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II. p-divisible Groups and Dieudonné Modules . . . . . . . . . . . . . . . . . . . 13

2.1 p-divisible Groups . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 13
2.2 p-divisible Groups of CM Type . . . . . . . . . . . . . . . . . . . . . . . . . . 14
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CHAPTER I

Abelian Varieties and CM Lifting Problems

1.1 Basics of Abelian Varieties

We begin with a brief treatment of the topic of abelian varieties. A more detailed

introduction to this subject may be found in Mumford [14].

Definition I.1. A complete algebraic variety A over a field K is an abelian variety

if there exist morphisms of varieties m : A×A→ A and i : A→ A such that m and

i give A the structure of an abelian group (i.e., m is the group operation, and i the

inverse map). An abelian variety A over a field K is simple (over K) if the abelian

sbvarieties of A are exactly A and 0.

Let A and B be abelian varieties over K. A homomorphism f : A→ B is called

an isogeny if it is surjective with finite kernel. If an isogeny from A to B exists, we

also say that A is isogenous to B. In most cases related to this dissertation, it will

be useful to consider abelian varieties up to isogeny (as opposed to considering them

up to isomorphism). As a beginning example, we may, up to isogeny, decompose any

abelian variety into the product of simple abelian varieties:

Theorem I.2. (Poincaré complete reducibility theorem) If A is an abelian variety,

and B an abelian subvariety of A,then there exists an abelian subvariety C of A such

that A is isogenous to B × C.

1
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Remark I.3. For a statement and proof of this theorem, see Chapter 4, Section 19 of

[14].

Corollary I.4. For any non-zero abelian variety A, there exist simple abelian vari-

eties Ai not isogenous to each other and positive integers ni such that A is isogenous

to the product
∏

iA
ni
i . Furthermore, except for reordering the indices, the Ai and ni

are uniquely determined (the former up to isogeny).

From a slightly different perspective we may view the above theorem as giving a

decomposition of A into powers of simple abelian varieties (in place of a decomposi-

tion of A into simple abelian varieties).

Definition I.5. An abelian variety A is isotypic if there exists a simple abelian

variety B such that A is isogenous to Be for some e ≥ 1.

Remark I.6. Corollary I.4 decomposes A into isotypic parts.

Let A be an abelian variety over a field K. We call End0(A) := Q⊗Z End(A) the

endomorphism algebra of A (over K). The (up to isogeny) decomposition of A into

simple abelian varieties imparts a decomposition of End0(A):

Corollary I.7. (to Theorem I.2) If A is simple, then End 0(A) is a division ring.

For any non-zero abelian variety A, if A =
∏

iB
ni
i where the Bi are simple and not

isogenous to each other, let Di = End 0(Bi). Then

End 0(A) = Mn1(D1)×Mn2(D2)× · · · ×Mnk
(Dk),

where Mni
(Di) is the ring of ni × ni matrices over Di.

As a consequence, End0(A) is a semisimple Q-algebra for any abelian variety A.

Further, it is simple if and only if A is isotypic, and a division algebra if and only if

A is simple.
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Theorem I.8. Let A be an abelian variety of dimension g > 0. For any commutative

semisimple Q-subalgebra L ⊆ End 0(A), [L : Q] ≤ 2g. Furthermore,

• if [L : Q] = 2g, then L is its own centralizer in End 0(A);

• if [L : Q] = 2g and L is a field, then A is isotypic and L is a maximal commu-

tative subfield of End 0(A).

Remark I.9. For a proof, see Section 3 of [5] and Section 3 of [13].

The latter cases (i.e., there exists L ⊆ End0(A) such that [L : Q] = 2g) are

important enough to warrant a separate definition.

Definition I.10. Let A be an abelian variety of dimension g > 0 over a field K. We

say that A admits sufficiently many complex multiplications (over K) if there exists

a commutative semisimple Q-subalgebra L ⊆ End0(A) such that [L : Q] attains the

maximum value 2g.

Remark I.11. One can prove that A admits sufficiently many complex multiplications

if and only if each simple factor of A does ([13], Remark 3.5).

Usage of the term “admits sufficiently many complex multiplications” comes from

the specific case where A is an elliptic curve over C. In this case, the ring of endo-

morphisms of A can be identified with a subring of C. Then A admits sufficiently

many complex multiplications if this subring contains an element not in Z. In the

general case, admitting sufficiently many complex multiplications also implies some

“C-like” structure within End0(A).

Definition I.12. A CM field is a totally imaginary quadratic extension of a totally

real field. A CM algebra is a finite product of CM fields.

Theorem I.13. Let A be an abelian variety of nonzero dimension which admits

sufficiently many complex multiplications. Then the algebra L of Definition I.10
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may be taken to be a CM algebra. If A is isotypic, then L can be taken to be a CM

field.

Remark I.14. For a proof of this theorem, see Section 4 of [5].

Definition I.15. Let A be an abelian variety over K which admits sufficiently many

complex multiplications and L a CM algebra such that [L : Q] = 2 · dimA. If i is

an embedding L ↪→ End0(A), then we call the pair (A, i) a CM abelian variety with

complex multiplication by L and i a CM-structure on A over K.

Remark I.16. As a partial converse to Theorem I.13, if A is a CM abelian variety of

dimension g > 0 with complex multiplication by a CM field of degree 2g, then A is

necessarily isotypic. This follows from Corollary I.7 (due to the structure of maximal

commutative subalgebras).

1.2 Abelian Varieties Over Finite Fields

In this section, we assume k is a finite field, and let p = char(k) and q = |k|. Let

A be an abelian variety over k, and πA the q-Frobenius endomorphism of A. Observe

that πA commutes with all endomorphisms of A. If A is simple, as mentioned in

Corollary I.7, then D := End0(A) is a division algebra of finite dimension over Q.

Definition I.17. A Weil q-number (in a field of characteristic 0) is an algebraic

integer π such that for every embedding ψ : Q(π) ↪→ C we have |ψ(π)| =
√
q. Let

W (q) denote the set of Weil q-numbers in C.

Definition I.18. ([13], pg. 79) Two Weil q-numbers π and π′ are conjugate if one

of the following (equivalent) conditions holds:

1. fπ = fπ′ (where for τ ∈ Q, fτ denotes the minimal polynomial of τ over Q).

2. There exists a field isomorphism ψ : Q[π]→ Q[π′] such that ψ(π) = π′.
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3. Under the action of Gal(Q/Q) on W (q), π and π′ lie in the same orbit.

The concept of Weil q-numbers is a useful tool in the study of q-Frobenius en-

domorphisms of simple abelian varieties. We observe that for any simple abelian

variety A over k and any homomorphism ψ : Q[πA]→ Q, ψ(πA) is a Weil q-number,

well-defined up to conjugacy. Further, an isogeny A→ B of simple abelian varieties

over k defines an isomorphism End0(A) → End0(B) carrying πA to πB, hence map-

ping Q[πA] isomorphically to Q[πB]. Therefore the conjugacy class of πA depends

only on the isogeny class of A. Put formally:

Theorem I.19. (Honda-Tate)[19] Let k be a finite field of size q. For A a simple

abelian variety over k and π ∈ W (q), let Ā and π̄ denote, respectively, the isogeny

class of A and the conjugacy class of π. The mapping Ā 7→ πA is well-defined and is

a bijection between the set of isogeny classes of simple abelian varieties over k and

the set of conjugacy classes of W (q).

