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SUMMARY

In shared, multiple-console data processing systems, individual determination of
optimal arrival times and priorities for each job by a central authority is clearly impossible.
This report shows that a '"free market'" type of decentralized control, with certain traffic
information displayed o users continuously and with prices for service controlled in a
particular manner, results in an optimum selection of arrival time and priority by the users
themselves.

The report develops an economic model for the description of the woi‘d "optimum"'
in this context, and determines the optimum policy through theoretical investigation. The

optimum policy is then shown to result from the "free market' control.






1. GENERAL

A multiple-console data processing system which is shared by many users has
much in common with a public utility. People who have computing to be done simply seek out
an available console and obtain service with almost no knowledge of competing demands by

other people. The advantages of such service have been enumerated many times (Refs. 1-4),

but the one essential feature which such a system has in common with public utilities is that
although demands appear in an apparently random manner, the statistical averaging of large
numbers of jobs permits the system to give economical service on short notice.

When it comes to the question of what constitutes acceptable service, however,
the analogy to typical utility systems breaks down. Unlike telephone systems, the value of
fast service on a shared computer varies very widely f{rom user to user and job to job. Some-
times milliseconds are important; on other occasions and for other users, delays of an hour
or more may be truly minor.

This, implicitly, is the reason why most scheduling algorithms suggested for
shared systems (Refs. 4-6) allow for multiple priority levels for the arriving jobs. Neverthe-
less, the criticality of priority depends directly on the amount of pressure which exists forc-
ing maximum use of the computer resource. The problem is avoided only if either the
utilization by urgent jobs is low relative to total qlemand allowing almost instantaneous service,
or if the optimization of service on a particular machine is unimportant, as when many other
alternatives are available to the users.

On the other hand, the potential number of jobs entering the system is tremendous.
The shared system of Corbato at MIT using the IBM 7090, no multiprocessing, 1 and rather
slow input-output typewriters encounters jobs averaging perhaps a few seconds in duration.

It can be expected that with growing user experience in using such systems, more developed

system routines and consoles, and by multiprocessing, an arrival rate of several hundred

1 . N . X
Multiprocessing is defined here as the existence and activity of more than one job in core
memory simultaneously.



jobs per minute is possible, even for a 7090. The individual determination of priorities for
so many jobs by a central authority is clearly impossible.

Thus it is seen that not only must the priorities be established, they must also be
either established automatically or by placing authority for the selection of priorities in the
hands of each individual user. In an open environment automatic priority assignment is
rarely practical because the exception is usually the rule. Hence, the individual user is the
one in the best position, with suitable supervision, to evaluate his priority requirements.

The obvious danger in decentralizing priority assignments is possible abuse by
the user. It is the purpose of this report to provide a procedure for making every incentive
toward improvement of personal service an incentive toward the maximization of value to an

entire enterprise by appropriate manipulation of the charges for the service. There are

clearly three major matters which must be studied in order to accomplish this purpose:

(1) the nature of the economic quantity loosely referred to as ''value," (2) the optimum
schedule toward which the normal individual incentives are to be directed, and (3) the practi-
cal mechanism for manipulation of the incentives. Each of these matters will be the subject
of a chapter in this report.

The fundamental control concept of this work, the idea of using prices for service
to manipulate incentives of users toward maximizing value to an enterprise, presupposes
that the prices themselves are not necessary to other functions. While this will be true in
general for a computing system which is a service operation for a single economic unit
(enterprise) as in the military or large corporations having sole use, it will not be the case
for a service bureau computer providing service at a profit. In the latter case, the prices
represent a component of profit and are themselves a part of the quantity to be maximized,
while in the former case the prices are merely a means of transfering funds from one pocket
to another and can be compensated for collectively by budgets. It is here that such control
can be used to great advantage in the control of user decisions, and to which purpose this

work is directed.

It should, however, be made clear at the outset that this work is not based upon
the fallacious concept of ""rational man' in the person of the user. This image of man as a
being who always makes the choice which is best for him based on complete information con-

cerning his environment has been thoroughly refuted in economic and philosophical literature.



Rather, man is here assumed to be governed by a process of ""bounded rationality,' to borrow
a term from Herbert Simon (Ref. 7). Such a man bases his decisions upon limited informa-
tion he can gather in a reasonable period of time, using educated guesses to fill in missing
detail, 1 and seeking primarily a choice which is ''good enough' rather than "best.' This
model, which is much more acceptable, is useful in describing behavior when the person is
sufficiently motivated. At the very least it should describe the tendency or statistical average
of a large number of operator decisions in the shared computer system.

Finally, let it be emphasized that this report represents but one part of a very
large and important problem: that of establishing a complete and usable supervisory control
for the shared computer which allows maximum flexibility and utility. There are many sys-
tem organization problems which are not discussed here which have larger effect on the value
of the system. For example: memory and I/0 organization and protection, interrupt schedul-

. . . . o2
ing, file cleanup, user commands and system subroutines available, and console organization.

No amount of schedule control and optimization can really make up for poor choice in the

supervisory program or hardware. Optimization as discussed here can, however, improve

that which is already good.

1It might be argued that this is an example of rationality when account is taken of the cost of

obtaining the information.

2For an interesting solution to these problems, see the report by Corbato, et al., Ref. 2.



2. AN ECONOMIC MODEL

The data processing system, as represented by the equipment and its executive
system, is embedded in a larger system which includes programmers, technicians, and
administrators. This latter system, which will be called the enterprise, has a broad set of
goals and objectives. If we consider only those goals and objectives which are forwarded
through the use of the data processing system, it is reasonable to assume that these goals are
directly related to the completion of computations (jobs) prepared and requested by the enter-

prise and executed on the system.

Since it is impossible to achieve all goals simultaneously, it is necessary to
compromise some for the advantage of others. The choice of the best possible compromise
is the central problem of system coﬁtrol. In order to make the choice, an understanding of
the economic relationships is obviously necessary and this chapter is devoted to their descrip-

tion through an economic model.

2.1 Utility of Completed Computation

To begin with, we consider each result of computation (output) to have some
utility to the enterprise which can be measured in some standard unit, say dollars. This is
not a trivial assumption, albeit quite tempting. Normally, economists refer to the objectives
of an enterprise as composed of many separate, 'noninterchangeable factors. (For example,
see Ref. 8.) To use a single unit of utilities implies at least that an ordering of preference
of each possible outcome is possible; that if a is preferred to b, and b is preferred to ¢, then
a is necessarily preferred to c. In addition it implies that one can in fact infer relative
"distances'" between a and b, and b and c.

