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ABSTRACT

Mathematical analyses of multisection coaxial cavities (both
in-line and re-entrant types) using a digital computer predict the
possibility of shifting one of the spurious resonant frequencies (pre-
sent in all coaxial cavities) to a desired frequency, thus allowing
one cavity to do the work of two. "Fringing capacitance' at the con-
ductor discontinuities is taken into account in the analysis by means
of equations fitted to curves given in the references. The specific
problem solved is the design of cavities to resonate a terminating
capacitance (e.g., tube capacitance, 'varactor" capacitance) at two
harmonically-related frequencies, with the additional requirement
that the two frequencies remain very nearly in the desired ratio
despite wide variations (two-to-one or more) in the magnitude of the
terminating capacitance. As one obvious application, a cavity
meeting these requirements would make possible an inherently-
aligned single-cavity frequency multiplier.

Computer flow charts and curves based on the computed
results for specific cases are presented. Experimental cavities
constructed according to the predicted designs have exhibited
performance which is in very close agreement with the analysis,
thus verifying both the validity of the method of analysis and the
feasibility of the desired result.

Application of the same techniques to other and more gener-
al problems (e. g., single-cavity mixers, voltage-tunable filters)
are suggested.






1. INTRODUCTION

In the UHF frequency range, coaxial cavities are widely used as resonant ele-
ments because they provide excellent performance and lend themselves to straightforward
design, production, and tuning methods. Disadvantages include the spurious resonant modes
frequently encountered, and the excessive size, weight, and complexity of the multiple-cavity
circuits needed for all except the simplest applications. Thus, the paradoxical situation
exists that coaxial cavities have extra (and usually unwanted) resonant frequencies, but that
in a typical application a number of cavities must be used in order to obtain resonance at the
desired set of frequencies.

This memorandum considers the use of multiple-section cavities to shift a
spurious resonant mode to a desired frequency, so that one cavity can do the work of two.
The specific problem considered in detail is the synthesis of cavities which resonate at two
harmonically-related frequencies such that the resonant frequency ratio is insensitive to
variations in the terminating capacitance (i. e., the desired frequency ratio is maintained
within close limits in spite of wide variations in the terminating capacitance). Insensitivity
to capacitance variation eliminates the need for selection or tuning of cavities to match in-
dividual tubes or allows the use of such cavities with time-varying capacitances.

A digital computer was used to obtain solutions to the system of simultaneous
transcendental equations which result from the assumed mathematical model and the imposed

conditions.



2. DISCUSSION

A uniform lossless coaxial cavity of length L and characteristic impedance Z0 ,

short-circuited at one end and with a capacitance C connected across the other end, resonates
at an infinite number of frequencies f, each of which satisfies the following transcendental
equation (neglecting end effects):

1

2—“6 = ZO tan 2nf

o

) (1)

where ¢ is the velocity of propagation of electromagnetic radiation in the line under considera-
tion. In general, these frequencies are not harmonically related.

In certain applications (e.g., frequency multipliers, mixers) it is desirable to
have a single cavity resonate a terminating capacitance (e. g., tube capacitance, diode capa-
citance) at two harmonically-related frequencies. (Cavities having this property will be said
to satisfy the dual-resonance condition.) A uniform section of coaxial line will not, in gener-

al, satisfy the dual-resonance condition.

It is shown below that coaxial cavities of the types depicted in Fig. 1 will pro-
duce the desired results. Consider first the in-line type [Fig. 1(a)], with lengths LA and
LB’ diameters dl’ 9 and d3, characteristic impedances1 ZA and ZB’ terminating capaci-
tance C, and fringing capacitance CF’ 2 and assume that the conductors have infinite conduc-
tivity. This cavity configuration permits the independent choice of five parameters:

dl’ d2’ d3, LA’ and LB' (CF is not independent, but depends on the cavity dimensions [1,2].)

Thus, it may be possible to satisfy as many as five independent design conditions. A few of

1Unless otherwise stated air dielectric is assumed.

"Fringing capacitance" is a convenient device for representing the effect of the discontinuity
in the center conductor. Whinnery, Jamieson, and Robbins have shown in Ref. 1 and Ref. 2
that the types of discontinuities considered in this memorandum can be accurately repre-
sentgd by one or more lumped frequency-independent capacitances, with the usual trans-
mission-line equations applying to both sides of the capacitances. Further discussion of
"fringing capacitances" and their effects is included elsewhere in this memorandum.



