THE UNIVERSITY OF MICHIGAN
COLLEGE OF ENGINEERING
Department of Aerospace Engineering

Gas Dynamics Laboratories

Technical Report

WALL PRESSURE FLUCTUATIONS BENEATH AN
AXTALLY SYMMETRIC TURBULENT BOUNDARY
LAYER ON A CYLINDER

Chi-Sheng Yang
Willigm W, Willmarth

ORA Project 02149

under contract with

DEPARTMENT OF THE NAVY
OFFICE OF NAVAL RESEARCH
CONTRACT NO. N00014-67-A-0181-0015
WASHINGTON, D.C.

administered through

OFFICE OF RESEARCH ADMINISTRATION
ANN ARBOR

August 1969

This document has been approved for public release
and sale; its distribution is unlimited.






ABSTRACT

Measurements of the turbulent pressure field on the outer surface of
a three inch diameter cylinder aligned with the flow were made at a point
approximately 24 feet downstream of the origin of the turbulent boundary
layer in an air stream of 145 ft/sec. The boundary layer thickness was
2. 78 inches and the Reynolds number based on momentum thickness
was 2. 62 x 10%,

The wall-pressure measurements were made with pressure trans-
ducers constructed from 0. 06 inch diameter lead-zinconate-titnate disks
mounted flush with the wall. The measurements included root-mean-
‘square, power spectrum and correlations of the wall pressure and were
compared with the existing experimental results for the turbulent wall
pressure filed beneath a plane boundary layer.

The root-mean-square wall pressure was 2, 42 times the wall shear
stress, somewhat lower than that measured beneath a plane boundary
layer. The general shape of the normalized power spectrum was similar
to the spectrum associated with a plane boundary layer. However, at high
frequencies (wd */Uoo > 10) the spectrum contains approximately twice
the energy density measured in the plane boundary layer.

The streamwise convection speed deduced from longitudinal space-
time correlation measurements was almost identical to that obtained in

the plane boundary layer. The rate of decay of the maxima of the space-
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time correlation of the pressure produced by the convected eddies was
twice as fast as in a plane boundary layer. The longitudinal and trans-
verse scale of the pressure correlation were approximately equal, in a
plane boundary layer the transverse scale is larger than longitudinal
scale, and were one-half or less than the longitudinal scale in the plane
boundary layer. It is concluded that the effect of the transverse cur-
vature of the wall is an overall reduction in size of pressure-producing
eddies. The reduction in transverse scale of the larger eddies is greater
than that of the smaller eddies. The smaller eddies then decay more
rapidly and produce greater spectral densities at high frequencies owing

to the unchanged convection speed.
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NOMENCLATURE

radius of circular cylinder
spectrum of the wall pressure
frequency

wave number

mean pressure

fluctuating wall pressure

free stream dynamic pressure
double pressure correlation

double pressure correlation in a narrow
frequency band which has central frequency
at w

radius of the pressure transducer
Reynolds number Uooa/ v

Reynolds number U6/ v

Reynolds number U0 */v

correlation coefficient of wall pressure

correlation coefficient of wall pressure in a
narrow frequency band which has central fre-
quency at w

radius distance from axis of the cylinder

mean velocity in the boundary layer in the
stream direction

free-stream velocity
wall friction velocity

convection speed of the pressure-producing
turbulent “eddies:

fluctuating velocity in x direction

mean velocity in the boundary layer iny
direction

fluctuating velocity in y direction
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X 5 X9, X

3

distance parallel to wall, increasing
in the stream direction

distance normal to wall, increasing
away from wall

distance parallel to wall and perpen-
dicular to stream direction, forming
a right-hand Cartesian coordinate
system with x and y

spatial separation of pressure transdu-
cers in X, z directions

temporal cross-spectral density of the
wall pressure

boundary layer thickness

boundary layer displacement thickness
boundary layer momentum thickness
integral scale of Rpp in Xy direction
integral scale of Rpp in Xg direction
integral time scale of Rpp

kinematic viscosity

density

time delay

convection time of pressure-producing
turbulent eddies

wall shear stress
meridian angle
power spectrum
stream function
circular frequency

time average



I. INTRODUCTION

Knowledge of the pressure fluctuations beneath turbulent boundary
layers is desired for numerous problems in fluid mechanics. The
problems include: aerodynamic sound produced by turbulence in the
boundary layer when the surface is rigid, vibration and sound radiation
produced when the turbulent boundary layer is developed on a slightly
flexible surface that is set in motion by the pressure fluctuations, and
the new knowledge of turbulence structure in a boundary layer that can
be obtained from wall pressure measurements

Most of our knowledge of wall pressure fluctuations has been ob-
tained from experimental measurements beneath the flat plate boundary
layer. There are a great many papers reporting measurements of wall
pressure fluctuations on a flat plate for various conditions (which include
subsonic and supersonic free stream velocities with various free stream
pressure gradients and for boundary layers developed on smooth and
rough surfaces).

At low subsonic speeds with zero free stream pressure gradient,
the investigations of Bull (1963), Willmarth (1958a) and Willmarth and
Woolridge (1962) are representative of the results of pressure measure-
ments beneath flat plate boundary layers developed on smooth walls
at high Reynolds numbers. In general, it has been observed that the wall

pressure fluctuations are random without periodic components and have
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power spectra roughly similar in shape to the spectrum of the turbulent
velocity component normal to the wall. Using the method of space-
time correlation measurements, it was discovered, Willmarth (1958a),
that the pressure fluctuations were convected with a speed of approxi-
mately 0. 8 U,. More detailed investigations, Willmarth and Wool-
ridge (1962) and Bull (1963) have shown that the convection velocity
varies with streamwise spatial separation of the measuring stations and
that for small spatial separation the convection velocity is low, 0. 56 Uoo.
The increase in convection velocity with streamwise separation of
measuring points is attributed to the more rapid decay of the smaller
pressure producing eddies which onthe average lie closer to the wall
and are moving slower than those eddies which are larger and, there-
fore, move at higher speeds owing to the higher speed at a greater dis-
tance from the wall.

The purpose of the present investigation of the pressure fluctuations
beneath the boundary layer on the outside of a cylinder whose axis is
aligned with the free stream is to determine the effect of transverse
curvature on the wall pressure fluctuations. Ideally, the determination
of transverse curvature effects should be made by comparing measure-
ments made on a cylinder and on a flat plate with exactly the same Rey-
nolds number, pressure gradient, Mach number and surface roughness.

Measurements have been made in the boundary layer on a smooth flat



plate, Willmarth and Wooldridge (1962), at slightly higher Reynolds
numbers, based on momentum thickness, R, = 38,000, than could be
obtained on the cylinder, R, = 26, 200. We also will compare measure-
ments on the cylinder with the measurements of Bull (1963), obtained
beneath a flat plate boundary layer at Reynolds number, Ry = 19, 500.

Our knowledge of turbulent boundary layers with transverse cur-
vature is not as extensive as it is for the flat plate boundary layer and
is restricted to measurements and similarity laws for mean quantities
only. The work of Richmond (1957), Yu (1958), Yasuhara (1859), Reid
and Wilson (1963), and Rao (1967) contain measurements and in some
cases similarity laws for mean properties of turbulent boundary layers
with varying amounts of transverse curvature.