Remark I.20. The injectivity of this map was proven by Tate, and the surjectivity

was proven by Honda and Tate.

Since πA commutes with every endomorphism of A, Q(πA) is a field which is

contained in the center of D := End0(A). Tate proved a stronger statement which

makes abelian varieties over finite fields an ideal setting in which to study questions

involving CM-structure:

Theorem I.21. (Tate)[19, 20] Let A be a simple abelian variety over k. Let D

denote End 0(A) and L denote Q(πA). Then;

1. L is the center of D;

2. [L : Q] ·
√

[D : L] = 2 · dimA – hence A admits sufficiently many complex

multiplications;
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3. if fA, IrrA ∈ Z[T ] are, respectively, the characteristic polynomial and the mini-

mal polynomial of πA, then

fA = (IrrA)
√

[D:L];

4. the central simple algebra D over L

• does not split at any real place of L;

• does split at every finite place not above p := char(k);

• for a discrete valuation w of L with w|p, letting Lw denote the local field

obtained from L by completing at w, the quantity

invw(D) =
w(πA)

w(q)
· [Lw : Qp] mod Z

is an invariant of D;

• if w̄ is the conjugate of w and invw̄ is the similarly defined invariant for w̄,

then invw(D) ≡ −invw̄(D) mod Z.

Corollary I.22. Let A be an abelian variety over a finite field. Then A admits suffi-

ciently many complex multiplications, and if A is isotypic then it admits a structure

of CM abelian variety with complex multiplication by a CM field.

Proof. The first statement follows from Theorem I.21 by passing to products. The

second statement follows from the first and Theorem I.13.

1.3 CM Lifting Questions

We now make precise the most basic version of the CM lifting question and intro-

duce some variations. This material is indebted to the work of Conrad, Chai, and

Oort, and a more detailed treatement of the subject may be found in their paper [2].

First, we need some additional terminology.
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Definition I.23. Let S be a scheme. A group scheme over S is a scheme G such that

MorS(−, G) represents a group functor on the category of schemes over S. A group

scheme A over S is an abelian scheme if A is smooth and proper with geometrically

irreducible fibers.

Remark I.24. In the case where S = Spec(K) for some field K, A/S is an abelian

scheme if and only if A is an abelian variety over K.

We first give the definition of a lifting:

Definition I.25. Let A0 be an abelian variety over a field K of nonzero character-

istic. We say A/R is a lifting of A0 to characteristic zero if R is an integral domain

of characteristic zero with a ring homomorphism R → K, and A → Spec(R) is an

abelian scheme such that A⊗R K = A0.

Now, the above definition can be modified to include the preservation of CM-

structure.

Definition I.26. Let A0 be an abelian variety over a field K of nonzero characteristic

such that A0 admits sufficiently many complex multiplications, and let A/R be a

lifting of A to characteristic zero. We say A/R is a CM lifting of A0 to characteristic

zero if A/R admits sufficiently many complex multiplications on its generic fiber.

The most basic question to ask at this point is, does every abelian variety admit-

ting sufficiently many complex multiplications have a CM lifting? A partial answer

was given by Honda:

Theorem I.27. (Honda)[9] Let A0 be an abelian variety over a finite field k = Fq.

Then there exist a finite extension k′ ⊇ k and an abelian variety B0 over k′ such that

B0 is isogenous to A0 ⊗k k′ and has a CM lifting (i.e., there exists B/R which is a

CM lifting of B0).
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In other words, we know that for an abelian variety over a finite field, CM lifting

exists up to isogeny and up to a finite extension of the base field. Now we can

ask questions like: is an isogeny necessary? Is a field extension necessary? In the

following, we will consider these and similar CM lifting questions, and give a survey

of results that are currently known.

Let us fix a finite field Fq and an abelian variety A0 of dimension g > 0 over Fq.

Assume A0 is isotypic over Fq. By results from previous sections, we know that A0

admits a structure of a CM abelian variety with complex multiplication by a CM

field. Consider the following types of questions about the existence of a CM lifting

of A0.

• (CML) CM lifting: there exists a local domain R with characteristic 0 and

residue field Fq, an abelian scheme A over R of relative dimension g with a CM

field L ⊆ End0(A) satisfying [L : Q] = 2g and an isomorphism φ : A⊗RFq ' A0

over Fq.

• (R) CM lifting after finite residue field extension: there exists a local domain R

of characteristic 0 and residue field k of finite degree over Fq, an abelian scheme

A over R with relative dimension g whose generic fiber admits sufficiently many

complex multiplications by a CM field L with [L : Q] = 2g, and an isomorphism

φ : A⊗R k ' A0 ⊗Fq k over k.

• (I) CM lifting up to isogeny: there exists a local domain R of characteristic

0 and residue field Fq, an abelian scheme A over R with relative dimension g

whose generic fiber admits sufficiently many complex multiplications by a CM

field L with [L : Q] = 2g and an isogeny A⊗R Fq ∼ A0 over Fq.

• (NI) CM lifting to normal domains up to isogeny: there exists a normal local
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domain R with characteristic 0 and residue field Fq such that (I) is satisfied for

A0 using R.

• (NIR) CM lifting to normal domains up to isogeny after finite residue field

extension: there exists a normal domain R with characteristic 0 and residue

field k of finite degree over Fq such that (R) is satisfied for A0 using R except

that φ is only required to be an isogeny over k.

For many of the above questions, answers are known.

Theorem I.28. (Oort) [17] For all g ≥ 3 and all 1 ≤ f ≤ g − 2, there exists an

abelian variety A over Fp of dimension g and p-rank equal to f such that A does not

admit a CM lifting to characteristic zero.

Since we can express a local ring as a direct limit of local subrings, there is no

loss of generality in replacing k with an algebraic closure of Fq or with an arbitrary

extension of Fq in (R). Therefore, by the theorem above, we know in general (R)

does not hold, and so the stronger statement (CML) does not generally hold either.

Therefore we know an isogeny is necessary. Chai, Conrad, and Oort recently proved

that (I) always holds ([3]). Therefore a field extension is not necessary.

Since whenever the base ring is normal, we can extend maps between abelian

schemes easily, it is especially interesting to consider questions like (NI) and (NIR).

Results of Honda and Tate imply that (NIR) can always be fulfilled with R a p-adic

integer ring and L ⊆ End0(B) any CM field such that [L : Q] = 2g (see [2] for further

explanation). In contrast, (NI) does not always hold. Chai, Conrad, and Oort [2]

give a necessary and sufficient condition for (NI) to hold. They call it the residue

reflex condition. We will give a detailed description of this condition and an example

of its use.
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Let L be a CM field, and p a prime number. Complex conjugation induces an

involution ι on L. Let Qp be an algebraic closure of Qp. A subset Φ ⊆ Hom(L,Qp)

is called a p-adic CM type if Φ
∐

Φ · ι = Hom(L,Qp). Associated to the p-adic CM

type Φ for L there is the reflex field E ⊆ Qp of finite degree over Q, which can be

defined as a subfield of Q generated by the elements
∑

φ∈Φ φ(x), x ∈ L (where Q

denotes the algebraic closure of Q in Qp). Equivalently, Gal(Q/E) is the subgroup

of elements of Gal(Q/Q) stabilizing the subset Φ ⊆ Hom(L,Q).

