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SUMMARY

Chapter 1: Introduction

Frequency pushing and voltage tuning, two fundamentally different
frequency characteristics of magnetrons, are defined. An approximate pic-
ture of the space-charge behavior is presented with the purpose of acquaint-
ing the reader with the broad aspects of the problem before attention is
given to details., Other work related to the present treatment is reviewed.

Chapter 2: large-Signal Theory of Phase Focussing in the Travelling-Wave

Maggetron

The magnetron is compared to other travelling-wave electronic de-
vices. The basic assumptions and the differential equations describing the
motion of the electron are stated. The anode potential required to bring an
electron into synchronism with the travelling wave is derived. A threshold
energy which is the minimum potential energy which must be given up by the
electron to reach the anode is defined. A drift velocity condition is de~
fined by analysis of the direction of drift motion of the electron in the
crossed r-f electric field and d-c magnetic field. This condition combines
with the threshold energy condition to focus the electrons into bunches or
spokes maintaining a particular phase angle relative to the travelling r-f
potential wave., A phase~focussing diagram which allows interpretation of
magnetron behavior by graphical construction is described. The space-charge
density in the spokes is estimated. The effect of limitation of the avail-
ability of d-c current is discussed and shown to be a condition favorable
to voltage tuning.

Chapter 3: Theoreticel Analysis Relating the Phase-Focussing Mechanism

to the R-F Circuit Admittance Characteristic

The theory of induced current is reviewed briefly. This theory
is applied to the magnetron using the picture of space-charge configuration
developed in Chapter 2. Phase and admittance characteristics of equivalent
circuits typical of magnetrons are analyzed. The results of this analysis
are combined with the induced-current calculation and the theory of the
space charge to compute the power generated and the operating anode potential
as a function of frequency of oscillation. Curves illustrating the pre-
dicted form of frequency-pushing and voltage-tuning characteristics are
plotted in dimensionless variables.

iii



Chapter 4: Experimental Results

Measurements of the effect of the space charge on the resonance
frequency of a 10-cm magnetron at various anode potentials and magnetic
fields in the preoscillatory range are presented. Performance characteris=-
tics of several types, with emphasis on frequency pushing and the effects
of cathode emission, are presented and, in some cases, compared with the
theory for four different magnetrons in the 13%-cm to 17-cm range. Typical
voltage-tuning characteristics are reproduced and interpreted.

Chapter 5: Conclusions

The limitations inherent in the method of analysis which has
been proposed are summarized. The most important points in the theory
are reviewed, The practicability of the theory in its applications to
design problem or analysis of experimental design is discussed. Topics
for further study are suggested.
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DYNAMIC FREQUENCY CHARACTERISTICS OF THE
MAGNETRON SPACE CHARGE;

FREQUENCY PUSHING AND VOLTAGE TUNING

I. INTRODUCTION

1.1 Statement of the Problem

The study of the magnetron problem has probably attracted the
attention of more engineers and physicists as a subject for fundamental
analysis than any other vacuum-tube problem in recent years. A number
of the investigators who have been more or less briefly involved with
the problem, particularly the physicists, have not been otherwise
associated with vacuum-tube problems. Many of the men who have made
very fundamental contributions to the theory of magnetron behavior are
now otherwise involved.

Because of the complexity of the problem, in spite of the
rather imposing amount of work that has been done, there are still
many well known observable phenomena associated with magnetron be-
havior which have no satisfactory explanation in physical or mathe-
matical terms. In fact, it is in many cases possible to demonstrate
that even a semi-quantitative explanation is not practically feasible.
It thus becomes necessary to supply qualitative interpretations which,

although they cannot give the satisfaction of an exact solution, can
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reduce the problem in its scope by indicating directions, if not
exact magnitudes, and by placing magnitudes within boundaries.

The resulting more complete understanding of magnetron
performance can be used as a basis for making engineering judgments
in the improvement and application of the magnetron in its increasing
number of uses.

The development of the magnetron was greatly accelerated
by its use as a transmitter tube in the many radar installations used
during World War II. The magnetron was particularly applicable to
this use because, fundamentally, it works best as a generator of
high powers (kilowatts or greater), at frequencies from 1000 to
10,000 megacycles. The limitations on production of power are, in
general, those imposed by heat dissipation and cathode emission.

Thus the high peak power, short pulses and relatively low average power
desired from the radar magnetron were requirements suited to its capa-
bilities.

Continuous-wave magnetrons received less attention than the
pulsed variety in early development, but,as the possibility of their
use in radio communication became more conceivable, this development
was accelerated. It was immedlately discovered that operation under
these conditions interposed new problems as well as new possibilities.
It is the purpose of this report to present an analysis of two as-
pects of c-w magnetron behavior which are very important to the use
of magnetrons in radio communication; namely frequency pushing and

voltage tuning. These terms require definition, and part of the
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purpose of this report will be to provide basis for explicit definition.
However, definitions more or less acceptable to those who are well ac-
quainted with c-w magnetron behavior are the following.

Frequency pushing is defined as the variation of the

frequency, generated by an oscillating magnetron, which is
associated with the change in d-c anode current as anode
voltage is raised for constant resonator temperature. A

frequency-pushing characteristic would therefore be a plot

of generated frequency versus d-c anode current for the con-
ditions mentioned. Actually, to be complete, a three-di-
mensional plot,including anode voltage, current, and fre-
quency, should be used.
A typical frequency-pushing characteristic is shown in Fig. 1l.1.

Voltage tuning is defined as the variation in frequency

generated by an oscillating magnetron which is associated
with the change in d-c anode voltage when d-c anode current,
load impedance, magnetic field, and resonator temperature
are held constant. In order for d-c anode current to be
held constant, the cathode emission must be limited by
operation at a reduced temperature. Otherwise, increase in

anode voltage will increase anode current. A voltage-tuning

characteristic is therefore a plot of generated frequency

versus anode voltage for the conditions mentioned.
A typical voltage-tuning characteristic is shown in Fig. 1l.2.
In practice it is not always possible to make a complete

distinction between frequency changes produced by pushing and voltage
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tuning. However, examination of a number of typical sets of data on
c-w magnetrons will show that, in normal operation (when frequency
pushing is observed), the frequency is relatively insensitive to

the voltage change which is required to increase anode current compared
to the large frequency shifts obtained under the conditions required for
voltage-tuning operation. For example, in the figures shown, a change
of 100 volts produces a frequency pushing of 10 megacycles, while a
change of 5 volts produces a voltage tuning over the same frequency
range. Typical frequency-pushing characteristics show a change of 3
to 50 megacycles per ampere. Typical voltage-tuning characteristics
show a change of .1 to 2 megacycles per volt.

The term frequency pushing was coined in contrast to the term
frequency pulling, which is defined as the variation in frequency gener-
ated by the magnetron with load at constant anode current, magnetic field,
and resonator temperature. Frequency pulling is essentially a tuning
of the magnetron through the external circuit and its interpretation
requires no very complete understanding of the magnetron space-charge
behavior. It is not the purpose of this report to present any complete
discussion of frequency pulling but it will be shown that it is also
not always possible to attribute observed frequency shifts entirely to
frequency pulling or frequency pushing, and the relationships between
the two phenomena will be discussed. In fact it will be necessary to
bring into the discussion many related magnetron characteristics, some
of which are not completely understood. The thread of the discussion
will be limited to those directions which lead toward a better quanti-

tative understanding of frequency pushing and voltage tuning.
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The importance of an understanding of these phenomensa to the
use of the magnetron in radio commnication arises in both amplitude-
modulation and frequency-modulation systems. It is immediately evident
that if one attempts to amplitude-modulate a magnetron, a substantial
frequency modulation will also result due to the frequency-pushing
effect. If, on the other hand, one wishes to make use of frequency
pushing to obtain frequency modulation, amplitude modulation will also
be a result. It is this latter fact which led to the discovery of
voltage tuning in 1949 by Wilbur and Peters at General Electric Company.
In attempting to reduce the amount of amplitude modulation associated
with the frequency pushing, they were led to using the operating con-
ditions which allow voltage tuning (heavily loaded, temperature-limited
operation). The present major needs in voltage-tunable operations
are for more power, higher frequencies, and less noise in the generated
signal. Tubes operable at low power levels (of the order of milliwatts)
and very wide tuning range have application as local oscillators in
search receivers, spectrum analyzers, and signal generators. For higher
pover levels (of the order of hundreds of watts), relatively narrow
tuning range, they have application as the transmitter tube in frequency-
modulation systems.

Frequency pushing, since, by its very nature in our definition,
it is obtained coincident with amplitude modulation, seems to have little
possibility of use in the conventional f-m communication system. There
is, however, a possibility of minimizing it for use in z-m systems and
the possibility of development of new types of systems in which it would

be usable. Most important, perhaps, is the fact that a complete
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understanding of the underlying causes of frequency pushing is almost
synonymous with a complete understanding of magnetron space-charge
behavior. This means that it will be necessary to present a fairly
thorough discussion of the magnetron space charge in order to develop
the hypothesis necessary to the explanation of frequency pushing. Some
of the results will be familiar to those well-versed in magnetron theory
but it is believed that the method used in arriving at these results and
the way they are used will give them a new interpretation which will be
very useful in the understanding of magnetron behavior,

Before going through the theoretical development, a simplified
picture of the magnetron space charge will be presented with a statement
of the distinection which will be made in the physical picture between
the mechanism of frequency pushing and voltage tuning. Then a historical
summary of other work particularly related to the problem will be given
which should place the results obtained in proper perspective., After
the analysis is presented, experimental data will be givenwhich sub-
stentiates the results. The analysis has led to some ideas which suggest
further work. These will be mentioned in the conclusions.

1.2 Approximate Picture of Space-Charge Behavior

Before a detailed study of the magnetron space charge is pre-
sented ,an approximate picture will be described which will acquaint the
reader with broad aspects of the problem. In this way the relationship
of the various parts of the succeeding development to the total problem
can be realized.

A conceptual picture of the space charge in the multianode

cylindrical magnetron under large-signal conditions is shown in Fig. 1.3.
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That this picture is approximately correct has been well established

and is generally accepted by the many investigators who have considered
the problem. The anode segments which are shown in this picture are
assumed attached to an external circuit which is not shown. The actual
geometry of the circuit may assume any one of many forms in a particular
case depending on the type of magnetron. In the conventional magnetron
the circuit is always resonant; however, in magnetrons used for voltage
tuning this may not be the case, In any case the electromagnetic field
distribution seen by the electrons within the anode structure is inde-
pendent of the circuit for a given radio-frequency voltage between the
anode segments. The region for which this is true, that is, the region
where there is mutual interaction between the electrons and the electro-

magnetic field, is known as the interaction region or interaction space.

The swarm of electrons is caused to exist in the interaction region by
applying a positive voltage to the anode, making electrons emitted from
the cathode move toward the anode. This motion takes place in an axially
directed magnetic field which produces a force perpendicular to the
electron motion, thus causing a drift around the cathode as well as
toward the anode. In the static magnetron the angular velocity of this
drift increases as the electron proceeds from the cathode toward the anode
and as the magnetic field is increased.

In the oscillating magnetron an r-f potential is caused to
exist between the anode segments. The effect of the r-f potential is
superimposed on the effect of the d-c field. The distribution shown
in Fig. 1.3 is ususlly referred to as the x mode and is so named because

there is a phase difference between the voltages on adjacent segments
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of n radians or 180°. It is found to be convenient to représent this
distribution, which is a stationary wave in space, as the Fourier sum
of a number of travelling waves which proceed in opposite directions
around the interaction space. In the x mode the electrons interact

primarily with the fundamental wave of this sum which is moving in the

same direction as the electron drift around the cathode with a velocity
such that the maximum of the wave proceeds from one anode segment to the
next in one-half cycle. For a given frequency f and a given number of
anodes 2n the time of one-half cycle is l/2f, the angular distance be-
tween adjacent anodes if 2n/2n, thus the angular velocity corresponding

to the fundamental wave is
Wy = (1.1)

Electrons moving in the direction of the fundamental wave will
in some regions be accelerated and in other regions retarded. Where the
radial velocity of the electron is increased, under a positive potential
maximum, the force due to the magnetic field will encourage electrons to
move into a region where the tangential electric field is opposing their
motion, between a positive maximum and a negative maximum. The force due
to the tangential field in this region will reduce the electron velocity
parallel to the caﬁhode, reducing the inward directed radial force due
to the magnetic field, and encouraging electrons to drift toward the
anode. Similar arguments will show that electrons under a negative
potential maximum will be encouraged to drift backward into a region of

retarding tangential field, and electrons in an accelerating tangential

field will be encouraged to move toward the cathode. The net effect
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results in a phase focussing of electrons into a region between the
positive and negative maximum on the traveling wave where the tangential
field is opposing the motion of the electrons and the electrons are
drifting outward toward the anode. If the r-f voltage is sufficiently
high this focussing will actually bunch the electrons into spokes as
shown in Fig. 1.3. Fig. 1.3 may be thought of as showing the total anode
potential and space-charge distribution at a given instant. The phase-
focussing action Jjust described will cause the bulk of the electrons in
the spoke to be found somevwhere between a positive anode and a negative
anode moving toward the negative when the potential difference between
the anodes is a maximum.

The transfer of energy from the electrons to the circuit is
best analysed by using the theory of induced currents caused by moving
charge densities.l It is obvious that the rotating spokes of charge will
induce currents which will flow from the anode segments through the cir-
cuit to which they are attached. Theoretical and experimental evidence
indicates that the r-f current 1s primarily that caused by the rotation
of these spokes and that the effects of radial motion should be negligible.
A spoke of negative charge moving away from an anode segment will cause
positive current to flow away from that segment into the circuit. When
the spoke is moving toward a segment positive current will flow from the
circuit into the segment. The complete set of spokes, since they are

symmetrically disposed between every other pair of anodes, will act as

The arguments given in the following few paragraphs are given detailed
treatment in the discussion of phase focussing in Chapter 2. Appropri-
ate diagrams are also given there to clarify the meaning. (Figs. 2.8
and 2.9 in particular).
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a current generator connected to the two sets of alternate anodes. When
the spokes are half way between the anode sets the current generator out-
put will be a maximum, positive current flowing into the circuit from the
set of anodes away from which the spokes are moving and out of the cir-
cuit to the set of anodes toward which the spokes are moving. It is fur-
ther evident that, if the spokes are in this position at the instant when
the anode set from which positive current is being delivered is at maximum
positive potential, power will be delivered to the circuit. If the angular
velocity of the spoke is synchronous with the angular velocity of the
fundamental wave of the r-f field around the interaction space the spokes
will continue to bear this relationship to the field and continually de-
liver r-f power to the circuit., This power is acquired from the d-c

field in the drift motion of the electrons toward the anode which will
occur under this condition since the electrons are moving in a retarding
phase.

Another situation can be imagined as follows: suppese the
spokes are symmetrically disposed about a positive potential maximum in
the fundamental travelling wave. In this case the maximum positive current
from an anode set into the circuit will occur when potential of the anode
set is going through zero from positive to negative values. The current
into the circuit will, therefore, lag the voltage by 90° and a purely
reactive effect will be induced into the circuit.

A positive current from an anode set into the circuit is equiva-
lent to a negative current from the anode set into the space charge.

The space-charge swarm, acting as an induced-current generator and in-
ducing & current into the circuit which lags the voltage by 90°, can be

thought of as a passive capacitance in the interaction region accepting
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a current which leads the voltage by 90°. The magnitude of this
capacitance is given by the ratio of the r-f voltage to the r-f current
induced by the space charge, and will be a function of the several
variables involved in the interaction space geometry and the static
fields imposed on the circuit.

Two cases have been described which illustrate that under cer-
tain conditions the space-charge spokes can be contributing only real
povwer to the circuit and under certain other conditions the spokes can be

contributing only reactive power to the circuit. By the same qualitative

arguments it can be shown that for intermediate positions of the spokes
relative to the maximum potential between anode sets the spokes of space
charge will contribute both an in-phase and an out-of-phase component

of induced current. The in-phase component of current represents a de-
livery of energy from the electrons to the circuit. This energy is re-
ceived by the electrons from the static field so anode current must flow
as soon as there is an in-phase component of r-f current.

The effect of induced current due to radial motion, although
not a first-order effect, may be significant in magnetrons operating at
high anode currents and will be discussed briefly in a later section.
The collection current into the circuit will always lead the induced
current by approximately 90°.

We can see, that in order for the magnetron to act as a self-
excited oscillator, the space-charge-spoke configuration must induce
current into the circuit with a phase and magnitude required by the cir-
cuit. Thus the circuit will determine the static fields and interaction-

space geometry required for a given frequency of operation. Or, to look
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at the problem from another point of view, for a particular set of static
field conditions and interaction-space geometry, there is a circuit im-
pedance which will encourage the formation of spokes and thus the in-
duction of currents and r-f voltages of the proper phase and magnitude.

When the circuit between anode sets is resonant the phase and
magnitude of the impedance, looking out from the anode sets are, near
resonance, rapidly varying functions of frequency. In the range which
encourages the formation of spokes and thus the delivery of power from
the magnetron space charge for the given interaction-space conditions,
the magnetron will oscillate. In typical magnetrons with circuit Q's
from twenty to three or four hundred it is generally observed that oscil-
lations begin at frequencies below resonance by a factor of approximately
the resonance frequency divided by -é‘-Q. As the anode voltage and anode
current are raised and the power input increased the frequency moves
toward resonance while power output is increased. This implies a phase
change and is the behavior which would be expected from a constant-
current generator with variable frequency output. The constant-current
generator operating into a parallel-resonant circuit will, below re-
sonance, be injecting a current into the circuit which lags the voltage
by approximately 90°. The circuit will look like an inductance. As the
frequency is raised the circuit accepts more power from the generator
and the current is split into in-phase and out-of-phase components. At
resonance the cirduit looks like a pure resistance and all of the current
output is in phase with the voltage developed across the circuit.

These arguments can be compared to those presented in the

discussion above relative to the space-charge-spoke behavior, It is
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seen that the effect produced by advancing the phase of the spokes relative
to the r-f voltage maxima, starting from the position of the spokes
symmetrically disposed around the r-f voltage maxima, is the same as the
effect produced by increasing the output frequency of the constant-current
generator if the velocity of rotation of the spokes is increased in the
process., The frequency change accompanying a given phase change will de-
pend on the Q of the circuit and will, in general, be of the order of
2/Q x fo where fo is the resonance frequency of the circuit.

This qualitative discussion is sufficient to provide basis for
a further clarification of the definitions of frequency pushing and
voltage tuning as they will be developed in the following pages. It will
be shown that in order to advance the phase and increase the velocity of
the space-charge spokes to produce the effect just mentioned the anode
voltage and current must be increased. The change in phase is associated
with an increase in d-c collection current which is large compared to the
increase in anode voltage. The velocity change, and therefore, the fre-
quency change, is relatively small for a high-Q circuit. This small
frequency change, associated with a large phase change, is what we des-

cribe as frequency pushing.

For a given phase relationship and r-f voltage amplitude the
velocity of rotation of the spokes is determined by the d-c anode voltage.
If a nonresonant circuit is used, i.e., one in which the phase angle and
magnitude of the impedance are not rapidly varying functions of frequency,
then the magnitude of the induced r-f voltage will be primarily a function

of the induced current magnitude and the frequency a function of the d-c
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anode voltage. This large frequency change associated with a small

phase change is what we describe as voltage tuning.

If the collection current is held constant as anode voltage is
raised (by limiting available current at the cathode) there is also a
tendency to limit the amount of r-f current which can be induced by the
spokes. Under these conditions, with the right kind of circuit, voltage

tuning with constant power output will result. This is, of course, de-

sirable in frequency modulation applications.

It should be quite obvious at this point that the distinction
between voltage tuning and frequency pushing becomes arbitrary and, in
fact, nonexistent for certain intermediate cases of low-Q resonant cir-
cuits., The extremes represent, nevertheless, definitely different types
of behavior and the use of the terms is justified.

In order to establish more quantitatively the concepts dis-
cussed in this section it will be necessary to present theories which
are based on more or less unrelated concepts. The results of these
theoretical developments will then be brought together and used to inter-
pret experimental information. Approximations will be continually necessary
because of the nonlinearity of the differential equations involved even
in the most ideal geometry. The variables in the problem are so many
that it is impractical to obtain experimental evidence showing completely
the effect of all parameters. Three quantities are essential to the com-
plete interpretation of the results. These are the angular velocity of
the spokes, the geometrical configuration of the spokes, and the space-
charge density in the spokes. The angular velocity can be determined

and a physical picture will be given which makes possible estimation
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of the latter two quantities. Methods for applying the estimated re-
sults to the calculation of magnetron characteristics are developed.
The results of application of these methods check reasonably well with
experimentally observed characteristics. The experiments which have
been chosen illustrate the most important points of the theory and show
the effect of variation over a limited range of most of the parameters
involved.

In the next section a brief historical survey of the work
particularly related to the problem discussed here will be presented.
Some'of this work will be discussed in more detail as it is used in the

following development.

l.% Historical Survey of Related Work

It is not the purpose of this section, or the bibliography
which will be found at the end of this report, to make reference to all
of the important work which has been done on magnetrons. We do attempt
to include fairly complete references of four general types. These are:
I -- References to survey or general treatment of the magnetron problem,
IT -- References to the study of space charge in the static magnetron,
ITII -- References to the study of the oscillating travelling-wave magne-
tron and to the effects of magnetron space charge on frequency, IV --
References to the study of related space-charge problems not specifically
concerned with the magnetron. The references in the third category are
the most closely related to the problem under discussion. We are omitting,
except where it may become necessary to the development of the theory,
reference to detailed treatments of the magnetron circuitry and problems

of electrode design such as those connected with the cathode, heat
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dissipation, fabrication,etc. All of these problems are mentioned
and references made to more detailed treatments in the references of
the first category. A rather complete reference to early work on magne-

trons (prior to 1941) is given in High Frequency Thermionic Tubes by

Harvey (Chapman and Hall, 1943).

The first mention of the magnetron principle is credited to
A, W, Hull in 1921.1 This was followed by rather extensive use of the
magnetron principle in three different types of oscillation mechanism
which, at first, were not clearly differentiated by the various investi-
ga‘tors.2 The three mechanisms which seem to be important and definiteiy
observable are negative-resistance oscillations, "electronic" or
cyclotron~frequency oscillations, and travelling-wave oscillations. The
basis for this differentiation is adequately covered in the references.3
A recent investigation has shown oscillations which this author believes
may properly be placed in a fourth category.h These oscillations occur
only at voltages near the critical anode voltage and magnetic field for
which electrons are just synchronous at the anode radius. The under-
standing of this type may be helpful to the understanding of magnetron
amplifier behavior and generation of higher frequencies. These are prob-
lems which have attracted considerable recent interest. The magnetron
amplifier is being studied particularly by the French” and several groups

in this country.

111, 5.
2
I, 8, a. p. 977.

51, 4, pp. 177-182; I, 3, b. pp. 170-171; I, 2. pp. 3-T.
L

>

III, 25.

I, 3, ¢, d. and pumerous other papersduring the past year in Annales de
Radloelectricite. In this country particularly by E. Dench at Raytheon

Mfg. Co. and J. F. Hull at Evans Signal Laboratory.
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The type of oscillation which is by far the most commonly used
and which is the subject of this study is travelling-wave oscillation.
The first interpretation of electron interaction with a travelling wave

1

in a magnetron was given by Posthumus™ in 1935. The ideas presented by

Posthumus are quite correct including an expression for the maximum
electronic efficiency of a magnetron which, although used by the British2
(after a derivation by Hartree), was almost neglected in the wartime

development of the magnetron which was carried on in this country. This

maximum electronic efficiency is given by

2 .2
Ne max = fae - 1/2man re (1.2)

a ©

where

e and m are the absolute charge and mass of the electron

2nf
w, = -3 the synchronous electron angular velocity
ra = radius of the magnetron anode
¢a = potential on the magnetron anode

This equation states that the maximum electronic efficiency is obtainable
when the electron strikes the anode with no radial velocity and with an
angular velocity equal to the angular velocity of the wave. The energy
input is in this case ¢a e and the heat energy lost to the anode

1/2 m.aan2 rae. It is also assumed in this expression that no energy

is lost by back-bombardment of the cathode by electrons. A convenient

1 111, 13.