It'is often profitable in attempting to understand mean properties
of the flow in a turbulent boundary layer to first consider the flow in
a laminar boundary layer. It has been found by Glauert and Lighthill
(1955) that the laminar boundary layer developed on a cylinder (when
transverse curvature effects are large) has a much fuller profile than
the Blasius boundary layer on a flat plate. In fact, the velocity near
the wall is proportional to the logarithm of the distance from the cylinder
axis and departs from that of the Blasius profile (in which u is linearly
proportional to y near the wall) as the cylinder radius is reduced. The

cause of this behavior (as was clearly explained by Glauert and Lighthill
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(1955)) is that "the shearing force, on.a cylinder of unit length, is equal
to the shear stress p du/dy multiplied by the circumference 27 (a + y)
of the cylinder, and this force must be independent of y in the region where
the acceleration of the fluid is negligible, that is, near the solid boundary. "
One can expect that the presence of turbulence in a bounda.ry layer
with transverse curvature will increase the rate of momentum exchange
(just as it does in a flat plate boundary layer) with the result that the
velocity profile will be fuller, the skin friction increased, and the stream-
wise rate of growth of the boundary layer thickness decreased.
The effect of transverse curvature on the structure of turbulence
in the boundary layer and on the pressure fluctuations beneath it have
not been studied. As a result of the present wall pressure measurements,
we have been able to qualitatively explain some of the effects of transverse

curvature on turbulence structure.



II. WIND TUNNEL AND CYLINDRICAL MODEL

A. WIND TUNNEL FACILITY

The experiments were carried out in the test section of the 5x 7
foot low speed wind tunnel at the Gas Dynamics Laboratories, Depart-
ment of Aerospace Engineering, The University of Michigan. The wind
tunnel test section is 25 feet long and is indoors. The settling chamber,
fan and steel ducting that recirculates the air are out of doors. The total
distance around the wind tunnel circuit is 332 feet and the contraction ratio
of the nozzle is 15:1.

The sound field in the tunnei test section has been measured by Will-
marth and Woolridge (1962). They stated: "The sound field in the test
section was first measured with a pressure transducer located on the
stagnation line of an airfoil-shaped body exposed to the free stream. The
spectrum of the stagnation pressure fluctuations had peaks at 135 and
200 Hz. The wall pressure correlation measurements on the floor of
the test section which were made later showed a small peak at negative
time delay which was caused by sound propagating upstream. From the
measurements, it was finally determined that the sound energy amounted
to approximately 1/20 of the energy in the turbulent wall pressure fluctua-
tions. "' In the present wall pressure correlation measurements the sound

energy is approximately 1/50 of the energy in turbulent wall pressure



fluctuations.  The reduction of sound level was accomplished by better
sealing against air leaks at the diffuser entrance and by reducing struc-
tural vibration in the downstream region of the test section and diffuser
entrance.

The free-stream turbulence level measured by Tu and Willmarth
(1966) at 200 ft/sec free stream speed was ﬁz/U00 = 2. 50 x 10_3 in
the flow direction. The configuration of the wind tunnel has not been

changed since that time.

B. CYLINDRICAL MODEL

A 40 foot long, 3 inch diameter cylindrical model on which the boun-
dary layer measurements were made was installed along the centerline
of the wind tunnel. It consisted of a 2 inch steel tubing used as the back-
bone of the model and a 3 inch steel tubing used as the aerodynamic surface.
The 3 inch tubing was located on the inner 2 inch tubing by means of
adjustable set-screws. A 6 inch long ellipsoid of revolution and an 8
inch cone, both made of wood, were attached to the upstream and down-
stream end of the model respectively. The supports for the 2 inch tubing
were so designed that they could furnish moments to reduce the mid-span
deflection of the tubing (Fig. 1). Upstream support consisted of 5 stream-

lined aircraft wires. Two wires, T,_, and one wire, Tl’ produced a

2}

counter-clock-wise moment. The other two wires at the bottom were

dummy wires. The downstream support was a unistrut frame with two



unequal height columns (Fig. 2). When the 2 inch tubing was bolted on
the columns, é, clock-wise moment was produced. The deflection of
the model in the test section of the tunnel was reduced to a minimum
value by properly adjusting the forces T; and Fy.

The wind velocity near the wire, Tl’ was low, approximately
0.09 U, therefore, the larger deflection at the front end of the model
did not effect the symmetry of the boundary layer flow in the test section.
The wind velocity near the wires, T, was approximately 0. 15 Uoo. Since
the terminals of the wires near the surface of the model were 1/4 inch
in diameter, they caused an asymmetry of the flow field around the cylin-
der in the test section. Four airfoil shaped filets, made from balsa
wood, were used to reduce the wake from the junction of the support
wires and cylindrical surface with satisfactory results as described below.

A circumferential pitot tube array (Fig. 4, left), which consisted
of 8 tubes 0. 65 inch above the surface of the model, was used to measure
the circumferential velocity distribution at 16 feet and 24 feet from the
entrance of the test section. Initially the velocity distribution was very
asymmetric with low velocity regions at four circumferential positions
in the wake of the four upstream support wires. The use of balsa wood
filets (see above) reduced the wake from the upstream wire supports

and careful alignment of the model by moving the downstream supporting



struts reduced the asymmetry of the boundary layer to an acceptable
level. The circumferential velocity distribution measured at the pressure
transducer station (x = 24 ft) for three different free stream velocities
are plotted on Fig. 3. The largest velocity deviation was 0. 02 Uy

At its final position, the maximum vertical deflection of the model
in the test section of the tunnel was 0. 39 inches, the corresponding slope
was 0. 2% approximately. The maximum lateral deflection was 0. 25

inches, the corresponding slope was 0. 1% approximately.



III. INSTRUMENTS AND EXPERIMENTAL METHODS

A. INSTRUMENTS AND METHODS FOR MEASURING MEAN PROPERTIES
OF THE FLOW

To measure. the velocity profile very near the surface of the cylinder
a pitot tube was installed on a traversing device (Fig. 4, right). The
pitot tube was a 0. 042 inch diameter stainless hypodermic tubing with
a flattened mouth. The dimensions of the mouth of the tube are shown
in Fig. 5. It was used in the Reynolds number range 50 < R = hU/v < 250
where h' was the internal height of the mouth. The correction to the reading
of the tube owing to viscous effects was negligible (see McMillan (19854)).
The maximum angle of attack of the pitot tube was 10 degrees. It was ex-
perimentally confirmed that the angle of attack did not affect the total pres-
sure reading up to an angle of 15 degrees (see Alexander (1953)). The
pitot tube was moved normal to the surface by the operator outside the
test section, using a linkage and worm gear mechanism that was driven
by a ﬂexiblé shaft. The distance of the pitot tube from the surface was
measured with a cathetometer focused on the pitot tube through the window
of the tunnel.

The static pressure was measured with a static tube in contact with
the surface of the cylinder. This static tube was a long 0. 065 inch diameter
hypodermic tubing with one end sealed. A 0.035 inch diameter hole was

drilled in the tube 3 1/2 inches from the sealed end.
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The difference between pitot and static pressure was measured with
a precision single-tube manometer * with a resolution of . 001 inch’ysing
water as the indicating liquid.

The velocity profiles quite far from the wall, y/5 > 0. 2, were measured
with a pitot tube rake which consisted of 10 pitot tubes and 2 static tubes
at different heighths from the wall (Fig. 4, middle).

The wall shear stress was measured according to Preston's method
(Preston (1954)) using a 0. 042 inch diameter pitot tube in contact with
the surface of the cylinder. The calibration given by Smith and Walker

(1958) was used for calculation of wall shear stress.

B. INSTRUMENTS AND METHODS FOR MEASURING TURBULENT
PRESSURE FIELD

1. Pressure Transducers

At the test station, the lower half of the model was replaced by
a 4 1/2 inch long, 3 inch O.D. semi-cylindrical lead shell (Fig. 6). There
were 13 transducer elements, which were 0. 06 inch diameter and 0..020 .
inch | thick = = lead-zinconate-titnate (PZT-5) disks mounted permanently
flush with the outer surface of the lead shell, The arrangement of the
transducers which was selected to efficiently obtain the spatial correlation

of the pressure field is shown on Fig. T.