Let A be an abelian variety of dimension g > 0 over Fq and let L ⊆ End0(A) be

a CM field with [L : Q] = 2g. Let Φ ⊆ Hom(L,Qp) be a p-adic CM type. We say

(L,Φ) satisfies the residue reflex condition if

1. for each p-adic place v on L,

ordv(FrA,q)

ordv(q)
=

#{φ ∈ Φ : φ induces v on L}
[Lv : Qp]

where FrA,q ∈ OL acts on A by the q-Frobenius endomorphism.

2. Let E ⊆ Qp be the reflex field attached to (L,Φ), and let v be the induced

p-adic place of E. The residue field kv of OE,v can be realized as a subfield of

Fq.

It is not hard to show that if (NI) holds, the residue reflex condition must be satisfied

– that is, this is a necessary condition for (NI) to hold.

Remark I.29. Clause (1) of the residue reflex condition basically tells us the slopes

of A are given in terms of (L,Φ) by the Shimura-Taniyama formula. Any CM field

L ⊆ End0(A) with [L : Q] = 2g admits a p-adic CM type Φ such that (1) holds, so

(1) is not a significant constraint. Clause (2) is more interesting. Brian Conrad uses

Honda-Tate theory to give examples such that for L ⊆ End0(A) a CM field of degree
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2g, every p-adic CM type (L,Φ) satisfies (1) but violates (2). Clause (2) essentially

tells us that the residue field should not be too big.

Theorem I.30. (Conrad, Chai, Oort)[2] Let A be an abelian variety of dimension

g > 0 over Fq and let L ⊆ End 0(A) be a CM field with [L : Q] = 2g. Let Φ ⊆

Hom(L,Qp) be a p-adic CM type, and let E ⊆ Qp be the associated reflex field.

Assume that (L,Φ) satisfies the residue reflex condition. Then A satisfies (NI) using

a lifting of the L-action over a p-adic integer ring with residue field Fq.

Next, we give an example for which (NI) fails to hold. This example is due to

Brian Conrad.

Example I.31. Let π = p · ζ5. This is a Weil p2-number. Assume p ≡ 2 mod 5

or p ≡ 3 mod 5, so p is inert in Q(ζ5)/Q. By the Honda-Tate Theorem I.19 and

Theorem I.21, there is (uniquely up to isogeny) a simple abelian variety B over Fp2

such that the center of End0
Fp2

(B) may be identified with F := Q[π] = Q(ζ5) by

π 7→ FrB,p2 . Also, the central division algebra D := End0
Fp2

(B) over F is split away

from the unique p-adic place of F . Therefore, it is split globally, so D = F . Thus

2 dim(B) = [F : Q] ·
√

[D : F ] = 4,

so dim(B) = 2 and End0
Fp2

(B) ∼= F = Q(ζ5).

The only CM structure on B is the canonical one by the action of Q(ζ5) (up to

automorphisms of Q(ζ5)). Since F is Galois over Q, for any CM type Φ on F , the

reflex field E associated to (F,Φ) is contained in the canonical image of F in Q.

Note that the reflex field is also a CM field. Thus E ∼= F because F has no proper

CM subfield. Assume there is an abelian scheme X over a normal local domain R of

characteristic 0 and residue field Fp2 which is a CM lifting of B up to isogeny over

k = Fp2 . By the necessity of the residue reflex field condition, the residue field of R
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(Fp2) should contain the residue field of E, the reflex field associated to (F,Φ). Since

E ∼= F and p is inert in F , E admits a unique p-adic place at which E has residue

field Fp4 . Therefore, we have a contradiction, so no such X exists and B does not

satisfy (NI).



CHAPTER II

p-divisible Groups and Dieudonné Modules

In characteristic zero, the tangent space of an abelian variety is a useful invariant,

whereas in positive characteristic the tangent space fails to be an isogeny invariant.

Therefore, we need a good substitute. The concept of p-divisible groups is the right

one to use for this purpose, as well as for studying infinitesimal properties, when

char(k) = p > 0.

2.1 p-divisible Groups

Definition II.1. Let S be a scheme and h a nonnegative integer. A p-divisble group

of height h over S is an inductive system {(Gn, in)}n≥0 where for all n, Gn is a finite

flat group scheme over S of rank phn, and the sequence

0→ Gn
in−→ Gn+1

×pn−−→ Gn+1

is exact. A morphism of between p-divisible groups {(Gn, in)} and {(Hn, jn)} is a

sequence of morphisms fn : Gn → Hn at each level such that for every n, fn+1 ◦ in =

jn ◦ fn. We write G := lim
→
Gn in the category of inductive systems of finite group

schemes.

Remark II.2. A p-divisible group is also known by the term Barsotti-Tate group.

13
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Example II.3. For any abelian scheme A over S and any integer u ≥ 0, the group

scheme A[u] is a finite flat group scheme of rank u2g over S, where g = dimA.

Therefore, {A[pn]}n≥0 forms a p-divisible group of height 2g. We denote this p-

divisible group by A[p∞].

Let G = lim
→

(Gn, in) be a p-divisible group over a base scheme S. By Cartier du-

ality, the associated surjections pn : Gn+1 → Gn+1/G1 = Gn give closed immersions

D(pn) : D(Gn) → D(Gn+1), where D(Gn) denotes the Cartier dual of Gn. Then

G∨ := lim
→
D(Gn) is a p-divisible group, called the Serre dual of G. The height of

G∨ equals the height of G. If A∨ denotes the dual abelian scheme to A, then by

Cartier-Nishi duality, there is a natural isomorphism A∨[p∞] ∼= (A[p∞])∨.

2.2 p-divisible Groups of CM Type

Let R be a complete local Noetherian domain of generic characteristic zero. A

p-divisible group H over R is said to be of CM type if there exists a commutative

semi-simple algebra L over Qp and a monomorphism i : L → End0(H) such that

dimQp L equals the height of H. For a particular such L, we say that H has CM by

L. The CM type Φ of (H, i) is a subset of HomQp(L, frac(R)) such that the action

of L decomposes the tangent space Lie(H)⊗R frac(R) (over frac(R)) into the direct

sum of eigenlines
⊕

φ∈ΦEφ, for which L acts through φ on Eφ.

Let H be a p-divisible group over a field k of characteristic p > 0. We say that

H admits a CM lifting if there is a p-divisible group H of CM type over a complete

Noetherian local domain R of generic characteristic 0 with maximal ideal m, and a

ring homomorphism R/m→ k such that (taking tensor products with respect to this

homomorphism) H⊗Spec(R) Spec(k) ∼= H.

We will now examine how the CM lifting of an abelian variety can be related to
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the CM lifting of an associated p-divisible group. Assume A0 is an abelian variety

with complex multiplication by L over k, where L is a CM field and k is a finite field

with characteristic p. Fix an action of an order of OL. The Serre-Tate theorem [18]

tells us that the following two constructions are equivalent (in that one can be done

if and only if the other can be done);

• constructing a formal abelian scheme A over a complete Noetherian local domain

R (with generic characteristic zero and residue field k) such that A/R is a lifting

of A0 and the action lifts to A;

• constructing a p-divisible group H over R such that it is a lifting of A0[p∞] and

the action lifts to H.

Of course, we may ask if the formal scheme obtained is algebraic. We will answer

this question later.

