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DESIGN OF THICK-WAILED PRESSURE VESSELS
FOR ELEVATED-TEMPERATURE SERVICE

H.R. Voorhees, C.M. Sliepcevich,* and J.W. Freeman
University of Michigan, Ann Arbor, Michigan

ABSTRACT

Typical formulas which have been used to design pressure vessels are
reviewed in terms of rupture life at elevated temperatures. It is suggested
that creep strength of an alloy is a key variable when the wall thickness is
a large fraction of the radius, so that initial stress are nonuniform in
distribution and this stress pattern changes with time.

Limiting conditions would be instantaneous leveling of stress gradi-
ents as one extreme, and as the other no relaxation of stress concentrations
during service. In the first case, analysis indicates that failure should re-
sult from excessive deformation of the vessel after the effective stress be-
comes uniform. Design should properly be based on limiting the total deforma-
tion under this uniformed stress to a maximum of around one or two per cent.

Alloys with very high creep strength relative to their rupture
strength cannot reduce initial stress gradients appreciably. The appropriate
design criterion under constant temperature and pressure should then be rupture

strength applied to the initial effective stress at the bore.

INTRODUCTION

Engineers may not agree completely on methods for handling extreme

pressures alone or for elevated temperatures alone, with the other sbsent, but

*Present address: University of Oklahoma, Norman, Oklahoma.
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at least the existing codes (1, 2) appear to have provided a reasonable basis
for numerous successful designs. No corresponding simple treatment appears
possible for all materials when extreme pressure and high temperature act
together. Steep stress gradients, characteristic of thick vessel walls, al-
ter under the influence of creep at elevated temperature. The life until
fracture depends on this variable stress-time history at critical portions

of the structure.

An attempt will be made in this paper to analyze the changes in
stress distribution in the walls of a thick cylinder under internal pressure
at elevated temperatures and to develop a procedure for calculating the time
of rupture from creep and stress-rupture data normally available to a

designer.

DESIGN FORMULAS AND THEIR LIMITATIONS AT ELEVATED TEMPERATURES

Most discussions on design of pressure equipment center around formu-
las for wall thickness. Their rather universal familiarity to engineering
personnel mekes such formulas useful as standards against which to measure
behavior under new conditiomns.

The basic relationship for distribution of elastic stress in a uni-
formly-thick cylinder under internal pressure is that of Lame, published a
century ago (3). Lamé's analysis is for elastic stresses near the center of
a closed cylinder long enough that the end closures are too remote to cause
any nonuniformity in the axial stress. Under these conditions values of the

tangential and radial principal stresses at any radius r are, respectively:
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In these expressions p is the internal pressure, while b and a are the radial
distances to the outside and inside surfaces.

The uniform axial stress depends directly on the ratio of the ares
acted on by the pressure to that of the cross section resisting this end
thrust: a2

Sy = P (EE—T_§§> . (3)

Inspection of equations (1) and (2) shows that both the tangential
and radial stresses have their maximum magnitude (of opposite signs) at the
inside surface. Moreover, though radial stresses are limited in value to the
applied pressure, the tangential stress at the bore is always numerically
greater than the internal pressure even for wall thickness approaching infinity.

It might also be noted that the Lame equations do not involve the
wall thickness as such, but contain only ratios of radii. Many writers prefer
to express the principal-stress distribution in terms of the ratio k = b/a of
the outer and inner radii. When "thick" walls are referred to, what is usually
meant is a value of 5 in excess of some minimum value, say 1.5.

Basically, the Lame equations are not design equations...they simply
state the stresses which exist at any distance from the axis for a given ves-
sel geometry and applied internal pressure. They say nothing about how thick
the walls must be to withstand a particular pressure and temperature condition
until one first defines a criterion of failure for the vessel and until this
criterion can be expressed in terms of some limiting combination of the sev-
eral stresses acting.

Some engineering structures retain their usefulness up to the very
point of fracture. In other circumstances "failure" can be said to have oc-
curred the moment any part exceeds the elastic limit and permanent deforma-
tion begins. The ultimate tensile strength and the yield point (or the elastic

limit) determined in simple tension serve as measures of the relative ability



of different materials to resist failure by the different criteria. Either
criterion is completely specified by stating a limiting stress level.

At elevated temperature, the amount of plastic deformation and the
occurance of rupture depend on time as well as the stress level, so that a
series of tests is needed to obtain required data for each material and tem-
perature. However, once the desired operating life and the temperature have
been set, a single stress will again characterize fracture and another defi-
nite stress level corresponds to the allowable deformation before the part
ceases to function adequately.

In the paragraphs to follow the stress in pure tension corresponding
to the appropriate type of failure will be designated Sp. Failure under the
actual triaxial stresses of a pressure vessel will then occur when some suilt-
able combination of the three principal stresses reaches a value equivalent
to Sp.

The largest principal normal stress was early suggested as the only
stress affecting failure, independent of stresses in other directions. For a
vessel subjected to internal pressure alone the critical normal stress would
be the hoop stress at the bore. From equation (1), the maximum stress theory

of failure gives the result:
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This equation itself or some equivalent form is often referred to, perhaps im-
properly, as the Tamé formula. It may also be found written in terms of the

outside diameter P = 2b and the wall thickness E =b - a:
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When the wall thickness is small compared to the outside diameter,
(D/t) >> 1 and this last expression can be simplified to give the "common" or

bore formula:



SF=p<3—>=pi, (5)
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where d = 2a 1s the inside diameter. This same result follows immediately
from static equilibrium between the internal pressure load and the hoop ten-
sion when the circumferential stress is assumed to be uniform across the wall
thickness. Based on the realization that the circumferential stress is actu-
ally not uniform, several modifications to the bore formula have been applied
to make it more conservative.v The "average" formula assumes the internal pres-
sure to act on the average of the outside and inside diameters:

5 = P'<Il;%iz> = p (ﬁD ].) , (6)
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and the well-known Barlow formula employs the outside diameter:

s = pb/2t . (1)
No valid justification for either of these latter two formulas is apparent.
Any agreement with test results at room temperature is probably fortuitous and
is not proof of general applicability for other cylinders with different k
values.