* The Meriam Instrument Co., Micro-Manometer Model 34 FB2
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Fig. 8-a shows the cross section of a single transducer plug mounted
in the lead shell. A fine copper wire (0. 002 inch diameter) was attached to
the front surface of the phenolic plug and brought out through the hole in it
which was then filled with wax. The PZT-5 disk was glued on the plug
with conducting cement. * This plug was then inserted into a 0. 063 inch
diameter hole drilled through the lead shell. The position of the plug was
so adjusted that the PZT-5 disk was flush with the lead surface. Having
put the plug in position, the remainder of the hole was filled with vacuum
sealing wax, a product of Central Scientific Company. On the front sur-
face, the transducer was electrically connected to the lead shell with a thin
coat of conducting silver paint. *

The cross section of ‘the triple transducer plug is shown on Fig. 8-b.
The construction differed from the single transducer plug in that an ad-
ditional brass sleeve was used and the method of ground connection was
altered. The outer surface of the brass sleeve was curved to match the
surface curvature of the lead shell. The electrical connection between the
brass and the PZT-5 disks was provided by gluing a piece of aluminized
mylar plastic sheet (0. 0005 inches thick) on the surface. The brass sleeve

was in contact with lead.

*SC 12 MicroCircuits Co., New Buffalo, Michigan.
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Thirteen short Microdot coaxial cables with Microdot connectors
at one end were glued on the inner surface of the lead shell with epoxy
cement. * The copper wires at the back of the transducer plugs were
soldered to the central conductor of the cables. Two seven foot long
Microdot coaxial cables with additional outer shielding to make a tri-
axial cable were used to conduct the transducer signals to the input
of the cathode followers and preamplifiers. To reduce parasitic capa-
citance of the long cable, the coaxial cable shield was driven by a voltage
proportional to the transducer signal and the additional outer shield
outside the cable was used as ground (Fig. 9).

In order to seal the air gap between the lead shell and the steel tubing,
the lead shell was held on the model by a thin rubber cuff (0. 008 inch:
thick). Four rubber O-rings were placed between the contact surfaces of
the lead and the steel to prevent the transmission of vibration of the tunnel
structure and the model to the lead shell and transducers.

The capacitance of the pressure transducer was 32 pf. The use of
a driven shield, see Fig. 9, effectively reduced the capacity of the long
cables leading to the preamplifiers and cathode followers to a low value.
The frequency response of the transducers was assumed to be flat over the

frequency range of interest, f < 50,000 Hz. Willmarth (1958b) has shown

*Epo-lux Steelcote Mfg. Co., No. 185A.
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by shock tube calibration that larger transducers than the present trans-
ducers which were made in a.similar manner did have a flat frequency
response up to at least 50,000 Kz. The absolute calibration of the pressure
transducers was carried out "in situ" with the lead shell installed on the
cylindrical model. A previously calibrated transducer, * Willmarth
and Wooldridge (1962), and the new pressure transducers were put in-
side a Helmholtz resonator which was made from a bottle whose bottom
was cut to fit the cylinder. The joint was sealed with clay and the Helm-
holtz resonator was excited at 250 Hz by a carefully placed low speed air
jet. The calibration was obtained by comparing the output of the two trans-
ducers inside the Helmholtz resonator. The sensitivity of the transducers
‘was typically 1. 32 x 1078 volts/dyne/ em”.

2. Electronic Equipment

The transducers were connected to a cathode follower with high input
impedence of 1. 2 x 108 ohms (Fig. 9) followed by a low noise preamp-
lifier and amplifier system with a maximum gain of 105, see Willmarth
and Wooldridge (1962). The band width of the amplifier was adjustable
between 1 Hz and 160 KHz. The electrical signals from the pressure trans-
ducers were recorded on a three channel Ampex FR 1100 tape recorder
which had a band width from DC to 20 KHz. The root-mean-square wall

pressure was measured with a Ballantine model 320 true RMS meter.

*We checked the 1962 calibration using the 1962 method (an ehclosed
volume variable over a small range with a piston) and found no appre-
ciable change in the calibration over 6 years!
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The spectrum of the fluctuating wall pressure was obtained by passing
the signal through a Tektronix Type 115 spectrum analyzer plug-in unit
which was driven by a Tektronix Type 544 oscilloscope. The output was
recorded on a Hewlett Packard Model 2DR-2M x-y recorder.

The correlations of the wall pressure were measured with a Prince-
ton Applied Research Model 101 correlation function computer whose
output was recorded with the above x-y recorder. Two Kron-Hite Model
310-AB variable band pass filters were used for correlation measure-

ments in narrow frequency bands.



IVv. MEAN FLOW FIELD

A. EQUATIONS OF MOTION
The momentum equations for axially symmetric mean motion in a

turbulent flow written in cylindrical coordinates are

2 2
oU oU 10P 19 ou o U 0U —_—
Ut Vor =" 5ox 'f'a‘;(‘za‘Ir)*‘a‘g"g;"‘é;(r“V) (1)
and
_ 2 —
8V aV_13P 13 9V, 3V 13 , 2 0 —
U * Var 5o 'rar & ar)+ar2 ror TV ) TR W (2)

where U, V and P are mean: quantities and it has been assumed that the
free stream is parallel to the x axis and the velocity V is the radial
velocity normal to the x axis.

Using the usual boundary layer approximations, the boundary layer

equations are

U yAU_ _19P v 39U 13 . oo
U—5§+Var— pax+r (r ar) rar(ruv) (3)
and
oP
3r - 0 (4)
with continuity equation
oU  19(rV) _
9x T or =0 (5)
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The corresponding boundary layer conditions are:

U=V=0, u-=0 at r=a
V=0, uw=0 at r=a+?2d
where a is the body radius and § is the boundary layer thickness.
With the aid of continuity equation and the fact that dp/dx =
- pU, dUoo/dx, Eq. (3) can be integrated with respect to r fromr = a to
r =a+ 6. Hence, the momentum integral equation for axially symmetric

turbulent boundary layer is obtained:

du
0

T.
22— -2 {Uof [(0 + a)zj}+‘ U (0% + 2)7 )52 (6)

where T is the wall friction. The displacement thickness (6*) and the

momentum thickness (8) for a fluid of constant density are defined by

(6+a)2
(6% + 2)% - a2 = f (1 - ﬁU— dr? 7
2 00
a.
and
(6+a)
(6+a)2-a- ] (1 ; —I-JU—)—E dr? (8)
2 w) U
a
for U, = Constant, Eq. (6) becomes
T.
w 2 6 , db
p—Uw(1+E)d—X’ (9)
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Hence the skin friction coefficient is

cf-—T—W—Z—= 21+ 2§ (10)
2P U0

B. SIMILARITY LAWS

The correct similarity laws for the mean flow in an axially sym-
metric boundary layer with zero pressure gradient have not yet been
firmly established. If the amount of transverse curvature is not too
large, the most logical approach might be to assume that the usual law
of the wall and law of the wake are still valid. However, one must recog-
nize immediately that there is an additional dimensional length parameter,

the radius of curvature of the wall, a, in the problem. Thus, in the wall

region dimensional considerations indicate a functional relationship

U _F(.S.’_I_JI i[_I_T) (11)
U_~ v v
T
and in the wake region,
Uoo - U y 0
i =G‘5’ a) (12)

Here, we have made all the usual assumptions about the mean flow in the
wall and wake region (see Clauser (1956)) and have simply added the ad-

ditional length, a, the transverse radius of curvature of the wall.
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It is quite possible that the traditional division of mean flow proper-
ties into a wall region: and wake region may not be valid when the trans-
verse curvature is large, 6/a>>1. One may visualize a very small
radius of curvature of the wall in which the region occupied by fluid
motions obeying the law of the wall (which is assumed to be of the form
of Eq. (11)) is a very small fraction of the region occupied by the tur-
bulent boundary layer flow., In other words, the boundary layer on a
siender rod (a/5 —0) is almost all a wake-like flow and the region near
the wall (which, if it is ca,lled the wall region, must be independent of
free stream conditions) would be a very small region containing the vis-
cous sublayer. It is possible that in the limit a -0 the wall region con-
tains only the viscous sublayer.

