

On the other hand, one can use Matsuno’s results introduced in §2.2.8 to calculate
the eigenvalue density function F'(\) directly. Since the maximum of the function
uo(z) is 2v, F(A) =0 for A\ ¢ [—2v,0]. Then by using the equation (2.149), one can

calculate F'(\) for A € [—2v,0]:

F(\) = —/ dx
27 {z€R, uo(z)>-A}
£/ —2v/A—1
(2.175) _ 1 /
Y

vV =20\ — \2
A ’

dx

A € [—20,0].

The formulas for the eigenvalue density function F(\) obtained via two different

methods are the same, which verifies Matsuno’s result.



CHAPTER I11

Zero dispersion limit of the BO equation for
positive initial conditions

In this chapter, we study the zero-dispersion limit of the Cauchy problem of the

BO equation with a suitable initial condition®.

3.1 The Scattering Data in the Zero-Dispersion Limit

In this section, we give the definition of admissible initial conditions and an
asymptotic approximation of the scattering data {8(\), {\u}2_1, {1}, } corre-
sponding to admissible initial conditions valid for small ¢ > 0. Even though ug
is independent of €, the scattering data depend on € since the parameter ¢ appears

in the equation (2.26). The asymptotic approximation of S(\) and {\,})_, is based

on Matsuno’s method introduced in §2.2.8.

3.1.1 Admissible Initial Conditions

The initial conditions for the BO equation (1.1) that we will consider in this
chapter are the admissible initial conditions defined in Definition III.1. Many of the
conditions in Definition III.1 are imposed for our convenience; we make no claim that

they are necessary.

!The content of this chapter is taken almost verbatim from [56] and some modifications and
reorganization are done to make this dissertation more readable.

42
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Definition ITI.1. A function uy : R — R is called an admissible initial condition if
the following properties hold true:

Smoothness: uy € C3(R).

Positivity: ug(z) > 0 for all z € R.

Existence of a Unique Critical Point: There is a unique point o € R for

which uf(zg) = 0. Moreover,
(3.1) ug (o) < 0,

making xq the global maximizer of .

Tail Behavior: lim, .., up(z) =0, and

(3.2) lim || uy(z) = C+  for some q > 1,
r—3o00

where Cy < 0 and C_ > 0 are constants. These two conditions imply that an
admissible initial condition uq also satisfies

Cy
; q _
(3.3) xErinoo|x| uo(z) = F .

Inflection Points: In each bounded interval there exist at most finitely many

points = £ at which uf(§) = 0, and each is a simple inflection point: uf’(§) # 0.

An admissible initial condition wug(z) satisfies all the conditions used in §2.2.8
where we introduced Matsuno’s method. The results in §2.2.8 are valid for the
admissible initial condition ug(z). From the equation (2.141), one can see that the

function F'(\) introduced in §2.2.8 satisfies

(3.4) / 0 F(\)d\ = M,

—L

where the positive constant L is defined by

(3.5) L := maxug(x),

zeR
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and the mass M is defined by

(3.6) Mo /R wolx) da.

"o
Here, the tail behavior (3.3) and the boundness of uy ensure that the mass M is
finite. In fact, since ugy is an admissible initial condition, the function F'(\) can be

written in the form

(3.7) FO\) = % (2.0 — 2 (\), —L<A<0,

where the turning points x4 : [—L,0) — R are two monotone branches of the inverse

function of ug and satisfy

(3.8) wp(z£(A)) ==X and x_(\) <z <z (N for —L<A<O.

e (A) @0 xy(X)
Figure 3.1: The graph of an admissible initial condition and the turning points z, ().

By choosing k& = 1 in the equation (2.139), one can obtain

(3.9) lil%l eN = M,

which suggests the number of eigenvalues is asymptotically proportional to 1/e.
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3.1.2 Formula for Phase Constants

The WKB methods recalled by Lax and Levermore [43] to analyze the Schrodinger
equation in the forward problem for the zero-dispersion limit of the KdV equation
were sufficiently powerful to provide asymptotic formulae for both the discrete spec-
trum (via Bohr-Sommerfeld quantization of the Weyl formula that is the analogue in
the KdV theory of the function F'(\) obtained by Matsuno) and also for the “norming
constants” that in the KdV theory are the analogues of the phase constants {v,}2_,
in the BO theory. However, we have not found a way to apply these methods to the
nonlocal operator £, and unfortunately Matsuno’s method does not provide approx-
imations of the phase constants {v,}»_, since they do not enter into the equation
(2.131).

Our contribution to the theory of the spectral analysis of the nonlocal operator
L in the zero-dispersion limit is to provide a new asymptotic formula for the phase
constants. It is difficult to motivate the formula as it arises from the analysis of
the inverse problem that we will describe in the next section, but it is nonetheless
quite easy to present. If A < 0 is an eigenvalue of £ with potential u given by an
admissible initial condition wug, then our approximation to the corresponding phase

constant is given in terms of the turning points x4 () as follows:
1
(3.10) 7R = =gV + 2 (V) —L<k<0.

Remark 111.2. Our choice of v(\) in terms of ug is specifically designed to ensure the
convergence of @.(z,t) (to be defined precisely in Definition II1.3 below) at t = 0 to

the given e-independent initial condition wuy.
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3.1.3 DModification of the Cauchy Data

Based on the above considerations, we may now make very precise definitions of
formal (not rigorously justified) approximations of the scattering data corresponding
to an admissible condition ug. The first approximation is to neglect the reflection

coefficient by setting
(3.11) B(\) =0, X>0.

Next we define the exact number of approximate eigenvalues (hopefully also the

approximate number of exact eigenvalues) by setting

M
(3.12) N(e) := {—J ,
which in particular implies that

(3.13) lifgl eN(e) = M.

Then we define approximations to the eigenvalues themselves as an ordered set of

numbers {/N\n}T]:f:(el) C (—L,0) obtained by quantizing the Matsuno eigenvalue density

given by (3.7):

(3.14) /_an(/\)d/\:e(n—1>, n=1,2,--Ne).

L 2
Finally, we define approximations to the corresponding phase constants as numbers
{%}f:(? given precisely by

(3.15) A i =v(\n), n=1,...,N(e).

where ~y(+) is defined by (3.10).
Now in our analysis of the Cauchy problem for the BO equation with admissible

initial data uy we take a sideways step that is not a prior: justified: we simply
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replace the true solution u.(z,t) of the Cauchy problem with a family .(x,t) of
exact solutions of the BO equation (1.1) with the property that for each ¢ > 0
the scattering data for u.(z,t) at time ¢ = 0 is ezactly the approximate scattering
data just defined. This step was also an important part of the method of Lax and
Levermore [43]. We formalize this modification of the initial data in the following

definition.

Definition III.3. Let ug be an admissible initial condition. Then, by u.(z,t) we
mean the exact solution of the BO equation (1.1) given for each ¢ > 0 by the

reflectionless inverse-scattering formula

(3.16) Ue(x,t) == 26((%%{10g(7~'5(x, )},
where
(3.17) 7w, 1) = det (T+ic A, )

and where A, = A (z,1) is an N(e) x N(e) Hermitean matrix with elements

3.18 Ae m = —= —, NFMm

(3.18) (Ac) . #

and

(3.19) (An = =20 (2 4 2\t + ) = =20 (x + 20, +7( X))

Here the number N (¢) is defined by (3.12) and the components of the scattering data

O and {5,124 are given explicitly by (3.14) and (3.15) respectively.

While it is not the case that @.(z,0) = ug(z) in general, the relevance of this
definition in connection with the Cauchy problem with initial condition ug is a con-

sequence of Corollary I11.6 in §3.2, which guarantees convergence in the mean square
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sense of (-, 0) to ugp(-) as € | 0. This modification of the initial data is an analogue of
the replacement of the true scattering data by its reflectionless WKB approximation
in the Lax-Levermore theory.

Before introducing our main result about @.(x,t) we note that Definition III.1
implies a number of properties of the functions F' and ~ that will be useful later,
so we take the opportunity to record these here. Note that F' and v will frequently

occur in the context of the following functions:

(3.20) DAz, t) := =2X(x 42X\t +v(N)), —L <A <0,
and
(3.21) e(\) == +/=AF(\), —L<X<0.

Lemma I11.4. Let ug be an admissible initial condition with decay exponent g > 1,
and let F': [—L,0) — R be defined by (3.7) and v : [-L,0) — R be defined by (3.10).
Then F and v both belong to CV(—L,0) and F and F' are strictly positive on this
open interval. Also, there exists a sufficiently small constant 6 > 0 and positive

constants C_;, and Cy such that

(3.22) %ch < F(\) < C_ VI,
and

(3.23) ;w% < F'(\) < %\/S—_jA

both hold for —L < A < —L + ¢, while

(3:24) SOV (N) T < F(3) < Go-X) e
and

(3.25) 3N < Py < Doy e
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both hold for —) < X\ < 0. Also,
(3.26) Y(A) + 2ol < 7F(N) and |y (N)| <7F'(\), —L<A<O0,

inequalities that when combined with (3.22)—(3.25) imply obvious upper bounds for
[Y(A) + @0l and |y (A)].

In particular, these estimates show that F'(\) is integrable, and o(\) and D(X; x,t)
(and hence also Ax1 (X)) are bounded, and that with o = min(3,1 — é) € (0,1), ¢(-)
is Hélder continuous with exponent o/2 while D(-;x,t) is Hélder continuous with

exponent o uniformly for (z,t) in compact sets, on (—L,0).

Proof. The turning points z+()\) are clearly of class (- L, 0), by definition zy (\) >
xo > x_(A) on this open interval, and moreover x,(\) is strictly increasing while
x_(A) is strictly decreasing on (—L,0). These facts immediately imply the desired
basic smoothness properties of F' and ~, and the positivity and monotonicity of F,
as well as the inequalities (3.26).

Since ug(7) = L and u)(z¢) = 0, the C®(R) function uq satisfies

_ug(w) — L ug(wo) - ug(x)
3.27 | = d 1 = .
( ) ml—gclo (,j[j — ;UO)2 2 an gcl—gclo T — X Yo (.730)

Using these together with the inequality ug(zg) < 0, the definition of zi(\) as
branches of the inverse function of uy shows that

(3.28)
. E(xe(N) — x0) 2 , , 1
1 = d lim 2 (A\)VL =\
AL VL+ A —ug(xo) R v T WVL+ —2uf (o)

Using these relations in (3.7) and (3.10) establishes the existence of the limits

. F(N) 1 2 , 1| 2
3.29 | = - d lim F'(DVI S
(3.29) AL VL+ X 7w\ —ui(zo) S vies ) WVL+ 21 \| —uf(zo)’

which prove the two-sided estimates (3.22) and (3.23).
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Next, note that the decay conditions (3.2) and (3.3) for uy and its derivative

together imply that

Q|

(3.30)  limzL(A)(=A)

7 1 ‘

q AT0 q q

where FC4 are the positive constants in (3.2) and (3.3). It follows from (3.7) that

. L C.\e  [(C_\u

31 lim F(A)(=A)a = — || — i
(3.31) im F(A)(—A) 27T< q)+(q) :
which proves (3.24) and

, 1 C,\t [(C_\¢

.32 lim F'O\)(=\)a = — [ ==
332) i Y 2mq < Q) +(Q) ’
which proves (3.25). O

3.2 The Inverse-Scattering Problem in the Zero-Dispersion
Limit

In this section, we provide our main result and its proof.

3.2.1 Main Theorem

The main result of our analysis is easy to state, but first we need to recall some
basic facts about the inviscid Burgers equation obtained from (1.1) simply by setting
¢ = 0. For general sufficiently smooth initial data uP(z,0) = wug(x) the inviscid

Burgers equation
(3.33) — +2uB— =0

does not have a global solution due to gradient catastrophe (shock formation) in
finite time. It does have a global solution as a real multi-sheeted surface over the
(x,t)-plane, which can be obtained by the method of characteristics. The sheets of

this surface are obtained as the real solutions of the implicit equation

(3.34) u® = up(x — 2uPt),
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and by implicit differentiation it is easy to verify that away from singularities each
sheet of the surface is a function u® = uB(z,t) that satisfies (3.33). A simple conse-
quence of the Implicit Function Theorem is that for sufficiently small |¢| there is a
unique solution of (3.34) for all z € R. New sheets of the multivalued solution are
born from breaking points in the (z,t)-plane that are in one-to-one correspondence
with generic inflection points £ of ugy for which uy(§) # 0 but ug(§) =0. If £ € R is

such a point, then the corresponding breaking point is given by

(3.35) (g, te) = (5 B Zzg’—%’ol(&)) '

Each such breaking point is the location of a pitchfork bifurcation for u® with respect
to t holding = — 2ug(§)t = £ fixed, with two new branches emerging as [t| increases.
Thus, assuming that u( is a bounded function of total integral zero, the solution of

the Cauchy problem for (3.33) is classical for

1 1
3.36 T = — <t < — =T.
(3:36) 2 max,eg ug(x) 2 mingeg uy(x) *

Note that under our assumptions on u, we have 7 < 0 < T%. Also, T_ is the
supremum of all £ < 0 while 77 is the infimum of all ¢, > 0. When we consider the
Cauchy problem for ¢t > 0, we will refer to T := T, as the breaking time.

For t/te > 1 there are caustic curves x (t) < x{ (t) with limiting values as t — t;
given by z, (t¢) = x;(tg) = z¢ that bound the triply-folded region emerging from
(we, te). The caustic curves correspond to double roots of (3.34), and crossing one of
them at a generic point results in a change in the number of sheets by exactly two.
Except along the union of the caustic curves and the breaking points from which they
emerge, the number of solutions of (3.34) is always odd, and all are simple roots.

See Figure 3.2.
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1.0
0.8f
0.61

0.4r

0.2}

=

Figure 3.2: Except along the caustic curves z =z (t) and x = x?(t) the number of

solutions of (3.34) is of the form 2P + 1, and these solutions are simple
roots. For this figure, ug(z) := 2(1 + 2?)~L.

For the initial data ug(z) = 2(1 4+ 2*)~! used in Figure 1.1, the breaking time
before which there is a unique solution for all x € R and after which there is an
expanding interval in which there are three solutions, is exactly 7' = 2v/3 /9 ~ 0.3849.
Snapshots of the evolution of the multivalued solution of (3.33) for this initial data

are shown in Figure 3.3. Our result is then the following.

3 3 3
2.5 t=0 2.5 t=1 251 t=2

2 2 9
1.5 w,—lim @ 1.5 W —lim e u® 1.5 o

1 “elo ‘ 1 clo 1 w ;L-(Iglm e
0.5 0.5 0.5

0

0 0
-10 -5 0 ) 10 -10 -5 0 ) 10 -10 -5 0 3 10

Figure 3.3: The multivalued solution (black) of (3.33) and the signed sum of branches
(red) corresponding to ug(x) = 2(1 + x?)~ 1. Left: t = 0. Middle: ¢ = 1.
Right: ¢t = 2. Before the breaking time as well as afterwards but outside
the oscillation interval there is only one solution branch and hence no
difference between the red and black curves.

Theorem IIL.5. Let uf(z,t) < ul(z,t) < --- < ugp(x’t)(:z:,t) be the branches of
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the multivalued (method of characteristics) solution of the inviscid Burgers’ equation
(3.33) subject to an admissible initial condition u®(x,0) = ug(x). Then, the weak
L3(R) (in x) limit of Gc(x,t) is given by

2P(z,t

)
(3.37) w,—lim . (z,t) = (—1)"u2(z,1),
el -0

3

uniformly for t in arbitrary bounded intervals. Note that the right-hand side extends

by continuity to the caustic curves.

The signed sum of branches that is the weak limit is illustrated with red curves
in Figure 3.3 for the same initial data as in Figure 1.1. Of course convergence in the

weak L*(R) (in x) topology means that for every v € L?(R), we have

2P (x,1)
(3.38) lim [ (e )o(e) de = /R S (1B t) | o) d

with the limit being uniform with respect to ¢ in arbitrary bounded intervals. Thus,
the weak limit essentially smooths out the rapid oscillations seen in Figure 1.1 and
(if we think of v as the indicator function of a mesoscale interval) represents a kind
of local average in x.

For t before the breaking time 7' for the inviscid Burgers’ equation, the weak

limit guaranteed by Theorem II1.5 may be strengthened as follows.

Corollary II1.6. Suppose that 0 <t < T, so that P(x,t) =0 for all x € R (that is,
the solution u® = uS(x,t) of the inviscid Burgers’ equation with initial data ug(z) is

classical). Then

(3.39) lilrél te(2,t) = ud (1)

with the limit being in the (strong) L*(R,) topology.
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It should be pointed out that the weak limit formula (3.37) is much more explicit
than the corresponding formula found by Lax and Levermore [43, 44, 45] for the
weak zero-dispersion limit of the Cauchy problem for the KdV equation. Indeed, the
latter requires the solution, for each x and ¢, of a constrained functional variational

problem, which can be solved in closed form only for the simplest initial data.

3.2.2 Basic Strategy. Outline of the Proof of Main Theorem

According to Definition I11.3, @.(x,t) is expressed in terms of the determinant 7,

as follows:

(3.40) Ue(x,t) = (z,t), Ud(x,t) = 2e3{log(7(z,1))}.

ox

As the logarithm of a complex-valued quantity is involved, Ug(x,t) is only defined
modulo 47e for each (x,t), and naturally one should choose the appropriate branch
for each (z,t) to achieve continuity. We do this concretely in equation (3.42) below.

At this very early point our analysis must take a very different path than that
followed by Lax and Levermore [43] in their study of the zero-dispersion limit for the
KdV equation. Indeed, the expansion of 7. in principal minors that is at the heart
of the Lax-Levermore method would be a poor choice in this situation. One reason
for this is simply that the principal-minors expansion of 7.(x,t) consists of complex-
valued terms of indefinite phase, so the sum cannot be easily estimated by its largest
term. But a more important reason is that the formula (3.40) for U.(z,t) involves
not log(7.) but rather S{log(7.)}, that is, we require an estimate of the phase of the
determinant and we are not interested in its magnitude.

So instead of expanding the determinant as a sum, we write it as a product. Let
{an}iv:(i) be the real eigenvalues of A (x,t). Then the corresponding eigenvalues of

I+ ie 'A(z,t) are of course {1 + ieflan}g:(?, so we may expand 7, as a product
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over eigenvalues in the form:

N(e)
(3.41) oz t) =[] (1 +ie " an) .

This yields a suggestive formula for ﬁe(x, t) in terms of the eigenvalues of A.:

N(e)
(3.42) Udz,t) =€ Z 2arctan (e 'ay) .

n=1
Here —7/2 < arctan(-) < 7/2, so in particular by this definition we have made
an unambiguous choice of the branch of the logarithm. This formula seems at first
not to be of much use because, unlike the principal minor determinants in the Lax-
Levermore method which can be written explicitly in terms of the matrix elements,
the eigenvalues of A, are only implicitly known. However, numerical experiments

suggest that some structure emerges in the limit € | 0. Indeed, the plots shown in

Figure 3.4 provide good evidence that the normalized (to mass M) counting measures

0.5 0.5 0.5
e =0.016 e = 0.008 e = 0.004
0 104 0.4
N(e) =62 N(e) =125 N(e) =250
0.3 ] 10.3 ] 0.3 ]
10 bins 20 bins 30 bins
0. 10.2 0.2
0.1 10.1 0.1
0 S 0 ] 0
-15 —-10 -5 0 5 —15 —-10 -5 0 5 —15 —-10 -5 0 5
« « «
0.5 0.5p . . - 0.5
e =0.002 e =0.001 e = 0.0005
0.4 0.4 0.4F
N(e) =500 N(e) = 1000 N(e) = 2000
0.3 . 0.3 . 0.3} .
40 bins 50 bins 60 bins
0.2 0.2 0.2F
0.1 0.1 0.1
0 l’j 0 — 0

-15 =10 -5 0 5 =15 —-10 =5 0 5 —-15 —-10 =5 0 5

Figure 3.4: Histograms of eigenvalues of A, corresponding to the initial condition
ug(r) == 2(1 +2*)~', x = 5, and ¢ = 2, normalized to have total area
M =1, compared with the density G(a;x,t) of the limiting absolutely
continuous measure fi.
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e given for e > 0 by
N(e)

M N(e) . X
€ = — 504 5 n _ 1 f A-6
1 N nE:1 . H{ant,-] eigenvalues o

(3.43)
might converge in some sense to a measure p having a density G(o;x,t). This con-
vergence suggests further that the formula (3.42) could be interpreted as a Riemann
sum, for the integral of 7 sgn(«) (the pointwise limit as € | 0 of the summand) against
the limiting measure . We will prove that indeed Ue(x, t) converges, uniformly with
respect to x and ¢ in compact sets, to a limit function U(x,t) given by such an
integral in the limit € | 0.

