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Effects of Space Charge on Frequency
Characteristics of Magnetrons”
H. W. WELCH, JR.}, ASSOCIATE, IRE

Summary—Properties of the magnetron space-charge swarm
which affect the propagation of electromagnetic waves are defined
in terms of an effective dielectric constant. The space charge is
found to be doubly refractive in nature, the velocity of propagation
depending on the direction of propagation of the wave, polarization
of the wave, and frequency. Effects of synchronism of the rotating
space-charge swarm are discussed qualitatively. Experimental re-
sults which check parts of the theory are presented. The relation-
ship of the space charge to the circuit is discussed in terms of the
nonoscillating and the oscillating magnetron.

INTRODUCTION

NHE COMPLETE DISCUSSION of space-charge
Teffects on frequency characteristics of continuous-
wave magnetrons requires attention to a varied
subject matter. Much of this subject matter has been
treated in reports of government agencies and in the
journals, and is generally understood. There are, how-
ever, several points at which present knowledge becomes
inadequate background for an understanding of the
mechanism of magnetron operation. This is particularly
the case when one is to predict quantitatively the be-
havior of magnetron space-charge clouds under the in-
fluence of radio-frequency fields.

The circuital aspects of magnetron frequency char-
acteristics are generally treated by establishment of an
equivalent circuit and interpretation of that equivalent
circuit in terms of experimentally measurable quantities.
The most conveniently measurable quantities are reso-
nance wavelength, loaded Q, and minimum standing-
wave ratio. The relationships between these quantities
and other unmeasurable quantities in the equivalent
circuit are fairly well defined and understood. This
theory can be extended to explain semiquantitatively
effects of the output circuit and load on magnetron fre-
quency characteristics such as frequency pulling and
long-line effect.

Frequency characteristics of an operating magnetron
must be obtained from the following types of experi-
mentally obtained information: Rieke diagrams, relat-
ing frequency of oscillation and power output to load

~characteristics; frequency pushing measurements, relat-
ing frequency and plate current for constant loading;
and modulation characteristics determined by spectral
measurements of various types. Interpretation of these

* Decimal classification: R138.1 XR355.912.1. Original manu-
script received by the Institute, October 10, 1949; revised manuscript
received, May 25, 1950.

This paper is based on work done for the Signal Corps of the
Unsig%% 1States Army, under Contracts W36-039 sc-32245 and 36-039
sc- .

t Engineering Research Institute, University of Michigan, Ann
Arbor, Mich.

types of data depends on knowledge of the physics of
space-charge effects in the oscillating magnetron and, at
this point, is almost entirely qualitative.

Another type of data, resulting from measurements
made on magnetrons in which electrons are circulating
but not reaching the anode, is very useful as an aid to
the understanding of space-charge behavior. The method
of measurement is the same as that used for cold im-
pedance tests on microwave tubes and resonant cavities.
In order to differentiate, the term “hot impedance test”
is used, implying that the magnetron is “hot” and ca-
pable of drawing plate current if the conditions of anode
voltage and magnetic field are proper adjusted.

In order to provide theoretical interpretation of the
experimental results, it is necessary to study two types
of properties of the space charge. These are the follow-
ing:

Type 1—Properties having to do with the distribu-
tion of angular velocity, field, potential and charge
density, and definition of the space-charge boundary
in the magnetron interaction space.

Type 2—Properties having to do with the propa-
gation of electromagnetic waves in the space-charge
distribution defined by the results of the study of
properties of Type 1.

The results of the study of properties of Type 1
will be presented when needed but not derived in this
paper. The primary purpose will be the detailed discus-
sion of properties of Type 2 and interpretation of the
various effects of space charge on magnetron frequency
characteristics. It will be pointed out that these effects
result from three more-or-less separate phenomena
which may occur together or separately. The picture
is still incomplete experimentally, because of very large
quantities of data which are necessary to survey the
entire range of the variable parameters, and, theo-
retically, because of the complexity of parts of the neces-
sary mathematical development. Another important
factor is that, in most conventional magnetrons, the
total effect of space charge on frequency is a shift of less
than one or two per cent. A detailed study therefore re-
quires a number of measurements accurate within at

least 0.1 per cent.

"The need for the study of space-charge effects on fre-

‘quency characteristics lies in two directions. In the first

place, it becomes possible for experimental results to
provide a check on the basic theories of the magnetron
space charge. In the second place, understanding of the
use of the magnetron- space charge in electronic fre-
quency control or modulation is increased.
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The various conditions under which data may be
taken give a wide range of possibilities for interpreta-
tion. In certain cases quantitative agreement between
theory and experiment are obtained. The present paper
is not meant to be a complete and final analysis of the
problem of magnetron space-charge and frequency char-
acteristics. It is intended to relate as many as possible of
the known facts and theories in such a way that they
can be used as a guide for further research and develop-
ment. Gaps in both experimental data and theory will
be pointed out with the hope that someone will have the
necessary information, or the time to acquire the neces-
sary information, to fill them in.

FORMATION OF THE MAGNETRON SPACE CHARGE

The static cylindrical magnetron space-charge dis-
tribution, which is often called the Hull or Brillouin
solution, may be thought of as a swarm of electrons re-
volving around the cathode. This swarm is characterized
by the condition that no radial current exists and by the
following angular velocity distribution:

Be (1 rc2> )
= 2m \ r?

B =axially directed magnetic field
r.=cathode radius

r =radius which locates electron

e =absolute value of electronic charge
m = electronic mass.

where

However, assuming no energy exchange with the sur-
roundings, this distribution of angular velocity must
exist in the static magnetron regardless of the radial
velocity, initial or otherwise. If no radial velocity is
present, then the corresponding potential distribution
represents minimum energy of the electrons.

1 Be\? 7.2\ 2
Fe - —m(———-) 1'2(1 - _) @
2 2m r?

E =electric potential.

where

If current is passed radially through the cloud, addi-
tional energy must be supplied which would add to the
potential of the electrons given by (2). If the anode
potential E, is insufficient to supply the minimum
energy at the anode (given by substituting the anode
radius 7, into (2)), then the swarm of electrons must
be bounded between cathode and anode. In order to cal-
culate effects of the space charge under these condi-
tions, the position of this boundary and the space-
charge distribution within should be known. The posi-
tion of the boundary is readily calculated because the
potential and field at the swarm boundary are known.
If no electrons are crossing the boundary, the potential
at the boundary must be given by (2). The field is,
therefore,
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By Gauss’s theorem the total space charge per unit

length within a radius 7 will be

oE
T = 27rreo<— ————)
o

1 e  [rd
=—§-7T60—B21’ (—“‘—‘ 1) (4)

m rt
where

7=total space charge per unit length
€= (1/36m) X10~° farads per meter.