In our present work we have been restricted to boundary layers in
which 6/a = 2, For this case we will assume that the traditional (but
modified, see Eq. (11) and (12)) division of the mean flow into a wall
region and a wake region is valid. Inaddition we willalso adoptthe procedure
of Richmond (1957), for the flow in the region near the wall. Essentially
what Richmond (1957) did (under Coles' guidance) was to assume that
there was a region near the wall where the mean flow was dominated by
the wall. He then obtained a law of the wall for the axisymmetric boun-
dary layer using Coles' streamline hypothesis.in that region. Coles’
streamline hypothesis, Coles (1955), (which is true in the region near

the wall of a two - dimensional turbulent boundary
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layer) asserts that U/U._. is constant on mean streamlines. Therefore,
we can expect Richmond's procedure for the wall region of the axisym-
metric boundary layer to be valid in the region near the wall where the
turbulent flow is still essentially two-dimensional (or, in other words,
when the ratio y/a is small). If y/a is not small, the similarity law
obtained from the streamline hypothesis may be incorrect.

We will give for reference (since Richmond's paper is not readily
available) a brief description of his procedure for obtaining the simi-
larity law. He assumes (the streamline hypothesis) that U/ U, is constant

on the mean streamlines. Therefore, using the stream function, ¥,

U
g = ¢(CY (13)
T
or inverting the expression
1 U
¥ = ol H il (14)
T
The continuity equation is
oU 1orV
—a—*‘}z + ; "a—r—' =0 (15)

and defines the stream function
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Thus, from Eq. (14)

_1aov 1 (U | 13U -
ror rc U ) U_odr ’ Uz=Tx) (17)
7T
so that
1 U |3y
U, = Urc H U] or (18)
Integrating U.. over the area between the wall and radius r
r r
_1 Ul1lau,
JUTrdr—CJ (U)Ua dr
a a
(19)
U/U,
_1 i & 2 ol l
"‘C ]' H(Y)'}/_GUT
0
so that
1 2 2 U
5CU_(r —a)-Gﬁ;) (20)
Inverting this expression, we obtain
U 1 2 2
-IT;—F[ECUT(I‘ —a)] (21)

for convenience, we can evaluate the constant C as follows. From Eq. (21)

T
U w 1 2 _ 2
("8—3;) o UT{F{E CU,r -a )JC U'rr}r=a,
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or

;
w

Y _vlcar()
" T

let F'(0) = 1 and then since pr = 7 , to obtain C = 1/av. Thus,
Richmond's law of the wall, which assumes the validity of the two-
dimensional streamline hypothesis near the wall beneath an axisymmetric

turbulent boundary layer, is

U .
U T .2 2
v, Floay (0 -2 ﬂ
T
or
yU
U _plTq.XL
U_ F[ v (1 2a-)] (22)
T
using the new coordinate U—EX (1+ g—a), one can write the two-dimensional

law of the wall in the form

U Uy y
- = 5.7510g10 ——V—(1+—) + 5. 10 (23)

U 2a
T

where the function F is the usual (empirically verified) form for two-
dimensional flow. It appears that the above Eq. (23) provides an adequate
representation of our results for 6/a = 2, There are indications from
Richmond's work. (1957), that the region of validity of Eq. (23) becomes

a rather small region near the wall as §/a becomes large.
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There are a number of other investigations of the mean flow field
in the region near the wall. In the work of Yu (1958) (which includes ex-
perimental results) a different method was developed (at Iowa Institute
of Hydraulic Research under the guidance of Rouse and Landweber) for
correlation of the mean flow in the wall region and the wake region.

In Yu's formulation, the wall region contains the free stream velocity
as an additional parameter (in addition to the parameters v, U_, and a).
We have chosen Richmond's method for data presentation because in the
wall region one should not have free stream velocity as a parameter.

Yasuhara (1959), has reported mean velocity measurements on a
slender cylinder for cases in which 6/a= 1. Yasuhara presented his
results in the form advocated by Richmond (1957), with results quite
similar to Richmond's and to our present measurements.

Rao (1967) has reported a different form for the law of the wall.
His form is derived on the basis that for a slender cylinder, §/a >> 1,
the sublayer thickness is comparable to the radius of transverse curva-

ture. This reasoning suggests that

U.a
T
LA W (24)
. ‘V a

c

This form is certainly correct in the sublayer where as Rao points out
r7 = const = aT . However, we doubt that the sublayer thickness can ever

be as large as the radius of curvature of the cylinder, Thus, we believe
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that the correct conception of the sublayer is a region dominated by wall
effects and thét even when a becomes very small the sublayer thickness

is always small compared to the radius of curvature of the surface, a.

If this were not true, the turbulent eddying flow would wash the fluid in

the sublayer (assumed to be of the order of a distance, a, from the wall),
completely off the cylinder. The flow in a region occupying a cross-
sectional area of the order of the cylindrical cross-sectional area, there-
fore, cannot be termed a sublayer and Rao's formulation, Eq. (24) can-
not be correct. Rao goes on to propose that throughout the boundary layer,

the form of the velocity profile should be

U.a
T

T In E] (25)

U
ﬁf-F
T

where F is the function obtained for the law of the wall in a two-dimensional
flow. We have not used this form, Eq. (25), because it has the obvious
property (since the function F is a logarithm in the wall region) of taking
the logarithm of the logarithm of r/a. This certainly reduces scatter

of data points for large r thereby requiring - extremely accurate measure-
ments to determine the validity of the formulation, Eq. (25). It would
appear that the mean flow field in a turbulent boundary layer with trans-
verse curvature is not well understood when 6/a is large. The law of the
wall, Eq. (23), has only a small region of validity and an appropriate simi-

larity law for the wake region has not been firmly established.
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C. EXPERIMENTAL RESULTS FOR MEAN FLOW FIELD

1. Pressure Gradient

The streamwise static pressure distribution along the surface
of the cylinder at two different free stream velocities was measured as
described in Section III. A. The results were plotted in Fig. 10, showing
a slight streamwise pressure increase. This was caused by the too rapid
divergence of the side walls of the wind tunnel test section. (The original
designers over estimated the correction necessary for boundary layer
growth on the test section walls). The mean flow field in the flat plate
(two-dimensional) boundary layer on the floor of the test section has been
investigated by Willmarth and Wooldridge (1962). It was found that in the
pressure gradient of Fig. 10, the mean velocity profiles were (within
the accuracy of the measurements) those generally accepted for an equili-

brium two-dimensional boundary layer, see Coles (1954). In addition,

the dimensionless shape factor, I', of Buri (see Schlichting (1968)) where

IR

r

54U (U0
14

1/4 dc (Uooe\l/4
" U, dx v

. ) (26)

was T'= -6 x 10" or approximately 1/100 of the value, I'= -7 x 10-2,

required for separation of a two-dimensional turbulent boundary layer.
We can conclude that the slight positive (adverse) pressure gradient
acp/ax - 3x 10t '1, will not cause the mean flow in the boundary layer

to deviate appreciably from the zero pressure gradient case.
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2. Skin Friction

The wall shear stress was measured using a Preston tube as described
in Section III. A. The results are displayed in Fig. 13 (see also Tables
1 and 2) along with the measurements of Richmond (1957), Yasuhara (1959),
and Yu (1958) for axially symmetric turbulent boundary layers with ap-
proximately the same ratio of §/a as our experiments. The present
measurements agree reasonably well with previous results at R o= 104
and extend the skin friction R 5 3.5x 104 for 0.15< 6/a < 0. 25. Note
that the skin friction coefficient. is'appreciably larger than in a flat plate
turbulent boundary layer. This is qualitatively the same trend that one
finds in a laminar boundary layer with transverse curvature.