To obtain an effective formula for U(z,t) we need to analyze the asymptotic
behavior of the measures p.. This part of our analysis is modeled after the work of
Wigner [71, 72] on the statistical distribution of eigenvalues of random Hermitian
matrices with independent and identically distributed matrix elements. Like Wigner,

we use the method of moments because while the measures themselves are not easy

to express in terms of the matrix elements, their moments are:
N(e)
M M -
3.44 Pduc(a) = b= tr(A?), =0,1,2,....
) [ o) = 55 oot = (AL,

n=1

We prove the existence of the limit of the right-hand side in equation (3.44) as
¢ | 0 for every p using the fact that for small ¢ the matrix A, concentrates near
the diagonal, where it can be approximated by the product of a diagonal matrix
and the Toeplitz matrix corresponding to the symbol f(0) :=i(m —0), 0 < 0 < 27
(of singular Fisher-Hartwig type due to jump discontinuities). The result of this
asymptotic analysis of moments is the following Proposition, the proof of which will

be given below in §3.2.3.
Proposition II1.7. For each nonnegative integer p,

(3.45) lim [ of dp.(a) = Qp,
el R
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with the limit being uniform with respect to (x,t) in any compact set, where

(3.46)

Q= 5oy [ @20 = 0P = (20— ()] (2207

Given these limiting moments, the next task is to establish the existence of a
corresponding limiting measure p with these moments, and to prove the existence
of the limit U(z,t) — U(z,t). A remarkable feature of this analysis is that the
solution of the moment problem for p is carried out by virtually the same procedure
as Matsuno used to obtain the function F'(A) from ug (see §2.2.8). Our result is the

following Proposition, that will be proved in all details in §3.2.4.

Proposition II1.8. Uniformly for (z,t) in compact sets,

(3.47) leil%l Ud(z,t) = Ul(x,t),
where
(3.48) Ux,t):= /Rﬂsgn(a) dp(«)

and where p is an absolutely continuous measure of mass M with density G(«; x,t),

and

: 0

(3.49) Gla;x,t) = X[=2X(z+2xt—24 (A)),— 22 (422t —z— (A)] (@) v

1 g

Here, X[a4(2) denotes the indicator function of the interval [a,b].

The limiting measure u is the closest analogue in the zero-dispersion theory of the
BO equation of the equilibrium (or extremal) measure arising in the Lax-Levermore
theory of the KdV equation. But a significant difference is that in this case the
measure p is specified explicitly rather than implicitly as the solution of a variational

problem.
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The region of integration in the double integral obtained by combining (3.49)

with (3.48) is illustrated for three different values of (z,t) in Figure 3.5. The points

6 6 6
4 4 4
o 2 o 2 \ o 2
0 0 0
-2 -2 ‘ ‘ -2
—4 —4 —4
-2 —-15 -1 -05 O -2 -15 -1 —-05 O -2 —-15 -1 —-05 0
A A A

Figure 3.5: The region of integration —2\(x 4+ 2\t — 24 (N)) < a < =2\ (z + 2\t —
z_(N\)) for ug(z) = 2(1 + 2?)~! with t = 0.7. Left: = = 2 (to the
left of the oscillatory region for u.(z,t)). Center: x = 2.5 (within the
oscillatory region for u.(z,t)). Right: z = 3 (to the right of the oscillatory
region for u.(z,t)). The line a = 0 of discontinuity of the integrand is
superimposed, and the intersections of the boundary with this line are
indicated with arrows.

where the boundary curves of this region intersect the line a = 0 (where the inte-

grand is discontinuous) obviously will play an important role in the differentiation of

U(z,t) with respect to . Moreover, these intersection points correspond (simply by

changing the sign) to the branches of the multivalued solution of Burgers’ equation

with initial data ug. This explains their appearance in the formula for the weak limit

of uc(z,t). All details of this calculation will be given in §3.2.5, which will complete

the proof of Theorem III.5.

3.2.3 Asymptotics of Traces of Powers of A.. Proof of Proposition I11.7

The definition (3.14) implies that where F'(\) is bounded and bounded away
from zero, the numbers {S\n}fj:(? are locally nearly equally spaced, but they are more
dilute near the “soft edge” of the spectrum A = —L and more dense near the “hard
edge” of the spectrum A = 0. Taking into account the soft edge behavior we may

obtain a uniform estimate:
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Lemma I11.9. There is a constant Cy > 0 independent of € such that
(3.50) An — Am| < Cre¥3|n — m|?/3
holds for all n and m between 1 and N (e).

Proof. Since F' is a monotone increasing function with F(—L) = 0, it is bounded
away from zero except in a right-neighborhood of A = —L. Using the lower bound
given in (3.22) from Lemma III.4 we obtain a lower bound F(A\) > Cv/L + X valid
uniformly for —L < A < 0 with 0 < C < C_/2. Then, using the definition (3.14)
we have (assuming n > m without loss of generality)

(3.51)

Ij\n_j\ml

A A
n n 2 ~ ~
e|n—m|:[ FONdA>C | VI+AdA>C \/Zd§=?clkn—Aml3/27
A

Am 0

so the desired inequality follows with Cy := (2C/3)~2/3. O

We decompose the matrix A, into a sum A, = D + H of its diagonal part
(3.52) D := diag(Dy, Ds, ..., Dn), Dy = D\, t),

where D(\;z,t) is defined by (3.20), and its off-diagonal part H whose matrix ele-

ments are given by

2ieN/ A\
(3.53) (H) o = Z;—A;Am for n % m, and (H),, = 0.
We also will soon need the quantities {¢, nNz(el) defined by
(3.54) On=0(\y), n=1,...,N(e),

where () is given by (3.21).
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Lemma II1.10. There is a constant C, > 0 and for each R > 0 there is a constant

Cp,r > 0 such that

(3.55) lon] < C,

and

(3.56) sup |D,| < Cpr
22 +t2<R?

both hold for all € > 0 and all n between 1 and N (). Also,

(3.57) lon — @m| < C¢e”/3|n — m|"/3

and

(3.58) sup |D, — Dp| < C’D,Re"/?’\n — m|°'/3
2 +12<R?

both hold for all e > 0 and for all n and m between 1 and N(¢). Here o is the positive

Hélder exponent of Lemma III.4.

Proof. This is an easy consequence of the Holder continuity of ¢(+) and D(-; z,t) guar-
anteed by Lemma II1.4, and of the spacing estimate for {;\k}iv:(? given in Lemma, I11.9.
In fact, since D is Holder continuous with exponent o while ¢ has exponent 0 /2 the

20/3

most natural bound for |D, — D,,| is proportional to €2°/3|n —m/|?*/3, and to obtain

(3.58) we use the fact that €jn — m| < 2eN(e) is uniformly bounded to reduce the

exponent to o /3. O

Lemma II1.11. There is a constant Cyg > 0 such that
(3.59) [(n = m)(H)nm| < Cu
and

(3.60) [(n—m)(H)um — 2i0n0m| < C’He(’/3|n — m|(’/3



61

both hold for all e > 0 and all n # m between 1 and N(€). Again, o > 0 is the Holder

exponent of Lemma III.J.

Proof. Suppose without loss of generality that n > m, implying that A, < A, < 0.

Then
—i(n —m)(H)pm = 24/ A/ —Am EA(S__:;)
(3.61) < (o + () S
~cn=m) - 23,5

Now, recalling the definition (3.14) of the numbers {:\k}sz(el) and applying the Mean
Value Theorem we may write the latter difference quotient as F'(§) for some & with

Am < € < A, and since F is increasing we have F(€) < F(\,), so
(3.62) —i(n —m)(H)pm < 2e(n —m) — 20, F(\,) = 2¢(n — m) + 22,

where we have also replaced €(n —m) with 2¢(n — m). On the other hand, we may

write
3.63 —i(n —m)(H),,;, = 2e(n —m _/\T _{\m+)\m —QS\mM.
368)  iln = m)(H)an = 2en - m) ¥ s

Again the difference quotient may be replaced by F(£) > F()\,;,), and since

V=V =M V=Am

(3.64) AN S — > 1,
)\n_)\m \/)\n+\/)\m
we obtain
(3.65)  —i(n —m)(H)pm > —2e(n —m) — 27 F(An) = —2¢(n — m) + 2¢2,.

Combining (3.62) and (3.65) gives

(3.66) |(n — m)(H)pm — 2i90n0m| < 2€ln —m| + 2max{pn, Om }|en — Oml,
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and then applying Lemma III.10 we obtain
(3.67) |(n—m)(H)pm — 2i0p0m| < 2¢ln —m| + 20360/3|7’L —m|/3.

Now, 0 < ¢|n —m| < 2eN(e), and this upper bound has a limit as € | 0, so €|n — m)|
is nonnegative and bounded. Since ¢ < 3 we have therefore proved (3.60). Since

©npm and €|n — m| are bounded, (3.59) then follows from (3.60). O

For any nonnegative integer power p, the pth moment of the measure p,. can be

written in terms of D and H with the use of (3.44):

(3.68) /[R aPdpc(a) = Z Zpj

where Z,; contains the contribution to the trace coming from products of matrices

involving exactly j factors of H:

M
(3.69) 21 = 5 > tr (DUH" ... DEH") |

di+da+-+ds=p—j
hi+ho+-+hs=j

and where d; > 0 and hy, > 0, while d, > 0 for 2 < k < s and h; > 0 for
1 <k <s—1. Since p is a fixed number, it will suffice to compute the limit of Z,;
as € | 0 for j =0,...,p. Actually, it will be enough to consider even values of j as

the following result shows.
Lemma II1.12. If j is an odd number, then Z,; = 0.

Proof. Since tr(M) = tr(M") for all square matrices A,

o 5 (o)

di+do+-+ds=p—j
hit+ha+-+hs=j
=(-1) >  tr(H*D*...H"D")

di+da+-+ds=p—j
hi+ho+-+hs=j

(3.70)
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where in the second line we have used the facts that DT

relabeling the terms in the sum we therefore obtain

NO, uNE,

(371) 07, = (-1p =17,

Since N(e) > 0 and M < oo, the desired result follows.

=D and H" = —H. By

]

An important role will be played below by the Toeplitz (discrete convolution)

operator 7; : (2(Z) — (*(Z) defined by

(3.72) (T50), == Y fa-mCm:  {Cm}mez € £*(Z),

mEeZL

where { f, }nez € (*(Z) is the sequence

(3.73) £ =

Lemma II1.13. For any even positive integer j, we have

(im)”
(3.74) Z f—nz [H fw W-H] f“] - j + 1’

where the j — 1-fold infinite sum converges absolutely.

Proof. Note that since {f,}nez € (2(Z), {gn}ncz € (*(Z) as well, where g, := |fy|

for all n € Z. The corresponding Fourier series converge in the mean-square sense

to functions f(-) and g¢(-) in L?[0, 27]:

(3.75) F0):=>" fue™ =i(mr—0), 0<0<2r
and
(3.76) 9(0) = gae™ = —log(2(1 — cos(6))), 0 <6< 2.

ne”L
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First we establish the absolute convergence of the series on the left-hand side of
(3.74). Using (3.72), observe that
j—1
(3.77) > fnl [H |fne_ne+1|] £l = (77 "9),
Nn2,...,N; EL (=2
where 7, is the Toeplitz operator associated with the sequence {g, }nez. Now, g(-)
has a logarithmic singularity at § = 0 (mod 27), but this is sufficiently mild that
g(-)™ € L?0,2x] C L'[0, 27] for any positive integer power m. Now for any function

k(-) € L?[0,27], the corresponding Fourier coefficients are

1 2w

:% ;

(3.78) ky E(0)e~™ dp,

so in particular we see that (’ng_lg)o is the average value of the function whose

Fourier coefficients are {(’];]j “19)n}nez. But by the convolution theorem:
(3.79) Wy, 1= Z Up—m U, = w() = u(f)v(0),

so it follows that

(3.80) (777%9), = 5 /0 ’ g(0)’ do

which is finite because g(-)? € L'[0, 27].
Now we find the exact value of the j — 1-fold infinite sum by the same reasoning:
Jj—1 1 27
- )
(381) Z f—nz [H fn[—ng+1] f’l’bj - (7}7 f)o = 2_/ f(e)] de?
T Jo
n2,...,n; €L (=2
and by direct calculation using (3.75),

(im)?

T
J+1

1 21 ) 1 27 ]
(3.82) —/ f(0) do = —/ [i(m —0)) do =
27T 0 27T 0
for j even (the integral vanishes by symmetry for j odd). O]

Now we consider separately each of the terms in Z,; for j even.
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Lemma II1.14. If j is an even number and hy+- - -+hs = j while dy+- - -+ds = p—7,

then

(27)’
Jj+1

M
(3.83) lim ——tr (D"H" ... D*H") =

€l0 N(e) /_L D(A;x,t)p*jgp()\)ﬂp()\) d)\,

with the limit being uniform with respect to (x,t) in any compact set.

Proof. Recalling the matrix elements D,, and (H),,, of D and H respectively, we

have

N(e) J Jj—1
(3.84) tr (D"H™ ... D*H") = Z [HDZ?] [H Haza4+1] Hajay,

a1,a2,....,a;=1 [i=1 /=1
where the exponents my, ..., m; are given by
dy, =1
(3.85) mMi =9 dps1, i=14+hi+hy+---+h, forsomeO<b<s
0, otherwise.

\

Note that m1+m2+--~+mj :d1+d2+"'ds :p—j.
Now, the matrix element (H),,, is relatively small unless n ~ m, and this suggests
that the j-fold sum in (3.84) should concentrate near the diagonal, where a; = a,

for all k. Making this precise, given any r > 0 we will first show that

(386) hlrél ZOD(E) = 0,

where

N(e) j -1
(3.87) Zop(€) == Nj\(i) Z [H ng‘] [H Haeae+1] Hyjay,

a1,as,...,a;=1 i=1 /=1

3k:|lag—ai|>e"

with the limit being uniform for (z,¢) in compact sets. Indeed, if 2% + ¢ < R?, then
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using (3.56) from Lemma II1.10 and (3.59) from Lemma III.11 we obtain

merged, N9 [
|Zon(e)| < ﬁ > armal | a-al
=1

a1,a2,...,a;=1
3k'\ak ai|>e"T

C«p JC«J N(e N(e)

o
(3.88) Z > E | fae—aeial| |fa;=ail

a1=1 az,as,...,a;=1
Ik:|ag—a1|>e"
MOP JCJ s = ]
Z Z H |fag—a4+1| |faj—a1|'
a1=1 a2,as,..., a; EZ /=1 a
Jk:lag—a1|>e~"

With the inner sum extended over Z/~! in this way, it becomes independent of the
outer sum index a; as can be seen by the substitution ny = ax —a; for k =2,3,...7.

Thus

(=2

-1
(3.89) Zon(€)| < MCRECY Y | f-nsl [H!fngnm\] | fos s

Thi g >er
and the latter upper bound is of course independent of (z,t) with 22 + t* < R? and
tends to zero for » > 0 by Lemma III.13.

It follows from (3.86) that

.M d dspyhs) — 1;
(3.90) 1611151N<6)tr (D"H" ... D*H >_13%ZD(E)

where the diagonally-concentrated terms are

N(e) J Jj—1
(3.91) Zp(€) ::% > [H Damj] [HHM%] Hea,-

a1,a2,...,a;=1 =1
Vk:|lag—ay|<e™T

We will analyze Zp(e) under the additional assumption that r < 1.
The first step is show that if » < 1 each occurrence of (H),,, in (3.91) may
be replaced by 2i¢,@m frn_m without affecting the limiting value of Zp(e) as € | 0.

Indeed, by making this substitution j times in succession each time keeping track
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of the error using Lemma III.11 along with the estimates (3.55) and (3.56) from

Lemma III.10, one sees that with Kr > 0 defined by

J
(3.92) Kp=Ch}y (202 1y,
k=1
for all j-tuples of integers ay,...,a; between 1 and N(e) satisfying |ay — a1| < "
for all k,

(3.93)

j i1 j -1 T
[H Dgf;i] [H Hawm] Heyoy — (20) [H D;’Zwi] [H far-arpr | faj—ar

i=1

<
|
=l

SKRE“"“)"/?’[ | for—acsal | | fa;—an -

Therefore, if we define a modification of Zp(e) by

. N j j-1
(3.94) 75 (e) = (%)(EJ)W > [H DZ’Ziwii] [H faeaz+1] faj-ar;

a1,a2,...,a;=1 i=1 /=1
Vk:|ag—a1|<eT

we have
_ N(e) j-1
MKRG(l r)o/3
}ZD(E) — Z]I)(E)’ < T Z H ‘fagfa[+1’ ’fajfal‘
a1,a2,...,a;=1 /=1
(395) Vk:|a—a1|<e~"

_ N(e) i1
MKRE(I r)o/3
< v 2| 2 [ Haal | o-al

a1=1 \ a2,a3,...,a;€Z Ll=1

By the substitution n, = ay — a; one sees that the inner sum is independent of aq,

and it is finite by Lemma II1.13. Since ¢ > 0 and r < 1, we therefore have

(3.96) 13{61 Zp(e) = 161%1 ANG)

uniformly for 2% + ¢ < R2.
The second step is to show that if r < 1 we may replace D@2 with D2

for each i in (3.94) without changing the limiting value of ZJ(¢). Indeed, applying

Lemma I11.10 we see that with K} > 0 defined by

(3.97) Kj = (p+j)Ch 204,
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we see that for all j-tuples of integers ay, ..., a; between 1 and N (e) satisfying |ay —
a| < e " for all k,
J

(3.98) [IDre — Do

=1

< K}RE(lfr)cr/?).

Hence, definining a subsequent modification of Z}(¢) by

ny o CPMR s Y [
(3.99) ZOE S AR IL LD DI | P
a;=1 a2,as,...,a;=1 /=1
Vk:|ag—a1|<e T
we see that
(3.100)

N(e)

29 ML e(1-1)0/3 N(e) i-1
‘Z]I)(E) — Z]IDI(G)| S ]\];(E) Z Z H ‘fag—ag+1’ |faj—a1‘
=1

a1=1 ag,as,...,a;=1

Vk|ag—a1|<e™"

j—1
Z [H |fae—az+1|] |faj—a1| 5

a1=1 \a2,a3,...,a;€Z Ll=1

2i M KL 6(l—r)a/?) N(e)
< R
- N(e)

and so exactly as before

gl e I
(3.101) lellI(IJl Zn(e) = lelfgl Zp (e)

uniformly for 22 + 2 < R2,
The third step is to show that if » < 1 one may neglect a small fraction of the
terms in the outer sum corresponding to a; < 1+ ¢ " and a; > N(e) — e without

changing the limiting value of ZJJ(¢). Indeed, defining the index set
(3.102) Ser={neZ 1+e"<n<N(e)—e "},

and then setting

N o N(e) j—1
(3103) 200 = (3% S prig S [Hf] furan

a1€Se az,as,...a;j=1 /=1
Vk:|ag—a1|<e "
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we easily obtain from (3.55) and (3.56) in Lemma II1.10 that

9J MCP 3023 (e) N(e) j—1
‘ZII)I(E) - ZII)H(€>} — DR Z Z [H ‘f(lzaé+1’] |f0«j*a1‘
/=1

a1=1 a2,as,..., a;=1
a1€5e Vk:|ag—ay|<e"

2 Mcg ;50% “© rl

S —— 5 Z Z H ‘faz—aul’] |faj—a1"

a1=1 az,as,...,a;€Z LI=1
a1€Se

(3.104)

But the inner sum is independent of a; and is convergent by Lemma II1.13 and the

outer sum has O(e™") terms while N (¢) is proportional to e !, so with r < 1 we have

(3.105) lim Z (€) = lim Z5* (e)

cl0 clo
uniformly for 2% + ¢ < R2.
The next step in analyzing Zp(e€) is to deal with the inner sum in the definition
(3.103) of ZI(¢). Taking into account the conditions on a; in the outer sum, it is

obvious that the conditions 1 < a; < N(e) are superfluous in the inner sum:

Bis) =5 Y o ¥ [Hf] fayar

a1E€Se a2,03,...,a; €L /=1
Vk:|ag—a1|<e T

By introducing the differences n, = a; — ay it now becomes clear that the inner sum

is independent of ay:

(3.107) ZW(e) = (%):y (Z D{;;jgoi{) > fom []:[ fw_am] iy

a1 €S, n2,n3,...,n; €L (=2
Vk:|ng|<e™T

Now, according to Lemma I11.13, the latter sum has the limit (i7)?/(j + 1) as € | 0

with r > 0, so

I v
(3.108) IGIE}ZD (€) = lellr(r)lZ (e),

uniformly for 2% + > < R?, where

(Qﬂ)j M o
(3.109) ZN(e) = L. > Drel.
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The final step in the analysis of Zp(e) is simply to evaluate the limit on the

right-hand side of by recognizing the sum as a Riemann sum for an integral:

(3.110) lim Zp(e) = lim Zp) (e g-+1l/“D PN F(N) d.