Numerous studies into the behavior of ductile metals under complex
stressing suggest either the maximum shear stress or the shear-stress invariant
as a reasonable general criterion of failure. In terms of the principal
stresses S; > So > S at any point, the maximum shear stress is (S; - Ss)/2.
In pure tension the maximum shearing stress is half the tensile stress, where-

fore Sp = Sy - S3. At the bore of a thick cylinder:

- e _ b _ 1 (D/£)2 . 8

The shear stress invariant S is related to the individual principal stresses

by the expression

5@ = 1/2 [(81 - S2)2 + (81 - 83)% + (8o - S3)%] . (9)



For the Lame distribution, the axial stress is exactly the average of the tan-
gential and radial components at any point. Under these conditions, S = (ST
- SZ)'JB. Setting Sp equal to the shear-stress invariant at the inmer surface,

one obtains

S
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In the majority of applications for pressure equipment, satisfactory
operation would be little affected by a small change in vessel dimensions dur-
ing service life. Under these conditions the limiting factor in design at ele-
vated temperature is the need to prevent rupture during the desired period of
use.

As will be considered in more detail later, time until rupture de-
pends upon the entire history of stress and temperature at critical locations
in the vessel wall. Stress conditions depend not only on the acting pressure,
but also on loads imposed by vessel supports and by thermal stresses (4, 5, 6).
Residual stresses from fabrication and heat treating steps (7) and stress con-
centrations at imperfections or changes in section exert additional effects.
Whatever the combination of such stresses acting on the vessel, the initial
stress pattern can presumably be determined. Even at high temperatures the.
usual methods of elasticity and plasticity should still be usable provided
necessary stress-straln properties are evaluated at the temperature involved
and provided loading occurs in a brief enough period that creep during this
short time may be neglected or corrected for.

For the present, discussion will be limited to conditions of con-
stant service temperature and pressure. Cyclic or variable operations can be
considered equivalent to the sum of a number of such fixed-pressure, fixed-

temperature periods.



At conditions where stress rupture determines vessel life, initial
stress gradients tend to redistribute under the action of the accompanying
creep. The degree of such redistribution varies with the material and the
vessel geometry, and depends on relative creep strength and rupture strength
at service temperature.

At one extreme, negligible relaxation of initial stress concentra-
tions could be assumed. In the absence of stresses from sources other than in-
ternal pressure, the initial Lame stresses at the bore would control and design
formula E, § or 9 would apply, according to whether rupture under creep condi-
tions is determined by the maximum normal stress, the maximum shear stress or
the shear-stress invariant.

The other extreme possibility would be complete and instantaneous
leveling of initial stress gradients. Under conditions where the maximum prin-
cipal stress criterion of failure applied, the bore formula for thin walls
would then be exact, regardless of the wall thickness present. Should the maxi-
mum shear stress or the shear-stress invariant theory of failure be found to
apply more closely to rupture after extended creep, Sp would equal (ST - SR)
or § calculated from stress components present after equilibrium is reached.

The creep responsible for stress redistribution is most rapid in the
direction of the largest gradient, so that the tangential stress changes the
fastest. If this stress alone is assumed to even out at very early times the
resulting tangential stress is the bore-formula value, pd/2t. For this same
condition, the maximum shear theory gives Barlow's formula at the bore:

Sp = (Sp - SRequilibrium = [(pd/2t) - (-p)] =p (@ +2t)/2t = pD/2t.
Considering each of the principal stresses to level independently of the others,
the equilibrium value in the radial direction would be -p/2. Inserting this
average radial stress into the maximum shear stress expression,

sp = [(pd/2t) - (-p/2)] = » (D/2t - 1/2),

and the "average" formula (equation 6) reappears.

T



It thus seems that for alloys with low creep strength the simple
"average" and Barlow formulas could give accurate results at high temperatures,
even for rather thick walls.

Substitution of the "averaged" stress components into the relation-
ship for the shear stress invariant leads to none of the usual formulas. Com-
parison of equations (8) and (10) shows that for the Lemé stresses from the
same pressure the shear stress invariant would give an effective stress lower
than that found for maximum shear in the ratio JB/E.

The difference in rupture stress with and without leveling of initial
stress gradients is illustrated in Table 1 for five ratios of outside to inside
diameter. The comparison made is for the shear-stress invariant controlling
fracture.

For pipes and tubing with relatively thin walls (k = 1.2 or less) ini-
tial stress gradients are so small that stress redistribution by creep has but
limited effect. In the absence of bulging and extraneous stresses from sources
other than internal pressure, the simple Barlow formula should never be in
error by more than about ten to twenty per cent in stating the rupture stress.
This should be true regardless of what failure theory applies or the extent of
stress redistribution by creep during service.

Confirmation of this expectation is found in recent results (8) for
the rupture of carbon steel tubes under internal pressure at 8500F and 900CF.
Data for twenty-four tubes with ratio of outside to inside diameter of just
under 1.2 were reported covering rupture lives from near one hour to more than
10,000 hours. Correlation of stress versus rupture time was fairly good when
the stress level in the tubes was based on the bore formula. Equally good, or
even better, agreement between tube tests and tests with bars in tension re-
sults when the "average" formula is applied or when the averaged stress compo-
nents are introduced into equation (9) and comparisons made on the basis of

the shear stress invarilant.