Because Yu's (1958) definition of 6 is different from ours, Eq. (8),

when 6 is calulated according to Eq. (8), Yu's value of R , is reduced by

)
approximately 15%.

3. Velocity Profiles

The velocity profiles measured at the location of the pressure trans-
ducers are plotted in Fig. 11 in the form suggested for the law of the wall
with transverse curvature, see Eq. (22). The shear velocity UT was ob-
tained from skin friction measurements using the relation U, = (Tw/ p) 1 2.
The results of the velocity profile measurements, Fig. 11, show that Rich-

mond's modified law of the wall, Eq. (22), agrees fairly well with measure-

ments of the present investigation for 6/a < 2.
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4, Summary of Properties of the Boundary Layer

In Table 2, the various properties of the turbulent boundary layers

with transverse curvature that we have measured are summarized.
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V. EXPERIMENTAL RESULTS

The measurements of the wall pressure fluctuations beneath the
axially symmetric boundary layer will be discussed in the light of our
knowledge of wall pressure fluctuations beneath a plane two-dimensional
boundary layer. The most striking property of the wall pressure fluc-
tuations beneath a plane boundary layer is the now well known fact that
the random pressure fluctuations are convected at speeds of the order
0of0.5U o 0 0. 85U o The convection and decay of the pressure fluc-
tuations were first measured by Willmarth (1958) using the technique of
space-time correlation in which time delay is varied for a constant
separation distance between pressure transducers. The use of space-
time correlation measurements in turbulent flow was pioneered by Favre
(1952) (who measured the space-time correlation between streamwise
velocity fluctuations).

For the present experiment we have found that the space-time cor-
relation of wall pressure fluctuations beneath the boundary layer with
transverse curvature also shows convection and decay, but with the im-
portant difference that the rate of decay of pressure correlations is
more rapid. This will be discussed in detail below along with other
statistical measurements of the random pressure field which include the
mean-square; power spectrum; lateral, oblique, and longitudinal cor-

relations (with zero time delay); and narrow frequency band correlations

29
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of the wall pressure fluctuations. We will compare our present mea-
surements with the two-dimensional measurements as we proceed

with our description.

A. LONGITUDINAL SPACE-TIME CORRELATIONS OF THE WALL
PRESSURE

The results of our longitudinal space-time correlation measure-
ments are shown in Fig. 13. The correlation curves (reading from
top to bottom) were measured at increasing values of spatial separation.
- The peaks of the correlation occur at larger and larger time delay as
the spatial separation increases (note that the displaced time origins
are indicated by small vertical bars on Fig. 13.) At large spatial sepa-
rations a small peak appeared on the left branch of the curve. This is
the upstream propagation of pressure fluctuations caused by sound pro-
duced in the wind-tunnel diffuser and fan. The mean-square sound pres-
sure in the test section can be estimated from the average maximum

value of the peak on the space-time correlation curve for 7< 0. Itis

approximately 0. 02 pz. This value was used in estimating the true value

of the spatial correlations of wall pressure. (See Appendix A.)
Qualitatively similar space-time correlations have been measured

beneath a plane boundary layer. The essential difference between the

present measurements and those in a plane boundary layer is that with

transverse curvature the pressure correlation decays more rapidly.
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However, in the present investigation, the convection speed is identical
(within the experimental error) with the convection speed in a plane boun-
dary layer. Figure 14 shows the location, for various streamwise spatial
separations and time delays, of the maxima of the pressure correlation
along with the two-dimensional results from Willmarth and Wooldridge
(1962) and Bull (1963). Figure 15.shows the convection speed for increasing
values of spatial separation. The convection speed of Fig. 15 is obtained
graphically from the slope of the locus of the peaks of pressure correlation
of Fig. 14. The reader should note that this definition of convection speed
is not by any means unambiguous since the correlation of the pressure
decays in time and space. A perfectly definite convection speed is easy

to define and to understand if one has a convected frozen random pattern
convected at constant speed because the lines of constant correlation and
the convection path in the x{, 7 plane will be parallel straight lines whose
slope is the convection velocity. In the case of a decaying random field

in which turbulence of various scales moving at different convection speeds
is present, we may refer to Wills (1964) who has discussed the difficulties
with the various definitions of convection speed and has proposed a con-
vection speed definition based on a maximum integral time scale that is
different from the definition we have used. In practice, for our experi-
ments, it is an almost impossible procedure to use Wills' definition of

convection speed since one must measure pressure correlations while
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varying the spatial separation between the pressure transducers. * The
surface curvature and the inaccessibility of the cylindrical model (in the
center of the tunnel) make this impractical. Also, it is not really neces-
sary to use a precise definition of convection velocity because we are
looking for changes from the rather well known convection properties

of the two-dimensional wall pressure fluctuation field. The definition

of convection velocity used for the present work is precisely the same

as that used in our previous plane boundary layer experiments.

As we have already mentioned, the convection velocity is the same
as that found beneath a plane boundary layer. The measurements show
in each case an increase in convection velocity from 0. 56 U, to 0. 83 UOO
as the longitudinal spatial separation is increased. The increase in con-
vection velocity is caused by the more rapid decay of the smaller pres-
sure producing eddies near the wall. After the smaller eddies have
decayed only larger eddies remain and, since they are larger, their ef-
fective centers are farther from the wall and they move at a faster speed
owing to the higher mean velocities farther from the wall. The concept

of an effective center of such a poorly defined entity as an eddy is ad-

mittedly vague. It is more accurate to speak of a convected distribution

*QOr use numerous closely space transducers.
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of vorticity which if of large scale (therefore, extending into the higher
speed regions of the boundary layer) must move at a higher average speed
than a small scale distribution of vorticity near the wall.

Although the convection speeds in the plane and axially symmetric
boundary layer are the same there are important differences between
the space-time correlation for the two cases. In the boundary layer
with transverse curvature, the rate of decay of the maximum of the space-
time correlation is more rapid than it is in the plane bouudary layer. Re-
ferrring to Fig. 13, we see that when Xl/ 6* = 9, 33 the maxir:m pressure
correlation is Rpp = 0. 1. In the case of the plane boundary layer, Vill-
marth and Wooldridge (1962), Rpp = 0.1 occurs for x1/5* = 22.6. The
decay of the maximum (or peak) value of the pressure correlations for
plane and axially symmetric boundary layers are shown in Fig. 16, where
Rpp(xl’ 0, ‘Tc) is the peak value of the pressure correlation. From the
figure, it can be observed that in the boundary layer with transverse
curvature, the decay of pressure correlations is faster than it is in a plane
boundary layer. Note that the decay rate is especially rapid at small spatial
separations. For large spatial separations the rate of decay (the slope
of curves in Fig. 16) is approximately the same. We will discuss these
matters in more detail after we have presented all the experimental results.
Additional measurements of convection speeds have been obtained from space-
time correlation measurements with Xg # 0. These are discussed in Appen-

dix B.
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B. LONGITUDINAL, LATERAL AND OBLIQUE SPATIAL CORRELATIONS
OF THE WALL PRESSURE

The spatial correlations of the wall pressure (with zero time delay)
have been studied in considerable detail to determine the contours of con-
stant pressure correlation on the surface of the cylinder. The array of
thirteen pressure transducers, see Fig. 7, was designed so that a large
number of pressure correlations for different spatial separations could be
efficiently measured with a small number of pressure transducers. All of

the wall pressure correlations were measured in the frequency band

wd *

U
0

free stream. (See Appendix A.)