2 1, 12, a, p. 992.
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definition, often used, is
1) = 10,202 (1.3)
o 5 e ®n" Ta .

representing the energy in electron volts of a synchronous electron at
the anode. It is immediately obvious from examination of Equation 1.2
that a high ratio of @/@, is a desirable design criterion if high
electronic efficiency is the objective. This was indicated by
Posthumus and by the British.

The most important feature of the magnetron space charge which
makes possible the use of the magnetron as a large-signal microwave
generator, is the mechanism of phase focussing as it occurs in crossed
magnetic and alternating electric fields. This was discussed qualitatively
in the last section. This feature is the basis of Posthumus' arguments
as they were presented in 1935. Investigators in the klystron field,
who are quite familiar with the term phase focussing, were quick to
carry these concepts into the investigation of magnetrons. A paper by
Ludil is one of the first published to give a detailed discussion of
the phase-focussing action. The effect of space charge is neglected
in this paper but, with the use of some restricting approximations, the
focussing action in the absence of space charge is quite clearly demon-
strated. An important point made in Tudi's paper is that there must
be a drift of electrons toward the anode in the region of retarding

electric field where the electrons are giving up energy. This shows

that d-c plate current will flow as is required if energy is absorbed

1 111, 12, ®.
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by the system. ZILudi's earlier papersl also deal with interaction be-
tween electrons and travelling waves in klystrons and other tubes and
are interesting as background material to his work on magnetrons, He
defines, for example, a compression factor which indicates the amount
of increase in electron density in the electron bunches to be expected
under various interaction-space conditions. He suggests using the com-
pression factor in the treatment of the magnetron and presents some
approximate relationships in his discussion. A more recent paper by
Ludi® discusses the magnetron problem more completely with rather in-
teresting experimental results on tubes constructed at Brown, Boveri
and Company in Baden, Switzerland. The effect of cathode size on
efficiency is discussed and data given for forty different combinations
of number of anode segments and cathode size at approximately the same
frequency.

The most important theories of space-charge behavior in the
oscillating magnetron were developed in England by groups working on
the radar magnetron in 1940 and the following years. This work was
published only in wartime reports3 until 1946 when articles appeared by
H. A. H. Boot and J. T. Randall’+ the co-inventors of the multi-cavity
magnetron, and W, E. Willshaw? with others which described the early

work of D. R. Hartree, E. C, Stoner and O. Bunemann. Particularly

1 1,8, a, b, c.
2 1, 17.

5 Committee on Valve Development Magnetron Reports.
b I, 1.

>

I, 12.
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important results which were obtained by these three investigators
have also been given detailed treatment by Walkerl,

Professor Hartree is responsible for a detailed discussion
of electronic efficiency2 (for which he gets the same maximum value
given in Eq 1.2) and for the derivation of the Hartree equation? which
gives the anode voltage for which oscillation should be possible at in-

finitesimal amplitudes of the r-f voltage. This equation is the following:

Pat = %B wn (ra® - re?) - '32-'%1%2 ral . (1.4)
¢at = +threshold voltage for oscillation
B = magnetic field strength
rg = anode radius
re = cathode radius
®, = synchronous angular velocity.

This is the most important single equation governing oscillatory magne-
tron behavior. ©Since for the usual case of large B, the second term on
the right is small compared to the first, we see that the frequency
(contained in mh) is approximately a linear function of anode voltage.
It is this functional relationship which, under very special conditions,
determines the frequency in voltage tuning. It is quite obvious from
the examination of frequency-pushing characteristics, that other factors
are involved in the relationship between voltage and frequency normally
encountered. It is hoped that the present report will serve to clarify

this relationship.

1 111, 20.

2 1,1; 1, 93 I, 12; III, 20. Professor D. R. Hartree, "Estimates of
Electron Energies, Oscillation Amplitude and Effiicienciles in a Magnetron
Operating under Rotating Space Charge Conditions" C.V.D. Report Ref.
Mag. 11, Apr. 10, 19k2,
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Another very important contribution of Hartree and Stoner was
the calculation of electron positions in the magnetron by the self-consistent
field method. The method of self-consistent fields was originally used
by Hartree in the calculation of electronic orbits in the atomic problem.
It applies to any problem where space-charge is involved, i.e., where the
motion and position of electrons is determined by the field and where,
through Poisson's equation, the field must in turn be consistent with
the presence of the electrons. The problem is simplified by the proper
initial choice of fields consistent with the boundary conditions such
that small revision is necessary to arrive at the field and charge dis-
tribution which represent good approximations to the solution of the
problem. Once a solution is obtained it is known that for the given
distribution of charge density it is the only possible solution of
Poisson's equation if it satisfies the boundary conditions.t

A typical result of the self-consistent field method is shown
in Fig. 1.4, This picture shows electron trajectories in a reference
frame moving with the synchronous angular velocity for an assumed field.
By rather involved calculation the approximate required cathode emission
and the density of electrons at various points throughout the '"spoke"
region can be calculated from knowledgé of these orbits. If this re-
sult gives the assumed field with reasonable accuracy the calculation
is considered complete. The particular trajectories in Fig. 1.4
are the result of several trials and still do not give a self-consistent

result.

1 5. Remo and J. R. Whinnery, Fields and Waves in Modern Radio, New
York, John Wiley and Sons, Inc., 194k, p. 96.
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An obvious disadvantage exists in this method. The cal-
culations are much too involved to use in the prediction of operating
conditions for a magnetron of new design. A particular calculation if
carried out carefully, gives much more detailed information about the
magnetron behavior at a particular operating point than any other method.
The geometry, density and current flow through the spokes is given for a
particular anode voltage and r-f voltage. With knovledge of the geometry,
density and angular velocity of the spokes the magnitude of induced r-f
current can be calculated with its phase relationship to the r-f voltagel.
The ratio of these two quantities gives the impedance which, at the
particular frequency involved, must be placed between the anode sets,

In order to make another calculation at a new anode voltage and r-f vol-

tage and,in addition,to specify the load conditions,we find that we have

extended our analysis to a new kind of self-consistent calculation. We
assume an r-f voltage and d-c anode voltage, then try it to see if the
required ratio of r-f voltage to induced current, in both magnitude and
phase, is produced. If the result is not consistent a correction must
be applied, after the self consistency of the Poisson field is satisfied.
We will become even more discouraged when we attempt to interpret an
effect such as frequency pushing which is usually a one or two per cent
change in frequency.

Another interesting treatment of the space charge problem

was carried out by Bunemann.2 Bunemann calculated the impedance of the

1 Methods for making induced-current calculations in the magnetron have
been described by H. W. Batten, W. Peterson, S. Ruthberg and the
author in III, 22, c.

2 ITIT, 20. O. Bunemann, "A Small Amplitude Theory for Magnetrons",
C.V.D. Report, May, 194k, P. 37.
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magnetron type space charge by assuming small amplitude perturbation
of the steady-state (static) magnetron solution. These calculations
have an advantage over the self-consistent-field calculations in that
they give directly an impedance as a function of frequency (and would
therefore give some interpretation to the frequency-pushing or
voltage-tuning phenomena). They have a very serious disadvantage in that
the results are definitely restricted to small-signal behavior, whereas
the magnetron in its useful form is definitely a large-signal device.

Impedance calculations have also been made by Doehlerl for
the special case of a small cathode and narrow gaps between anodes.
Doehler's approach is based on experimental evidence that the time-average
space-charge density is approximately constant in the interaction space.
The work which has been done at Michigan indicates that this assumption
is correct but probably not correctly based on the static magnetron ex-
perimental evidence .2

Both the method of self-consistent fields and the small-amplitude
theory require an initial choice of potential or space-chargé distribution.
In making this choice most of the investigators have been guided by the
study of the static magnetron. The static, or symmetrical, state has
been the subject of extensive theoretical investigation with very little

revealing experimental work. Corresponding to the Hartree threshold

1 I, 3, b. This work is sumarized by the author in III, 22, e.

2 111, 22, D.
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equation is the Hull cutoff equation

2 2
fan = F=ra® |1 -(g:g) (1.5)
¢aH = cutoff anocde potential

Other symbols defined with Eq 1.k.

The potential is given by this equation above which electrons
should reach ry, below which no electrons should be found at r,. Thus,
if r, is the anode radius, anode current should exist for potentials
greater than ¢aH: vhereas, for potentials less than ¢aH no anode current
should exist. The current for potentials greater than the cutoff potential
has been calculated by Bethenodl and Brillouin® for the plane magnetron,
by Hartree,'Allis, Brillouin and Bloch5 for the cylindrical magnetron
and by others. The solution to the plane-magnetron problem is straight-
forward but the problem of the cylindrical case becomes quite involved
and requires lengthy numerical calculations, The method used by Brillouin
has advantages in simplicity in that analytical solutions are obtainable
whereas the work of Hartree and Allis requires numerical integration or
approximation. Brillouin uses the Llewellyn method in which the anode
voltage is found as a function of the assumed current. This method proves
to be much simpler than the inverse problem. Brillouin also emphasizes
the importance of using the plane-magnetron solution as an approximation

of the large-cathode cylindrical magnetron. The ratio of the current at

1 11, 1.
2 11, 2, B

5 11, 8, p. 345-353. Slater reviews the work of Allis. II, 2, b.
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cutoff to the nonmagnetic diode current at cutoff is a good measure of
this approximation. This ratio is plotted in Fig. 1.5. 1In Fig. 1.6
the current is plctted as a function of magnetic field for the plane
case and for a very large ratio of anode radius to cathode radius.

The behavior of the space charge in the static magnetron be-
comes a matter of conjecture when @, is below the cutoff value fagd In
general, two types of solution are possible below the cutoff voltage.
These are: a double-stream solution, in which electrons are steadily
flowing to and from the cathcde, and a single-stream solution, for which
all electrons are moving parallel to the surface. In the latter case
the potential distribution within the space-charge swarm is that given
by Bquation 1.5 since the radial velocity is everywhere zero and this
is the condition for cutoff. A useful fact to have in mind is that the
potential distribution for the double-stream solutions differs very
slightly from the value given by Eq 1.5. This is equivalent to saying
that the radial velocities of the electrons are small compared to the
tangential velocities.

Slater has shown that several double-stream solutions are
possible for which there may be one or many swarms or layers of electrons,
one within the other, running tangentially around the cathode. Within
each swarm or layer there is a double-stream solution. The current which
streams in and out is greatest in the single-swarm double-stream solution.
Slater points out that the type of solution which will exist is not de-

terminate from the initial conditions (zero velocity and zero field at

L Mr. G. Hok has very recently discussed this problem in "Space-Charge

Equilibrium in a Magnetronj; A Statistical Approach", Technical Report
No. 10, University of Michigan, Department of Electrical Engineering,
Electron Tube Laboratory, July 13, 1951.
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the cathode). A recent study of the problem by Twiss,l which discusses
the effect of randomly distributed initial velocities, indicates the
following: when initial velocities are assumed entirely normal to the
cathode surface, and the cathode absolute temperature allowed to go to
zero, the limiting solution is the single-stream solution (Brillouin
steady-state solution); when initial velocities are assumed entirely
tangential to the cathode surface, and the cathode absolute temperature
is allowed to go to zero, the limiting solution is the double-stream
solution; multiple-layer, double-stream solutions are possible, but only
in a very small range of voltages near cutoff (of the order of one to
three per cent of the anode potential).

A more detailed discussion of these theories has been given by
the author in a recent technical report of the University of Michigan
Electron Tube La‘boratofy.2 The importance of the static magnetron
theories lies in the assumption that they approximately describe con-
ditions in the hub of the space charge wheel which exists in the os-
cillating magnetron. The space charge can be divided into two regions,
the hub region and the spoke region. At the boundary of the hub the
variations in potential and field due to the r-f anode potential are
small compared to the variations nearer the anode. The diameter of the

hub has been calculated by the au'thor5 and is in conventional magnetrons

1 11, 10, M.I.T. Doctoral Thesis.
2 111, 22, e.

3 111, 22, ®.
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of the order of 10 per cent greater than the cathode diameter. The
space~charge-limited current through the hub should be a measure of the
upper limit of current possible in oscillatory operation. This has been
calculated by the author and W. W, Pe’cerson.l Actually a more conservative
estimate of the upper limit of current should be made since the small
variations in potential and field in this region play a fery important

role in phase sorting of the electrons which are moving from the cathode

through the hub. Some of the electrons, probably half or more, are
emitted in an unfavorable phase relative to the r-f field and are sent
back to the cathode., Some of these electrons extract energy from the
r-f field and produce the back-bombardment power which makes difficult
the design of cathodes for c-w magnetrons and which makes possible the
design of cathodes for pulsed magnetrons. Ordinarily this power is from
3 to 6 per cent of the total input power.Z

This division of the space-charge swarm into two regions is
quite important to the understanding of the detailed behavior of the
magnetron and has been used, whether specifically indicated or not, by

almost all investigators. These regions may be called by various appropri-

ate names including: hub and spoke region, sub-synchronous and syn-

chronous swarms, or phase-sorting and phase-focussing regions. Fre-

quency pushing and voltage tuning are explained chiefly by discussion
of behavior in the spoke region. The importance of the hub region can-
not be ignored, however, since it must have a very definite bearing on

the volt-ampere characteristic, maximm currvent boundary, effects of

1 111, 22, e

2 1,12, a.,p. 1002
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temperature and 1n a second-order way, on frequency. No really firm
statements of these relationships have been made but we will attempt
to show as clearly as possible through qualitative discussion their

position in the solution of the problem at hand.

There have been few papers specifically treating the fre-
quency characteristics of the magnetron space charge. Blewett and Ramo™
discussed these properties in 1940 using as a basis the perturbation of
the static magnetron swarm. The results of this treatment are not very
revealing, however, since the effect of the cross product of the per-
turbed velocity and the magnetic field was neglected. It is this term

which leads to resonance effects., Lamb and Phillips2

presented a treat-
ment of this problem in 1947 which, quantitatively, applies only to very
small thickness sheaths of space charge around the magnetron cathode,
Fechner? has treated the resonance behavior of the space charge in two
very short articles, one dealing with theoretical analysis and the other
with experimental measurements. The general problem, with emphasis on
effects in the preoscillating magnetron has been treated by the author

L

in recent publications™ and in numerous reports of the Michigan Electron
Tube Laboratory.

The conclusions resulting from this study5 are the following:

III, 1.
IIT, 11.
3 111,22, a, b.

4 ITI, 7, a, b.

Op. cit., p. 14T

Ul
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a., Resonance-frequency shifts can be caused by the hub or sub-
synchronous swarm by an effective change in the capacitance between the
cathode and the anode sets. This frequency shift can be positive or nega-
tive depending on the electron density and the frequency. The results

are conveniently expressed in terms of the ratio¢pfﬂbc = zxf/?ﬁ .
dis

Generally speaking, for values of mf/wc slightly greater than -wnity, the
electronic space charge is equivalent to a medium with dielectric con-
stant between zero and one. In this region the cepacitance will be de-
creased by the presence of the épace charge so that the resonance fre-
quency increases as the hub expands. For values of wf/wb slightly less
than unity the electronic space charge is equivalent to a medium with
negative dielectric constant. In this region the capacitance will be
effectively increased by the presence of the space charge so that the
resonance frequency decreases as the hub expands.

b. For values of wfﬁnc near unity the natural resonance of the
individual electron motions in the space charge causes relatively large
perturbations of the resonance frequency. This is what is usually called
the cyclotron resonance.

¢, When r-f voltages of appreciable magnitudes are imposed upon
the anode sets spoke formation can begin as soon as the anode voltage
is reached for which the swarm has expanded to the synchronous radius.
The action of the phase-focussing fields will cause these spokes to
expand in radial extent as the anode voltage is raised. The spokes will
be roughly symmetrically disposed about r-f voltage maxima so that they
will contribute capactive reactance to the system, thus decreasing the

resonance frequency.
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d. Frequency pushing, which has already been discussed qualitatively,
is the increase in frequency with current which occurs after oscillations
start due to the increase in angular velocity of the spokes of the space
charge wheel which is associated with their advance in phase relative to
the r-f voltage maxima,

e, Frequency pulling is primarily a tuning of the magnetron resonance
frequency through the load circuit. Deviations from the values predicted
on the basis of circuit concepts are due to interrelation of the in-phase
and out-of-phase components of the induced current produced by the spokes
of space charge. They are therefore related to frequency pushing.

Two areas of investigation which are directly related to the
problem remain to be discussed. These are experimental studies of fre-
quency pushing and voltage tuning. Except for a few cases, where typical
curves etc., are given, this type of data has not been published.

The importance of frequency-pushing data as an indication of
magnetron performance under modulated conditions was suggested by the
author' early in 1945 during research on the modulation of the &J21
magnetron., This was followed by extensive measurements on several tubes
by the research group at Harvard and the engineering group at the Litton
Engineering Laboratories.

In earlier work on pulsed radar magnetrons the pushing was
not so important (although the fact that the magnetron oscillates at
%)

frequencies below the tank resonance was utilized. The 6J21 magnetron

1 Internal Memorandum, Radio Research Laboratory, Harvard Unlversity,
April 2, 1945,

2 1, L4, p. 252.
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is a 1000 watt c-w tube tunable from about 8.5 cm to 12.5 cm.l The
pushing test made on these tubes were found to correlate quite well with
modulation data but not with controllable design parameters such as
loaded Q. Some of the results of these tests are shown in Figs. 1.7

to 1.9.2 Fig. 1.7 shows correlation between pushing figure and pulling
figure at three points in the tuning range. Pushing figure in this case
was defined as the frequency shift in megacycles between .25 amperes and
1 ampere anode current. Pulling figure is standardly defined as the
maximum change in frequency obtained at 1.5 to 1 standing ratio in the
load line when the load is allowed to assume all phases., It is an ap-

proximate measure of the loaded Q through the following formula:

Qr, = .1 23:522 coi = (1.6)3
f, = resonance frequency of the circuit
Qr, = loaded Q at matched load
Me = circult efficiency
P.F. = pulling figure in megacycles
@ = angle between constant frequency contours and

constant susceptance contours in a load diagram.
Actually @ is usuvally small and always an approxi-
mate quantity because the constant frﬁquency con-
tours are not exactly straight lines.

1 111, 29,

2 111, 17.

5 1, b, p. 2hk,
L

I, 4, p. 240, Also, H. W. Welch, Jr., "Space Charge Effects and Frequency
Characteristics of C-W Magnetrons Relative to the Problem of Frequency
Modulation", Technical Report No. 1, Electron Tube Laboratory, Dept. of
Elec. Eng., Univ. of Mich., Nov. 15, 1948, pp. 7-11.
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At 3000 mc, for example, a pulling figure of 10 mc represents typically
a Qp, of 100. The correlation of pushing figures and pulling figures

in the test recorded here for almost 20 tubes of the &J21 type is seen
to be very poor for each particular wavelength. However, it is evident
that both pushing and pulling tend to be high at 8.5 centimeters wave-
length and low at 12 centimeters wavelength., The tests at 10 centimeters
wavelength are extremely inconclusive.

The data shown in Fig. 1.8 indicates the variability in a
number of tubes but again a definitely higher pushing at 8.5 centimeters
than at 12 centimeters. Another series of tests which indicates some
of the source of discrepancy, is shown in Fig. 1.9. Pushing figures
were measured at a very large number of points of the tuning range of
a single tube., Wide local variations are indicated with a definite trend
from high to low pushing as the tube is tuned from 8.5 to 12 centimeters.
Part of the reason for poor correlation in these data is probably in the
definition of pushing "figure" between .25 and 1 ampere. The complete
pushing curve is a much more accurate index. The curve given in Fig. 1.1
is typical. Others are given in Chapter k.

Recent developments in the Litton Laboratories are resulting
in a much better control over the magnitude of pushing in production.
Changes in the method of loading the magnetron and incorporation of ad-
Justable loading are two steps which have helped in this direction.l

Frequency pushing is, quite obviously, a phenomenon observable
and necessarily considered in almost any magnetron development or applica-

tion. Voltage tuning, on the other hand, is in an entirely separate

1 Privately communicated by C. V. Litton.
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category in that it is only possible under very special conditions which
may not be easily established. These conditions were first achieved in
the 500 to 1000 mc range by W. H. Wilbur and P. H. Peters at General
Electric Company in 191&9.l The first experiments were made with existing
power magnetrons of the tropotron variety. Power outputs between 10

and 200 watts were obtained with voltage tuning ranges of the order of
two to one in ratio. The magnetrons had four to six anodes. ILater ex-
periments were carried out with specially designed magnetrons at low
power levels. The load conditions varied from very low Q resonant cir-
cuits (less than 10) to circuits which were essentially non-resonant.
Typical curves are given in Figs. 1.2, 1.10 and 1.11. The curve of

Fig. 1.2 represents data on a specially designed tube at very low power
levels with a non-resonant circuit. The curve in Fig. 1.10 is for a

low Q resonant load and shows appreciable power output. The curve in
Fig. 1.11 illustrates operation at apprecisble power levels into a cir-
cuit which appears to be non-resonant over the range of the experiment.
The erratic behavior of the power output is not explained in the General
Electric report. The length of line used does not seem to be great enough
to interpret this picture as the result of long-line effect. A long
line is resonant at several frequencies which are spaced more closely
together as the length of the line is made greater. The Q of the long
line circuit is proportional to the amount of energy stored in the line
or the amount of power reflected from the termination and inversely pro-

portional to the power dissipated or the power transmitted through the

1 111, 23, D. 19-25,
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termination plus power dissipated in the line., The power output of an
electronic generator (with a low internal Q) into such a line will dis-

play peaks over the frequency range similar to those indicated by the

1

data in Fig. 1.11. Recent measurements by J. S. Needle—- in the Univer-

sity of Michigan Laboratory display these characteristics without any
doubt.

The most apparent features of the operation obtained at General
Electric Company are the following:

a) The Qr, 1s undoubtedly very low. Although no direct measure-
ments of Q are available, it is probable that Qr's of the
order of 10 or less are being used.

b) The voltage-tuning phenomenon is similar to the usually ob-
served frequency pushing, but is much more pronounced be-
cause of the low Q.

c) The low current dropout usually experienced when a magnetron
is loaded heavily is conspicuously absent.

d) The temperature of the cathode must be limited to achieve
satisfactory operation. This requires use of a tungsten
cathode giving a definite emission boundary. This limitation
of emission seems to be intimately related to the maximum-
current boundary and a required criterion for obtaining os-
ecillation.

e) Efficiency is reduced as band width is increased. This must
be due to decreased electronic efficiency, since circuit
efficiency is obviously high.

f) Iloading is accomplished right at the tube anode terminals
(i.e., almost directly across the capacitive portion of the
resonant circuit). ILoads farther from the tube may cause
trouble with the long-line effect.

In the experiments being carried on currently in the University

1 gsee Quarterly Report No., 2 for 1951. Project M921, University of
Michigan, Department of Electrical Engineering, Electron Tube
Laboratory and "The Insertion Magnetron", Technical Report No. 11
by J. S. Needle.



-43-

of Michigan laboratory by Dr. J. S. Needle, voltage tuning at very low
powers has been accomplished at higher frequencies (near 3000 megacycles).
Some of these measurements will be discussed in later sections after the

theoretical analysis of magnetron performance which follows immediately.



2. LARGE-SIGNAL THEORY OF PHASE FOCUSSING

IN THE TRAVELLING-WAVE MAGNETRON

2.1 Comparison of the Magnetron to Other Travelling-Wave Electronic

Structures
Before presenting a detailed analysis of phase focussing in the
magnetron, it is in order to compare briefly the focussing mechanism in
the magnetron to the focussing mechanism in other structures in which
electfons and waves travel together. It will be evident that there
are certain features which clearly distinguish the magnetron from the
other structures. The distinction made here, which has not been empha-
sized in other treatments of the subject, is extremely useful in the
evaluation of the various methods of approach to the magnetron problem.
It is proposed that travelling-wave electronic structures may
be placed into three general categories determined by the following
characteristics:

(a) The electrons in the beam are weakly bunched, without
trapping, in proper phase to give energy to the wave. Bunches travel
with the phase velocity of the wave in the interaction region. Electrons
travel slightly faster than the bunches. Example, travelling-wave
amplifier.,

(b) The electrons in the beam are strongly bunched and trapped in

proper phase to accept energy from the wave. Bunches and electrons

“llyo
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travel with the phase velocity of the wave in the interaction region.
Example, electron accelerator,

(¢) The electrons in the beam are strongly bunched and trapped in
the proper phase to deliver energy to the wave. Bunches and electrons
travel with the phase velocity of the wave in the interaction region.
Example, magnetron.