Fig. 1. Cavity configurations: (a) in-line; (b) external re-
entrant; and (c) internal re-entrant.

the many conditions which might be of interest in particular applications are as follows:

f)

Synthesize for a specified ZA

Synthesize for a specified ZB

Synthesize for specified diameters

Minimize overall cavity length, L At LB

Synthesize so that the resonant frequencies shift as little as
possible over a range of values of terminating capacitance.
Synthesize so that the n-to-one frequency relationship resulting
from the satisfaction of the dual-resonance condition is main-
tained within close limits over a range of values of terminating

capacitance, instead of only at one value of capacitance.

A cavity design which satisfied condition f) would be particularly desirable in

applications where the terminating capacitance changes with time or where production or

cost requirements preclude the tuning or matching of particular cavities to particular tubes.

Attention is therefore directed toward cavity designs which satisfy the dual-resonance condi-

tion and condition f).



3. ANALYSIS OF IN-LINE CAVITY

Applying the transmission line equations to the section nearest the short circuit
[see Fig. 1(a)], combining the resulting impedance with CF , and applying the transmission
line equations again, results in an expression for the cavity impedance Z(f), as seen from

the open end, as follows:

27 27 2 2m
20) = iz ZAtan? fLA + ZBtan FfLB - 27rfCFZAZBtan C fLAtan C fLB -
B _ 2r o _ 2m
ZB ZAtan—c— fLAtan = fLB ZﬁCFZAZBtan < fLA
The condition that C be resonated at frequency f by Z(f) is
. 1
j2rfC + 70 - 0 (3)

Assume that there exists a pair of solutions to (3), f = fl(C) and f = fZ(C)' Ideally, f2 should
equal nfl for all values of C. This is not possible, in general, but can be approximated over

a limited range of C near C0 if Z(f) is chosen so that

£(C) = nf,(C ) (4)
and
df.(C) df. (C)
2 1
- (5
< o ' —4C c )
(6] (o]

These conditions will now be rewritten in a more usable form: Substitution of Eq. 3 into

Eq. 4 yields

Z[£,(C )] = n Z[t,(C )] (6)



as an equivalent to Eq. 4. Differentiating Eq. 3 with respect to C and solving for g% yields
da -j2nf
ac - 3Z(0) (1)
. of
27C -
: Z2(0)
Substituting this into Eq. 5 and using Egs. 4 and 6 allows Eq. 5 to be rewritten as
agf(f) - p? aaZf(f) ) (8)
f=f1(Co) f=nf1(C0)

Thus, the satisfaction of Eq. 3 atf = fl(Co), and of Eqs. 6 and 8, is sufficient to guarantee
that Z(f) satisfies both the dual-resonance condition and condition f) at C = Co . Application

of these equations to the impedance function given by Eq. 2 yields

tan9A+rtan ()B-KtaneAtanB
r—tan@AtanB

B
- Ktan 6 )

B A .
(from Eq. 3)

X =

tan 9A+rtan OB-KtanGAtan 9B tann0A+rtann6B-KntannGAtannB

=n
r-tanf)Atané)B—KtanBA r—tannGAtannG

B
- (10)
Kn tan nBA

(from Eq. 6)

B

2 2 2
r6A+r 9B+(r9A+9B)tan 9A+Ktan 9A(1+9BK)-2r9 Ktan @

B A

2
cos é)B(r - tan GA tan 6 Ktan 8

B A

, r0A+r26B+(r9A+GB)tanznf)A+Ktan2n9A(1+n29 K) - 2rn6 K tan né

n 2 B : B A 1y
8 -t 6 0 -
cos“n B(r an nf , tan nf 5 - Kn tan n(-)A) (trom Eq, 8)
1 Z
A A “B A 27
where X = 2nf1COZB, r = —ZX, Op = T flLA’

np
)
=

A
6y = fLg, andK £ 2nf CoZ.