0.144 < < 28, 8,and have been corrected for effect of sound in the

The results of the spatial correlation measurements are displayed
in Fig. 17, 18, 19, and 20. Consider Fig. 17 and 18 which show the
longitudinal and lateral pressure correlation. It is clear that the pressure

correlation decreases with x_. or x,, more rapidly than has been observed

1

in the plane boundary layer. For the present case of a boundary layer

3

with transverse curvature in which 6/a # 2, the lateral or longitudinal
spacing at which any given positive value of the pressure correlation is
attained is the order of half the spacing at which the same value of pres-
‘sure correlation is attained in the plane boundary layer.

Figures 19 and 20 show measurements of spatial correlation in
oblique directions, along a 45° line in Fig. 19 and for various oblique

locations in Fig. 20. In all these measurements, using the array of
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transducers of Fig. 7, we have assumed that the random wall pressure
field is statistically homogeneous. Thus, we ignore the rather slow
streamwise changes in the statistical structure of the wall pressure field.

This means that the pressure field is homogeneous longitudinally

R (x),%3,0) =R (-%;,%3,0) (27)

and by axial symmetry laterally homogeneous

Rpp (xl’ X3) 0) = Rpp (Xl’ 'X3’ 0) (28)

Therefore, the number of wall pressure correlations measurements
necessary is reduced. (Actually it is sufficient to measure correlations
X

in only one quadrant of the x surface. )

1’73

The results of all the measurements of pressure correlation with
zero time delay are summarized and compared with the plane boundary
layer case in Fig. 21 and 22, respectively.

Figure 21 shows that the contours of constant pressure correlation
are very nearly circular and that the correlation has decayed with dis-
tance to 1/20 of the maximum value in a distance of approximately 1. 5 §*
(Note that in this experiment 6* = 0. 42 inches and 6 = 2. 8 inches.) In the

lateral direction, a distance x, = 1. 5 6* corresponds to only 23. 7 degrees

3

of arc along the cylinder. Note that in Fig. 18, the lateral pressure cor-

relation is negligibly small for x3/ 0* > 6. 2 and does not appear to
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oscillate. We do‘ not expect that appreciable correlation of the wall pres-
sure (relative to the value of Rpp =0.05at x3/6* = 1. 5) for points on opposite
sides of the cylinder would be found. Note that we have filtered out all
pressure fluctuations with a frequency less than 100 Hz and, since the
convection speed is of the order of 0. 8 U,,the half wave length of the pres-
sure fluctuations that have been rejected is already quite large,that is,
greater than or equal to 1/2{0.8U_/100 Hz) = 7 inches (or 2.50). Recall
that the pressure correlation is essentially zero in a distance of the order of
30*= (.56,

Figure 22 compares the contours of constant correlation for plane and
axially symmetric boundary layers. The iso-correlation contours in the
axially symmetric boundary layer are nearly circular as compared to the
case of the plane boundary layer in which the larger iso-correlation contours,
for smaller values of Rpp’ are elongated in the transverse, g, direction.
For large values of Rpp (small size iso-correlation contours) the shape
of the iso-correlation contours is nearly circular for both the plane and
axially symmetric boundary layer.

From these results it is apparent that the effect of transverse curva-
ture is to reduce the scale of all the random pressure producing eddies.
by a factor of two or more for 6/a = 2. The reduction in transverse scale
of the larger eddies is greater than the longitudinal scale reduction.  But
for the smaller eddies, the scale reduction is approximately the same in

the longitudinal and transverse directions.



37

C. ROOT-MEAN-SQUARE WALL PRESSURE

The root-mean-square (rms) value of the pressure fluctuations
on the surface of a cylinder was measured in the frequency band 0. 063 <
% < 57.6. The measurements are compared with the rms wall-pressure
associated with plane boundary layer obtained by other investigators in
Table 3. The present data has been corrected for free stream sound. *
According to Bull (1963), the ratio rms wall-pressure to free stream
dynamic pressure is not dependent on Reynolds number. But the ratio
of rms wall-pressure to skin friction increases slightly when Reynolds
number increases. In the later case, the increase occurs because the
skin friction coefficient decreases as Reynolds number increases. If we
compare the ratios‘l ;2/ Uy or\‘ ‘;2-/ T, for the plane and axially symmetric
boundary layers, see Table 3, we find that there’is not a large change in
either ratio caused by transverse curvature. For instance, if we compare
the values listed in Table 3, the uncorrected ratio of rms wall-pressure
to dynamic pressure beneath an axially symmetric boundary layer increases
9% from the value measured by Willmarth and Roos (1965) at slightly
higher Reynolds number. Recalling that transverse curvature increases
the mean skin friction, we note that transverse curvature decreases the
ratio ;ﬁ/ 7, Y approximately 10%. In any case, there is not a large ef-

fect of transverse curvature on the root-mean-square wall pressure for

6/a < 2.

*See Appendix A.
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D. POWER SPECTRUM OF THE WALL PRESSURE

The power spectrum of the wall pressure fluctuations beneath the
axially symmetric turbulent boundary layer measured with the present
pressure transducers (R/6* = 0. 072) at UOo = 145 ft/sec was obtained
in the frequency range from 100 to 20,000 Hz (0. 144 < %g 28. 8).

The data were compared with the power spectrum in the plane boundary
layer measured with a pressure transducer with R/6* = 0. 061 by Will-
marth and Roos (1965) and with a pressure transducer with R/6* = 0. 095
by Bull (1963), see Fig. 23. The reason for choosing 100 Hz as the lower
frequency limit for our measurements was the possibility of free stream
temperature and vorticity distrubances caused by heat input or cooling

at the wall of the wind tunnel circuit. A description of our observations of
this phenomenon are given in Willmarth and Wooldridge (1962). However,
in the present investigatidn, we did not observe the severe pressure
disturbances at low frequencies that were found at the wall, Willmarth and
Wooldridge (1962). The reason may be that the effects of external heat
input or cooling remain confined to a region near the wind tunnel wall.
Generally speakihg, the shape of the wall pressure spectra beneath a two-
dimensional boundary layer and beneath a boundary layer with transverse
curvature do not appear greatly different on a log-log plot. However,

on closer examination one finds that at high frequencies, w&*/Uy > 10,

the wall pressure spectrum beneath the boundary layer with transverse
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curvature contains approximately twice the energy density that was measured
beneath a plane boundary layer and at low frequencies, w*/ U, <1, the
energy density of the pressure spectrum beneath the boundary layer with
transverse curvature is 75% less than beneath a plane boundary layer.

The normalized power spectra are shown on a linear scale in Fig. 25.

It is quite clear on the linear scale that there is, indeed, greater spec-

tral density at high frequencies. The data of Fig. 25 have been corrected
for the effects of attenuation caused by the finite size of the pressure trans-

ducer. This is discussed below.
E. CORRECTIONS FOR FINITE TRANSDUCER SIZE

Experimental resolution of the structure of the turbulent pressure

field is limited by the finite size of the pressure transducer. For a trans-
ducer of diameter 2R, the measurements of the spectrum of the pressure
at a frequency of the order of U Oo/ 2R * or greater will be subject to a con-
siderable error which becomes larger as the frequency increases. There-
fore, it is desirable = to use as small a diameter transducer as possible.

In the present investigation, the diameter of the transducer was 0. 06 inches
and fhe frequency UOO/ 2R was 30 Hz. (Note that most of the energy in the
spectra of Fig. 23 occurs at frequencies less than 20 KHz. ) Therefore, the

present results should not be subject to a large error.