For a cylindrical diode
-7 74

log — (5)

21reo r

E,— E =

where

E,=the anode potential
E=potential at some point in charge free space r
7=charge per unit length inside .

If we let

r=rg=Dboundary of space-charge swarm
E = Ey=potential at 7z from (2)
7=value defined by (4) for r=rg,

and substitute from (2) and (4) into (5), we have
e .t 7a
E, = B2—rg? [2 <1 — ) log
8m rut 7

(-] o

This equation shows us that for a given magnetron, if
E,/B? is kept constant, the radius of the space-charge
swarm remains constant (under static conditions).

It is important to note that in the derivation of (4)

“and (6) it was unnecessary to specify the distribution of

space charge and potential inside the swarm. It is known
that a number of solutions for these distributions are
possible in which electrons stream back and forth be-
tween the cathode and the outer boundary of the space-
charge swarm. Corresponding to each of these double-
stream or multiple-stream solutions, as they are called,
there would be a different potential and space-charge
distribution within the swarm. All of these solutions
have been obtained for the plane magnetron.! However,
for the cylindrical magnetron the complete solution is
not yet available. If it assumed that the solution is not
multiple stream (i.e., that all of the electrons in the
swarm are traveling in circles around the cathode), the
resulting space-charge distribution is

1 7. C. Slater, “Microwave Electronics,” D. Van Nostrand Co.,
New York, N. Y., p. 336; 1950.
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= ——e0—32(1+—>. )
2 m rt
This is obtained by applying Poisson’s equation to (3),
and therefore corresponds to minimum energy in the
electrons. This distribution will be used in the follow-
ing discussion.

PROPAGATION OF THE ELECTROMAGNETIC WAVE IN
THE MAGNETRON SPACE CHARGE

The radio-frequency properties of the space charge
have been analyzed previously in two important ar-
ticles.2® However, many points of particular interest
to the problem of frequency characteristics have not
been emphasized. In order to establish the relationship
of the following treatment to the two previous treat-
ments, the major differences will be pointed out. All
three methods are alike in that the space-charge distri-
bution given by (7) is the starting point, and, as was
pointed out in the last section, there is no ambiguity in
the use of (6) to determine the boundary of the space-
charge swarm.

The fundamental equation of motion of an electron
in space, in vector form, is

dv e - — —

(8

where

é
v=velocity of the electron
__)
F=electric field
.—)
B =magnetic field.

It is assumed that

_)

v=vo+v1
—  — —
F=F,+F
— — —
B = By+ B,

—_ — — — —> —
where B, vo, and Fy are static values and By, v;, and Fy
are impressed radio-frequency values. Substituting into
(8) and keeping the terms involving radio-frequency
values, we have

6;1) —> -  — - o -
5 + (0-V)v1 + (1 V)vo + (91-V)oy

e > —

- ——(F1+v1><Bo+7JoXBI) ©)

where we are following the motion of a particular elec-
—_—
tron. The left side is the total derivative dv/d¢ under

? J. P, Blewett and S. Ramo, “High frequency behavior of a space
charge rotating in magnetic ﬁeld ¥ Phys. Rev., vol. 57, pp. 635-641;
April, 1940,

3W. E. Lamb, Jr., and M. Phillips, “Space charge frequency de-
pendence of magnetron cavity,” Jour. Appl. Phys., vol. 18, pp. 230-
238; February, 1947,
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these conditions. It is generally agreed that the term
- —
90X By is negligible compared to other terms. In the

paper by Blewett and Ramo the term?lx‘go is also
neglected. Actually the effect of the magnetic field is
quite important, as will be shown in the following, and
as was also pointed out by Lamb and Phillips.

In the paper by Lamb and Phillips it was assumed
that v; was a small perturbation and therefore the term

-—
-(7)1 - V)v1 could be neglected. Their results apply par-

ticularly to frequencies near the cyclotron frequency

and are limited to very small sheaths of electrons sur-
rounding the cathode. Damping is treated in a qualita-
tive sense. Their results will be discussed further at the
end of this section.

In the present approach, a simplified problem is
treated in order to obtain more generally applicable re-
sults, These results will indicate an approximate be-
havior to be expected in a magnetron which seems to
check closely enough with experimental observations to
justify the method of treatment. It is assumed that the
space-charge swarm is moving with a uniform velocity

—_  —
9o so that the term v, - Vo, is dropped in (9). Actually

Be 762
vo=wr=——r(1——— R
2m T r?

from (1). Also, the wave is assumed to be propagated
— —

-

perpendicular to 9o so that the product vo - Vo, vanishes.
The force equation under these conditions becomes
simply

._)
0V, e —> —
—a;=“—(F1+7)1><B) (10)

where the subscripts “1” only serve to indicate radio-
frequency values and will be dropped in the remainder
of the discussion.

Ordinarily in treatment of electrodynamics of a mov-
ing medium the effect of the motion does not become
appreciable until the velocity is an appreciable fraction
of the velocity of light. In the case of the magnetron,
however, the effect of the motion may become impor-
tant when the angular velocity of the edge of the swarm
approaches synchronism with the angular velocity of
the radio-frequency wave in the interaction space. Un-
der these conditions the electrons can contribute energy
to the radio-frequency wave and begin to slow down and
form spokes extending toward the anode. These spokes
assume a certain phase relationship to the radio-frequen-
cy wave which changes with plate voltage and affects
frequency in a way not covered by the treatment in this
section. Thus the results of this section should only be
considered valid for :

w K wy (11)
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where

wn=2mf/n (synchronous angular velocity)
f=frequency of the radio frequency impressed on
the magnetron structure
n=mode number =} number of anodes in = mode.

Since we are considering the space charge as an at-
mosphere of determined density and boundary, it is
immaterial what system of co-ordinates is used for the
force equation. We are considering properties of space-
charge atmosphere as they affect propagation, so it will

ANODES

(b)

Fig. 1—(a) Orientation of field vectors assumed for develobment
of equation (22); space-charge swarm moving with uniform veloc-
ity. (b) Orientation of field vectors in magnetron space charge.
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be simpler to treat a plane wave. The results will then be
interpreted in the case of the particular geometry of the
magnetron. We will assume first a configuration as
shown in Fig. 1(a). Magnetic field is oriented in the z
direction; a plane wave is propagated in the x direction.
Fig. 1(b) shows, in comparison, the actual case in a mag-
netron. The force equations and Maxwell’'s equations
yield the following:

e
E4+ —F, + @ = 0 (12)
m
e
§ 4 —Fy — @i = 0 (13)
m
[4
54 2 F, =0 (14)
m
oF .,
€o +pt =0 (15)
ot
e ey =0 (16)
aw 0 TP
o, _ OF -
_ — oy =
x €0 ot P
0H . 0 (18)
a
or, n J0H, 0 (19)
ax o
o o
= B— B is z-directed steady
Qe = 2 magnetic field.