That this is not unreasonable has been shown by von Neumann and Morgenstern
(Ref. 9) using the ideas of probability and indifference curve analysis. In any event, we shall
follow our intuition and assume that if sufficient intangible factors are included in the utility,

it can be measured in a single unit.
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Fig. 1. Utility of a typical problem as é
function of completion time.

The utility of each computed result will, in general, depend upon the time at
which the result is completed. Thus, if we denote u = ui(tic) as the utility of the results of
job i which is completed at time tic, then a typical utility function ui would probably be of the
form shown in Fig. 1. That is, the utility would generally be decreasing with time, be quite
uncritical of time before some relative deadline t;, and then would fall to zero as the delay
gets indefinitely large.

The utility might be dependent upon other controllable factors which affect the
quality of results, such as the amount of data processing equipment which can be assigned to
the job during its execution. However, these factors are ordinarily less significant than the
arrival or completion time, and will be ignored in this model except where otherwise stated. 1

On the other hand, the factors influencing the utility which are not controllable

are part of the process which determines the functional form of u' and hence they also need

not be shown explicitly as variables of the function.

2.2 Direct Cost of Program Preparation

Also associated with each job will be some direct costs which represent a loss of
utility to the enterprise due to operations which are individually chargeable to the problem.
Chief of these are the "loaded salaries" of programmers and analysts during the time they

are working on the preparation of the program and data for insertion into the computing sys-

tem. All costs which would not have occurred had the problem not existed, should be repre-

sented in this direct cost. On the other hand, costs such as the (overhead) cost of operating

1In particular, the controllable assignment of equipment is likely to have its greatest influence
on the service time rather than the utility, and is best represented in that (former) part of
the economic model.



the data processing system itself should not be included, since presumably the system would

1
be running even if the particular problem did not require its use. In addition, there are

intangible costs to the enterprise which represent such things as inconvenience by the price
which the enterprise would be willing to pay to avoid them.

The direct cost can be represented as a function of completion time and the
arrival time, t;, of the user to the console. 3 Alternatively, it can be represented as a func-
tion of the arrival time and the waiting time t\}v (t\; = ti - t;). Denote ¢ = ci(t‘;,t;) as the

direct cost of job i. Then this function can take many forms depending on environmental

factors.
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Fig. 2. Some typical direct costs of program preparation.

For example, if a user must wait idly for an appointed arrival time before going
to a console with his job, then the longer he must wait the higher will be the direct cost. On
the other hand, if the time of his arrival is known in advance and programming is scheduled
to meet that time as a deadline, then higher costs will be associated with shorter completion
times due to the less efficient "crash' program which is required. The two corresponding
cost functions with tviv held fixed are represented.in Fig. 2(a) and (b),respectively. Also
shown is the more neutral situation where the programming is already completed before

arrival is considered [Fig. 2(c)]. Of course, the number of possible relations is very great,

The influence of operating costs and overhead will be considered in Section 2. 4.

2For example, the cost of inefficiency resulting from "frayed nerves' due to bad scheduling
by the computer or the possible loss of an employee because of excessive night-time work-
ing hours are legitimate parts of the direct costs of a job.

More precisely, we define the time t; as the time at which the user is first present at the
console with a job complete and ready for processing.
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Fig. 3. Some typical direct returns.

and increased still further by a like variety of dependences upon the waiting time as well.
Nevertheless, for each job some such relation exists. Moreover, it is assumed as in the
previous section that controllable influencing factors other than t\; and t; are neglected unless

otherwise stated and that noncontrollable factors are implicit in the form of the function ch.

2.3 Direct Return

The completion of a particular job at a particular time results, therefore, in a
net gain in utility which is the consequence of the utility of the computed result ui(ti), where
tlc = (t‘; + t;), less the direct costs cl(tvlv,t;) of getting the result. We call this net gain in

utility the direct return on the processing, and denote it by the function

1990 S SN P | iy i i
r = r(tw,ta) = u(tw+ta) C(tw’ta)' (1)

Typical direct returns which may result from the utility and direct costs of Figs.
1 and 2 when tviv is fixed are represented in Fig. 3. It should be noted that negative returns
represent a net loss to the enterprise due to the existence of the ith job. Nevertheless, once
the enterprise is committed to the job it is often still more costly to postpone the execution
indefinitely (i.e., let t; - o in Fig. 3 or let tiv -~ o). Thus a job yielding negative returns

may not be excluded from consideration in an optimization of the system.

2.4 Total Return

The discussion now turns to the measure of achievement for the enterprise result-
ing from the entire data processing operation. This measure will be called the total return,

R. We let R be the sum of the direct returns of all jobs completed in an arbitrary time



interval, say [tl,tz] , less any fixed or "overhead'" costs due to operating the system which

are not chargeable to any individual job. Thus

_ _ R N
R = R(tl,tz) - Z r(tw’ta) Co(tlytz) 3 (2)
all i:
i
toelty,ts]

where Co(tl,tz) is the overhead cost during the time interval [tl’tz] .

While R(tl,tz) may, of course, be negative for some [tl,tz] , a minimal objec-
tive for the system is that for (tz-tl) sufficiently large, R(tl,tz) should be positive. Any
other condition would imply a long term loss from operating the system and would imply that
the system should be abandoned (or should never be set up if this determination is made in
advance of installation).

The general objective of executive organization is to maximize the total return
R(tl,tz) over a sufficiently long time interval. If, as will usually be the case, some of the
variables of Eq. 2 are stochastic, then the objective will be to maximize the. mathematical

expectation of R(t 1,t2), for (tz-tl) sufficiently large. This point will be developed later.

There are two types of controls which influence the total return: structural and

executive. Structural controls are represented by those decisions which determine the

nature of the equipment complement (such as the number of consoles, tapes, and arithmetic
units, the quantity of high speed storage, etc.) represented in the machine itself. These
decisions are usually made on time scales of many months; sometimes (though rarely) only
once for the life of the system.

Executive controls are represented by queueing disciplines, communication links

eitﬁer within the machine or among the users, and administrative rules or procedures. They
generally influence short term decisions of the users and are often programmed into the
executive system of the machine.