*This is the frequency for which the transducer diameter equals the wave
length and for a one-dimensional pressure field and a transducer there
would be a complete cancellation of the pressure signal at this frequency.
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Corrections to the power spectrum measured by a finite size trans-
ducer have been computed by Corcos (1963). His calculations assume
that the pressure field can be represented as a function of the variables
wxl/ U, and wx3/ U,. For this reason and others, related to his method
of calculation, his corrections are an approximation to the true correc-
tions.  His approximate corrections agree very well with our experi-
mental results and calculations, Willmarth and Roos (1965), when
wR/U, < 1.

We have used Corcos' (1963) computations for the correction of our
power spectrum beneath the boundary layer with transverse curvature
because wR/ Uc < 1 in the range of interest for our spectrum. Note that
using Corcos' computations means that the wall pressure must be ex-
pressible using the similarity variables and functions used by Corcos
(1963). To a reasonable approximation this is true and is discussed in
Appendix C. The corrected power spectrum non-dimensionalized by
rms wall-pressure is presented on a logarithmic scale in Fig. 24and
on a linear scale in Fig. 25. For comparison, the corrected dimen-
sionless power spectrum of the plane boundary layer wall pressure mea-
sured by other investigators are also presented in the figures.

The corrected root-mean-square wall-pressure is listed in Table 3.
Note that the correction to the root-mean-square wall-pressure is not

more than 10%.



42

F. INTEGRAL SPATIAL AND TEMPORAL SCALES

The integral scales of the wall pressure were computed according to

the formulae

00
A= f lRpp(xl,o,o)Iclx1 (29)
-0
o0
=00
0
A_= R_(0,0,7)]dr 31
= | R0,0,7] (31)
-00

where Al’ A3, and A , are respectively the longitudinal, lateral and
temporal integral scale. We have used the absolute value of pressure
correlation in our definitions to ensure that spuriously small integral
scales are not produced by oscillations of the pressure correlation
caused by the rejection of low frequencies when tlie signals were filtered.
The various integral scales are collected for comparison with the
case of a plane boundary layer in Table 4. It is apparent that in all cases
the effect of lateral transverse curvature is to reduce the spatial and tem-
poral integral scales. It is clear and not too surprising that transverse

curvature reduces the lateral integral scale, A,, by a larger amount (a

3}

factor of 2. 5 or more) than the reduction of the longitudinal and temporal

scales (a factor of the order of 1. 5).
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VI. SUMMARY AND DISCUSSION

From the results of our measurements presented in Section V and
in Appendix C, we can make a qualitative assessment of the effect of
transverse curvature on the structure of turbulence and on the wall
pressure,

First consider the result of Fig. 14 and 15 which show that the con-
vection speed in the boundary layer with transverse curvature is almost
the same as in a plane boundary layer. Next, consider the velocity pro-
files in the two boundary layers which are compared in Fig. 26 where
the displacement thickness, &*, has been used as a length scale. We
have used 0 * exclusively for our length scale in presenting our results
because it is a more definite quantity than & and has been successfully
used in the case of the plane boundary layer. (As a matter of fact, our
qualitative discussion would not be changed if § or 06 were used as the
characteristic Iength. ) From Fig. 26, it is apparent that the velocity
profile is much "fuller' when transverse curvature is present. Consider
a turbulent pressure producing eddy near the wall of any given size (rela-
tive to 6%*). It is clear that if an eddy of this given size is present in a
boundary layer with transverse curvature, it will have a higher convec-
tion velocity than it would have in a plane boundary layer, (because at
every point in the eddy the mean velocity would be larger). On the other

hand, as mentioned above, the measured convection velocity in the two
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boundary layers is nearly the same. The explanation for the unchanged
convection velocity is that the pressure producing eddies in the boundary
layer with transverse curvature must be smaller and therefore nearer
the wall where the mean velocity is lower.

The assertion that the pressure producing eddies are smaller (rela-
tive to 6*) in a boundary layer with transverse curvature is in agree-
ment with all our other measurements.

Consider the relative size of the contours of constant pressure cor-
relation of Fig. 22. In a boundary layer with transverse curvature, the
contours are smaller,by approximately a factor of two or more,than they
are in a plane boundary layer. Figure 16 shows the decay of the peaks of
longitudinal space-time correlation. The decay is much more rapid at
small spatial separation in a boundary layer with transverse curvature*
and this is caused by the presence of smaller eddies that are created by
the transverse curvature. (Recall that Willmarth and Wooldridge (1962)
have shown that an eddy of any given size decays after traveling a dis-

tance proportional to its size.) Thus, if there are relatively more smaller

* Note that in Fig. 16 for x;/6* > 6 the rate of decay of the maxima
of the pressure correlation in the plane and axially symmetric boun-
dary layer is the same. This indicates that after the smaller eddies
have decayed, the eddy size distribution of larger eddies is similar.
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eddies, they will decay in a shorter distance, Finally, the power spectrum
of the wall pressure (see Fig. 24) contains a greater energy density at high
frequencies than inaplane boundary layer owing to the uncha.nged convection
speed of smaller eddies.

Consider now the shape of the contours of constant correlation in a
plane boundary layer for Rpp <0.1. (See Fig. 22.) The contours for
Rpp < 0.1 are larger transversally than in the stream direction. How-
ever, the smaller contours for larger Rpp (Rpp > 0. 3) are nearly circu-
lar. In a boundary layer with transverse curvature all the contours are
smaller and nearly circular. We believe that there are two primary ef-
fects in a boundary layer with moderate transverse curvature that reduce
the size of turbulent eddies. The first effect which causes a reduction in
size of the eddies is the increased fullness of the velocity profile. ¥ The
turbulent eddies near the wall moving at any given convection speed are
necessarily smaller because the mean velocity corresponding to that
speed is reached at a point nearer the wall. In addition, there is a
second effect in which the larger eddies suffer a greater reduction in
transverse scale than small eddies because the wall is curved trans-

versely. Thus, if one visualizes a large eddy adjacent to the curved

wall, it is apparent that in the transverse direction at either side of

* See the discussion of Section I about the effect of transverse cur-
vature on the mean velocity profile.
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the periphery of a large eddy the mean velocity is higher than it would be

at the sides of the same eddy in a plane boundary layer. Thus, there is

a streamwise shearing motion along the sides of large eddies.in a boun-
dary layer with transverse curvature that is not present in a plane boundary
layer. This shearing motion acts to reduce the transverse scale of large
eddies. *

Additional confirmation for the above selective effect of transverse
curvature on the lateral scale of large pressure producing eddies is con-
tained in Appendix C. There, the effect of transverse curvature on the
decay of the narrow band correlation of the pressure in a lateral direction
is to cause a more rapid decay for large eddies (in a low frequency band)

than it is for small eddies (in a high frequency band).

*If we consider the extreme case of large transverse curvature with
6/a -0, the transverse extent of the largest eddy is limited to a
distance of the order of 256. For a plane boundary layer there is no
readily apparent limiting transverse length.



APPENDIX A

CORRECTION-OF WALL PRESSURE FOR THE
EFFECT OF SOUND IN THE FREE STREAM

The pressure measured at the wall is
b, =P+ Pg

where p is the turbulent wall pressure and Py is the pressure produced
by sound waves in the free stream. Define the true value of the wall

pressure correlation as

The measured pressure correlation is

2
R ) - (py +pg) (Py+ ) _ R )7+ Pg/P

pe (0+pg)? 1+p 2/p?