€l0 el0

Note that since the summand D? 72 is polynomial in = and ¢, the convergence of
the Riemann sum is uniform for (z,¢) in compact sets. Comparing with (3.90) we

see that the proof is complete. O]

Now we may complete the proof of Proposition II1.7. Lemma II1.14 shows that
each of the terms in the formula (3.69) for Z,; has the same limit as € | 0. Therefore,

for all even j,

lim Z,; = § P (N2 F(X) d\
S _ g+1 R
1+d2+ -ds= =p— ]
(3.111) hi+ho+-+hs=j
P 2
= DXz, )P o(N)XF(N) dA.
(J)Hl/ 20T pWPF ()

Combining this result with Lemma I11.12 and the formula (3.68) for the p'" moment,

we obtain

Lp/2]
(3.112) @, =lim [ o&Pdp.(o) = Z (ka)
k=0

elO R

2k+1/ D(X\; 2, )P (N R F(N) d),

uniformly for (x,t) in compact sets. Now we apply the identity

)

lp/2] 1 +1
1 P\ opip—ok (b+ a)ﬁ —(b—a)?
A1 i =
(3:113) ;;2k+1(%>“ 2a(1 + p)

holding for any integer p > 0 and real numbers a and b. (This identity can be
most easily obtained by expanding the binomials on the right-hand side.) Recalling
the definitions (3.20) and (3.21) of D(A;x,t) and ¢()), and using the fact that

x+(A\) = £7F(X) — y(A) then completes the proof of Proposition II11.7.
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3.2.4 Convergence of Measures and Locally Uniform Convergence of U..
Proof of Proposition II1.8

Recall the measures p. defined by (3.43).

Lemma II1.15. For each nonnegative integer p,

(3.114) lim | of du.(«) :/ap dpu(c)
el0 Jr R

where  is the absolutely continuous (with respect to Lebesgue measure on R) measure
defined by du(a) = G(o;z,t)da, and the compactly supported integrable density
function G(a; x,t) is given by (3.49). The limit is uniform with respect to (x,t) in

compact sets. Also, like each pe, p s a measure with mass M.

Proof. Recalling Proposition II1.7, we first show that the given measure p satisfies

(3.115) /Rap dplar) = Qp,

where (), is given by (3.46), for all nonnegative p € Z. Equivalently, we may construct
a measure with the desired moments as follows: the characteristic function of the

measure j; is the Fourier transform
(3.116) G(& x,t) ::/G(a;x,t)e_mg do,
R
and this function necessarily has the desired moments {Q,}2, as its derivatives at

E=0:

PG

(3.117) —= (02, 1) = (—1)PQy.

So G(ﬁ; x,t) has the Taylor series

(3.118) GGz t) =) (_Zf)pQP.
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Now from the obvious inequality |z + 2A\t — x4 (\)| <| x — zo| + 2L|t| + 27 F(\), we

obtain
(3.119)
1 0
< — x| + 2L[t] + 27 F(M\))PT (—=20)P d)
@0l < s [ =l + 221t + 2P0 (23)
1 0
< - o2L|x — xo| + AL%|t] — ATAF (\))P(lx — mo| + 2L|t| + 20 F(\)) d.
_w(pﬂ)/L( |z — 0| [t] — 4T AE(N))P (|2 — 0] |t] + 2w (X))

Also, from Lemma III.4, there is a constant K > 0 such that 0 < —AF(\) < K, so

for (x — z0)* + t* < R?,

2LR+4L°R + 4 K)P [°
@y < B EE [ (o aal 4 200 + 207 () i
2
(3.120) (LR +2(L f SZWM ) QLR+ AL2R + 4r K
m(p

1
< (LR +2L*R + 27 M)(2LR + AL*R + 47K )?,
m

where in the last step we used (3.4). This inequality implies that the Taylor series
(3.118) converges for all £ € C to an entire function of exponential type.

Now we will sum the Taylor series (3.118) in closed form by substituting from
the formula (3.46) and exchanging the order of summation and integration. Indeed,

since

! p+1 B 21EN ’

X sA\p o P . p+1 2Nz 2 t—z+ (N)] _
(3.121) Z( i) (=2M)P(z 42X — 24 (V) e 1

p=0

we obtain the formula

dA.

) 0 2iEN[z+2X—z_(N)] _ ,2i\[z+2At—zy ()]
(3.122) (e t) = /

L 47TZ§)\

Computing the inverse Fourier transform

(3.123) Glasz,t) = %/G’(f;x,t)eiaf d¢
R

by exchanging the order of integration leads directly to the claimed formula (3.49).



73

It is obvious that G(«;x,t) is a nonnegative function, and since by Lemma I11.4

(3.124)

inf —2A(z+2X —24(N)) > —oc0 and  sup —2A(z+2M —z_())) < +o0
—L<A<0 —L<A<0

for every (z,t), it is clear that G(«; x,t) has compact support. It is also straightfor-

ward to verify that p has mass M:
/d,u(a) :/G(a;x,t) da
R R
_ 1 / / " @@
T X[=2X\(z+2xt—z 4 (A)),—2X(@+2Xt—z— (X)) (X h\ «Q
1 0 1
=—7 | x X[f2)\(:c+2)\tfz+()\)),72)\(:v+2)\t7m,()\))](04) davdA
—2)\ (z4+2xt—z—(N))
= / / dod)\
—2\(z 42Xtz (A
- / F(\) dA
-L

= M,

(3.125)

according to (3.4). Therefore p is indeed an absolutely continuous compactly sup-

ported (nonnegative) measure of mass M. O

Note that the reconstruction of the the measure p from its moments is virtually
the same calculation as took place on the direct scattering side in our discussion of

Matsuno’s method in §2.2.8.

Lemma II1.16. There is a compact interval 0 C R containing the support of all
of the measures {pc}eso as well as that of the measure u, and Q0 may be chosen

independent of (x,t) in any given compact set.

Proof. Since p has compact support certainly contained within the interval

(3.126) inf [2Azy(\)] — 2L|z| — 4L2|t| < a < sup [2Az_(N\)] + 2L|z| + 4L2|t]
—L<X<0 —L<A<0
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that is clearly bounded uniformly for (x,t) in any compact set, it is enough to show
that the support of . is uniformly bounded as € | 0. But by definition of y. this is
equivalent to showing that the eigenvalue of A, with the largest magnitude remains
uniformly bounded as € | 0.

Since the matrix A, is Hermitian, we have

(3.127) |Acdllz = max oyl

1<j<N(e)
so to prove that the eigenvalue of A, with the largest magnitude remains uniformly
bounded, it is completely equivalent to prove that the ¢ (induced) matrix norm of
A, is uniformly bounded as € | 0 independent of (z,t) in any given compact set.
Recalling the decomposition A, = D + H from the proof of Proposition II1.7

given in §3.2.3, the triangle inequality gives |Ac||; < ||D|2 + |H]|2, and since D is

diagonal,
D]y = Jnax 120, (2 + 2\t + (M)
(3.128) < sup [2A(z + 20+ v(N))]
—L<A<0

< sup [2Ay(\)| + 2L|z| + 4L%|t],
—L<A<0

so since Ay(A) is bounded according to Lemma II1.4, and H is independent of = and

t, it is sufficient to show that ||H||2 remains bounded as € | 0.

To estimate ||HJ|5, we write H in the following form: H = BTB + E where

(3.129) B = diag (e”“ —2MF(\),. .. ,ei”/4\/ —2XN(E)F(XN(E))) :

and T is the N(e) x N(e) Toeplitz matrix with elements (T),,, = fo_m, where
the sequence {f,}nez is defined by (3.73). Of course E := H — BTB. Therefore

|IH||2 < ||B]|3]|' T2 + ||E||2. Because B is diagonal,

(3.130) IBI2< max [-2M\,F(M\)] < sup [—2AF(N)]

1<n<N(e) —L<A<0
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which is finite by Lemma II1.4. The Toeplitz matrix T can be written as T = P7;P,
where P is the orthogonal projection from ¢*(Z) onto CV viewed as a subset of
(*(Z) associated with components having indices {1,2,...,N(e)} C Z, and where
T : ((Z) — (*(Z) is the Toeplitz operator defined by (3.72) from §3.2.3. The (*(Z)

operator norm of P is clearly equal to one, and since

(3.131) > fe" =i(r—0), 0<6<2m,
leZ

the Pythagorean Theorem in L?(0,27) gives

2
1 2 )
(Tc),|* = —/ (Tc),e™| db
2
S ) B) DY ASE 7
= 5 n—mCm€
2m 0 n€EZ meZ
1 2 2
_ 2_ Z Cmeimé) Z fn_mei[n—m]G d6
T
(3132) 0 meZ neL ,
1 2 ]
= — (m — 6)? cme™| df
2m Jo mZE:Z
1 27 ] 2
< mP— ™| do
2m 0 meZ
=7 lenl’,
meZ

the ¢?(Z) operator norm of 7; is bounded by . It follows that [|[H||2 < 7+ || E||2, so
it suffices to show that ||E||2 remains bounded as € | 0.

So far, we have exploited the special structure of the dominant parts of the matrix
A, and applied correspondingly specialized norm estimates to these terms. The error
term E has less structure, but is it smaller; to estimate its norm it will be sufficient
to use the rather crude inequality || E||2 < ||E||ns and work with the Hilbert-Schmidt

norm
N(e) N(e)

(3.133) IElfs = > [(E)uml’,

n=1 m=1
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where the elements of E are explicitly given by

(3.134)
v/ AN A F M)A F (A
(E)pm = - A f\ \/ () () , for n# m, and (E),, = 0.
— A —-m
If we introduce continuous variables a := (n — 3)e and b := (m — %)e, then it is

easy to see that the square of the Hilbert-Schmidt norm of E is a Riemann sum

approximation of a certain double integral:

(3.135) hmHEHf{S_// eo(a, b) dadb,
€l0 [O,M]Q

provided the double integral exists, where

(3.136)
2
(a,b) = | Vm T @m=(0)  /mHa)F(m~ a))mt (b) F(m~ (b))

o b m—l(a) —m~1(b) a—1b ’
and where m~!(-) denotes the inverse function to the monotone function m(-) given
by

A
(3.137) m(A) = / F(X)dX.
-L

By changing variables to x = m~!(a) and A\ = m~1(b),

(3.138) // eo(a,b)dadb = // e(k, \) dk dA,
[OvMP [_L’OP

where

(3.139) e(r, \) = 4 [\/ﬁ _ KF(K)AF(X) 2

—X m(r) —m\) F(r)F(A).

Note that since F > 0 by Lemma I11.4, e(x, \) > 0 for (k, \) € [—L,0]?. To complete
the proof of the Lemma it is enough to show that the double integral on the right-
hand side of (3.138) is finite.

In order to estimate the double integral, we divide the square [—L, 0]? into polyg-

onal regions as follows (see Figure 3.6):
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e The square [—L, —L + §]* contains those ordered pairs (x, \) for which both &
and A are near the “soft edge” of the eigenvalue spectrum at —L. We divide this
square into diagonal and off-diagonal parts according to whether (x + L)/2 <

A+ L < 2(k+ L) (the diagonal part, Sp) or not (the off-diagonal parts, Sop).

e The square [—§,0]? contains those ordered pairs (, ) for which both x and
A are near the “hard edge” of the eigenvalue spectrum at 0. We divide this
square into diagonal and off-diagonal parts according to whether 2k < A\ < k/2

(the diagonal part, Hp) or not (the off-diagonal parts Hop).

e The remaining part of [—L,0]? contains those ordered pairs (, ) for which
at least one of the coordinates lies in the “bulk” of the eigenvalue spectrum,
bounded away from both edges. This is divided into a diagonal part Bp and
two off-diagonal parts Bop along two straight line segments parallel to the

diagonal as indicated in Figure 3.6.

Here, the constant § > 0 is as specified in Lemma II1.4. As e(k, A) = e(\, k) it will be
enough to show integrability of e over the part of [—L,0]> with x < ), an inequality
that we will assume tacitly below.

First we consider integrating e(x, \) over the “off-diagonal” shaded regions Sop,
Bop, and Hop shown in Figure 3.6. An upper bound for e(x,\) useful in these
regions is easily obtained from the inequality (a — b)? < 2a® + 2b?:

(3.140)
1 F(r)F(A

(1, \) < SEF(R)AF(N) [ .

) _ 2

Applying the Mean Value Theorem to this estimate yields

(3.141) e(k,\) < RGE

8KF(K)AF()) [1 F(r)F /\)}
(k= A)? ’
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Figure 3.6: The square [—L,0]? in the (k, \)-plane is covered by the six regions Sp,
Sop, Bp, Bop, Hp, and Hop.

where k < & < A. Finally, since F' is monotone increasing according to Lemma I11.4

we obtain

(3.142)  e(k,\) <

8kF(K)AF()) [1 N F()\)} _ 8kEF(K)AF(X) 8K}>\F(/\)F()\).

(k= A)? F(k) (k= A)? (k= A)?

Now, for (k,A) € Bop, we have that k — A is bounded away from zero while by
Lemma II1.4 xF (k) and AF(\) are bounded (and of course |k| < L) while F()) is
integrable. Hence we easily conclude that e(k, \) is integrable on Bop.

If (k,\) € Hop with kK < A, then we have the inequality

(3.143) (e=2? = ([ =5]+ [—%DZ >,

and also since both —) < k < 0 and —) < A < 0 we may use the upper bound for F
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given in (3.24) from Lemma III.4 to replace (3.142) with
(3.144) e(k, \) < 3202(—r) MU=\ 43202 (—k) (= N) Y,

where Cy > 0 and ¢ > 1 are the constants in (3.24). This estimate is easily seen
to be integrable on the component of Hop with Kk < A by direct calculation of the
iterated integrals.

If (k,\) € Sop with K < A, then we have the inequality

s = (PR P e n]) 2 O

2 2
and also since both —L < k < =L+ 6 and —L < A\ < —L + ¢ we may use the upper
bound for F' given in (3.22) from Lemma III.4 along with the inequalities |x| < L

and || < L to replace (3.142) with
(3.146) e(k, \) < 32L2C?, (k + L)Y*(\+ L) ™32 + 32L2C%* (A + L)~

This upper bound is obviously integrable on the component of Sop with K < A.
Now we consider integrating e(k, \) over the “diagonal” unshaded regions Sp, Bp,

and Hp shown in Figure 3.6. By the Mean Value Theorem and the monotonicity of

F' guaranteed by Lemma II1.4, we obtain an upper bound more useful when s ~ A:

F(k) — F(\)

(3.147) e(k,A) < 4RF(r)AF(N) [m

r, (k,\) € (—L, 0)2

Again using the Mean Value Theorem and monotonicity of F' we may make the upper

bound larger for k < A:

ARAF (V) F'(€)?2
(3.148) e(k,\) < F ) ,

where Kk < £ < A,
For (k,\) € Bp with k < A, both x and A\ are bounded away from the soft and

hard edges of the eigenvalue spectrum, so Lemma II1.4 guarantees that ' and F’
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are bounded, and F' is also bounded away from zero by strict monotonicity and the
boundary condition F(—L) = 0. It follows from (3.148) that e(x, A) is bounded and
hence integrable on Bp.

If (k, ) € Hp then we may use the estimates (3.24) and (3.25) from Lemma II1.4

to replace (3.148) with

8C2

(3.149) e(k, \) < =2 (—g)HVa(—\)17Va(—g)"H12 < 8_03

. E (—r)FYa(—\) 13/,
The double integral of this upper bound over the region Hp with x <A is easily
computed by iterated integration and is clearly finite as a consequence of the fact
that ¢ > 1.

Finally, if (k,\) € Sp with k < A, then we may use the estimates (3.22) and
(3.23) from Lemma II1.4 together with the inequalities |k| < L and |A| < L to
replace (3.148) with
(3.150)

e(k, ) < 2L2C% (k4 L) Y2\ 4+ L)Y2(e + L)t < 2L2C?%  (k + L)**(\ + L)Y?,
an upper bound that is clearly integrable over the part of Sp with kK <\ . O

Lemma II1.17. The measure p. converges in the weak-x sense to p, uniformly for

(x,t) in compact sets. That is, for each continuous function f:R — C,

(3.151) iim [ fa)duto) = [ fle)duta)

el

with the limit being uniform with respect to (x,t) in compact sets.

Proof. According to Lemma III.15, for each polynomial p(«) we have the following

limit, uniform for (x,¢) in compact sets:

(3.152) lim [ ple) due) = [ ple) dut)

610 R
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But by Lemma II[.16 we can equivalently integrate over the compact interval (2
(independent of (z,t) in any given compact set) with the same result. Now by the
Weierstral Approximation Theorem, given any continuous function f : R — C and

any p > 0 there is a polynomial pg(oz) for which

p
(3.153) sup [£(e) = pf(@)l < 47

so for any measure v of mass M with support in Q (like p. and p),

[1r@) = pite @) < [ 17(0) = el dvie) < .

Let w > 0 be an arbitrarily small positive number. Then if we write

(3.154)

(3.155) vlg) = / g(0) du(a),
we have

(3.156)

= |pe[f] = plf]]

) dpe(o / fla) dp(a

= [Me[pr] /L[pi/?)]} + pelf _pﬁ/g] _/J[f—Pf)/:a]‘

IN

pelf —pi/g]‘ + ‘M[f _p£/3]‘
2

pelpl ) = il )| +

< |pelp) = bl + 3
with the last inequality following from (3.154). But with w > 0 fixed, (3.152) implies

that € > 0 may be chosen sufficiently small, independently of (x,¢) in any given

compact set, that

1
(3.157) pelp ) = bl ]| < 5

which implies

(3.158)

o) dsc(o /f ) da(r

thereby completing the proof. O
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Now we are in a position to complete the proof of Proposition II1.8. We begin by
writing U, (z,t) as defined by (3.42) in terms of the normalized (to mass M) counting

measure fie:

(3.159) U.(z,t) =

Define the continuous functions
(3.160) a () =7+ 4H(—a)arctan(a), a_(«):= —as(—a), a€R,

where H(-) denotes the Heaviside step function. It is then easy to check (see Fig-

ure 3.7) that for any £ > 0,

1

Figure 3.7: The graphs of a_(«) < a4 («) (black) and several graphs of 2 arctan(e™ ')

for e <1 (gray).

(3161) 0<e<E = a_(F'a)<2arctan(e 'a)<a (E'a), a€R.

Therefore, for any £ > 0 and all 0 < e < F,

(3.162) /Ra_(E_la) dpie() g/

RQarctan(e_loz) dpe(a) < /a+(E_1a) dpe(a).

R

Using Lemma II1.17 we may pass to the limit € | 0 in the lower and upper bounds

to obtain

(3.163) limui)nf/Qarctan(e_loz) dpe(a) > /a_(E_loz) dp(a)
€ R R
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and also

(3.164) limsup/2arctan(eloz) due(a) < /a+(Eloz) du(a).
el0 R R

In these statements, £ > 0 is an arbitrary parameter, and the limits are uniform
for (x,t) in compact sets. But a+(E~1a) are uniformly bounded functions that both
tend pointwise for a # 0 to the same limit function 7sgn(A) as £ | 0, while u is a
fixed measure that is absolutely continuous with respect to Lebesgue measure on R,

so by the Lebesgue Dominated Convergence Theorem,

(3.165) lblrlrol Rai(Eflog) dp(a) :/]Rﬂsgn(a) du(a).

By letting E | 0, it then follows from (3.163) and (3.164) that

(3.166) leifél i 2 arctan(e o) duc(a) = /Rﬂ' sgn(a) du(a)

with the limit being uniform for (z,t) in any given compact set. Finally, according
to (3.13), we have (independent of = and t)
eN(e)

(3.167) lim

€l0

=1

Y

so combining this result with (3.166) and noting that du(a) = G(«; z,t) da completes

the proof of Proposition II1.8.

3.2.5 Differentiation of U.. Burgers’ Equation and Weak Convergence of
Ue

Let ¢ € Z(R) be a test function. Then by integration by parts and the uniform

convergence of U,(z,t) to U(x,t) on compact sets in the (z,t)-plane guaranteed by

Proposition II1.8,

fim | (. 1)0(z) dx = lm Ra[f(:z,t)cﬁ(m) dx
(3.168) = —lim [ Uz, t)¢'(z)dx
el0 R

_ —/RU(:E,t)gb'(x) da.
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Lemma IT1.18. The limit function U(x,t) is continuously differentiable with respect
to x, and if (z,t) is a point for which there are 2P(x,t)+1 solutions ul(x,t) < --- <

Usp(ypy (T, 1) of the implicit equation (3.173),

2P(x,t

)
(3.169) g—g(x,t) = (—D)"uB(z,1),

n=0

and the above formula is extended to nongeneric (x,t) by continuity.