A solution of the type Aei*=ter® is assumed for each
of the quantities x, v, 3, F,, F,, F., H,, H,, and H,.
(wy=2mwf). A different constant 4, of course, is used in
each case. Substituting in (12) through (20) and differ-
entiating, a set of simultaneous equations is obtained.
The determinant of the coefficients in these equations is
the following

x ¥ 2z F; F, F, H, H,
—wy? +dwrwe 0 e/m 0 0 0 0
F twywe —wy? 0 0 e/m 0 0 0
0 0 —wy? 0 0 e/m 0 0
*p 0 0 +eo 0 0 0

0 +p 0 0 +e 0 0 4k /wy
0 0 +p 0 0 teo —k/wy 0

0 0 0 0 +k/ws 0 0 + uo

0 0 0 0 0 —k/or  Epo 0

By Cramer’s rule, in order for a solution other than
a trivial solution to exist this determinant must be iden-
tically equal to zero.* It is convenient to solve for
k?/eopows? = c2/v? where ¢ =velocity of light and v=phase
velocity of the wave. ¢/v is the effective index of refrac-

¢ See any advanced calculus text for discussion of this rule.
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tion of the medium and ¢2/1? therefore the effective rela-
tive dielectric constant ¢. The result is

p ¢
(wﬂ +— —> —1/202(1 T 1)

wo M

(21)®
wf2<wf2 — @l p,i)

pe
& =1+ —
eom

m

From (7) the space-charge density in a magnetron at
the boundary of a swarm of radius 7 is

4
R G
€om 7
ro\*
(-
1’ .

the complete result for effective dielectric constant of

the magnetron-type space charge may be written

M w? o — 1/2(M + 1 F o2

(7a),

Letting

M,

&=1-—— - (22)
2 O)f2 M
wf? — wc"’(l + —
2
For the (—) sign
wf2 M
M w? w,? 2
&=1—— (23)
2 wf2 wf2 M
2 1+ =
we? 2
For the (+) sign
M (24)
& = 2w 2

The result of (24) is exactly the same as the result which
is obtained when no steady magnetic field is assumed
present and is the result obtained in the paper by Blew-
ett and Ramo, due to the neglect of the cross product
of the radio-frequency velocity and the static magnetic
field in the force equation.

Another case should be mentioned, which, although
it does not occur in the conventional magnetron, is of
importance in some structures which use the magnetron-
type space charge to vary reactance for electronic fre-
quency modulation. In this case the direction of wave
propagation is assumed parallel to the direction of the
magnetic field. This case is treated by the same method
as the one just treated with the result
(25)¢

We

5 I't should be noted that the () sign in this result is not a re-
sult of the assumption of a () sign in the assumed solution but re-
sults from the quadratic nature of the solution of the determinant.

8 In this case the () sign is a result of the assumption that it
exists in the exponential solution.
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Equations (22) and (25) are plotted in Figs. 2(a) and
2(b) with the assumption that M =1. This is approx-
imately true only for values of 7,/r less than 1/3. The
curves as plotted will, however, represent the picture
with sufficient accuracy to support discussion.

The meaning of each of the various values of effective
dielectric constant is not obvious from the development
presented here. However, further examination of the
polarizations of the waves and of a physical picture
show the following to be true.

In Fig. 2(a) the solid curve from (23) corresponds to
an electromagnetic wave polarized with the E vector
perpendicular to the static magnetic field. The wave
cannot be entirely transverse because there must be a
component of E in the direction of propagation. The
actual situation in an ideal multianode magnetron

]

913

»

- 1

(2)

L ]
——

vil

gle»
wj

=3

-5

(b)

Fig. 2—Dielectric constant of magnetron space charge as function
of wy/w.=B./B. (a) Direction of propagation transverse to di-
rection of magnetic field. (b) Direction of propagation same as
direction of magnetic field.
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should be approximated by this case as examination of
Fig. 1(b) will show. If end effects are neglected, the
electric fields are entirely in the xy plane perpendicular
to the static magnetic field. However, propagation is

not always perpendicular to 1—1?

In Fig. 2(a) the dotted curve from (24) corresponds
to an electromagnetic wave polarized with the E vector
parallel to the static magnetic field. In this case the
presence of the magnetic field does not have any effect,
as was pointed out previously.

In Fig. 2(b) the solid curve from (25) with 4 sign
corresponds to an electromagnetic wave with left-hand
circular polarization. »

In Fig. 2(b) the dotted curve from (25) with — sign
corresponds to an electromagnetic wave with right-
hand circular polarization.

The effective dielectric constant, which is really a
measure of phase velocity of the wave, depends on
polarization, relationship of direction of propagation to
direction of magnetic field, and value of wy/w,. The prop-
erties of these regions and the effect to be expected in a
magnetron-type structure may be summarized as fol-
lows:

€-<0. In this case the phase velocity is imaginary; a
wave will not propagate within the space charge; there-
fore, a space-charge boundary acts as a reflecting sur-
face. The capacitance between cathode and anodes is
increased by the presence of the space charge.

0<e.<1. In this case the phase velocity of the wave
exceeds the velocity of light. The capacitance between
cathode and anodes is decreased by the presence of
space charge.

¢.>1. In this case the phase velocity of the wave is
less than the velocity of light. The capacitance between
cathode and anodes is increased by the presence of the
space charge.

The total range of values covered by the graphs of
Fig. 2 represents a considerable variation of conditions
which might be imposed on the magnetron-type struc-
ture. Data exist only in limited regions; some of this
will be presented in the next section.

It will be interesting at this point to compare these
results with the results of Lamb and Phillips. In their
paper the behavior near the cyclotron resonance is
described from an impedance point of view for very
small sheaths of electrons surrounding the cathode.
This result is the following:

F 0 inzs wf2
Ze]_ > —= (26)

H 7’526060; w,,"’ it wfz

where

Fy/H=the ratio of the electric field vector to the
magnetic field vector
s=thickness of the electron sheath around the
cathode.

