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ABSTRACT
We assess the influence of massive black hole (MBH) ejections from galaxy centres due to
gravitational radiation recoil, along the cosmic merger history of the MBH population. We
discuss the ‘danger’ of recoil for MBHs as a function of different MBH spin-orbit configu-
rations and of the host halo cosmic bias, and on how that reflects on the occupation fraction
of MBHs. We assess ejection probabilities for mergers occurring in a gas-poor environment,
in which the MBH binary coalescence is driven by stellar dynamical processes and the spin-
orbit configuration is expected to be isotropically distributed. We contrast this case with the
‘aligned’ case. The latter is the more realistic situation for gas-rich, i.e. ‘wet’, mergers, which
are expected for high-redshift galaxies. We find that if all haloes at z > 5–7 host an MBH, the
probability of the Milky Way (or similar size galaxy) to host an MBH today is less than 50
per cent, unless MBHs form continuously in galaxies. The occupation fraction of MBHs, inti-
mately related to halo bias and MBH formation efficiency, plays a crucial role in increasing the
retention fraction. Small haloes, with shallow potential wells and low escape velocities, have
a high ejection probability, but the MBH merger rate is very low along their galaxy formation
merger hierarchy: MBH formation processes are likely inefficient in such shallow potential
wells. Recoils can decrease the overall frequency of MBHs in small galaxies to ∼60 per cent,
while they have little effect on the frequency of MBHs in large galaxies (at most a 20 per cent
effect).
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1 IN T RO D U C T I O N

It is well established that galaxies contain massive black holes
(MBHs) in their nuclei (e.g. Kormendy & Richstone 1995;
Richstone et al. 1998). Observations of the host elliptical galaxy
or spiral bulge show a relation between the mass of the MBHs and
the galactic spheroid luminosity and the stellar velocity dispersion
(Magorrian et al. 1998; Ferrarese & Merritt 2000; Gebhardt et al.
2000). Such relationships, as well as their small instrinsic scatter
(Tremaine et al. 2002; Gültekin et al. 2009), hint at a connection be-
tween the formation of the MBH and the formation of the spheroid.

In the context of the favoured cold dark matter cosmology, hi-
erarchical assembly of galaxies and protogalaxies with MBHs at
their centres naturally leads to the formation of MBH binaries
(Begelman, Blandford & Rees 1980). If the MBH binary can achieve
a small enough separation through stellar dynamical hardening or
through viscous gas dynamical drag, gravitational radiation from
the binary can become significant enough to cause the system to
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merge. Gravitational waves carry away energy from the binary sys-
tem, driving the system to merger. If the black holes have unequal
masses or misaligned spins, anisotropic gravitational radiation will
impart a net momentum flux on the binary, causing the centre of
mass to recoil.

Until recently, the magnitude of the recoil velocity was uncertain.
For non-spinning black holes the maximum recoil has now been cal-
culated to be vrecoil,max ≈ 200 km s−1 (Baker et al. 2006), and a sim-
ilar range is expected for black holes with low spins, or with spins
(anti-)aligned with the binary orbital angular momentum. Several
studies have also found consistent results for the maximum recoil
of spinning black holes vrecoil,max = 1000–4000 km s−1 (Baker et al.
2007; Campanelli et al. 2007; Gonzalez et al. 2007; Herrmann et al.
2007; Koppitz et al. 2007; Schnittman & Buonanno 2007). Such
velocities are significant because they will eject the binary from the
galaxy since most galaxies have escape speeds <1000 km s−1.

Volonteri, Haardt & Gültekin (2008b) studied the effect of recoil
on the MBH occupation fraction in nearby galaxies. They assumed
that the relative orientation between the orbital angular momentum
of the binary and the spins of the two MBHs were isotropically dis-
tributed. This configuration can result in high recoil velocities, up to
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thousands km s−1. However, Bogdanović, Reynolds & Miller (2007)
proposed that MBHs orbiting in gaseous circumnuclear discs, such
as those expected in advanced stages of gas-rich galaxy mergers
(Mayer et al. 2007), align their spins with the orbital angular mo-
mentum of the binary. This configuration leads to small recoils
for the MBH remnant. The accreting gas exerts gravito-magnetic
torques that suffice to align the spins of both the MBHs with the an-
gular momentum of the large-scale gas flow. Dotti et al. (2010) have
quantified the efficiency of this alignment process through the anal-
ysis of high-resolution N-body Smoothed Particle Hydrodynamics
(SPH) simulations. They apply the algorithm presented in Perego
et al. (2009) to evolve masses, magnitudes and orientation of the
spins of two MBHs.

We extend the investigation of Volonteri et al. (2008b) consider-
ing different degrees of alignment between the spins and the angular
momentum of the MBHs. We will use either isotropic spins and
angular momentum configurations or the ‘quasi-aligned’ distribu-
tions of spin orientations from Dotti et al. (2010). Those two cases
bracket all the possible values of recoil velocities. We apply these
distributions to Monte Carlo realizations of galaxy merger trees,
and we study the effect of gravitational recoil on the occupation
fraction of MBHs in galaxies at different redshifts.