For every structure (i. e., choice of structural controls) there will be an optimum
set of executive controls. Though this optimum probably will not be known, some approxima-
tion to it must be made and decisions based upon it.

Moreover, structure will be determined by calculating the total return for each



structure to be considered, using the approximately optimal executive control corresponding
to the structure. The structure resulting in maximum return is the optimal structure. On
the other hand, since executive controls are dynamic, their optimization is much more subtle
and complex. This report is primarily devoted to describing and approximating the optimum

executive control.

2.5 Total Direct Return

It is noted that in Eq. 2 the overhead cost, Co(tl,t is dependent only on the

9
structure of the machine. Since the optimal choice of executive control for a given structure
is made by maximizing the total return (Eq. 2), it can also be made by maximizing the sum

of direct returns. Thus, the maximum of

R _ i, i i
R, = Rytyty) = . reld) (3)
all i:
i
t, €ltyrts]

also results in the optimum executive control. We shall call R q the total direct return of the

enterprise.

Because the objective of the remainder of this report is directed toward describ-
ing and approximating executive control only, keeping structure invariant, the overhead cost
and Eq. 2 will not be required. Equation 3 represents the quantity to be maximized.

2.6 Constraints and Optimization

The executive control can obviously not be arbitrarily chosen. Two or more jobs
cannot be assigned simultaneously to the same equipment module. The nature of this con-

straint is mathematically described as follows:

We let S = (Sl’ ceey sm), a vector, represent the structure of the machine, so
that its elements sj are the number of interchangeable modules of type j. For example, the
number of interchangeable blocks of storage, tape units, or arithmetic units might be S1s Sg»
and Sg) respectively. Then if we let Zi(t-tZ) be a vector representing the number of each
such module utilized by the ith job at time t if it completes its execution at time ti, the con-

straint can be represented by



z Ylt-t] <s, aut. (4)
all i
To summarize, then, the optimization of executive control is accomplished by
choosing the set t‘; of waiting times and the set t; of arrival times for all jobs i, under
i i

the constraint (Eq. 4), so that the mathematical expectation of total direct return between

two widely separated times, t1 and tz,

_ i, i ,i
Rd = z r (tW,ta) (5)
all i:
i
tce[tl,tz]

. . 1
is a maximum.

2.7 The Nature of the Variables

So far, nothing has been said of the properties of the variables and functions

found in Egqs. 4 and 5. It has been inferred only that, in fact, counterparts to these variables
and functions exist in the real world. As a matter of fact, this omission has been deliberate

because under different circumstances very different assumptions concerning their nature
apply. Succeeding chapters will make use of these differing assumptions and the useful
approximations which result.

It suffices to remark here that (1) the direct returns ri(t) will normally be either
known deterministic functions (e.g., if the ith problem is already in the queue) or a represen-
tation of a stochastic (random) process (e.g., if the job is to arrive in the future); (2) the
service times t;, the arrival times t;, and the waiting times t‘;, are similarly treated as
either known constants or random variables (which may or may not be correlated to the direct

return); and (3) the utilization vectors Zl(t) may be a set of known vector integer functions or

a vector integer stochastic process.

2.8 Concluding Remarks

This chapter has set forth an economic model for the desired goals of system

1By choosing to represent the utility u' as -0 for all t < 0, we can avoid the necessity of

representing nonexecution before arrival as a constraint. It becomes the natural consequence
of the maximization of Eq. 5.

10



operation and of executive system design. While it is not, by any means, the only model

which can be obtained, it appears to give a quite accurate representation of the relationships

between utilities and costs, and the quantities normally controlled in such systems.

On the other hand, it is so general that, in practice, little success can be expec-
ted from a full scale analysis of it in all its generality. Indeed, similar models such as the
classic job-shop problem (Ref.10), have never been solved generally. Nevertheless, we
shall proceed in the next chapter with a simplification of the economic model which retains
most of its desirable features and is much more nearly solvable. This work will make use
of scheduling theory and the so-called deferral-cost scheduling model.

Finally, the fourth and last chapter will be concerned with several schemes for

executive control which approximate, with limited data, the optimum implied by the economic

model and Egs. 4 and 5.

1



3. THE OPTIMUM STRATEGY

As stated in Chapter 1, the objective of this report is to provide a procedure for
making every incentive of users toward improvement of personal service an incentive toward
the maximization of value to the entire enterprise by manipulating the charges for service.
Chapter 2 has discussed the values to be maximized and the decisions which must be con-
trolled. It is now important to decide how the decisions should be made in order to achieve
this maximum.

In this chapter, the structure of the optimization will be developed, and the opti-

mal policies set forth. The optimization will be based upon the apparently unrealistic assump-

tion that the true return functions are known exactly, and known in advance of any decision
affected by them. It will be shown in Chapter 4 that this assumption is not unrealistic, by
showing that the essential information can be obtained (to the best extent possible) inductively
by the prices and service ac‘cepted by the user.

On the other hand, it is important to realize that at least one piece of information
cannot be precisely known in advance, and that is the actual arrival time to the console (as

defined in Footnote 3, p. 6) by each user. This fact is essential to understanding the rationale

behind the division of the basic problem into the two interrelated problems solved in this
chapter.

In the first place, with a knowledge of the entire return function of each job, it
would be formally possible to find the exact arrival times for each job which would result in
trué optimal return for all jobs, and which would actually involve no waiting time at all. In
other words, by arriving at the precise time that the system became available, greater
utility would be obtained than by any decision resulting in a wait at the console. However,
because the times of arrival cannot be known or specified exactly, such a direct optimization
cannot be achieved. Instead, a more complex problem must be solved.

We could go into many philosophical reasons why the exact optimum arrival times
for each job cannot be pre-specified by the system. It suffices to say that normal human

beings do not desire such precision in their habits, lack the physical capacity for timing

12



within arbitrarily small limits (like the microseconds involved in scheduling computers), and

are affected by value systems external to that specified in this model, which result in unex-
pected small re-evaluations of utilities. The optimization can only expect to specify "intended"
arrival times which are within some random "'error" of the true arrival.