3.1 Simplified Model, Neglecting Fringing Capacitance

The complexity of Eqs. 9, 10, and 11 prevents an easy determination of the
ranges of the variables over which solutions are possible, if indeed any solutions exist at all.
Most of the difficulty arises due to the complex inter-relationship of CF and the cavity dimen-
sions. Since in the applications contemplated in this memorandum CF is usually not large
compared to C, CF will be neglected in the initial approach to the problem. Neglect of CF
implies that K = 0 in Eqs. 9, 10, and 11. Since X can be made to take on any positive value
by proper choice of ZB , the problem reduces to finding values of 6 A’ 6 B’ and r such that
Egs. 10 and 11 are simultaneously satisfied and such that the right-hand side of Eq. 9 is
positive.

Solution of even this simplified problem in terms of known functions is for
practical purposes not possible, but solution by numerical methods is not difficult. Figure 2
shows part of the solution to this problem in terms of the quantities r, X, 6 A’ and BB for the
case n = 2. Choice of a particular value for any one of the quantities, r, X, GA or GB im-
mediately determines the other three. But since r and X depend on ratios of diameters, one
degree of freedom still remains. That is, one of the three diameters can be chosen arbi-
trarily, after which the other two diameters can be determined from the definitions of r and

X using the known values of fl, Co’ r, and X, and the formulae

d Z

3 -1%A
T - lg, g (12)
2
and
d Z
3 -1%B
a "% w0 (13)

3.2 Effect of Fringing Capacitance

Analysis of the original model (hereafter referred to as the fringing capacitance
model) is considerably more complicated than that of the simplified model. Also, because
CF depends on actual diameters, rather than ratios of diameters, solutions must be tabulated

as a function of two parameters rather than only one, as was the case above. (See Fig. 2.)
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Fig. 2. Solutions for in-line cavity for n = 2,
neglecting fringing capacitance.

To solve this problem, a digital computer was programmed 3 to find solutions to
Eq. 10 for n = 2 for specified values of Co’ fl’ dl’ and d3, and for a series of values of d2 .
Figure 3 shows the flow chart for this computer program, from which it can be seen that, for
each value of dz, the computer finds the values of 6 A and 9B (if they fall within the specified

range) for which the desired capacitance is resonated at both the fundamental and the harmonic

frequencies (i. e., at which Eqs. 9 and 10 are satisfied). The computer also calculates and

prints out the value of each side of Eq. 11 for each solution, thus allowing the cavity designer
to pick (by interpolation) the one value of d2 and the corresponding values of 0 A and 9B which

also satisfy Eq. 11.

The computer determined the value of Cf in each case from equations which were fitted to
the curves given in Refs. 1and 2. If a particular application requires more accurate cal-

culation of Cr than is possible by this method, then the complete procedure given in these
references could be used.
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Fig. 3. Computer flow chart for in-line cavity computations.



DEFINITIONS and FUNCTIONS: (MKS units)

Xp 2 Left side of Ea. 10, 64Xy 2 Let side of Eq. 11

Xy 2 Right side of Eq. 10, 8%y 2 Right side of Eq. 11

F(a,7) = 7dy x 10719, 334 02~ . 410 ¢ + . 1372 + . 00285 7) (fitted to curves of [1,2])
| eterm s _

FZ(TB) = r(X—TB)/[TB(X + K/X) + K + 1] (determines TA = tan HA so that XF = X)

determines Xy, using Eq. 10
and trigonometric identities

2 _ /
T T 4_A(1T )+rT(1T ?) 4KTATB/X
3ATE T

r(1-T,* J(1-Tg’)-4T ,[Tp+K(1-T , Tp)/X]

FTon T, X0, X)) = [Toa(X-X) + To(X-X )] (X,;-X;,,) (interpolates to find value of
4'"B0’ "B’ HO’"H BO*H B HO H “HO Tp where XH‘—'X)

F5(0 a1 9 Tap Ty

2 2~r2 2 2 2
A' rXx? (1+TA )+9 r 2x +TA X -2rkKX TAi+K TAi )+KX TAi
trig. identities

from Eq. 11 &)

2
cos’® 9}31 [rX-TAi TBiX-KTAi]