Travelling-wave electronic devices may also be distinguished
on the basis of the space-charge density in the beam, the number of di-
mensions which must be considered in determining the beam cross section,
and the number of dimensions which must be considered in the discussion
of the beam flow., Various combinations of these distinctions can be
applied to the three categories of (a), (b), and (c) with the result
that mathematical problems of varying degrees of difficulty will be formu-
lated.

The first two categories, (a) and (b), have been discussed in
a brief paper by Brillouin.l This division is a convenient mathematical
one since the two extremes of (a) and (b) lead to approximations which
reduce the equations to linear form. The extremes are given when, in
(a), a small signal with high space charge is assumed and, in (b), large
signal with small space charge. Brillouin suggests that the travelling-
wave magnetron belongs in the category (a). This, however, is not the
case except under the very special conditions of small-signal analysis.

The statements (a), (b), and (c) imply that a set of boundary
conditions exists which will cause phase focussing of the type described.

In all cases a periodic structure is assumed which determines the phase

1l 1v, 1, a.
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velocity of the wave in the direction of the beam. Standing-wave or
travelling-wave structures may be used depending on the existence or
non-existence of a reflecting termination at the end of the structure.
The standing wave may always be resolved into components, some of which
have a velocity in the direction of flow of the electron beam. The
beam then interacts, primarily, with the component which has a phase
velocity nearest to the bunch velocity in the beam. The structure may
be re-entrant, as in the magnetron. The problem of the electronic
analyst is to invent a soluble mathematical fiction which offers the
closest approximation to the actual physical environment. Some of the
difficulties of the various approaches to the magnetron problem have
been discussed in the last section.

In‘order to add meaning to the statements which have been
made above schematic pictures of the phase-focussing action in a
travelling-wave tube, linear electron accelerator and magnetron are
presented in Fig. 2.1. These structures are examples of the three
categories mentioned above. Other distinguishing features which are
worth noting are the following.

The travelling-wave tube has, essentially, a one-dimensional
flow of electrons. Approximate analyses have been made considering
beams of negligible cross section and of finite cross section. Small
signal is usually assumed in the mathematical problem although this
assumption is definitely not valid in some of the higher-power travel-
ling-wave tubes. The phase velocity of the wave is of the order of one-

tenth of the velocity of light. Aside from a focussingl magnetic field

1 The reader should take care to distinguish between "focussing" or
concentration of the beam cross section and "phase focussing" or
bunching of the bean,
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in the direction of the beam,the r-f field is the only field acting in
the interaction space. The phase-focussing action is completely
supplied by the r-f field.

Electron accelerators are also essentially one-dimensional in
electron flow., As is indicated in the sketch in Fig. 2.1b, a focussing
magnetic field is necessary to provide transverse stability. The linear
electron accelerator is non-re-entrant; other types, variations of the
synchrotron, are re-entrant. All accelerators are large-signal devices
~and, except for de-focussing of the beam, the effects of space charge
can be neglected in the analysis. The phase-focussing action is
supplied by the r-f field. 1In the circular, re-entrant structures
magnetic field is supplied to constrain the beam to a circular path.

The phase velocity of the wave is essentially the velocity of light.

The magnetron uses a two-dimensional electron flow. The
bunches of electrons move in the direction of the wave propagation., A
drift motion perpendicular to the direction of wave propagation allows
for acceptance of energy from the d-c power supply. The d-c electric
and magnetic fields, in addition to the r-f field, are essential to the
phase focussing in the large-signal problem. The electron drift velocity
is not the same in all parts of the beam butl for large signals, is
usually less than or equal to the phase velocity of the wave in the
direction of the wave propagation. The velocity of the bunches is equal
to (synchronous with) the phase velocity of the wave. For small-signal
operation, as might be observed in the magnetron just starting to oscil-
late, or in the magnetron amplifier, the velocity of electrons in the

beam may exceed the synchronous velocity of the bunches.
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The use of phase spacel and Hamiltonian mechanics has fre-
quently been suggested and applied to préblems in electron dynamics.
A very concise general discussion of the problem has been given by
Gabor® with some interesting conclusions. Slater5 demonstrates the
usefulness of the phase-space representation in the discussion of the
linear accelerator. The merit of these methods is diminished in the
large-signal magnetron analysis for two reasons: effects of space
charge are not easily accounted for; the two-dimensional beam flow
leads to four-dimensional phase space. The complexities introduced by
the use of four-dimensional phase space are not unsurmountable but they
make the method appear less attractive. The possibility of the use of

these techniques needs further investigation.

2.2 General Discussion of the Problem and the Boundary Conditions

There are several basic assumptions which are standard in the
discussion of the magnetron. These will be stated briefly. For a com-
plete discussion and justification of certain of these assumptions the
reader is referred to the ﬁreatment by Walker in the book on magnetrons
of the M.I.T. Radiation Laboratory Series.

It is assumed that the problem can be reduced to a two-dimen-
sional one insofar as the electric fields and the electron motion are
concerned. The magnetic field is considered uniform and everywhere

parallel to the axis of the third dimension. The coordinate arrangement

1 Position and momentum are the coordinates.
2 1v, b4, b.
3 1, 9. Chapt. XI.

4 11, 11. Chapt. VI.
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is shown in Fig. 2.2. It is true that,in some magnetron structures, end
effects cannot be neglected,but it can be said that it is usually very
desirable that they are negligible for practical reasons as well as for
the purpose of simplifying the analysis.

Relativistic_corrections and other corrections which depend
on the finite velocity of the propagation of radio waves are assumed
negligible.l It has been shown by'Walker2 that effects due to the
vector potential of the circulating currents and the r-f field are
negligible if all voltages are small compared to EEE = 506 KV, where
e/m is the charge-mass ratio of the electron and ceis the velocity of
light,

It will be assumed that the effect of initial velocities of
the electrons may be neglected. 1In normal high-power operation this
is Justifiable on the basis that the mean thermal energy is small
compared to the energy obtained by the electrons from the field. How-
ever, it is not clearly Jjustified when the effects at extremely low
anode currents or the noise problem are under consideration.
| The assumption usually made which is not Jjustified in this
discussion is that the behavior at the cathode is space-charge limited.
Space-charge-limited conditions imply zero gradient at the cathode.
Under temperature-limited conditions a gradient will exist at the
cathode and consequently the electron behavior in the interaction space
must be entirely different for the same boundary conditions at the anode.

In order to compare the two cases approximately the space-charge-limited

1 The complete relativistic equations are given by Walker. I, 2, pp.
217-231.

2 Tpid., p. 230.
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behavior of the electron will be compared to the space-charge-free
behavior. The behavior of a magnetron under temperature-limited con-
ditions is much more important than generally realized. For example,
in very-short-wavelength magnetrons it has been shown to be impractical
that the cathode supply fhe current required for space-charge-limited
operation.l The procedure of neglecting, in analysis, temperature-
limited operation in favor of space-charge-limited operation is more
based on habit than scientific judgment and in many cases should be
discarded in the detailed analysis of high-frequency power tubes.
Experimental evidence in the magnetron forcefully indicates that the
conditions at the cathode can completely alter the details of oper-
ational behavior.

In this treatment the problem will be approached by, first,
deriving relationships for the energy of the electron as a function of
position in the interaction space with various assumed boundary condi-
tions and, second, determining the direction of drift motion oflthe
electrons as a function of position. The result will be a definition

of threshold energy required for the existence of the electron at a

point in the interaction spéce and the elimination of certain portions
of the volume as inaccessible because no electrons are emitted from
the anode. Both plane and cylindrical geometry will be considered.
The plane case will be emphasized because it is considerably simpler
and a reasonably good approximation to the lérge cathode magnetron.

The exact calculation of anode-current is considered beyond the scope of

1 pr. s. R. Tibbs and Mr. F. I. Wright, "Temperature and Space-Charge-
Iimited Fmission in Magnetrons," C.V.D. Report, May 1938.
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this treatment since, for even the most ideal cases in the non-magnetic
diode and the static magnetron, the results are quite involved and they
cannot be used in the discussion of the oscillating magnetron without
extensive modification.

It is convenient to begin the mathematical analysis of space-
charge behavior in a magnetron with the force equation for an electron

in an electromagnetic field. This equation in vector form is'the

following:
> - - .
%% = - E (E+vxB) . (2.1)

e = absolute value of electronic charge,

m = mass of the electron,

v o= velocity of the electron,

E = vector value of the electric field,

ig =  vector value of the magnetic field.

In the rectangular coordinate system, the component equations

become

dv. ; e e

® - "o Pm'x o (2.2)
.difx - € +.§§. (2 )
& - " m m 'y P

Here B is arbitrarily assumed to be directed in the negative z-direc-

tion.

In cylindrical coordinates the equations become

dv e Be 2
_i 3 - o - ——
at o Br - 1 =+ atr, (2.4)
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rdw e Be
EVI‘CD'*'H = --n-lEe+Vr'El— . (2.5)

Here B is arbitrarily assumed to be in the positive z-direction.
The field components are derivable from a scalar potential

(the contribution of the vector potential is not significant).

B, = - gg. , (2.6)
_ og
By = "3y

in rectangular coordinates.

151

(2.7)

Eg = -

in cylindrical coordinates.

In general the scalar potential ¢ is assumed to be a function
of time as well as position. However, the assumption is made that the
electron interaction is predominantly with the fundamental travelling-
wave component of potential which moves in the diréction of electron
drift motion parallel to the cathode surface. A suitable choice of
moving coordinate system will cause the effects of this travelling -
potential wave to appear stationary. The effects of other wave com-
ponents can be neglected in the first approximation since, in the
moving system, they are rapidly varying compared to the stationary
fundamental ,and the total effect of interaction with the electron dur-

ing transit, therefore,is small in comparison.
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The change of variables is made by substituting in the planar

system

v = v+ s (2.8)

and in the cylindrical system

w = o e, . (2.9)
vé = x-component of velocity in plenar-moving coordinate system,
Vi = constant velocity of moving-planar-coordinate system in
positive x~direction.

w' = angular veloclty in rotating cylindrical coordinate
system,

W, = constant angular velocity of rotation of cylindrical

coordinate system in positive 6~direction.
Before making the transformation into the moving coordinate
system, it is convenient to write the equations of motion in a different
form. When Eq 2.2 is multiplied by Vy it can be written

d (1py?
at 2 3’)

= -~eBW-Beve &¥ ., 2,10
Y at X 3t ( )

Eq 2.3 will be left in approximately the same form

dv e Be dy
=X = - == == 20
at m By + m dat * (2.11)

Eq 2.4 is multiplied by v, and rewritten

L Ea2) = - ar _ - mlr) &
T (2 mv,.=) = e Bp 3¢ (Bewr - mr) = (2.12)

Reorganization of the terms in Eq 2.5 yields



d(gi)r) = - -Ie'H Eg + [-:-B-?- - (l)] g£ . (2.15)

By making the substitutions 2.6 through 2.9 in Egs 2.10

through 2.13, we finally have:

é% (% mvy2 ) = e %% %% - Be (vy' + vy) %% ,  (2.14)
dvy! - e Be & .
dt -ma'gJ'mE% ’ (2.15)

in the planar system, and

a (1 2 - 9P dr _ ' - ' 2 dr
o (.z_mvr ) e == [Be(w + wp) r - m(o' + wy) I‘] .a.E,(2.16)
d(w' + wp)r _ e g Be ; dr (2.17)
dt - ﬁ—gde“L [?f“ (w +m5fl)] at ’

in the cylindrical system.

The convenience of writing these equations in the form Jjust
given will be more evident as they are studied under various boundary
conditions in the following sections. Egs 2.14 and 2.16 are energy
equations expressing the equality of the rate of increase of kinetic
energy of velocity directed normally to the cathode to the rate that
normally directed forces act on the particle. The normally directed
forces are the forces due to the electric and magnetic fields and, ip
the case of the cylindrical magnetron, the centrifugal force. Egs
2.15 and 2.17 express the relationship between tangentially directed
velocity and tangentially directed forces. In these equations the

variables vy' and ' are still, in general, functions of t. The
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potential @, however, is now stationary. It is only necessary there-
fore to be able to express vx' and w' as functions of x and r, respec-
tively, to make Eqs 2.1k and 2.16 integrable. Complete calculation of
this functional relationship involves computation of trajectories of
all electrons,which depend on the phase of emission from the cathode
and on the spatial potential distribution. Attempts at this type of
calculation have been described in the last section. The express pur-
pose of the development of the next few sections is to make an estimate
of the gross space-charge behavior on the basis of an approximate choice

of values for vx' and w'.

2.5 Synchronism Energy and Synchronism Potential

It will be assumed in this section that there exists a wave
phase velocity characteristic of the magnetron anode structure, given
by vn or w,, which depends on the frequency and the geometry of the
structure, No r-f potential between anode segments will be assumed.

A d-c potential will be applied between cathode and anode. The rela-
tlonships between anode potential, magnetic-field intensity, swarm
extent, and electron energy at the edge of the swarm will be computed
for electron velocity just synchronous with the velocity characteristic
of the anode structure.

Case I - Planar Magnetron. The velocity of the electron as

a function of distance from the cathode is obtained by solution of Eq
2.15. All anode segments are assumed to be at the same potential so

that
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The integral equation to be solved is

/lvx' = /Pmﬁdy , (2.18)

with the boundary conditions

}r = O) VX' = - Vn .
The solution is
Be
VX, + Vn = -IE— Na o : (2'19)

Thus the tangential electron velocity in stationary coordinates is
linearly related to the distance from the cathode. The distance yj,
will be defined such that v,' = 0. That is, in the moving reference
frame, the electron is stationary. 1In the stationary reference frame

the electron moves with synchronism velocity,

. (2.20)

ola
)

ynp =

If the value from Eq 2.19 is substituted into 2.14, the energy equa-

tion becomes integrable.

v}/;(% mvy2) = eJ(Ad¢ -V/Aéisg y dy (2.21)

with boundary conditions

The result is

. 2.2
ef = %mvy2+Be > . (2.22)
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The second term on the right can be written

1 Be 2 1 o

This shows that Eq 2.21 is simply a statement of the conservation of
energy. The significance of this statement is that, even with no
energy of y-directed motion, a swarm of electrons will be established
between the anode and cathode. The energy received by the electrons
from the static field goes into kinetic energy of drift motion with
velocity parallel to the cathode given by Eq 2.19. If it is assumed
that the swarm is bounded between cathode and anode, the y-directed
velocity must be zero at the boundary. For electrons to be synchro-

nous at this boundary they must have acquired a certain synchronism

energy given by
ed, = lnv? . (2.23)

If the y-directed velocites are zero throughout the swarm of electrons

the potential energy of the electrons will be decreased by

ef = Bgff . (2.24)

All of this energy, in this case, will appear as kinetic energy of the

electron. This energy will be referred to as the cutoff energy para-

bola. In Fig. 2.% this parabola is plotted with the synchronism ener-
gy level which is a constant determined by v, in the planar magnetron.
The distance y, at which the electrons become synchronous, determined

by the intersection of the two curves, is a function of v, and B.
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If there is an ample supply of electrons at the cathode and
initial velocities are neglected, the space charge in the swarm within
Yp Will build up until the gradient at the cathode is zero. The poten-
tial within the swarm may exceed that given by Eq 2.24 if electrons
are streaming inward and outward thréugh the swarm because of the
energy of y-directed velocities. At the boundary the cutoff energy
parabola must give the electron energy since it is assumed that the
electrons do not cross the boundary. It has been shown by Slaterl
that for the case of zero electric-field gradient at the cathode the
actual potential distribution curve is tangent to the cutoff parabola
at the swarm boundary. Thus the field gradients are equal at the
cathode and at the outer boundary of the swarm, which is equivalent
to stating that the total amount of charge within the swarm is inde-
pendent of the potential or charge distribution within the swarm. If
the total charge within a given boundary is determined and no charge
exists on the cathode (zero gradient at the cathode) the anode poten-
tial must be determined. The anode potential required for establish-
ment of a swarm within the synchronism boundary yn, is determined in
Fig. 2.5 by drawing a straight iine tangent to the synchronism energy
parébola at the intersection with the synchronism energy level, The
straight line is the linear distribution of potential which exists
in charge-free space between parallel planes., The field gradient and
the potential are matched at the space-charge boundary. This equality

is expressed by the following:

1 I, 9, p. 340.



By making the proper substitutions this relationship reduces to the

following form:

_ lm_2
P = BV Y¥a-537V,° . (2.25)

This potential, which will be called the synchronism potential for

the anode, must be exceeded before any electrons which are moving
Tast enough to deliver energy to the travelling wave exist in the
interaction space. Above this potential, if such a wave exists and
if there is a mechanism for collecting the electrons which have ex-
pended energy, a net energy can be transferred from the d-c field to
the wave through the medium of the space charge. This mechanism will
be discussed further in the following two sections.

Before closing this discussion of synchronism in the plane
magnetron, the significant equations will be written in a dimension-

‘less form. For this purpose the following will be defined:

(TS
ol
<

g =

In terms of these variables the various equations become:

Synchronism boundary equation

In - EBQ . (2.20a)
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Synchronism energy equation

gﬁ = 1 . (2.23a)
(o]

Cutoff energy parabola

£ 38 e

Q%Q = 22 .1 . (2.25a)
(o} Bo

These dimensionless variables were used in the plotting of curves in
Fig. 2.3.

Case II - Cylindrical Magnetron. The discussion of the planar

magnetron case was made fairly complete in order to present a physi-
cal picture of the meaning of synchronism energy and synchronism
potential. The mathematics of the cylindrical case is slightly
more involved because of the prescence of the centrifugal force
term and because of the linear dependence of the tangential velocity
on radius for a contant angular velocity. The resulting relationship
will, nevertheless, have similar significance.

In this case the angular velocity as a function of radial
distance from the cathode is obtained by solution of Eq 2.17. Again

all anode segments are assumed to be at the same potential so that

The integration to be carried out is



-6li-

d (o' + an) - o dx (2.26)
Be . r ’ ‘
-a——n- ((D +(Dn)

with the boundary conditions
(D' = - W ) r = rc .

After integration and reorganization of terms, the result is

2
o' +w, = gﬁ 1 - E%E ) . (2.27)

If w' is set equal to zero the synchronism radius is determined.

2
Be r
___<1-;rclg),

U)n =
or
In =/ Be/zm . (2.28)
r Be _
¢ m R

At the value rn/rc given by this relationship the electron is sta-~
tionary in the moving reference frame.

Thé energy Eq,2.16,becomes integrable upon substitution of
the angular velocity from Eq 2.27. After algebraic simplification,

the integration to be performed is

_ L
d (%mvr?) = [ eag _f-@féro - zg,‘-z;>dr . (2.29)

with the boundary conditions
r = Te ¢ = O, Vr = 0.

r. = radius of the cathode.
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The result is

2.2 o 2.0
ed % m Vr2 + EBE- r- (1 - E%g) s (2.20)

the second term on the right can be written

2
1l Be re? o _ 1 o .2
5 m [ 5 (1 - ?irﬂ rs = ZImo~rs,

again showing that this term represents energy of motion parallel to
the cathode surface. If the swarm is bounded at the synchronism

radius the electron must have the synchronism energy.

_1 2 |
efy = Zmo, r2 . (2.31) -

The cutoff energy parabola is
2.2 2
B~e T 2
ed = T r2 (1 - 35) . (2.32)
The anode potential for which electrons just reach the synchronism
boundary is again obtained by matching fields and potential at the
boundary. In the cylindrical case the potential distribution in the

charge-free space is logarithmic rather than linear.

- = - == Xa 2,
. = In Pl (2.33)
o)
T = total charge/unit length within synchronism boundary,

= dielectric constant of free space = 3%; x 10-9

€
° farads/meter, and

ra = radius of the anode,

Using Eq 2.32 and the gaussian theorem



T = - 2n € rn%g
7 Bge 2 e
= - 5 eO ——In_ I'n (l ——I-'E) . (2'5)4')

Combining 2.33 and 2.3k4

Pon =% = ]32'11'1‘?11'112[21 '(%ﬂm% ‘

n

Substituting from Eq 2.27 (with ' = 0) and 2.28 and 2.31, an inter-

mediate result is

¢an = Ba)n(rn2+r2)]_r}££+-2];§d)nrn . (2.35)

Final elimination of r, by Eg 2.28 yields

ra2 1 Be 5 m_ T
¢an = ?221-2_2 T O, T (l-Be%)ln(}'g‘X,/l-gzen.%)
Be

&

lm,6, 2 .2
*52 9 ra J . (2.36)

for the synchronism anode potential.

In cylindrical coordinates the definitions of ¢o and Bo

corresponding to those given for planar coordinates on page 62 are

_ 1m, 2 2
o = 33% Ta
egwn
B = .
o l_rc2
I

The important equations for the synchronism conditions in the
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cylindrical system become:

Synchronism boundary equation

—Z5 - R (2.288)

Synchronism energy equation

: 2
b I, . (2.51a)
O

Cutoff energy parabola

2
B2 |r T
= = — —— . 2.32a
R b (2.520)
T
Synchronism anode potential
Q%Q = B rcz/rag
B, B [ r 2]
o o2 - }11- _Q§
Bo Ta

The relative energy distributions in the interaction space are
plotted in Fig. 2.4. The important differences from the planar
case are that the synchronism energy is no longer constant but in-
creases with the square of the radius and the potential distribu-

tion in charge-free space is now logarithmic rather than linear.
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The fact that electrons in synchronism at the anode have more energy
then electrons Just reaching the synchronism boundary in the case of
the cylindrical magnetron,and the same energy in the planar magne-
tron,is significant, and will be discussed further in the following

sections.,

2.4 Drift Velocity and Threshold Energy Conditions

In this section it will be assumed that an r-f voltage ex-
ists between the anode segments so that the field due to the funda-
mental travelling-wave component is actually present. This potential
is superimposed on the d-c potential which is still applied between
anode and cathode. The field component parallel to the cathode
surface is now non-vanishing. The presence of this component makes
possible the drift of electrons from the cathode toward the anode at
potentials lower than the static-cutoff anode potential which is
given by substitution of the anode-cathode distance in Egs 2.24 and
2.52, The region of the interaction space which is accessible to
the electrons will be determined by an approximate method. This
method involves estimation of the minimum energy required for an
electron to reach the anode,and the boundaries of the region through
which electrons drift toward the anode.

A semi-graphical illustration of the travelling-wave poten-
tial and field distributions along the anode surface is shown in Fig.
2.5. The lower potential graph is in the moving reference frame so
that the electrode system and upper potential graph are moving to-
ward the left with the synchronism velocity. The illustration is

made for the instant that the maximum potential difference exists
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between anode segments. The following symbols are defined with

reference to this picture.

@ e = maximum value of r-f potential difference
ri max between anode segments,
¢f = maximum value of fundamental travelling-wave
component of anode r-f potential, and
¢a = average d-c anode potential.

The relationship between @¢p and ¢rf can only be determined as a re-
sult of analysis of the particular electrode system.

The synchronism anode potential derived in the last sectim
was sufficient to bring electrons to the synchronism boundary. In
typical practical cases calculations show that this boundary is
very close to the cathode., Variation in the potential distribution
due to the r-f field become relatively small very rapidly with in-
creasing distance from the anode in conventional anode structures.

It is, therefore, reasonable to assume that the velocity distribu-
tion within the subsynchronous swarm is the same as was obtained for
the static case, Electrons which have reached the synchronism bound-
ary are stationary in the moving reference frame so that the action
of the tangential field, even though small, will begin to be signi-
ficant as this boundary is exceeded. Both the plane and the cylin-
drical magnetrons will be discussed to describe the behavior in

the synchronism region.

Case I - Planar Magnetron. If it is assumed that vy ' is
expressed as a function of y, Eq 2.1, derived in Section 2.2, may

be written
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yJ/; ag = J[ige v dy i/{ABe vx! dy-+u}/;(% m vye) . (2.37)

For the purposes of this discussion, Eq 2.15 is convenient-

ly rewritten

v = Fﬂi + ..I.P'_ .Q‘_YX'_ o . (2.15&)
y B Be dt

Let us assume that the d-c voltage ¢a is greater than the
synchronism potential ¢an' Without the presence of the r-f potential
Vy' would have a positive value. With the r-f present Ey may be
positive or negative. In Fig. 2.5 this sign is indicated by the
arrows in the lower diagram. Let us examine the behavior of an
electron in the region A-B and then in the region B-C.