Moreover, decisions concerning the scheduling of jobs which have already
arrived and are awaiting service are necessitated. Thus, there are two decisions which
must be made for each job i: (1) the "intended" arrival time, %;, must be chosen, and (2) the
waiting time, 1 tviv’ must be specified by means of a suitable queue rule. We now recast the
problem given in Chapter 2 into these terms.

In the following section, the problem as stated in Chapter 2 will be recast into
these terms. This will result in splitting the optimization problem into two related optimiza-
tion problems; one associated with the choice of su_itable queue rules, and the other with the
intended arrival times.

While the former subproblem is difficult and cannot be solved exactly, many
theoretical results are available which contribute to strong arguments for accepting as opti-
mal the policy of sequencing jobs in decreasing order of the ratio pi/tsi, where P, is the rate
of loss in utility with respect to waiting time, and tSi is the service time.

The latter subproblem is solved through development of an expression for each

job which should be maximized by the chosen intended arrival time for each user.

3.1 The Structure of the Decision Process

The direct return of each job is a function of its actual arrival time and its wait-
ing time. The most reasonable form to assume for this return is that it is the sum of a

function of arrival time and a function of waiting time
i i
= glt,) + £(t,) - (6)

This assumes that the loss in return due to waiting is the same regardless of the time of
arrival, and vice versa.

Waiting time, tj”, will range over considerably smaller values (on the order of

1Note that decisions concerning priorities, control rules, or anything else related to schedul-
ing of jobs already waiting can be represented by a set of selected waiting times that would
result.

13



seconds or perhaps minutes) than will t; (generally hours). But since g; can be expected to
be a much more slowly varying function than fi’ both factors, fi and g;, are significant over
the rangé of ta’tw representing optimization. Assuming that the loss due to waiting is a

. . i .
linear function of tw’ we can write

iody iy i
ri(tw’ta) - gl(ta.) pltW H , (7)

where we refer to p; as the ""deferral loss rate' of job i, a constant for each job.
It has been said (Eq. 5) that the total direct return is
_ i, i i
Rd - z r (tw:ta) .
all'i

i
toelty ty]

However, as a result of the randomness of t;, the direct return r" for each job is also ran-

dom. The probability space is the collection, c, of all sets {t;1 }which can result from a
i

particular set of desired arrival times {If; } As a consequence, the quantity to be maximized
i

is the expectation of Rd over c,

Noting that the sums are finite, and letting

AL, A i
ef€) = B {50} (9)
we can write Equation 8 as
R, = Z & (ta) Ec z pltw (10)
i i
i i
tce[tl,tz] , tce[tl,tz]

A
The process of choosing the intended arrival times, {t;} and the waiting line con-

trol rules governing the waiting times {tvlv} in order to maximize Re may be divided into two

14
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Fig. 4. Probability density of arrival time of job i.

parts. First, we can ask ""What waiting line control rules will maximize Re for each possi-
ble set of intended arrival times?' Second, we ask "If the optimum waiting line control rule
is assumed to be automatically applied, what set of intended arrival times should be chosen?"
The answer to the first question determines the optimum expected waiting times as a function
of the intended arrival times. The second question takes the relationship found by substitu-
tion of the above waiting time into the return function, notes that it is a function only of the
intended arrival times, and asks for the optimum overall possible choices of intended arrival
times.

The remainder of this chapter will treat these two questions in turn. The prob-
lem represented by first question will be called the Queue Scheduling Problem; that repre-

sented by the second is the Arrival Scheduling Problem.

3.2 The Queue Scheduling Problem

The time of actual arrival of the user to the console can be said to have a proba-
bility density function ¢i(t;)' Without loss in generality we may assume the mean of this
distribution to be the intended arrival time t;. Figure 4 shows a typical probability density

as it can be expected to appear. The variance of the distribution is some number, subject to

measurement, which may typically be on the order of several minutes. Since the factors
enumerated in Section 3.4 as contributing to this randomness are similar for most people, it
is not unreasonable to assume that this distribution is the same for all jobs, differing only in

mean, that is, there is a single function ¢ such that, for all i

(t) = ol -t (11)

oty a

If this is the case, one can write that the probability that a job arrives in the

15



infinitesimal time interval [t, t + dt] , given the set of intended arrivals {%;} , 18

A
ut) dt = z ot - t) dt . (12)
i
There will be considerable smoothing resulting from the summation in Eq. 12 if
‘severe clustering of values of %a does not occur. To illustrate, if the %; were uniformly
spaced in time, even as far apart as 1.8 times the standard deviation of ta’ and ¢ were the

Gaussian distribution, then the sum (Eq. 12) would be within 1 percent of a constant value. 1

If the spacing were equal to the standard deviation the error would be less than . 0001 percent.
However, since the /t: are not uniformly spaced but also not strongly clustered, 2 then even
though the mean spacing is a small fraction of the standard deviation some variation of v with
time can be expected. Nevertheless, the variation can be assumed to be very small over
time intervals of the order of the standard deviation of ¢, which is, perhaps, of the order of
several minutes.

Observing that the probability of an arrival in the interval [t, t + dt] is approxi-

mately independent of the occurrence of other arrivals within an interval of the order of the

mean waiting time, we must conclude that the arrival process approximates a slowly varying
Poisson process. In addition, assuming that the percentage variation of v over intervals of
the order of the waiting time of jobs in the queue (which for a well designed system should be
less than the several minutes agreed to above) is small, one can conclude that results based
on time invariant queuing theory can be used by replacing the parameter v by the function of
time v(t).
A further simplification of the problem can be obtained in the return function.

First, since the {%;} are assumed fixed in this part of the optimization, the sum of the gi*
terms in Eq. 10 is irrelevant to the optimization. Hence Re in Eq. 10 can be replaced by the

new return, Rq’ which is to be maximized in this section,

1The author is indebted to T. G. Birdsall, of CEL, for these (unpublished) observations and
calculations, which are contained in his personal notes.

2
‘The lack of clustering will be verified in the determination of arrival policies in Section 3. 4.
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3.3 The Optimal Queue Scheduling Policy

The queue scheduling problem is now in the form of a problem in scheduling

theory, the problem of scheduling with Poisson arrivals and linear loss functions. The

return described in Eq. 13 is characteristic of the so-called deferral cost model in schedul-
ing theory, although in the existing theory, random arrivals have not been considered.