Fe6 a0 01 Tai Ty

2 242 204 242 2y2 2 2
) 0 53 T (14T 5 2)%+0  [TX (1-T, *)*+4 T, PX? -8 rKX T, (1-T , *)+16K*T , *]+4KX T ,
= Bi
{(-Tg ) [r(1-T, *)X-4K T, ] - 4TAiTBiX}
from Eq. 11 &
trig. identities
INSTRUCTIONS:
® input data: f,, Cy, 4, d, ., Ad, d max’ 93 Opmins B0 O
T = dy/d; 2 = 60 log, (d/d,); X =1/ (@rt, Cy Zp).
= -dV(d.-d ) _ _
© @ (dg-d.)/(dg-d)); Z, = 60 log e (dg/dy)ir = 25/2 . C = F (a,7).
K = Cp/Coi Tpo = tan 8 i Tag = Fy (Tg)i Xpgg = Fg (T,0, Tpo)-

i

® Tg = tan 6T, = F, (Tp); Xy = F, (T,, Tp)-

@ {XHO + XH - ZXI s lXHO - XH} (curve intersection criterion)

® 0, - Tan'l(TAo) = Tan (TA) Tgi = Fy (Tgor Th Xygr Xpph
Tai = FolTp)i X = Fy(Tpy Ty HAi - T‘”‘_l(TAi)‘ Pps = Tan (Tp)
L, = 2.998 x 108 6 5/21 Ly = 2.998 x 108 6 i/ 278 5
AXp = FolOpp Opp Tap Tpy)i 0Ky = Fylo Tair Tgi)-
© output data: 40 9ai’ o Lar Opo Yy O Ly, Zy, Zg, 1, Cp, dy,

Xuor Xy, Xpp ¥» OXp, 8%y

BB = Bmax

®
@ ¢ =z dyp,,
©)

o = Xw Tpp = Tpy Ty = T

[N

A
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Fig. 4. Plot of typical computer output for in-line cavity,
based on the fringing capacitance model.

The program was written in the MAD language, and included statements (not
shown in Fig. 3) which provide for headings, output data format, overflow prevention, etc.
Compilation of the program on an IBM 709 computer required 0. 42 minute. Execution time
varied with the ranges and increments of 6 B and d2 . A typical run, using 61 values of § B
and 25 values of d

9 required 0. 54 minute on the IBM 709. Figure 4 is a plot of the computer

output for the particular casen =2, f =775 Mc, C = 1. 75 pf, d1 = (. 3414 inch, and d, = 0.936

3

inch. Arrows indicate the required values of HA, 0 B’ and d2 .

10



CAVITY SIZE DETERMINED FROM SIMPLIFIED MODEL

CAVITY SIZE DETERMINED FROM
/ FRINGING CAPACITANCE MODEL
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Fig. 5. Comparison of results from simplified
model and fringing capacitance model.

To satisfy one (or two) conditions in addition to the dual-resonance condition
and condition f), a series of solutions for various values of d1 and d3 could be obtained from

which the desired solutions (or solution) could be selected.

3.3 Comparison of Results for Simplified Model with Results for Complete Model

To get some estimate of the error introduced by the neglect of fringing capaci-
tance, a comparison was made for the particular case covered by Fig. 4. Figure 2 was used
to determine the corresponding solution of the simplified problem for the same values of d1
and d3 (i.e., ZB = 60. 5136 ohms), and for C, =1 75 pf, and f1 =775 Mc (which result in
X =1.939). The arrows on Fig. 2 indicate the resultant values of ()A, 6 B’ and r. Figure 5
shows how the two results compare, The conclusion that can be drawn, in this case at least,
is that, while the simplified model can be used to determine rather closely the ranges of d2,
6 A’ and 6 g over which solutions based on the fringing capacitance model can be expected, it

is not sufficiently accurate to be used as a basis for actual cavity construction.

11



4, ANALYSES OF RE-ENTRANT CAVITIES

A major portion of the overall length of the cavity shown in Fig. 5 is taken up
by the low-impedance section of coaxial line. Further study shows this to be generally true
of the in-line type of cavity. The re-entrant designs shown in Fig. 1(b) and 1(c) make possi-
ble a considerable saving in both length and volume. Another advantage of the re-entrant de-
signs is that, since these cavities have seven parameters (i.e., dl’ d2’ d3, d, LA’ LB’ and
LC), it may be possible to satisfy seven design conditions, as opposed to the five conditions
that were possible with the in-line type. The useofa dielectricother than air in the re-entrant

section4 adds an additional parameter to the system, bringing the total to eight.

The analyses of the re-entrant configurations are orders of magnitude more

difficult than that of the in-line configuration, due to the additional parameters and also due

to the fact that three fringing capactiances, CA, CB’ and CC’ located as shown in Figs. 1(b)

and 1(c), must be taken into account [1,2].

