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Modelling of fibre pull-out from a
cement matrix
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stress, shear strength, frictional bond.

Synopsis Theoretical analyses of fibre pull-out from a matrix reported in the literature are briefly reviewed.
The effects of Poisson’s ratio, elastic—frictional bond strengths, and bond strength variation with slippage
distance on the pull-out relation are discussed. A theoretical model motivated by observations of fibre surface
abrasion is developed to predict the pull-out force versus displacement relationship. The model takes into
consideration the variation of the frictional fibre—matrix bond strength with fibre slippage distance. Good
agreement is achieved between model predicted pull-out behaviour and experimental pull-out curves for nylon
and polypropylene fibres. For these synthetic fibres, the bond strength increases with the slippage distance
during the process of pull-out. The model also predicts reasonably well the pull-out behaviour of steel fibres for
which the bond strength decreases with the slippage distance.
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INTRODUCTION

Fibre pull-out tests are often used to study the fibre—
matrix bond behaviour in fibre reinforced cement compo-
sites (FRC), a factor strongly influencing the properties of
the composites. The pull-out test is also important by
itself as it simulates the fibre bridging—pull-out phenom-
enon during the fracture process of FRC. In relating the
pull-out test results with the fibre—matrix bond character-
istics, numerous models have been developed and many
of them have been reviewed {1, 2]. A uniform shear bond
strength between the fibre and the matrix is often
assumed in FRC models [3, 4] and the bond strength
from pull-out tests is frequently reported in terms of the
average value over the embedded fibre surface area [1,
5, 6]. Obviously, the uniform shear stress does not
necessarily represent the actual stress state at the
fibre—matrix interface.

When a load is applied to pull a fibre out from a
cement matrix, triaxial stress state generally exists at the
fibre—matrix interface, primarily due to the radial contrac-
tion of the fibre. The effect of fibre radial contraction
{Poisson's effect) during pull-out was discussed by Kelly
and Zweben [7], Pinchin [8], and Baggott and Gandhi [9].
Their analyses show theoretically that for certain types of
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fibres (e.g. polypropylene), the pull-out process will
involve unstable debonding and concrete reinforced with
these fibres aligned in the matrix will not exhibit multiple
cracking due to their unfavourable Poisson’s ratios.
However, the experimental results of Baggott and Gan-
dhi [9] indicated that slight misalignment in the specimen
and the asperities of the fibre surface could offset the
Poisson’s effect. Multiple cracking of FRC reinforced
with aligned polypropylene fibres was observed in their
direct tension test, which was not expected according to
the theories for perfect fibre alignment and smooth fibre
surface. Since slight misalignment in pull-out test is
unavoidable and no unstable load drop has been
observed even in the authors’ pull-out tests of nylon and
polypropylene fibres which have relatively high Poiss-
on's ratios {10], it folows that in general the Poisson's
effect can be neglected in fibre pull-out analysis and that
a one dimensional model is usually adeguate to describe
the fibre pull-out test.

Lawrence [11] and Gopalaratnam and Shah [12]
have obtained one dimensional solutions to the fibre
pull-out problem in which gradual debonding of the
elastic bond was considered (Figure 1). In both models, a
perfect elastic bond between the fibre and the matrix is
first assumed and the elastic shear stress field is
obtained. Debonding takes place when the maximum
shear stress reaches the elastic bond strength, 75. The
shear stress in the debonded region is determined by the
frictional bond strength, ;. Both 75 and 7, are assumed to
be constant during the pull-out process. Because of the
inadequately defined geometry in Lawrence’'s model
which uses some parameters to lump the effect of
geometry and material properties, the use of this model
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Figure 1 Schematic illustration of a partially debonded
fibre during pull-out
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Figure 2 Comparison of the pull-out load displacement
behaviour predicted by Gopalaratnam and
Shah’s model [12] with experimental results by
Naaman and Shah [13] (1lb = 4.45N, 1in. =
25.4mm, 1psi = 0.0069 MPa; After
Gopalaratnam and Shah [12])

is very limited [1]. The model by Gopalaratnum and Shah
has been used to predict the result of steel fibre pull-out
test [12] (Figure 2).