In addition, existing theory requires specification of the essential structure of
the system in terms of either a single channel facility or a parallel-multiple channel facility.
It is very likely that bottlenecks in service, that is, service channels which represent the
chief causes for the formation of queues, would fall into these categories so that such a
model would represent a reasonable approximation.

We shall assume that this is the case, and proceed with determining the optimum
policy for such structures. It will be seen in the following discussion that the structure does
not finally affect our choice of strategy in an important way, although extreme deviations
from the essentially multiple-channel structure might invalidate the conclusions. The multi-
ple~channel scheduling problem with linear deferral costs and Poisson arrivals is the essen-

tial problem to be considered.

In a companion report (Ref. ll), Fife surveys the status of current theory perti-
nent to this problem, and makes some very desirable extensions to it.

In that report, it is pointed out that while the problem without arrivals has not
beeh solved explicitly there have been a number of results which have strong bearing upon the
optimal scheduling strategy. Notably the result of Smith (Ref. 12), restated by McNaughton
(Ref. 12), with some extensions, is that in scheduling an existing queue for a single service
channel when no further arrivals are permitted, the optimal strategy is to service jobs in the
order of descending values of the ratio pi/tsi, where P, is the loss rate (slope) of the job
return, and t; is the service time required by that job.

Fife has further shown in his report that if Poisson distributed arrivals are per-
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mitted during service of the queue, and if the cost of pre-emption of the job currently in
service is prohibitively high, then the McNaughton-Smith strategy remains the optimum
strategy in a single channel system. In other words, new arrivals are to be sequenced along
with old problems in descending order of the ratio pi/tiS and jobs once begun are not inter-
rupted. If the cost of pre-emption is zero (and pre-emption requires zero time), he proposes
a modified McNaughton-Smith strategy which appears to apply, but which has not been proven.
The generalization to multiple channel facilities, however, is very difficult. In

fact, only a few properties of the optimum strategy without arrivals are known. Lawler, in

a report prepared for this contract (Ref. 14), has treated the optimization of nonlinear loss
functions and multiple channels when new arrivals are not permitted. Several interesting
results are obtained, including some algorithms helpful for obtaining the exact optimal
schedules in multiple-channel systems. Unfortunately, the need for extensive computation
precludes their repeated use in scheduling computer use. The essential conclusion drawn
from the work is that an exact optimization of even the nonarrival case is impractical for our
purposes.

A procedure for determining an optimum schedule for even the parallel machine
is therefore not available. The investigation of these approaches gives reason to believe
that if a procedure was known which was successful in the sense of always leading to an opti-
mum schedule, it is likely that it would involve a considerable amount of computation. The
drawback of any extensive scheduling algorithm for the multiple-console system is that the
required execution time can soon exceed the execution time of some of the problems to be
scheduled. When the return loss resulting from this delay is accounted for, it is conceivable
that the total return loss of an "optimum' schedule may be greater than that of a nonoptimum
schedule which is computed more readily.

This thinking suggests that a more worthwhile approach is to implement a simple,
near-optimum scheduling policy. The obvious choice is the McNaughton-Smith rule: schedule
jobs for execution on any available processor in order of decreasing value of pi/tis. Several
facts justify this choice. First, it is known to correspond to the optimum parallel machine
rule when all jobs have equal execution time. Second, it is easily shown that the set of jobs

assigned to a particular channel in an optimum schedule will be in aécord with the McNaughton-
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Smith rule even when execution times are unequal.

There is further support for the conclusion that the McNaughton-Smith rule is a
useful approximation to the optimum from a limiting case of some generality. Suppose that
jobs in queue are grouped into types or classes according to the values of p and tS associated
with them. Every job in the same class then has the same associated values of p and ts.

Let there be a sufficiently large number of jobs of each class that the execution time of one
job is negligibly small compared to the total time required to execute all jobs in the same

class. 1 It follows that time intervals in which the machine is processing jobs from two or

more different classes are negligible compared to time intervals in which all jobs in process
are of the same class. The parallel machine can therefore be considered as a single
"channel" for processing of entire classes, and we can apply the McNaughton-Smith rule to
scheduling by classes. The loss rate associated with delay of processing of the ith class is
Nipi’ where Ni is the number of jobs of that class. The execution time for the entire class
is NitiS/M in the limit of large Ni’ where M is the number of parallel channels. Thus classes
are selected for execution in order of decreasing value of MNipi/Nitis’ which clearly is
equivalent to selecting individual jobs in order of decreasing value of pi/t;.

Although rigorous analytical justification for applying the McNaughton-Smith rule
to scheduling of a parallel machine seems difficult indeed, some check on its accuracy might
be obtained by a Monte Carlo sampling of possible queues, to ascertain whether a McNaughton-

Smith schedule does lead to nearly maximum return in an overwhelming proportion of cases.

The sampling procedure has been previously applied in this way to scheduling problems
(Ref. 15). In this connection the transportation formulation (Ref. 14) might prove valuable
since the lower bound it gives on the loss of the optimum schedule could be used as the
standard of comparison for the McNaughton-Smith schedule. Otherwise the loss of the

optimum schedule would have to ve determined by exhaustion.

Nevertheless, without extensive further study, it is necessary to accept this
scheduling rule for multiple channel structures as the best available approximation. Of

course, if the essential service structure is single channel the rule results in an exact opti-

lThis limiting case was suggested by F. Waltz of the Cooley Electronics Laboratory
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mum schedule (shown by Fife). This latter case would correspond, for example, to a ma-
chine in which the primary queueing in busy periods was for the use of the central processing
unit. The essential structure would be multi-channel if the chief bottleneck were I/0 transfer
time in many identical I/0 channels.

The McNaughton-Smith rule will be taken as the optimal queue scheduling policy.

3.4 The Optimal Arrival Scheduling Policy

The function which was intended to be maximized by the choice of the set of arrival

times, {'t;} , was given in Section 3.1 as

R = Z gft,) - Eg Z ptl | (10)
i {
i i
toeltysts] toelty to]

However, before proceeding with the maximization of this return, we mﬁst con-
sider the dependence of the expecta’gion of waiting times, {t‘;} , on the intended arrival times
{/t\;} Since the waiting time is a result of the queueing for service, the Poisson arrival
model continues to apply, and jobs are given priority in the queue according to the McNaughton-
Smith rule.

