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1. INTRODUCTION

It has been generally recognized that the flows of a rotating
fluid are, in many respects, similar to the flows of a stratified fluid
in the presence of a gravitational field. Since a free surface is a sur-
face of density discontinuity, which is a form of exUreme stratification,
there is also a similarity of flows of a rotating fluid with a free sur-
face to free-surface flows in the gravitational field. A free surface
in the rotating fluid is necessary to ensure similarity of its flow to
a free-surface flow in the gravitational field because the quantity
corresponding to a discontinuity in specific weight in the latter is a
discontinuity in p I? in the former, p being the density and I the
circulation of the flow along any circle in its domain located with axial
symmetry. Thus the counterpart of the ordinary hydraulic Jjump appears
to be a hydraulic jump in a layer of liquid flowing down the inner wall
of a rotating cylinder, and rotating with it.

The analysis was carried out in 1961 and construction of the
apparatus for experimentation started in October of that year. By the
summer of 1962 the phenomenon was clearly observed in a repeatable
fashion in the apparatus constructed. When this was mentioned to Mr, A.
M. Bonnie of Cambridge University, who was visiting the first author in
September of 1962ﬁ Mr. Bonnie showed some pictures of a hydraulic jump

he observed in a swirling flow down a stationary tube, in an experiment

performed to study the effect of a bend on a swirling fluid. His work
has since been published [1]. But his tube is stationary and his work

is not primarily a study of hydraulic Jjump in a rotating fluid.
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Due to the difficulty involved in the measurement of the up-
stream thickness of the water layer, the experiments were finished only
in December, 1962. The analytical and experimental results are pre-
sented in this paper to provide yet another instance of the similarity

of rotating flows and stratified flows,



2. ANALYSIS

With reference to Figure 1, b is the inner radius of the tube,
d; 1is the depth of water upstream from the jump, and d2 the downstream

depth. The pressure in the fluid upstream from the Jjump is

b= —— (r% - &%), (01 = o) (1)

in which Wy is the angular speed of the rotating water film, and 1is
equal to the angular speed  of the rotating cylinder, r is the radial
distance from the axis to the point at which the pressure is being con-
sidered, and &) =b - d;. Downstream from the jump, the angular speed
of the fluid wp 1in general varies from one radial position to another,
Two extreme situations may be considered. If viscous and turbulent
mixings are ignored, Kelvin's therocem on the conservation of circulation
enable one to compute W, as a function of r, wupon utilization of the
equation of continuity and the assumption that the downstream velocity
U> 1is constant. This would be a very unrealistic situation, because
there is violent turbulent mixing at the jump, so that Kelvin's theorem
cannot be valid. The other extreme condition 1s the condition of com-
plete mixing, so that after the jump another uniform wo exists, which
can be computed from wj; by use of the conservation of the integrated
angular momentum. Thus, on the assumption that wso 1is uniform, the

downstream pressure distribution is given by

2

by = (r - a2), (2)

in which ap = b - dpo. The total axial force acting at an upstream
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section (Section 1-1) is

Py = k/\ py 2nrdr = %§~w2 (b2 - alg) . (3)

The total axial force acting at downstream section (Section 2-2) is

b
2
2 2
Py = L/P Os  2nrdr = %%cngg (b7 - ax”) . (4)
a
2
The discharge is given by
~b b
Q = / U; 2xrdr = /P © Up 2nrdr, (5)
<. al W a2

which is the equaticn of continuity. The downstream flow is very turbu-
lent, so that Up can be assumed constant without appreciable error.
If the upstream flow is also turbulent, so that Uj can also be assumed

constant, the equation of continuity can be written as

2

UL(b° - a1%) = Up (b° - apd). (6)

The momentum flux through Section 1-1 is
b
2 \
M = L/n poUj  2nrdr, (7)
a1
and that through Section 2-2 is
b 2
M, = k/n pUs  2nrdr. (8)
a1
If U; and Up are assumed constant,

~

2 2 2 2, 2 2,
My =pnUp (b~ -ay ), and My =pnlUp (b - as . (9)

A

The fluxes of angular momenta are the same before and after the

Jjump, since the torque exerted by the wall of the cylinder ... be neglected.



Thus

b b
/ﬁ (MMQ)U 2nrdr = Jf @wyﬁ)UEEMﬂrn (10)
al 1 a1

Now w 1s constant, and as explained before U, and w, can be assured
constant. If the upstream flow is turbulent, U; can also be assumed con-

stant, and (10) becomes

I

" . (11)

Iy I
pwUy (b' - 21 pwoUs(b™ - ap

which can be reduced to
w(b® + a1°) = wo (b2 + as?) (12)

by the use of (6).
The momentum equation applied to the fluid between Sections 1-1

and 2-2 is
Pl"Pg'f'T»z’J:Mg-Ml) <l3)

in which W 1s the weight of the body of fluid in the region of change
of depth. If the inner radius of that body of fluid is assumed to vary
linearly (with 3) from a; to a,, and if the length of the jump is as-
sumed to be c(al - ag), ¢ being a constant of proportionality,

alg + al ag + 322

3

=]
i

- gpn(ag - a5) (b° -

A\ 1 e

Equation (13) then becomes
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%;—[wg(bg - alg)E - 02(b2 - a52)] + gon(ay - ap)[be
- a) a5 - % (ay - ag)g] = pn[Ugg(b2 - agg)
- 11802 - 2?1, (15)

Now if (6) is used on the right-hand side, (12) is used to eliminate wo

and for simplicity one writes

One obtaines, after simplifications,

(1 - 07%0°) (1 - ap®) = F12(1 - 0°) (1 + ap?)

c G (1-a? @+a®)® 30 - mop) - (@ - 02)°] (16)
3(0q + ap)

+

This equaltion enables one to find @p for given values of «q, Fp, G,
and c.