Proof. Exchanging the order of integration in the double-integral formula for U(x,t)

obtained by substituting du(a) = G(«;z,t) do with G given by (3.49) into (3.48),

we obtain
0
(3.170) Ulx,t) :/ J(A;z,t) dA,
-
where
1 [~2A@+2x—a-(3)
(3.171) J(\;z,t) = sgn(a) dav.

AN J Zox(@r2nt—zs (V)
Note that for A € [—L, 0] the upper limit of integration is greater than or equal to the

lower limit. Moreover the integral in J(X; x,t) is easily evaluated; for —L < A < 0,
(

—mF(\), T+ 2X —z_(\) <0,

(3.172) J(A;w,t) = Q & + 2M¢ + (N, TH2M -2, (N) <0<z +2M —z_(N)

TF(N), z 42X — 2z (A) > 0.

It follows from the relations x4 (\) = £7F(\) — 7(A) that for an admissible initial
condition ug, J is a continuous function of x for each fixed ¢, uniformly with respect
to A € [—L,0], and hence also from (3.170) that U(-,¢) is continuous on R for each t.
To prove that U(+,t) is continuously differentiable it will therefore suffice to establish

continuous differentiability on the complement of a finite set of points and that the

resulting piecewise formula for OU/Jx extends continuously to the whole real line.
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To use the formula (3.172) in the representation (3.170) we therefore need to
know those points A € (—L,0) at which one of the two quantities x + 2X\t — x4 (\) <
r+2X—z_()\) changes sign. Under the variable substitution A = —u®?, the definition
of the turning points x4 (\) as branches of the inverse function of ug implies that the
union of solutions of the two equations x + 2\t — x4 (\) = 0 is exactly the totality of

solutions of the implicit equation
(3.173) u® = ug(x — 2uPt).

In other words, the transitional points A for the formula (3.172) correspond under

the sign change u® = —\ to the branches of the multivalued solution of Burgers’
equation
ouB ouB
3.174 — +2uP— =0
( ) ot e ox

subject to the admissible initial condition u®(x,0) = ug(z).

Note that admissibility of uy implies (see Definition III.1) that given any ¢t € R
there exist only a finite number of breaking points (x¢, t¢) with t¢ in the closed interval
between 0 and . Indeed, the breaking points correspond to values of ¢ € R for which
ug(€) = 0 but uy'(£) # 0, and the breaking times are t; = (—2u(£))™; since ug(€)
decays to zero for large £, bounded breaking times ¢¢ correspond to bounded £, and
there are only finitely many of these by hypothesis. Moreover, each breaking point
(e, te) generates a new fold in the solution surface lying between two caustic curves
emerging in the direction of increasing |¢| from (z¢,t¢), and because u”(§) # 0 there
are exactly two more sheets of the multivalued solution of Burgers’ equation born
within the fold as a result of a simple pitchfork bifurcation. Therefore, the union of
caustic curves and breaking points meets any line of constant ¢ in the (z,t)-plane

. . . 't
in a finite set of points {z{™(f)}, and on every connected component of the set
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Sy = {(z,t)|x € R\ {x§"(t)}}, there is a finite, odd, and constant (with respect to
x) number 2P (z,t) + 1 of roots of the equation (3.173), and all roots are simple (and
hence differentiable with respect to x).

If t > 0, then by admissibility of ug the quantity b_(\;z,t) = x 4+ 2X\t — x_())
is strictly increasing as a function of A on the interval (—L,0), and therefore in this
interval there can exist at most one root of b_(\;x,t), regardless of the value of
x € R. Moreover, b_(\;z,t) — +oo as A T 0, so there will be exactly one root in
(—L,0)ifb_(—L;x,t) = v —x9 — 2Lt < 0 and no root in (—L,0) if z —xq — 2Lt > 0.
Since by (A\;z,t) := x4+ 2 M — 2 (N) < b_(A\;z,t) for =L < X <0, if x —xo — 2Lt < 0,
all roots of by (\;z,t) in (—L,0) must lie to the right of the root of b_(A; x,t). Thus,

for x € Sy \ {xo + 2Lt}, we either have

Uz, t) = /O (x 4+ 2Xt + (X)) dA

B

-
_“2p 2 _“2Bp71
(3.175) + Z / F(A)dA+ / (z + 2\t + y(\)) dX
U‘Zp 1 7u§p
2P(z,t)
+7T/ F\)d\, x€S;, x>ux9+2Lt,
-L
in which case uf(x,t) < --- < uQBP(m) (z,t) are all roots of by (—u®;x,t), or

Ulx,t) = /O (x +2X +y(N)) dA

B
—ug

(3.176) + Z [ /_u2p aey d>\+/_u2pl(x+2)\t+7(>\))d>\

B
“2p 1 Uy

Ug (z,t)
—7T/ ) FAN)d\, z€S8;, x<uzo+ 2L,
~L

in which case uf (z,t) < --- < ulgp(m)fl(:v, t) are roots of b, (—u®; z,t) while u];)P(x,t) (z,t)
with ufp, o (7,1) > typ(, ;) (2,t) is a root of b_(—u”; x,t). In both cases, the con-

dition z € S; guarantees that all roots are differentiable with respect to x, so we may
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calculate OU/Ox by Leibniz’ rule:

(3.177)
ou _ B ) Ouyp - n B ) Ouy,
%(l‘,t) - b+(—U2p(£L',t),£L‘,t) ox (ZE,t) + ;(_1) b+(—un($,t)7l',t) ox (IL’,t)
2P
+ Z(—l)"ug(x,t), x €Sy, x>uwz0+ 2L,
n=0
or
(3.178)
oU, g Ouby g B OUE
8_x(x’t) - b*(_u2P<x7t)7x7t) o (.CE,t) + ;(_1) bJr(_un(x?t)ax?t)%(xat)

2P
+ Z(—l)”uf(w,t), x €S, x<uwzo+2Lt,
n=0

where in both cases P = P(x,t) is a constant nonnegative integer on each connected
component of S;. The terms on the first line in each of these formulae arise from
differentiating the limits of integration and using x.(\) = 7 F(\) —v(\), while the
terms on the second line arise from the explicit partial differentiation of the integrand
42Xt +7v(A\) with respect to x. It follows from our division of the solutions of (3.173)
among the roots of b, and b_ that in both cases the terms on the first line vanish

identically, with the result that

o 2P(z,t)
(3.179) o (1) = > (=D)"u(x,t), xS\ {xo+ 2Lt}
n=0

This expression is clearly continuous in z on each connected component of S; \ {x¢+
2Lt}. Moreover, it extends continuously to the finite complement in R, (at fixed
t > 0) because at caustics pairs of solution branches entering into (3.179) with
opposite signs simply coalesce. Therefore U(-, ) is indeed continuously differentiable
for t > 0 and its derivative is given by the desired simple formula (3.169). Virtually
the same argument applies to t < 0 with the roles of b.(\;x,t) reversed, and the

resulting formula for OU/Ox is the same. O
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It follows from this result that we may integrate by parts in (3.168) and obtain

ou
(3.180) leifél g Ue(z,t)p(x) dx = s 8_x(x’ t)p(x) dx

for every test function ¢ € Z(R). Now let v € L*(R). Since Z(R) is dense in L*(R),

for each o > 0 there exists a test function ¢, € Z(R) such that

(3181) 60 vl = [ lor(a) = o) o < .
Then,

[ |t = G| vorao = [ o) - Fe0] oot do
(3.182) + [ G0 6a) o)) da

_ / iz, ) [6(z) — v(a)] da.
R
Observe that, according to the definition (see Definition I11.3) of @ (z,t) in terms

of the modified scattering data, it follows from (2.133) that

N(e)
(3.183) /u(m t)*dr = —4we y A,
R n=1

This Riemann sum converges as € | 0:
0

(3.184) lim [ i (z,t)* de = —47r/

MOV d = / uo(2)? da,
cl0 Jr -L

R
where the second equality follows from the identities (2.141), which essentially define
F(\) in terms of the admissible initial condition ug. Therefore, || (-,t)||2 is bounded
for sufficiently small €, independently of .

Also, OU/0z is independent of € and from the formula (3.169) it is easy to check

that it is positive and bounded above by the constant L for all (z,t). Therefore

oU 2 oU
Nl — (- < L — .
(3.185) Haxw) < [ Sty

i
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By the formula (3.169), the latter integral is equal to the area between the graph of
the multivalued solution curve for Burgers’ equation and the z-axis. Since points on
the graph at the same height move with the same speed, this area is independent of

time ¢, and hence we have

oU
Nl — (- < 2nrLM
(3.186) %Jﬂ < 2r LM,

2
2

where the mass M is defined in terms of the initial condition wuy by (3.6). In fact,
for 0 <t < T, where T is the breaking time, it follows from the fact that 0U/0x as
given by (3.169) reduces to the classical solution u(z,t) of Burgers’ equation with
initial data ug, which conserves exactly the L?(R,) norm, that

(3.187) HZ—Z(-,t)

2
2

=m@wmzfm@maogKT
R

We will use this fact below in §3.3 when we prove Corollary II1.6. In any case, these
considerations show that for all e > 0 sufficiently small there exists a constant K > 0

independent of ¢ such that

(3.188) Hg—g(-,t)

+llac, )l < K

2
holds for all ¢ > 0.

Now, by Cauchy-Schwarz it follows that

(3.189)
ou _
5y (1) [9e(2) —v(@)] dr — | Gc(2,2) [§o(2) — v(z)] dz| < Kll¢5 — v]l2.
R OT R
Given w > 0 arbitrarily small, we then choose 0 = w/(2M) and then (3.182) implies
that
(3.190)

<

/]R {ae(x’w a g_(i(x’t)} Pu/2nr) () d

+w
2.

/R {ae(:c,t) — %(x,t)] v(z) de
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Finally, since ¢,,/2n) is a test function independent of €, we may use (3.180) to
choose € > 0 so small that the first term on the right-hand side is less than w/2.

This proves that

o ou
(3.191) ngohm Ue(z,t) = %(x,t)

(weak L? convergence) uniformly for ¢ in bounded intervals. Combining (3.169) with

(3.191) completes the proof of Theorem III.5.

3.3 Strong Convergence Before Breaking

In this brief section we give a proof of Corollary III.6, following closely Lax and
Levermore (see Theorem 4.5 in part II of [43]). Starting from the identity

(3.192)

(1) — uB (-, 1)|2 :/ﬂe(x,t)zdx—l—/uOB(x,t)zdx—2/ﬂ€(x,t)u0B(x,t) dr.
R R

R

we note that for 0 <t < T, where T is the breaking time, (3.184) and (3.187) imply

that

(3.193) lilr(r]l (- ) —ug (-, 1)|13 = 2/ up()* dw — 2111%1 tie(z, t)ug (v, t) dr.
¢ R €l Jr

But u (-, t) € L*(R) is independent of ¢, so by Theorem IT1.5,

(3.194) lim [ (e, )bz, ) de — /
l0 Jr R

ug (z,t)? do = / uo(z)? de,
R
with the second equality following from (3.187) for 0 < ¢t < T". Therefore

(3.195) lim (1) = u (- 1)l|2 = 0

as desired, and the proof is complete.
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3.4 Numerical Verification

To illustrate the weak convergence of u.(z,t) as guaranteed by Theorem IIL.5,
and to attempt to empirically quantify the rate of convergence, we have directly
used the exact formula (3.42) for U,(z,t) having first chosen the modified scattering
data corresponding to the admissible initial condition uy(z) = 2(1+2%)~! as specified
in Definition III.3, and compared the result for several different values of € with the
limiting formula (3.48) for U(x,t). Our results are shown in Figure 3.8. These plots
clearly display the locally uniform convergence specified in Proposition I11.8. An
interesting feature is the apparent regular “staircase” form of the graph of Ue(x, t) as
a function of x; that the steps have nearly equal height is a consequence of the fact
that near the leading edge of the oscillation zone for u. (which lies approximately in
the range 4 < x < 16 in these plots) the undular bore wavetrain that is generated
from the smooth initial data resolves into a train of solitons of the BO equation, each
of which has a fixed mass proportional to € (independent of amplitude and velocity).

To the eye, the size of the error between U(x,t) and U(z,t) appears to scale
with e. To confirm this more quantitatively, we collected numerical data from several
experiments, each performed with a different value of € at the fixed time ¢t = 4. The
supremum norm, calculated over the interval —10 < z < 20, of the error resulting
from each of these experiments is plotted in Figure 3.9. On this plot with logarithmic
axes, the data points appear to lie along a straight line, and we calculated the least

squares linear fit to the data to be given by
(3.196) log1o(|U(+,4) = U(-,4)||o) = 0.98810g,,(€) 4+ 0.523

where the slope and intercept are given to three significant digits. This strongly

suggests a linear rate of convergence, in which the error is asymptotically proportional
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toease | 0.

The initial data ug(z) = 2(1 + 2?)~" was chosen for these experiments because it
is the only initial condition (up to a constant multiple) for which the ezact scattering
data is known for a sequence of values of € tending to zero. This is the result of a
calculation of Kodama, Ablowitz, and Satsuma [40], which is introduced in §2.3.
They showed that if ug(z) = 2(1+2%)7!, then the reflection coefficient 5(\) vanishes
identically if € = 1/N for any positive integer N. Moreover, there are in this case
exactly N eigenvalues A\; < Ay < -+ < Ay of the operator £ defined by (2.46), and

they are the roots of the following equation

(3.197) Ly <—%> = Ly (—2N)) =0,

€

where Ly is the Laguerre polynomial of degree N. The corresponding phase con-
stants v, all vanish exactly. The approximate eigenvalues determined from the initial
condition g via the formula (3.14) do not agree exactly with the scaled roots of the
Laguerre polynomial of degree N (although the approximate phase constants agree
exactly with the true phase constants), so it is a worthwhile exercise to compare the
function u.(z,t) as specified by Definition III.3 with the true solution wu.(x,t) of the
Cauchy problem for the BO equation with initial data ug(z) = 2(1+2%)~!. Of course
Corollary II1.6 guarantees strong convergence in L? at ¢t = 0 (that is, @.(-,0) is L*-
close to ug(+)) but this alone does not guarantee that . (z,t) approximates u.(x,t) in
any sense for ¢t > 0. We made the comparison for several values of € > 0 correspond-

ing to a reflectionless exact solution of the Cauchy problem constructed? from the

2In fact this is the numerical method we used to create the plots in Figure 1.1. This has a
tremendous advantage over taking a more traditional numerical approach to the Cauchy problem
for the BO equation (that is, one involving time stepping) since the calculations necessary to find
the solution for any two given values of ¢ are completely independent, so errors do not propagate
(and to find the solution for any given time ¢ it is not necessary to perform any calculations at all for
intervening times from the initial instant). The only source of error in the use of the determinantal
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determinantal formula (2.112) at the time ¢ = 4, which is well beyond the breaking
time. Our results are shown in Figure 3.10. These plots show that the modification
of the scattering data used to construct a.(z,t) results in a phase shift relative to
uc(z,t) that is proportional to €, the approximate wavelength of the oscillations. In
particular, @.(x,t) does not remain close to u.(z,t) after the breaking time in any
strong sense, although is appears highly likely that convergence is restored in the

weak topology.

formula (2.112), at least if the differentiation is carried out explicitly resulting in a sum of N
determinants, is due to round-off.
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Figure 3.8: Left: plots of U.(z,t) (black) and its locally uniform limit U(z,t) (red)
at t = 4 for various values of e. For these plots, ug(z) := 2(1 4+ 2°)~".
Right: corresponding plots of the error U(x,t) — Uc(x,t).
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Figure 3.9: Circles: log,(||Ue(-,4) — U(-,4)||oo) for e = 1/25, 1/30, 1/35, 1/40, 1/45,
1/50, and 1/100, as a function of log;z(€). In red: The least-squares
linear fit.
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Right: The error uc(z,t) — tc(x,t).



CHAPTER IV

Generalizations of the Zero-Dispersion Limit of
the BO Equation

In this chapter, we provide generalizations of Theorem III.5 and their proof by

introducing the higher-order BO equations.
4.1 Higher-Order BO Equations and Their Soliton Solutions

The higher-order BO equations introduced by Matsuno [51] are

0K, (u)
ox '

(4.1) up = n=3,4,5,...,

where the variational derivatives K, (u) are defined by

51
4.2 Kp(u) == =2, n=3,4,5,....
(4.2) (w):= 5"

Here I, are defined by the equation (2.130) and the recurrence relation (2.128).

The variational derivatives K, (u) can be calculated by using the recurrence relation

(2.128), the equation (2.130) and the definition of K,,(u). It is easy to obtain that
(4.3) Ks(u) = u® + eH(u,),

which implies the higher-order BO equation (4.1) is the BO equation (1.1) for n = 3.

97
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The formula of the N-soliton solutions of the higher order BO equations for

n = 4,5,6 obtained by Matsuno [51] via the bilinear transformation method is

(4.4) u(z,t) = 26%% (log(Tn(z,t;€))),

where the “tau-function” 7, (z,¢;€) := det(I + ie ' A, (¢)). Here A, (€) is an N x N

Hermitean matrix given by
(4.5) (An())im = =2z + (=1)" 1 (n = DA 2t +,,), for [ =m,

and

2ie( N A )/
(46) (Al = 2L e 1
I — \m

In fact, the formula (4.4) is valid for n = 3,4,5,-- -, which is proved by Matsuno in

[54].
4.2 Generalizations

By comparing the formula of the N-soliton solutions of the higher order BO
equations and the formula of the N-soliton solutions of the BO equation, one can
find the only difference between the formula (4.4) and the formula (2.112) is the
diagonal entries of the matrix A, are —2\,,(x + 2\t + 7,,,) and the diagonal entries
of the matrix A, (¢) are —2\,,,(z + (—=1)""}(n — 1)A™"2¢t 4+ 4,,). Then we introduce a

new function @, (z, t; €):

(4.7) Uy (2, t;€) = 26%% (log(Tn(z, t;€))),

where the “tau-function” 7,(z,t;€) := det(I +ie ' A, (¢)). Here A, (¢) is an N(e) x

N(€) Hermitean matrix given by

(4.8) (A ())im = =2 (z + (=) (n+ DNt +,,), for [=m,
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and

. QiG(S\ZS\m)l/Q

(4.9) (AL (€)im A for 1#m.

Here, the number N (e) is defined by (3.12) and {\,}*\ and {7,}) are defined by
(3.14) and (3.15) respectively. In fact, the function @, (z,¢;€) is a N-soliton solution
of the (n 4 2)th order BO equation. The function u,(x,t;€) is same as the function
Ue(z,t) defined by (3.16) when the integer n = 1. By following the approach used in
Chapter III, one can obtain a generalization of Theorem II1.5. The proof is provided
in §4.3.

2P(x,t)

Theorem IV.1. Let u®(z,t) < ul(z,t) < --- < wuy 7 (x,t) be the branches of the

multivalued (method of characteristics) solution of the following equation

ou,, WU
subject to an admissible initial condition
(4.11) un(x,0) = up(z).

Then, the weak L*(R) (in x) limit of U, (x,t;€) is given by

2P(z,t)
(4.12) wo—lim L, (z,t6) = Y (=) up (1),
€l0 m—0

uniformly for t in arbitrary bounded intervals.

Similarly as the inviscid Burgers equation, the multivalued solution of the equa-
tion (4.10) can be constructed by the method of characteristics. In fact, the multival-
ued solution of the equation (4.10) can be obtained by solving the following implicit

equation

(4.13) Uy, = up (r — (n+ 1)(u,)"t) .
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Furthermore, after substituting (4.4) into (4.1), one can find the N-soliton solutions

of the higher order BO equations u(z,t) given by (4.4) satisfy

0 0 0K, (u) B
(4.14) 5 (26%\9 (log(7e(x, t)))> =——p, > "= 3,4,5,---.
This equation suggests
0
(4.15) K,(u) = —2e =S (log(7e(z,t))) + C(t) for n=3,4,5,---.

ot
where C(t) is a function of ¢. According to the definitions of K, (u) and 7.(z,t), the
first term of the equation (4.15) and K, (u) tend to zero, as = tends to infinity. This
fact implies C'(t) = 0. Then one can obtain the formula of K, (u) corresponding to

the N-soliton solutions of the higher order BO equations:

(4.16) K,(u) = —26%% (log(7e(z,t))) for n=3,4,5---.