2 R ECOIL V ELOCITIES

2.1 Fitting formulae

The recoil velocity may be broken down into components arising
solely from mass asymmetry, vm, which is perpendicular to the or-
bital angular momentum vector Lpair, and components arising from
spin asymmetry, v⊥ and v‖, which are perpendicular and parallel to
Lpair, respectively:

vrecoil =
√

v2
m + v2

⊥ + 2vmv⊥ cos(ξ ) + v2
‖, (1)

where ξ is the angle between vm and v⊥ in the orbital plane. We
assumed ξ = 145◦, as suggested by Lousto & Zlochower (2009).
Campanelli et al. (2007) and Lousto & Zlochower (2009, fit CL)
propose the following fitting formulae for the recoil components:

vm = Aη2
√

1 − 4η (1 + Bη), (2)

v⊥ = Hη2(1 + q)−1
(
a

‖
1 − qa

‖
2

)
, (3)

v‖ = Kη2(1 + q)−1 cos(� − �0)
∣∣a⊥

1 − qa⊥
2

∣∣ , (4)

where q = M2/M1 ≤ 1 is the mass ratio of the black holes and η ≡
q/(1 + q)2 is the symmetric mass ratio. The components of the spins
of the two MBHs are broken into projections parallel and perpendic-
ular to Lpair, a⊥ = a sin(θ ) and a‖ = a cos(θ ). In the isotropic case,
cos(θ 1) and cos(θ 2) are distributed uniformly between −1 and 1.
We compare the results from the isotropic case with those obtained
assuming quasi-aligned spin-orbit configurations. In this case we
assumed that θ 1 and θ 2 were distributed according to Dotti et al.
(2010, see Section 2.2). � is the angle between (a⊥

2 − qa⊥
1 ) and

the separation vector at coalescence, and �0 depends on the initial
separation between the holes. We assume a uniform distribution of
� − �0 between 0 and 2π . Note that for qa1⊥ = a2⊥ (including
a1⊥ = a2⊥ = 0), v‖ vanishes and there is no recoil out of the orbital
plane. In the absence of spins, the recoil is vm, which is maximized
for for q = (3 − √

5)/2 ≈ 0.38. The best-fitting parameters found
by Lousto & Zlochower (2009, which we refer to as fit CL) are

A = 1.2 × 104 km s−1, B = −0.93, H = 6900 km s−1 and K =
6.0 × 104 km s−1.

Baker et al. (2008, referred to as fit B) found an alternative form
for v‖ that scales as η3:

v‖ = Kη3(1 + q)−1
(
a⊥

1 cos(�1) − qa⊥
2 cos(�2)

)
, (5)

where �1 and �2 are the differences between two angles that de-
pend on the system of reference. We assume �1 = �2 uniformly
distributed between 0 and 2π (see Dotti et al. 2009). The best-fitting
parameters from Baker et al. (2008) are A = 1.35 × 104 km s−1,
B = −1.48, H = 7540 km s−1 and K = 2.4 × 105 km s−1.

Herrmann et al. (2007, fit H in the following) parametrize the
recoil velocity in terms of θH, the angle between Lpair and

� = (M1 + M2)

(
J1

M1
− J2

M2

)
, (6)

where the J are the spin angular momenta of the holes. Taking Lpair

to be in the z direction, they find the Cartesian components of the
recoil velocity to be

Vx = C0Hx cos(θH),

Vy = C0Hy cos(θH),

Vz = C0Kz sin(θH), (7)

where C0 = 	q2(M1 + M2)−2 (1 + q)−4 with the best-fitting
parameters Hx = 2.1 × 103, Hy = 7.3 × 103 and K z = 2.1 × 104.

In Fig. 1 we plot recoil velocities from fits H, CL and B as a
function of q for a sample of isotropically distributed MBH spins and
for aligned configurations. This figure demonstrates the agreement
of the three formulae for different spin-orbit configurations. For each
value of q between 0.1 and 1, we produce 500 000 realizations of the
two MBH spins with magnitudes uniformly distributed between 0
and 1. For the isotropic case we also assign isotropically distributed
spin directions. We do not show results for q < 0.1 because the recoil
velocity drops below the typical escape velocity from galaxies.

Fit B decreases faster as q decreases, with respect to fits CL and H.
This is because the component of the recoil velocity parallel to Lpair

scales as η3 in fit B, and as η2 in fits CL and H. The average values
of vrecoil obtained with the different prescriptions for isotropically
distributed spins are consistent within 1σ (i.e. within a factor of
∼2). Assuming perfect alignment between the two spins and Lpair,
the results from fits CL, H and B are consistent within a factor of 2.5
for any q. For the aligned case with q ≈ 0.1, the difference between
fits CL and B disappears because, for perfect alignment, a = a‖ and
v‖ = 0, resulting in a perfect agreement between the two fits.