In the experiments performed, d; and dp were very small com-
pared with b. Hence 2y and ap were nearly equal to b and so Qg
and Qp were nearly equal to 1. Putting o3 and op equal to 1 except

where differences are involved, one obtains from (16)

(]_ - O‘_‘LO@) (]_ - 052) = 2 F1‘2(1 - Otl‘) +c G (l - OCE) [(l - (1‘1’(12)

2], (17)

1
w |+

(g - o)

Now with

Py
]
©
g
]
1



one has

dy dq 2
L-aop=—(1+m), (1-0)=—=n F (1-o)
d
2 %1
= F i
1 b
and
2
24 2
(Oél‘ag) ZF(W'1)¢
Thus (17) can be written as
1 4
n(in +1)(L -cG) + 3 7% c G n(n - 1)° = oF2, (18)

The depth ratio 1n had a maximum value of 10.7 in one test, and less than
10 on all the other tests, and dl/b was very small. Thus, under the ex-
perimental conditions, the second term on the right-hand side can be neg-

lected. The resulting equation can be solved simply. The solution is

dp 1 A 8p2
=— == [-1+ \/1 + ————
i i > [ —» T oG

[ —
©

(19)



3. APPARATUS AND METHOD OF MEASUREMENT

The apparatus is shown in Plate I and schematically in Figure 2.
The working section was a piece of transparent tube of polished cast resin
a2oout 50 inches long and 9 inches in outside diameter., The thi.kness of
the wall was 1/L of an inch. The inner-surface diameter had a variation
of at most 0.0l2 inch. The tube is supported by a rigid huv at the top
and a rigid ring at the bottom. A rod running centrally from the top
to the bottom carried a movable point gage for measuring depths. A turn-
table fixed to the bottom ring supporting the transparent tube was driven
by a vanable-speed motor of 5 horsepower.

Water at 62° F was introduced into the tube through a rotating
union threaded into the top hub from a head tank. The flow was regu-
lated by needle valves through flow meters of the type of the Fischer-
Porter rotometer. The flow meters were calibrated under test conditions
and the variation of the discharge was within + 1 per cent in each run.
After entering the rotating union, the water was spread onto the inner
wall of the best cylinder by a circular plate, Vertical uniform flow
was established after approximately one tube diameter and a half.

At the bottom of the tube were efflux ports which could be
opened or closed at will to adjust the location of the jump. The jump
could be moved up the tube by reducing the opening at the bottom of the
tube.

The angular speed of the turntable was measured electromagneti-
cally and was maintained constant. The variation in each run was nc acre

than 1 r.p.m., or about + 0.1 per cent in the tests. This angular speed
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is the same as « 1n the analysis. Plate II shows the location of the
jump and streaks in the flow both upstream and downstream of the Jump.
Since w was known and d; was small, the circumferential velocity up-
stream from the Jump was known. Assuming the streaks were statistically
the same as the streamlines, one could obtain the upstream surface velo-
city Uj of the fluid in the axial direction from the inclination of the
streaks, From Up one can easily calculate dj. The mean inclination
of the streaks was obtained photographically with a variation of + 0,50,
Downstream from the Jump the inclirnation of the streaks were too small
to be useful as a reliable means of obtaining d,, which was therefore
measured with the point gage. The error was with + 0,007 inch approxi-
mately. The upstream depth was so small that the waviness of the free-
surface would introduce a substantial percentage error in dj if mea-
sured with the point gage. That was why the streaks were utilized up-
stream from the Jump.

The length of the jump was observed to be between 0.5 inch and

1 inch in the tests.



4, DISCUSSION OF RESULTS

The results are shown in Table 1 and Figure 3. As explained
in Section 3, Uy was computed from the inclination of the streaks
on the upstream free surface. Since the upstream flow was assumed to be
turbulent, this Uy was considered to be the axial velocity in the major

part of the upstream flow. The Reynolds member

U1dy

v

based on the surface velocity was recorded in Table 1, with v = 1.2 x
10-5 ft2/sec, The values of R show that the judgment of turbulent up-
stream flow is not an unrealistic one. It is known that plane Poiseuille
flow, which would be the upstream flow if it were laminar and the slight
curv ture effect were neglected, is unstable at a value 2000 for the
Reynolds member based on the mean velocity, or 3000 for R. It is also
known that a free surface tends to destabilize the flow. But 1t is im-
portant to remember the distinction between stability against surface
waves and that against shear waves. For surface waves the flow is un-
stable at any Reynolds number however small, but at the same time it is
shear-wave instability that is responsible for turbulence. In view of
the fact that the Reynolds numbers recorded are from 930 to 2400, which
are of the order of 3000, and considering that the flow was not free
from turbulence as it entered the tube, the assumption of turbulent up-
stream flow was not unrealistic. With @ as the discharge in in3/seco

dy; in inches was obtained from

-10-
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dy = 0.0375 Q/Up ,

U; being in in/sec.

In Figure 3 the data are plotted in a chart with F as the
abscissa and do/d; as the ordinate. Equation (19) is plotted with
¢ = 0, and also, for best fit at various values of G, for c = 7.
This value for c is the same as for the length of the ordinary hydraulic
Jump. It can be seen that the agreement between the theoretical pre-

diction and the experimental results i1s quite satisfactory.
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Figure 2. Schematic diagram of the apparatus.
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Plate
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A photograph of the

S

apparatus used.
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Plate 2. A photograph showing location of the jump
and gtreaks in the flow.