Since the function u(x,0) defined by the equation (4.4) with A, = A, and 7, =
At +7(Ap) for m =1,2,--- | N is equal to @(x,t) defined by (3.16), K, (u(z,0))
corresponding to u(x,0) is equal to K, (u.(x,t)) corresponding to u.(z,t). Then the
equation (4.16) suggests

) U
(417) Kn+2(u€(x,f)) = — W(ﬂf,thtg,...,tn)

t1=t,to=-=tp,=0
where U, (z, 1, ts, . .., 1,) is given by (3.40) with —2\,(2+2X\.t) replaced by —2X,(z+
2\t — BNty + 4Nty — SNty 4+ -+ + (=1)"(n + 1)APt,. Assume the limit of

Uc(x,ty,to, ..., t,) as € — 0+ exists:
(4.18) Uz, ty,ta,... 1) = lilrél Ud,ty,ta, ... 1),

then by following the approach used in Chapter III, one can obtain a formula for
derivatives of U(z,ty,ts,...,t,), which are given in the following proposition. The

proof is provided in §4.4.
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Proposition IV.2. Let ug(z,t) < ui(z,t) < -+ < ubp, »(x,t) be the branches of
the multivalued (method of characteristics) solution of the inviscid Burgers equation
(3.33) subject to an admissible initial condition u®(x,0) = ug(z). Then the function

Uz, ty,ta, ..., t,) satisfies

oU 2P(x,t)
(4.19) — o (@t tn) = > (=D)"up ()"
n ty=t,to=-=t,=0 m=0

If (x,t) satisfies P(x,t) = 0, then the following conjecture holds true because of
Corollary I11.6. If (z,t) satisfies P(z,t) # 0, then the solutions of the BO equation
become approximately periodic traveling waves in finite time. An alternative inter-
pretation of the weak limit in x (¢,) is that the weak limit can be viewed as the local
average with respect to z (¢,). The formula of the periodic traveling solutions of the
BO equation suggests that the weak limit in x is same as the weak limit in ¢,,, which
suggests Conjecture IV.3 holds true. The proof will be finished in the future as a

part of ongoing work.

Conjecture IV.3. Let ug(r,t) < ui(z,t) < -+ < ufp, y(@,t) be the branches of
the multivalued (method of characteristics) solution of the inviscid Burgers equation
(3.33) subject to an admissible initial condition u®(x,0) = ug(x). Then, the weak

L3(R) (in x) limit of K, 1o(t(z,t)) where n is a positive integer, is given by

2P(z,t)
(4.20) Wo—lim Ko (e (2, 1)) = Y (=1)"ub (2, 0)",
€l0 m=0

uniformly for t in arbitrary bounded intervals.

4.3 Proof of Theorem IV.1

According to the definition of the function w,(z, t; €), one can write @, (z, t; €) as:

(4.21) Up(z,t;€) = (3aUn (z,t5€), Unlx,t;e) = 263 (log(Tn(w,t;¢))) .
T
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By the exactly same analysis as was done in Chapter I1I, one can obtain

0
(4.22) U,(z,t) = ligjlﬂn(x,t; €) = Ju(\;z,t) d),
€ —L
where
N | 2D e )A -2 (1)
(4.23) Jn(Nx,t) = —— sgn(a) da.

AN J Zox (@t (“1)m 1 (nd DA =2 ()
Since the union of solutions of the two equations z+ (—1)"" (n+1)A\"t —zL(A\) = 0 is

exactly {—u(z,t), —ul(z,t), -, —u2F " (2, 1)}, by following the calculation done

in §3.2.5, it is easy to show that

— 2P(x, t)
(4.24) w,—lim, (x,t;€) = 8U z, ).

€l0 m—0

4.4 Proof of Proposition IV.2

By applying the exactly same method used in Chapter III, one can find that
0
(425) U(ZL’,tl,tQ,...,tn) :/ J(A;J],thtg,...,tn)d)\,
~L
where the function J(\;x,t,ts,...,t,) is defined by
1 —2X(z+2XMt 1+ (=) (A DA by —z— (X))
(4.26) J(X\;x,ty,te, ... t,) = — sgn(a) da.

AN J on et 2r e (1) (g D) ARt ()

By differentiating each side of the equation (4.25) and letting ¢t; =t and t5 = - - -

t, = 0, the equation (4.25) becomes

ou 0 0J

(4.27) o b0 0= [ o

2L (N, t,0,...,0)dA.

Here, the integrand of the integral on the right hand side of the equation (4.27) can

be written as

0.
a—%()\;x,t,(),...,())
(4.28) D N A (1)) — sen(—2by (A . )))

= (sgn(b_(\;z,t)) —sgn(by (N2, 1)) for X e [-L,0),
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where
(4.29) be( Nz, t) =2+ 2X —xL ().

According to the discussion in §3.2.5, the union of solutions of the two equations
be(Na,t) = 0 is exactly {—ug(z,t), —up(2,t), -+, —ufp, »(v,1)} and one of the
two quantities by (\;z,t) changes sign at A\ = —u (z,t) for m = 0,1,--- ,2P(x,t).
Since by (A;x,t) < b_(Az,t) for A € [—L,0), sgn(b_(A;z,t)) — sgn(by (A;z, 1)) is
equal to 0 or 2. These facts imply sgn(b_(A\;z,t)) — sgn(by(\; z,t)) changes from 0
to 2 or changes from 2 to 0 at A = —uB (z,t) for m = 0,1,--- ,2P(x,t). Therefore,

the fact b_(—L;x,t) = by (—L;x,t) and the equation (4.28) tell us that

(4.30) STJ()\;JZ', £,0,...,0) = (=1)""(n+1)A" for A€ A
(4.31) STJ()\;QJ,IS,O, ..,0)=0 for Ae[-L,0\A

where A is defined by
(432) A= [_u(?(x? t)v O]U[—’U/g(%, t)? —U?(I, t)] U [_ugP(x,t) (SL’, t)v _UZBP(x,t)fl(xv t)]

After substituting (4.30) and (4.31) into (4.27), the equation (4.27) becomes

ou

aT(l’,t,O, .. 70)
0 P(z,t) —u?mil(x,t)
) :/ ()™ DA+ Y / (1) (n + D)A"AA
—ul(z,t) m=1 —ub (z,t)
2P(z,t)
=- (=)™t ()",
m=0

which proves Proposition IV.2.



CHAPTER V

Numerical Methods

In this chapter, we choose the parameter ¢ in the BO equation (1.1) to be 1.

Then the BO equation becomes
(5.1) w4 2uty, + H(ug,) = 0.

To numerically solve the BO equation. we first discretize the spatial domain. Assume
the grid points are 1, xs, - -+ ,xy. Then the evolutions of u(z,t) at these grid points

are given by:

(5.2) u'(t) = —2u™ (t)uz(Tm, t) — H(Uge ) (T, t) for m=1,2,--- N,
where the function u™(t) is the value of u(z,t) at the grid point x,,

(5.3) u™(t) = u(zm, t).

Since the function u(x,t) is an unknown function, w,(x,,t) and H (. )(xm, t) cannot
be written in terms of u!(t),u?(t), - ,uN (t). However, uy(x,,,t) and H(tzs)(zm,t)
can be approximated in terms of u!(¢), u?(t),--- ,u™(t). Assume the function u(z,t)

can be approximated by

(5.4) u(z,t) = » ap(t)or(),

I

104
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where the functions ay(t) and gg(x) satisfy

N
(55) U(Im,t) = Zak(t)gk(l‘m) for m=1,2,---,N.
k=1
Here, 01(x), 02(2), - - , on(z) are called basis functions. Different basis functions will

be used in the different methods introduced below. The equation (5.5) can also be

written as

(5.6) u(t) = Aa(t)

where

(5.7)  u(t) = (u(ze,t),u(ze, 1), ulen, 1) alt) = (ax(t), az(t), -+ an(t)

and the interpolation matrix A is defined by

(5'8) (A>mn = Qn(xm)
Then ay(t),ax(t), -+ ,an(t) can be written in terms of u!(t), u?(t),--- ,u¥ (¢):
(5.9) a(t) = A 'u(t).

S0 Uy (T, t) and H(uy,)(Tm,t) can be approximated by

(5.10) Uz (T, 1) & Z(A’lu(t))k(gk)x(a:m) for m=1,2,--- N

N
(51]‘> H uiBiF CCm7 Z kH Qk‘)(mm) for m = 17 2) e 7N‘
k=1

Then by using (5.10) and (5.11), the equation (5.2) can be approximated by a coupled

system of nonlinear ordinary differential equations (ODEs) in time:

(5.12) u(t) = O (u' (), ,uN(t)) for m=1,2,--- N,
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where the function 9,,(u!(t),--- ,u™(t)) is given by

(5:13) Il (), u(8) = = Y (AT () (20" (0r)e(2m) + Hlow) () -

k=1

If ul(t), -+ ,u™(t) are known, the algorithm to calculate a,(t),--- ,ax(t) by directly
using the equation (5.9) is very expensive. However, this can be done via the Fast
Fourier Transform (FFT) when some special basis functions g1(x),--- ,on(z) are
used, which will be discussed later. In this chapter we use the ODEs (5.12). More-

over, the ODEs (5.12) is equivalent to the following ODEs.

(5.14) a; = A'9((Aa), (1), (Aa)y(t), -+, (Aa)n(t))
where
(5.15) 9 = (01,9, ,0n5)".

The method described above is called the “method of lines”, which will be applied
to all of the algorithms used to solve the BO equation in this chapter. The time-
marching scheme used to solve the ODEs (5.12) in this chapter is the fourth order
Runge-Kutta method. In this chapter, three different numerical methods are de-
scribed and a comparison of them is made. Here these three numerical methods are
the Fourier pseudospectral method, the Christov method and the Gaussian radial
basis function method. Furthermore, we numerically illustrate the theoretical re-
sults obtained in Chapter III and study the traveling wave solution of the cubic BO
equation numerically. The new contributions of this chapter are the following: (1)
the comparison of these three different numerical methods is made; (2) the Christov
method and the Gaussian radial basis function method are applied to the BO equa-
tion for the first time; (3) the homotopy perturbation method has not previously

used to study the traveling wave solutions of the cubic BO equation.
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5.1 Fourier Pseudospectral Method

To use the Fourier pseudospectral method, one has to truncate the spatial domain
to [-m L, wL] and assume the function u(x, t) satisfies the periodic boundary condition
u(—mL,t) = u(wL,t) for all t > 0, where L is a parameter used to determine the size

of the spatial domain. The Fourier approximation of the function u(zx,t) is

N/2

(5.16) u(z,t) ~ Z a(t)e*/L.

k=—N/2+1

where N is the number of the grid points and e?**/%

are the basis functions. According
to the definition of the the discrete Fourier transform (DFT), the FFT can be used
to calculate ax(t). The FFT algorithm is most efficient if the number of the grid

points N is a power of two. To optimize the algorithm, typically, one chooses
(5.17) N =2"

where n is a positive integer.

The Hilbert transform of a function corresponds in the Fourier domain to multi-
plication of its Fourier transform by isgn(k) in the Fourier domain. Since the Fourier
pseudospectral method requires domain truncation, the interpretation of the Hilbert
transform given (1.2) is not valid. So we use the interpretation introduced above.
Under this interpretion, evaluating the dispersion term in the BO equation is triv-
ial for the Fourier pseudospectral method because the Fourier basis functions are

eigenfunctions of the Hilbert transform operator H:
(5.18) H(e™™) = isgn(k)e*™ for k#0.

The dispersion term in the BO equation is the Hilbert transform of the function
uz,. The derivative operator inside the Hilbert transform causes no difficulty because

the derivative operator commutes with the Hilbert transform operator:
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Proposition V.1. [61] For any function f(x),

(5.19) o =n (L),

In other words, the differential operator d/dx commutes with the Hilbert transform

operator H.

Therefore, to calculate the dispersion term in the BO equation, one can evaluate
the Hilbert transform of the basis functions (for any of the three basis sets used here)
and then take the second derivative of the result.

The fourth order Runge-Kutta time marching scheme for the Fourier method is
stable if the time step dt satisfies the inequality

12
(5.20) ot < .25 = 0.28h?,
which is derived in §5.4.

The Fourier pseudospectral method is easy to implement and its algorithm is
made efficient by using the FFT. The Fourier pseudospectral method provides bet-
ter approximations for periodic solutions of the BO equation, since the periodic
boundary conditions built into the numerical scheme are consistent with the physical
problem being studied. For nonperiodic solutions of the BO equation, for example,
soliton solutions, a large domain has to be used to capture the features of these
solutions in the region far from the origin, which is expensive. Moreover, there are

other boundary difficulties which will be addressed later.

5.2 Rational Basis Function Method

One way to solve evolution equations with vanishing boundary conditions on an

unbounded domain is to replace the Fourier harmonics with localized basis functions.
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In particular, rational basis functions are a popular choice. In this section, we de-
scribe three different orthogonal rational basis function sets: the Higgins functions,
the Christov functions, and the rational Chebyshev functions. These three basis
function sets are defined as follows:

1

0.8f

0.6f

0.4r

0.2

Figure 5.1: The graphs of the Higgins functions C'Hy(z) (blue) and SHj(z) (red)
with L =1

Definition V.2. [7] The functions C'Hy,(x) and SHap,41(x) given by
1

(5.21) CHy,(z) = 5 (pn(z) + p_p(z)) for neZ*tuU{0}
and
(5.22)  SHynu(x) = % (i (@) — fin(z) for neZ*U{0}

are called the Higgins functions, where

(i — L)

(5.23) fin () = (CENAD

for neZ

and L is a positive real constant. The functions p, (z) are called the complex Higgins

functions.
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The Higgins functions were introduced by Higgins [35] in his book.

Definition V.3. [7] The functions C'Cy,(x) and SCy,1(x) given by

(5.24) CCy(x) = % (pn(x) — p_p_1(x)) for neZU{0}
and
(525  SChuur(z) = —212, (6n(2) + 60 1(z)) for ncZtU{0}

are called the Christov functions, where

(tz — L)™

(5.26) b = iz £ L)t

for ncZ

and L is a positive real constant. The functions ¢, (x) are called the complex Christov

functions.

The Christov functions were introduced by Christov [14] in his paper.

1

0.8

0.6f

0.4r

0.2

Figure 5.2: The graphs of the Christov functions CCy(x) (blue) and SCj(z) (red)
with L =1
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Definition V.4. [7] The functions T'B,(x) given by

5.27 TB,(z) =1, Ll
(5.27) () <(L+y2)2)

are called the rational Chebyshev functions of the first kind, where the functions
T, (z) are the Chebyshev polynomials of the first kind and L is a positive real con-

stant. The functions UB,,(z) given by

(5.28) UBAx%zUﬁ(Z—iL——>

L+y?)>
are called the rational Chebyshev functions of the second kind, where the functions
Un(x) are the Chebyshev polynomials of the second kind and L is a positive real

constant.

Figure 5.3: The graphs of the rational Chebyshev functions 7'By(z) (blue) and
UBs(x) (red) with L =1

The rational Chebyshev functions were introduced by Boyd [7] in his paper. The

relations among these three different basis function sets were also discussed by Boyd

[7] and to describe them, we recall the following two propositions from his paper.
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Proposition V.5. [7] The Christov functions and the Higgins functions are related

to the Chebyshev rational functions as

I 1

TBQn+1 (*T)a
L

(5.30) CHy,(v) = TBau(v);  SHapia(v) = (2122t

UB2n+1 (ZE)

Proposition V.6. [7] With the mapping x = L cot(s/2), we have
_ sin(%s)

(5.31) TB,(z) = COS(gS); UB,(z) = Sin(2)

cos(ns) — cos((n + 1)s)
2L

sin((n + 1)s) — sin(ns)

) SC2n+1 (1') =

(5.33) CHy,(z) = cos(ns);  SHaopi1(z) =sin((n+ 1)s).

Proposition V.6 also suggests that the FF'T can be applied to all these rational
basis function methods by a change of coordinate, which makes the algorithm to
calculate ay(t) more efficient. However, there is no simple formula for the Hilbert
transform of the Chebyshev functions T'B,,(z) and UB,(x) for odd integer n. The
Higgins functions are not integrable in R, which implies that the Hilbert transform of
a Higgins function is not well-defined. The Hilbert transform of a Christov function

is easy to calculate because of the following proposition.

Proposition V.7. Ifn > 0, then

(5.34) H(CCon()) = —SConsi(x);  H(SConsi(z)) = CCon(x).
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Proof. If m > 0, then the function ¢,,(z) belongs to the Hardy space H™. According
to the identity (2.40), one can have Cy(¢,,) = 0, which implies H(¢,,) = —i¢,. If
m < 0, then the function ¢,,(z) belongs to the Hardy space H". According to the
identity (2.40), one can obtain C_(¢,,) = 0, which implies H(¢.,) = i¢,,. So, for any
integer m, the function ¢,,(x) is an eigenfunction of the Hilbert transform operator

‘H and satisfies

(5.35) H(do) = —ido; H(dw) = —isgn(m)d, it m #0.

After applying the Hilbert transform H to each side of the equations (5.24) and

(5.25) and using (5.35), one can obtain

H(CCan(2)) = 5(H(60(2)) ~ H(D-ur (2))
(5.36) = 5 (=iba(a) — i1 (2))
= _SCQn—‘rl(l')

and

1
Y

(5.37) _ —%(—z'qbn(x) g (2))

= CCqp ().

H(SCapy1(z)) (H(p—n-1(z)) + H(dn(z)))

James and Weideman [37] used the complex-valued rational functions

(5.38) () = (=1)""o_na(2)

as basis functions to solve the BO equation, where ¢_,,_1(x) are the complex Christov
functions. The basis functions ¢, (z) are closely related to the Christov functions.

The algorithm is efficient and easy to implement because the functions ¢, () are also
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the eigenfunctions of the Hilbert transform operator ‘H and the FFT can be applied
to it. Since we are interested in real-valued solutions of the BO equation, in this
section, we use the real version of the basis functions used by James and Weideman,
the Christov functions, as basis functions to solve the BO equation.

A Christov approximation is
N

(5.39) u(@,t) &Y an(t)CCoy (x) + by(t)SCapsi ().
n=0

Since the Christov functions are rational functions in R and decay to zero alge-
braically, domain truncation is not necessary. To implement the Christov method by
using the FF'T requires the use of evenly spaced grid points after change of coordi-
nate from x to s. Furthermore, because the soliton solutions of the BO equation are
rational functions, the Christov method can provide good approximations for such
solutions.

The constant L in definition V.3 is a parameter in the Christov method. To
investigate the role of L in the Christov method, we calculate the errors of the
numerical solutions obtained by applying the Christov method with different choices
of the parameter L and the number of the grid points V. Here the errors are defined
to be the maximum of the absolute value of the difference between the exact solutions
and the numerical solutions. The results are provided in Figure 5.2. Figure 5.2

suggests that an appropriate choice of the parameter L provides a better accuracy.

5.3 Radial Basis Function Spectral Algorithm

Another choice of localized basis functions could be one with exponential decay,
like Gaussian radial basis functions. Here a set of basis functions g (x) that can be
written in the form gy (x) = f(x — ;) where f is a function and zj, are constants is

called the radial basis functions.
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Figure 5.4: Comparison of the errors in ¢ € [0,5] using the Christov method to
solve the BO equation with different choices of the parameter L and the
number of the grid points N. Here the initial condition is u(x,0) =
2/(x? 4+ 1) and the exact solution is u(z,t) = 2/((x — t)> + 1).

5.3.1 Gaussian RBF Method

A Gaussian RBF approximation of u(x,t) is
N o2 ,
(5.40) u(z,t) ~ Z ax(t) exp <_ﬁ (x — ) >
k=1 k
where xj, are “centers” and exp (—Z‘—; (x — xj)2> are the basis functions. In fact,
k
usually the centers are chosen to be the grid points. The constant « in the equation

(5.40) is the “relative inverse width”, which is typically chosen to satisfy

<a<L -

(5.41)

>~ =
N | —

As discussed in [24, 70, 11], the interpolation matrix is very ill-conditioned for small

a and very inaccurate for o > 1. The parameters h; in the equation (5.40) is chosen
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to be equal to h for all j, if the grid spacing h is constant. If a nonuniform grid is
used, the constants f; is chosen to be approximately equal to the local grid spacing
Zj11 — x;. If nonuniform grid points are used, then one has to directly use the
equation (5.9) to calculate the coefficients ay, which is very expensive. On the other
hand, if uniform grid points are used, then the FFT algorithm can be applied to
calculate ag(t), which is discussed in §5.3.2.

The dispersion term in the BO equation is the Hilbert transform of the function
Uyze. Using the Gaussian RBF method to solve the BO equation requires knowledge
of evaluating the Hilbert transform of the Gaussian basis functions, which is provided

in the following theorem.

Theorem V.8. [69] The Hilbert transform of Gaussian functions can be written in
the form

(5.42) H(exp(—aX(y — s2) (@) = — %daw(a[w —4)),

where daw(zx) is Dawson’s Integral given by:

y :
(5.43) daw(y) = 6_92/ e dz = —e_ygéﬁerf(iy).
0

There are very efficient algorithms available to numerically evaluate Dawson’s

integral given in [15, 68, 69, 10].

5.3.2 Uniform Grid: Toeplitz Matrices

Proposition V.9. The RBF interpolation matrix is a Toeplitz matriz if and only if

the grid spacing is constant and the width of all RBF's is the same.