—

where assume P = p22 and PPy =PoP, = 0

Therefore

— .2

e = (L /) R ) - E/p

For Willmarth and Wooldridge's (1962) data psz/i? = 0.05 and
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(32)
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R )i =105® ) -0.05 (33)

For the present data;—si/p =0.02 and

R )i =102(R ) -0.02 (34)



APPENDIX B

CONVECTION SPEEDS MEASURED IN OBLIQUE DIRECTIONS

From the results of oblique (x3 #£0) space-time correlation measure-
ments, the locus of the peaks of pressure correlation were plotted in
Fig. 27 as a function of longitudinal spatial separation for several
obliquities (various values of x3/ 6%). Figure 27 shows that the location
of the peaks of the pressure correlation in the X T plane remains the
same as it was for Xg = 0. Thus, the decay of the wall pressure in
the transverse direction does not directly effect the convection speed in

the longitudinal direction.
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APPENDIX C

CORRELATION O-F THE WALL PRESSURE IN
NARROW FREQUENCY BANDS

Let p(x, z, t; .w)be'the signal obtained by passing the output of a pres-
sure transducer at (x,z) through an ideal filter which has a narrow pass
band centered at a frequency, w, whose width is A w Then the cor-

relation of pressure fluctuations measured by two pressure transducers

a distance (xl, x3) apart at central frequency w for a band width A w is
T
1
t . U .
Qpp (XI’XS’ T,w) = T J p(x,z, t;w) p(x + Xys 2+ x3,t+ T, w) dt (35)
0

Corcos (1962) has shown that*

Qp'p(xl,x?), T, W) = II‘(xl,x3,w)| cos(wT+ a) Aw (36)

where I‘(xl,x w) =|I‘(x1,x3, w)lela is the temporal cross-spectral den-

37

sity of the wall pressure fluctuations and ¢ is the argument of the complex

quantity I The cross-spectral density is related to the spectrum by

1 .
I‘(x1 , W) = -—2 J k k , W exp(k1x1+k3x3) 1dk1dk3 (37

=00

*See Bull (1961) for a complete discussion.
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The narrow band cqrrelation coefficient is defined as

Qpp(xl ) X3’ 7,1, ‘w)

QI;p(O, 0,0;w)

R' (X,,X,, T;w)=" (38)

pp 1? 3,
Corcos (1962) suggested that I' could be represented by the expression

iwx

U
¢

(WX, |

1 wX

3
U
o0

B exp (39)

C

where A(wxl/ Uc) and B(wx3/ Uoo) are functions to be determined experi-
mentally with properties A(0) = B(0) = 1 and the convection velocity

Uc = Uc(w) is function of the central frequency w. Then

WX

Q‘;;p(xl’XS’ Tiw)= o (w)] A cos|wT - 7 | Aw (40)

WX,
U
c

and

%p(o,o,o;w) = ¢ (w)| Aw (41)

Therefore, the correlation coefficient in a narrow frequency band at a

central frequency w is

R (XI’XS’ T,w) = A

U

\
PP .

wX wX
1 3
U )B( U

¢ éo

wxl
COS|WT - —

The narrow-band longitudinal space-time correlation is

WX, WX
Rpp(xl’ 0, 7,w)=A (_f]?) cos(w'r - —U—(;— (44)



53

Where the function A(wxl/ Uc) is obtained when T = 7, = Xl/ Uc

A = |R' (x,,0

pp K1’ 'r°w)| = |R! (x,,0, 7 ;w)| (45)

WX,
ETE 3 ) M
Uc pp 1 Cc

The narrow-band transverse space-time correlation is

wX

U
%

R' (0,x,, T;w) =B
ppl0r X3 T5)

) COS WT (46)

The function B(wx3/ U ) is obtained with 7= 0
0

wx3

Relatively narrow-band correlations of the wall pressure were measured

in the four frequency bands

F *
0.61 < 222< 0. 97 Central frequency at £ = 0. 79
o0 o0
*
1.28 <% 9 76 " mooowon 202
UOO
*
3. 87 <%—5— < 6.25 " T T X1
o0
*
5. 21 <9U§— < 15,63 " wooow o 10,42

o0
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To carry out those measurements two Krohn-Hite model 310-AB vari-
able band-pass filters wereused. The high and low pass settings of the
two filters were carefully matched to give identical phase shift as a
function of frequency so that they were identical (within + 30).

From the measured space-time correlation curves, values of cor-
relation amplitude and convection speed were obtained. Figure 28 shows
the convection speed for increasing values of spatial separation in vari-
ous frequency bands. The convection speed of Fig. 28 is obtained in the
same way as that described in Section V. A. For an ideally narrow fre-
quency band ((Aw/w) << 1) the convection speed would remain constant
when spatial separation increased. However, Fig. 28 shows an increase
in convection speed as the longitudinal spatial separation increased.

This is because we have a finite band width and the smaller eddies in that
band width decay faster than the larger ones. (See Section V. A). The
asymptotic values of convection speed at large spatial separation were
plotted in Fig. 29 as a function of dimensionless frequency w6*/U o
Comparing Fig. 29 with Willmarth and Wooldridge's (1962) data shows
that the asymptotic convection speed (i. e. , Xl/ 6* -o0) of given size eddy
in axially symmetric boundary layer is almost identical to that obtained

in the plane boundary layer.
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The amplitude function A(wxl/ UC) of the narrow-band longitudinal
correlation of Corcos’ representation can be found by plotting the mea-
sured maximum amplitude of space-time correlation, i.e., Rpp(xl’ 0, 'r,c';\g;),
for various spatial separations and central frequencies (Fig. 30). Figure
30 shows that the amplitude of narrow-band longitudinal space-time cor-
relation is only slightly less than in the plane boundary layer. This
means the rate of decay of a given size eddy is about the same as in the
plane boundary layer and that the rate of decay is proportional to the
size of the eddy.

The amplitude of transverse correlation in Corcos' representation,
B(wxs/ Uoo), was obtained by plotting the measured transverse correla-
tions at zero time delay as a function of wx3/Uoo ,(see Fig. 31). The
measurements show that the amplitude of narrow band transverse cor-
relation for (x3/ 6*) = 0. 191 is nearly the same as in plane boundary layer.
But for (x3/ 0% > 0. 722, the transverse correlations fall off very much
more rapidly than they do in a plane boundary layer as wx3/ Uoo increases.
This means that one effect of the transverse curvature of the wall is to
cause an increase in the decay of eddies in transverse direction. This
has been discussed in Section V.,

The amplitude of narrow-band space-time correlation measured
along a line at an angle of 45° to the stream direction are plotted against

wxl/ UC in Fig. 32, The data are compared with computations from Eq. (43)
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using the experimentally determined values of A(wxl/ U.) and B(wxg/ UOO)

of Fig. 30 and 31. That is,

IRp (x 1 %3 .;.';HE= |Rpp(x 0, T;w) )| x| R 0 Xg, T, w)f

1’

A)e[2)

This relation appears to give a good approximation to the measured values.

(48)

provided the value of B(wx3/ U oo) appropriate to the large or small spatial
separation x3/ 6* is used. * This is apparently an effect caused by trans-
verse curvature since a single function B(wx3/ Uoo) suffices for a plane
boundary layer. Actually, the formulation of Eq. (40) is only an approxi-
mation even for the plane boundary layer and does break down in that
case also; see Bull (1963) who showed that for very low frequencies

A(wxl/ Uc) and B(wx3/ U_) were not unique.

*Clearly a failure of the formulation of Eq. (40).
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Figure 4. Velocity-survey apparatus.
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Figure 5. Mouth of the pitot tube.
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Figure 6. Pressure transducers mounted in the semi-cylinder lead shell.
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Figure 7. The arrangement of the pressure transducers.
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Figure 13. Longitudinal space-time correlation of wall pressure.
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Figure 14. Time delay for Rpp maximum at constant Xy
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Figure 19. Spatial correlations of the wall pressure along a line at 45°
to the flow direction.
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Figure 20. Spatial correlation of the wall pressure.
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