2.2 Quasi-aligned configurations

As mentioned in Section 1, gravo-magnetic torques exerted by ac-
creting flows on to the MBHs tend to align a1 and a2 to Lpair. The
distributions of relative angles between the two MBH spins, and
between each spin and Lpair after the formation of an MBH binary,
have been computed in Dotti et al. (2010, see fig. 2 therein). Their
results stem from the analysis of high-resolution N-body/SPH sim-
ulations. In the suite of runs discussed in that paper, the authors
varied the thermodynamical properties of the gas. In particular they
assumed two different polytropic equations of state, with polytropic
index γ = 5/3 (‘hot’ runs) and 7/5 (‘cold’ runs), respectively. The
hot case corresponds to an adiabatic monoatomic gas, as if radiative
cooling were completely suppressed during the merger. This case
mimics gas radiatively heated by an AGN (Mayer et al. 2007). The
cold case, instead, has been shown to provide a good approximation
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Figure 1. Recoil velocity of the MBH remnant as a function of q, for MBH
spins isotropically distributed (top) or for aligned configurations (bottom).
The upper, middle and lower panel refer to fit H, fit CL and fit B, respectively.
The thick lines show the average values of vrecoil (vrecoil) and vrecoil ± σ .

to a gas of solar metallicity heated by a starburst (e.g. Spaans &
Silk 2000).

In each run, Dotti et al. (2010) found a significant degree of
alignment already present before the formation of a binary. How-
ever, their runs always start with an equal-mass MBH pair. Because
the dynamical evolution of the two MBHs is faster than the Salpeter
time, the masses of the two MBHs do not change significantly, and
at the end of the runs a nearly equal-mass binary forms. Here we
discuss the dependence of spins/orbit configurations discussed by
Dotti et al. (2010) on the masses of the MBHs, by comparing the
dynamical time-scale (τ dyn) of the binary formation with the align-
ment time-scale (τ align). Before we consider the ratio of these two

time-scales, we look at each in slightly more detail in the context
of our simulations; but for a full discussion, see Dotti et al. (2009).

Dynamical friction is the process that drives the dynamical evo-
lution of the pair. Since the longer time-scale is what determines
the time until coalescence, τ dyn is the dynamical friction time-scale
of the less massive MBH, which depends on a number of factors:

τdyn ∝ K M−1
BH, (8)

where K is a function of the properties of the circumnuclear disc. In
Dotti et al. (2010) runs, MBH = 4 × 106 M� and τ dyn = 4.5–7.5 Myr,
depending on the initial orbital parameters of the BHs and on the
effective equation of state used to evolve the gas thermodynamics.
Here we are considering the circumnuclear disc parameters in Dotti
et al. (2009) as fiducial. Considering different values for these is out
of the scope of this paper, but it is likely to change only the details
and not our qualitative results.

The alignment time-scale also depends on the BH spin, a, and may
be expressed in terms of the Eddington fraction [see equation (43)
in Perego et al. 2009]:

τalign ∝ a5/7M
−2/35
BH f

−32/35
Edd . (9)

For MBH = 4 × 106 M� in the simple case of a fixed orbital plane
of the outer disc, i.e. coherent accretion, the value of τ align ≈ 105 yr.
For the simulations in Dotti et al. (2009), however, the orbital plane
of the accreted particles is never constant, and thus the alignment
time-scale will be longer: τ align ≈ 1–4 Myr, depending on the initial
orbital parameters of the BHs and the effective equation of state
used.

Since both black hole spins must achieve alignment with the disc
angular momentum for the spins to be aligned with each other,
the alignment time-scale we are interested in is the longer of the
two. For most cases, this will be the time-scale for the less massive
binary. Before the formation of a binary, the more massive of the two
MBHs always accretes more mass, and has the shortest alignment
time-scale (Dotti et al. 2010). Thus, we may use MBH = M2 in the
expression for τ align.

The situation after the formation of a hard binary, however, is
slightly different. In this case, the torques exerted by the binary on
to the gas carve out a low-density region in the middle of the disc,
and the secondary MBH, being closer to the outer and denser gas
region, can grow faster than the primary (Hayasaki, Mineshige &
Sudou 2007; Cuadra et al. 2009), further aligning its spin with Lpair.
For our purposes, we conservatively assume that after forming a
binary, the spin-orbit configuration at the time of binary formation
does not significantly evolve.

The ratio of these two quantities is obtained by dividing equa-
tion (9) by equation (8) and shows the dependence on the accretion
behaviour of the two MBHs:

τalign/τdyn ∼ a5/7M
−2/35
2 f

−32/35
Edd . (10)

For a fixed value of a and rewriting in terms of fEdd ∼ ṀM−1
2 , this

expression becomes

τalign/τdyn ∼ Ṁ
−32/35
2 M

13/7
2 . (11)

If they are accreting at the Bondi rate, Ṁ2 ∝ M2
2 , and consequently

τ align/τ dyn ∝ M
1/35
2 . In this case the ratio is almost independent of

the mass of the secondary, and the assumption that the two MBHs
are almost aligned is always correct.

If, instead, the secondary is accreting at the Eddington limit,
Ṁ2 ∝ M2. From Dotti et al. (2009), we know that for
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M2 ≈ 4 × 106 M�, τ align/τ dyn ≈ 0.3.1 Using this as our normaliza-
tion, we get τ align/τ dyn ≈ 0.1M

33/35
2,6 , where M2,6 is the mass of the

secondary in units of 106 M�. This scaling implies that a binary can
form before the two MBHs align their spins to Lpair only for very
massive secondaries (M2 � 2 × 107 M�) and rapidly accreting
pairs.