In the region A-B E. has a positive direction. The force
on the electron is opposite to the direction of the field so that
the electron will be forced to the left, or be decelerated, making
v, ' smaller and dvx'/dt negative. A reduction of the velocity vX'

X
will cause a reduction in the term Be Vk' in Eq 2.37 which repre-
sents a force on the electron directed toward the cathode. The
force due to the y-component of electric field is still the same

80 that the electron tends to move toward the anode giving Vy a

positive value, In the region A-B, therefore,

B m dvy!
v = = 4 2 =YX 0
y B Be dt > ’

and since

|5

is positive,
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m dvg' . .

Be ~at is negative,
we have

x| > BT

B Be dt

As long as vx' is positive the electron is moving to the right in
the moving reference frame. While dvy'/dt is negative v,' is be-
coming smaller, the electron is drifting outward, and the maximum
of Ex is becoming larger. Since vy is positive the force due to
Vy (Be vy) is tending to balance the force due to the tangential
field component (e E,).

In the region B-C EX has a negative direction. The elec-
tron will be accelerated making vy' larger and dvx'/dt positive.
The term Be Vk' is increased, tending to force the electron toward

the cathode. In the region B-C, therefore

E m Aadve'
v = = 4 2 =YX 0
y B Be dt < ?

%f is negative,

m_ dvy’ is positive

Be dt ?
therefore,

Exlsm S’ | .

B Be dt

The conclusions to be derived from these arguments are:
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~Th~

In the region A-B where a decelerating tangential field
exists, vy is directed toward the anode.

In the region B-C where an accelerating field exists,

v,, 1s directed toward the cathode.

y
The term E_/B dominates over the term 2 I¥X' in gq 2.15a.
x Be dt
The sign of dv,'/dt is such that v,' tends toward zero.

Actually, more elaborate calculations would show that the

electron executes a cycloidal-like motion around a path of drift

which tends to follow constant potential contours. The term EX/B

is recognized as the translation velocity of the rolling circle

which generates a cycloid in the case of uniform crossed electric

and magnetic fields.

The preceding discussion makes reasonable the following

choice of vX‘ in integrating Eq 2.37 to obtain the anode potential

which must be approximated if electrons are to reach the anode,

In the subsynchronous region

1 = Be -
= T Y™

the value which it has in the static magnétron.

In the synchronous region

or

I
o

v = v , the synchronism velocity.
n

The boundary conditions are
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Eq 2.36 becomes

Ya Yn
o 2
e g, = -lé'-mvy2 + Be v, dy + ; vy dy
Y=Y, Vn
2 2.2
= %—.mvy +Bevnya-?Bevnyn+]3e yn2 s
Y =¥y
but
Be _
E-Yn - Vn )

so that the last two terms can be combined and the equation re-

written

2
e¢a = -;:mvy +Be Vy Vg - 5DV (2.38)

The threshold anode potential ¢a‘b will be defined as the

anode potential given by Eq 2.38, for which the y-component of

velocity is Jjust zero. The term %‘- m Vy2

represents kinetic energy
in excess of the minimum energy which the electron must accept from

the d-c field in order to exist at the anode.

2
e Py, = Be vy Yy - % o Vn ’ (2.39)
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or in dimensionless variables

B
gii = 2 B, - 1. (2.39a)

It is interesting to note that this anode potential is the same as
the synchronism anode potential defined in the 1ast‘section. This
is a consequence of the fact that no kinetic energy, in addition to
the synchronism energy, is retained by the electron in its passage
from the synchronism boundary to the anode. Work is done on the

electron by the radial field, represented by the term

Ve,

Be v, dy . (2.40)

In

However, this energy is immediately transferred from the electron
to the r-f field so that the electron reaches the anode retaining

only the kinetic energy represented by

Yn
y dy s (2.41)

[}
=}
<

The two terms of Eqs 2.40 and 2.41 have an interesting in-
terpretation. They represent the work done on an element of current
in moving it from O to Ve, through the magnetic field B. This elememnt

of current is that due to a single charge moving with a velocity

Be

given by'if Yy between O and y, and a velocity v, between y, and yj,.
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This problem is typical of many physical problems where the energy
required to perform aﬁ operation can be determined from a force-
distance integral but the disposition of the energy can only be
determined by more detailed examination of the physical system.

In this particular case the energy given by Eq 2.41 is dissipated
into heat in the anode. It is concluded that the rest of the
energy must be transferred to the r-f field. Some of this energy
is in turn transmitted to the cathode in back-bombardment power
by the electrons which have negative y-diredted velocities.

Case II - Cylindrical Magnetron. The discussion of the

cylindrical magnetron proceeds with exactly the same basic assump-
tions which were used in the treatment of the planar magnetron
problem. The angular velocity of the electron is assumed to have
the following distribution:

. In the subsynchronous region

o = Pa%(l-%gg)-a)n :
In the synchronous region

w' = 0 or w = W .

The boundary conditions are

H
L]
H
-
o
n
(@
-
<
]
(@

T )

Eq 2.16 becomes



Fa
e¢a = Je‘-mvr2 + (Bewnr-m%ar)dr
r=r, Tn
'n
BRe? r 2) B2e2 . 2)2
+ >m (l —%2 r —Hn_lz l—r dr .

. 1 2 2yral - rp°
e¢a = snv, +(Bea>m-mcnn)--—-—2—IL
r=r,
2.2
To eliminate r,s We write
_ 1 2 1 2 _ .2y _1 2 .2
e¢a = smv +§Bea)n(ra rc) 5mw T,
r=r,
2 2
_%Beu)n(rng-rc)+mwn S

Substituting for one of the w,'s in the last term, the last two
terms become

2)

I
(@]

1 2 2y .1 2
..-2.Beu.)n(rn -rc)+--2-Beaan(rn - T

We have, finally, for the threshold anode potential in

the cylindrical system



efy = ZBeay, (r2-1r2 -zmnw?r? |, (2.142)

gai - o B _1 (2.42a)
(o] BO

Comparison of this result with the synchronism anode potential
of Eq 2.36a will show that the threshold anode potential is greater.
This difference results from the additional energy which must be given
to the electron to maintain the angular #elocity synchronism as the
radial distance to the position of the electron is increased. We must
conclude that, if the gradient at the cathode is still zero, the total
space charge in the interaction space must be greater than it was at
the synchronism potential. The potential which will Jjust maintain this

synchronism between r = r, and r = r, is the following

2 . .2 2 1
%_ = %L re< _ r2 , (2.43)
o

Eq 2.43 reduces to Eq 2.42 at the anode radius. Application
of Poisson's equation to Eq 2.43 will determine the distribution of
space-charge density, which would give rise to the potential distribu-

tion. This is found to be a constant independent of radius, given by

1 see III, 22, b, p. 436, for derivation.
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o= -2g Doy B -a) . (2.k4)"

This value will be used later in calculation of induced currents in the
magnetron.

The cutoff potential, threshold potential, and synchronism po-
tential as functions of magnetic field, in dimensionless variables,are-
plotted in Fig. 2.6. These curves apply to either the planar or cylin-
drical magnetron. The synchronism potential curve for ra/rc = 1 coin-

cides with the threshold potential line,.

2.5 Phase Focussing; Formation of Space~Charge Spokes

The threshold potential derived in the last section is well
known to workers in the magnetron field as the Hartree equation. The
purpose of presenting a detailed discussion was to point out the exact
nature of the assumptions necessary in iﬁs derivation in order to
Justify the physical picture of the space-charge distribution, which
will be used as a basis for the prediction of large-signal phase
focussing in the magnetron. This picture is presented graphically, in
the moving reference frame,in Fig. 2.7.

The threshold energy level is represented by the line labeled
@at, the actual anode voltage by the line @ . An r-f potential is re-
presented with peak amplitude ¢f. This is the peak value of the funda-
mentai travelling-wave component which appears stationary in the moving
reference frame. Fig. 2.7a illustrates the possibility that, even

though the threshold potential is not exceeded by ¢a, if an r-f

1 7vid.
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potential exists, the threshold may be exceeded during part of the cycle
designated by the interval A-B. In Fig. 2.7t the effect of the drift-
velocity condition is illustrated. The drift motion of the electrons is
toward the anode in the region C-E and away from the anode in the region
D-C. Therefore, although the threshold energy is exceeded in the entire
region A-B, electrons can only drift toward the anode in half of this
region bounded by C-B. In the region A-C electrons can only exist if
they come from the anode, and the assumption is that all electrons are
emitted from the cathode. The final picture to be derived from this
line of argument is shown in Fig. 2.7c. Here the potential distribution
is plotted over a diagram of the interaction region. The width of the
spoke and its phase angle relative to the r-f potential are approximately
determined. These quantities are defined by the following symbols which

will be used later when the current induced into the circuit is to be

calculated.
e = phase angle between center of spoke and zero of r-f
potential in electrical degrees, negative as shown.
BN =  width of spoke in electrical degrees.
ﬁ. = half the actual space angle width of the spoke.
N = number of anodes.

There are N/2 full wavelengths (each 360 electrical degrees) around the
cylindrical magnetron structure., The width of a spoke in electrical de-

grees, therefore is

N
§a2ﬁ BN .

The reference for the angle © is chosen so that © represents

the phase angle between the current induced in the circuit by the
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motion of the spoke parallel to the anode surface and the r-f potentidl
which is developed between the anode sets. The way in which 6 depends
upon d-c anode voltage is illustrated by the development of the graphs
in Fig. 2.8 and Fig. 2.9. In these graphs the r-f ?otential and the
frequency are assumed constant. This would place a very special re-
quirement on the circuit-operating parameters but is a convenient choice
for the purpose of discussion.

In Fig. 2.8a, a case is illustrated which cannot occur in the
oscillating magnetron, but is observable experimentally if an external
source of r-f is imposed on the magnetron circuit. If the anode poten-
tial is above the synchronism potential but below the threshold poten-
tial and an r-f potential superimposed, the electrons will tend to drift
toward the anode, but, because the threshold energy is not exceeded, will
be forced to drift back again toward the cathode. However, the bunching
effect of the radial component of the r-f will take effect to the extent
that a greater density of electrons will circulate under a positive po=-
tential maximum than under a negative potential maximum. The bunching
will be symmetrically disposed about the positive maximum. In this
case, the induced current into the circuit due to the motion of the
electrons parallel to the cathode will go through zerb from negative to
positive as the spoke passes under the anode segment at the same instant
the anode segment reaches its maximum positive value. This is illustrat-
ed in Fig. 2.9a where the current and voltage are plotted on a time scale
The maximum current into the circuit, in this instance, lags the r-f
potential maximum by 90°. This is equivalent to a current into the

electron swarm which leads by 90° or to the addition of a capacitance
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6, = Bt * B (2.15)

is Jjust satisfied. The entire region for which drift velocity is to-
ward the anode is filled. The spokes have reached a width just half
filling the interaction space. The phase angle 6 is zero degrees so
that the circuit must be on resonance to present a real admittance to
the induced current. At a higher anode potential, represented by Fig.
2.8e, the threshold potential is exceeded everywhere and the only
focussing mechanism left is that due to the tangential component of
the r-f field. The electrons are, therefore, not in well defined
bunches but continuously distributed with periodic condensations and
rarefactions. Moreover, as the circuit passes through resonance, the
admittance of the circuit goes through a minimum; raising the anode
potential will result, in general, in greater power input; a smaller
r-f potential (therefore smaller poweroutput) will tend to be the re-
sult of the induced current; and the focussing forces will tend to be
reduced. These factors result in inconsistency which leads one to ex-
pect that the magnetron will cease oscillating or oscillate in another
mode. The conclusion is that Eq 2.45 represents a critical condition
defining an upper-mode boundary on magnetron oscillation.

There is a similarity between the cases represented by Fig.
2.8a and Fig. 2.8e. Let us assume that the synchronous swarm of Fig.
2.8a Just reaches the anode and is produced by a very small r-f voltage
which is the initial oscillation. The anode potential is very slightly
below the threshold potential but the r-f potential is so small ﬁhat

the phase angle is practically 90°. Under these conditions, the
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focussing effects on the electrons due to their radial motion would be
relatively weak and the electrons would maintain a ﬁositively directed
velocity (w') in the moving reference frame. In other words, they
would be moving slightly faster than the synchronism velocity but
spending more time, or piling up,in the decelerating field region.

In the case of Fig. 2.8e, a substantial r-f potential exists
but the average potential is high enough to make the forces duvue to the
radial motion overbalance the forces of the tangential field. The
electrons tend to drift forward and outward in the moving reference
frame. Those which miss the anode are circulated back into the accel-
erating tangential field region, as in the case of Fig. 2.8a.

In Fig. 2.10 a series of phase-focussing diagrams illustrates
the behavior to be expected over the range of a typical volt-ampere
characteristic when the ﬁagnetron is operating into a resonant load.
The characteristic corresponding to the diagrams is shown in Fig. 2.1L
Through the threshold energy equation (Eq 2.42), there is a threshold
potential, characteristic of any synchronism angular velocity, that is
frequency. When the anode potential reaches a threshold potential ¢av
characteristic of a frequency for which the circuit presents an imped-
ance sufficient to start the phase focussing, the magnetron will start
oscillating. This potential may, in general, be as much as 10 or 20
per cent below the threshold potential which is characteristic of the
resonance frequency. This condition 1is represented by the diagram
of Fig. 2.10a. The r-f potential is very small and the synchronism
velocity is not definitely determinedj bunching is weak so that noisy

operation may be expected. As the anode potential is raised further
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to a value ¢a2’ the ffequency increases substantially to a value two
or three percent off resonance. The characteristic threshold potential
Pat2 is proportionally higher than @ .. The r-f is now strong enough
to produce a well-focussed spoke. As the anode potential is increased
further, the threshold potential remains substantially constant since
the frequency is a very slowly varying function of phase angle near
resonance., The separation between ¢a and (ot increases with increased
power input and the r-f amplitude builds up, because of the decreasing
total circuit admittance, until finally the critical condition of Eq
2.45 is reached and oscillation ceases.

The quantity @, - $,4 can be analytically related to BN by

use of the phase-focussing diagram. Referring to Fig. 2.7c,

5} = -cospN (2.46)

The phase angle © is given by
T +20 = BN . (2.47)

Note that ©, in normal operation, is a lagging phase angle
and, therefore, negative as conventionally defined. Thus PN is less

than n. The phase angle may also be related to @g - @4.

- cos BN = cos 26 = . (2.48)

¢f, the peak value of the fundamental travelling-wave, is related to
the actual peak r-f potential between anode segments by a constant

which depends only on the electrode geometry.
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between the anode segments in the interaction space. This capacitance
is entirely due to the synchronous bunching of the electrons and not
related to the capacitance effect which can be introduced by an evenly
distributed swarm of electrons. Experimental evidence of this effect
will be presented in Chapter L.

In Fig. 2.8b, the situation is illustrated just after the
anode potential has been increased to the point where, during part of
the cycle, the r-f exceeds the threshold potential. Electrons in the
spoke now drift toward the anode and are collected so that power can
be delivered to the system., As one would expect, there is now an in-
phase component of current as illustrated in Fig. 2.9b. The zero of
the current slightly precedes the r-f potential maximum in time.. The
space-charge swarm as an induced-current generator is delivering ener-
gy into a highly inductive load. Oscillations, in this case, can be
supported if they have been initiated. At the potential, @a, however,
an infinitesimal r-f potential would not exceed the threshold potential.
One must assume, therefore, that the threshold potential must have been
exceeded by @a in order to initiate the oscillation and that @ subse-
quentiy dropped (i.e., by power supply regulation), or that a pulse of
noise or exterﬁal r-f source set the tube into oscillation.

In Fig. 2.8c, the case for ¢a exactly equal to the threshold
potential, ¢at: is illustrated. The phase angle is-45° so that, for
operation into a resonant circuit, the frequency would be such that the
point of operation would be at the "half-power points."

Fig. 2.8d represents a case of particular importance. The anode

potential is raised above the threshold potential so that the condition



g, = K¢ (2.49)

rf max

where K < 1.
The final condition on ¢rf is that it be produced as the
result of the flow of the induced current through the external circuit,

i.e.,

¢I’f max IYTI‘&‘ = Il

‘YTI = absolute value of the circuit admittance.

= amplitude of the fundamental component of the
current induced in the circuit by the rotation
of the space-charge spokes in the interaction
space. It 1s given by Eq 3.19 developed in the
next chapter.
%) = the phase angle determined by the circuit. o
must be equal to the value determined by Eq
2.48 and defined in Fig. 2.7.

This discussion of the phase-focussing diagram shows that
the circuit phase characteristic, as well as the induced current due
to the particular 'spoke configuration involved, must be known in order
to make a more detailed analysis. Further discussion of the phase-
focussing diagram will, therefore, be reserved until after these con-
cepts are given some attention in the next chapter. In order to cal-
culate the induced current, it will be necessary to estimate the space-

charge density in the spokes. This problem is discussed in the fol-

lowing section.

2.6 Estimation of Space-Charge Density in the Interaction Region

It was pointed out in Section 2.4 that the potential
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distribution which will Jjust maintain synchronism with the r-f wave

can be written in the form
g = ar"+1v . (2.51)

See Eq 2.43. The potential distribution of Eq 2.43 yields the thresh-
old potential at the anode surface, and through application of Poisson's
equation a constant average space-charge density in the spoke region.
This density is given by Eq 2.44. The phase-focussing diagrams of
Section 2.5 predict that the angle 2B representing the angular width

will be given by

28 = X radians or 180°
N i

when the anode potential is equal to the threshold potential.

¢a = ¢at .

The maximum width of a spoke fdr the condition represented by Fig.

2,84 is

2B = 2% radians or 3600.
N N

This width will occur for

¢a = ¢at + ¢f . (2.45)

The minimum width of the spoke, if the phase-focussing diagram is

used to this lower extreme, would, of course, be

28 = 0° .
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Actually the spoke is probably no longer well defined at this extreme,
but more like the picture of Fig. 2.10a or 2.8a. If the hypothesis of
zero spoke width were assumed, then the anode potential would be given
by

fa = Bar - Bs (2.52)

where ¢fo is the peak value of the fundamental travelling r-f wave as
zero spoke width is approached. The point of this discussion is that the
anode potential must lie somewhere between the extremes given by Egs 2.45
and 2.52. If finite current is to be induced into the anodes as zero
width is approached the space-charge density must, of course, approach

an infinite value.

The condition 28 = 0° corresponds to the phase angle @ =-90°.

360°
N

late the induced current over the range of operation indicated as feasible

For 2B = , the other extreme, 6 = 0°. Thus if it is desired to calcu-

in the discussion of the phase-focussing diagrams from @ =-90° to 6 = 0°,
it is necessary to estimate the space-charge density in the spokes over this

range. The estimate given in Eq 2.44 applies only to the condition

AN
1]

¢at
or

e = -L5°,
Actual calculation of the space-charge-density distribution is prohibi-
tively laborious and only possible by a self-consistent field calculation.
For the purposes of this treatment, therefore, it will be assumed that
the average space-charge density is a constant independent of radius at

all anode potentials within the range of interest as it is at the threshold
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potential. This means that, whether the anode potential is below or above
the threshold potential, a distribution of the form of Eq 2.51 is assumed

to exist,

Application of Poisson's equation to Eq 2.51 yields

o = -Lg a (2.53)

The constant, a, in Eq 2.51 can be evaluated by substituting the boundary

conditions
r = Ty, ¢ = ¢n:
r = Tg, ¢ = ¢a .
Thus
o = ar,2+b,
¢n = ar,~+5b,
and

$o =B _ .. (2.54)

Yo - Tp2

The constant average space-charge density is, therefore, given by

o = -ng, Lozt (2.55)

A convenient form for this expression is obtained by substitution for

¢n = %-giwng rn2 from the equation on page 78 preliminary to the threshold
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potential eq., 2.42. The term‘% m.vr2 is assumed negligible.

;?
no
H

B
no
|

b = Bar - BT E o) (02 - 1) (2.56)

Substituting into Eqg 2.55 yields

o = -l2€Zan EE-wy) +hE,

e

. (2.57)

rgl - rp2
The first term of this expression is identical with the value given by Eq

2.4k, If we define

Ry, = In
= ’
Te
r
Ra=}42':

Eq 2.57 may be written

P = po (1+;§%£&%‘—$) . (2.58)
The effect of deviation of the anode potential from the threshold poten-
tial is now contained in the second term. Eq 2.58 is plotted in Fig. 2.12.
In typical magnetrons the range of d-c anode voltage is well within the
range covered by the graph., The theory of phase focussing presented here
applies only to large~signal analysis and large-signal operation is seldom
observed at @, less than 90 per cent of ¢atf ¢n is usually of the order
of 10 per cent or less of ¢at° ¢a is seldom more than 20 or 30 per cent

greater than ¢at- This range i1s indicated on the graph.
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2.7 Electron Behavior in the Space-Charge-Free Magnetron. Temperature-

Limited Operation

In all of the material which has just been presented, it has been
assumed that zero field gradient existed at the cathode, or that the mag-
netron was operating under space-charge-limited conditions. This is not
completely realistic in the analysis of many experimental results since,
because of frequent necessity for compromise in design, cathodes for c-w
magnetrons are frequently marginal in their emission capabilities., The
enhanced emission which provides the very large currents in pulsed magne-
trons does not exist when tungsten or other pure metal cathodes are used
in c-w tubes., It can easily be shown that the subsynchronous space-charge
swarm does not act as a reservoirl as has sometimes been proposed, Experi-
mental evidence of the fact that cathode emission, and cathode properties
other than étraightforward emission-density capebilities, may have strange
effects on oscillatory behavior is plentiful and, for the most part, unin-
terpreted. Attempts to derive complete relationships for field gradient at
the cathode and energy distribution in the swarm,for various emission cur-
rents, result in discouragingly complex relationships even for the planar
static magnetron. For the cylindrical static magnetron the information to
be derived from the analytical solution assuming zero gradient at the cath-
ode is questionably commensurate with the difficulty involwved. The problem

with a gradient at the cathode has received attention for the non-magnetic

diode as recently as October, 1950,2 although earlier papers5 give fairly

1 111, 22, ¢, DD 63-6L.
2 1v, 2.
3 1v, 3, 6, 9.
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comprehensive treatments. If it is assumed that the solution to the static
magnetron exists, there is no known method of extending the ideas to calcu-
lation of d-c current in the oscillating magnetron.

In order to get some idea of the effect of a positive field
gradient at the cathode on the behavior of the oscillating magnetron, the
various results involving anode potential and synchronism conditions which
were discussed in Sections 2.3 and 2.4 will be compared with similar re-
sults of the analysis of the completely space-charge-free magnetron. The
initial differential equations of Egs 2.1k, 2.15, 2.16 and 2.17 are the
same. The problem, however, becomes simpler, since not only are the bound-
ary conditions known, but the complete potential distribution within the
interaction space is known. On paper, at least, it becomes conceivable to
calculate the position and velocity of an clectron at every instant. It
is discouraging to discover that even this relatively simple physical prob-
lem leads to non-linear differential equations which have not been solved
except for very simplified boundary conditions in the large=-signal, travel-
ling-reference-frame problem. The following result obtained by Ludit is

such a special case.

k
y = =K —EE cosh = t + Y0 &g
We We ®c
.
+ B X o5 wet - Y2 cos wet (2.59)
W2 We
X
x? = K(1 - Sl Vo t + xgo + K—g sin wet - YO sin wet . (2.60)
B¢ . @

1
111, 12, b, p 64,
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e
(Dc = B 'n—l s
Vo = gg % = rolling circle velocity in static magnetron,
= 3 p:Se]
K = Br tan 2x 0’

v = ratio of r-f to d-c having algebraic sign of the x-
directed field component,

mB¢
]

spacing between centers of adjacent anode segments,

position of emission of electron measured from position
of maximum positively directed Egx, i.e., half the dis-
tance from A to B in Fig. 2.5, t = O at the time the
electron left the cathode.

&

In this treatment it is assumed that

n sy 1
Ya >>

This latter assumption is only valid for large magnetic fields. It is,
however, interesting to examine these results to this extent., The position
and velocity are found to contain, in addition to oscillatory terms, terms

which indicate steady drift of the electrons.

-E g
y = Y0 % (2.61)
De
=
x' = KLl-e® )+vt+x. (2.62)

Since the first unperiodic term in y of Eq 2.59 is small compared to the
term given in 2.61, it is omitted. Examination of the sign of these terms

shows that the drift motion toward the anode and away from the anode and
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toward the decelerating field region is confined within the boundaries
indicated by the analysis of the differential equations in Section 2.k4.