It is assumed that
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ns  we — wyt
— < — and = 0.
Ye wﬂ

This restriction on the magnitude of s/7, is a severe lim-
itation in the practical case of an oscillating magnetron
or frequency-modulation structure. In either of these
cases, s/r. can be an appreciable fraction of 7,/7.. An
effective cathode radius may be calculated which, when
used as a boundary condition, obtains the same effect
on resonant frequency of the anode block as the condi-

tion of (26). Thus
(1 n 2ns ws? ) 7
Toots = 7o — )=
ft 7. wli — w2/ 2

This result predicts a resonance at the cyclotron fre-
quency which is qualitatively described by a positive
wavelength shift (capacitance increase) for ws/w.<1
and a negative wavelength shift (capacitance decrease)
for ws/w.>1. This effect and the type of effects pre-
dicted by (23) might be simultaneously possible in an
actual magnetron, since the assumptions involved in
neither development can be held except in extreme
cases. A qualitative picture of the behavior of the elec-
trons near the cyclotron resonance is given in Fig. 3.
In all cases the angular frequency impressed on the
anode is assumed to be the cyclotron frequency. w is
the angular velocity of the outermost electrons. If

(27)

(b)

()

Fig. 3—Qualitative picture of cyclotron resonance.
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wlw,/n (corresponding to small s), as in Fig. 3(a),
the perturbed electron will execute several cycles in
passing a set of anodes. In this case the resonance effect
should occur very near the cyclotron frequency. The
effect of the steady-state angular velocity is not impor-
tant. If w=w./n, as in Fig. 3(b), the electron executes
a single cycle in just the time it takes it to move, due
to the steady-state velocity, from one set of anodes to
the next. In the same time, the direction of the field
between the next set of anodes has changed to be in
phase with the electron oscillation. In the case of Fig.
3(c), the electron does not execute a single cycle in tran-
sit between two anodes and arrives between the next
set out of phase with the field. Essentially these obser-
vations mean that the magnetic field for the cyclotron
resonance should be a function of voltage. This has
been observed experimentally and is presented in Fig.
10. To our knowledge more extensive data on the cyclo-
tron resonance which might serve to clarify the pictur
do not exist. ‘

SPACE CHARGE AND THE EQUIVALENT CIRCUIT

The details of an equivalent circuit for a microwave
device such as a magnetron naturally change with the
structure of the magnetron. Effects of end hats, straps
supporting structures, and the like may or may not be
important enough to be included in the circuit. The
equivalent circuit is usually based on the assumption
that the various possible modes of oscillation are suf-
ficiently separated in frequency to be considered indi-
vidually. This permits the representation of the reso-
nant circuit of the magnetron as a simple parallel reso-
nant circuit. When this assumption is not valid, the
resonance is made complex and, in general, must be
treated as a special case. However, if the assumption is
not justified, some sort of device is usually necessary
to induce mode separation before the magnetron is prac-
tically usable. Thus, in most practical cases the simpli-
fied approach is adequate.

The most important concept in connection with
equivalent circuits of magnetrons relative to the
present problem is the concept of electron-transit ad-
mittance. It is the susceptive portion of this admittance
which affects frequency characteristics of the magne-
tron. If an equivalent circuit may be established in
which the function of the electron-transit susceptance is
properly understood, the picture is greatly simplified.
This has been done with satisfactory results for triodes,
tetrodes and klystrons, but the picture in the case of
magnetrons is still obscure. The circuit in Fig. 4(a) is
suggested as equivalent in the case of a nonoscillating
magnetron. In this circuit, the electron-transit ad-
mittance is represented by y, which may be defined as
the admittance of the electrons as seen from terminals
representing the two sets of anodes. The nature of this
admittance changes for various conditions of anode
voltage, magnetic field, and radio-frequency voltage
between anode segments. The primary purpose of this
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paper is to present the over-all picture of these changes.
The picture for an oscillating magnetron is more com-
plex. However, a convenient picture is obtained by re-
placing the admittance vy, by a current generator ¢,
=y.er (see Fig. 4(b)). The admittance y, may now be
thought of as the equivalent admittance of a current
generator. The value of this admittance is a function
of plate current and loading. Variation in the susceptive
portion of this admittance with current is the cause of
frequency pushing. This will be discussed in a following
section.

A
. Q
1
I—‘——‘e T‘_"T M 0
1 e 1 g
=
y - ot
e l'l' c ] L S
T A
T
(a)
g o
0 oot
e 1 ¥
. { l o'
ig=Ye€r €
1 Tc 6r oL
T '

(b)

Fig. 4—Equivalent circuits; arrow indicates direction of power
flow. (a) Equivalent circuit for nonoscillating magnetron. (b)
Equivalent circuit for oscillating magnetron.

Experimental investigation of the nature of the quan-
tity 9. must be made by a meter located in the line be-
tween the output terminals O and O" and the load Yr.
In the case of the nonoscillating magnetron (Fig. 4(a))
an external signal must be fed into the circuit at the
points 4 and 4’. Measurements of standing-wave ratio
and position of minimum, coupled with a knowledge of
properties of the circuit and the controllable parameters
in the circuit, yield an experimental result for y, as a
function of the variable parameters. This type of meas-
urement we call a hot impedance test, in analogy with
the established term, cold impedance test. When anode
voltage is increased to the point of supporting oscilla-
tion, these measurements can no longer be made and
the circuit in Fig. 4(b) applies. Standing-wave ratio and
position of the minimum measurements now apply to
the load. No external source is present. The load is
therefore used as a variable and the effect on resonant
wavelength, power output, and the like is recorded in
the Rieke diagram. Variation of frequency with the
plate current (frequency pushing) can be measured
quite simply in connection with over-all performance
data taken for constant loading.

In the case of the nonoscillating tube, a radio-fre-
quency voltage may be considered applied across the
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capacitive portion of the magnetron circuit, at the
boundary between the resonant circuit structure and the
interaction space. This is represented by 7-7" in Fig.
4(a). The radio-frequency voltage causes a current 4r
to flow into the tank circuit. If there are electrons pres-
ent in the interaction space they may be represented
by an admittance y, through which a current 7, will
flow. The currents ¢, and ¢r are independent of each
other if the radio-frequency voltage is assumed unaf-
fected by their magnitudes. If the admittance of the
tank circuit is known, the admittance y. could pre-
sumably be measured. This admittance should be de-
pendent upon the values of magnetic field, anode volt-
age, radio-frequency voltage, and geometry of the in-
teraction space.

In the case of the oscillating magnetron as repre-
sented in Fig. 4(b), the current ¢r, developed in the
tank circuit, is induced by spokes of synchronous space
charge rotating in the interaction space. This current
results in a radio-frequency voltage at the terminals
T-T’. The current cannot exist until the oscillations be-
come regenerative. The synchronous space-charge
spokes cannot exist until radio-frequency voltages are
present, i.e., until oscillation starts. The rotating
spokes of synchronous space charge may be thought of
as a current generator. There is a phase difference be-
tween the generated current and the radio-frequency
voltage which causes the oscillations to build up at a
lower frequency than the natural resonance frequency of
the tank circuit. This phase difference and the equiva-
lent negative conductance of the electrons are repre-
sented in v,, the admittance equivalent to the generator
representing the electrons. The value of this admit-
tance must be such that the net susceptance and con-
ductance of the circuit are cancelled at the frequency of
oscillation. When the admittance characteristic of the
tank circuit is known as a function of frequency near
resonance, the value of y. can be calculated.