To estimate the relevance of such mergers, we consider the preva-
lence of the secondary MBH having mass M2 � 2 × 107 M�. As-
suming the scaling of MBH masses with the velocity dispersion of
the host determined for nearby galaxies (Gültekin et al. 2009), the
host of an MBH with mass M2 � 2 × 107 M� has σ � 130 km s−1,
and an escape velocity �1000 km s−1. The recoil velocity has a
significant probability of being >1000 km s−1 only for nearly equal
mass mergers (q > 0.3). Such mergers are extremely rare for the
heaviest MBHs (see Section 4; Volonteri 2007; Sesana, Volonteri &
Haardt 2007). Furthermore, as mentioned above, further accretion
can increase the degree of alignment of the binary system. As a
consequence, in this study we may neglect the dependence of the
spin-orbit configurations on the MBH masses and adopt the same
distributions of relative angles between the two MBH spins for all
MBH mergers in our sample. Note, also, that the isotropic distri-
bution case we test below provides an upper limit to the ejection
probability at all masses.

3 EJ E C T I O N S A N D H A L O B I A S

In models of structure formation based on gravitational instabili-
ties in Gaussian primordial fluctuations, the number density and
bias properties of a halo can be expressed as a function of its rms
fluctuation of the linear density field at redshift z, σ (Mh, z), and
on the threshold density for collapse of a homogeneous spherical
perturbation at redshift z, δc(z).

In the Press & Schechter (1974) formalism the comoving number
density of haloes of mass between M and M + dM can be expressed
as

dn

dM
=

√
2

π

ρm

M

−d(ln σ )

dM
νc e−ν2

c /2, (12)

where νc = δc(z)/σ (M , z) is the number of standard deviations that
the critical collapse over-density represents on mass scale M. At
any redshift we can identify the characteristic mass (i.e. νc = 1),
and its multiples. The higher the νc, the more massive and rarer
the halo, and the higher its bias and clustering strength. Although
this formalism is derived from a Press–Schechter analysis, it agrees
fairly well with the results of N-body simulations.

Martini & Weinberg (2001) suggested that clustering analysis of
quasar samples can be deconvolved to yield the typical mass of
haloes hosting quasars, and their typical νc. Martini & Weinberg
(2001) and subsequent investigations (Porciani, Magliocchetti &
Norberg 2004; Shen et al. 2007; Myers et al. 2007) have found that
high-redshift quasars are highly biased objects with respect to the
underlying matter, and that their νc increases with z. Shen et al.
(2007) and Myers et al. (2007) find that the bias increases from
νc  3 at z = 2 to νc  3.5 at z = 3 and νc  5.5 at z = 5.

We evaluate the ejection probabilities, using the techniques de-
scribed in Section 2 with fit CL, for haloes representing peaks of the
density fluctuations νc = 1, 2, 3, 4, 5, 6 as a function of redshift in
a concordance �CDM cosmology (Spergel et al. 2007). For every

1 We took the cold, prograde case as our fiducial case, but the results are not
very different for the other cases.

halo mass we estimate the ejection probability by comparing the
recoil velocity (vrecoil) to the escape velocity from the dark matter
halo potential well (truncated at the virial radius). We model the
halo potential with a Navarro, Frenk & White (1997) density pro-
file, where the halo properties evolve as suggested by Bullock et al.
(2001).

The ejection probabilities thus defined are a lower limit to the
probability that the recoil voids a galaxy of its central MBH, as
if the recoil velocity is lower than the escape velocity but higher
than the velocity dispersion of a halo, the time-scale for the recoiled
MBH to return to the centre under the effect of dynamical friction
is likely longer than the Hubble time (Madau & Quataert 2004;
Gualandris & Merritt 2008; Volonteri & Madau 2008; Devecchi
et al. 2009; Guedes et al. 2009, and references therein).

With this caveat in mind we can estimate lower limits to the
probability that MBH binaries are ejected or displaced due to the
gravitational recoil in νc-peaks haloes (Fig. 2).

The redshift at which the probability drops to 50 per cent in-
creases with increasing νc for all binary mass ratios and spins. The
probability of ejection for MBH binaries in haloes that host very
high redshift quasars (νc  5.5 at z = 5) drops to 0 at z � 19
if MBHs are non-spinning, while for spinning MBHs the ejection
probability is significant down to z � 13 in the absence of any
alignment process. Lower νc peaks remain dangerous for merging
binaries for longer. A νc  3 peak has an ejection probability of
100 per cent until z = 13. If all νc  3 haloes host an MBH, and
all experience a major merger before z = 13, then no MBHs are
left for further evolution. In this scenario, MBHs must form at z <

11 in order to evolve all the way to z = 3 and host the observable
quasars.