The expression for Z(f) in this case is

(A + Btan HA)(cot BC - 2ﬂfCCZC) - ABZ

Z(f) = jz
C (A +Btan GA)(l + 27rfCCZCcot9C) + ABZ

C
cotf (14)

C C

A A A 27
where A = (211fCAZA tan 6, - 1)/ZA, B = (ZﬂfCBZB - cot QB)/ZB, 0, = ?fLA’
9 é 27 fL € J 9 27 fI. . Here ¢ is the relative dielectric constant of the ma-
B c B r’ ¢ ¢ c r

terial in the re-entrant line.
Digital computer programs were written to analyze both the external and the in-

ternal re-entrant configurations for the case n = 2. These programs differed only in the ex-

4If, as in the in-line case, the low-impedance section turned out to be longer than the high-
impedance section, the internal re-entrant configuration could not be used in many cases,
since the center conductor would not be long enough to accomodate the desired length of re-
entrant line. A dielectric allows the effective length of the re-entrant line to be increased.

12



pressions used to calculate the characteristic impedances and the fringing capacitances. So
that program complexity and computing time could be kept within bounds, the programs work

with only four parameters: d2, LA’ LB’ and Lc' The other parameters, d., d

d, and €

1, 3,

as well as fl’ are constant for each set of computation.

Figure 6 shows the flow chart for this computer program. Here, for each value
of dz, LB’ and Lc’ the computer seeks (in progressively smaller LA—intervals, and then by
interpolation) a value of LA within the specified range which gives

ct,) = cat,) (15)

N
where C(f)is the capacitance resonated by the cavity at frequency f. [The function C(f) is ob-
tained in this case by substituting Eq. 14 into Eq. 3 and solving for C.] If and when a value of

LA which causes Eq. 15 to be satisfied is found, the computer prints out LA, LB’ Lc’ dz,

and C. Also printed out are approximations to the reciprocals of the derivatives of Eq. 5,

obtained as follows:

2[C(2f1) - C(1.998 fl)] dqc C(fl) - C(. 999f1) (16)
~ . ~ 1

1 2f, - 1.998 1, T, I -.9991,

[\
2

As before, it is left to the program user to determine (by a double interpolation) the values of

. . . . - dC dC
d2, LA’ LB’ and LC at which Eq. 5 is satisfied, i.e., at which 2 T fo2t, = i bty
Fringing capacitances CA’ CB’ and CC are computed from equations fitted to the curves of

[1,2]. The specified values of LA’ LB, LC’ and d, need not be equally spaced.

2

The program was written in the MAD language, and included statements (not
shown in Fig. 6) which provided for headings, output data format, overflow prevention, etc.
Compilation of the program on an IBM 7090 required 0. 76 minute. Execution time varied

with the number of values of LA, LB’ Lc, and d2 chosen. A typical run, using 31 values of

LA’ 5 of LB’ 5 of Lc’ and 6 of d2’ required 0. 81 minute on the IBM 7090.
Figure T presents the results for the external re-entrant cavity for the special

casen = 2, f1 = 500 Mc, d, =.28125 inch, d, = 1.436 inches, d =.01 inch, and €. = 1. 00.

1 3
This figure can be applied to the design of particular cavities by choosing the capacitance

that is to be resonated and a value for one other parameter (LA, LB’ LC, or dz), and then

13
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Fig. 6, Computer flow chart for external re-entrant

cavity computations.
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DEFINITIONS and FUNCTIONS: (MKS units)

CF = capacitance resonated by cavity at fundamental frequency

CH = capacitance resonated by cavity at harmonic frequency

PR = proximity factor for fringing capacitances

YC (GA +G T_A)(”" CC CTC + YC) + CTC GAG

Fllw, TA’ CTB' CTC] = - = T‘;) Y. CT.-oC _—C»-Cg‘» , where

B
w  (Gy+ Gy c T ¢~ Ca

GA = wCATA—YA, andGB = wCB—YBCTB.