Proof. A matrix A with elements Aj; is a Toeplitz matrix if and only if Aj; can be

written in the form

(5.44) Ay, =g(|7—k|) for a single variable function g
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For a uniform grid with h; = h, the elements of the RBF interpolation matrix are

&2

(5.45) Aji = exp <_ﬁ (x; — a:k)Q) =exp (—a*(j — k)?).

It is obvious that the function A, in the equation (5.45) satisfies the Toeplitz con-

dition (5.44). On the other hand, if the grid is not uniform, then

2
(5.46) Aji = exp (—% (z; — x1)2)
1

cannot be written as g(|j7 — 1]). If the grid is uniform but the constants h; in the
equation (5.40) are not same, then

2

(6]
(547) Alk = exp (—ﬁ ($1 — l'k)z)
k

cannot be written as g(|1 — kl). O

According to Proposition V.9, if the uniform grid points are used, then the ele-
ments of the RBF interpolation matrix A can be written as A, = g(|j — k|). By

using the convolution theorem, one can obtain
(5.48) gra=F"(F(g) Fla)),

where g = (g(0), g(1),--- ,g(N — 1))T and a is defined by (5.7). Here, F represents
the DFT and F~! represents the inverse DFT. Then according to the equation (5.6),

one can have
(5.49) u=F"(F(g) Fla)).

The above line of reasoning leads us to conclude that a can be calculated via the

FFT algorithm.
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5.3.3 Strengths of the RBF Method

Grid-Flexibility: There is no constraint on choosing the grid points in the RBF
approximation given in §5.3.1. To capture the behavior of a solution that has very
rapid oscillation in a small region and is very smooth in the remaining region, the
use of a nonuniform grid that has many grid points in the oscillation region and few
points elsewhere is very efficient. Such nonuniform grids can be easily handled with
the RBF method. Moreover, the optimal grid can be adaptively chosen on the fly to
follow moving structures. Driscoll and Heryudono [23] provide an adaptive algorithm
for the RBF method in their paper.

Simple Implementation of the Hilbert Transform: The Gaussian basis functions
are not eigenfunctions of the Hilbert transform. However, the Hilbert transform of a

Gaussian basis function is a Dawson’s function, which is easy to calculate numerically.

5.3.4 Drawbacks of the RBF Method

Relatively Ezxpensive Algorithm: The Christov method and the Fourier pseu-
dospectral method can be implemented by using the FFT, which makes the algo-
rithms efficient. The FFT algorithms used in these two methods have an O(n log, n)
complexity per time step. However, the FF'T algorithm is not applicable to the RBF
method with a nonuniform grid. To evaluate the nonlinear term and the dispersion
term in the BO equation, multiplication of the interpolation matrix and the vector
of coefficients is used, which has an O(n?) complexity. Compared to the Christov
method and the Fourier pseudospectral method, the algorithm of the RBF method

is more expensive.
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5.4 Courant-Friedrichs-Lewy (CFL) Time Step Limit

If an explicit time-marching scheme is used to solve a nonlinear time evolution
equation, to make the scheme stable, the time step has to be less than the “CFL
limit” named after Courant, Friedrichs and Lewy [16, 17] who first discussed it in
their paper for finite difference schemes. The CFL limit is determined by the time-
marching algorithm, the time evolution equation and the spatial resolution. The
wave dispersion mainly determines the CFL limit, if the wave dispersion is not too
weak and the nonlinearity is not too strong. Therefore, one can obtain a good
estimate of the CFL limit of a nonlinear time evolution equation by calculating the
CFL limit of its linearization.

We will use a theoretical method to derive the formula of the CFL limit of the

linear BO equation
(5.50) up + H(uze) =0

for the Fourier pseudospectral method below and estimate the CFL limit for the
BO equation by this formula. In fact, this theoretical method can be generalized to
apply to other linear time evolution equations.

If one truncates the spatial domain to [—wL,7L] and uses N grid points, then

the grid spacing is h = 2rL/N and the approximation of the function u(z,t) is

N/2

(5.51) u(a,t) = Y ag(t)et ",

k=—N/2+1
By substituting it into the linear BO equation and using the identity (5.18), the linear

BO equation becomes an uncoupled set of ordinary differential equations (ODE):

day, . k N N N
52 Qo (Z for h=—— 41— 9. =
(5.52) p zw(L)ak or 2—|— , 2+ , X
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where w(\) = —sgn(A\)A%. If one applies the fourth order Runge-Kutta method to

an ODE in the form:

du

(5.53) o

= jwu,

where w is real, the scheme is stable if and only if the time step 0t satisfies the

inequality [8]
(5.54) 5t < 22

In the equation (5.52), the wave number k satisfies —N/2 + 1 < k < N/2, which

implies

(5.55) ‘w (%)' < 4%22

So the time marching scheme for the linear BO equation is stable if and only if the

time step 0t satisfies

12
(5.56) ot < 1255 = 0.28h°.
Therefore, 0.28h% is our estimate for the CFL limit of the Fourier pseudospectral
scheme for the BO equation. The CFL instability for the linear BO equation is also
discussed in Fig. 11.5, pg. 209 of [§].

There is no simple theoretical analysis of the CFL limits of the linear BO equation
for the Christov method and the RBF method. However, since the time marching
scheme will quickly become unstable if the time step is larger than the CFL limit, one
can estimate the CFL limits for these methods by implementing them with different
choices of the time step. The CFL limits for different methods obtained by numerical
experiments are given in Figure 5.5. Figure 5.5 suggests that the CFL limits for three

different methods are inversely proportional to the square of the number of the grid
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CFL limit for linearized Benjamin—-Ono equation
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Figure 5.5: The CFL limit of the linear BO equation for the Fourier method, the
RBF method and the Christov method.

points. Based on the numerical experiments and Figure 5.5, formulas of the CFL
limits for three different methods are derived to provide a simple way to evaluate the

CFL limit of the BO equation. These formulas are given in Table 5.1.

5.5 Aliasing Instability and Dealiasing

Aliasing instability, a strictly nonlinear phenomenon was discovered by Phillips
[62]. He did a numerical experiment of his two-layer model, the first “general circu-
lation model” (GCM) of the atmosphere. Several days later, the winds predicted by

his simulation were supersonic and he was forced to stop. Phillips [63] later explained



122

Method and Parameter Formula for the CFL limit 6t
Fourier Method ot = 0.28(Ax)? = 0.28W? /N2,
Christov Method 6t = 2.9L*/N~.

RBF Method with @ = 0.5 | §t = 0.36(Az)* = 0.36W?*/N2.
RBF Method with a =1 | §t = 0.72(Az)* = 0.72W?*/N?2.

Table 5.1: Formulas for the CFL limit of the linear BO equation. The number W
in the formulas is the width of the domain and L is a parameter in the
Christov method.

this catastrophic failure as “aliasing instability”, which we now explain.

5.5.1 Aliasing Instability

If the spatial domain is [—7L, 7 L] and the function u(z,t) is approximated by a

Fourier series:

N/2

(5.57) u(,t) = Y ag(t)etr,

k=—N/2+1
where N is the number of the grid points, then the grid spacing is h = 2w L/N. The

shortest wavelength in this Fourier series is

or  4nL
=T

On a discrete grid, short waves whose wavenumbers k are larger than the aliasing limit
k = m/h, will be “aliased” to the long waves with lower wavenumbers as illustrated
in Chapter 9 of [8], because the short and long waves are indistinguishable when
sampled on the numerical grid. However, according to the following trigonometric

identities:

cos(a — b) + cos(a + b) S sinb — cos(a — b) — cos(a + b)

5.99 b=
(5.59) cosacos 5 ; 5

sin(a 4 b) 4 sin(a — b) cosasinb — sin(a + b) — sin(a — b)

. i b= ;
(5.60) sinacos 5 ; 5 )
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a quadratically nonlinear term like uu, in the BO equation is approximated by a
Fourier series including waves whose wavenumbers are larger than the aliasing limit.
Energy that should cascade to short waves is spuriously aliased to long waves, which
often leads to explosive instability. To illustrate the phenomenology, we used the

benchmark in Fig 5.6.

time 0 X

Figure 5.6: The benchmark case used to demonstrate aliasing instability in the BO
equation. With 256 grids points, a timestep of 6t = 0.004 is stable.
The initial condition evolves into three solitons on the periodic domain
r € [—5m, 5.

One complication manifesting even in Phillips’ computations is that a nonlinear
computation may be accurate and stable for a considerable time and then suddenly
crash with overflow errors. The reason is that it is common in fluid flows for a smooth
initial condition to spontaneously evolve regions of higher spatial gradient and a plot
of the Fourier coefficients becomes flatter as shown in Fig 5.7.

When the evolution equation is integrable, the flattening of the Fourier spectrum

and the growth of narrow features do not proceed indefinitely. if the computation

has not blown up by the time of flattest spectrum, then it can integrated stably for
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Fourier coefficients, t € [0,10]

Figure 5.7: Canonical run but with n = 512 grid points and a timestep of 1/1000.
The Fourier coefficients are plotted every one-fifth in ¢ with the lowest
curve showing the initial curve; the slope monotonically decreases with
time.

a very long time.

Shortening the time step cannot eliminate the aliasing instability. It is a funda-
mental difficulty caused by underresolution in the spatial domain. Figs. 5.6 and 5.7
show that the benchmark cases are stable with N = 256 and N = 512. When the
spatial resolution is reduced to N = 128, instability begins.

The empirical precursor of aliasing instability is the appearance of waves whose
wavelength is 2h. From Fig 5.8 and 5.9, one can see that when the Fourier spectrum
becomes sufficiently flat, the high wavenumbers near the aliasing limit go bad and
deviate from the linear slope of the accurate solution shown in the previous figure.

The noise can be seen in Fig. 5.9.
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Fourier coefficients, t € [0,3.4]

T O T S T e

10 20 30 40 50 60
degree

Figure 5.8: Canonical run but with n = 128 grid points and a timestep of 1/250. The
Fourier coefficients are plotted every one-tenth in ¢ with the lowest curve
showing the initial curve; the slope monotonically decreases with time.
At the final time, the error in physical space is 5000% (not illustrated on
this graph).

5.5.2 Dealiasing

Phillips [63] showed aliasing could be eliminated by taking the Fourier transform
of u(x,t) and filtering the upper one-half of the wavenumber spectrum. Later, Orszag
pointed out, in a note, that it is actually sufficient to filter just the upper one-third
of the wavenumber spectrum [60], which is called the “Orzag Two-Thirds Rule” [8].

Dealiasing is easy to implement in the Fourier method. The drawback of dealias-
ing is that additional FFTs are needed, so there is a significant jump in cost. Fur-
thermore, the effective resolution is lowered to (2/3)N.

For the BO benchmark, dealiasing makes a tremendous difference. Without

dealiasing or other forms of dissipation, the coarsest resolution which is stable for
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n=128 grid points, t € [0, 3.2]

20

Figure 5.9: Canonical run but with n = 128 grid points and a timestep of 1/250.
u(z,t) are plotted every one-tenth in ¢; the slope monotonically decreases

with time. The flow blows up catastrophically with overflow between
t=3.4 and t = 3.5.

the benchmark is N = 256.

With dealiasing, even a very coarse resolution of N = 32 is stable. A resolution
of N = 128 is necessary to make the exact and computational solutions graphically
indistinguishable. However, even the N = 32 solution is qualitatively correct: the

initial hump splits into three solitons.

5.6 Boundary Difficulties

5.6.1 Moving Coordinate System

A common difficulty in numerically solving the Cauchy problem of the BO equa-
tion is that a soliton of the BO equation will move rightwards and eventually exit the

region spanned by the spatial grid points. If the goal of the numerical calculation is
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Figure 5.10: Comparison of the exact benchmark solution at ¢t = 10 with the solution
as computed using Orszag-Phillips dealiasing with resolutions of N =
32, N = 64 and N = 128 grid points. In each frame, the true solution is
shown as the dashed curve; the solid curve with the circles is the lower
resolution dealiased approximation. The lower right shows the N = 128
grid point solution without dealiasing: there is no graph because the
aliased computation is unstable and overflows to Not-a-Number (NaN)
at every grid point. This difficulty cannot be fixed by shortening the

timestep.

to track a single feature, such as the largest soliton, or to make a movie in which the

frame is centered on the largest soliton, it is helpful to shift into a moving coordinate

system by writing

(5.61) § =X — Cranst

where Cgrans 18 the speed of the moving coordinate. Then the BO equation becomes
(5.62) w4+ (2u — Crans)us + H(ugs) =0

which may be numerically solved in exactly the same way as the original unmodified

BO equation.
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5.6.2 Fourier Pseudospectral Method

The Fourier pseudospectral method requires domain truncation and periodic
boundary conditions. So after a solution with non-negligible amplitude hits the
right boundary of the domain, it will wrap around to reappear on the left, and simi-
larly the left edge of the dispersing transient will wrap around to the right boundary.
This phenomenon is illustrated in Fig 5.11. It is correct if the solution is a periodic
solution. But if the solution is a non-periodic solution in R, a collision between
leftward-propagating (but wrapped-around) dispersive transients and the rightward-

propagating solitons is completely unphysical.

u(x,t)

Time 0 -4

Figure 5.11: Waterfall plot using the Fourier pseudospectral method to solve the
BO equation with N = 512 grid points and a timestep of 1/50000.
u(x,t) plotted every one-tenth in t. The initial condition of u(z,t) is
u(x,0) = 2/(x*> + 1) for z € [—7, 7] and u(z,0) = u(z + 27,0) for all
x e R.

5.6.3 Christov Method

We use evenly spaced grid points in the Christov method after change of coordi-
nate from x to s. However, the grid used in x is nonuniform. Most of the grid points

are in the region close to the origin and the grid spacing becomes very large in the



129

region far away from the origin. So when a solution moves away from the origin, it

becomes more and more inaccurate because of underresolution. This phenomenon is

illustrated in Fig 5.12.

g Ay
: (ol

20
10

Time 0 -20

Figure 5.12: Waterfall plot using the Christov method to solve the BO equation with
N = 128 grid points and a timestep of 1/1000. u(zx, t) plotted every one-
fourth in t. The initial condition of u(z,t) is u(z,0) = 2/(z? 4+ 1)

5.6.4 RBF Method

The interpolation in §5.3 provides a good approximation in the domain of the
grid points. However, the values of the interpolation function are very small outside
the domain of the grid points because the Gaussian functions decay exponentially.
This fact does not cause any problem if the function u,, is very small outside the
domain of the grid points. However, when a solution with non-neglible amplitude
approaches the boundary of the domain of the grid points, it is not true any more

and the solution becomes inaccurate. This phenomenon is illustrated in Fig 5.13.
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u(x,t)

Time

Figure 5.13: Waterfall plot using the RBF method to solve the BO equation with
N = 256 grid points and a timestep of 1/5000. wu(x,t) plotted every
two-tenth in t. The initial condition of u(x,t) is u(x,0) = 2/(z* + 1)

5.7 Summary: Comparisons of Three Spectral Methods

In this section, we compare the three different spectral methods discussed in this

chapter and list the results in Table 5.2 at the end.

5.7.1 Cost

The FFT can be applied to the Fourier pseudospectral method and the Chris-
tov method, which makes the algorithms fast. The implementations of the Fourier
pseudospectral method and the Christov method have an O(nlog, n) complexity per
time step, if the FFT is used. On the other hand, the FFT cannot be applied to the
RBF method, unless a uniform grid is used. To implement the RBF method with a
nonuniform grid, one has to calculate the inverse of the interpolation matrix, which
has an O(n?) complexity, but this must be done only once at the beginning of the

implementation, unless an adaptive grid is used. Then, to evaluate the nonlinear
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term and the dispersion term in the BO equation, multiplication of matrixes and
vectors is used, which has an O(n?) complexity. Therefore, the RBF method is more

expensive than the Fourier pseudospectral method and the Christov method.

5.7.2 Domain Truncation

The domain of the basis functions in the RBF method and the Christov method
is R. It is therefore not necessary to truncate the domain in order to solve a prob-
lem with a vanishing boundary condition on R. To use the Fourier pseudospectral
method, domain truncation is required since the basis functions in the Fourier pseu-

dospectral method are periodic functions. However, there are boundary difficulties

for the RBF method and the Christov method.

5.7.3 Boundary Difficulty

In the Fourier pseudospectral method, periodic boundary conditions are implicitly
used by the scheme. As we discussed in §5.6, after a non-periodic solution hits the
right (left) boundary of the domain, it will wrap around to reappear on the left
(right) side of the domain, which is completely unphysical.

The grid used in the Christov method is nonuniform. Most of the grid points
are concentrated in the region close to the origin. The numerical solution becomes
inaccurate when it exits the vicinity of the origin because of underresolution.

In the RBF method, the method to evaluate the Hilbert transform of u,, provides
accurate results only when the function wu,, is very small outside the domain of the
grid points. When a solution approaches the boundary of the domain, this condition

is not satisfied and then the solution becomes inaccurate.
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5.7.4 Grid-Flexibility

To use the FFT in the Christov method and the Fourier pseudospectral method,
we have to choose evenly spaced grid points in the Fourier pseudospectral method
and evenly spaced grid points in the Christov method after change of coordinate
from x to s. There is no freedom to choose the grid points. Once the truncated
domain and the number of the grid points in the Fourier pseudospectral method and
the number of the grid points in the Christov method are chosen, the grid points are

already determined. In contrast, nearly any grid at all can be used with the RBF

method.
Table 5.2: Comparison of Numerical Methods

Term Fourier Christov RBF
FFET-applicable Yes Yes No

flops/timestep O(Nlogy(N)) | O(Nlogy(N)) O(N?)
Domain Truncation Yes No No
Grid-Flexible No No Yes

Boundary Difficulty | Wrap around | Underresolution Inaccuracy caused by
the nonlocal operator ‘H

5.8 Numerical Experiments on the Zero-Dispersion Limit of
the BO Equation

In Chapter III, the zero dispersion limit of the BO equation was studied analyti-
cally. In this section, we investigate this limit numerically to illustrate and verify our
theoretical result. Here, we use the Fourier pseudospectral method. The number of
the grid points N we use in the numerical experiments depends on the value of the
small parameter € in the BO equation. The number of the grid points N has to be
large enough so that the numerical scheme is not subject to aliasing instability and
that the numerical solutions are accurate. On the other hand, one has to choose N

not too large, otherwise the numerical algorithm is too expensive. So we calculate
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the errors of the numerical solutions with different choices of the small parameter ¢
and the number of the grid points N to help us make the best choice. Since we do
not know the solutions of the BO equation for small €, the error could be computed

approximately as the difference between uy, . (x,t) and uy(z,t):

(5.63) E(N)= max |up,,, (z,t) —un(z,t)],

z€R,t€(0,3]

where N, is the largest N chosen and uy(x,t) is the numerical solution obtained

by using N grid points. The results are listed in Table 5.8.

e=0.1 €=0.05 €=0.025 €=0.0125
Npar = 1024 | Nypgo = 2048 | Nppaw = 4096 | Nppgr = 8192
N=64 NaN NaN NalN NaN
N=128 NalN NalN NaN NaN
N=256 1.7099E-04 NalN NalN NaN
N=512 1.7789E-09 1.5311E-03 NalN NalN
N=1024 3.9309E-08 2.5320E-02 NaN
N=2048 2.4590E-07 4.0966E-01
N=4096 7.2139E-07

Table 5.3: Error of small dispersion limit calculation. The initial condition of u(z,t)
is u(x,0) = (cosx + 1)/2.

With this information in hand, we may now start to do the numerical experiments

on the zero dispersion limit of the BO equation. According to Theorem IIL.5 in

Chapter III, for any function f € L*(R) and positive time ¢, the following equation

holds true:
2P(y,t)
o) i [ 0= [ 1) | S s ) a

Here, we illustrate and verify the above theoretical result for the function f given by

(5.65) flyy=1 for ye€[—4mzx]; fly)=0 for y¢& [—4r, x|
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Then by substituting (5.65) into (5.64), the equation (5.64) becomes

2P(y,t)

(5.66) im [ ey, t)dy — / S (1B, 1) | dy.

€l0 J _4n —4m n—0

Benjamin-Ono, t=1.2
6 T

local average of u
w
T

Figure 5.14: The red curve is the right hand side of the equation (5.66) and the blue
curve is the left hand side of the equation (5.66) with e = 0.05. The
initial condition used in the calculation is u(z,0) = 2/(z* + 1)

Here, we numerically calculate the integral on the left hand side of the equation
(5.66) with € = 0.05 and the integral on the right hand side of the equation (5.66),
which theoretically are very close in value. We illustrate and verify this fact by

plotting the numerical results in Figures 5.14-5.16.