However, the νc-peak formalism does not allow a clear evaluation
of the merger history of haloes. A halo that represents a νc-peak at
a given redshift z, would be incorporated into a halo representing a
lower peak at z − �z. An MBH in a given halo would then belong
to different νc-peaks in its lifetime. In order to evaluate the number

Figure 2. Ejection probability as a function of redshift for different νc =
δc(z)/σ (M , z) peaks of the density fluctuations field. Line styles indicate
the assumed spin of the merging black holes: Solid lines: â = 0.9; dashed
lines: â = 0.6; dotted lines: â = 0. Line colours indicate assumed distri-
bution of spin orientations: green: isotropically distributed; red: orientation
distribution from hot simulations by Dotti et al. (2010); blue: orientation
distribution from cold simulations by Dotti et al. (2010). All probabilities
assume q = 0.1.
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of MBH mergers that a halo experienced, it is necessary to use
techniques that can trace the whole merger history of a given halo
as a function of mass and time.

4 IN D I V I D UA L H A L O H I S TO R I E S

We now turn to evaluate the merger histories of different galaxy
haloes. We adopt a statistical approach, based on merger histories
extracted from full �CDM merger trees. This work has a more
general approach than Volonteri et al. (2008b), and addresses in
an astrophysical context the analysis by Schnittman (2007). While
Volonteri et al. (2008b) looked at the role of ejections in the merger
histories for galaxies that were in clusters but not in the ‘main
trunk’, here we examine merger histories with a focus on the main
halo of the merger tree. We evaluate the average ejection probability
as a function of cosmic epoch, and consider how it depends on the
environmental bias. We consider here the halo merger histories
leading to the formation of haloes with masses M0 = 4 × 1013 M�,
M0 = 2 × 1012 M�, M0 = 2 × 1011 M� at z = 0. We average
our results over 20 realizations of the same mass, to account for
cosmic variance. Our technique and cosmological framework is
similar to the one described in Volonteri, Haardt & Madau (2003a).
We track the dynamical evolution of MBHs ab initio and follow
their assembly down to z = 0.

Several theoretical arguments indicate that MBH formation oc-
curs at very high redshift, and probably in biased haloes (e.g. Madau
& Rees 2001; Volonteri & Rees 2006). Additional parameters, such
as the angular momentum of the gas, its ability to cool and its metal
enrichment, are likely to set the exact efficiency of MBH formation
and the redshift range when the mechanism operates (for a thor-
ough discussion, see Volonteri, Lodato & Natarajan 2008a). We
consider the effect of varying the initial conditions, by assuming
frequent or rare MBH formation process. As a reference model, we
assume that MBH formation is effective in all haloes with νc >

3 at z > 20 (corresponding to masses >106 M�). This model is
based on a scenario where MBHs form as remnants of the first
generation of metal-free stars (Population III). The main features of
the hierarchical assembly of MBHs left over by the first stars in a
�CDM cosmology have been discussed by Volonteri et al. (2003a),
Volonteri & Rees (2006) and Volonteri & Natarajan (2009). A model
similar to the one presented in this paper has been shown to re-
produce observational constraints on MBH evolution (luminosity
function of quasars and Soltan’s argument, MBH–σ relationship at
z = 0, mass density in MBHs at z = 0; Volonteri et al. 2008a). We
also analysed a very different case, where whenever a halo grows
above a given mass threshold (>1010 M�) and it does not already
contain an MBH in its centre, then it forms one (in case the previ-
ous MBH had been displaced or ejected, a new MBH materializes),
regardless of redshift. This model is not based on a specific physi-
cal model, but it is meant to be used for comparison with existing
numerical simulations. MBH formation mechanisms define when
and how often haloes are populated with MBHs. They provide the
initial occupation fraction.

Additionally, we have to follow the dynamical evolution of haloes
and embedded MBHs all the way to z = 0 in order to determine
the effect of recoils on the occupation fraction of MBHs. Since the
magnitude of the recoil depends on the mass ratio of the merging
MBHs, we have to model the mass-growth of MBHs and the merger
efficiency. We base our model of MBH growth on the empirical
correlation found between MBH masses and the properties of their
hosts, and on the suggestion that these correlations are established
during galaxy mergers that fuel MBH accretion and form bulges.

We therefore assume that after every merger between two galaxies
with a mass ratio larger than 1:10, their MBHs climb to the same
relation with the velocity dispersion of the halo, as it is seen today
(Gültekin et al. 2009):

M = 1.3 × 108M�
(

σ

200 km s−1

)4.24

. (13)

We link the correlation between the black hole mass and the
central stellar velocity dispersion of the host with the empirical
correlation between the central stellar velocity dispersion and the
asymptotic circular velocity (Vc) of galaxies (Ferrarese 2002; see
also Pizzella et al. 2005; Baes et al. 2003):

σ = 200 km s−1

(
Vc

304 km s−1

)1.19

. (14)

The latter is a measure of the total mass of the dark matter halo
of the host galaxies. A halo of mass Mh collapsing at redshift z has
a circular velocity

Vc = 142 km s−1

[
Mh

1012MM�

]1/3 [
�m

�z
m

�c

18π 2

]1/6

(1 + z)1/2,

(15)

where �c is the over-density at virialization relative to the critical
density. For a WMAP5 cosmology, we adopt here the fitting formula
(Bryan & Norman 1998) �c = 18π 2 + 82d − 39d2, where d ≡
� z

m − 1 is evaluated at the collapse redshift so that � z
m = �m(1 +

z)3/(�m(1 + z)3 + �� + �k(1 + z)2).
Therefore, if a dark matter halo of mass Mh at redshift z hosts

an MBH, we can derive the MBH mass via Vc and σ (see also
Volonteri et al. 2003a; Rhook & Wyithe 2005; Croton 2009). The
relationship between black hole and dark matter halo mass is

M = 1.3 × 108 M�
[

Mh

9.41013 M�

]5/3 [
�m

�z
m

�c

18π 2

]5/6

(1 + z)5/2,

(16)

in good agreement with the recent result by Bandara, Crampton &
Simard (2009).