Table 1

Effect of Stress Redistribution on Rupture Stress
Assuming the Shear-Stress Invariant Theory of Failure

Equivalent stress in pure tension with same rupture
characteristics as vessel under internal pressure p,
expressed as a multiple of the pressure.

k = OD/ID

No Stress *Complete equalization
Redistribution of Shear-Stress Invariant
(Initial Bore Value) across Vessel Wall
1.2 5.67 p 4.68 p
1.5 3.1h p 2.02 p
2.0 2.31 p 1.07 p
3.0 1.95 p 0.54 p
4.0 1.85 p 0.34 p

*Calculated by integration over the wall of the initial § values:

r=>b _
J (2xr)(8) ar
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Returning to Table 1, one should take note of the significant varia-
tions in rupture stress possible for k values of 2.0 or more, depending on the
relative effectiveness of creep in reducing initial high stresses near the
bore. In this range of wall thickness which covers the bulk of anticipated ex-
treme pressure-temperature conditions, either improper choice of the failure
theory or omission of an allowance for stress relaxation could result in an
error of several fold in Sp compared with the actual rupture stress. No one
of the usual formulas can now be expected to hold for all materials and
temperatures.

Consequences of erroneous stress evaluations may perhaps be better
appreciated if one recalls that ten per cent change in applied stress corre-
sponds roughly to a two-fold change in rupture life for most alloys. Compli-
cations arising from extraneous stresses might cause even further departure
from the truth. Any satisfactory general method of design for extreme pres-
sure at elevated temperature must be able to handle any pattern of changing
stress and any degree of triaxiality of this variable stress. A necessary
first step appears to be careful consideration of available data on rupture

life under variable simple-tension stress and for steady complex stresses.

ELEVATED-TEMPERATURE BEHAVIOR UNDER VARTABLE AND COMPLEX STRESSES

The foregoing analysis indicates that redistribution of initial stress
gradients should be an important factor in determining rupture life of a thick
vessel operating at elevated temperatures. Before this basic premise can be
treated quantitatively, one must be able to predict the creep behavior under
the complex stress pattern in the vessel wall and to predict the pattern of
stress changes which this creep produces. When the history of changing stress
pattern is known, it is still necessary to evaluate rupture life of the materi-

al under the changing stress level and changing triaxiality during service.
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Presumably separate investigations can be used to study the separate effects and
the results then applied simultaneously to fibers in the vessel wall where vari-

ations in these two factors are concurrent.

Addibility of Rupture Life under Variable Stresses

To estimate the 1life expectancy of a fiber in a structure with changing
stress level, one must know what portion of the total life is expended by a given
sojourn at each stress level. In 1952 Robinson (9) proposed without supporting
data that the fraction of total 1life used up at any stress should equal the
ratio:

actual time at the given stress level
rupture life at that stress in a conventional constant-load test

Two of the present authors have conducted an extensive investigation into fac-
tors influencing notch sensitivity of heat-resistant alloys at elevated tempera-
tures. This work is being performed at the University of Michigan under the
sponsorship of the Materials ILaboratory, Wright Air Development Center. Experi-
ments included rupture tests in which one steady stress was maintained for s
portion of the test, and then another steady stress was applied for another por-
tion, all at constant temperature. In some cases the stress was raised after an
initial period; in others it was lowered. Three of the tests involved an in-
crease followed by a decrease in the applied load. Eighteen tests on three
super-strength alloys disclosed a maximum discrepancy of 27% for any single

test (10). This is within the normal scatter expected for the usual single-
stress rupture test. If the results for all 18 tests are averaged, addition

of fractions of rupture life checks experiment within one per cent.

Such addibility of rupture-life fractions cannot reasonably be ex-
pected to hold true in the presence of structural alterations during testing.
Guarnieri (11) found that an aluminum alloy and a magnesium alloy experienced
marked reduction in life from that predicted by the life-fraction rule at tem-
peratures where annealing of strain hardening occurred or where over-aging

resulted. 11



The present paper is an outgrowth of a doctoral thesis research by
the first author, still in progress at the University of Michigan. Rupture
life at elevated temperature is being determined experimentally for pressure
vessels of several diameter-thickness ratios. Materials include an annealed
carbon steel at 900°F and at lOSOOF, a creep-resisting ferritic steel [Timken
"17-22A" (S)] to be tested at 1100°F in the normalized plus tempered condition,
and Inconel "X" tested at 1350°F. In the course of this investigation creep
rupture tests on tension specimens were conducted on the first two alloys, both
with a single steadyvload and with one or two stress changes during the test.

To check on the initial isotropy of the test materials, many of the
specimens were miniature bars sampled in the radial, tangential and longitu-
dinal directions. Constant-load data for all three conditions studied, plotted
in Figure 1, show no large or consistent variation with sampling direction and
no effect of sample size. Results of the thirteen multiple-stress tests on
these two steels are listed in Table 2, along with computations of life frac-
tions based on the smoothed curves of Figure 1. Once more the life fractions
add substantially to unity, even though the test temperatures were above those
at which these alloys are normally considered to be metallurgically stable.

In view of the consistent results for this entire mass of data, it

appears safe to conclude that the observed addibility of 1life fractions under

variable tension stresses should hold to a close degree for all alloys under

conditions where they have reasonable structural stability.