Informally, the Serre-Tate theorem tells us that deformations of abelian varieties

are controlled by their associated p-divisible groups. Correspondingly, p-divisible

groups and their deformations are more or less controlled by their Dieudonné modules

(as we will see in the following section).

2.3 Dieudonné Modules

In this section, we present basic Dieudonné module theory for p-divisible groups

(for more detail, see [4]). This theory gives us a framework for a categorical (i.e.,

via functors) equivalence between p-divisible groups and modules over some non-

commutative rings. As a result it provides us with a way to translate lifting problems

for p-divisible groups into linear algebra problems involving modules over noncom-

mutative rings. Such a result plays an important role in solving related CM lifting
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problems, as it replaces abstract, algebraic objects with ones on which we can do

concrete computations.

There are different versions of Dieudonné module theory. Here we explain covari-

ant Dieudonné module theory for p-divisible groups over a perfect field of charac-

teristic p > 0 (although in this case, the covariant and contravariant versions are

anti-equivalent).

Our setup is as follows. Let k be a perfect field of characteristic p and W (k) the

associated ring of Witt vectors. We note that W (k) is a complete discrete valuation

ring with residue field k. Denote by σ : W (k) → W (k) the Teichmüller lift of the

automorphism x 7→ xp of k. Let Dk be the ring generated by W (k), F , and V , such

that F ·V = V ·F = p, and for all a ∈ W (k), F ·a = (σa) ·F and a ·V = V · (σa). A

Dieudonné module is a left Dk-module M such that, viewed as a W (k)-module, M

is free and has finite rank.

Remark II.4. Note that Dk is a free left (or right) module over W (k) with basis

{. . . , V 2, V, F, F 2, . . .}. Further, if k = Fp, then Dk = Zp[F, V ]/(F ·V −p) is a regular

commutative ring with Krull dimension 2. In all other cases Dk is non-commutative.

To describe the correspondence between p-divisible groups and Dieudonné mod-

ules, we first make use of a decomposition which simplifies matters.

Theorem II.5. Let G be a p-divisible group over a perfect field k ⊇ Fp. Then there

is a unique decomposition

G = Ge ⊕Gm ⊕Gll

where Ge is the maximal étale quotient of G, Gm is the maximal multiplicative p-

divisible subgroup of G, and Gll has no non-trivial étale quotient or multiplicative

p-divisible subgroup.
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Remark II.6. This theorem follows from an analogous theorem for finite commutative

group schemes, found in Chapter 1 of [11]. We will see later (via the Serre-Tate

Theorem, referenced in Section 2.4) that Ge and Gm always have a canonical lift to

W (k), so Gll will be our primary concern.

Theorem II.7. (Oda and Oort [16]) Given k, let Dk be defined as above.

1. There is an equivalence of categories between the category of p-divisible groups

over k and the category of Dieudonné modules over Dk. Denote by D(G) the

covariant Dieudonné module associated with G.

2. The rank of D(G) over W (k) equals the height of G. Further, there is a functo-

rial isomorphism Lie(G) ∼= D(G)/V · D(G) (i.e. D(G)/V · D(G) is isomorphic

to the tangent space of G).

3. The Dieudonné module D(G∨) and the linear dual of D(G)

(D(G))∨ := HomW (k)(D(G),W (k))

are canonically isomorphic as W (k)-modules. The actions of F and V on

(D(G))∨ satisfy

(F · f)(x) = σ(f(V x))

σ((V · f)(x)) = f(Fx)

for all f ∈ (D(G))∨ and x ∈ D(G).

4. G is étale if and only if V is bijective on D(G). G is multiplicative if and

only if F is bijective on D(G). G is local-local if and only if both F and V are

topologically nilpotent on D(G).

Lemma II.8. Let G and H be two p-divisible groups of the same height and f : G→

H a homomorphism. The following conditions are equivalent:
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• ker(f) is finite.

• f is an epimorphism.

• D(f) : D(G)→ D(H) is injective.

A proof of the lemma can be found in [6], Chapter IV, section 1. A homomorphism

f satisfying the conditions of the lemma is called an isogeny (of p-divisible groups).

We say G and H are isogenous if there is an isogeny from G to H.

2.4 Dieudonné modules and CM lifting

In this section, we explain how the problems of CM lifting can be translated into

problems involving Dieudonné modules.

Let A be an abelian variety over a finite field k of characteristic p, such that A

admits complex multiplication by a CM field K. There exists an abelian variety B

isogenous to A over k such that OK acts on B (i.e., there is an embedding OK ↪→

End(B)). Since the properties we will study only depend on the K-linear k-isogeny

class of A, there is no loss of genrality in assuming our abelian variety A has CM

structure i : OK ↪→ End(A). For the dual abelian variety A∨, there is a natural

action by OK , given by i∨ : OK ↪→ End(A∨) such that i∨(a) = i(ā)∨, where ā is the

complex conjugation of a. By a lemma of Kottwitz ([10], lemma 9.2), the abelian

variety (A, i) as defined above admits an OK-linear polarization λ : A → A∨. Thus

λi(a) = i(ā)∨λ for all a ∈ OK .

Let A[p∞] be the p-divisible group of A. The triple (A, λ, i) gives rise to the triple

(A[p∞], λp, ip), where

ip : OK,p ↪→ End(A[p∞])
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is the induced OK,p action on A[p∞] and

λp : A[p∞]→ A[p∞]∨

is the induced quasi-polarization of A[p∞], such that λpip(ā) = ip(a)∨λp for all a ∈

OK,p.

Let M = D(A[p∞]) be the covariant Dieudonné module of A[p∞]. Note that

M is an OK,p ⊗Zp W (k) module, and the action of OK,p commutes with F and V .

The OK,p-linear polarization of A[p∞]gives rise to a nondegenerate skew-symmetric

pairing 〈·, ·〉 : M ×M → W (k) such that 〈Fx, y〉 = σ(〈x, V y〉) for all x, y ∈ M .

Further, the OK,p action on A[p∞] defines a W (k)-linear action of OK,p on M such

that 〈ax, y〉 = 〈x, āy〉 for all a ∈ OK,p and x, y ∈M , since

〈ax, y〉 =
(
λp(ax)

)
(y)

=
(
āλp(x)

)
(y)

= λp(x)(āy) = 〈x, āy〉

By the Serre-Tate theorem [18], lifting (A, λ, i) to a complete Noetherian local

integral domain R with generic characteristic zero and residue field k is equivalent to

lifting the attached p-divisible group A[p∞] over R with additional structures. As k

is perfect, by Theorem II.5, G = A[p∞] can be expressed as Ge⊕Gm⊕Gll. Because

there is a canonical lifting of Ge ⊕ Gm over W (k) ([12], Appendix, pages 171–187),

we only need to focus on the lifting of Gll.

Let M be the covariant Dieudonné module of Gll, with associated pairing 〈·, ·〉.

The operation V gives us a mod p filtration Fil = VM/pM ⊆ M0 := M/pM .