We further assume that MBHs merge within the merger time-
scale of their host haloes (tmerge), which is a likely assumption for
MBH binaries formed after gas-rich galaxy mergers (Dotti et al.
2007, and references therein). We adopt the relations suggested
by Taffoni et al. (2003) for the orbital decay of merging haloes.
We treat as MBH mergers at a given z those MBH binaries that
are expected to merge during that specific time-step. If two haloes
start interacting at zin, corresponding to a Hubble time tH(zin) with
a merger time-scale tmerge, then we consider these MBHs merged
at zfin corresponding to tH(zfin) = tH(zin) + tmerge. Although we
follow the dynamical evolution of each MBH along cosmic time,
we note that dynamical friction appears to be efficient for mergers
with mass ratio of the progenitors larger than 1:10. Small satellites
suffer severe mass losses by the tidal perturbations induced by the
gravitational field of the primary halo. This progressive mass loss
increases the decay time that can be of order the Hubble time when
the mass ratio is smaller than 1:10.

Finally, the spin of MBHs is fixed to be â = 0.9, in order to
obtain upper limits to the recoil consequences.

This set of models, though simple, provides a wide range of
histories that can be considered to bracket some extreme behaviours.
We find that the environment of the MBH population plays an
important role. Along the merger history of massive galaxies, the
fraction of ejected MBHs decreases more rapidly with decreasing
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Figure 3. Probability of MBH ejections as a function of redshift along the
merger history of the main halo in each merger tree. Each row corresponds to
different halo masses M0 at z = 0 as indicated in the left panels. Each column
as indicated corresponds to the different fitting function used to calculate
recoil speed. The green, vertically hatched regions are for an isotropic
distribution of spin orientations; the red, horizontally hatched regions are
for the ‘hot’ simulations by Dotti et al. (2010); and the blue, diagonally
hatched regions are for the ‘cold’ simulations by Dotti et al. (2010). In every
panel the MBH spins are fixed at â = 0.9. The trends and results are in
strong qualitative agreement with the results from the simpler simulations
presented in Fig. 2. There is also general agreement among the different
fitting functions.

redshift, dropping below 50 per cent by z ∼ 7 for M0 = 4 ×
1013 M�. The 50 per cent threshold is reached at later times in the
‘trees’ of less massive haloes: z ∼ 5 for M0 = 2 × 1012 M� and z

∼ 2 for M0 = 2 × 1011 M�.
It is particularly instructive to examine the ejection history of the

tree’s main halo, which is the galaxy we would see today (Fig. 3).
The main halo is usually among the most massive haloes in the
tree at any time, implying the largest escape velocities. The fraction
of ejected MBHs is therefore lower. The central MBH in a large
galaxy has a very small probability of being lost after z = 5. Since
most of the growth of MBHs happens between z = 3 and z = 1,
corresponding to the peak in quasar activity, we argue that, if ac-
cretion is responsible for creating the correlations between MBHs
and their hosts (Silk & Rees 1998; Fabian 1999; King 2003), then
MBHs hosted in large galaxies will sit close to the expected correla-
tion. The central MBH in a small galaxy (e.g. M0 = 2 × 1011 M�)
has instead a large probability (∼20 per cent) of being ejected all
the way to today. If such a low-redshift ejection happens, it is not
immediately clear if the galaxy can re-acquire an MBH and if the
latter can grow to the hypothetical mass that the correlation with
the host would suggest.

The alternative case of MBH formation (haloes with >1010 M�)
gives quantitatively similar results for large galaxies, e.g. M0 =
4 × 1013 M�, and qualitatively similar results for small galaxies.
Black holes form much later in this model (as the emergence of
more massive galaxies must wait until z  5–7), and this pushes the
ejection fraction, causing it to first rise steeply, as more and more

MBHs are available to merge, and then decrease as galaxies grow
in mass deepening the potential wells.

It is most interesting that the cosmic ejection rate is very similar
for fit B compared to fits CL and H, notwithstanding the different
η dependence (η3 versus η2). The reason is simple. From Fig. 1
it is evident that the mass-ratio dependence picks up at q < 0.1
(where, incidentally, recoil velocities become much smaller than
escape velocities from galaxies). However, mergers with q � 1 are
rather uncommon (Volonteri et al. 2003a; Sesana et al. 2005), due
to dynamical effects. During a galactic merger, it is dynamical
friction that drags in the satellite, along with its central MBH,
towards the centre of the more massive progenitor. When the orbital
decay is efficient, the satellite hole moves towards the centre of the
more massive progenitor, leading to the formation of a bound MBH
binary. The efficiency of dynamical friction decreases with the mass
ratio of the merging galaxies: only nearly equal mass galaxy mergers
(‘major mergers’, mass ratio larger than  1:10) lead to efficient
MBH binary formation within time-scales shorter than the Hubble
time (Taffoni et al. 2003). These effects must be convolved with the
mass-ratio probability distribution. As the mass function of haloes
(and galaxies) is steep, the probability of halo mergers decreases
with increasing mass ratio. That is, dynamically efficient major
mergers are rare, and minor mergers are common but inefficient at
forming MBH binaries.