These two interpretations of y, should be kept in
mind while reading the following sections. We will find
that in the first case for the nonoscillating magnetron,
the space-charge effects on frequency are primarily a
function of the dimensions and density of the hub of
the space-charge wheel. (See Fig. 13 for pictorial repre-
sentation of the space charge.) In the second case of
the oscillating magnetron, the effect on frequency is due
to the phase relation of the spokes of synchronous space
charge to the radio-frequency voltage. The two effects
may cause frequency shifts in opposite directions. Quan-
titative agreement between experiment and theory for
the first case is shown in the Appendix. In the second
case, only qualitative discussion is thus far possible.

SPACE-CHARGE EFFECTS IN THE NONOSCILLATING
MAGNETRON

In order to measure effects of space charge in the
nonoscillating magnetron, hot impedance measure-
ments must be made from the output terminals. The
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measurements which have been taken are of four types
as follows:

1. Impedance measurements at constant magnetic
field and radio-frequency voltage, anode potential as
variable parameter.

2. Impedance measurements at constant magnetic
field and anode potential, radio-frequency voltage as
variable parameter. ‘

3. Resonant wavelength measurements at low radio-
frequency voltage for different magnetic fields, anode
potential as variable parameter.

4. Resonant wavelength measurements at low radio-
frequency voltage and constant space-charge swarm
radius, magnetic field as variable parameter.

A schematic drawing of the experimental setup is

“shown in Fig. 5. In order to obtain high radio-fre-

quency voltage, one magnetron is used to drive another.
Radio-frequency voltage is varied by means of at-
tenuating reflectors placed in a slotted section between

SW.R. PROBE AND DETECTOR

PROBE FOR MEASUREMENT
OF RF VOLTAGE LOCATED
AT VOLTAGE MINIMUM

MAGNETRCN OR
SIGNAL GENERATOR

VARIABLE

ATTENUATOR
UNIVERSAL IMPEDANGE
MATGHING LOAD

MAGNETRON

UNDER
INVESTIGATION

Fig. 5—Experimental apparatus for hot
impedance heating.

the impedance matching load and the magnetron under
investigation. Radio-frequency voltage is measured by
a probe placed at a voltage minimum (at cold resonance)
approximately three wavelengths from the magnetron
coupling loop (Lx in the diagram). This probe leads to
a crystal detector and microammeter. The probe is
calibrated against power measurements into a matched
load and radio-frequency voltage calculated from the
known line impedance of 52 ohms. The impedance
matching load is quite useful for measurements of this
type or in any application where a high-Q circuit is to
be driven by a magnetron. It consists of two loads
separated by A/4. The driving magnetron is thus under
no circumstances subject to standing-wave. ratios
greater than three to one.

In the impedance measurements, Qo, A¢ and G, are
measured and plotted against the variable parameter,
Qo is the unloaded Q of the magnetron, A, is the resonant
wavelength, and Gy is the input conductance at reso-
nance. Go= Yy/00, where o¢ is the minimum standing-
wave ratio and Y, is the characteristic admittance of the
line.

The results of hot impedance measurements made
under various conditions are shown in Figs. 6 through
12. The results shown in Fig. 6 offer a comparison be-
tween frequency effects in the nonoscillating magnetron
and in the oscillating magnetron. The increasing reso-
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nant wavelength up to the voltage for which synchro-
nism begins (450 volts) is due to the capacitance between
anodes increasing as a cloud of electrons of negative
dielectric constant expands within the anode structure.
This is what may be called a passive effect of the elec-
trons. Above this point synchronous reactance causes a
sharp rise in wavelength, and when oscillation starts
the direction of wavelength shift reverses. The original
cold resonant wavelength is not reached. This reversal
effect is called frequency pushing, and may be called an
active effect of the electrons. Frequency pushing and
synchronous reactance will be discussed qualitatively in
the next section. The passive effects in the preoscillating
region can be discussed more quantitatively. This is
done in the Appendix in terms of the data on tubes
built in the Michigan laboratory.

In Fig. 7 the variation of Ny, Qo and G, is plotted
against plate voltage for two values of radio-frequency
voltage impressed upon the anode structure. The gen-
eral form of the curves is seen to be the same, with a
reduction in Q as the radio-frequency voltage is raised.
The Qo curves are relatively flat up to about 700 volts.
This indicates that there is no change in the conductive
characteristics of the space charge in this region. At
about 700 volts, the Qo begins to rise sharply. At the
point of oscillation it would, ideally, go to infinity as
the conductance goes to zero. This point occurs at about
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900 volts. This behavior means that in the region be-
tween- 700 and 900 volts space charge is contributing
energy to the radio-frequency field and therefore syn-
chronous bunches of space charge have been formed.
When the Q, curve intersects with the cold Qo line the
space charge is contributing just enough negative con-
ductance to compensate for losses which may be present
within the space charge due to bombardment of the
cathode and collisions with large ions. The further in-
crease in Qo represents compensation for copper losses
in the resonant circuit. The reduction of the Q in the
flat portion of the curve is due to increase in losses due
to back bombardment as radio-frequency voltage is
raised. The data in Fig. 8 show how the Q, varies with
radio-frequency voltage for a value of anode voltage in
the flat portion of the curve of Fig. 7. The losses are
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going up rather rapidly with the increasing radio-fre-
quency voltage. This is probably due to an increase in
the energy spent in back bombardment of the cathode.

The complexity of the space-charge frequency char-
acteristics in the nonoscillating magnetron when a
wide range of variables is considered is clearly illus-
trated by the four sets of data in Fig. 9. These data
were taken by an absorption method in which resonance
was observed on an oscilloscope pattern.Q measurements
could not be made. The radio-frequency voltage was
supplied from a klystron signal source. Tl.e curves are
similar to those just discussed except that E/B?is used
as the independent variable. The radius of the space-
charge swarm, in the absence of radio frequency, is
proportional to this quantity. In the presence of radio
frequency there are three critical conditions involving
magnetic field and voltage; these are expressed by (28),
(29), and (30) which follow. The critical values are
noted on the curves of Fig. 9.

Bee
We = (28)
m
where
2we
we =
e

¢ = velocity of light.

This equation defines the cyclotron resonance. A, is
the critical wavelength for the particular magnetic field
B, at which the period of natural rotation of an indi-
vidual electron in the magnetic field is equal to the
period of the radio-frequency cycle. As was pointed out
in the discussion of Fig. 3 the resonance in the mag-
netron space charge should also be a function of voltage.
This is borne out in the results shown in Figs. 9(b)
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and 9(c) where the cyclotron resonance shows up as a
perturbation of the resonant wavelength for two dif-
ferent voltages at slightly different magnetic fields.