5.9 Traveling Wave Solutions of the Cubic BO Equation

The numerical methods we discussed above can also be applied to the cubic BO

equation:

(5.67) uy + 3uuy + H(tge) = 0.
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Benjamin-Ono, t=2
6 T

local average of u
w
T

Figure 5.15: The red curve is the right hand side of the equation (5.66) and the blue
curve is the left hand side of the equation (5.66) with e = 0.05. The
initial condition used in the calculation is u(z,0) = 2/(z* + 1)

Benjamin-Ono, t=2.8
6 T

local average of u
w £
T T

N
T

Figure 5.16: The red curve is the right hand side of the equation (5.66) and the blue
curve is the left hand side of the equation (5.66) with e = 0.05. The
initial condition used in the calculation is u(z,0) = 2/(z* + 1)
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This is really one of the best options for studying (5.67), since the equation (5.67)
is not known to be integrable. Here, we apply the numerical methods to study the

traveling wave solutions of the cubic BO equation.

5.9.1 Derivation of the Cubic BO Traveling Wave Equation and Its Scal-
ing

If u(x,t) is a traveling wave solution of the cubic BO equation with a vanishing
boundary condition, then w(z,t) can be written as u(z,t) = f(x — ct) where the
constant ¢ is the speed of the traveling wave solution. Here the function f satisfies

the following equation

(5.68) Bf* =) fe + H(fox) =0
with the boundary condition

(5.69) lim f(x)=0.

r—+0o0o

After integrating each side of the equation (5.68) from —oo to z and applying the

boundary condition (5.69), one can obtain the cubic BO traveling wave equation:
(5.70) fP—cf +H(f,)=0.

To study the traveling wave solutions of the cubic BO equation, without loss of
generality, one can assume the constant ¢ in (5.68) and (5.70) is equal to 1, based on

the following proposition.

Proposition V.10. Ifv(x,t) = g(x —1t) is a traveling wave solution of the cubic BO
equation with speed 1, then u(xz,t) = f(x — ct) where f(x) = \/cg(cx) is a traveling

wave solution of the cubic BO equation with positive speed c.
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5.9.2 A Numerical Method to Find A Traveling Wave Solution of the
Cubic BO Equation

The formula for the traveling wave solution (the single soliton solution) of the
BO equation is very simple. However, there is no explicit formula for the traveling
wave solution of the cubic BO equation available in the literature. So we introduce
a numerical method to find a traveling wave solution of the cubic BO equation with
speed 1. Here, we use the cubic BO traveling wave equation (5.70) with ¢ = 1 and

the boundary condition (5.69). Assume the real function f(x) can be written as:

(5.71) f(x) =) andn(2)

n=—oo

where a,, are complex numbers and ¢, (z) is the complex Christov function defined

above by the equation (5.26) with L = 1:

(tz —1)"
5.72 n = -
( ) ¢ (.Z') (zx—i— 1)n+1
Since the function f(z) is a real function, the constants a, satisfy a_;_,, = —a?,

where a is the complex conjugate of a,. If f(z) is a solution of the equation (5.70),
then f(z 4+ d) is also a solution of the equation (5.70) for any constant d. Therefore,
we also require the solution we are looking for to be an even function. Then a,, must
satisfy that a_1_, = —a, and a, are real numbers. So the function f(x) can be

written as:

(5.73) f(x) =) antn(z)

n=0

where the function v, (x) is defined by

(5.74) Yn(x) = pp(x) — p_1_n(z) for n>0.

Combining the equation (5.35) and that the function ¢, () satisfies

2o+ (@)

513 G =i (ponalo) -
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one can show that H((¢,).) can be written in the form:

1
T2

(5.76)
(nwn—l - (2n + 1)¢n + (n + 1)¢n+1) :

It is easy to see that the function H(f,) can be written as
1 oo
where the constants b,, are defined by
(5.78) bo =a; —ap; b, =na,—1 — (2n+1)a, + (n+1)a,41 for n>0.

By substituting (5.73) and (5.77) into (5.70), one can obtain

3
[o.¢] 1 o
(5.79) > <§bn + an) Un(z) = (Z anwn(w)> :
n=0 n=0
In practice, to use a numerical method, we approximate the function f by
N
(5.80) In@) =Y anth(z),
n=0
then the equation (5.79) becomes
N N 3
n=0 n=0

It is easy to show for any n, m € Z, the functions ¢, (z)¢,,(z) can be written as:

(552) 5ul@)(1) = 5 (Gnim(r) ~ bnimir (0)),

which implies the function ¢,,, can be written in the form:

(583) wnwm = % (mern - mernJrl + wnfm - 'l/}nfmfl) fOI‘ n>m

and

(584> ¢n¢m - % (¢2n - ¢2n+1 + 21/)0> for n=m.
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Therefore, the right hand side of the equation (5.81) can be written as a linear
combination of ¥, n = 0,1,2,--- ,3N 4 2. By matching the coefficients of v,,, n =
0,1,2,---, N, the equations (5.81) can be reduced to N+1 nonlinear equations for the
N + 1 coefficients ag, ay,--- ,ay. Then one can calculate the values of ag, aq,--- ,ayn
via Newton’s method. However, to use Newton’s method, we need have a pretty good
first guess such that the iterations will converge. The first guess can be obtained by

the homotopy perturbation method that we now describe.

5.9.3 Homotopy Perturbation Method

Lian [46] first developed the homotopy analysis method to study a simple pen-
dulum. Later, the homotopy perturbation method, an analogue of the homotopy
analysis method, was introduced by He [33, 34]. Here, we use He’s homotopy per-
turbation method to find the traveling wave solution of the cubic BO equation. To

use this method, we introduce the following equation
(5.85) H(uy) —u+u? = 6(u? —u?),

where § is a parameter. In fact, the equation (5.85) is the equation (5.70) when
§=1.

We assume the solution of the equation (5.85) can be written as

(5.86) u(z;0) = uo(x) + duy () + 0%ug(z) + -+
where

2
(5.87) up(z) = 42 Yo(z)

is a solution of the equation (5.85) with 0 = 0. Here the function ug(x) characterizes

the known traveling wave solutions of the BO equation. By substituting (5.86) into
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(5.85) and matching the coefficients of ", one can obtain that the function wu, ()

(n > 0) satisfies the following equation.

(5.88)
n—1 n—1 /n—1-m n—1
H((“n)x) —Up +2Upug = Z UmUp—1—m — Z < Z um“j“n—l—m—j) - Z UmUp—m
m=0 m=0 7=0 m=1
If up(zx), -+ ,u,—1(x) are known, then the equation (5.88) is an integro-differential

equation for u,(z). Assume the functions u,(z) can be written as

N
(5.89) up(z) = ag.")@/)n(x) for n>0,

=0
where agn) are constants. By using the equations (5.83) and (5.84), the equation
(5.88) can be reduced to N + 1 linear equations for a(()"), aﬁ”), e ,a%), which is easy

to solve by Gaussian elimination. For small §, the equation (5.86) provides a pretty
good approximation of a solution for the equation (5.85). However, for relatively large
9, for example § = 1, the equation (5.86) is not able to give a good approximation.
Instead of using the equation (5.86) directly, we calculate the Padé approximation
[4] of the equation (5.86) with respect to d, for relatively large §. To show that the
Padé approximation will provide a better approximation, we calculate the maximum
value of ¢ such that 0 < § < 1 and by using the solution we obtained as the first

guess, Newton’s method for the equation (5.85) will converge. From Table 5.4, we

Method | 0pax | Method | dmax | Method | dppax
st order | 0.952 | 2nd order | 0.537 | Padé[1,1] | 1
3rd order | 0.688 | 4th order | 0.541 | Padé[2,2] | 1
5th order | 0.591 | 6th order | 0.524 | Padé[3,3] | 1

Table 5.4: Maximum of ¢ such that 0 < § < 1 and by using the solution we obtained
as the first guess, Newton’s method for the equation (5.85) will converge

find that the Padé does provide a better approximation. To evaluate the errors in

Figure 5.17, we use different methods to calculate the solution of the equation (5.85)
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u(z) for different § and compute the errors given by max |u(2) — texact ()|, where the
function Ueyact () is obtained by using the Padé[1,1] solution as the first guess and

applying Newton’s method.

Errors of different methods for Cubic Benjamin—-Ono equation
10 E T T T T T T T T

Error

—6—1st order

—*—3rd order]

—>—6th order3

—+—Pade|[1,1[]

—+—Pade[3,3]]
I

-7 I I I I

0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
€

Figure 5.17: Comparison of the errors of different methods for the cubic BO equation

From Figure 5.17, one can find that the Padé approximation does provide a better
approximation. One also can find that the sequence in the equation (5.86) converges
for 0 < 0 < 0.5 and diverges for 0.5 < ¢, which explains the reason in Table 5.4
that the first order method provide a better first guess for Newton’s method when

6 > 0.5.



CHAPTER VI

Future Work

6.1 The Zero-Dispersion Limit of the BO Equation with
Negative Initial Conditions

6.1.1 Introduction

For negative initial conditions ug(z), the main contribution is from the reflection

coefficient. Neglecting the discrete spectrum, Riemann-Hilbert Problem I1.4 becomes
Riemann-Hilbert problem VI.1.
Analyticity: W()\) is analytic in for A € C\R™.

Jump conditions: The boundary values taken on R satisfy

A 2%
(6.1) Wy (A) = W_(A) + BN/ / Ty ke ek, for AR

Normalization: W () is normalized at infinity:

(6.2) W) —1 as X\ — oo.

And the conservation laws (2.131) for the BO equation become

, (—1)ke
6.3 lim /[, =
(6.3) i Iy = —

/ h IBA)PAF2d .
0

142
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The equation (2.137) implies that the limit of the conserved quantity [ can be

written as

(6.4) lim I;, = %/Ruo(x)kdac _ D <e/ooo |ﬁ(>\)\2>\’“2d)\> .

€l0

This equation suggests that

(6.5) % /_ " (Cuo(x))ed = % Ooop()\)Akld)\,

where the function p(A) is defined by

(6.6) p(A) = leilrgle

BV
.

Assume ¢(&) is the Fourier transform of p(A). Then the nth derivative of g(§) can

be written in the form

(6.7) g™ (&) = / (—iX)"e " *p(\)d\  for n =0,1,2,---
0
After choosing € = 0 in (6.7) and substituting (6.5) into (6.7), we have

g0 = [ (inyp(N)dA
(6.8) /0

21 [
- nfl/ (iup(x))" 'dx forn=0,1,2,--- .

— 00

If the initial condition ug(z) € L*'(R) N L>(R), by expanding g(§) about & = 0 and
using the equation (6.8) to calculate the upper and lower bounds of the coefficients,

one can obtain that g(&) is an entire function, which implies g(£) can be written as:

o) = 3 g0

B . oo X (Zon(x))n-H
_ ?/_‘: (¢€0® 1) do

. /OO 6i£ug(m)/28in(§u2(x)/2)
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Since g(&) is the Fourier transform of p(\), by simply applying the inverse Fourier

transform to each side of the equation (6.9), we have
1 oo
P =5 [ eate)ie

/ / z (uo(z)/2+N) Sln( g’lto( >/2)d$d§
§

(6.10)
=27 / X[0,~uo ()] (A)d

=27 / dx
—up(z)>A

where L = max,cr(—up(z)). Since p(A) = 0 for A >L , the function F(\) satisfies

|IB(A)] = O(1) for A >L and

2T 1/2
(6.11) IBN)| = ( / d:v> +0(1) for 0<A<L,
€ —uo(x)
as € — 0+.
Based on the above discussion, one can approximate the scattering data corre-

sponding to the negative initial condition ug(x) as follows: there are no eigenvalues

and the approximation of the reflection coefficient F(\,t) is given by
(6.12) BA ) 1= r(A)e Ve AD/e

where the function s () is given by the equation (6.16) below and the function 7(\)

is given by

9 1/2
(6.13) r(\) = (LA / dx> .
€ —uo(z)>A

According to the equation (6.13), (A) = 0 for A > L. In the rest of this section, we
will use 3(\,t) instead of B()\,t). Now, we introduce a new notation, which will be

used below to simplify several equations.
Definition VI.2. The function B.(W)()) is defined for A € R* by

(6.14) BL(W)N) =W\ F r()\)eieﬂ:o\)k /A mW(k:)e‘wi(A)kdk,

0 2mik
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where the function 64 () is defined by
(6.15) 0:(N\) = 2\ + A% + s:(\)
and the function si(\) is given by
A
(6.16) s1(N) = —/ zx(k)dk for A€ |0, L].
0

By using 3(\,t) instead of 3(\,t) in the jump condition in Riemann-Hilbert
problem V1.1, Riemann-Hilbert problem VI.1 becomes the following Riemann-Hilbert

problem.

Riemann-Hilbert problem VI.3.
Analyticity: W(\) is analytic in for A € C\[0, L]
Jump conditions: The boundary values taken on [0, L] satisfy
(6.17) W.o(\) =B_(W_)(A) for Xe€|0,L]
which s equivalent to

(6.18) W_(\) = B.(W,)(\) for A€ l0,L]

Normalization: W () is normalized at infinity:

(6.19) W) —1 as \— .

By solving Riemann-Hilbert Problem VI.3 and using (2.109), one can obtain an
approximation of u(z,t), which we denote by u.(z,t). If the initial condition wug(z)
is a negative, “single hump”, smooth function, then one can obtain the asymptotic

property of uc(z,t) as € — 04, which is given in the following two conjectures.
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Moreover, for such a initial condition, if A € (0, L], the function r(\) can be written

in terms of the turning points x4 (\)

. 1/2
(6.20) ")) = (Q (24 (V) — x_m)) |

€

where the turning points x4 (A) : (0,L] — R are two monotone branches of the

inverse function of uy(z) and satisfy
(6.21) up(xL(A)) ==X and z_(\) <zo <z (\) for 0<A<L
and x¢ is the global minimum point of ug(z).

Conjecture VI1.4. If x and t > 0 satisfy that there is only one branch of the mul-
tivalued (method of characteristics) solution of the inviscid Burgers equation (3.33),

which is denoted by u®(x,t), then

(6.22) lifél Ge(2,t) = ug(w,t).

Conjecture VL.5. If x and t > 0 satisfy that there are three branches of the mul-
tivalued (method of characteristics) solution of the inviscid Burgers equation (3.33),
which are denoted by uf(x,t) < ul(z,t) < ud(x,t), then

(6.23)

2
i t) = 3 (1) 42 DN — i+ — ) ) cos o)

i uf +uf —2uf +2¢/(uf — uff)(uf —uff)cos

+o(1)

as € — 0+, where the functions ¢(z,t) and As(\) are defined by
1
(6:24) ¢ = (04 (—us (2, 1)) = O (—u’ (@, 1)) + Ag(—ur’(2,1)) — As(—u (x, 1))

and

(6.25) As(N) = =~ log <

27 Jgm

)i

Here the curve T is defined in §6.1.3.
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The phase function s () in (6.12) is constructed such that 4.(x,0) satisfies

(6.26) lif(r)l Ue(z,0) = up(x).

The rigorous proof of Conjecture VI.4 and VI.5 have not been finished yet. However,

the methodology and some preliminary results are provided in §6.1.2 and §6.1.3.

6.1.2 Methodology and Preliminary Results Related to Conjecture V1.4

The nonlocal jump condition in the Riemann-Hilbert problem is the main diffi-
culty to prove Conjecture VI.4. Our strategy is to approximate the solution of the
nonlocal Riemann-Hilbert problem by a solution of a Riemann-Hilbert problem with
a local jump condition. For x and t satisfying x + 2Lt < z¢ (x + 2Lt > x), we
construct a curve I'* in the lower half complex plane (the upper half complex plane)

connecting the points 0 and L and satisfying
1. T'* is a smooth curve.

2. 0_(X\) (0+(\)) and r(\) have analytic extensions from the real interval [0, L] to

FS

3. There exists a point Ay on the curve I'* such that the imaginary part of 6_(\)

(04 (A)) is increasing when A moves from 0 or L to Ay along the curve I'*.

The area between the real axis and the curve I'* is denoted by €2°. Since the
integrand of the integral in B_ (B, ) is analytic in Q°, we can move the jump from

real axis to the curve I'¥ by making the following substitution:
(6.27) WA =W() for AgQ% W'\ =BL(W)A) for e

Then the function /Ws()\) satisfies the following Riemann-Hilbert problem.
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Q° L

QS
FS

Figure 6.1: Left: the curve I'* corresponding to x and t satisfying x + 2Lt < xg
Right: the curve I'* corresponding to x and t satisfying x + 2Lt > xg

Riemann-Hilbert problem VI.6.
Analyticity: /WS()\) is analytic in for A\ € C\I'®
Jump conditions: The boundary values taken on I'® satisfy

(6.28)  WI(\) =B_(W*)(\) (Wi(A) - B+(Wj)()\)> for Aer®
Normalization: WS(/\) is normalized at infinity:
(6.29) WS(/\) —1 as \— oo

Based on a formal calculation, a reasonable guess one can make is that the main

contribution of the integral in B_ (B ) in the jump condition is from the end points

where Laplace’s method [55] can be applied, which suggests that
(6.30) 0 (MW (A) ~ 0, (NW3(N) for AeT®

Therefore, we use the solution of the following Riemann-Hilbert problem with local

jump condition to approximate the solution of Riemann-Hilbert problem VI.6.

Riemann-Hilbert problem VI.7 (local).
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Analyticity: W' (\) is analytic in for X € C\I'®
Jump conditions: The boundary values taken on I'® satisfy

(6.31) 0 (N () =60, ()T ()

Normalization: W’ (\) is normalized at infinity:
(6.32) W’(\) =1 as \— oo,
Riemann-Hilbert problem VI.7 is easily solved, and the solution is characterized
in the following Proposition.

Proposition VI.8. Riemann-Hilbert Problem VI.7 has a unique solution W (\) and

W’(\) satisfies
(6.33) lim 2R((1 — W (A)A) = u(x, ).

A—00

The next task is to show the solution of Riemann-Hilbert problem VI.6 is approx-
imately equal to the solution of Riemann-Hilbert problem VI.7 for small € > 0. Let
WS()\) = W (\)E*()\). Then the error E*()) satisfies the following Riemann-Hilbert

Problem.

Riemann-Hilbert problem V1.9 (error).
Analyticity: E5()\) is analytic in for A € C\I'®
Jump conditions: The boundary values taken on I'* satisfy
(6.34) Wo(NES(N) = B (W E*)(\) for AeT®
which is equivalent to

(6.35) W’ (NE*(\) = By (W E3)(\) for AeT®
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Normalization: E*()\) is normalized at infinity:

(6.36) E*(A)—1 as \— oo.

Before we discuss the properties of the function E*()\), we give the definition of

the Holder spaces and Holder norm.

Definition VI1.10. The Holder space C%"(T') where 0 < 1 < 1 consists of the

functions f on I' a bounded subset of C for which

(6.37) I fllcom = Su%) If(z)] + sup |f(x) = f(y)]

z,yel |z —y["

is finite. The norm || -|| co.s is called the Holder norm.

Since E®()) is analytic in C except on the curve I'*, we assume that E°(\) can

be written as

(6.38) B\ =1+ 27”/ kp( ))\dk,

where p()) is in the Holder space C%7(T'*). The last step is to establish the following

proposition using the theory of singular integral equations.

Proposition VI.11. There exist a real number n satisfying 0 <n < 1 and a unique
function p(\) corresponding to n in the Holder space C*"(T'®) such that the function
E*(X\) given by the equation (6.38) is a solution of Riemann-Hilbert Problem V1.9

and
(6.39) loA)||comn = 0o(1) as e — 0.

By using Proposition VI.8 and Proposition VI.11, one can prove Conjecture VI.4.
However, the rigorous proof of Proposition VI.11 has not been completed yet. This

remains work for the future.
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6.1.3 Methodology and Preliminary Results Related to Conjecture VI.5

The strategy we use here is same as the strategy used in §6.1.2, which is to
approximate the solution of the nonlocal Riemann-Hilbert problem by a solution of
a Riemann-Hilbert problem with a local jump condition. We construct a curve I'™

in the complex plane connecting the points 0 and L and satisfying
1. I'™ is a smooth curve.

2. I'™ =T UTI'™, where I'!" is in the upper half complex plane connecting the
points A\g and L, '™ is in the lower half complex plane connecting the points 0

and Ao, and )\ is a point on real axis and satisfying —uf < \g < —ug.

3. 0 (X\) and r(A) have analytic extensions from the real interval [0, Ao] to I'™ and

¢’_(\) and () have analytic extensions from the real interval [Ag, L] to '

4. There exist a point A; on the curve I'” and a point Ay on the curve I'!" such
that the imaginary part of #_()\) is increasing when A moves from 0 or Ag to
A1 along the curve I'"™ and the imaginary part of 6, (\) is increasing when A

moves from Ao or L to Ay along the curve I".

Figure 6.2: The graph of the curve I'M
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The area between the real axis and the curve I'[" is denoted by (27'. Since the
integrand of the integral in By is analytic in €2}', we can move the jump from real

axis to the curve I'™ by making the following substitution:
(6.40) W™(A) = W(A) for A QruQ™ W™\ =Bi(W)(\) for XeQr.
The function /Wm()\) satisfies the following Riemann-Hilbert problem.
Riemann-Hilbert problem VI.12.