We can now derive how strong or mild recoils influence the fre-
quency of MBHs in galaxies. We analyse here only the νc > 3 case,
as by construction the alternative case (mass threshold >1010 M�)
has an occupation fraction of unity for all haloes above the thresh-
old, since if an MBH is lost, a new immediately materializes. We
first derive a control case, in which we ignore recoils altogether.
This control case is shown in the bottom panel of Fig. 4. The
MBH frequency is calculated above a given minimum halo mass

Figure 4. Left: frequency of MBHs in galaxies as a function of redshift for
haloes above three different mass thresholds: M > 1010 M� (grey, vertically
hatched) M > 1011 M� (magenta, diagonally hatched) M > 1012 M�
(cyan, horizontally hatched) for isotropic spin orientations (top) and spin
orientations from the ‘cold’ simulations of Dotti et al. (2010) (middle). The
bottom panel shows the black hole occupation fraction when the recoil is
arbitrarily set to zero at each MBH merger. Right: binary MBH frequency
for the same models and mass thresholds.
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(>1010 M�; >1011 M�; >1012 M�). As discussed by Menou,
Haiman & Narayanan (2001) and Volonteri et al. (2003a), the fre-
quency of MBHs in haloes above a fixed mass threshold initially
decreases with cosmic time as lower mass haloes lacking MBHs
become more massive than the assumed threshold. Eventually, the
occupation fraction starts to increase as the total number of individ-
ual haloes drops.

Given that different fitting formulae give very similar results,
we show here the results that we obtain using fit CL. The worst-
case scenario, the case with the largest number of ejections, is the
isotropic case, which leads to the largest recoils (see Fig. 1). The
top panel of Fig. 4 indicates that recoils can decrease the overall
frequency of MBHs in small galaxies to ∼60 per cent, while they
have little effect on the frequency of MBHs in large galaxies (at
most a 20 per cent effect). The middle panel depicts the cold aligned
case. We consider the latter the more realistic situation for gas-rich
mergers, which are expected for high-redshift galaxies, at least. It is
reassuring to notice that recoils are not dangerous for most galaxies.

This is the result of a combination of effects: on the one hand,
MBHs hosted in small haloes, with shallow potential wells and low
escape velocities, have a high ejection probability (Fig. 3); on the
other hand, the MBH merger rate is very low along their galaxy for-
mation merger hierarchy: MBH formation processes are inefficient
in such shallow potential wells, and the anti-hierarchical nature of
the galaxy assembly implies that not much action happens in low-
bias systems at high redshift. This is exemplified in the right panels
of Fig. 4, in which we show the frequency of MBH close binaries
for the same mass thresholds we used to calculate the MBH fre-
quency (note the different y-axis scales). Naı̈vely, one would expect
the frequency of double MBHs to scale as the square of the MBH
frequency, but the frequency of close binaries is suppressed with
respect to the frequency of pairs because of the requirement of effi-
cient orbital decay. Our simulations show that gravitational recoil is
not expected to be efficient at ejecting MBHs with mass 106 M�.
This mass range is where the Laser Interferometric Space Antenna
(LISA) gravitational wave observatory will be most sensitive to ex-
treme mass ratio inspiral (EMRI) events (Gair 2009). Thus the event
rate for EMRIs is not likely to be affected by recoils.

Summarizing, the larger ejection probability that MBHs hosted
in low-bias haloes have is counteracted by their lower merger proba-
bility, thus leading to an overall small change in the MBH frequency
as a function of the recoil strength.

5 D ISCUSSION

Ejection of MBHs may explain the unusual case of NGC 3115. NGC
3115 is an S0 galaxy with MBH measured to have mass M = 1 ×
109 M� (Kormendy & Richstone 1992), yet the surface-brightness
profile of the central bulge has a small break radius rb ∼ 2 pc with a
steep inner slope consistent with a power law γ = 0.52 (Lauer et al.
2007b). This presents a contradiction of theoretical expectations for
a galaxy of this size (Mh ≈ 1013 M�).