Creep and Stress - Rupture Iife under Complex Stresses

The von Mises formulation for the shear-stress invariant appears to
give quite satisfactory engineering correlations for both theistart of yileld-
ing (12) and the occurrence fracture (13, 14) of ductile alloys at room temper-
ature. Considerable research effort has been expended to learn whether ele-

vated-temperature behavior follows a similar pattern.
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Table 2

Results of Multiple-Stress Rupture Tests

Stress “Direction Specimen Actual Time at Stress
level, was Sampled Rupture Life at Stress
psi

Carbon Steel at 90QCF

20,000 L 5.5/35 = 0.16
15,000 469.4/650 = 0.72
0.88

15,000 L 241.3/650 = 0.37
20,000 17.5/35 = 0.50
0.97

Carbon Steel at 1050°F

7,500 T 114.5/220 = 0.52
6,000 304/700 = 0.43
0.95

6,000 R 135.3/700 = 0.19
10,000 23.7/47 = 0.51
6,000 17%.2/700 = 0.25
0.95

6,000 T 296.5/700 = 0.42
10,000 21.2/47 = 0.45
0.97

12,000 T 6.5/15 = 0.43
10,000 25.3/47 = 0.54
0.97

10,000 T 22.4/k7 = 0.48
6,000 291.9/700 = 0.k2
0.90

"17-22A"(S) at 1100CF

60,000 L 0.05/1 = 0.05
50,000 1/25 = 0.0k
40,000 79/82 = 0.96
1.05

50,000 T 2.4/25 = 0.10
40,000 20.3/82 = 0.25
30,000 125.5/320 = 0.40
0.75

al, = longitudinal, R = radial, T = tangential.
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Table 2 (cont.)

Stress @Direction Specimen Actual Time at Stress
Level, was Sampled Rupture Tife at Stress
psi
46,000 T 11.3/45 = 0.25
36,000 26/135 = 0.19
26,000 27h.4/520= 0.53
0.97
45,000 L 17/50 = 0.3k
35,000 77/15% = 0.50
0.0k
25,000 L 111.1/550 = 0.20
35,000 109.7/154% = 0.71
0.91
Relaxation from L

45,200 to 36,200
psi in 12 min
36,200 0.

133.1/130 = 1

QO
N =

,‘.

[
O
o

8L, = longitudinal, R = radial, T = tangential

A rather complete study of elevated-temperature behavior under com-
plex stress has been in progress in England for several years, under the di-
rection of A.E. Johnson. His group has determined that the elastic limit of
a low-carbon steel and of an aluminum alloy for different types of loading
was certainly not a direct function of the maximum principal stress. Corre-
lation was almost equally close by the shear stress invariant theory or by
the maximum shear stress, with slight favor for the former (15).

Creep in thin cylinders of four alloys, each tested at two or three
temperatures under different combinations of tension and torsion, obeyed the
shear-stress invariant theory in all cases (16).

Short-time plastic strain tests with an aluminum alloy produced frac-
ture at stralns of the order of two per cent, so that tubular specimens were

virtually undistorted up to fracture. For a variety of stress patterns it was
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concluded (16) that the criterion of fracture appeared to be between the shear-
stress invariant and the maximum shear theories, and that fracture for these
conditions was again certainly not a direct function of the largest normal
stress.

Rupture after creep under combined stress is difficult to interpret
because of the variable reduction of the cross section during third stage of
creep for different stress patterns. Published findings to date are limited
to preliminary tests reported by Johnson and Frost (17). These particular
tests indicated that the criterion for creep-rupture may be that of maximum
principal stress. As the above authors remarked, this finding was quite un-
expected after all other types of elevated-temperature behavior seemed to fol-
low the von Mises criterion.

The doctoral research referred to in a previous section was formu-
lated before these last data of Johnson and Frost had appeared. With no data
in evidence to the contrary, the shear stress invariant was assumed to control
rupture life in the original analysis of the problem. When a tentative testing
program was set up, no specific plans were made to delve into questions of fail-
ure theories. However, some of the data obtained since seem to support the von
Mises criterion for stress-rupture under complex stress.

A number of carbon steel tubes had been prepared with 1l-inch inside
diameter and a wall thickness of 1/8 inch. Such a tube, with k = 1.25 can
hardly be considered a truly "thin" wall, but variations in stress across the
wall are considerably more limited than in other specimens included in this
program.

Results of three tests to rupture using these specimens under internal
pressure are included in Figure 2, which shows pressure versus rupture life for
completed tests on annealed carbon steel tubes at 1050°F. Comparison with Fig-
ure 1 shows that for this tube geometry the stress in tension for a given rup-
ture life is about 4.8 to 5.0 times the pressure to give the same life.

16
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For the typical dimensions of these specimens (D = 1.270, 4 = 1.020,

t = 0.125 inch) the initial Lame stresses on loading follow:

Locati Tangential Axial Radial Shear-Stress
catlon Component  Component Component Invariant
Inner surface 4. 6hp 1.82p -1.0p 4.88p
Outer surface 3. 64p 1.82p 0 3.,15p

The maximum (tangential) principal stress is initially about 5% lower
than the shear-stress invariant at the bore and about 15% above it at the outer
surface. The rather moderate stress gradient across the wall of a thin cylin-
der should limit the amount of stress redistribution, but any such stress
shifts as do occur tend to bring the tangential stress and the shear-stress
invariant closer together. Therefore, regardless of which criterion controls
rupture life, the tension/pressure ratio found for pressure alone should
give a good approximation to the hoop stress. For combined pressure-tension
experiments with tubes of these same dimensions and test conditions, the
hoop stress may be estimated as 4.9 times the magnitude of the pressure.