Analyticity: /Wm()\) is analytic in for X € C\I'™

Jump conditions: The boundary values taken on I' satisfy

—

(6.41) W\ = Bs(W™)(\)  for Ael™

Normalization: /Wm(/\) is normalized at infinity:

(6.42) ﬁ/\m()\) —1 as \— oo

Again formally applying Laplace’s method to the integrals, a reasonable guess
one can make is that the main contribution of the integral is from the end points,

which suggests that
(6.43) 0 (MW ~ 6, (WW™() for Ael™

However, it may not be true for A € I'™ close to A\ because there are two points —u?
and —uZ on the path of integration in B_, which are stationary points in asymptotic
analysis. The contribution from these two stationary points is

(644) 671’#/4 w(_ulB) + eiﬂ'/4 w(_UQB)
01 (—uf) —0 (—uy)
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where

rN) Hm
= (N).

By using the definition of 7(\), the function w(A) can be written as:

(6.45) w(N) = —y/ee 0+N/e

(6.46) w(\) = —ie 0+N/e #WWW(A).

The contribution from these two stationary points is not small compared to the
contribution from the end points for A € I'™ close to Ag, if it is not equal to 0.
Therefore, we will use a solution of the following Riemann-Hilbert problem with
local jump condition and the condition that the above quantity is equal to 0 to

approximate the solution of Riemann-Hilbert problem VI.12.
Riemann-Hilbert problem VI.13.

Analyticity: W’"()\) is analytic in for A € C\I'"™

Jump conditions: The boundary values taken on I' satisfy

(6.47) 0 (NWT(N) = 0, (W™ ()

Cancellation condition: The values of W™(\) at —u® and —uB satisfy

(648) e_m/‘lM + eiw/4 w(_UQB)

07 (—ul) 07 (—uf)

Normalization: Wm()\) is normalized at infinity:
(6.49) W™A) =1 as A— oo.
Next, we construct a solution of Riemann-Hilbert problem VI.13. As mentioned

in Chapter I, the solutions of the BO equation become approximately periodic trav-

eling waves in finite time for small e. According to the discussion in [52, 53, 38],
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Figure 6.3: The graph of the curves ' and T

these approximately periodic traveling waves are well-modeled by periodic traveling
solutions of the BO equation. This fact and the formula for the exact periodic trav-
eling solutions of the BO equation (2.120) suggest a method to construct a solution
of Riemann-Hilbert problem VI.13. Let

C

. AN =1+——75
(6.50) N =1+ 505

where C' is a constant that will be determined later to satisfy the cancellation con-

dition and

(6.51) Ay(N) = exp (% /Fm log (ng:;) %) |

Then W™()) is given by

(6.52)
0 ()
0’ ()

W) = A (AN As(N) for A€ Q" W™(\) = ( >ﬂ A (N Ax(N) for A e QY

where Q" = ﬁjﬁ UQ™. In the following Proposition, we give the value of constant C

such that W™ ()\) given by (6.52) is a solution of Riemann-Hilbert problem VI.13.

Proposition VI1.14. If

(ug —ui’)y/uf —uf

ei(eJr(_U2B)_9+(_“?))/Eei(AB(_ulB)—AS(_uzB))\/ug — U’OB —+ \/ulB — uB )

(6.53) C=
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then Wm()\) 15 a solution of Riemann-Hilbert problem VI.13 and satisfies

(6.54)  lim 2R(—(W*(A) — 1))

A—00
up —uf)(uf —uf +/(uf —ug)(uf —ug) cosp)

2
= -1 ju5+2<
;( = uf +ul —2uf + 2/ (uf — uf)(uf —uf)cosyp

To show the difference between W™()) and ﬁ/\m()\) is small, we introduce the

following Riemann-Hilbert problem.
Riemann-Hilbert problem VI.15 (local).
Analyticity: W' (\) is analytic in for A € C\I'™

Jump conditions: The boundary values taken on I satisfy

T T

(6.55) 0 (N (A) =0, (T ()

Normalization: W' (\) is normalized at infinity:

=m

(6.56) W7 (A) —1 as X — oo.

The next task is to show the difference between the solution of Riemann-Hilbert

problem VI.12 and the solution of Riemann-Hilbert problem VI.13 is small. Let

/Wm()\) = Wm(A) + W™ (A)E™\). Then the error E™()\) satisfies the following
Riemann-Hilbert Problem.
Riemann-Hilbert problem VI.16 (error).

Analyticity: E™(\) is analytic in for X € C\I'™

Jump conditions: The boundary values taken on I' satisfy

(6.57) WA + WL WET) = Be(W2 + WEE™)(A) for Ael™
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Normalization: E™()\) is normalized at infinity:

(6.58) E™A) =0 as A — o0,

We want now to establish the following Proposition.

Proposition VI.17. There exist a real number n satisfying 0 <n < 1 and a unique
function p(\) corresponding to n in the Holder space C*"(T'®) such that the function

E™()\) given by

(6.59) Em(A)ZQL/ kp( >A d,

1s the unique solution of Riemann-Hilbert Problem VI.16 and
(6.60) loA)||comn = 0(1) as € — 0.

By using Proposition VI.14 and Proposition VI.17, one can prove Conjecture
VI.5. However, the rigorous proof of Proposition VI.17 has not been completed yet.

We will try to prove them in the future.

6.2 Numerical Analysis for the Stability of the Traveling
Wave Solution of the Cubic BO Equation and the Lim-
ited Area Model

The generalized BO equation
(6.61) ur + (p+ DuPu, + H(ug,) =0

where p > 0 is a constant is not known to be integrable if p # 1. So the inverse
scattering transform cannot be applied to the generalized BO equation if p # 1.
However, the numerical methods to solve the BO equation discussed in Chapter V

can be used to study the generalized BO equation.
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6.2.1 Instability of the Traveling Wave Solutions of the Cubic BO Equa-
tion

In §5.9.2, we use two different numerical methods to calculate the traveling wave

solution of the cubic BO equation. The numerical simulations suggest that the

traveling wave solutions of the cubic BO equation with small amplitude are stable

and those with large amplitude are unstable. The instability of the traveling wave

solutions of the cubic BO equation is an interesting phenomena, which will be studied

by a numerical method, the limit area model, in the the future.

6.2.2 Limited Area Model

The limited area model is a mathematical model widely used in weather forecast-
ing [21, 31, 27, 28, 9]. To provide accurate weather forecasing, a high resolution grid
should be used. However, it is too expensive to use a high resolution grid in a global
climate model. A compromise is to use a high resolution grid only in the area of
interest, an approach called the limited area model. In that case, a coarse resolution
global model is used to simulate the global climate, which provides the boundary
condition for the limited area model.

A high resolution grid should be used to study the perturbed solution of the cubic
BO equation. We will use the limited area model such that the high resolution grid
is only used in the area we are interested in. This technique makes the algorithm

cheaper.
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APPENDIX A

Derivation of the BO Equation

The calculation in this appendix is given in [13] and we fill in many mathematical

details to make it easy to understand. Figure A.1 illustrates a two-layer inviscid and

Figure A.1: Two-layer Fluid

incompressible fluid, where h; and hy are the undisturbed thicknesses of the upper
and lower layers respectively. The BO equation describes internal gravity waves at
the interface of these two layers with the assumption that the wavelength L is much
larger than the thickness of the upper layer h; and the thickness of the lower layer

hsy is infinite. The wavelength L can be measured by the initial data. Moreover,
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the upper layer is assumed to be initially irrotational and the lower layer is assumed
to be irrotational for all time. Since the fluid is incompressible and inviscid, the
density p;, the velocity components in Cartesian coordinates (u;, v;) and the pressure
p; (i =1 and i = 2 correspond to the top and bottom layers respectively) satisfy the

continuity equation (corresponding to incompressibility)

(9ui (%i
+

Al
(A1) ox 0z

=0

and the Euler equations (representing conservation of momentum)

(A.2) i <8ui +u Ous + U%) = _9p:

ot oxr oz o
(%l- (%l- 81)@- . 8pl

where x is the horizontal coordinate, z is the vertical coordinate, and g = 9.80665m /s>
is the gravitational constant. Here we assume p; < ps so that the fluid is stable and
use z = 0 to represent the location of the unperturbed flat interface. The boundary

conditions at the surface and the bottom of the fluid are assumed to be:
(A4) 'Ul(ZL‘, hl, t) = 0; ’Ug(l‘, —hg, t) = 0
At the interface, the kinematic boundary conditions are

(A.5) GHuwl=v1; GHunl=v; p1=ps at z=((z,1),

where ((x,t) is the displacement of the interface.
In the upper layer, to non-dimensionalize all variables and functions in the equa-
tions (A.1)-(A.3) and the boundary conditions (A.4)-(A.5), we rescale all variables

as

(A.6) r=Lx*; z=hz" t=(L/Uy)t"; (= hd",
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and all functions as
(A7) pr = (0U3)py;  w = Upui; v = Upey,

where Uy = y/ghy is an intrinsic velocity scale for the upper layer. Then the conti-

nuity equation (A.1) and the Euler equations (A.2) and (A.3) become

ouy vy
(A.8) o + 782* =0,
ouj L out L oul B op;
(A-9) ot* T or* T )

Oy O WO Oy

(A.10) 7% +7

wi— + v =
Lo Loy 0z*

and the boundary conditions (A.4) and (A.5) become

(A.11) vy (x*, 1,t%) = 0;

(A.12) G+ uiC. =yv) at 2F=("(a" 1),

where v = hy/L is a dimensionless parameter. With the use of the assumption that
the wavelength L is much larger than the thickness of the upper layer h;, we can
assume that v < 1. By rescaling v as v = yvi*, the continuity equation (A.8) and

the Euler equations (A.9) and (A.10) become

* kk
ouy  Ov}

A3 ~0
( ) oxr* 0z*

oui | LOui 0w opi
(A.14) ot T Ug T 5 T T g

op; 5 [ OVy* ovy* ovy*
A5 _ 1 ; =
(A-15) 52" T o T T
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and the boundary conditions (A.11) and (A.12) become

(A.16) vy (2", 1,t%) =0,

(A.17) G+ uwlCh = v at 2 = (a0,

After integrating each side of the continuity equation (A.13) with respect to z* from
¢* to 1 and using the boundary conditions (A.16) and (A.17), the continuity equation

(A.13) becomes

(A-18) (1= ¢ () — G = uiGe =0,
which can be written as

(A.19) M+ (n'})ex = 0,

where nt = 1 — ¢*. Here 7 is defined to be the vertical average given by
1
(A.20) g™, t*) = —/ g(x™, 2", t")dz"

for any function g. Then by integrating each side of the equation (A.14) with respect

to z* from ¢* to 1 and using the notation (A.20), the equation (A.14) becomes

Uy ! Kok (% * *
(a2 e+ g G+ [ it )eds =~

After apply integration by parts to the third term on the left side of the equation
(A.21) and using the equation (A.13) and the boundary conditions (A.16) and (A.17),

the equation (A.21) can be written as

(A.22) ('w 1) + (N'uful)er = —1' (p})ar-

Then by integrating each side of the equation (A.15) with respect to z* from (* to

z* and using the boundary condition (A.17), one can obtain

(A.23) pi=—(2" =)+ P(a*, t°) + O(y?).



163
If one writes uj as u} = u’lk(o) + O(7?), then (A.14) and (A.23) suggest

O —0 at t=0.

z

(A.24) WO = Oy il

The assumption that the upper layer is initially irrotational indicates [12] that uiig) =

0 at t = 0, which implies that u’f(o) is independent of z*. Therefore, n'uju} can be

written as

(A.25) W = 0 + 0(+).
By substituting (A.23) and (A.25) into (A.22) and using (A.19), then the equation
(A.22) becomes

(A.26) (W) + U (Uf)er = = — Pos + O(92).

In the lower layer, the assumption that the flow is irrotational implies that the
velocity components uy, vy can be written as (ug,ve) = (¢, ¢,), where ¢ is the
velocity potential. Then by substituting (ug,ve) = (¢, ¢,) into (A.1)-(A.5), the

continuity equation (A.1) and the Euler equations (A.2) and (A.3) become

(A.25) b+ 5B+ ) =~ (pa),
P2
(4.29) bt 5( 4 )= ()~
P2

and the boundary conditions (A.4) and (A.5) become

(A.30) b.(x, —ha, t) = 0
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Here, the Euler equations (A.28) and (A.29) imply that the pressure ps can be written

as

(A.32) P2 = —p2 <¢t + % (02 +¢2) + 92) +C(t)

where C'(t) is a function of t. After substituting z = ((x,t) into (A.32), differentiating
it with respect to = and using the boundary condition (A.31), the equation (A.32)

becomes

Ca

(A.33) (P2)s = —p2 (% (200 + 62+ 62), + 5 (200 + 0L +¢2), + ng) ,

at z = ((x,t). In the lower layer, to non-dimensionalize all variables and functions in
the equations (A.27)-(A.29) and the boundary conditions (A.30)-(A.31), we rescale

all variables as

(A.34) x=Lx*, z=Lz" t=(L/U)t", (=Mmh(,
and all functions as

(A.35) p2 = (mU)ps, ¢ = UoLo".

Then the equations (A.27) and (A.33) become

(A.36) B + Glern = 0,

(A.37) (P2)as = =1 (V010 + (=) + O(y) at 2™ =", 1),
where r = ps/p; and the boundary conditions (A.30) and (A.31) become

(A.38) & (¥, —ha /L t7) = 0,

(A.39) Gyl = ¢hae, at 2 = ACH (2", 1),



165

With the use of the assumption that the thickness of the lower layer hs is infinite,

one can write the boundary condition (A.38) as
(A40) ¢z** (:I/‘*, _OO, t*) - O

After applying the Fourier transform with respect to z* to each side of the equation

(A.36), the equation (A.36) becomes

(A41) ¢*z**z**(£7Z**7t*) - 52&<572‘/**>t*) = 07

where ¢ is defined to be the Fourier transform of g:

(A42)  g(& 2", t7) :/ g(x*, 2 t*)e " dx* for any function g € L*(R).

— 00

Then the general solution of the equation (A.41) is
(A.43) O (€, 2 1) = CL(E, 1) + Ou(E,17)e ¢,

where C}(§,t*) and Cy(&,t*) are functions of £ and ¢*. By imposing the boundary

conditions (A.39) and (A.40), one can obtain the formula for ¢*(£, z**, t*):
ne N EE’: 2**sgn(¢)

After applying the inverse Fourier transform with respect to z* to each side of the
equation (A.44), differentiating it with respect to z* and letting 2™ = ~(*(z*, t*),

one can obtain

B1 (2% ACH (& 1), ) = = / isgn(€)C e e + 0(7)

21 J_

o0~

(A.45) _ H(CE)e™™ dé + O(v)
2T

—0o0

= H(G) +O().

Then by substituting it into (A.37), the equation (A.37) becomes

(A.46) (P3)es = =1 (YH(Gpe) + (o) +O(7%) at 2™ =9 (2", 1),
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The boundary condition (A.5) implies that p; = ps at the interface. Moreover, the
rescalings (A.6), (A.7), (A.34) and (A.35) indicate (pj).~ = (p5).~ at the interface.
Then by substituting z* = (* into (A.23) and differentiating each side of the equation

(A.23) with respect to 2*, the equation (A.23) becomes

(A.47) (PD)ar = P (2", 1) - O(¥?)  at 2% = (*(a*, ).
After comparing (A.46) and (A.47), we have

(A.48) P = —r (YH(Ghp) + C) + O(7%) at 2 = ("(a*, tY).

By writing H(¢y) as H(Chy) = —H(npy) and using (A.19), the equation (A.48)

becomes
(A.49) P =—r (’yH((nlml)x*t*) + C;) +O0(?) at 2" = (a5, th).

After letting z* = (*(2*,t*) in (A.26) and substituting (A.49) into (A.26), the equa-

tion (A.26) becomes
(A50) (u™n)etui(uf)er+(1 = 7) G = ryH(()' U)o )+0(07) at 2" = (2", 1),

Because of the weakly nonlinear assumption, we rescale u*; as u*; = yu**; and

rescale (* as (* = v(**, and then (A.19) and (A.50) become

(A.51) = () (T ) =0 at 2" = (27, ),

(A.52) (W) + 903 (ui e + (1= 1) G = ryH((u™1)ore:) + O(7)

at z* = (*(z*,t*). The leading order terms in (A.51) and (A.52) can be reduced to a
linear wave equation with wave velocity ¢y = /7 — 1. We are interested in nonlinear

and dispersive properties of the system. In order to best capture these, we introduce
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the new coordinates corresponding to moving at the linear wave speed and speeding

up the slow dynamics:
(A.53) X =z"—cot", T =nt.
Then under the new coordinates, the equation (A.51) and (A.52) become

(A.54) (u%)x =G — coCx + (¢ ui) x,

(A55) (i) + (vui” — co)(ui)x + (1 = 7) (¥ = —coryH((u™1) xx) + O(7%)

at the interface. Therefore, after substituting (A.54) into (A.55), one can obtain the

BO equation:

(A.56) T+ allx + M) =0,

where ¢; = —3¢p/2 and ¢y = cor/2.
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APPENDIX B

Proof of an Integral Identity

In this appendix, we provide the proof of an identity used in §2.2.8. The identity

1

(B.1) /Ruo(x)CJr(uoCJr(uOCJr(- —ugCy(ug) -+ )))(z) de = % /Ruo(a:)k dv, keZt,

where the Cauchy projector C, occurs k — 1 times in the integrand, holds true for
any function ug(z) € L'(R) N L>®(R). Here, we use I} to represent the left hand side

of the identity (B.1) and rewrite I}, as:
(B.2) I :/uo(x)J,j(x)dx, k=1,2,3,...,
R
where the function J;" (z) is given by the following recurrence relation:
(B.3) Ji(x)=1; Ji(x) =Ci(ugJ)(x), k=1,2,3,....

To simplify the proof, we introduce new functions J, (z), which are given by the

following recurrence relation:
(B.4) Jy(@) =1, J 4 (x) = C_(ugJy )(x), =1,2,3,....
Then we can write I in the form

(B.5) Iy = / Jy (@)ug(z) Jf (x)de, k=1,2,3,....
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By using the identity (2.43), we have, for 1 <s <k —1

(B.6) / To (@)uo() Ty (x) do = — / T (@)uo(2) i () da.
R R
This equation implies that I; can also be written as:
(B.7) I = (=11 / Jo(@)uo(x) S (x)de, for 1<s<k
R

Then after summing each side of the equation (B.7) from s = 1 to s = k, one can

obtain

(B.8) kI, = /Ruo(x) (Z(—l)k_jjf(x)Jl;lj(x)) dx.

In fact, the sum in the equation (B.8) is equal to uf™, which will be proved below by

the mathematical induction. We use Oy, to represent the sum in the equation (B.8):

k

(B.9) Op=> (DM 9Tr7 .

j=1

It is obvious that

Assume O, = ug_l for £ < m, then we write O,,,11 as:

(B.11) Omy1 = Z(_l)mﬂ_jjfjr;ﬂ—j + J$+1-
7j=1

To show O,4+1 = uf’, we introduce new functions J,,,41 (), which can be written in

terms of J; (z) and J,} ,_,(2):

(B.12) Jmi1,s = Co(uody Jhy) for s=1,2,--- m.
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Then by using the identities (2.39), (2.40) and (2.41), we have, for 1 < s <m — 1,

Imt1,s = C+<U0J;Jnt+lfs)
= —C(C—(uoJy ) Ty _y) + Co(ugdy ) Ty,
(B.13) = —Co(Jo b )+ ColugJ) T
= —Ci(uo Ty Tps) + Co (w0 Ty ) Jir
= —Jmarsr1 + Co (w0 ) I

From the definition of J,,11 (), it is obvious that
(B14) Jm+1,m = C.,.(U()JW_I)J{"_ and Jm+1,1 = Jr—:—I—l'

The equations (B.13) and (B.14) imply that the last term on the right side of the

equation (B.11) J! .| can be written as:

(B.15)

m m

Jnt+1 = Jm+1,1 = Z<_1)jilc+(U0Jjﬁ>Jnt+1—j = Z(_l)mijjfcﬁuojn;rl—j)-

j=1 j=1

Then after substituting it into (B.11) and using the identity (2.39) and the assump-

tion Oy, = ulg_l for k < m, we have

Om+l =

NE

(_1)m_j‘]j+ (CJr(qur;H—j) - J;+2fj)

1

<.
Il

NE

(B.16) (=D T o d

.
Il
—

Thus, we conclude that Oy = uf~! for k € Z*. By substituting this into (B.8), we

complete the proof of the identity (B.1) as follows:

(B.17) Iy = l/uo(x)Okdx: l/ulg(x)dac for keZ.
ke ke
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