PROCEEDINGS OF THE I.R.E.

Egn B, 7.1/ 742 B, 2
E, h By B, (1 ?’cz> By 7o
By Ta? r4?
where
m
Eo = — wnzr,ﬁ
2e
2m 1
Bo =

—,—
c . (1 —r2r?

(w, defined in (11)).

Equation (29) relates the anode voltage (E..) and
magnetic field (B,) for which outer electrons in the
space-charge swarm reach a velocity synchronous with
the angular velocity of the radio-frequency wave
traveling around the interaction space. For higher volt-
ages than E,, the electrons are trying to move faster
than synchrounism and can give energy to the radio-
frequency field. This condition shows up as a contribu-
tion of negative conductance and positive susceptance
to the system, thus causing a rather sharp increase in Q
and resonant wavelength.

Eah
Ey

B
—2——1.

(30)

This equation defines the anode voltage at which syn-
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chronous electrons can reach the anode with no radially
directed velocities (Hartree voltage). This voltage is
approximately the voltage at which oscillations begin.

V5~ (-7)
(1=
BO ra2
— 1Y\ log = +1 (29)
Ye n .
Ya By

Fig. 10 presents summary data of these three condi-
tions extracted from a group of 26 curves similar to
those of Fig. 9. The calculated values are presented for
comparison. A considerable spread is represented for
points on the curve for E../E,, since the point at which
a sudden increase in resonant wavelength occurs on the
experimental curves is not definite.

The observed starting voltage seems to bear a defi-
nite relation to the calculated Hartree voltage, since the
slopes of the two curves are approximately the same.
The difference is probably due to the effect of the load
on the starting voltage. This has not been quantita-
tively analyzed, but it may be said that, in a given
magnetron, as the Q is lowered the starting voltage is
raised.

The critical magnetic field for the cyclotron resonance
is quite obviously affected by voltage. No satisfactory
theory has been developed to give quantitative ex-
planation of this effect. The synchronous voltage checks
very well, considering the region of doubt which exists
in its determination. It seems to be strongly perturbed
in the region of the cyclotron resonance. It is interesting
to note, however, that the cyclotron resonance seems to
have no particular effect on the starting voltage for
oscillation. .

The static cutoff voltage (given by (2) with r=7,) is
calculated to be E/B?=17.4, It is quite obvious in Fig.
9(d) and several other sets of data which are not given
that this is not checked for low magnetic field in this
particular magnetron.

In order to observe effects on resonant frequency due
only to the change in effective dielectric constant of the
space-charge swarm (as given by (23)), it is necessary to
use data taken at various magnetic fields and at con-
stant swarm radius. It is also necessary to stay below
the voltage required to produce synchronous electrons.
Thus, data in the curves of Fig. 9 taken below the syn-
chronous voltage should represent the effect due to
to the expansion of a space-charge swarm having an
effective dielectric constant determined by B,/B = w;/w..
Wavelength shift for four values of E/B? and varying B
is plotted in Fig. 11. The position of the observed
cyclotron resonance and the calculated field required
for synchronism are marked. The latter is given by
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For wy/w,<ws/nw, the outer electrons in the swarm are

‘tending to travel with greater than synchronous
velocities and can contribute synchronous .reactance
which masks the effect of changing dielectric constant.
The curve for E/B?=2, ryz/r,=1.08 is replotted in
Fig. 12 with the effective dielectric constant as given by
(23). The expected wavelength shift (with amplitude
arbitrarily adjusted to equal the observed shift) is
shown by the dotted line. Agreement seems to be good
except in the region between w;/w,=0.575 and the ob-
served cyclotron resonance. This may be due to the
fact that the electrons are approaching synchronous
velocities.

The over-all qualitative picture presented by these
data is fairly clear, while attention to particular points
may be misleading because of experimental inaccuracies
or insufficient theoretical understanding. Some of the
important conclusions are summarized below, and
quantitative results for some particular cases are given
in the Appendix.

chronous voltage and to the left of the line w;/z=w, in
Fig. 11. The case for E/B?=3 is particularly interesting
in this connection. The decrease in wavelength showing
up in the other curves between B,/B=1.05 and
B./B=1.35 is apparently cancelled by the effects of
synchronism. This shows up even more clearly upon
careful examination of data of the type shown in Fig. 9
from which this curve was taken. Synchronous reactance
will be discussed more completely in the next section.

3. The cyclotron resonance shows up quite obviously
in Figs. 9(b), and 9(c), and is, as would be expected,
dependent upon anode voltage. It is not clear from the
data whether this point is intimately related to the
other two effects. It does appear in Fig. 11 that a sharp
increase in wavelength with increasing magnetic field
should be associated with the cyclotron resonance.

The most probable sources of error are the following:

Magnetic field for the entire series of measurements
may be off by 75 to 100 gauss, It is fairly certain that

" the calibration was not changed during the series of

measurements, because it was possible to recheck
critical points at the cyclotron resonance and starting
voltage.

Dimensions of the magnetron, particularly 74/7., may
be in error by 10 to 20 per cent. Another tube which was
taken apart had a cathode larger in this proportion. The
dimensions used were taken from data in the tube speci-
fications.
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Wavelength measurements were made with a Mico
wavemeter. The estimated error is £0.002 cm. The di-
rection of wavelength shift could always be observed by
watching the oscilloscope screen. Determination of the
exact resonant wavelength near the cyclotron resonance
was difficult because of the distortion of the scope
pattern.

SrACE-CHARGE EFFECTS IN THE
OSCILLATING MAGNETRON

Evidence of space-charge effects in the oscillating
magnetron is given in the results of frequency-pushing
measurements and in Rieke diagrams. Space-charge
effects on frequency in the conventional oscillating tube
are of small magnitude, of the order of 1 per cent. Fre-
quency pushing is ordinarily defined as variation of
oscillatory frequency with plate current, in contrast
with the term frequency pulling, which is, ideally, varia-
tion of frequency at constant standing-wave ratio in
the Rieke diagram.

More generally it is convenient to think of frequency
variation over a performance chart (set of volt ampere
characteristics at varying magnetic fields and constant
load) and frequency variation with variation in load
impedance at constant current and magnetic field as is
experienced in the Rieke diagram. Variation of fre-
quency over the performance chart is entirely due to
space-charge effects. Variation of frequency in the
Rieke diagram is primarily due to changes in the sus-
ceptive portion of the load impedance. However, con-
tours of constant frequency in the Rieke load-im-
pedance diagram should follow contours of constant
susceptance. The fact that this is not the case may be
attributed to space-charge effects.

DIRECTION
OF MOTION

STATIC MAGNETRON
SPACE CHARGE

SYNCHRONOUS
SPACE CHARGE

Fig. 13—Pictorial representation of space charge
within interaction space.