Results are available for three tubes under combined pressure and
tension. ILoadings employed, initial stress patterns at the bore and the rup-
ture lives according to three criteria of failure are listed in Table 3, to-
gether with the experimentally-determined rupture lives.

The two failure criteria of greatest interest predict rupture lives
too close together for certain differentiation between them. However, the bet-
ter agreement does seem to lie with the shear-stress invariant. The first
two tests do seem to rule out need for further consideration of maximum shear-
ing stress insofar as stress rupture is concerned. Any stress redistribution
should tend to extend life for either criterion of failure. With this consider-
ation, the third test is probably a better support for the von Mises theory

than a cursory examination of the data indicates.
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In a written discussion of Reference 8, C.L. Clark mentioned that
nearly identical rupture lives had been found when specimens were sampled from
the longitudinal and transverse directions of tubes removed after extended
pressure service at elevated temperature. This finding appears to refute the
role of maximum principal stress in determining rupture life. A number of
further tests of this sort have now been run with specimens sampled from thick-
walled carbon-steel tubes carried to rupture under pressure in tests at the
University of Michigan. Results were somewhat variable but no positive effect
of sample orientation on rupture behavior could be found.

Until some clear-cut demonstration is made that the largest normal

stress plays a key role in creep-rupture, continued use of the shear-stress in-

variant to correlate all elevated-temperature behavior under complex stresses

appears to be reasonable and justified.

STEP-WISE CAICULATION OF RUPTURE LIFE OF THICK PRESSURE VESSELS

The portion of life used up by a period of time at any particular
stress at constant temperature was shown earlier to be simply the length of
time at that stress divided by the rupture life in a test with that stress
held fixed. When a thick vessel is held under constant pressure at elevated
temperature, complex changes in stress and strain throughout the walls may be
expected, with gradual leveling of initial stress gradients. In the actual
vessel the stress levels will vary smoothly from point to point without dis-
continuities, but to facilitate calculations the cross section will be di-
vided into a sufficient number of concentric rings or shells such that condi-
tions at the centroid of any given shell are quite representative of that
entire shell. TFurther, the actual continuous change in stress pattern will
be replaced by an equivalent series of time intervals over each of which the

creep rate and stress in a given fiber may be considered nearly constant.
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The fraction of rupture life expended during each interval is to be
calculated for each shell. When the cumulative fraction for any one shell
reaches unity, rupture at that location should occur and failure of the entire

vessel is imminent.

Stress Redistribution by the Creep-Relaxation Process

Onset of yielding was mentioned previously to depend on an effective
stress §, calculated by equation (9). A similar criterion can be written to de-
fine an effective strain e in terms of the principal strains:

9/2 (€)% = (e1 - ep)® + (e1 - e3)” + (ex - e3)® . (12)
The effective strain for pure tension equals the axial strain.

Immediately on loading, a fiber in the vessel wall has a unique effec-
tive creep rate determined by the initial effective stress.

The component of this plastic strain in any direction may result in
elongation (creep) of the body, but it could also replace initial elastic strain,
with resultant drop in the stress level of the fiber (relaxation). How the total
plastic deformation splits between creep and relaxation depends on the extent of
stress gradients in the structure.

In a conventional tensile creep bar, where all fibers are subjected to
the same stress until necking occurs, the body can creep as a unit with no reac-
tion of one fiber on another. Such is not the case, however, where the stresses
vary continuously from one fiber to the next.

Consider a flat bar with three parallel bands having axial stresses
S1 > 82 > Sz at their respective centroids. Corresponding axial creep rates,
if each were separate from its neighbors, would be C; > Co > C3. For continuity
to be maintained between filaments, the same total deformation must exist on the
two sides of the common interface. This does not say that the deformations at
the two edges of a particular band will be the same. The creep rate at differ-
ent points across any such band will deviate slightly from the rate at its cen-
troid, but this latter value should be quite representative if the band chosen

is not too wide. 21



When band 1 has a total creep in excess of band 2, the difference in
plastic strain must be made up by elastic strains in the two bands so long as
the fibers of 2 do not become stressed above their yield point. This elastic
interaction gives a stress reduction (or relaxation) in band 1l and a stress
rise in 2. The absolute values of these two elastic changes will be distrib-
uted inversely as the areas of the two bands concerned.

In relaxation, plastic strains replace equal but opposite elastic
strains initially present so that relaxing fibers exhibit behavior characteris-
tic of both plastic and elastic deformation. In the elastic region the gener-

alized relationship between components of stress and strain may be expressed:
Sij = Neyj 933 + 2Ceij , (13)

where A is a proportionality constant and G is the shear modulus.

By the assumption of plastic incompressibility inherent to the crite-
rion of yielding and of creep already adopted in this analysis, e;; can be set
equal to zero. Therefore changes in principal stresses are equal to 2G times
the corresponding principal strains. The same relationship holds for elastic

changes involving effective stress and effective strain. The factor 2G is re-

lated to the elastic modulus (E) and Poisson's ratio (v) by:
2¢ = E/(L+9v) . (14)

Available data indicate that ¥V has a value of about 0.32 within the elastic range
for many alloys and temperatures of interest.

Simultaneously with the interaction between bands 1 and 2, the elastic
stress in band 2 is relaxing and that in 2 increasing due to the like interac-
tion at the 2-5 interface. The net stress change for band 2 is the difference
between the gain from 1 and the loss to 3.

This procedure can be applied in turn to strain rates and stresses for
each'pair of concentric rings in a cylindrical vessel. Calculations for a thick
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pressure vessel will start with the two innermost rings and procede outward.
Stress exchanges at each interface are found for the same short time interval.

When all changes are known, the new stress levels in each ring are calculated

and the process repeated.