A galaxy as massive as NGC 3115 is expected to have merged
frequently enough to have had a binary black hole at some point
in its history (Volonteri, Madau & Haardt 2003b). According to
the standard picture of core scouring (Begelman et al. 1980; Faber
et al. 1997; Milosavljević & Merritt 2003; Lauer et al. 2007b), the
binary black hole would eject stars on elongated orbits as orbital
energy is transferred from the binary to kinetic energy in the stars.
This process shrinks the binary separation and flattens the stellar
number density profile so that the surface-brightness profile appears
as a core at the centre. The galaxy’s core can be described by its

deficit in stellar mass, i.e. the mass in stars ejected from what
was previously a power-law profile. The most recent numerical
simulations on black hole mergers find that for nearly equal masses,
the mass deficit should scale with the total mass of the binary
(Merritt 2006); but for mass ratios far from unity, the mass deficit
should scale with the mass of the secondary (Sesana, Haardt &
Madau 2008). Observationally, the mass deficit is found to scale
linearly with existing MBH (Lauer et al. 2007a; Kormendy & Bender
2009). Regardless of its magnitude, the mass deficit is expected to
persist after the binary coalesces because the remnant black hole
acts as a ‘guardian’ that prevents dynamical refilling of the core
(Lauer et al. 2007a).

The observations of NGC 3115, however, reveal that this is not
what happened. There is an existing MBH at its centre that would
have acted as the core’s guardian, but the surface-brightness profiles
show no core. There are several possible explanations. First, core
scouring may be greatly diminished if the final major merger had
a significant amount of gas (Kormendy et al. 2009). The gas drag
speeds up the process of MBH merger before the MBH binary can
eject many stars. Even if core scouring occurred, a subsequent gas-
rich merger could refill the core by depositing gas that would form
stars. Here we suggest another possibility. The final MBH binary is
ejected by gravitational recoil (or three-body encounters, Gültekin,
Miller & Hamilton 2004, 2006; Hoffman & Loeb 2007), but the
MBH is replaced in a subsequent merger. Taking into consideration
the typical mass ratios of merging MBHs as a function of galaxy bias
and cosmic time, the probability that an MBH in NGC 3115 has been
ejected at redshift z < 5 is 10 per cent in the case of a ‘dry merger’,
but less than 1 per cent in the case of a ‘wet merger’. This is because
at late cosmic times the binary mass ratio distribution becomes
shallow, with q � 1 becoming less probable (Volonteri 2007). In
general, in order to have a probability larger than 10 per cent that
an MBH recoils with a velocity larger than the escape velocity of
the progenitor of NGC 3115 at z  5, the mass ratio of the merging
MBHs must be q > 0.3 for the isotropic and hot cases (assuming
spins â = 0.9.). For the cold case, even for q = 1 and â = 0.9,
the probability is 0.8 per cent. In the ejection scenario, NGC 3115
should have had at least one major merger that involved two MBH-
hosting galaxies where substantial star formation or AGN feedback
kept the gas pressurized (corresponding to our hot simulations).

6 SU M M A RY

We assessed the effects of spin alignment on the strength of the grav-
itational recoil along the cosmic build-up of galaxies and MBHs. We
determined ejection probabilities for mergers in gas-poor galaxies,
where the MBH binary coalescence is driven by stellar dynamical
processes, and the spin-orbit configuration is expected to be isotrop-
ically distributed. We contrast this case of gas-rich mergers, where
we expect MBH spins to align with the orbital angular momen-
tum. This is because in gas-rich environments MBHs accrete gas,
which exerts gravito-magnetic torques that align the spins of both
the MBHs with the angular momentum of the large-scale gas flow.
We find that for aligned configurations the ejection probability is
strongly suppressed (by at least a factor of 2). Along the merger
history of a large elliptical, the ejection probability becomes neg-
ligible at z < 5, while small galaxies have ejection probabilities
of order 20 per cent even today. However, the MBH merger rate
is very low along their merger hierarchy of small galaxies: MBH
formation processes are likely inefficient in such shallow potential
wells. The occupation fraction of MBHs, intimately related to halo
bias and MBH formation efficiency, therefore plays a crucial role in
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increasing the retention fraction. Recoils can effectively decrease
the overall frequency of MBHs in small galaxies to ∼60 per cent,
while they have little effect on the frequency of MBHs in large
galaxies (at most a 20 per cent effect).
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A P P E N D I X A : D E P E N D E N C E O F
T H E R E S U LT S O N T H E M B H – H O S T
RELATI ONSHI PS

The estimates presented in the main text assume MBH masses
correlate with the velocity dispersion of their host halo (Bandara
et al. 2009), and also that this relationship is redshift-independent.

To test the robustness of our results against the assumed MBH–
host relationship, we implement a very different relationship, that
is, we assume that the MBH mass scales with the mass of the dark
matter halo: M = 10−6Mh. This scaling leads to different dependen-
cies of the MBH mass ratio, q, with the properties of the merging
hosts (redshift, halo mass). The redshift dependence, however, can-
cels out in the expression for the MBH mass ratio, q, as long as
the MBHs grow almost coevally. More important is the different
scaling of q with the properties of the merging galaxies. In the
‘sigma-based’ relationship, we have q ∝ (Mh,2/Mh,1)5/3, while for
the ‘mass-based’ relationship, q ∝ (Mh,2/Mh,1). For Mh,2/Mh,1 <

1, the sigma-based scaling leads to lower q values (this is true for
any scaling relationship with an exponent larger than 1), and milder
recoils.

We find that the occupation fraction of small galaxies is mostly
unaffected by the choice of the MBH–host relationship, and the
difference for larger galaxies is within 20 per cent, with the linear
mass scaling leading to a lower occupation fraction. The redshift
dependence of the MBH frequency is almost identical.
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