Fontaine’s theorem (see [7], Theorem 2, pg. 217 and the remark on pg. 218) tells

us that lifting Gll with additional structure to R is equivalent to lifting the triple

(M, 〈·, ·〉,Fil) to R as long as R is a p-adic complete discrete valuation ring such that
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e ≤ p− 1, where e is the ramification index of p in R. Here, to lift (M, 〈·, ·〉,Fil) to

R means to find an R-submodule N of M ⊗W (k) R such that;

1. 〈N,N〉 = 0;

2. N ⊗R k ∼= VM/pM ; and

3. N is stable under the action of OK ⊗Z Zp.

Remark II.9. The mod p filtration Fil = VM/pM ⊆ M0 satisfies the condition that

the induced pairing M0 ×M0 → W (k)/pW (k) ∼= k annihilates Fil.

Remark II.10. We can see, by an application of Fontaine’s theorem, that we have

some restrictions on the lifting ring R. We need e, the ramification index of p in R,

to satisfy e ≤ p− 1.

Now we may ask if, by using the approach above, the resulting formal abelian

scheme which lifts A is algebraic. By a theorem of Grothendieck ([8], 5.4.5), we know

that if we lift A along with an ample line bundle, then this lifting is automatically

algebraic. Since lifting the polarization map λ is equivalent to lifting the line bundle

associated to A (up to replacing λ with [2]λ, which is harmless), we do get an

algebraic lifting.

2.5 Questions of Importance to This Dissertation

In Chapter I we introduced the notion of a CM lifting problem and discussed some

known results. We aim to extend these questions by asking, if a lifting exists over a

p-adic discrete valuation ring, what can be said about the ramification of the base

ring to which we are lifting? For example:

• Can we determine the minimal ramification needed for a lifting to exist?

• For a fixed ramification, does there exist a lifting with that ramification?
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• What if we fix a CM field and a CM type on it to be required to come from the

desired lift?

The proofs of the previous results detailed in Chapter I relied heavily on deformation-

theoretic methods which prevent any control over the ramification of the base ring.

Therefore, different methods are required to answer questions of the type shown

above. Translation of CM lifting into the language of Dieudonné modules fills this

need, because this turns CM lifting problems into linear algebra problems, giving a

concreteness which may make control over the ramification easier to attain.

In the next chapter, we determine (subject to some restrictions on k) invariants

which classify, up to isomorphism and up to isogeny, the Dieudonné modules of CM

p-divisible groups over a finite field. We also describe the possible pairings 〈·, ·, 〉

of such Dieudonné modules respecting the CM structure, and how the pairing is

changed by moving to a different module within the same isogeny class. These steps

must be taken before attempting to solve CM lifting problems, for two reasons. First,

as we mentioned in Chapter I, in general an isogeny is necessary for a CM lifting to

exist, so we will need to be able to pick a suitable Dieudonné modue from within

an isogeny class. Second, we may find opportunities to simplify the appearance of

〈·, ·〉 (and thus our calculations involving it) by passing to a different module within

the same isogeny class. We must note, however, that we do not (in this dissertation)

prove which invariants (as described above) arise from the Dieudonné modules of

CM p-divisible groups over a finite field. Completion of this step is required before

this description in terms of invariants can be termed a full classification.



CHAPTER III

Classification of Dieudonné Modules

3.1 Classification up to Isomorphism

We recall our setup from the previous chapters, with some new details. We assume

we have:

1. k, a finite field of characteristic p and size q,

2. K, a CM field of degree 2g over Q,

3. K0, the maximal totally real subfield of K,

4. OK and OK0 , the rings of integers of K and K0, respectively,

5. (A, λ, i), where A is an abelian variety of dimension g over k, i : OK → End(A)

a ring homomorphism, and λ an OK-linear polarization of A, and

6. H, the attached p-divisible group of A.

We also assume throughout this chapter that k contains the residue field of OK at

any place above p. This assumption serves two purposes. The first is to simplify

the computations we will encounter. The second purpose is to guarantee the second

requirement of the residue reflex condition of Section 1.3. The main theorem of this

section is:

22
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Theorem III.1. Assume k contains kv for all places v of K above p, and let d =

[k : Fp]. Then detOK,p
(V d|D(H)) and Lie(H) (as a monogenic OK/(p)⊗Fp k-module)

determine H up to OK-linear k-isomorphism.

Remark III.2. Instead of providing a single proof for this theorem, we pass to the

v above p, proceeding according to cases, each with its own subtheorem (the com-

bination of which produces this theorem), although the subtheorems use different

notation.

The decompositionOK0⊗Zp =
⊕
v|p
OK0,v gives rise to a decomposition of p-divisible

groups H =
⊕
v|p
Hv, such that each Hv is a quasi-polarized p-divisible OK0,v group

of height 2gv, where gv = [K0,v : Qp] (because OK0 ⊗ Zp acts faithfully on H, each

Hv is non-zero). Let Mv be the Dieudonne module D(Hv), so Mv is a free rank two

module over OK0,v ⊗Zp W (k). Fix one such v and proceed according to three cases.

Case 1: v splits in K.

Denote by kv the residue field of OK0 at v. Let f = [kv : Fp], and e := e(K0,v/Qp)

be the ramification index of K0,v. Assume w, w̄ are the primes in K above v; then

Kv = Kw × Kw̄ and Kw = Kw̄ = K0,v. We may write Hv = Hw ⊕ Hw̄, and

Mv = Mw ⊕Mw̄, where Mw is a free rank one module over OK,w ⊗Zp W (k), and Mw̄

is a free rank one module over OK,w̄⊗ZpW (k). Let kw and kw̄ be the residue fields of

OK,w and OK,w̄ at w and w̄, respectively (so kw ∼= kv ∼= kw̄). We know that W (kw)

and W (kw̄) are isomorphic to the maximal unramified extension of OK,w and OK,w̄,

respectively, over Zp.

Let σ1, σ2, . . . σf be the embeddings of W (kw) into W (k). We choose the indices

such that for all i ∈ Z/fZ, σi+1 = σ ◦σi, where σ is Frobenius on W (k). Note that if

τ denotes complex conjugation on K, σ1 ◦ τ, σ2 ◦ τ, . . . σf ◦ τ will be the embeddings
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of W (kw̄) into W (k). Let Rw,i denote the tensor product OK,w ⊗W (kw) W (k), using

σi to embed W (kw) into W (k). Note that Rw,i is a complete discrete valuation ring

of ramification index e and residue degree 1 over W (k). Define Rw̄,i similarly (i.e.,

w̄ in place of w and σi ◦ τ in place of σi). Then we have canonical decompositions:

OK,w ⊗Zp W (k) =
∏

i∈Z/fZ

Rw,i

OK,w̄ ⊗Zp W (k) =
∏

i∈Z/fZ

Rw̄,i

These decompositions give rise to decompositions of W (k)-modules:

Mw =
⊕
i∈Z/fZ

Mw,i

Mw̄ =
⊕
i∈Z/fZ

Mw̄,i

For all i, Mw,i is a free rank one Rw,i module and Mw̄,i is a free rank one Rw̄,i

module. The operators V and F interact with this decomposition by VMw,i ⊆Mw,i−1

and FMw,i ⊆ Mw,i+1, with corresponding relations holding for the Mw̄,i (so V fMw,i

and F fMw,i are each subsets of Mw,i itself).

Recall from Theorem II.7 that Lie(Mw) ∼= Mw/VMw. Note that pMw ⊆ VMw.