DETAILS OF PROPOSED CALCULATION METHOD

The initial stress distribution in a thick pressure vessel can normally
be obtained from the Lam€ equations. For large ratios of outside to inside diam-
eter initial stress gradients in the tangential and radial directions are steep
near the bore and quite flat at larger radii. Under such a pattern, any imagin-
ary shell near the bore with essentially-uniform stress level must be extremely
thin, while at larger radii a much thicker layer could be considered without un-
due spread of conditions over its thickness. If the vessel is imagined to con-
sist of concentric shells each with twice the circular cross section of the ad-
jacent shell at smaller radius, a minimum of six such shells appears to give a
satisfactory coverage of the total range of stresses across the wall. Table L
locates the centroids for six such shells in a vessel with b/a = 2. Initial
component stresses for Lamé's elastic loading are also listed for each shell.

The gradation in stress from shell to shell with this distribution of area 1is
quite uniform during the critical initial period when creep is rapid and creep
rates are very unequal at different radii. Moreover, the innermost and outer-
most shells approach the surfaces in stress level for the shell thicknesses
adopted.

Examples will be cited for two different materials at temperatures
where extremes of behavior under a stress gradient are shown. First a thick cy-
linder of the annealed carbon steel of Figure 2 will be considered at 1050°F and
5500 psi pressure, with a wall thickness ratio of 2.0. Experimental creep curves

were obtained for this alloy at stresses in tension between 5000 and 15,000 psi.
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Minimum creep rate for each individual test was obtained, along with the aver-
age rate of creep for the first per cent of rupture life and the value at 80%
of expired life. These results are plotted in Figure 3 as stress versus creep
rate, with the fraction of life expired as a parameter. Rates of creep at
times before and after the minimum-rate period may thus be estimated. Since
the shear-stress invariant in simple tension is the tensile stress itself,
the effective (invariant) creep rate gﬁ for each shell can be read directly
from Figure 3.

From Table 4, the initial pattern of effective stress and effective
strain rate may be evaluated and listed:

Initial Conditions for Annealed Carbon Steel Vessel
at 5500 psi (OD/ID = 2)

Shell s &
No. (psi) (in./in./hr)
6 12,430 0.040
5 11,570 0.025
Y 10,240 0.011
3 8,340 0.0027
2 6,050 0.0005
1 3,910 0.00008

Effective creep rates for each pair of shells are tabulated and sub-
tractions performed to determine the differential strain rate at each inter-
face between the hypothetical shells under consideration. For the innermost

three shells in this example, values would be as follows:

Shell No. Effective Creep Rates (in./in./hr)
6 0.040
5 0.025
6 -5 0.015
5 0.025
L 0.011
5L 0.01k
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The creep-rate difference between shells may be converted o a stress
change for a time interval short enough that the assumption of constant creep
rates over the interval is not too far in error. As indicated by equation (13),
this stress interaction equals the difference in creep rates, multiplied by
the time interval and by the shear modulus. For an interval of 0.002 hours,

the total stress change for the two pairs of shells tabulated above would be:

(0.015 in./in./hr)(0.002 hr)(2k4,000,000 psi/in./in.)/1.32

]

546 psi
and

(0.01% in./in./nr)(0.002 hr)(24,000,000 psi/in./in.)/1.32 509 psi.

The total stress reaction between adjacent shells 1s distributed in-
versely as the respective areas, so that 2/5 of the total affects the one nearer
the bore for each pair. The resulting pattern of changes follow for the shells
illustrated. (The signs of the stress changes follow from the very nature of

relaxation to reduce stress differences.)

Shell Total Stress -

No. Interaction (psi) AS
-(2/3)(546) = - 36k
5 +(1/3)(546) = + 182
6 - 5 5hé
5 -(2/3)(509) = - 339
b +(1/3)(509) = + 170
5 -k 509

After all changes are determined, the net change for each shell may
be found. Thus, for shell é after the initial interval of 0.002 hour the effec-
tive stress would be 12,430 - 364 = 12,066 psi. Shell 5 alters by the net

change at the 6-5 and the 5-4 interfaces. TIts new effective stress is 11,570

+ 182 - 339 = 11,413 psi.

27



Figure 1 permits one to determine the rupture life for the effective
stress at each end of the time interval. In the present instance, for shell é
the rupture life increased from 12 to 13 hours in the 0.002-hour interval. The

fraction of life consumed during that period was only

0.002
[Tz (2 + 1377 (100%) = 0.016% .

At the new level of stress for each shell the creep rate may once
more be found from Figure % and the process repeated. For the steel and tem-
perature of this illustration the high rate of stress leveling continues with
negligible use of total life. Repeated calculation cycles indicate that by the
end of about two hours the effective stress across the entire wall is essen-
tially uniform at about 5800 psi. The maximum expenditure of life (for shell
6) is only about one per cent for this complete process. The stress in shell
é now corresponds to a rupture life of some 1000 hours contrasted with the
initial 12-hour rupture life.

Usually creep rates are not known for other than the minimum-rate
period. However the error caused by using only the minimum rate should not be
serious when the difference in creep rates across the vessel wall spans sev-
eral cycles on a logarithmitic scale.

When the effective creep was added together for all the time inter-
vals considered, the total creep at two hours was found to be about 0.42%. In

most instances, less than l% of creep strain should be plenty to allow for sub-

stantial uniforming of stress gradients.