The problem of determining the expected waiting time in a priority queueing sys-

tem with Poisson arrivals has been considered in the literature. Cobham and Holley (Refs.
16 and 17) have determine it for single and multiple channel structures with discrete priority
levels, where pre-emption is not permitted. Their result has been extended by Wallace
(Ref. 18) to general structures where certain assﬁmptions on statistical properties of the
times between inputs to the service facility are satisfied.

A common property of all these solutions is that the expected waiting time is a
function of only the total service time of jobs arriving in unit time having priority higher than
the one waiting, that is, the waiting time of job i at time t is a single valued function of a

quantity which can be written (in the context of this report) as

k Ak
> e -t (14)
k:
my > 10y
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where ¢(t - fl;)dt is the probability of job k arriving in the time interval [t, t+dt], m =
pk/tl; (the McNaughton ratio), and t}s{ is the service time of the kth job (as measured by the
time between input to the service facility from the queue and the next time the facility is

available to service a job). Representing the function by the symbol w, we may write the

expectation of the waiting time of job i as

E{t\;} - w z ti ¢(t-%1;) . (15)
k:
my > m;

We must note that although the conditions specified in the above references are
quite common, there is a possibility that they do not strictly apply to the service structures
which can be encountered in this system. Nevertheless, in the absence of any evidence to the
contrary, it is not unreasonable to assume that the form (Eq. 15) applies. We shall assume
that it does, at least approximately.

The return Re of Eq. 10 can now be written

- * AL k Ak
R, = » gty - > pw > el -t (16)
i i k
mk>mi

which is now clearly a function of the set of control variables {’f;} only. Since none of

these variables is constrained by the values of any of the others, the optimum return is

obtained by simply maximizing with respect to each of the variables in turn, keeping the re-
maining variables as parameters.
If we take f\i as the typical intended arrival time to be selected, we may write

(separating those terms not dependent on f\; from those which are):

Y S N z k Aj Ak
Re - g] (ta) p]W ts¢é\a ta)
k

~
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m.1< mj mk> mi

where M is a term representing terms independent of t i. It will be noted that the first two
terms on the right hand side of Eq. 17 are the long term return of the job itself, and the loss
of the job itself due to its own waiting, respectively. The third term represents the effect on
the expected return of all other jobs by the arrival of job j. It is clear that, because of the
priority arrangement, only jobs with lower priorities are so affected (mi < mj).

The third term may be further reduced by first writing it as:

i k AL Ak | IR
Z piW 1:s ¢(ta ta) * ts¢(ta ta)
i k:
mi<mj mk>mi
L k7] i

Then, observing that tJS ;zi(lt\gL - 'E; ) is very small compared to the [ ] bracketed argument, and

finally expanding by taking the first two terms of the Taylor expansion of p,w as an approxi-

mation to it, we obtain

B K i sk, | Fghd A | Y Mok
z piw Z ts ¢(ta - ta) * z pits ¢(ta ta) w ts ¢(ta ta) ’
i: k: i k:
m.1< mj mk> m.1 m.1< mj mk> r.ni
| k#] ] | kAT |

where w' denotes the derivative of w with respect to its argument. Since the first of these

two terms is also independent of %, we may rewrite Eq. 17.

- iy Z k Aj Ak
R, = g(t) - pw toalt, -t,)
k:
mk>m.
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where M' is a term representing terms independent of %aj. .

If each of the expressions of the form of Eq. 17 for each of the jobs is maximized
by the corresponding user's choice of intended arrival time, and if sufficient information
transfer is available that all are maximized simultaneously, then an optimal arrival schedul-
ing policy will have been carried out. It should be noted that the first two terms in Eq. 17
represent factors which would normally be considered by a user in his local optimiiation.

It remains for us to show in the next chapter how the third factor in Eq. 17 can be brought
into play, and how sufficient motivation for the user to attempt maximization of this return

can be developed. The problem of providing close informational coupling between users will

also be discussed.

23



4. CONTROL OF PRICE FOR SYSTEM OPTIMIZATION

One of the principal implications of this economic model for control of computer
use is that the control is exerted solely on the basis of return (utilities and direct costs) of
the user. Thus, the choice of priorities and schedules is independent of the cost of operat-
ing the system.

Since the control of user decisions is to be attained through manipulation of the
prices charged to the user for the service to his job, it follows that prices will be dependent
on the return to the users, and should not be dependent on system costs at all. This fact
should not be surprising since prices in competitive, nonmonopolistic, economic systems
are normally quite independent of costs.

It is the purpose of this chapter to show that a particular pricing system to be
proposed not only controls the use of the shared computer system, but also controls it in an
optimum manner. It was indicated in Chapter 2 that the matters of cost of the operation of
the system are resolved only by considerations of the final profitability of the system when
the total return, not the total collected from users, is contrasted to operating costs.

Control by the use of prices would not be required at all if there were not an
essential difference between the choices or policies which were best for the individual user
and the choices or policies which were best for the enterprise itself. Whenever there is no
conflict between the objectives of users, the individuall user can proceed to solve his decision
problems separately. However, when objectives are in conflict, the optimization of one can
result in a lower degree of attainment for all the others. This condition is known as the con-

dition of suboptimization. The fact of the competition among users for immediate service on

the shared computer results in just such a conflict, so that the choices of priority by indi-
vidual users must be influenced for the common good. Chapter 2 has presented the structure
of what constitutes this "common good, ' while Chapter 3 has developed the optimal policies
for this ""common good. "

The system for establishing prices will now be presented and it will be shown that,
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with rational decisions on the part of the users, this system does result in decisions which
are truly optimum. Later in this chapter, some of the methods by which rational behavior

can be encouraged will be briefly discussed.

4.1 A Pricing System

In order to establish a pricing system we first establish a large number of what
we shall call precedence levels, with each precedence level having a certain price per unit
service time1 associated with it. We shall refer to this price per unit service time as the
price rate, and designate it by the symbol 7. Since price rates are in one-to-one corres-
pondence with precedence levels we shall use this same symbol 7 to designate the precedence
level.

Now, we say that each user has the right to designate for his job any of the possi-
ble precedence levels, provided that he is willing to pay the price which corresponds. More-
over, the system will not initiate service on any job of lower precedence until all jobs of
higher precedence have entered service.