We may therefore view Lie(Mw) as a module over

OK,w ⊗Zp k
∼= OK,w ⊗W (kw) (W (kw)⊗Zp k)

∼=
∏

i∈Z/fZ

(OK,w/(p))⊗(kw,i) k

where (OK,w/(p))⊗(kw,i)k denotes the tensor product using the embedding σi : kw ↪→

k. This gives us a k-linear decomposition of Lie algebras:

Lie(Mw) =
⊕
i∈Z/fZ

Lie(Mw)i,
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and similarly for Lie(Mw̄). If we choose a uniformizer π of OK0,v
∼= OK,w, then for

every i, (OK,w/(p)) ⊗(kw,i) k
∼= k[π]/(π)e. Since Lie(Mw)i is generated by a single

element over (OK,w/(p))⊗(kw,i) k, it is isomorphic to (k[π]/(π)e)/I for some ideal I.

The only ideals of k[π]/(π)e are those generated by πe
′

for some e′ ≤ e. Hence, for

some sequence of nonnegative integers ew,i, we obtain Lie(Mw)i ∼= k[π]/(πew,i) as k-

vector spaces. The same reasoning yields a corresponding result for the Lie(Mw̄)i, for

some sequence of integers ew̄,i. Note that
∑

i ew,i = dimHw and
∑

i ew̄,i = dimHw̄.

Denote the sequence {(ew,i, ew̄,i)}i∈Z/fZ by e(Mv).

Choose generators xw,i for Mw,i over Rw,i, and generators xw̄,i for Mw̄,i over Rw̄,i.

For i ∈ Z/fZ, let θw,i ∈ Rw,i and θw̄,i ∈ Rw̄,i be such that V xw,i = θw,i−1xw,i−1 and

V xw̄,i = θw̄,i−1xw̄,i−1.

Remark III.3. For the remainder of this chapter, our convention is that arithmetic

on the indices of generators and coefficients is done modulo f (or 2f in the case

where v is inert), but arithmetic on powers of σ is not done modulo f .

For all i, we have the following isomorphisms of k-vector spaces:

k[π]/(π)ew,i ∼= Lie(Mw)i ∼= Mw,i/VMw,i+1 = Rw,ixw,i/θw,ixw,i ∼= k[π]/(π)ordv(θw,i),

with the second isomorphism arising from the fact that Lie(Mw) = Mw/VMw (func-

torially in Mw). Therefore, for all i, ordv(θw,i) = ew,i, and by a similar argument,

ordv(θw̄,i) = ew̄,i. Since v is split, ordw(θw,i) = ew,i and ordw̄(θw̄,i) = ew̄,i. We may

also obtain an upper bound for ew,i (and by a corresponing argument, ew̄,i):

pxw,i+1 = FV xw,i+1 = F (θw,ixw,i) = σ(θw,i)δxw,i+1

for some δ ∈ Rw,i+1. From this we obtain ordw(p) = ew,i+ordw(δ). Since ordw(δ) ≥ 0,

ew,i ≤ ordw(p) = ordv(p) = e for all i.
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We observe that

V fxw,i =

( ∏
1≤j≤f

σj−f (θw,i−j)

)
xw,i.

We apply the norm NRw,i/OK,w
to the coefficient, and since for i, j ∈ {1, . . . , f} and

δ ∈ Rw,i,

NRw,i−j/OK,w
(σ−j(δ)) = NRw,i/OK,w

(δ)

we obtain

∆w :=
∏

1≤j≤f

NRw,j/OK,w
(θw,j)

which naturally does not depend on i. Note also that ∆w is invariant under any

change of basis (over all Rw,i), since if x′w,i = aw,ixw,i for aw,i ∈ R×w,i,

V fx′w,i =
σ−f (aw,i)

aw,i

( ∏
1≤j≤f

σj−f (θw,i−j)

)
x′w,i

and
σ−f (aw,i)

aw,i
has norm 1. Because {xw,i}i∈Z/fZ forms a basis for Mw over OK,w, ∆w

is invariant under any change of basis over OK,w – actually, it is detOK,w
(V f ). Define

∆w̄ similarly, and let ∆(Mv) denote the pair (∆w,∆w̄).

Theorem III.4. Mv is determined up to isomorphism by e(Mv) and ∆(Mv).

Proof. It is clear that if Mv
∼= Nv, e(Mv) = e(Nv) and ∆(Mv) = ∆(Nv). Conversely,

assume e(Mv) = e(Nv) and ∆(Mv) = ∆(Nv). We will show how to construct an

isomorphism between Mw and Nw – the isomorphism between Mw̄ and Nw̄ may be

constructed similarly.

Let xw,i and θw,i be for Mw as above and yw,i the generators of Nw,i over Rw,i.

Since e(Mv) = e(Nv), we may choose ui ∈ R×w,i such that for all i ∈ Z/fZ, V yw,i =

ui−1θw,i−1yw,i−1. We will first find a1 ∈ R×w,1 such that a1 = σ−f (a1)
∏

1≤j≤f σ
1−j(uj)

– then xw,i 7→ aiyw,i will supply the desired isomorphism, where ai−1 = σ−1(ai)ui−1

for all i.
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Since ∆(Mv) = ∆(Nv), we have

∏
1≤j≤f

NRw,j/OK,w
(θw,j) =

∏
1≤j≤f

NRw,j/OK,w
(ujθw,j)

=
∏

1≤j≤f

NRw,j/OK,w
(uj) ·

∏
1≤j≤f

NRw,j/OK,w
(θw,j)

= NRw,1/OK,w

( ∏
1≤j≤f

σ1−j(uj)

)
·
∏

1≤j≤f

NRw,j/OK,w
(θw,j)

That is,
∏

1≤j≤f σ
1−j(uj) has norm 1 and (since Rw,1/OK,w is unramified) is thus

equal to σf (a)/a for some unit a. We may take a1 to be σf (a).

We now prove that xw,i 7→ aiyw,i is an isomorphism of Dieudonné modules. It

is clearly an isomorphism of OK,w ⊗Zp W (k)-modules since each ai is a unit in

Rw,i.Therefore it remains only to be shown that the mapping respects the action

of V and F . The former is evident – V (aiyw,i) = σ−1(ai)ui−1θw,i−1yw,i−1 = ai−1V yw,i.

For i ∈ Z/fZ, fix δi, δ
′
i ∈ Rw,i such that for all i, Fxw,i−1 = δixw,i and Fyw,i−1 =

δ′iyw,i. These play a role similar to the θw,i, and we may manipulate them in a similar

way:

Lemma III.5. For all i, σ(ui−1)δ′i = δi.

Proof. For every i, FV xw,i = pxw,i. It follows that p = δiσ(θw,i). On the other

hand, FV yw,i = pyw,i, implying p = δ′iσ(ui−1)σ(θw,i). The desired equality follows

immediately.

We observe that for all i, ai+1σ(ui) = σ(ai) (this is merely applying σ to the

recursive definition of the ai and shifting indices). Now,

F (aiyw,i) = σ(ai)δ
′
i+1yw,i−1

= σ(ai)/σ(ui)δi+1yw,i+1

= ai+1δi+1yw,i+1 = ai+1Fyw,i,
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completing the proof.

Now we consider the pairing 〈·, ·〉 : Mv × Mv → W (k). We first observe that

the only non-zero pairings occur in Mw,i × Mw̄,i and Mw̄,i × Mw,i for 1 ≤ i ≤ f .