The arguments presented there were not related to the presence of space
charge and need not be changed for the case of the space-charge-free magne-
tron., The importent difference will be found in the anode potential re-
quired for synchronism and in the divisionvof energy between energy due to
motion directed perpendicular to the anode and energy due to motion directed
parallel to the anode.

Case I - Planar Magnetron. The solution for the x-component of

velocity in the static planar magnetron is, regardless of the field gradient

at the cathode, the result given in Eq 2.19.

Vx' + n = %?' Yy (2'19)

This means that the electron reaches. the synchronism velocity at the same
distance from the cathode regardless of the potential distribution in the

static magnetron.

o8

Yn = ‘—gl ] (2.20)

However, since it is assumed that the space charge present is having a
negligible effect on the field and potential distribution, the anode poten-
tial required to bring electrons to this boundary is now changed. The
potential of a given point in the interaction space will be linearly re-

lated to the distance from the cathode. We have, therefore

- Ya _ i1m_o e B
Finally

fan = B Vp Yg - (2.63)
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In dimensionless variables

%?n = %L ] (2.63a)
o o

For large B/Bo this synchronism potential is approximately one-half the

synchronism potential for the space-charge-limited case.

B
%‘f = 2z -1. .(2.25a)

There is nothing in the space-charge-free problem which gives reason to
change the choice of vy' used in the integration of the energy equation
which yielded the threshold energy condition and the threshold anode poten-
tial. The cutoff anode potential also has the same value. The various
energy distributions are plotted for comparison in Fig. 2.13. The curve
for the space-charge-limited energy distribution displays a slight upward
flexion in the synchronism region due to the presence of space charge in
the spokes, If, for the same anode potential, the emission current were
reduced gradually to zero, the flexion would gradually disappear and the
energy distribution gradually approach the straight line of the space-charge-
free energy distribution. The difference between the actual energy distri-
bution curve and the threshold-energy curve is the energy of y-directed
motion., The energy of the x-directed motion is represented by the shaded
area under the synchronism-energy level outside the synchronism boundary
and the cutoff-energy parabola inside the synchronism boundary. The re-
maining energy must be delivered to the r-f field.

In Fig. 2.14 the phase-focussing diagram is placed beside a po-
tential diagram to illustrate behavior of the magnetron under temperature-

limited conditions. Two conditions are shown, indicated by 1 and 2. In
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condition 1 the anode current is sufficiently small that the operation is
space-charge-limited. The anode potential, (g7, is equal to the threshold
potential,¢atl, corresponding to the frequency, f1. The phase angle, 0],
is represented as almost 90° since the space-~charge swarm is assumed to be
very weakly bunched. As the anode potential is raised a relatively small
amount, the anode current rises rapidly to the saturation value. The re-
duction of space-charge density inside the magnetron causes a positive
gradient to exist at the cathode and the potential required to produce syn-
chronous electrons approaches the value given by Eq 2.63. For a given anode
potential, ¢a2: therefore, the synchronism velocity tends to be nigher than
in the space-charge-limited case. This means that, if circuit conditions
permit, a situation like that of condition 2 would be the expected result.
The increase in threshold potential associated with the increase in syn-
chronism velocity is considerably greater than the increase in the actual
anode potential. The frequency is, of course, directly proportional to the
synchronism velocity since

v = % T, (2.6k)

where xn/2 is the distance between centers of adjacent anode segments. We
have, therefore,

£2=‘_’aa=%n2,

fi1 vnl nl
For the case illustrated it is implied that the difference between fo and
f1 is rather substantial, but that the phase angle, €62, is still large and

not greatly different from ©7. The question arises as to what factors

determine the particular operating point which is established in condition 2.
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Suppose that, in making the diagram, some other point of tangency to the
cutoff-energy parabola had been chosen in the plotting of the threshold
energy distribution. This would mean a different frequency; presumably

as a consequence of the frequency change, a new circuit impedance; and a
change in the r-f potential or spoke width. It is reasonable to assume
that the d-c collection current is proportional to the sfoke width., Thus
if the particular operating anode potential and current are assumed con-
stant, it becomes difficult to argue a change in any of the other parame-
ters in the phase-focussing diagram without a change in the circuit. It

is concluded that the operating conditions as specified by diagram 2 are
unique. This leads to an interesting conclusion about temperature-limited
o?eration. Suppose the anode potential is now raised above the value,¢a2,
and that, in addition to keeping the d-c current constant at the saturation
level, the circuit impedance is kept constant. The first consequence to be
expected of the increase in anode potential would be an increase in the
synchronism velocity, vp. One would also expect the power output to in=-
crease as the result of an increased induced current and r-f potential.
However, since the d-c current is limited by saturation, any change in
spoke width which would produce a change in induced current would tend to
be suppressed. Since the circuit impedance has been maintained constant
the phase angle and r-f voltage remain the same and we are led to the con-
clusion that the threshold potential and, consequently the frequency, must
increase in the same proportion as the anode potential. This is illustrated
by the phase-focussing diagrams of Fig. 2.15. The unique halance between all
of the parameters at the saturation current level is approximately main-

tained if the whole phase=~focussing diagram is raised with the anode
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potential. The frequency is therefore determined by the anode potential
under these particular conditions.

An important assumption underlying these remarks is that the
gross behavior of the space charge in response to given imposed voltages
and boundary conditions is not a critical function of frequency. This is
certainly truel and is an extremely important characteristic of magnetron
behavior. The ability of the magnetron to operate over a wide range of
voltages and magnetic fields and relatively large tuning ranges is a direct
consequence of this property.

It becomes increasingly evident that, in order to complete the
picture of magnetron response to varioﬁs operating conditions, at least two
more problems must be discussed. It is necessary to be able to calculate
the current which will be induced in a circuit by a given spoke configuration.
The spoke configuration is determined by the r-f potential which the cur-
rent induces in the circuit. Therefore, certain specific circuit proper-
ties must be achieved in order to produce particular types of behavior in
the phase-focussing diagram illustrated by the examples in this section.
The induced current and circuit problems are treated in the next chapter,
with particular reference to the final definition of frequency pushing and
voltage tuning. It 1s evident that the conditions Just described are those
required for voltage tuning and that the conditions described in Section 2.5
in connection with Figs. 2.10 and. 2.11 are those required for frequency
pushing. Before discussing these phenomena in detail, however, the present
analysis will be completed by a brief discussion of the space~charge-free

energy distribution of the cylindrical magnetron.

11, 2, pe1r.
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Case II -~ Cylindrical Magnetron. The dependence of the angular

velocity of the electron on radius and, therefore, the radius for which
this velocity is achieved is not affected by the presence of a field gra-
dient at the cathode if it is assumed that initial velocities are zero.
Egs 2.27 and 2.28 are still valid in the space-charge-free case. The
equation for the synchronism anode potential, however, must be modified
to account for the logarithmic potential distribution which must now exist

between anode and cathode., Making use of this fact, we may write,

lnza
r
¢an = ¢n r'c"'".
ln_.n
Te
But
1 1 I'2 I'2 1"2 1"2
fo = gmefm® = Fmerfiech - formorp

rn/rc can be written in terms of magnetic field by reference to Eq 2.28.

Making this substitution, the following results.

fon = I Tajfe (2.65)

Ta
. IS B/Bo il (2.658)
%@f . %;(1%?) MA/BOW—)

Typical energy distribution curves are plotted in Fig. 2.16. The discussion

of these curves would follow very closely the line of discussion of the
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planar case. The major physical difference is in the necessity for the
presence of a finite space~charge density in the spokes in the cylindrical
magnetron. This is necessary even as the magnetron is Jjust starting, since
the energy of the electron corresponding to its position increases as the
square of the radius in order to maintain synchronism. The potential dis-
tribution curve will have a smaller slope than the logarithmic curve at any
position, This must be accounted for by the presence of the space charge.
The difference in potential required to maintain synchronism energy and the
space-charge-free potential distribution is accented by the downward flexion
of the logarithmic distribution. In order for the average potential through-
out thespace to be as great as the potential corresponding to the synchronism
energy, it is necessary for the anode to exceed the synchronism anode poten-
tial. The potential must be raised still further to meet the threshold con-
dition. As a consequence, there will be a relatively large proportion of |
the electrons travelling at super-synchronous velocities just before the
threshold is reached and the magnetron takes off. Immediately after the
takeoff the distribution inside is altered completely, particularly so under
temperature-limited conditions. A quite appreciable space-charge density
must exist in the spokes so that the induced current and consequently the
r-f potential must immediately assume appreciable vaiues. The overall con-
clusion is that the cylindrical magnetron will be expected to "Jjump" into
oscillation, vhereas the planar magnetron may go through a quite smooth
transition. This conclusion can be extended to say that a magnetron with
relatively large ratio of anode-to-cathode radius, say greater than 1.5

to 1, will be expected to Jump into oscillation at finite anode current,
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whereas a magnetron which physically approaches the planar case, say
ra/rc < 1.5 to 1, will experience a smooth transition with oscillation
at very low anode currents.

Once the magnetron has started oscillating, the remarks relat-
ing to the phase~focussing diagrams of Fig. 2.15 still apply. The descrip-
tion of starting given in connection with Fig. 2.14 is, however, no longer
accurate.

This concludes the discussion of the phase-focussing mechanism
and the effects of limiting the available current. In the next chapter,
the methods and concepts developed here will be applied to the examination

of magnetron behavior under various circuit conditions.



3. THEORETICAL ANALYSIS REIATING THE PHASE-FOCUSSING MECHANISM

TO THE R-F CIRCUIT ADMITTANCE CHARACTERISTIC

3.1 Basic Theory for Induced-Current Calculations

When the transit time of the electron in a vacuum tube begins
to occupy an appreciable fraction of the r-f cycle it becomes necessary
to apply techniques to the anelysis of the electron behavior which are not
necessary at low frequencies. The development of these techniques of anal-
ysis has gone hand in hand with the development of new tube types and the
generation of higher frequencies by older tube types during the past twenty
years. As a result several papers have appeared which treat the theory of
induced currents due to moving charge distributions. At the suggestion of
the author, this theory has recently been applied to the magnetron by Mr.
H. W. Batten, Mr. W. Peterson, and Mr. S. Ruthberg of the University of
Michigan laboratory.l

It should be stated at the outset that if the space-charge dis-

tribution is known the theory of induced currents permits an exact calcu-

lation of the effect of the electrons on the circuit. The accuracy of the

results, therefore, is limited by the accuracy of prediction possible in
the theory of phase focussing and not by the results of application of

induced-current theory.

1 111, 22, . Sections 11 and 12, pp 73-93.

-11k4-
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For the general treatment of induced-current theory the reader
is referred to a comprehensive article by Gabor! and to articles by S.

Ramo,2 W. Shockley,> and C. K. Jen.™

A brief but complete derivation of
a formula applicable to an arbitrary geometry has been developed by H. W.
Batten and W. Peterson.”? Their results will be used in the following
discussion. The results of all treatments must be basically the same.
However, the choice of the most convenient form may greatly simplify the
actual calculations. An excellent treatment by Chao-Chen Wa.ng6 applicable
to tubes containing grids in parallel plane geametry is an example. In
this treatment the choice of an integration over time, rather than the con-
ventional integration over space, makes a substantial simplification in
the problem. In contrast, the magnetron problem lends itself more readily
to an integration over space.

Let us consider an arbitrary system of electrodes, as shown in
Fig. 3.1. These electrodes are represented as connected together by a cir-
cuit. The circuit may consist only of the capacitance between electrodes,
but in the system of Fig. 3.1, it is assumed to be entirely included in the
impedances Z}2, Z13, and Z23. Once the currents are known, the relative
electrode potentials can be calculated by computing the drop through the

impedances.

1 v, 4, b.
IV, 10.
IV, 11.
v, 12.

III, 22, c. Section 10, pp 65-73.

AN U F W N

Iv, 12.
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FiG. 3.1
ARBITRARY SYSTEM OF ELECTRODES USED IN THE
DEVELOPMENT OF THE INDUCED CURRENT EQUATION
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In order to campute the induced current, the field due to the

charge distribution and the field due to the potentials on the electrodes,
are considered quite separately. The flux through a given d€ectrode sur-

face Sx must be equal to the charge on that surface.

9 = =~ [ DndSk ., (3.1)
Sk

where Dp is the camponent of the displacement vector normal to the sur-
face Sy and directed inward. The integration can be made over all space
by the introduction of a potential function ¥ which has the following

properties

Yk = unity on Sy
= 0 on all other electrodes, and

satisfies the Laplace equation
throughout the interaction region.

¢k is not an electrical potential.

Eq 3.1 becomes

@ = '/Dndsk - 'ﬁands:
S

Sk

where the integration is now over the entire surface, including the surface

at Infinity. By Gauss' theorem

Qg = = div(¢k5) av .

v

Using a vector identity,
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ak =-/gmmhw- dk div D 4v .
\'s \'s

The first term on the right can be shown to vanish if both D and Yk vanish

at infinity.l We have also
aivdD = op.
Therefore,

ax = - [¥kopav.
v

where p is the charge density at a point in the interaction region. The

induced current ix leaving Sk is given by

a da

v

The electrode will also gain charge by the collection of elec-

trons from the interaction space. The total current will, therefore, be

i = (p v)y dSk + ;%/“k p dv . (3.3)
Sk v

3.2 Application of the Theory of Induced Currents to the Magnetron

given by

The picture of the space-charge distribution which was developed

in Chapter 2 is shown in the cylindrical multianode geometry in Fig. 3.2.

1 11, 22, ¢, p 70.
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YT

FIG. 3.2
SPACE-CHARGE SPOKE CONFIGURATION, ELECTRODE
GEOMETRY, AND CIRCUIT ASSUMED IN SECTIONS 3.2 AND 3.3
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It is assumed that the discharge is a steady-state process; i.e., the
charge distribution in the spokes is constant, although there is a rela-
tively slow transport of charge through the spokes to the anodes, contri-
buting to the d-c current. Thus the time rate of change of the displace-
ment vector on the anode ,’ hence the induced current, is caused by the ro-
tation of the spokes. The magnetron is assumed to be operating in the

% mode, so that the circuit admittance can be correctly represented as con-
nected between alternate anodes,connected in parallel. In this mode of
operation it 1ls therefore convenient to choose "k es unity on one set of
anode segments consisting of every other anode segment and zero on the
others. Thus ¢ and p are both periodic and can be given as Fourier ex-
pansions in a two-dimensional problem. At each value of the radius r in

the interaction space
N
e = gAncosn'g‘e. (3.%)

The A's are functions of r only; the angular measure 1s chosen so that ¢k
is symmetric around © = 0. The charge distribution at a particular value

of r in the interaction space will be given by

p = §Bacosage'+glcasinage', (3.5)

in the moving reference frame.

9'

0~-unt

© when t = 0.

Note that p is not necessarily symmetric, and that the Bg's and Cq's may

be functions of r. It is assumed that there is no variation in the axial
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direction. Thus, if L is the axial length of the magnetron interaction

space, we have for the induced current, from Eq 3.2

3 8 e
1 = “a"E/ f¢kardrdG. (3.6)
-x Tn

Substitution of the Fourier expansions into this expression gives

DY i 2 N N
i = L.él‘-na/ /TAncosn-é-e Bg cos a 7 @'
-1 Ty

+ Cg 8in age' rdrde|.

Since the coefficients A's, B's and C's are independent of ' all terms

vanish for a # n by orthogonality conditions. Therefore,

2 e . . ro
i = Léa.g = /cosn‘z‘ecosn-ée'/ A, B, rdr
ry

-X

7 X N o
+ cosn-z-esinn-e—e' Ancnrdr .

This may be simplified to

2
i = Lﬂa-%;: cosnlg-wnt/rAanrdr
r)

2

1

The coefficients Bpn and C, are:
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25
g
N N
Bn = g p(re') cos n 5 @' de’ (5.8)
2
°N
2x
X
N N
Ch = 33 | p(re) sin n3erdaet. (3.9)
2
“N

The An's are determined by solution of ILaplace's equation for ¢x.

The important component of the induced current is the fundamental

N N T2
i = -Lngowy sin'é‘elf Aj By rdr
r1

T2

N

+ cos 35 9 Ay Cy rar |. (3.10)
ry
The amplitude coefficient for the sine term is

r2

I = L:t-gwnf Al By rdr . (3.11)
r

The amplitude coefficient for the cosine term is exactly the same with the
substitution of C; for Bj.

By introduction of the total charge in the spokes Q and the rela-
tionship 2nf = g wp the amplitude of the fundamental component of the

induced current can be expressed in the following simple form.



) 2
I; = 4qf /’Iﬁ_zélﬂ&lr,rar
r)
1/2

o) 2
+(fr __..l“é\ .-.—--“ ;1 L rdr . (3'12)
rl

The factor in the brackets has been shown by Petersonl to be always less

than unity. Thus 4 Qf is the maximum r-f induced current available and
the factor in the brackets represents a sort of figure of merit for the
induced current in a particular set of circumstances.

Approximate form for An. The coefficient Ap in the expansion for

¥k cen be approximated if yx is presumed to have the distribution shown in
Fig. 3.3 at the anode radius. The assumed linear variation in potential
between anodes is substantiated by field maps of the magnetron interaction
space.® Ap is determined by the solution of the equation v2 ¢ = O with
the boundary conditions of Fig. 3.3 and ¢x = O in the cathode. It is as-

sumed that ¢ix 1s a separable function of r and © in the solution. The re-

sult for An is nY¥ . aX
R 2 R n2 sin%’t- ainn-g-a 3
An = - d * . (3'13)
N N S N
ns -n-2- n§ n-2-a
Ra ~Ra,

I, 22, ¢, p TY.

See J. S. Needle, "A New Single-Cavity Resonator for a Multianode Mag-
netron”, Technical Report No. 6, Electron Tube Laboratory, Dept. of
Elec. Eng., Univ. of Michigan, Fig. T.2a, January, 1951.

5 II, 22, ¢, p 80.
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where
r
R = —
Te
- Xa
Rg = Te

For the fundamental, given by Eq 3.12, n = 1. The value of
N N

R2 - R 2 for several values of-g- is plotted in Fig. 3.h4. sig 2 18
plotted in Fig. 3.5.
N N
35-3-5 asin'gcx
2 2 2
Ra = Rg

Inspection of this quantity shows that it is always less then unity.

Calculation of By and Cp. If it is assumed that the space-charge

density distribution discussed In Section 2.6 exists in the interaction
region, Bn and Cn can be readily calculated. Since the spokes are sym-
metrically placed the Cn's are zero. With reference to Fig. 3.2, the

Bn's can be calculated as follows:

B, (3.15)

o] ]

Bph = -2%- pecosn-g-e'de' = ?—n-sgsinn
-p

vhere pg = the average charge density in the spokes. pg is related to p,

the average charge density within the interaction space, by

. 2
Ps = Nﬁp . (3.16)

The total charge in the spokes is

Q = g Ps rc2 (Ra2 - Rna) BL . (3.17)



/)

N |

(-4 - ﬁH)

FACTOR PRESENT IN EQUATION (3.13)

FiG. 3.4
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We have, therefore,

N
o 1 sinn 3 B
= . 5018)
% 7L rc2 Rg? - Rp° ngﬁ (.

Final Expression for Fundamental Component of Induced Cuxrent.

The fundementel component of induced current is from 3.12, 3.1k and 3.18.

o4 .l‘la inljs Re g -g

1n2 8 ) R - R R

L = gaf 72 / a® .
o B _II -ERB.Q-D.Q

Bn  Rg 2 - Ry

ol =
(M L=

But Q is given by 3.17. Thus, after integration

N
sin s o
_ 2 N 2 1
Iy, = 8r.~fpgsinzp T N ~¥
2% pZ.g 2
2+ 2 -3 2+3 2-3
Ra - fa -fn i : (3.19)%
2+ X o_ X 2+ X 2.X
5 5 2 2

In this expression the effect of the space-charge-density dis-

tribution and the effect of the electrode geometry are essentially separ-

able. The space-charge distribution appears in the factor

N
Dssineﬁ

and the terms involving Rpn in the remainder of the expression.

1 A more complete discussion of the derivation of this equation is given
in reference III, 22, ¢, Section 1ll. The application of this result to
the special case of a point charge and an approximate method useful in
the treatment of odd-shaped spokes are also discussed in this reference.
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There is little question as to the validity of the use of Ry
as an inner boundary in the integration. Moreover, Rn is substantially
constant for the ranges of frequenclies generally encountered at constant
magnetic field. On the other hand, the terms including pg and B change
substantially over a typical volt-ampere characteristic and bear further

discussion. It is the variation in these terms which causes the charac-

teristics of the magnetron space charge as an induced-current generator

to differ from the characteristics of a constant-current generator.

Substituting for pg from Egs3.16 and 2.58, we have

N
X Po [1 + 14 %o xc? _Qa_-_k‘&] sin BB (3.20)

Po  Ra? - Rp?| X

Ps Bin-gﬁ
-2-5

The meximum width of a spoke (BN) is 180 electrical de%ees. Thus the

decreases as

sin
maximum expected value of %— is 90°. The quantity

B increases such that, from Fig. 3.5, 2
sin ’g B o
1> >= .,
N x
5B

The expected range of the quantity in the parenthesis,as indicated by Fig.

2.12, is approximately from .9 to 1.3. This quantity increaseg as f in-
' sin 5 B
creases tending to balance the effect of the variation in _ﬁ.?;_. .

5 B
Note that %- + 6 (Eq 2.47), so that

ain%l-! - cose.
T e

This will be used in later development.
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We now have & chain of relationships represented in Eqs 3.19,
3.20, 2.48, 2.49 and 2.50 which relate r-f potential and r-f current to
the d-c potential, the electrode geometry and the circuit impedance. The
magnetic field enters into the parameters pg and ¢at- If electronic effi-
ciency is estimated the d-c current can be estimated. In order to complete
the analysis some discussion of the expected phase and admittance charac-
teristics of the resonant circuit 1s necessary. This will be done in the

next section.

5.3 Phase and Admittance Cheracteristics for the Magnetron Equivelent

Circuit

In the discussion of the phase-focussing diagrams of Chapter 2
é.n obviously important characteristic of the behavior was found to be the
relationship between the phase angle, 6, and the frequency. A second im-
portant characteristic is the relationship between frequency and the ratio
of the induced r-f current to the r-f potential developed ag & result of
this current flowing through the circuit. In the last analysis the exact
effect of changes in frequency and power level on the phase-focussing dia-
grams must be consistent with the properties of the circuit comnected
between the anode segments. It is necessary, therefore, to know the cir-
cuit phase and admittance characteristics before the effects of anode
potential or anode current on frequency can be predicted.

A rigorous treatment of the microwave circuit in general requires
the solution of Maxwell's equations or their equivalent in the form of trans-
mission-line equations with the specified boundary conditions. In the case

of magnetrons, in particwlar, it is usually possible to approximate the
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circuit characteristics by a suiltable network of inductances and cepaci-
tances arranged in an "equivalent circuit”.

An essential feature of any magnetron seems to be the capacitance
between the anode sets which 1s obviously present in any multianode set
surrounding & cathode. (See, for example, Fig. 3.2.) The admittance con-
nected to these anode sets, contained in the block labelléd Yp in Fig.

3.2, is invariably an inductive, or negative, susceptance and a conductance
which absorbs the power generated by the magnetron space charge. The theory
of phase focussing leads to the conclusion that this is a physically neces-

sary condition, that is, the induced-current meximum must lag the r-f poten-

tial maximum if phase focussing is to occur. This was illustrated in the

discussion pertaining to Figs. 2.8 and 2.9. This means that the phase angle

€ in Eq 2.50,
G - [ £ (2.50)

is always negative. With this equation and the generalized equivalent cir-
cuit of Fig. 3.2 in mind the phase and admittance characteristics of repres-
entative equivalent circuits for the magnetron will be calculated.

A. Simple Parallel Resonant Circuit. Most conventional megnetron

resonator structures are representable by the simple parallel resonant cir-
cult of Fig. 3.6. This is particularly true of the type of c-w magnetron
bower tubes constructed in the University of Michigan Electron Tube Labora-
tory. These magnetrons consist of a single-cavity resonator, pill-box or
coaxial in shape, loaded by a capacitance forming the multianode set. The
anode set is justifiably considered a lumped capacitance since the dimen-

sions are of the order of a tenth to an eighth of the free-space wavelength.
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FIG. 3.6 ‘
EQUIVALENT CIRCUIT FOR OSCILLATING MAGNETRON
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The frequency characteristic of the resonator considered as & short-cir-
cuited transmission line is closely approximated by the frequency charac-
teristic of an inductance over the small range of frequencies covered by
a resonance curve. It is convenient té represent the induced current, I3,
as a current generator with a phase angle referred to the r-f potential

between circuit terminals. Thus

Frmx WL g

vhere Ig and f,.r are rms values. The admittance of the circuit of Fig.