INSTRUCTIONS: (parentheses indicate integer indices)

INPUT DATA: f, €, d;, dg, d, P, Q L,(0), ..., L,(P-Q), Ny, Lg(0), ..., L

Ni, Lo(0), .o,y LC(NC), N, d2(0), ooy dy(Np)

- - 8 _an/ld. - 1/ -
@ t=dg/d;, K, =2a(,/2.998 x 10°, K, = 41/(dy-d ), Y, = 1/(60 log,7)

2

"

W o= 27, X = 2W, Y = .999W, Z = 2Y, Al = .001{,, E = Ve, Ky = K,

3 1
K, = 7(.375 7% - 4.8629 7 + 16.213) x 10712, Ay = -.050019 77 +.590242 7 - .972512,
Kp = n(-.01278 7% +.19363 7 - . 19864) x 10‘12, Ap = . 57368 7 +7.83883 7 - 25.85208
Ko = n(.099911 7% - 1.465289 7 + 7.990667) x 10712, Ag = .00334 7% - 05993 7 +. 30615

KZLA(i)_l

Tay() = tan K, L, (i); T, () = 2T, (i)/]1 - TAlz(i)]; PR(i) = 1+2/(e )

© CTgy(i) = cot Ky Ly(i); CTp,(i) = %[ CTq (1) - 1/CTg ()] ; CTga(i) = cot.999 Ky Lfi);

pall) = 3[CTgy(i) - 1/CTp ()]

® CTg,() = cot Ky Lli); CToy(i) = 3 [CTe (1) - 1/CTg,0)]

CTey(i) = cot 999 K L(i); CT (1) = %[CTC3(1) - 1/CT 4]

® Yp = E/[60 log (dy/(dy(i) + 2d)}; Y = 1/[60 log (dp(i)/d )]s v = d)/[dy(i) + q]

Cyp = "dy Ky (A, +1)(r-1/7)(1- r)/r?; Ce ch

C'B = d3 KB [-AB + 7/(r7-1)] [1. 1881 - . 008 7 - (18.81 - . 87) {r - . 4)?]

= d3 Kc(r -1/7)/(r - A

® ¢, = PRIOIC); Cy = PROICY; Co = PR(O)Cy; Cpy = Fy[W, T, (0),CTp (), CT, (K]

Chp= FifX,Typ(0), CTRy(i), CToy(k)];Cy = PR(P-Q)C); C

H1 = PR(P- Q)Cy;

B

CC = PR(P- Q)C'C

Cpp= FylW,Tpy(P-Q), CTy (i), CTq ()]s Cyy = Fy(X, T, ,(P-Q), CTpo(i), CT oK)

© PRINT Ly, Lok), Cpy Cyps Cpgy Char Cas Cps Co

N . _ _ intersection
® |Cpy*Cra - Chy - Cag <[Cr1 - Cr2 ” Cmi * Cuz|  oriterion

® ¢, = PRUIC, Cp = PR(4)Cf, Ci = PR(£)CY,
Cpy = Fy[W, Ty (0), CT (i), CTg (k)] Cyy = Fy[X,Ty,(0), CTp,(i), CT( (k)]

= PR(m)CA, C, = PR(m)C’B, C, = PR(m)Cb

Ca B c
Cpy = F4[W,T, (m), CTo (), CTG (K] Cpy = Fy[X,Typ(m), CTy(0), CTe,(h)]

v (inter-
® Ly = Lym-1)+ [Ly(m) - Ly(m-1] (Cyy = Cp)/(Cpy - Cy = Cyy + Cppp) poration)

- . = - 2y, = . = - 2
Tyg = tan K Ly Ty o= 2T, o/(1-T, .°); Tpq =tan .999 K Ly; Ty o = 2T, o/(1-T 4o *)
PR' = 1+2/(e -1, Cg = Fy[W, T,,, CTg, (), CT, (k)]

g = FlX Ty CTpyli). CTy(K)], Cg = Fy[Y, T,y CTpali), CTC3(k)]

C]j[' = F1|Z,TA8, CTB4(j), CTC4(k)]; ACy = (C'F - C'I;,)/Ai; ACH = (Ci{ - C‘l:[)/Af