For example, if a ∈ Rw,i and y is an element of Mw,j for any j, then 〈axw,i, y〉 =

〈xw,i, āy〉 = 0 since the action of ā ∈ Rw̄,i is trivial on Mw,j for all j. Arguments

for the other possible situations follow the same path. Also, by skew-symmetry,

if a ∈ Rw,i and b ∈ Rw̄,i, then 〈axw,i, bxw̄,i〉 = −〈bxw̄,i, axw,i〉, so the behavior of

〈·, ·〉 restricted to Mw̄,i ×Mw,i is determined by the behavior of 〈·, ·〉 restricted to

Mw,i ×Mw̄,i. Therefore we may restrict our attention to domains of the latter type.

Define the W (k)-linear homomorphism φ : Rw,i → W (k) by letting φ(a) =

〈axw,i, xw̄,i〉. By Definition III.2.1 of [15] and the discussion preceeding it, there

exists Cw,i in the inverse different δRw,i/W (k) such that φ(a) = TrRw,i/W (k)(Cw,ia) for

all a ∈ Rw,i. It then follows that for all a ∈ Rw,i and b ∈ Rw̄,i,

〈axw,i, bxw̄,i〉 = 〈ab̄xw,i, xw̄,i〉 = φ(ab̄) = TrRw,i/W (k)(Cw,iab̄)

Note that

〈σ−1(a)θw,i−1xw,i−1, σ
−1(b)θw̄,i−1xw̄,i−1〉 = 〈V (axw,i), V (bxw̄,i)〉 = pσ−1(〈axw,i, bxw̄,i〉).

Therefore, we have

TrRw,i−1/W (k)(Cw,i−1θw,i−1θw̄,i−1σ
−1(ab̄)) = TrRw,i−1/W (k)(pσ

−1(Cw,i)σ
−1(ab̄))

Since a and b are arbitrary, Cw,i−1θw,i−1θw̄,i−1 = pσ−1(Cw,i) for all i. As mentioned

before ordv(θw,i−1) = ew,i−1 and ordv(θw̄,i−1) = ew̄,i−1, and these are invariant with

respect to change of basis, so ordv(Cw,i−1) − ordv(Cw,i) = ordv(p) − ew,i−1 − ew̄,i−1
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is as well. Note that summing both sides over all i ∈ Z/fZ produces the identity

ordv(p
f ) = dimHv. Further, each ordv(Cw,i) is itself invariant with respect to change

of basis – replacing xw,i with tixw,i and xw̄,i with sixw̄,i has the effect of replacing

Cw,i with tis̄iCw,i for ti ∈ R×w,i and si ∈ R×w̄,i.

Note none of the above is affected by any change of basis. Further, given any

sequence Di from the inverse different such that ordv(Di) = ordv(Cw,i) for all i, we

may change basis so that Cw,i is replaced with Di with respect to the new basis.

Specifically, if Di = uiCw,i for all i, then letting x′w,i = uixw,i and x′w̄,i = xw̄,i will

replace Cw,i with Di.

Case 2: v is inert in K.

Let kv be the residue field of OK at v and f the residue degree of OK0 at v. Denote

by σ1, σ2, . . . σ2f the embeddings of W (kv) into W (k), choosing the indices such that

for all i ∈ Z/2fZ, σ ◦ σi = σi+1, and σi+f = σi (σi composed with complex conjuga-

tion in W (kv), as inherited from the usual isomorphism to the maximal unramified

extension of Zp in OK,v). For i ∈ Z/fZ let Rv,i and Rv,i denote OK,v ⊗W (kv) W (k),

using σi and σi, respectively, to embed W (kv) into W (k). Then

OK,v ⊗Zp W (k) =
∏

i∈Z/fZ

(Rv,i ×Rv,i)

gives rise to the decompositions

Mv =
⊕
i∈Z/fZ

(Mv,i ⊕Mv,i)

Lie(Mv) =
⊕
i∈Z/fZ

(Lie(Mv)i ⊕ Lie(Mv)i)
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where Mv,i⊕Mv,i is a free rank one module over Rv,i×Rv,i. As before (by the same

argument) we have

Lie(Mv)i ∼= k[π]/(πei)

Lie(Mv)i ∼= k[π]/(πēi)

as k-vector spaces for some integers ei, ēi ≤ ordv(p) = e = e(K0,v/Qp). Denote the

sequence {(ei, ēi)}i∈Z/fZ by e(Mv).

Choose generators xi for Mv,i over Rv,i, and generators x̄i for Mv,i over Rv,i. For

i ∈ Z/fZ, let θi ∈ Rv,i and φi ∈ Rv,i be such that V x1 = φf x̄f , V x̄1 = θfxf , and for

i 6= 1, V xi = θi−1xi−1 and V x̄i = φi−1xi−1. By an argument similar to the one from

Case 1, ordv(θi) = ei and ordv(φi) = ēi (these are invariant with respect to change

of basis).

Using a line of reasoning similar to the one used in Case 1, we may define

∆(M) := detOK,w
(V 2f ) =

∏
1≤j≤f

NRv,j/OK,v
(θj) ·NRv,j/OK,v

(φj)

which is invariant with respect to change of basis.

Theorem III.6. Mv is determined up to isomorphism by e(Mv) and ∆(Mv).

Proof. By essentially the same argument as for Theorem III.4.

Now we consider the pairing 〈 , 〉. Similarly to Case 1, we need only consider the

behavior of this pairing when restricted toMv,i×Mv,i. As before, there exist constants

(now denoted Cv,i) in the inverse different δRv,i/W (k) such that for all i ∈ Z/fZ,

a ∈ Rv,i, and b ∈ Rv,i,

〈axi, bx̄i〉 = TrRv,i/W (k)(Cv,iab̄)
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As before, we can use the relation 〈V axi, V bx̄i〉 = pσ−1〈axi, bx̄i〉 to obtain, for

i 6= 1, θi−1φi−1Cv,i−1 = pσ−1(Cv,i). For i = 1, we have,

TrRv,f/W (k)(pσ
−1(Cv,1)σ−1(ab̄)) = pσ−1(〈ax1, bx̄1〉)

= 〈V ax1, V bx̄1〉

= 〈σ−1(a)φf x̄f , σ
−1(b)θfxf〉

= −〈σ−1(b)θfxf , σ
−1(a)φf x̄f〉

= TrRv,f/W (k)(−θfφfCv,fσ−1(āb))

= TrRv,f/W (k)(−θfφfCv,fσ−1(ab̄))

Therefore, −θfφfCv,f = pσ−1(Cv,1).

The rest of the analysis goes as it did in the split case. Again, for all i ∈ Z/fZ

we have ordv(Cv,i−1) − ordv(Cv,i) = ordv(p) − ei−1 − ei−1, ordv(Cv,i) is invariant

under change of basis, and if Di is a sequence from the inverse different such that

ordv(Di) = ordv(Cv,i) for all i, then there is a change of basis that has the effect of

replacing each Cv,i with Di.

Case 3: v is ramified in K.