3.6 can be shown to be

Yo = |w| fo = %9/1 + 4P 2 ftenl 2 g, (3.21)

where
Yoo =210 = % = characteristic admittance of circuit
in mhos,
2nfo = 7%‘6 = angular resonance frequency in radians /sec »
5 = f-%H - 2 - A = fractional deviation of fre-
o Mo quency from resonance frequency,
QL = b4 " = dimensionless quantity which is measure of
Gr + G, sharpness of resonance of the circuit,
Qu = 2x maximum energy stored in electric field

energy dissipated in total conductance per cycle °

The definition of Q, must be handled with care in microwave
resonators since the energy storage in the electric field is not in génera.l
taken care of by the energy stored in the lumped capacitance. A large frac-
tion of the electrical energy storage may be in the transmission line which
is represented by the inductence in Fig. 3.6. We have, for the phase and

admittance characteristics of the simple parallel resonant circuit
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~

) tan~1 25 q,

|YTl = Zd-’f/l+1&52Q12.

These are plotted in Fig. 3.7. The region of negative phase angle only

is used, i.e., f <1,.

The useful power is generated in the load conductance, Gy, and

2
PL = Igfrcose = -,%,ﬁ-]%‘—,

P = 12 6 . . (3.22)
t (Iac)e(l + 48R Qr2)
Qg

is given by

or

Gi, is conveniently related to the experimentally meesurable quan-
titity, Qe, by

GL = _Y.é.j’ég » (3 -25)
where
Q% = on maximum energy stored in electric field

energy dissipated in external load )

It is assumed that the load is not reactive in this definition.

Qe 1s determined from the measurable Q's, Qr, and Qo through the relation-

ship,
L = L.31, (3.24)
Qe A R
W = 2 wmaximm energy stored in electric field

® energy dissipated in internal circult losses ’

Yoc /0T -
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The power is related to the d-c anode cwrrent by

P, = 71 @ala, (3.25)

vhere 1) is the overall efficiency.

N = Ne e
Me = electronic efficiency
Ne = clrcuit efficiency
= 2 -8
QW

We may write finally
Ig2
(Yoc/ap)? (1 + 482 q2)

PL = Mgy In = lg-g (3.26)
This equation contains all measurable parameters except Ig. It, therefore,
rermits a calculation of Ig from experimental date if the assumptions lead-

ing to the equivalent circuit are correct. On the other hand, since

I, = %11 | (3.27)

and I is expressed by Eq 3.19 with 3.20, it is also possible to calculate
Ig for a set of phase-focussing diagrams which are consistent with the ex-
perimental observations. Thus a check on the theory is provided.

In general, Ig is related to frequency, the r-f potential, d-c
poténtial and the phase angle. If the circuit is determined, the frequency,
in turn, determines the phase angle. Whatever this dependence may be, the
relationship between d-c current and frequency is strongly affected by the

term



=137~

1
1+ 482 g2

This expression is plotted with the expressions for ¥Yr and @ in Fig. 3.7.

B. Double-Ended Non-Resonant Circuit. Another circuit of inter-

est which has been studied in the University of Michigan laboratory is the
"double-ended" circuit. A typical circuit in this category is shown in
equivalent form in Fig. 3.8. The anode set is represented by the dotted
capacitance. The circuit is assumed to be so far below resonance that this
capacitance accepts a negligible amount of current. The load resistance Ry,
represents a matched transmission line connected directly to the terminals
of the anode set. The other end of the circuit represented by Rp and Xp
consists of a short-circuited transmission line. The resistance Rp repre-
sents the loss in this section and may purposefully be made large to obtain
the desired phase or admittance characteristics.

The admittance seen from the terminals T - T' is given by

1

T RTRIN

-

&P
E .
Ly
.
+ [b4
N

= -1'—+.-];-—-——]'—-2_J—.XI_——L_§
BL er-i-%%g BI'214-3:1?-'%2
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|
b—————e]
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| X+ C=== 4’rf <~5IQL§ R,

e o cnee - e

FIG. 3.8
EQUIVALENT CIRCUIT FOR DOUBLE ENDED OPERATION
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The phase characteristic of this circuit is given by

6 = - tan~1ZEL Rr 5

2 2 2 2
- l+l%§/(1+§.§+%) (@ @y
For Rp = O
6 = - tan'l %%',
2
lYe| B, = [f1+ (g%) .
For RL. = @
6 = - tan™t %% )
X7 2
|yvp] Bp = /1 + (35) .

(3.28)

(3.29)

(3.30)

(3.31)

(3.32)

(3.33)

The maximum value for the phase angle can be determined by dif-

ferentiating the argument of Eq 3.28 and setting the result equal to zero.

2]

0 for maximum o

Xpe

(3.3%)



-140-

8'¢ '91d JO 1INJYID ¥O4 SOILSINILIVEVHI 3SVHC

6'¢ 9l
1y
000! (0]0) ‘Ol Ol _.OO
™ X /ﬁ.lld” IA”.N_- = ﬁm \ “
~ N " i i >
™ 1= .ﬂW \\Y7/ /,7/ ! \\\ -
N h -l \\ \
o —f— — Z 02
o_uw_k V/ N“m_lml\.v/ N .\ 1 /|
/N
[ Y/
// \ ,_A
N \ \
AN \\ 3
Vi v./
N 09
N 1y f 4 ( \\.E 1SNIVOY 431107d B
-] 1 . — \
N o | ] T
~ = s 08
/// -\ ‘\-AM{Bu.._m //l
00l




8'¢ 914 JO LINJYID ¥Od4 SIOILSI¥ILOVHVHO 3JONVILINGY

Ly ol'e 9Id
(%)
91 L1y
~L_ R
N <~
A . -]
,/V/ \\ IIIV{ T
N4
\ X N\ he-
/ , / / ] b
\ 7—N
/ \
~\ /
; f 3
..41._ \ \ 9
u \
/
/ / // 0= E\\V/ Tyl
LYILAl LSNIVOY @31101d \ //
®=T1> N\ 8
\ \ 1
X.’o%muwm. \ / AN oi% /
\
[ K
\
/ / \ N
NN ol
I NN
1 *
1y 002
/ / 0052 = Ty gl N
, 7 T~ !
7 \ T — )
1




~140-

The maximum value of € as a function of %% is glven by

omax = tanl - ——EE_. . (3.35)
/1 +i§%

The phase and admittance characteristics for representative values
of.%% are plotted in Fig. 3.9 and Fig. 3.10. For the special case of X,

mede up of an inductive reactance,

X _ ©2exf L

Rr ~ Rr

The quantity plotted on the abscissa is directly proportional to frequency.

For the case of a short-circuited transmission line

XT = Zq tan 2x L,
Rr Ry A

i length of line, and

Zo

]

characteristic impedance of the line.

C. Long-Line Effect. The number of variations in details of

magnetron circuitry is very great and all variations are not the result of
predetermined concepts. At microwave frequencies the effect of a cathode
end-hat, supporting mechanisms for the tuning structure, etc., may be quite

significant.t

Substantial reflection in the output coupling or the line
which carries power to the antenna also may completely alter the character-
istics of the idealized circuit assumed in analyzing the magnetron. An
effect which is increased in importance when very low-Q operation is de-

sired is the "long-line effect”.2 When & transmission line a few wavelengths

1 I, 6, d, p 533.

2 1,6, c, p515-522.
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OF SHORT CIRCUITED TRANSMISSION LINE



-1hh-

long connects the magnetron to a load and the load is not perfectly
matched to the transmission line, the admittance and phase characteris-
tic will vary periodically with frequency. A complete cycle in this
variation will occur each time the length of the line changes by one-half
wavelength. Typical characteristics are shown in Fig. 3.11. For high-Q
magnetron circuits the long-line effect is generally not serious unless
very high standing-wave ratios exist in the line., However, for a circuit
like that in Fig. 3.10 the variations in phase and admittance of the line
would quite iikely be more important than the variation in the circuit.
In this case the load resistance, Ry, would be assumed not matched to the
impedance of the line conmnecting it to the tube terminals. In practical
application it is seldom possible to make this length of line arbitrarily
short, since the tube is necessarily connected to an antenna or other use-

ful load.

3.4 Admittance of the Electron Stream, Frequency Pushing and Voltage

Tuning
Frequency pushing and voltage tuning have been defined in the

introduction to this report (pages 2 and 3). As was stated in connec-
tion with this definition, the distinction is not always clear. However,
with the aid of the material which has been presented, two sets of extreme
conditions can be indicated which very closely predict the type of charac-
teristics which have been defined as frequency-pushing characteristics and
voltage-tuning characteristics.

When Egs 3.20 and 2.47 are substituted into Eq 3.19, the rms r-f

current generated by the magnetron can be written in the following form
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- 1 _ - Qgt cos © 6
g 72 Kl(1+2KK2):t (5.56)
-é- + O
where
Ky = 7%. n L rc? f po F (@, N, Ra, Rn) emperes (3.37)
2
Kp = 8o rc® (Ra® - Raf) i1t (3.38)
4 /2K €,
N N N N
snfa Rf*ﬁ Rae 2 Rne*‘ﬁ Rn2 2
F(asNsRa,Bn) = —f N N i N N 5|2 (3-39)
=0 = e= 2+ 2= 2+ 2 =z
2 2 2 2 2 2 2]
Ra -Ra
o - R ), 30

where .ll;\frf. has been substituted for wy in Eq 2.4lL.

Rp is determined from Eq 2.28.

K = Eq 2.4
e (22

P

the peak value of the fundamental travelling wave.

The absolute value of the admittance of the electron stream as

it depends on the r-f potential can be obtained from division of Eq 3.36

by fr.p -

IY = _Ig_ = _&_ 1+ Qa_:_Q&t 29.9._9.. (5.11_1)
el Pyt ¢r-f( ﬁKKe)g.+e’
for o = f@at, e =-145°, cos & = %

[voly = 242 K vhen g = far - (5.42)
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The admittance of the electron stream is related to magnetron
dimensions, frequency and magnetic field through the factor Kj. In the
theory presented here some of the effects which r-f potential might have
on the spoke formation are obviously neglected. This is illustrated by
the case @a = Pat. Reference to Fig. 2.8c shows that, if the assumptions
leading to the evaluation of Ig are correct, Ig will not be dependent on
the magnitude of the r-f potential at this particular operating point.
This may be expressed, in other words, by stating that the r-f potential,
for a particular set of operating conditions, is not determined until the
circuit admittance characteristics are specified.

R-f potential, phase angle and d-c anode potential are related

through the expression

Pa - dat - cos 20 (3.43)
V2 K ¢r_r

from Eqs 2.48 and 2.49.
¢r-f = ¢a - ¢at

/2 K cos 26 )
This ratio is indeterminate unless @y - @at is known as a function of o.

In this ‘ca.se, for @ = - 45°, by L'Hospital's rule

d - Jat
_ ao
Fr-t /2K 2 8in 20lg _-ys50 |
or
_ 1 d(Ps - Pat)
Pz = 2/2 K ae
e =-45° . (3.h4)

o is related to the spoke width by

BN = x+20.
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Through the volt-ampere characteristic,(fa - @at) is related to d-c anode
current. The d-c anode current in twrn is expected to be roughly propor-
tional to BN, the spoke width. Thus

_(&__@:d. = O0fa - @at) 9Ia-c¢ = - 2 I(fa - @at) dld-c .
0I3-c  A(BN) 0I3-c 3o

Substituting in Eq 3.44

Prpg = - L 9P - Pat) dld-c . (3.45)

2K dla-e 90 g oy5e

The significance of this relationship is in its expression of the possi-
bllity of a functional relationship between the r-f potential and the slope
of the volt-ampere characteristic. It should not be given too much impor-
tance as a quantitative expression because not enough is known about the
behavior of the derivatives involved. One can say that a high r-f voltage
will be expected when the slope of the volt-ampere characteristic is high
as compared to low r-f voltage ﬁhen the slope of the volt-ampere character-
istic is low. Also the-two derivatives must be of opposite sign in order
that the r-f potential have a positive value. Since I(fe. - fat) is usually

dIa-c
positive, this means that & must decrease as Ij.c increases.

When the magnetron is loaded by a particular circuit of which
the phase and admittance characteristics are known, the phase angle and
the r-f potential can be expressed as definite functions of frequency and
magnitude of the induced current. It then becames possible to express as
functions of frequency the power measurable in the load and the anode po-

tential. Eq 3.36 can be written

Ig = Kl (l.‘.m%}h_)cos e .
5+ 0
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Substituting
= £
¢r-f lYTI ’
- Pat = cos 20,
£

and solving for Ig, we have

Ig = T Q . (3.14-6)
z+0 _ K1 cos 26
cos 8 Kp ||
The power in the loed is given by
= 2 = I
P, = fref0 = e 2
2
noc e ; (3-47)
2*° xcos 20

cos @ K2 |Yr|

if Gr, is the load conductance as transformed to the terminals of the mag-

netron anode set.

The d-c anode potential is given by

fo - fat = K/Z fr-r cos 20 = K/Z 28 cos 20

|

2 K
G - Fat - = T’é;l" L - cos 20 . (3.48)
'2—+g_§lc0829
cos 8 Ko |YT|

A. Frequency Pushing. For the particular case of the simple

parallel resonant circuit the phase and admittance characteristics have

been calculated in the last section. The quantity Tf:}—"zie proportional to
‘ T
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1
1+ 432 @<

a constant-current generator, as is sometimes assumed, a pushing curve,

which wes plotted in Fig. 3.7. If the magnetron were tru.'l.y

giving power as a function of frequency, would have the form of ',Y_ll' .
T
In order to obtain same idea of the modification of this curve due to the

factor within the brackets, it is convenient to maeke the substitution

Y"‘, ‘= ..Y.QC_.....J.'-..—
l * Q, cos ©

in this expression. With this substitution, we have

Ilg < = , (3.49)%
K Z+o
2 - A cos @ cos 20
cos ©
vhere A = XL QL (3.49a)

K2 Yoc

Note that

Kl _ 32nKE€o F(ay Ny Ray Rn) 1, £ ohms (3.49b)
Ko Ra“ - Rp

is independent of po. % for typical magnetrons is of the order of 500
to 1500 ohms.

When the Qp, of the circuit is reasonably high (i.e., 100), the
phase angle, ©,wries much more rapidly with frequency than Kj or Kp. Kj
and Ko can ,therefore,be considered constant in this expression. The ratio
'IIEf for representative values of A is plotted against 8Qr, in Fig. 3.12. The
auxiliary equation

28 = tano (3.50)

1s used.

1 The reader is reminded that © is conventionally negative when it repre-
sents a lagging phase angle so that(.’zl + G)(% .
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Curves of frequency and enode potential as & function of power,
as predicted by this theory, are plotted in Fig. 3.13, 3.14k and 3.15 for
representative values of the parameter A. This parameter cen be varied
by chenging various parameters in the magnetron design. The way in which
these parameters were varied is illustrated by the curves of Fig. 3.16.
The curves in each of the Figs. 3.13, 3.1k and 3.15 are plotted so that
the relative magnitudes on the two sets of curves in each figure are quan-
titatively correct in terms of the power, potential or frequency scales.

The equations used in plotting the curves are

2
T A2 cos? 9(23 3.51
s Kl) (3.51)
and
fo - fat = A 18 cos 0 cos 26 , (3.52)

V2 K Ko Ky ,

vith Eq 3.50. If it is assumed that a direct proportionality exists be-
tween power and d-c anode current these curves give the expected form of
frequency-pushing characteristics and volt-ampere characteristics.

The curves of Fig. 3.13 compare characteristics for two values
of Qr.T A and the conductance, G, are kept constant by changing Yoo in
proportion to Q. This is illustrated by curves 1 and 2 in Fig. 3.16.
Note that the volt-power characteristic is the same for either case but
the pushing characteristic shows a larger change in frequency for a given
change in power for the case of the lower QL.

The curves of Fig. 3.14 illustrate the effect of changing the

load conductance. The Qp, is maintained constant, in this case, by changing

1 It is =ssumed in plotting these curves that Q = Ioc , l.e., Gp is very
small or internal circuit losses are negligible. L
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Yo (or energy storage) in the same proportion as G (or energy loss).

A is decreased from 1.0 to 0.1 by this change. Curves 1 and 3 of Fig.
3.16 apply to this case. The total frequency shift over the volt-power
characteristic is approximately the same for the two cases but the change
in frequency for & given change in power is increased by roughly a factor
of 10 when the conductance is increased by a factor of 10. The maximum
relative power for A = 0.1 is .06 as compared to 3.1 for A = 1.0. (Ob-
tained from the same curve plotted on a reduced scale in Fig. 3.13). This
illustrates the effect on maximum-power boundary (or maximum-current boun-
dery) to be expected from an increase in conductance associated with an
increase in Y.

In Fig. 3.15 the effect of redesign of the magnetron interaction
space without a change in the circuit is illustrated. The constant Kj is
assumed to be changed by & factor of 2 such that A takes on the values
A = 0.1 and A = 0.2. Both sets of curves are assumed to apply to the same
resonance curve, i.e., curve number 3 in Fig. 3.16. For the case of A = 0.1
the current generating capacity of the magnetron (proportional to Kj) is
reduced to half of the capacity for A = 0.2. The maximum relative power
which can be produced is correspondingly reduced from 0.630 to 0.14l. The
slope of the volt-power characteristic is increased and the pushing for
a given change in power is increased. This change in Kl could be brought
ebout, for example by cutting the length of the cathode in helf. If rc®
were reduced to 1/2, Ko would also be changed and the curves would no longer
be applicable without adjustment of the scales.

This discussion illustrates the effects which may be expected

for practical changes in the magnetron parameters. Comparison with
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experimentally observed results will be given in the next chapter. We
will f£ind that, although an exact quantitative check between theory and
experiment is not obtained, the direction which parameters should be
changed to achieve a particular result is correctly indicated.

Before leaving this discussion, it should be repeated and empha-
sized that the formulae used in plotting the curves of Fig. 3.12 through
3.16 are based on the assumption of space-charge-limited high-Q operation.

The prxa.seffocussiﬁg diagrems given in Fig. 2.10,applying to the
volt-ampere characteristics of Fig. 2.l1l,are also qQualitatively applicable
to the characteristics predicted here, particularly the curves for A = 1.0
in Fig. 3.13.

B. Voltage Tuning. The behavior of the magnetron under temper-

ature-limited conditions with a non-resonant load cannot be discussed in
the same terms that have been applied to the space-charge-limited operation
into a resonant load. It is possible in particular instances to apply the
relationship for power and anode potential of Eqs 3.47 and 3.48 to circuits
other than the simple parallel resonant circuit but the calculations be-
come very involved since K1 end G, are no longer frequency independent.
A circuit like that in Fig. 3.8 would be expected to give frequency and
power characteristics approaching those defined as voltage-tuning charac-
teristics.

Let us examine qualitatively, for example, the reglon between
%Tl =1 an@% = 3 on the curves for % = 10 in Fig. 3.9 and 3.10. If Xp

were proportional to frequency, as in the case for Xp, an inductive react-

ance, this would represent the coverage of a 3 to 1 frequency range. In
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this range the phase angle varies over a relatively small range between

0 =-40° and @ =-56°. In this range of angle the induced current given by
EqQ 3.46 is not strongly affected by the change in angle. The circuit
admittance, however, is changing from IYT‘ R, = 7.8 to |YT' Ry, = 3.6,

by somewhat less than 3 to 1. The constant,Xj, being proportional to
frequency, 1s increasing by a factor of 3 to 1. The ratio T%%T which
appears in the denominator, will increase a factor of the order of 8 or 9.
The change in this factor and the factor K1 increasing in the numerator
will tend to make Ig increase by a factor of the order of 3 to 1 to 10 to 1
with frequency. The anode potential, although proportional to %;5. » will not
depart very much from the threshold potential while © is near-45°. How-

ever, the current appears as a square in the expression of 3.47 for the
power multiplied by

-ﬂlz = _-..l_—.

IYT' T%T‘I cos ©
which alsoc increases with frequency. Thus the power will be expected to
rise sharply with increasing frequency.

The threshold potential, ¢at » is related to frequency through the

threshold equation

xB

2
Bt = Rp (12 -12) - 222552 . (353, also 2.42)

For large B, ¢a.t x £, We may draw the conclusion, therefore, that, if
Ga - ¢a’c does not become very large, the frequency will be approximately

proportional to the anode potential

o = dat . (3.5k4)
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We have approximately échieved one of the characteristics desired of
voltage-tunable operation, frequency proportional to anode potential, but
not the other, power output independent of frequency. A set of curves
which have the characteristics suggested by this discussion 1s reproduced
from date taken in the General Electric Laboratories in Fig. L.L41 of
Section 4.3. A phase-focussing diagram is given in Fig. 3.17.

This discussion has been presented to illustrate the technique
of making qualitative analyses of the effect of known phase-and-admittance
characteristics on magnetron operation. Very similar results might be
expected from a low-Q resonant circuit. The major difference would be
in the behavior of the phase angle. This angle would be decreasing with
frequency rather than increasing with frequency, as it is in Fig. 3.9.

In order to obtain the characteristic of power output independent
of frequency it 1s necessary to resort to temperature-limited operation.
In this case the assumptions leading to Eq 3.46 for the current generated
exre no longer valid. It will be assumed that the r-f potential is great
enough to form well-defined spokes as suggested in the discussion of phase
focussing under temperature-limited conditions in connection with Figs.
2.14 and 2.15. Under these conditions the general relationship for the
induced current generated, 3.19, is applicable. It is not necessarilly
valid, however, to assume that the space-charge density in the spokes is
determined by the relationship in Eq 3.20 which results from the discussion
of Section 2.6. The actual value of this density under temperature-limited
conditions has not been quantitatively determined. However, an estimate of
the behavior of the density as anode potential is raised and frequency is

increased cen be made as follows.
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When temperature-limited conditions prevail at the cathode the
total d-c current camnot increase beyond a specified value as the anode
potential is raised. Assuming that the d-c current has reached this value
& particular phase-focussing diagram will apply (i.e., that of Fig. 2.1kc).

The induced current will be given by Eq 3.19.

Ig = % = 8 L rcg £ Pa Sin-lg- BF (a, N, Ra,, Rn) s (3'55)

where pg is undetermined. The current density through the spoke to the

anode will be proportional to the temperature-limited d-c anode current

(g ¥)n = C1 Ir, (3.56)
It = temperature-limited current
C1 = & constant
(ps V)y = arrival current at the anode.

The total amount of charge collected per second is limited to Ip.
An increase in anode potential, then, must increase the arrival velocity of

the electrons. We may expect, therefore, that
v = Cofy . (3.57)
Combining this relationship with Eq 3.56, we have

Ps (3.58)

n
Sio
o1

We are assuming, @ priori, that the circuit conditions are such as to en-

courage voltage-tunable operation. We may write
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f € C3 ¢, . (3.59)

Combining these conditions into Eq 3.55 we have finally

Ig = 8L 2 915% Ip sin 3 B T (¢, N, Rg, Rn) - (3.60)

The resulting current depends on frequency through the variation of Ry
in the function F (@, N, Ra, Rpn). F varies extremely slowly with fre-
quency. Note also that Ig is directly proportional to Ig.

The constent, gld,gl » has not been evaluated, however, the as-
sumption of a constant-current generator is sufficient to predict the
shape of the power -vs-frequency curve if the circuit characteristics are

known. The general relationship
2 2
P, = Ig cos 0@ = I (3.61)
) T

can be used.

The voltage-tuning curve can be predicted using Eq 3.53 and

the expression relating anode potential to the threshold potential

- Yat
= cos 20 .
\/-2- K ¢r-f
Also
Fpop = I8,
YT'
Finally

2
fa = J2K cos 29-[%?"+-“§r02f (Ra2 - Rg2) = 21!22;1;'&'%2 £2 . (3.62)
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BEq 3.62 is, of course, quite general and presents 2 strictly linear rela-
tionéhip between anode potential and frequency only for the cahditions
that

(1) Ig e, |Ym| are not frequency dependent, and

(2) the £2 term is negligible, i.e., for relatively large

magnetic flelds.