® PRINT Ly(m-1), Ly, Ly(m), Coy, Cp, Coy, Cppyy Chy © aCg, ac

F’ “F2’ "HI’ "H’ “H2’ H

15



28
7 I/ /|

7 ° e o I/"
‘;:J 2,7 A 7~ & //O 7 Z
S L Pz S s
- 2.6~ 7 /’ / ”
o “Feso Ve - -~ i
. 885 % 895 “ 1900
2.5
n=2 ,f = S00Mc , €, = 1,000
< d,=.28125in, d3=1.436in, d =.0lin
PARAMETER*= dy,in
1.9 ]'
- | 8 \ 0\ 0\\ OX
a AN AN \ N
o 17 AN N < \\ \‘\
\o N\ \o AN
1.6 N O N N N
.880 885 890 1895 900
> 605 900
026 56 .9 ” 7
" 885 801 /1
7 v /
w .880 o” /
T .025 > / /O
o . |l v
z 4 o o/’ /
&.024 L i L~ v 4
S o1 A /o/ /
.023 T £ L
DOTS = COMPUTER POINTS
022 DASHED LINES=EXTRAPOLATIONS
250 250 270

Lg .INCHES

Fig. 7. Plot of typical computer results for the external
re-entrant cavity model.

reading from the figure the values for the remaining parameters. As before, additional con-

ditions cculd perhaps be satisfied by other choices of d,, d,, d, and €L

1773
The limited ranges of the parameters shown in this figure do not imply that no solutions exist

outside of these ranges. However, in every special case that was investigated, the ranges

were severely limited, (particularly the range of d2)° Usually one or more exploratory com-
puter runs had to be made before the problem could be narrowed down to the ranges in which
solutions were possible.

In this connection it should also be noted that all the examples considered in this

memorandum involve standing-wave patterns analogous to a quarter-wave mode for the funda-
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mental frequency and a three-quarter wave mode for the second harmonic. Other mode com-
binations are possible but were not considered here because minimum over-all length was

desired.

The internal re-entrant model was investigated for the special case n = 2, fl
600 Mc, € = 2. 10 (Teflon), d; =- 28125 in., dg = .936 in., and d = .01 in. Some solutions
which satisfied both conditions were found, but all of them involved either small values of C
or values of LB larger than L C (a physically-unrealizable configuration in most practical
applications, as inspection of Fig. 1(c) will reveal). Trends observed inthe computer output
indicated that, in this case at least, a larger value of € ¢ might yield more practical results.
Further investigation of the internal re-entrant model was not carried out, however, because

it was assumed that the validity of the approach and the approximations used could be ade-

quately tested on the basis of results for the other two cavity types.
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5. APPLICATION TO CAVITY DESIGN

Actual coaxial cavities typically depart from the models described above in two
important respects:

a) some losses are present, and

b) the simple open-end construction shown in Fig. 1 is usually

not used.

Losses are present due to the finite conductivity of the conductors, the external
loading, and the shunt conductance of the terminating device (vacuum tube, "varactor," etc.).
When these losses are reasonably small, however, they principally affect the Q of the cavity
and have only minor effect on the resonant frequencies. Thus the models used here can be
expected to give a reasonable approximation to the performance of well-designed and well-
constructed cavities in many applications.

The conditions at the open end of actual cavities can also be fitted to the model,
in many cases. A typical UHF vacuum tube, such as the one shown in Fig. 5, has anything
but a constant conductor diameter inside the tube. Pencil triodes even have a re-entrant
section inside the tube, since the grid is coaxial with the hollow plate conductor. It has been
shown [1, 2], however, that if the cavity outside diameter is large compared to these internal
conductor diameters of the tube, the fringing capacitances are small. Furthermore, the
many individual fringing capacitances typically present (due to the many changes in diameter
and dielectric constant in and near the tube) are typically located within a region the dimen-
sions of which are small compared to a wavelength, so that they can often be well approxi-
mated by a single fringing capacitance at a properly chosen location. 5 Note also that, be-
cause of the satisfaction of condition f), the operation of the cavity will be insensitive to the
small variation of the equivalent capacitance with frequency that does exist. Thus, it appears

that the models considered here may be useful for the design of actual coaxial cavities.

5The equivalent capacitance can be determined with the methods of Refs. 1 and 2, or by direct

experiment. Experiments performed with a 5893 pencil triode in a simple cavity (1" outer
conductor, 5/16" inner conductor) gave a value of C which was constant within 5% over the
range investigated, 600 to 1400 Mc. Corresponding results can be expected for other devices
and frequencies, as long as the wavelength is not too short.
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6. EXPERIMENTAL RESULTS

To test the validity of the previously mentioned analyses, experimental cavities
were constructed and tested. The lengths of the cavities were made adjustable, so that di-

mensions near as well as at the design dimensions could be evaluated.