One must not stop with the result that rapid creep quickly equalizes
stress gradients. At the equalized stress the creep rate for this particular
steel has been reduced by a factor of 100 or so but is still appreciable. Con-
tinued creep is no longer beneficial, but instead causes progressive and accel-

erating increase in the uniform effective stress present. The rate of this
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stress rise should be in proportion to the rate of change in the ratio of
diameter to wall thickness. During a period of steady creep, in the absence
of localized bulging, the stress at the end of the period should equal the
initial stress times the ratio

(1 + creep strain during the interval)
(1 - creep strain during the interval)

Completed calculations for the example cited above show that the major shifting
of stresses ceased by the end of 1.5 hours. At that point shell é had an ef-
fective stress of about 6000 psi and an effective creep rate of 0.00048 in./in./
hr. A period of 8.5 hours at these conditions would result in (8.5 hours) x
(0.00048 in./in./hr) = 0.0041 in./in. of creep. Therefore at the end of a to-
tal elapsed time of ten hours the uniform effective stress should be
approximately

(6000 psi)(l.OOhl/O.9959) = 6045 psi .
This moderate rise in stress corresponds to a significant drop in rupture life
in shell 6 from 840 to 780 hours.

Approximately 0.8% of rupture life was consumed during the first 1.5
hours. The next 8.5 hours just considered "uses up" another 8.5/(1/2)(840 +
780) = 1.5%. The stress gain tends to produce a higher creep rate, but this
is largely offset at early times by gradual approach to the minimum creep as
life expenditure nears 10%.

If the calculations are continued, the maximum possible rupture life
under ideal conditions would be near 300 hours. To reach such a life would re-
quire absolute freedom from out-of-roundness, eccentricity or extraneous
stresses. Once the stress at the outside‘wall resches the leveled value, a
situation corresponding to a completely-plastic vessel is reached. With the
rapid creep now present there, the slightest source of localized stress at the
outer surface leads to an immediate instability comparable to that in a column

bending under an axial compression. The higher stress increases the creep rate
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which in turn accelerates the local stress rise. The resulting instability
can produce bulging and rupture at but a fraction of the time predicted from
calculations assuming complete uniformity in wall thickness. It might, for
instance, be noted that the experimental result for the above condition is
only about 55 hours. (See Figure 2.)

The creep required to cause an instability is surprisingly limited.
Even for the ldealized conditions considered in the calculations Jjust mentioned,
a uniform creep strain of 10% finds the vessel in the last stages of failure.

In the light of these crude calculations one may perhaps appreciate
the reasons behind the frequent American practice of designing on the basis of
a stress which will restrict creep to 1% in 100,000 hours or some similar value.

Thick pressure vessels of alloys with low creep strength will always be limited

by the amount of creep they can withstand before instabilities set in, and not

by the initial concentrated stress or rupture life at the equalized stress level.

A contrasting example is a vessel of the same proportions but made of
Inconel X alloy and operated at 13500F. Typlcal curves of rupture life and
minimum creep rate as a function of stress are shown in Figure 4 for this alloy
in its usual condition of heat treatment for high creep strength. To make this
set of calculations comparable to the first, the rupture life of the inside
shell (number 6) at the initial stress was set at 12 hours in both instances.
For the Inconel X vessel, this requires an effective stress § = 60,000 psi, or
an internal pressure of 26,100 psi. At the 60,000 psi stress the minimum creep
rate is only about 0.0005 in./in./hr. Even if actual rates in early first
stage of creep were double or even five times this value, relaxation is nonethe-
less a lower-order effect than it was for annealed carbon steel.

Calculations based on the available minimum-creep rate data show the
shear-stress invariant at the bore to drop only to 58,000 psi in the first 1.5
hours, and while this 2000 psi decline takes place more than ten per cent of the

total available life expires. Even at the 30 to 35 hours total time until
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fracture predicted by the calculations the effective stress level has only
fallen to the 50-hour rupture stress.

Although several laboratories are understood to have research well
under way for experimental determination of stress-rupture life in heavy-walled
tubing of heat-resistant alloys, to date no results seem to have been published.
Until the analysis put forth in this paper is supported or refuted by actual
tests with quite-refractory alloys, extended discussion of the significance of
the calculated results is largely speculative. However a brief examination of
some present practices does appear to be in order.

When the thickness of a cylinderical shell made under the ASME Code
for Unfired Pressure Vessels exceeds half the inside radius, the design pres-
sure permitted for a seamless shell equals S (Z-l/Z+l), where S is the maximum
allowable stress for the alloy and Z is the same ratio of OD/ID previously de-
signated k. Inspection of equation (1) shows the Code formula to give the tan-
gential Lam€ stress as the working stress.

Returning to the second example, the calculated rupture life of 30-35
hours corresponds to a rupture stress of approximately 55,000 psi. For the
same pressure the initial tangential stress is only 43,500 psi. The actual ap-
parent fracture stress thus exceeds the design level by 11,500/43,500 = 26.5%.

Consider now the same vessel but at half the pressure. Following
the von Mises theory, rupture should now occur at 7000 hours, corresponding to
the initial effective stress of 30,000 psi at the bore if no redistribution at
all of stress takes place. This 1s almost precisely the situation since at
30,000 psi stress the creep rate is a mere 0.01% or so per 1000 hours.