The first condition also makes the power, given by Eq 3.61, a
constant. These conditions were assumed in constructing the phase-focus-
sing diagrams of Fig. 2.16. These ideal conditions are illustrated in
Fig. 3.18.

A lagging phase angle, of the order of-20° to-50° is desirasble
to achieve good phase focussing. A circuit which has this characteristic,
as well as a constant admittance, over a wide frequency range is difficult
to achieve. 1In Fig. 3.19 the power and frequency characteristics of the
circuit given in Fig. 3.8 are plotted. This circuilt is quite easily con-
structed and approaches the desired characteristics.

C. Effects of Arrival Current. In the analysis which has been

Presented the effect of motion of electrons toward the anode on the r-f
current generated has been assumed negligible. This assumption is justi-
fiable for small anode currents,but for large currents, particularly in
pulsed radar magnetrons, the induced current due to the radial motion may
become appreciable. Our only purpose here is to indicate the effect this
current would have on the preceding analysis of frequency pushing. In
voltage-tunable operation the d-c current is usually so small that the
radial motion need not be considered. Consider the diagrams of Fig. 2.8

and 2.9. In Figs. 2.8b and 2.9b the current into the circuit due to the
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¢a

FIG. 3.18
IDEAL VOLTAGE TUNING CHARACTERISTICS
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motion of the spokes parallel to the cathode is lagging the r-f voltage
by an angle between-45° and-90°. The current due to motion of the elec-
trons toward the anode, on the other hand, is leading the r-f voltage by
less than 45°. As the phase of the spoke is advanced,this leading angle
becomes greater while the lagging angle becomes smaller. The magnitude

of the effect also increases as the phase angle becomes greater,so that,
if it becomes appreciable it may be expected to do so as the condition of
Fig. 2.84 is approached. The expected result would be & reversal in the
pushing characteristic. Mr. J. F. Hull of Evans Signal Laboratory has re-
cently suggested to the author that this effect,which he calls "anti-push-
ing", may be important in some magnetrons which he has observed. Mr. Hull
has developed a method for approximating the magnitude of the contribution
of arrivel current to the total r-f current which indicates that, in pulsed

magnetrons, arrival current should not be neglected.



l, EXPERIMENTAL RESULTS

The theory which has been presented is applicable, in prin-
ciple, to almost any complete set of data on an oscillating magnetron.
The criteria for completeness, however, are rather severe and not custom-
arily satisfied. Also, for the purpose of the present treatment, it is
more important that representative sets of data be presented than it is
that numerous similar sets of data be presented. The discussion of ex-
perimental results will be limited, therefore, to a few sets of data,
subject to quantitative analysis, which approach satisfaction of the
criteria of completeness and to other sets of data which, although
reasonably complete, display a degree of complexity which permits only
semiquantitative analysis. Other data will be presented which illus-
trate qualitatively some of the points suggested by the theory, although
not complete enough for quantitative discussion.

The author and others have presented detailed discussion of
frequency characteristics of the preoscillating magnetron and the non-
oscillating magnetic diode in other papers.l However, since effects of
synchronism on resonance in the preoscillating magnetron are a direct

result of phase focussing of the electrons into spokes, experimental

1 I1I, 1, a, b; 7, a, b; 11; 22, a; and Brewer, G. R.,"The Propagation
of Electromagnetic Waves in the Magnetron-Type Space Charge,"” Tech-
nical Report No. 8, Electron Tube Laboratory, Dept. of Elect. Eng.,
University of Michigan, July 1951. (Also Doctoral Thesis.)

-167-
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evidence of this effect will be presented here along with results of
frequency pushing and voltage-tuning measurements in the oscillating

magnetron.

4.1 Measurements on the Preoscillating Magnetron

Complete measurements on a preoscillating magnetron include
measurement of Q, resonance frequency, and impedance for various anode
potentials up to the point of oscillation. The cathode temperature and
magnetic field are, of course, properly adjusted so that oscillation
can occur when the anode potential reaches the appropriate value. The
presence of the electronic space charge in the magnetron is sufficient
to cause a shift in the resonance frequency of the magnetron resonator.
This shift may be either an increase or decrease in frequency depend-
ing on the magnetic field.l As the synchronism potential is reached
the formation of spokes of space charge by the r-f voltage which is
being used as a test signal is sufficient to overshadow the 'passive"
effects which are due only to the presence of the electrons and not
related to their motion.

In order to study this effect experimentally over a wide
range of magnetic fields the experimental setup of Fig. 4.1 has been
used. This arrangement could not be used for the measurement of Q but
facilitated rapid measurement of resonance frequency.2

A frequency-modulated signal ffom a klystron signal source

is fed through lossy cable into the output pipe of the magnetron. The

1 111, 22, .

2 For Q measurements and "passive" effects of the space charge on
frequency see the reference Just cited.
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lossy cable prevents changes in power reflected from the frequency-
sensitive load from reacting on the signal source. Two "T" sections

in the cable, leading to the magnetron test line, sample relatively
large amounts of power. At frequencies away from the resonance of the
magnetron cavity most of the power is reflected into the "T" sections.
On resonance a substantial fraction of the power is absorbed by the
magnetron., This absorption is indicated by a dip in the sweep pattern
presented on the oscilloscope screen. The pip due to power transmitted
through the wavemeter is superimposed on this pattern to check the fre-
gquency of the resonance. As the anode potential is raised the absorp-
tion dip moves due to the change in resonance frequency caused by the
presence of the space charge. The wavemeter pip is quite readily matched
to this change making extremely small changes observable.

A spectrum analyzer coupled by a probe into the test line
and pretuned to the frequency of oscillation of the magnetron serves
as a sensitive indication of the beginning of oscillation. Frequency
of oscillation is then measured by the wavemeter.

Resonance frequency measurements were made for several anode
potentials and several magnetic fields on the magnetron. Pushing data
were not recorded for most of the measurements since the ma jor purpose
of the experiment was to get data on the preoscillating magnetron. How-
ever, in Fig. 4.2, preoscillating data for three magnetic fields is shown
with pushing data in order to illustrate the relationship between the
two types of data. In these graphs anode potential,-¢a, is plotted

against o where &y is given by
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5 . fo - foo Moo = Ao
o = =

foo Noo
o = resonance frequency with space charge present
Mo = resonance wavelength with space charge present
foo = resonance frequency at g = O
Moo = resonance wavelength at @ = O

At anode potentials below the value indicated by the dotted line paral-
lel to the §p axis the frequency shift is attributed to the effect of
mere presence of the space charge on the effective dielectric constant
in the interaction space. The increasing rate of decrease in resonance
frequency which occurs above this line and before oscillation is ob-
served is not explained on the basis of this theory and is attributed
to effects of synchronism. It is expected therefore that the marked
change in slope of the curve should occur near and above the synchronism
anode potential given by Eq 2.36. Points of oscillation are indicated
by the (x) marks on the dashed-line curve. Further increase of anode
potential beyond the potential for which oscillation begins causes the
phase angle © between the spokes and the r-f potential zero to decrease
as predicted in the discussion of phase focussing. This causes the direc-
tion of frequency shift to reverse and follow the trend predicted by
Egqs 3.47 and 3.48 toward the resonance frequency of the magnetron with-
out the presence of the space charge.

The anode potential for which oscillations begin should be near
the threshold potential given by Eq 2.42.

Data for several magnetic fields are given in Figs. 4.3%a and
4.%b. The points of beginning oscillation are plotted against magnetic

field in this presentation. The resonance frequency curves are connected
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to the points of beginning oscillation, and plotted against a shifting
scale on the lower abscissa. Thus the method of obtaining the points
corresponding to an increasing rate of decrease in frequency is indicated
for each set of data. Squares corresponding to this critical point are
then plotted against the upper magnetic field scale. The results of

this construction are summarized in Fig. 4.4k. The theoretical threshold,
synchronism, and cutoff potentials for this magnetron are plotted for
comparison with the observed data.

The points of observed oscillation correspond to the first
distinguishable single frequency signal. This signal was not of infini-
tesimal amplitude, but the r-f potential is not known because no power
measurements were made in this experiment. Actually, noisy operation
was observed at potentials well below these points in most cases, but
the potential at which it was first observable was not clearly defined.
These points of oscillation bear a definite relationship to the theoreti-
cal threshold potential curve, forming a curve of approximately the same
slope but not coincident with it. Note that oscillation was observed
at three points gbove the cutoff potential. In one set of data
(B = 310 gauss) no oscillation or effects of synchronism were ob-
served. (See data in Table Lk.3.)

The spread of the points indicating the observable effect of
synchronism is rather large and the accuracy of their determination not
great, as the reader can see from examination of Fig. 4.3. However, one
would not expect the effect of synchronism to become very noticeable
until the synchronism potential was exceeded by an appreciable amount

so that fairly definite focussing of the spokes could occur. At lower
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magnetic fields, where the synchronism radius is approaching the anode
radius (for B = Bo, § = @) these points approach coincidence with
the theoretical synchronism potential curve (@gn). These points, there-
fore, are a reasonably good indication of the effect to be expected of
synchronism. No other data of this type exist in the author's experience.

| The large discrepancy between the points indicating observable
oscillation and the threshold potential curve is difficult to explain
unless a fairly large r-f potential exists in the magnetron and the mag-
netron is loaded by a fairly high impedance. Under these conditions a
large difference between threshold potential and anode potential could
exist with small power output. An experimental setup at microwave fre-
gquencies which would provide information necessary to calculate the r-f
potential and impedance in addition to the information provided by the
apparatus shown in Fig. 4.1 would be extraordinarily complicated, and
probably of questionable accuracy.

The most significant probable source of error in the accumula-
tion of data used for the curves in Fig. 4.4t would be in the determination
of the magnetic field or in the dimensions of the magnetron. The mag-
netic field for the entire set of measurements could be in error by
75 to 100 gauss due to the residual magnetism which may add or subtract
from the calibration curve. This curve is given in Fig. 4.5. This
amount of error would not explain the discrepancy in the observable os-
cillation and threshold potential curves. Also, it is doubtful that
the error exists since the observance of no oscillation at 310 gauss
and osciliation at 430 gauss (and 400 gauss in Fig. 4.2) i1s a reasonably

good check on the value of Bo = 336 gauss. Moreover, the disturbance
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in the resonance wavelength curves for magnetic fields between 870 and
1,000 gauss which is aﬁtributed to the cyclotron resonance is a reason-
ably good check on the cyclotron field B = 955 gauss. This disturbance
is observable in the curves of Figs. 4.3%a and 4.3b.

The magnetron dimensions may be in error since the Raytheon
QK59 tube used was not constructed in the Michigan laboratory, and data
was taken from tube specifications. In particular, the ratio ry/r, may
be in error by 10 or 20%. Another tube which was taken apart had a
cathode larger in this préportion.

The complete discussion of the curves in Fig. 4.2 is beyond
the scope of this report. The same set of data has been discussed pre-
viously by the author with particular reference to the behavior of the
curves at potentials less than the synchronism potential.l The reader
will note the variation in this behavior from definitely increasiﬁg
frequency at low magnetic fields to decreasing frequency at high mag-
netic fields as the anode potential is increased.

The data on the QK59 magnetron used in these tests are given
in Table 4.,1. Data for the curves of Fig. 4.2 are given in Table 4.2,

and for the curves of Fig. 4.3 in Table L4.3.

Table 4.1

%,

Data on Raytheon QK59 Magnetron

Ta, To ro/re N Jo Bo Magnet Gap
.290 cm JA76 em 1.65 18 83.5 volts 336 gauss 1.60 cm

1 111, 22, Al
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Table 4.2

Preoscillation and Pushing Data on QK59 No. 2483 Magnetron

Imagnet B(gauss) Imagnet  B(gauss)
.2 amp. 1270 .12 amp. 680
@a (volts) Ao(cm) 8o x 102 @a(volts) Ao(em) 8o x 102
0 11.155 +.01 0 11.156 0
500 11.168 -.11 Lo 11.173 =-.15
595 11.180 -.22 290 11.172 -.14
740 11.210 -.49 osc 340 11.180 -.22
760 11.185 -.26 osc 430 11.198 -.38 osc
800 - 11.178 -.20 osc Ip = .075 amp. Léeo 11.186 -.27 osc
I et B(gauss)
.o%5 amp. 400
@ (volts) Ao(cm) 8o x 10°
0 11.157 -.01
95 11.145 +.098
110 11.150 +.05k
130 11.170 -.125 questionable point
160 11.200 =-.395
170 11.208 -~.470

200 11.214% -.520 osc, very weak
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4.2 Frequency-Pushing Measurements

The comparison of experimental results of pushing measurements
with the theoretical analysis which has been presented is complicated by
the complexity of the magnetron resonator structures which actually exist.
It becomes necessary either to provide complete analysis of circuits
other than the simple resonant circuit of Fig. 3.6 or to estimate by
approximation the results to be expected on the basis of the analysis of
the simple resonant circuit. The latter method is chosen here.

Data will be presented on three magnetrons designed and con-
structed in the University of Michigén laboratory. In all of these mag-
netrons the means for analysis of the resonator have been worked out
with detail which permits calculation of the circuit parameters involved.
However, the actual r-f circuit is complicated by the introduction of the
cathode. The understanding of the effect of the cathode is shown to be
quite important to the understanding of the space-charge behavior. It
has, however, not been studied in the detail that has been given to the
simple resonator.

Mr. W. C. Brown and Mr. E. Dench of Raytheon Mfg. Co. have made
available to the author the results of a series of measurements on ap-
proximately 50 magnetrons of the RK5609-QK217 type. Several types of
data were taken which illustrate several principles of magnetron behavior.
These data are of interest to this study, particularly in that they il-
lustrate the effects of cathode emission. Data on one of the magnetrons
are presented here with some discussion. In most cases the data are not
sufficiently complete to apply the method of analysis of Chapter 2 and

Chapter 3.
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Before presenting the experimental results, a general discus-
sion of the type of data necessary, the methods used, and the accuracy
expected will be given.

A. Methods of Measurement. The following data are necessary

in order to provide experimental information which is sufficiently com-
plete to allow interpretation of frequency pushing in the oscillating
magnetron:
Dependent Variable
1. Frequency
2. DPower
3. Anode potential
Readily Variable Parameters
4., Anode current
5. Magnetic field
Not-So-Readily-Variable Parameters
6. Q
7. Load conductance at anode terminals

8. Resonance frequency of the anode sets and attached
resonator

9. Resonance frequency of the entire system
10, Complete interaction space dimensions
The accuracy of the instrumentation used in obtaining these data
varies with the quantity being measured. The following is an estimation
of the limitations in the techniques used in obtaining fhe data of this
section.
Frequency was determined by a Mico No. 501 wavemeter. With

reasonable care these wavemeters can be set and read to i..OOE cm. At
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15-cm wavelength (2000 megacycles) this represents an expected error of
+ .013% or + .26 mec.

Power was determined by coupling the magnetron output through
a l-5/8-inch, 50-ohm coaxial line to a calorimefric water load. A water
flow of .37 liters per minute was maintained using a Schuette Koerting
Type PO46-11-091 flowmeter. Periodic checks of the calibration of this
instrument show no variation. Temperature differential was measured
by a Foxboro differential thermometer having a 20° C full scale divided
into 0.2° C divisions on a 270 angular degree dial (Serial No. 454988).
The power calibration at this water flow is 25 watts/degree. Estimating
the accuracy of flow determination at + .0l liters/minute and the tem-
perature determination at + .05°, the expected error at the 100 watt
level is + 3.75% or + 3.75 watts. The time constant of the calorimetric
system is rather long, which also may have been a source of error in
some measurements made before equilibrium was reached.

Anode potential and anode current were measured with panel
meters on the laboratory supply. Potentials were read to + 10 volts.

At 2000 volts this means an expected error of + .5%, which is within
the accuracy of the instrument. Anode currents were measured with simi-
lar accuracy.

The magnetic field in the interaction space is assumed to be
that given by a magnet current calibration curve made with pole pieces
identical with those in the magnetron. Two fluxmeters have been used,
one a Sensitive Research Model F flip coil type, the other a Rawson
rotating coil type. This latter meter has been used with some success

in the exploration of fields in the magnetron interaction space. It
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is concluded from these measurements that the calibrations using the
flip coil type of meter, which gives average flux, may be in error by
approximately 5% because of ﬁhe variation in flux density across the
tube axis.t In general the flip coil method gives gauss readings about
5% loﬁ. The effects of hysteresis are also to be considered. A series
of measurements on the magnet used in these experiments with the pole
pieces for the Model 3 magnetron (see calibration curve of Fig. 4.26)
at .5 amperes magnet current showed a maximum spread of 1830 to 1790
gauss. The magnet was turned on and off and current reversed with no
attempt to control hysteresis.

Measurement of Q involves the use of a signal generator to
feed power into the magnetron, a waveméter to measure frequency, and
a detéctor which measures the position of the minimum on the standing
wave which results in the line and the ratio of the maximum to the mini-
mum, The detector consisted of a probe in the line which fed into a
TSSUSE spectrum analyzer through an attenuator calibrated in db. The
signal appearing on the spectrum analyzer screen was kept at a constant
level by use of the attenuator. Attenuator readings then gave SWR in db.
This was converted to voltage standing wave ratio (VSWR) for plotting
purposes. Accuracy of Q determination depends almost entirely on the
determination of the minimum of the VSWR curve. Various methods of plot-

ting the data exist.2 Comparison of these methods and checking of

1 Measurements by S. R. Ruthberg, Quarterly Report No. 2, Electron Tube
Laboratory, Dept. of Electrical Engineering, University of Michigan,
June 1951.

2 The method used here is that discussed by L. Malter and G. R. Brewer
in "Microwave Q Measurements in the Presence of Series Losses,"
Journal Appl. Phys., Vol. 2C, Ho. 10, pp. 918-925, October 1949,
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measurements indicate that Q may be determined, with reasonable care,
within 10%. Extreme care and ideal conditions will, of course, give
better accuracy.

B. Measurements on Michigan Magnhetrons Model T7A No. 33 and

Model 7D No. 42. Assembly drawings of the Model 7A magnetron and the

Model 7D magnetron are given in Figs. 4.6 and 4.7. The resonator struc-
ture of these magnetronsl consists of a one-half wave coéxial line
loaded capacitively by vanes, connected through slots between bars in
the inner éonductor. The tips of the vanes and the bars form the anode
sets for the magnetron interaction space. Loading is accomplished by a
"T" connection into the coaxial cavity. The position of this "T" con-
nection is the major difference between the Model 7A and the Model 7D
magnetrons. The Model 7D output "T" haé approximately twice the mutual
flux linkage with the coaxial cavity as the Model 7A. The Model TA

has an extra coupling loop which was designed to couple into a higher
frequency vane mode. This loop does not affect the mode under study

in these experiments.

A characteristic of the type of resonator and anode structure
used in the Model 7 is a rather strong coupling to the coaxial line formed
by the cathode stem and the magnet pole piece. In order to prevent loss
of power through this coaxial line, it is made very low impedance (about
4 ohms) and one-quarter wavelength. The impedance presented to the

line at the‘cathode terminals is relatively high, so that the impedance

1 This type of magnetron resonator was given detailed discussion by J.
S. Needle and G. Hok in "A New Single Cavity Resonator for a Multi-
anode Magnetron," Technical Report No. 6, Electron Tube Laboratory,
Dept. of Electrical Engineering, University of Michigan, January &,
1951.
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presented to the interaction space is wvery low compared to the anode
resonator impedance. This effectively forms a‘bypass between the bar
anodes and the cathode surface. The cathode is thus unbalanced relative
to the two anode sets. This can be shown to be unimportant to the
analysis of the space-charge behavior. However, it will be found im-
portant in the analysis of the circuit since the resonance frequency of
the magnetron is shifted by the presence of the cathode, and the energy
storage in the cathode bypass causes circulating currents along the
cathode stem rather than in the coaxial cavity which contains the output
coupling.

Insofar as the interaction space is concerned the Model TA
and Model 7D are supposed to be identical. In other words, the constants
Ky and Kp of Egs 3.46, 3.47, and 3.48 are the same for the two tubes.
Any difference in their characteristics must, therefore, be caused by
differences in the resonant circuit and loading. In order to facilitate
comparison of the two sets of data, the frequency, power, and anode po-
tential for the two tubes and the various magnetic fields are plotted
side by side to the same scale in Figs. 4.9 to 4.16. A magnet calibra-
tion is given in Fig. 4.8. In Fig. 4.17 the lowest measured anode
potentials for which oscillation is sustained, taken from the two sets of
data, are plotted for comparison with the theoretical threshold potential.
In Figs. 4.18 and 4.19 power output is plotted as a function of fre-
quency for the Model‘7A No. 33 magnetron. In Fig. 4.20 similar curves
for the Model 7D No. 42 magnetron are plotted for three high magnetic
fields. The anomalous behavior of both tubes at magnetic fields less

than 1200 gauss is attributed to a cyclotron resonance in the electron
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stream. The‘cyclotron field for this magnetron is 760 gauss.‘ No attempt
will be made at complete interpretation of this phenomenom in this dis-
cussion. It is related to the presence of the unbalanced radial fields
caused by cathode unbalance. Attention will be concentrated on the more
normal behavior at fields above 1200 gauss.

In order to apply the methods of analysis,,K developed in the
last chapter, to the Model 7 magnetrons, the variables defined there
must be determined. This has been done and the results are tabulated in
Table 4.5. The data used in these calculations is given in Table L.k,
Values of the variables are listed for four different magnetic fields in
order to illustrate the range of variation.

The constant K = a——gi——— is determined as follows: The r-f

r-f max
potential distribution at the anode radius for maximum difference in
potential is assumed to have a trapezoidal form like that of Vk in Pig.
3.3. Bars, vanes, and gaps between the bars and vanes all have the same
angular width. The fundamental frequency component of a symmetrical

trapezoid is given by

(1)

%rg

This wave is split into two travelling waves, one travelling with ‘the

electrons and one travelling in the opposite direction. Thus,

k - 2Y2 0.9 .

- =

Reference Data for Radio Engineers, Federal Telephone and Radio
Corporation, 1946, p. 282.
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Calculation of the current generated and power output as a func-
tion of frequency requires knowledge of the resonant circuit properties.
These properties are somewhat in question but, nevertheless, the calcula-
tion will be made for the Model TA No. 33 magnetron and the results com-
pared with the observed experimental data.

In Fig. 4.21 two resonance curves resulting from Q measurements
are plotted for the Model TA No. 3% magnetron. Note that the resonance
frequency is shifted and the Q lowered by insertion of the cathode. Also,
the resonance curve is changed in shape indicating a complex resonance.
These facts are interpreted with the help of Fig. 4.22.

In this diagram the cathode is introduced into the picture as
a third electrode and the circuits between each anode set and the cathode
represénted by Z.1 and Z.o. In the Model 7 magnetron geometry the set
of anodes formed by the bars is essentially bypassed to the cathode by
the transmission line formed by the cathode stem and the pole piece.

This may be expressed by labeling

Ancde Set No. 1 -~ Bar Anodes
Anode Set No. 2 -~ Vane Anodes

e <3: Zeo

As long as the ¥/ function used in the induced current calcu-

lations is exactly the same for each anode set the current

Ic = O,

Ici1 = Tc2

If the W functions are not alike for the two anode sets the current Ip

will not be zero, but may be thought of as the difference in current
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which results from the connection of two dissimilar generators, Ig1 and
Ige between anode sets 1 and 2 and the cathode. These are shown dotted
in Fig. 4,22, This could occur in the Model 7 since the two anode sets
are not quite alike.

The point of major importance to the analysis of results on the
Model 7 magnetron is that the charge stored by current flow into Z;; and
Zop does not contribute appreciably to the circulating current in the
tank circuit, but does contribute to the circulating current in the line
formed by the cathode stem. This means that although the current I,
which flows into the tank circuit, may not be greatly different in magni-
tude from Iy without the cathode, the phase angle of I relative to the
r-f potential across the tank circuit will be determined by the phase
characteristic of the resonator without cathode. It is concluded that,
in the application of Eq 3.51 to the determination of the power, the angle
© which is used should be the angle determined by the circuit without the

cathode,
tan 61 = 2 61QL1 .

On the other hand, the angle 6 used in calculation of Ig/Kl from Eq 3.49

will be given by
tan 92 = 2 62QL2 .