Fig. 13 presents a qualitative picture of the space-
charge swarm with spokes at an instant when the
anodes are at their maximum + or — radio-frequency
potential. The spokes form on the static magnetron
space-charge swarm bounded by the synchronous radius
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(which can be calculated from (31)). In the nonoscil-
lating magnetron with imposed radio-frequency, as
described in the last section, the spokes can form with-
out reaching all the way out to the anode. The maxi-
mum radius reached in the spoke is determined by the
anode potential, and the spoke will form in the region of
the maximum positive potential, 90 electrical degrees
ahead of the maximum decelerating field.” Thus the
current induced by the rotating spokes will lead the

- radio-frequency voltage by approximately 90 degrees.

As the anode potential is increased the spoke will ex-
tend farther toward the anode, maintaining the same
phase position but increasing the amount of susceptance
contributed by the space charge. This accounts for the
sharp rise in resonant wavelength before oscillation
starts, exhibited in the curves of Figs. 6 through 9.
When oscillation starts, the spokes must reach out of
the anodes and there is a transport of electrons through
the spokes sufficient to supply the dc anode current
necessary to provide input power. The generated fre-
quency is usually lower than the frequency of the tank
circuit by a margin of the order of 1/Q. The impedance
of the tank circuit is almost a pure inductance and the
power delivered from the electron swarm is small. In
order for more power to be delivered from the spokes to
the circuit the angle 8 must be reduced so that the
induced current leads the voltage less than 90 degrees.
As the voltage is raised further, the phase angle is re-
duced further, thereby decreasing the positive suscep-
tance contributed by the spokes and decreasing the
resonant wavelength. Fig. 6 illustrates this effect. The
dotted lines in Fig. 9 also indicate the direction of wave-
length shift after oscillation was observed.

The fact that the resonant wavelength does not come
back to the cold resonance value may be due to the
presence of the hub of subsynchronous space charge.
It is important to realize that variation in frequency
over the performance chart may depend upon the
“passive” effects of the hub of the space-charge wheel as
well as the “active” effects of the spokes. Therefore, a
complete analysis of pushing data would be more com-
plex than the relatively simple interpretation just given.

The difference in the physical significance of the
quantity y. in the preoscillating and oscillating mag-
netron as discussed in connection with Fig. 4 is apparent
in the above discussion. In the former case, expansion of
the hub and synchronous spokes have the major effect,
with some complication introduced by the cyclotron
resonance. In the latter case, the effect of the hub is
probably a constant correction, whereas the phasing of
the spokes with respect to the radio-frequency wave in
the interaction space makes a major contribution.

Space-charge effects in the Rieke diagram are inti-
mately related to frequency pushing. The rotating
swarm is thought of as a current generator, the fre-
quency of which is a function of power output. Power
output in turn is a function of the load on the generator.
The experimental evidence of Rieke diagrams indicates
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the electronic susceptance to be a function of the load
conductance on the magnetron. Variation of the con-
ductive portion of the magnetron load without change
in the susceptive portion varies the form of the reso-
nance curve without changing its position on the fre-
quency axis. The rotating swarm of electrons must
adjust itself to meet the conditions of negative con-
ductance and phase relationship to the radio-frequency
voltage imposed by the resonant circuit. In addition,
the changing radio-frequency voltage caused by varia-
tion in load will react on the electron swarm. This com-
bination of causes must have a very complex, but not
very large, effect upon the frequency of oscillation.
Further complication results from the fact that a par-
ticular value of load conductance (a particular form of
the resonance curve) allows maximum efficiency of
energy transference from the electron swarm to the
radio-frequency field. This is the condition of optimum
shunt impedance. The characteristics of the optimum
condition are understood for conventional oscillators
employing triode or tetrode vacuum tubes, but still not
satisfactorily explained in the case of the magnetron
oscillator.

CONCLUSIONS

The present paper is not meant to be a complete and
final analysis of the problem of the magnetron space-
ch‘arge and frequency characteristics. It is intended to
relate as many as possible of the known facts and
theories in such a way that it can be used as a guide for
further research and development. We have presented
in some detail the ideas and data originating in the
University of Michigan laboratory and have tried to
provide enough discussion and criticism of other ideas
to make the development consistent.

Some important conclusions have been mentioned
in the discussion of the experimental results and theory.
These are the following:

1. Frequency pushing with increasing voltage is
primarily due to a decrease in wavelength caused by
the active phasing effect of the electrons in the spokes
of the space-charge wheel acting as a current generator
in the magnetron.

2. The increase in the extent of space-charge spokes
as voltage is increased under hot impedance test con-
ditions may also contribute an increasing positive sus-
ceptance without change in the phase angle of the
spoke relative to the wave of radio-frequency potential.

3. Frequency shifts caused by the subsynchronous
swarm as voltage is increased under hot impedance test
conditions are primarily of two types. In one case, the
dielectric constant of the hub of the space-charge wheel
is negative and the resonant wavelength increases as
the hub expands: In the other case, the dielectric con-
stant of the hub of the space-charge wheel is positive,
but less than unity, and the wavelength decreases as
the hub expands. These effects may be called passive
effects.
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4. For a particular value of magnetic field, under hot
impedance test conditions, the natural resonance of the
individual electrons in the space charge causes perturba-
tion of the resonant wavelength. This is the cyclotron
resonance (w;=w,).

5. Frequency pulling is primarily an effect of cir-
cuitry. Deviations from the values predicted on the
basis of circuitry are due to interrelation of the equiva-
lent susceptance and conductance of the space-charge
cloud acting as a current generator in the magnetron,
They are therefore related to frequency pushing.

It would be desirable to amplify experience by carry-
ing out experiments designed to determine the exact
value of y., the electronic admittance, under various
conditions in both the nonoscillating and the oscillating
cases. Possibly, if enough data were available on dif-
ferent magnetrons, generalizations could be made which
would give more insight into the actual behavior in the
oscillating magnetron. It is important to realize that,
although the frequency shifts due to space-charge effects
are small compared to the resonance frequency (of the
order of one per cent), an understanding of the under-
lying causes of these shifts is equivalent to an under-
standing of the basic electronic principles of magnetron
operation. '

Frequency shifts of the type mentioned in 3 and 4
above may be used in a reactance tube to produce fre-
quency modulation. The problem of designing a tube of
this type has been undertaken in the University of
Michigan laboratory. Details of this development will
be presented when data are available on operating tubes.
Quantitative results and a simple formula, placing
limitation on the design of such tubes with multianode
structures, are given in the Appendix.