A sixty-fold increase in rupture life when the stress was halved is
accompanied by a drop in creep rate of some 5000 times. An initial calculation
interval of 1000 hours under these conditions predicts 13% loss of the total

life while reducing the effective bore stress only about 400 psi.
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Detailed calculations for this low stress would have questionable
accuracy since they must be based completely on extrapolations of avallable
creep-rate data. It can be stated with confidence, however, that the stress
redistribution would be proportionally less than that for the same vessel at
higher pressure. In extended service at temperatures where alloys exhibit
negligible creep the stress promoting rupture should agree closely with the
initial shear-stress invariant at the inner surface. Under conditions where
no stress leveling took place the actual fracture stress for k = 2 would be
almost 40% above the tangential stress commonly employed as a design standard
in American practice. For higher ratios of OD/ID the discrepancy between
actual and design stress is even higher. Under these extreme conditions, even
the normally-conservative use of an allowsble stress equal to 60% of the
100,000 hour rupture strength could be positively dangerous for an installation
designed to operate for many years of service,

The solution does not appear to go to still lower allowable stresses
since this would prevent efficient utilization of high-strength alloys. A
more rational answer is to adjust design to the method of failure imposed by the
vessel geometry and type of material used in its construction. As has been in-
dicated by the opposing results of the examples cited, early failure is promoted
by either very rapid creep or by very slow creep, but the mode of approach to
eventual rupture in the two cases is quite different. Any attempt to codify de-
sign for all elevated-temperature pressure vessels by one simple formula seems
doomed from the start.

Until sufficient data are in the hands of the designer to guide him,
analysis of each case by a method such as that outlined above is suggested.

When variable operations must be handled, calculations for the first set of con-
ditions are carried out as outlined to establish the stress pattern at the end
of that period. A subsequent change in pressure can be allowed for by superim-

posing the elastic pattern for a stress equal in magnitude to the change taking
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place. Gradual temperature changes require that only the properties used in
each step apply to the material at the existing temperature. Rapid changes
in temperature can be allowed for by methods outlined in references 4 and 5.

The closer such calculations can evaluate the changing stress pat-
tern, the more one can take full advantage of the inherent strength of alloys
employed. But in most instances a high degree of accuracy appears unnecessary,
provided it can be determined whether failure will result by stress rupture
from concentrated stresses with little change in overall geometry, or whether
the final rupture is promoted by extreme general creep and resulting
instabilities.

When the calculations indicate rapid stress leveling, followed by
progressive thinning of the wall, the appropriate design data are creep rates
or, preferably, data on stress levels for specific amounts of total deforma-
tion in a given time period. The appropriate design stress is the average
toward which the effective stress tends. By a simple integration indicated

in Table 1 this average shear-stress invariant is found to be:

3. .. = 243 p<-—_‘"’i°—_>2 n (b/a) | (15)

ave 2 - g2

A suggested design criterion for alloys with high creep rates at service tem-

perature is 0.8 of the stress for 2% creep in the anticipated life, with this

stress applied for (S)ave as found by equation (15) above. This design method

should be valid for the bulk of more-ductile elevated-temperature alloys which

exhibit a marked degree of strengthening in the notched-bar rupture test.

Design on such a basis of limited deformation is difficult to Jjustify
for alloys treated to produce maximum creep strength. Such materials, generally
showing borderline behavior or weakening in the presence of a notch, fail as a
consequence of retained high initial stress concentrations. In this case, cor-

responding to a partially-plastic cylinder at lower temperatures, the total
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strains at the outer surface may be very small when the first rupture begins
at regions of high initial stress concentration. Maximum effective stress
expected during normal service appears to be the proper design stress for
such a vessel. In most cases, this critical stress is the initial value at
the bore. The allowable level of design stress should now be based on stress-
rupture data. Iimitation to 0.8 of the stress for rupture in the anticipated
service life appears to allow ample margin of safety when operating condi-
tions can be reasonably fixed in advance and when the designer has some famil-

iarity with the particular type of alloys employed. For alloys at temperatures

where creep is very slow, the suggested design criterion is 0.8 of the stress

for the rupture in the anticipated vessel life. This stress is to be applied

to the maximum effective stress. This will normally be the initial effective

stress at the bore.

It might be well to repeat that the suggestions in this paper are
all based on an approximate analysis of probable stress redistribution by a
creep-relaxation process. The same general type of analysis appears to have
been quite successful in explaining contrasting notch behaviors of heat-resis-
tant alloys with different relaxation strengths. Experimental measurements
of rupture lives in thick vessels of carbon steel appear to be in rough agree-
ment with predictions based on the calculations such as outlined in this paper.

Still, until a considerable mass of data becomes available for a
variety of alloys, vessel geometry, and test conditions the methods suggested
here should be used only as guides for gradual modifications from current

good practice where present design methods meet severe limitations.

A SUGGESTED IMPROVED DESIGN FOR EXTREME CONDITIONS

Since either excessively-rapid or unusually-slow rates of creep can

lead to shortened life of a heavy-wall vessel, the range of temperature and
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pressure is severely limited over which a vessel of any one particular alloy
gives superior service. Thils is especially true when heat is added from the
outside.

To extend the useful operating range of the vessel, a high creep rate
is desired near the bore to quickly relax initial peak stresses present there,
but a slow rate is wanted at the outer surface to restrain overall expansion
of the vessel.

A simple duplex design employing two different alloys appears to offer
an easy but satisfactory solution. The inner shell would be made of an alloy
with only moderate creep strength and capable of extended creep before rupture.
Material for the outer shell could be a much more refractory alloy, with quite
limited ability to redistribute stresses by creep and need have only a few per
cent elongation before fracture. Materials for the two layers can be chosen
to accomodate different corrosion and temperature conditions at inner and outer
locations.

As yet no duplex vessel designed with this viewpoint is known, but
it appears that a substantial degree of leveling of the most severe bhore
stresses could be attained without need for shrink fits or other prestressing.

No reason is immediately apparent why the two shells could not be
assembled with ordinary sliding fits. Creep of the inner shell on the first
loading at temperature would bring the two layers into firm contact which

would be maintained from then on.
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