At any given time, there will be a waiting line of jobs formed. Each job will be
tagged by the precedence chosen, or equivalently by the price which the corresponding user
is willing to pay for service. As a result of the queue, and the probabilities that other jobs
will arrive and take a place in the queue at higher precedence than some waiting jobs, an ex-
pected waiting time for each job can be determined.

In particular, on the basis of queueing models and statistical information gathered,
the expected waiting time which a newly arriving job would encounter at each precedence level
could be calculated by the executive system of the computer and transmitted to the consoles.
This information could be presented, perhaps, by a plot of price rate versus expected waiting
time on a display screen of the console. The user could then designate his choice of pre-
cedence on the basis of this information.

Since the expected waiting times would vary with time, the display would, of
course, also vary with time. However, the variation of expected waiting time should not be

more rapid than a few per cent per minute, and this variation would not confuse the user.

1Service time will continue to be defined as it was in Section 3. 4.
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Fig. 5. Illustration of rational price selection by user.

4.2 Satisfaction of the Optimum Queue Scheduling Policy

We shall now show that rational users will select price levels which will auto-
matically schedule jobs according to the McNaughton-Smith Rule, once the jobs have arrived at
the console. This corresponds to the optimum queue scheduling rule determined in Chapter 3.

Figure 5 illustrates what would constitute a rational selection of price by a user.

Since the return for job i has been approximated in Chapter 3 by Eq. 7

r.(t

iaiy, A i
i w’ta) - gl(ta) pltW ’ (7)

the expected return per unit service time of job i can be represented by a linear function of

the expected waiting time LA

i4i A
r.(to,t) g.(t’) .
E{_u_a} =12 E{tl} = K-mw, , (19)
i i w

t tl 11
S S

as illustrated in the figure. Since the user should select his price to maximize the difference

between return and price, his selected price rate should be the one for which the slope of the

price curve is equal to the slope of his return curve.

We say that such a selection will be made, although we recognize that the return

function may have an unfocused image in the mind of the user. Nevertheless, the conscious
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Fig. 6. Illustration of an unstable price condition.

or unconscious balance of urgency and price paid must represent some attempt at carrying
out the above procedure, and the above is a model for it.

It is easy to show that the price rate so derived must be a monotonic decreasing
function of expected waiting time. However, it can also be shown that the derivative of the
price rate will be negative, and a monotonically increasing function of expected waiting time.
This can be shown by showing that a price curve which does not have the monotonic derivative
property is unstable under this pricing system, and tends toward the monotonic condition.

The situation that would occur if the derivative of the price rate were not mono-
tone is illustrated in Fig. 6. Suppose job i has the return rate shown. In that case, the

precedence level corresponding to point A is the one that would be chosen, since it obviously

results in a maximum of the net return to the user. However, there are three points, A, B,
and C on the price rate curve where the slope is the same as that of the return rate curve,

and points B and C would obviously not be chosen for this or any other job. In fact, it can be

argued in this manner that none_of the points between o and 8, which are points of common
tangency on the price curve, would be chosen by any user. The points a and g represent

points of indifference for a job having a slope equal to that of the common tangent.
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If, then, no jobs were to arrive between a and 3, then the queue for jobs in the
precedence levels éorresponding to this interval would gradually be depleted by completions
of service and no new arrivals would replace them. Hence, the waiting time for a job at
point a and one at point 8 would approach equality and the perturbation in the curve would
have shrunk to nothing. In this manner, we can argue that the occurrence of even small non-
monotonic slope regions on the price curve would be quickly eliminated by the avoidance of
such regions by the rational users. 1 As a result, we shall assume that the slope is mono-
tonigally increasing at all points and at all times.

It is now evident that the jobs will be matched with precedence levels correspond-

ing to slopes in the price rate curve equal to their McNaughton ratio. Because of the mono-

tonic property of the slopes, this will always give a job of higher McNaughton ratio a higher
precedence level as well as a higher price rate. Thus, this pricing system results in schedul-
ing jobs according to the optimum queue scheduling policy determined in Chapter 3.

4,3 Satisfaction of the Optimum Arrival Scheduling Policy

Figures 5 and 6 represent only an approximation because, since there are only a
finite number of jobs, there must only be a finite number of precedence levels. Therefore,
what appears to be smooth price curves are actually made up of a large number of tiny steps.
Nevertheless, the slopes of lines drawn connecting the points of the steps must still have the
desired relationships discussed above. For convenience, we are allowing all prices to be
possible, and associating each job of the finite set with a distinct price.

If one takes the price of the job with the lowest McNaughton ratio as zero, then
the expected price rate of any job can be represented as the sum of the McNaughton ratio (the
slope of price rate) multiplied by the increment of expected waiting time for all jobs of lower

priority. Thus

We assume at this point that the reaction of users to the nonmonotonic slope is not so vio-
lent as to cause a new non-monotonic region on the curve. Such a reaction might result in

a completely unstable response of the system, but could be eliminated (at some loss in
return) by either not allowing the price curve to reflect very fast variations in arrivals, or
restricting the user's freedom to change his mind once he has designated his priority. How-

ever, because of the expected slowness and diversity of user reactions, this difficulty is
not anticipated.
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is the expression for the expected price rate of job j. If we multiply this price rate by the

N
th

CoA
service time of job j, we get the expected price of job j. In addition, we note that ts1 ¢(ti -t

is very small compared to the summation in the argument of w in Eq. 20. Hence, the differ-
ence of expected waiting times in Eq. 20 cam be represented by the first nonzero term of a

Taylor series expansion. Then the expected price paid for the service of job j can be written

approximately
k N Xk
1 -
E { Z mtdtl i - th) w > il -8 (21)
k
mi<m]. mk>mi

where w' denotes the derivative of w.