The load conductance as presented to the anode terminals has
been calculatedl for the Model 7 geometry with the assumption of a 50-ohm

line coupled to the magnetron output. This value will be assumed to apply

1 pNeedle, J. S., and Hok, G., op. cit. page 18.
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in the determination of the constant A, i.e.,

_QI-LE;'GL,

YO c

The calculated value is

Ry, = 5 = 1835 ohms

as is indicated in the (A) column of Table 4.5. The power in the load

is given by

P I 2
.S g 2 =£
G KD A cos= 93 (K

where

l\
Ip > -
Ky 5+ 02

& _— - A cos ©2 cos 202
cos oo

%% may be estimated from Fig. 3.12.

In Fig. 4.23 the curves predicted by these formulae are plotted
for B = 1525 gauss for comparison with the experimental points. Further
comparison of experimental results with theory does not seem worthwhile
since a careful comparison cannot be made without extension of the theory
to take into account the complexities of the particular magnetron under
study. The significant conclusions to be drawn from this comparison are
the following:

a. The magnetron operates over the approximate range of fre-
gquencies predicted by the theory.

b. The shape of the pushing curve is approximately correct.
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¢. The predicted power levels are of the right order of mag-

nitude for [6p| >|45°]. For |ep|< [u5°

the predicted power approaches
infinity. This, of course, requires infinite anode potential and induced
current, which is not possible, so that the magnetron should cease oscil-
lating before resonance (82Qr2 = O) is reached. For B = 1690 gauss
and 1525 gauss oscilliation ceases before'resonance is reached. For the
other curves this is not the case.

d. Anode potentials are consistently below the threshold po-
tential with the exception of the cases for 1690 gauss and 710 gauss.
This is as predicted for phase angles greater than 45°. The value of
the anode potential should be determinable from the expression of 3.48

or from the expression

a - Yat
K r-f
From Fig. 4.10 or Fig. .17
@s - Fat = =100 volts at 20 ma.

We also have

8pQLe = 1.6,

S0 = =T3°,
cos 206 = =0.83,
K = 0.9,
and
Gp-f = 95 volts.

The power in the load is given by
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For 20 watts at 95 volts

as opposed to 1835 ohms used in the previous calculations. This compari-
son is interesting but should not be taken too seriously since an error
in magnet calibration of 50 gauss will, in this particular case, change

@a - Fat by 125 volts. Thus, if

Bo = For = 225 volts ,
Gr-f = 214 volts ,

and
Ry, = 2300 ohms .

As was pointed out in connection with the discussion of the magnet cali-
bration, this amount of error is quite feasible.

Data on the Model 7D No. 42 can be compared qualitatively with
the data on the Model TA No. 33. Resonance curves from Q measurements
are given in Fig. k.24, It is apparent that a second resonant system,
possibly associlated with the cathode stem, is storing energy with a higher
Q than the resonant system of the coaxiél cavity at this loading. This
effectively makes a broad resonance, due to the two circuits coupled
together, at 13 cm. The upper dotted resonance curve is plotted for
comparison with the 13-cm minimum and corresponds to a Qr of 10 (under-
coupled). The frequency-power curves of Fig. 4.20 show operation over
the range indicated on the graph. This range is roughly that to be ex-
pected with a circuit having a Q of 10. The frequencies f, and f; are

indicated on the graphs of Fig. 4.20. Oscillation at the frequency of
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the second resonance, fo = 2670 mc, was also observed in pulsed opera-
tion. Operation at low anode currents was very erratic as is indicated
on some of the performance data graphs.

C. Measurements on Michigan Magnetron Model 3 No. 8.1

Another magnetron for which fairly complete data exist is of the inter-
digital type. An assembly drawing of this tube is shown in Fig. 4.25.

The cathode stem of this tube is also intimately coupled to the resonator
and has a pronounced effect on the operation. The Model 3 tube is tunable,
so that the exact resonance frequency without the cathode was not known
for the conditions of this experiment. The resonant circuit consists of

a pillbox type resonator capacitively loaded by "digits" or "fingers"
alternately connected to top and bottom of the pillbox. Loading is ac-
complished by a loop coupling into the coaxial output.

Calibration of the magnet with the Model 3 pole pieces is given
in Fig. 4.26. A resonance curve is given in Fig. 4.27. This resonance
has a double minimum with the minima much more closely spaced than those
observed in the Model 7 data. Q is calculated to be about 60 for the
smooth dotted curve. Performance data are given in Figs. 4.28 and 4.29.
Comparison of observed anode potentials with the threshold potential at
two currents is given in Fig. 4.30. Data on the Modél 3 magnetron inter-
action space is given in Table 4.6. The variables used in induced current

calculations are given in Table 4.7.

1 Analysis of this type of magnetron and the Model 3 design in particu-
lar are given detailed treatment by H. W. Welch, Jr., and G. R. Brewer
in "Operation of Interdigital Magnetrons in the Zero Order Mode,"
Tech. Report No. 2, Electron Tube Lab., Dept. of Elec. Eng., Univ. of
Mich., May 1949. Also see Hull, J. F., and Randalls, A. W., "High
Power Interdigital Magnetrons," Proc. IRE, Vol. %6, No. 11, Nov. 1948,
pP. 1357-1363.
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The impedance between the Model 3 cathode stem and the anode
block is maintained high'by a resonant short-circuited quarter-wave line
in series with an open-circuited quarter-wave bypass. In the Model 7
magnetron this impedance was kept low by using only the bypass. Another
Model 7 tube, the Model 7C No. 41 magnetron incorporated in the cathode
stem an arrangement similar to that in the Model 3.1 This tube was in-
operable on c-w tests because of poor performance of an oxide-coated
cathode. All other tubes discussed here use thoriated tungsten cathodes.
In pulsed operation the Model 7C No. 41 did operate at near the resonance
frequency of the coaxial resonator and showed high mode boundaries under
some loading conditions.

Quantitative comparison, on the power scale, of Model 3 data
with theory is not possible since the resonance frequency without the
cathode is not known. However, the form of the pushing curve and the
range of frequency expected can be approximated by assuming a simple
resonént circuit and comparing the predicted and experimental curves on
an adjusted scale.

For the Model 3 magnetron
YOC ’; aﬂf CA

where Cp is the capacitance between anode sets. Cp has been calculated

to be2

1 Needle, J. S., and Hok, G., loc. cit.

2 Welch, H. W., and Brewer, G. R., loc. cit.
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Cp = h.9/4y*f ’
Yoo = 055 mhos .

For Q, = 60
%%Z = 1100 ohms .

This value is used in the calculation of A in Table 4.7. The power is
calculated using Eq 3.51 and compared with the experimental points in
Fig. 4.31 for B = 1655 gauss. The following conclusions are made from
this comparison:

a. The magnetron operates over the approximate range of fre-
quencies pre@icted by the theory. Oscillation ceases at between =35° and
-40° off resonance (8Q, = -.35 to-.hk2).

b. The shape of the predicted pushing curve is approximately
correct.

c. The predicted power levels are a factor of > 10 high. This
means that the current predicted is a factor of > 3 high. This discrep-
ancy is possibly caused by the neglect of the effects of the cathode line
on the phase characteristic of the circuit. The factor, cos2 6, which
is contained in the expression for power, changes by a factor of approxi-
mately 10 between 6 = -72° and © = -84°. This would correspond to a

shift in frequency of 3.5% for Qg 100 or 62 mc at £ = 1786 mec.

Another possible source of discrepancy is in the assumed value of Qr/Yoc.
d. The anode potentials are consistently below the threshold
potential as is expected for the phase angle '9' >»|h5°|. Values of the

r-f potential, calculated with Eq 2.48, are too large by a factor of 4
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or 5 if the value of QL/YOC -= 1100 ohms is assumed approximately correct.
Again it will be pointed out that a quantitative check of this value is
very critically dependent on knowledge of the magnetic field.

D. Measurements Showing Effect of Cathode Emission on Perform-

ance Characteristics. Two sets of data are reproduced here with the

purpose of indicating the effect of cathode power on operating character-
istics. The Model 7A No. 33 magnetron and the Model 3 No. 8 magnetron
were used in these tests. In Fig. 4.32 performance characteristics for
the Model TA No. 33 magnetron for full cathode and part cathode at rated
current of Ipr = 15.5 amperes are plotted for compariéon. The cathode

in this magnetron is a bifilar tungsten helix with a center tap making
possible use of part of the cathode at the rated current. Note that the
slope of the volt-ampere characteristic is strongly affected by reducing
the cathode power. Presumably this is caused by the reduction of emission.
The maximum power reached and the pushing are not affected greatly as is
clearly shown in Fig. 4.33. The entire pushing curve is shifted about

6 megacycles toward higher frequencies by the reduction of emission. This
shift is borne out by other measurements, including those in Fig. L, 34,
Here similar data are presented for the Model 3 No. 8 magnetron. In

this case the entire cathode was used for both sets of data, but the heater
current reduced to reduce emission. Note that the filament voltage re-
quired to maintain 19 amperes increases rather sharply in the region of
erratic operation. This indicates back-bombardment by the electrons,
which increases the temperature and, consequently, the resistance of the
filament. The slope of the volt-ampere characteristic did not change in

this test.
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E. Measurements on Raytheon QK217 Magnetron RK5609 No. 16.

In an attempt to correlate various parameters of magnetron design with
maximum current boundary, a number of production tubes have been studied
in the Magnetron Development Laboratory at Raytheon Manufacturing Company.
The results of these tests were made available to the author. Data of
several types on one of the magnetrons studied will illustrate further
the effect of temperature on magnetron operation. This magnetron is of
the RK5609 type, Serial No. 16 in the test series. This magnetron is a

16-vane magnetron. The measured resonance characteristics were

QL = 269 ,
Q@ = 1020 ,
fo = 216)4 me .

The data are plotted in Figs. 4.35 to 4.4kl. The curves of
Figs. 4.38, 4.39, and 4.40 are of particular interest. These curves ap-
pear to correlate the transition from space-charge-limited operation
to temperature-limited operation with a transition from frequency pushing
to something similar to voltage tuning. On the curves of Fig. L4.38, at
low emission between 1440 and 1510 volts, the d-c current is constant
and the frequency is varying comparatively rapidly. In Fig. 4,39 this
region is moved up to 1480 to 1520 volts. In Fig. 4.40, at high emission,
the region has disappeared. Making a quantitative comparison, at 1585-

ma emission and 1475 volts,

AF

7

-2 mc
volt ’

2 x 10

and at 417-ma emission,
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= -e_m'.c_.
4 x 10 1%’

Sk

or a factor of 20 increase in slope of the frequency voltage characteristic.

4.3 vVoltage-Tuning Measurements

Almost all of the experimental suudy of voltage tunable mag-
netrons has been carried on by Wilbur and Peters, who first reported the
effect, in the G. E. Research Laboratorie_sl or by Needle in the University
of Michigan Electron Tube Laboratory.2 The work of the G. E. group is
primarily at frequencies below 1000 mc, whereas the Michigan work has
been at frequencies primarily between 1000 and 3000 megacycles., The
author has -worked in close cooperation with Dr. Needle in the study of
voltage tuning. The analysis of the double-ended circuit and the study
of the magnetron with temperature-limited d-c current have been stimu-
lated by this contact.

The calculation of the frequency-vs.-anode-potential character-
istic of a voltage-tunable magnetron is quite straightforward. If the
conditions of operation indicated by the discussion of Section 3.UB are
satisfied, the relationship between frequency and anode potential will
be a linear one. These conditions are

(1) Ig, e, |YT| are not frequency dependent.
(2) @a >> @o (or B >> Bo). This makes the f2 term in Eq 3.62

negligible.,

1 111, 23.

2 Needle, J. S., "The Insertion Magnetron," Technical Report No. 11,
Electron Tube Laboratory, Dept. of Elec. Eng., Univ. of Michigan,
August 1951 (also Doctoral Thesis).
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These conditions require special circuitry and limited anode current.

If they do not exist, pure voltage tuning, by definition, does not exist.
In short, the problem is not one of analyzing a voltage-~tuning frequency
characteristic, but in achieving it with reasonable power output and ac-
ceptable noise level. The latter is important because voltage-tunable
magnetrons look promising as local oscillators for receivers or spectrum
analyzers.

Although the frequency characteristic is predictable, the theory
has not been developed to the point of calculating the power level to be
expected under given conditions. The actual achievement of the ideal
circuit is so difficult, in fact, that the power level does not remain
constant in most of the experimental results.

In Fig. 4.41 a set of data is reproduced from the G. E. resultsl
which compares qualitatively with the predicted curves of Fig. 3.20; i.e.,
a two to one change in anode potgntial produces approximately a two to
one change in frequency and a ten to one increase in power. The power
increases with frequency much more rapidly at voltages above 1500 volts
than is indicated on the curves of Fig. 3.20, indicating that the circuit
used has a resonance in the admittance characteristic.

In Fig. 4.42 data obtained at G. E. on a specially constructed
miniature magnetron is reproduced with the computed threshold potential

curve for comparison. This curve is given by Eq 3.62,

2
g, = J2K cos 29[%;* I r2r(Ry2 - R2) - 2x2 2 I8y R.2r2 (3.62)

1 111, 23, D. 82.
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In Fig. 4.43 results obtained by Needle in the Michigan laboratory are
compared with the threshold-potential relationship. Needle suggests that
the magnetic field may be in error causing the operating potential to

be below the threshold potential. The measured value of the field was
1520 gauss, but thevdata compares more favorably with the curve for 1400
gauss, The results of thé analysis of phase focussing will not explain
this large a difference for the small power output which existed in this

experiment (10 to 30 microwatts). Referring to Eq 3.62, the term

V2K cos 20 _Eg_
[ Y|

would have to exceed 50 to 100 volts to explain the discrepancy. This
certainly is not the case at a few microwatts output in an almost purely
resistive circuit.

The long-line effect, described briefly in Section 3.3C, is
illustrated by Fig. 4.44. This plot is taken from an oscillogram and
illustrates the increased stability which results from a reduction in
cathode temperature.

The circuit used in obtaining the data of Fig. 4.4t3 and Fig.

4. 4l is sketched in Fig. 4.45. An assembly drawing of the insertion mag-
netron is given in Fig. 4.46. This magnetron, with its associated external
cavity, is seen to be similar to the Model 7 discussed in the last sec-
tion, except for the method of loading: For voltage-tunable operation

one end of the shorted coaxial line is coated with aquadag to lower the

Q. This corresponds to increasing the resistance Rp in Fig. 3.8. The
short circuit is removed from the other end of the cavity, and the power

allowed to radiate directly into a coaxial line. This is represented by
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Rr, in Fig. 3.8. If the short-circuited length of line is made very short
compared to a wavelength, the capacitance, C, can be neglected. Carbon-
or aquadag-coated irises are placed in the line to increase the impedance
as seen by the magnetron. Such steps are necessary to make the r-f fieldg
in the interaction space great enough for effective focussing action.
Batteries were used for the d-c plate supply to insure good regulation.

For the tests recorded in Fig. L4.44 a polystyrene iris was lo-
cated about 7.5 centimeters from the tube in the coaxial line. For the
data in Fig. 4.4% no irises were used.

This concludes the discussion of voltage-tuning experiments,
For more extensive information the work of Wilbur, Peters, and Needle

should be consulted.



5. CONCLUSIONS

A summary of the limitations inherent in the method of analysis
which has been proposed, a review of the most important points in the
theory, discussion of the practicability of the theory in its applica-
tion to design problems or analysis of experimental results, and sug-
gested topics for further study are presented in this section.

The major objective in this treatment is to provide an approxi-
mate simplified method of analysis which will describe the relationship
between the phase angle of the r-f current produced by the magnetron
relative to the r-f potential produced in the circuit, and relate this
to the steady-state quantities measurable in the oscillating magnetron.
The knowledge of this phase relationship with the knowledge of the phase
characteristic of the circuit connected to the magnetron is sufficient
to provide interpretation of the frequency characteristics of the os-
cillating magnetron. Similar conclusions could be reached by applying
extensively the laborious methods of self-consistent field calculations,
developed by Hartree and his group, which were discussed briefly in the
dntroduction. The condition of optimum impedance has not been established.
This impedance is frequently defined for self-excited power oscilletors
as the impedance of most effective energy transfer from the electron
stream to the circuit. It is known from experimental studies that such
an impedance exists for a magnetron. In the method of analysis described
here it is assumed that the geometry of a spoke for a given phase angle

does not change as the r-f potential is increased by changing the load

-241-
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impedance. It is only required that the d-c anode potential can change.
It is true that this would result in a change in the space-charge den-
sity in the spokes, which would probably result in a change in the d-c
anode current with a consequent change in interaction efficiency. A
fundamental condition for oscillator stability is that the power sup-
plied by the flow of d-c current be sufficient to support the oscil-
lation. This condition has not been established by the theory; 1t has
been assumed to exist.

Probably the most serious limitation in the theory is in the
accuracy of determination of the space-charge density in the spokes,

The predicted density is probably too high since it 1is essentially based
on the assumption that no radial motion of electrons exists. As soon

as the electrons have some energy of radially directed motion in addition
to the synchronism energy, the square law potential distribution must
flatten out. Application of Poisson's equation would then indicate
smaller densities than calculated.

The position of the spoke has been determined with two limit-
ing assumptions. One, that the cycloidal-like excursions of the electron
around its drift path toward the anode do not alter materially the shape
of the spoke; two, that the phase position of the entilre spoke is de-
termined approximately by the phase position of electrons which reach
the anode. The excursions of the electron would tend to make the spoke
more diffuse than indicated in the phase-focussing diagrams. The second
assumption is not as restricting as may be suspected sinée the induced

current results primarily from the motion of electrons close to the anode.
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This is a consequence of the rapidity with which the V’function used in
the calculations is attenuated as one moves away from the anode,
The most important single result in the theory is the expression

fa-Pat = cos 26 o .48
W% frot b

‘which makes possible relation of the circuit phase angle to the operating
- potential of the magnetron for a given r-f potential. In order to com-
plete the calculation it is necessary to evaluabte the space-charge density

in the spokes,

BN p = P heo Pa - Pat . .58
5 |8 o (1 + co 7.2 (2 - an)) (3.58)

With this evaluation the results of Eq 3.47 and Eq 3.48 determining the

power and anode potential are perfectly general and applicable to any

circuit.
GL 5 °
P, = — [ = (3.47)
L [Yr|2( 3 + 0 _K; cos 20
cos & Ko [Yq]
Ky2 -
fa - Pat = V2 Kl — cos 20 . (3.48)

'YTI gli_g - K1 cos 20
cos © Ko IYTI
Egs 3.49, 3.50, 3.51, and 3.52 apply only to the particular
case of a simple resonant circuit. However, the phase characteristic
of most high Q, resonant systems is closely approximated by the characteris-
tic of the simple resonant circuit of Fig. 3.6.

The constant A defined in 3.49a could be more generally defined

Ki 1

A o= 1
ke |¥r|
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since it is not always possible to represent Yqp 7Dy the form Yoc/QL-

The constant gg has a small range of variation in coanventional
1

magnetrons, primarily because magnetron design is more or less standard-

ized., The quantities Raa - n2 and Lf which appear in the relationship

defining %@ do not vary appreciably in conventional design.

1
The theory predicts that the normalized induced current, éﬁ,
1

will become infinite at some phase angle less than h5° off resonance for
A>h%. This fact was not foreseen in the early stages of development of
the theory and is not obvious in the consideration of the phase-focussing
diagram. It implies infinite anode potential and r-f potential and, quite
obviously, that the magn;tron cease oscillating in the mode in question
befor¢ the resonance frequency is reached. For A<1 the magnetron should
operate at all frequencies up to resonance.

The most significant statements in the discussion of the problem
of véltage tuning are those leading to the criteria following Eq 3.62 and
the conclusion that the induced current, Ig, is directly proportional to
the temperature-limited d-c current, Ip, in Eq 3.60. It should be realized
that other methods than temperature limitation for limiting anode current
are conceivable.

In the analysis which has been presented the emphasis has been
placed on the interpretation of space-charge behavior. In order to apply
- the analysis to a particular magnetron, the exact characteristics of the
resonator must be known. In order to have a really firm comparison of
the theory with experiment, tests should be made on a magnetron which is

known to have the circuit characteristics assumed in the development of

Egs 3.51 and 3.52, or the theory of the circuit should be developed to

determine exact dependence of lYT‘ and © on frequency.
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Frequency pushing and voltage tuning can be distinquished by
the general statements: Frequency pushing may be expected when the phase
angle of the magnetron resonator varies rapidly with frequency. Voltage
tuning may be expected when the phase angle of the circuit does not vary,
or, varies slowly with frequency. Frequency pushing is characteristic of
space-charge-limited operation when the current generated by the magnetron
varies (generally increases) with frequency. Voltage tuning is characteris-
tic of operation with limited d-¢ current when the magnetron acts as a
constant-current generator.
The points of the theory which are well confirmed by the ex-
perimental results are the following:
(2) The magnetron oscillates at frequencies below resonance.
(b) At approximately one-tenth of the maximum power generated the
magnetron will operate at approximately fo x 2_ megacycles below resonance.

QL
' . f
The range of operation is from this point to between —2_ below resonance

2Qg,
and f,.

(¢) The form of the pushing curve predicted by the theory is a good
approximation of the observed form. This is significaﬁt since the form
predicted, assuming a constant current generator, is not a good approxi-
mation. The characteristics of the current generator which are predicted,
therefore, alter the resulting pushing curve in the right direction.

The power levels predicted by the theory are in question since
the approximations made in considering the circuit are questionable. After

consideration of the theoretical approach the conclusion is that the weak-

est point is in the calculation of the space-charge density. In order to
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account for the disagreement between the experimental and theoretical
curves for the Model 3 magnetron (Fig. 4.31), a reduction of the pre-
dicted density by a factor of 3 to 5 is necessary. This seems unlikely,
and it is concluded that the explanation lies in the analysis of the

N

characteristics of the circuit. The shape of the curves for é% in Fig.
3.12 is also sensitive to the variation of space-charge density with anode
potential and should be considered subject to this limitation in the com-
parison with experimental results.

The generai conclusion is that the theory offers a reasonably
accurate approach to the prediction of frequency characteristics of magne-
trons and that the theory is partially confirmed experimentally if a rela-
tive»power scale is used rather than an absolute power scale. The very
critical relationship between the quantity @, - @at and magnetic field
makes difficult the experimental confirmation of the relationship between
anode potential and frequency (Eq 3.48). However, as in the case of the
power-frequency characteristic, the form of the curve, i.e., the change in
voltage expected between two givenfrequencies, can be determined.

There are several points of which further investigation seems
worthwhile, In some cases the problems appear rather formidable, but
there is certainly a possibility of some extension to the discussion which
has been presented here.

a. The behavior of the temperature-limited magnetron is quite
obviously significantly different from the space-charge-limited magnetron.

This problem has been considered to some extent by Twissl for the static

1 11, 10.
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magnetron. However, Twiss' work does not offer a complete interpretation,
and the oscillating magnetron is still another problem.

b. The theory presented here applies primarily to the phase-
focussing region external to the synchronism boundary. It appears to the
author that an analytical approach to the problem in the "phase-sorting"
region internal to the synchronism boundary is quite feasible. The reasons
for this statement are: one, the r-f field variation on this boundary is,
without question, small compared to the d-c field so that perturbation
methods might be used; two, the ratio of synchronism boundary radius to the
cathode radius is always small enough so that the approximation of the
planar magnetron should be good. The result of such an analysis could be
used as a boundary condition on the inner boundary of the phase-focussing
region, This should make possible a more accurate definition of the spoke
configuration.

c. More experimental evidence, using magnetrons simple enough
in construction to make unquestionable the circuit phase and admittance
characteristics, is needed to substantiate or disprove parts of the theory.

d. The change in d-c anode potential which is expected to re-
sult when the load admittance is changed, at constant phase angle, is ob-
served in Rieke diagrams. Carefully recorded Rieke diagrams on magnetrons
for which circuit characteristics are known would check this point quanti-
tatively.

e. The theory could be extended to give more detailed analysis
of several points, for example, effects of the load on slope of the volt

ampere characteristic, the question of behavior at near the starting
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potential, and the study of characteristics of particular circuits, es-
pecially those for voltage tunable operation.

f. It is apparently possible, in voltage tunable operation,
with a non-resonant circuit, to approximate single :f‘réquency, (undistdrbed-
sine-wave) operation. The reason for this is not clear. The more detailed
analysis of the induced current problem shows that the fundamental fre-
quency component of current is encouraged by the form of the W function in

the interaction space. This bears further investigation.
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