Let let w be the prime in K above v, kw the residue field of OK at w, f = [kw : Fp],

and σ1, σ2, . . . , σf be the embeddings of W (kw) into W (k), with the indices chosen

so that for all i ∈ Z/fZ, σ ◦ σi = σi+1. Let Rw,i denote OK,w ⊗W (kw) W (k), using σi

to embed W (kw) into W (k). Then

OK,w ⊗W (kw) W (k) =
∏

1∈Z/fZ

Rw,i

gives rise to the decomposition
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Mv =
⊕
i∈Z/fZ

Mv,i

where Mv,i is a free rank one module over Rw,i. We also have the corresponding

decomposition of the Lie algebra:

Lie(Mv) =
⊕
i∈Z/fZ

Lie(Mv)
i ∼=

⊕
i∈Z/fZ

k[πw]/(πeiw )

for some sequence of integers ei ≤ ordw(p) = 2e, where π is a uniformizer of OK,w

and e = e(K0,v/Qp). As usual, denote the sequence (ei) by e(Mv).

As before, choose generators xi for Mv,i over Rw,i, and let θi ∈ Rw,i be such that

V xi = θi−1xi−1 for all i. Once again, ordw(θi) = ei, and

∆(Mv) :=
∏

1≤i≤f

NRw,i/OK,w
(θi)

invariant with respect to change of basis. As before, and by essentially the same

proof, we obtain:

Theorem III.7. Mv is determined up to isomorphism by e(Mv) and ∆(Mv).

Now we study the pairing, whose behavior we only need to consider on Mw,i×Mw,i

– if, say, a ∈ Rw,i and y ∈ Mw,j for i 6= j, then 〈axw,i, y〉 = 〈xw,i, āy〉 = 0 since

ā ∈ Rw,i acts trivially on Mw.j. The pairing is determined by Ci in the inverse

different δRw,i/W (k) such that for all a, b ∈ Rw,i,

〈axi, bxi〉 = TrRw,i/W (k)(Ciab̄)

Since 〈V axi, V bxi〉 = pσ−1〈axi, bxi〉, we have, much as before,

pσ−1(Ci) = Ci−1θi−1θi−1 and ordw(Ci−1) − ordw(Ci) = ordw(p) − 2ei−1. In this

case, we additionally have
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TrRw,i/W (k)(Ciab̄) = 〈axi, bxi〉

= −〈bxi, axi〉

= −TrRw,i/W (k)(Ciāb)

= TrRw,i/W (k)(−Ciab̄)

and hence Ci = −Ci. Note that as before, none of these relationships are affected

by any change of basis – if xi is replaced with tixi, then Ci is replaced with tit̄iCi.

Also, ordw(Ci) is invariant with respect to change of basis.

However, we do not have the full range of flexibility that we had in the previous

two cases. That is, we are not guaranteed that if, for all i, ordw(Di) = ordw(Ci) and

Di = −Di, then there is a change of basis which gives Ci = Di. If Di satisfies the

conditions above, then Di = uiCi for some unit ui such that ūi = ui, but we are not

guaranteed the existence of a ti such that ui = tit̄i.

Remark III.8. In each of Theorems III.4, III.6, and III.7, we prove that ∆(Mv) and

e(Mv) (or variants based on w and/or w̄ above v) determine Mv up to isomorphism.

However, this is just a notationally different way of saying Mv is determined up to

isomorphism by Lie(Mv) and detOK,v
(V f ). Since this is true for every v|p, Theo-

rem III.1 follows.

3.2 Classification up to Isogeny

In this section we sketch a proof of the following theorem towards a classification

of Dieudonné modules up to isogeny.. The setup and notation is the same as the

previous section.

Theorem III.9. Assume k contains kv for all v above p. Then detOK,p
(V d|D(H))

determines the OK-linear k-isogeny class of H.
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As we did in Section 3.1, we would like to consider instead Hv (and the cor-

responding Mv) for v|p, dividing into cases based on the behavior of v in K and

providing a corresponding subtheorem for Mv. As the proofs in each case are nearly

identical, we only present one – the one where v is split in K. It then suffices to

prove (using the notaion of Theorem III.4):

Theorem III.10. Mw is determined up to OK,w-linear isogeny by ∆(Mw).

Remark III.11. The corresponding theorem for Mw̄ has identical proof.

Proof. First, suppose Mw and Nw are OK,w-linearly isogenous, with φ : Mw → Nw an

injective homomorphism arising from such an isogeny. Let xw,i and yw,i be generators

for Mw,i and Nw,i respectively over Rw,i := OK,w ⊗W (kw) W (k) (using σi to embed

W (kw) into W (k)), and θw,i and δw,i such that V xw,i = θw,i−1xw,i−1 and V yw,i =

δw,i−1yw,i−1. Let aw,i be nonzero such that φ(xw,i) = aw,iyw,i. Since φ commutes with

V , we obtain σ−1(aw,i)δw,i−1 = θw,i−1aw,i−1 for all i. If we take the norm of both

sides, and then take the product of both sides with i ranging from 1 to f , we obtain

∆(Nw)
∏

1≤i≤f

NRw,i−1/OK,w
(σ−1(aw,i)) = ∆(Mw)

∏
1≤i≤f

NRw,i/OK,w
(aw,i)

Hence, ∆(Mw) = ∆(Nw).

Now suppose ∆(Mw) = ∆(Nw). First, note that if

T =
∏

1≤i≤f

σi−f (δw,f−i)

S =
∏

1≤i≤f

σi−f (θw,f−i)

then since ∆(Mw) = ∆(Nw), ordw(T ) = ordw(S), so S = u · T for some unit u.

Further, NRw,f/OK,w
(S) = ∆(Mw) = ∆(Nw) = NRw,f/OK,w

(T ), so u has norm 1. Thus

there exists a unit a ∈ Rw,f such that u = σ−f (a)/a. Let aw,f = a ·b, with b ∈ W (kw)
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(i.e., σ−f (b) = b) having ordw sufficiently large (ordw(S) will be large enough). Then

we may inductively find aw,i−1 satisfying σ−1(aw,i)δw,i−1 = θw,i−1aw,i−1 (since the ordw

of the left hand side is always at least ordw(θw,i−1)). Once done with this process,

we claim:

Lemma III.12. σ−1(aw,1)δw,f = θw,faw,f .

Proof. For 1 ≤ j < f , we have

σ−1(aw,j+1)δw,j = θw,jaw,j.

Applying σ−j to each side of the formula and taking products yields:∏
1≤j<f

σ−j−1(aw,j+1) ·
∏

1≤j<f

σ−j(δw,j) =
∏

1≤j<f

σ−j(θw,j) ·
∏

1≤j<f

σ−j(aw,j)

σ−f (aw,f ) ·
∏

1≤j<f

σ−j(δw,j) = σ−1(aw,1) ·
∏

1≤j<f

σ−j(θw,j)

σ−f (aw,f ) · T · θw,f = σ−1(aw,1) · S · δw,f

σ−f (aw,f ) · T · θw,f = σ−1(aw,1) · (T · σ−f (aw,f )/aw,f ) · δw,f

θw,f = σ−1(aw,1)/aw,f · δw,f

with the third line following from the second by multiplying both sides of the equation

by θw,f · δw,f . The final line implies the desired result.

As a corollary to the lemma, xw,i 7→ aw,iyw,i is an injective homomorphism which

commutes with V , since for all i,

V (aw,iyw,i) = σ−1(aw,i)δw,i−1yw,i−1 = aw,i−1θw,i−1xw,i−1 = aw,i−1V (xi).

It follows by an argument similar to one employed within Lemma 2.4 of [1] that

xw,i 7→ aw,iyw,i also commutes with F and is therefore an isogeny of Dieudonné

modules.
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