APPENDIX

The theory and experimental results given in this
paper can be used as a basis for design in devices using
the magnetron-type space charge to furnish electronic
control of frequency. Frequency shifts of the order of
8 per cent of 500 Mc have been obtained using split-
anode magnetrons.” The space charge may be used
within a multianode structure attached to the resonant
circuit of the magnetron. The theory which has been
developed can be used as a basis for convenient design -
criteria by which anode structure and interaction space
designs can be determined which obtain maximum bene-
fit of the space charge and do not permit oscillation.

In the first place, if we wish to make use of the prop-
erties of a space charge of negative dielectric constant,

we have the condition
wyr < 0.36(.%. (32)

This is obtained from Fig. 2. If we wish to place the

" These results were obtained by P. H. Peters at the General
Electric Research Laboratories,
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further restriction that magnetron does not oscillate,
we have the well-known condition

If (32) and (33) are combined so that the structure
will not oscillate and the space charge will cause total
reflection, we obtain the following:

Be » e
w; < 0.360, = 0.36 — < 0.36 X By —
m m

20)]' 1
= 0.36 X —
n 7
1 —

which results in the simple criterion

r2  0.72

742 ”

7a 4/ 1

*e 1—-0.72/n
This last equation gives the following values of 7,/7.
for various values of #:

1 —

or

(34)

n = raf/7. < 1.88
1.25
1.15
1.10
1.08

1.06.

[ S & 2 T~ S S N

Spacing requirements imposed a limitation on the value
of 7,/r. which can be used and, therefore, on #n. For
example, if the cathode diameter is of the order of £ to
1 centimeter, 7,/7,<1.15 begins to be impractical.
Therefore, N=2n=6 is the largest practical number of
anodes. To be on the safe side, N=4 or even N=2
should be used if possible.

If it is desired to make use of the space charge with
a positive dielectric constant less than unity the follow-
ing criterion may be used:

COf ;’ 1 . 36(&’0- (35)

w should not be too much in excess of w.; otherwise €,
differs so little from unity that the change in susceptance
due to the space charge will not be appreciable. At most,
the presence of space charge of these characteristics
can do no more than cancel the effect of the cathode.
The value of w;/w, might arbitrarily be limited to less
than two for this case. If this is done, we have as before
7.2 4

P

742 7
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or

74 1

Yo 1—4/n (36)

This imposes no serious restriction on 7,/7. and is
actually satisfied in most conventional continuous-wave
magnetrons operating at wavelengths greater than 6
centimeters.

The relative merits of these two types of behavior
under conditions of high radio-frequency voltage are not
yet experimentally determined. On paper the use of
space charge of negative dielectric constant can pro-
duce an infinite change in Ao, whereas the space charge
of positive dielectric constant can only cancel the effect
of the cathode. This latter, of course, can be two to five
per cent. The linearity of frequency change and losses
under the influence of high radio-frequency voltage
might give preference to the latter method. This re-
mains to be seen. The following illustrative cases give
quantitative comparison of experimentally observed
results with the theory.

The total capacitance in the resonant circuit of any
magnetron must include the capacitance between anode
and cathode. The latter is the portion which is varied
by the presence of the space charge. Let

C.=total anode-to-anode capacitance including ef-
fect of cathode
C.=total anode-to-cathode capacitance
AC,=change in anode-to-cathode capacitance caused
by presence of space-charge swarm.

For a given AC, it can be shown that the resonant
wavelength shift is given approximately by

AXo
Ao

C. AC,
a— .
Co C.

(37)

Here a is a proportionality factor which is equal to %

in a lumped-constant circuit since, in this case, wave-
length is proportional to the square root of the capaci-
tance. In distributed-constant circuits, as is usually the
case in a magnetron, « is less than 1 and must be calcu-
lated for the particular case.

C./C, is ordinarily four or five per cent. By particular
design it can be made 20 per cent or more.

The method of calculation of AC,/C, varies with the
geometry and the effective dielectric constant of the
space charge. The following two examples are typical.

If 0 <e. <1 and the space between anode and cathode
is just filled by the space-charge swarm (thus having
maximum effect),

ACc

(38)

=¢e — 1
[

where, since ¢, is less than unity, the wavelength shift
is always negative and the maximum value of shift
corresponds to AC,/C,= —1. In this case the effect of
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the cathode is cancelled. Table I gives two sample
calculations for this case. ¢, is calculated from (23).

In the case of negative e,, total reflection should occur
from the space charge. The cathode diameter is there-
fore effectively increased by the presence of the space
charge. The capacitance between anode and cathode will
be a function of the following form:

K.

Ce=—-— ‘ 39
Inr,/r. (39)

where K is a function of r,/7. because of fringing effects
around the anodes. The percentage charnge in effective
capacitance to the cathode is therefore the following, if
we consider 7y (radius of the space-charge cloud) as a
reflecting surface: '
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Using this result in (37), the following result were ob-
tained in two different tubes constructed in the Uni-
versity of Michigan laboratory. In the second case, a
negative dielectric constant is actually not predicted
by the theory, but the direction of wavelength shift
indicates that the space charge is reflecting. This sort of
discrepancy may be due to errors in determination of
magnetic field or to the oversimplified nature of the
theory.

In the optimum design of a modulator tube, a should
be made as large as possible. The second case of Table I1
illustrates this point. Although a capacitance change of
123 per cent is obtained, due to the small value of «, the
wavelength shift is less than one per cent.
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TABLE 1

CoMPARISON OF THEORY AND RESULTS FOR 0 <& <1 IN THE SPACE-CHARGE SWARM

Ao
vfl%s gaﬁss cr>;1 7a/te rafte wr/we Ce/ Ca @ (Z Ea} Co) Ao
Calculated Observed
190 210 16.85 1.66 1.66 3 0.045 0.5 —-0.07 —0.16 per cent —0.18 per cent
450 450 17.6 1.66 1.66 1.35 0.045 0.5 -1 —2.25 per cent* —1 per cent

* Note from the solid curvein Fig. 2(a) that é, is a very critical function of magnetic field in this region so that a 1-per cent error in de-
termined field could produce almost a 100-per cent error in the calculated wavelength shift.

TABLE 11
COMPARISON OF THEORY AND RESULTS FOR ¢ <0 IN THE SPACE-CHARGE SWARM

AXg
vg:lats gaﬁss c:‘n ta/7e ri/7e wr/we Ce/Ca a AC./C. No
» Calculated Observed
1,400 1,700 16.9 1.66 1.11 0.35 0.045 0.5 +0.25 -+0.55 per cent +0.65 per cent
1,400 1,400 13.2 1.33 1.17 0.58 0.05 0.125* +1.23 -+0.77 per cent +0.76 per cent

* These data were taken on a double-anode modulator tube with a distributed constant circuit—hence the low value of . All other data
were taken on an interdigital magnetron in which the capacitance was essentially concentrated in the anodes.
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