On the other hand, the expected return as expressed in Eq. 18 was
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where the equivalent expression mitsl has been used in place of P, But the expected net
return for job j as viewed by the user is the first two terms of Eq. 22 (representing his gen-
eral return less his loss due to waiting) minus the price he must pay for service. This net

personal return can be written
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The expression

k Aj Ak
z ts ¢(ta ta)
k
mk> m,
represents an arrival rate of jobs for service at higher priority than job i. By an argument

essentially the same as that used is Section 3. 2, we can argue that this expression is a slowly
varying function of 1/;\ i. In particular, there will be very little change in the expression as {c\ i
varies over intervals of the order of several standard deviations of the distribution ¢. Thus,
the bracketed [ ] quantities in the second and third terms of Eq. 23 are approximately equal
provided that fc\; is within the order of several standard deviations of % i. However, if these

two intended arrival times differ by more than several standard deviations then the quantities

A AL .
#(t® -t ) will be very small.
a a
We then conclude that the two summations in Eq. 23 are essentially equal to one

another, and hence

RI=R -M'. (24)
p e

Since M' is not a function of the intended arrival time of job j,then a choice of this intended
arrival time to maximize the personal return as viewed by the user for job j actually results
in a maximization of the global return Re' Hence, the proposed pricing system will satisfy

the optimum arrival scheduling policy described in Chapter 3.
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4.4 Information for Users

In order that the maximization of Eq. 24 represent a global optimum selection of
the set of intended arrival times, all individual decisions must simultaneously reflect the
individual decisions of the other users. For this reason, it is vitally important that the
users be given up-to-date and accurate estimates of the expected waiting times and corres-
ponding prices for all hours of the day. These estimates can be based upon past performance,

existing queues, existence of holidays and other such factors, and projections using queueing

models. The precise methods by which these estimates would be determined are critically
dependent upon system specif'ics and specific job mix characteristics, and hence require
special study for each system. In any event, it is beyond the scope of this report to do more
than simply observe that there are many statistical tools available for the purpose.

Besides providing up-to-date estimates, they should be in a clear graphical form
which will be easy for the user to evaluate. They should not cause appreciable delay to the
user, since that would represent a degradation of service.

One way to make the assimilation of predictions more convenient to the user
would be to allow the user to designate a priority which suits him at present, and the system

would then present prices and waiting times as a function of time which correspond to the

same McNaughton ratio as the one chosen. In this way, he could obtain a plot on the screen

of his console showing price and waiting time versus time of the day for his self-specified
priority.

Finally, it should be noted that provision for only a fairly small number of pri-
ority levels should not significantly degrade the efficiency of the chosen pricing system. For
example, one could divide the range of all likely McNaughton ratios into a fixed number of
intérvals (say ten), and then automatically project from an arbitrarily low price rate for the
lowest interval a slope equal to the McNaughton ratio at the upper boundary of the interval,

allow this slope to stand until the waiting time of the next higher interval is encountered, and

proceed similarly as in Fig. 7.
It is seen that users will choose a priority level corresponding to a point which is
between the two line segments whose slopes bracket the McNaughton ratio of the job. The

matching, of course, automatically prepares and displays the price rate curve, 'as before.

31



price
rate

L ] ] 1
Expected waiting time

Fig. 7. A discrete price rate curve.

While the mathematical analysis for a discrete system such as this is less
straightforward than that presented in the previous section, it will nevertheless represent
an approximation to the optimization of the shared multiple console data processing system
if the number of priority levels is chosen reasonably.

4.5 Correcting for Subjective Utilities of Users

The last remaining problem is that of providing proper motivation of the user
toward assuming the correct utility for his job. It is obvious that different people will evalu-
ate the utilities of their work in different manners, some more conservatively than others.
The utilities and returns which have been used in the development of the conclusions of this
report are what would be termed the ""objective' utilities. That is, they are utilities and
returns as they would be evaluated by an objective second party or authority. On the other
hand, unless something is done the users will be making their choices and decisions on the
basis of what might be termed the "subjective' utilities and returns.

In addition to the subjectivity, there may be a problem of sufficient motivation
of the user toward maximizing the return of his work. Although the purpose of this report is

to reduce the number of decisions to be made by supervisory personnel to tolerable limits,
it is in this broad realm of the motivation of the user where administrative capability must

come into play. Motivation is, as always, principally an administrative problem. It can be
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influenced primarily by such things as personal encouragement, incentive plans, and perhaps
even by mild threats!
Similar techniques can be used to enhance objectivity, but it appears that the

principal and most useful technique might here be one of compensating for it elsewhere. For

example, different prices might be presented to different operators (which can be quite
feasible in a computer system if the user identifies himself to the computer upon arrival).
Similarly a fixing of the budget or allotment to an individual, to a project, or both, can have
the same effect. Either procedure gives control of major decisions concerning allocation
and value to supervisory personnel, but will not require frequent decisions concerning the
detailed division of labor and resource for the completion of the projects.

Such a realm of decision and control is distinctly possible as well as desirable in

a computer based enterprise.

4.6 Conclusions

It has been shown by an intricate but necessary argument, that by displaying
expected waiting times to the console user as a function of price and by allowing operators to
select their price within only broad influences by administration, a good approximation to
optimum utility of the multiple-console shared computer system can be obtained.

It should be noted that the optimality is essentially independent of the structure
and equipment complement of the system, provided the system is big enough for the engineer-
ing approximations utilized throughout the report to apply. The principal one of these approx-
imations requires that a large number of jobs be serviced in the time interval of the uncertainty of
user arrivals. Note that the optimum total return is not independent of the structure or
equipment complement, but that the manner of obtaining the optimum return is.

In implementing this system, some of the philosophical attitudes held by the ad-
ministration toward budgeting may require some change. We have noted that budgets are one
means of exercising broad control over users' subjective evaluation of the value to apply to
their work. To the extent that this is done, systematic pressures by users may be introduced
which detract from uses of the budget by the administration for such purposes as projection of
expenditure. This disadvantage is minor, since experience will indicate how to compensate

for it.
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Secondly, since the receipts of the computer facility from user payments has
little relation to the return of the computer to the enterprise, a budget for the computer must
be allowed to account for the differences between costs and receipts. Of course, this budget
should not exceed the total return of the computer to the enterprise minus the receipts.

Unfortunately, if irrational rules of procedure, or rules forced by purely admin-
istration considerations preclude adjustment of price in the manner described, then the
optimum utility for the shared system cannot be attained. For example, this might occur if
auditors require charges for service to be based on operating costs. In our view the "free
market" pricing system proposed is, in fact, also the fairest one which can be used, and such
arbitrary requirements are unreasonable.

Finally, the economic considerations in the sharing of a multiple-console com-
puter system by several enterprises whose utilities for service cannot be fairly and directly
compared, may or may not be optimized by this procedure. This service bureau type appli-
cation, however, is probably very nearly optimized in some sense by this "free market"

pricing system.
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