Figure 8 shows the experimental results for an in-line cavity with d; =. 3414in.,

1
d2 =,703 in., and d3 =.936 in., which is the case discussed in Section 3. 2 and shown in Fig.

5 (solid lines). Figure 8(a) reveals that the desired result can indeed be achieved, and at di-

mensions very close to the calculated dimensions. The pairs of curves in Fig. 8(b) show the
effects of variations in the length dimensions away from the optimum values. It is apparent

from these curves that, for small variations at least, the low-frequency curves are less sen-

sitive to dimensional changes than the high-frequency curves, and that changes in LB are more
critical than changes in L A The lowest pair of curves is included to show that dimensions
which deviate significantly from the calculated values produce greatly inferior results, and
hence that the obtaining of the desired behavior is indeed neither a coincidence nor an inherent
property of all such cavities.

The experimental external re-entrant cavity model was built to conform as
closely as was practical6 to the special case covered by Fig. 7. Lengths LA’ LB’ and LC
[see Fig. 1(b)] were adjustable. In this case, because there are three variables and only two
conditions to be satisfied, a family of calculated results, rather than a single result, is to be
expected. Therefore, exploration of a region including part of the calculated family, rather

than verification of a single calculated design, was undertaken.

6A . 010-inch-thick copper sheet was rolled and soldered into a tube, which was used as thg
re-entrant wall. This construction technique resulted in some variation in diameter and in

concentricity.
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Figure 9 shows some of the results obtained. Note that, while the separation
between the curves in Fig. 9(a) is in general greater than that shown in Fig. 8(a) the curves
in Fig. 9(a) remain close together over a wider range of capacitance variation. Limitations
in the experimental equipment prevented checking the performance over an even wider capaci-
tance range, but it appears from Fig. 9(a) that the curves should remain close to each other
over a capacitance range considerably beyond two-to-one. Alternatively, some of the capaci-
tance range could be sacrificed for the sake of better midrange performance, if the high-
frequency curve could be shifted upwards slightly. There is good reason to believe that a set
of values for LA, LB’ and LC near those used in obtaining Fig. 9(a) would accomplish this
result. Figure 9(b) shows that here, as in the case of the in-line configuration, good per-
formance is not a foregone conclusion.

In general, the experimental results for the re-entrant cavity did not agree with
the calculated results as well as in the in-line case previously considered. 7 Nonetheless, the
analyses for both configurations yielded results very close to those determined experimentally.
For optimum performance in a given application, some tuning may be needed, but the analyses
allow a drastic reduction in the range of the variables over which a solution must be sought.

In the case of the re-entrant design, this is especially important, since an experimental cavity
involving eight or nine manipulated variables (even if it could somehow be built) would be al-

most impossible to investigate experimentally in a reasonable length of time.

7This is believed to be due in part to the fact that the fringing capacitance approximations
used become somewhat less accurate at the small values of LA used, and in part to the
limitations of the experimental setup, which rendered impractical an exact embodiment of
the mathematical model and a full investigation of all combinations of LA, LB, and LC which
might have been of interest.
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7. RELATED PROBLEMS

The results of this investigation, and the success of the mathematical model in
dealing with this problem, suggest that the same techniques might be effective in the solution
of different but related problems, some of which are as follows:

Synthesis of cavities which resonate at three or more frequencies
which are in specified ratios, harmonically-related or not.

Synthesis of cavities which resonate at two or more frequencies
which maintain constant frequency separations (as opposed to frequency
ratios) over a range of terminating capacitances (i. e. , for mixer appli-
cations).

Control of antiresonant frequencies in addition to or instead of
resonant frequencies (i. e., for filter applications).

Synthesis of tuning or modulation devices of special characteristics,
using voltage-variable capacitors to obtain capacitance variation.
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8. CONCLUSIONS

This memorandum has primarily considered coaxial cavities which satisfy both
the dual-resonance condition and the equal slope condition. The mathematical model which
has been used predicts that the desired conditions can be met. Experimental cavities built
according to computed results based on the mathematical model gave performance very close
to the predicted performance, thus proving that the desired results are indeed obtainable, and

demonstrating the usefulness of the method of analysis.
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