It has been shown [11, 12] that both 75 and 7; are
important parameters to characterise the debonding
process of fibre pull-out and to determine the conditions
for unstable debonding. However, the effect of the
elastic bond strength, 75, on the overall pull-out response
is not always significant. During debonding, the shear
stress intensity in the elastically bonded region decays
approximately exponentially with the distance from the
debonding point, with a maximum stress equal to7s. The
length of the fibre segment strongly influenced by this
elastic stress field (the length over which the shear
stress is not near zero) is dependent on, among other
quantities, the ratio between fibre modulus (E¢) and the
matrix modulus (E..), and the fibre cross-sectional area.
For low modulus fibres, or even high modulus fibres with
high aspect ratio (length to diameter ratio), the elastic
stress field has relatively little effect on the pull-out
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load-displacement relation except at the very early stage
of debonding. Figure 3 shows a calculation example in
which the load-displacement curves for both 75 = 21;and
7s = 0 are compared for cases with E/E, = 10 but with
different fibre lengths, based on the theoretical relations
derived by Gopalaratnam and Shah [12]. As shown by
this specific example, there is no noticeable effect of the
elastic bond strength (rs) on the pull-out load-dis-
placement relations for embedded length Ly = 20mm,
and some, but not significant effect for L; = 5mm. From
Figure 3(a), it appears that the inclusion of the elastic
shear stress field in the calculation would result in an
initially less stiff P=3 response than for 75 = 0. This could
be caused by neglecting the matrix deformation in the
calculation of fibre pull-out displacement [12]. Presuma-
bly the matrix deformation is more localised and larger
near the exit end of the fibre for the case of bonded fibre,
and more uniform along the fibre length for the case of
purely frictional resistance. If the P-8 curves in Figure
3(a) were corrected for the matrix deformation, the
discrepancy in the stiffness of these curves noted earlier
could be expected to disappear. It can be shown that for
lower E¢/E ., ratio or higher fibre aspect ratio, the 75 effect
is even less. Notice further that the displacement before
complete debonding corresponds only to a minute
fraction of the total pull-out displacement. After com-
plete debonding, the elastic bond strength has no
consequent effect. Therefore in most cases the pull-out
analysis can be simplified by neglecting the elastic stress
field.
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Figure 3 Effect of the elastic bond strength 1 on the
theoretical load displacement response before
complete debonding: (a) Ly = 5mm, (b} Ly =
20mm {7, = 2MPa, fibre diameter d; = 0.5mm,
E¢ = 270GPa, E,, = 27 GPa, matrix shear
modulus G, = 11.3GPa, matrix cross-sectional
area A, = 200mm?)
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The frictional bond strength (1) in general varies with
the slippage distance (s) between the fibre and the
matrix during the process of pull-out. The effect of the
variation of 1; with s has been discussed by the authors
[10]. In steel fibre pull-out, 7, often decreases with s as a
result of the breakdown of the cement at the fibre—matrix
interface due to the stiffness and hardness of the steel
fibre. The decrease in 1, during steel fibre pull-out is
responsible for the significant discrepancy between the
experimental curve and theoretical result by Gopalarat-
nam and Shah using a constant T, as seen in the
descending part in Figure 2. In synthetic fibre pull-out
test with nylon and polypropyelene fibres, T, was found
to increase with s due to fibre surface abrasion and
accumulation of wear debries [10]. Clearly, it is highly
inaccurate to simply use a constant frictional bond
strength to describe the fibre pull-out process after
complete debonding of the elastic bond. In this paper, a
theoretical model is developed which takes into con-
sideration the variation of the frictional bond strength
during pull-out. The primary objective of this study is to
understand the behaviour of a fibre in an FRC member
during fracture. With additional considerations of fibre
orientation and fibre distribution, the results of this study
can contribute to the prediction of FRC constitutive
relations.

THEORETICAL MODELLING

Basic assumptions

Among the many configurations often used for the
pull-out test, the pull-out of a fibre embedded across a
matrix crack, illustrated in Figure 4, is of particular
interest because of its similarity to the fibre bridging
situation in FRC fracture process. To predict the pull-out
load vs. crack separation relation for this ‘two-sided
pull-out’ problem, a few simplifying assumptions are first
made. The fibre is assumed to be linear elastic and
sufficiently strong to enable complete pull-out without
rupture. The contribution of matrix deformation to the
crack separation is neglected. Based on the above
discussion, both the Poisson’s effect and the elastic
bond strength are neglected in this analysis. The distinc-
tive feature of this model lies in its assumption that the
fibre—matrix frictional bond strength {(denoted as 1 after-
wards) for an infinitesimal fibre segment is a function of
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Figure 4 Schematic illustration of a pull-out specimen
configuration
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Figure 5 lllustration of direct fibre pull-out problem

its slippage distance (s} with respect to the matrix,
described by a 7—s law. Using such a 7—s relationship for
the fractional bond strength instead of a constant value
has been shown necessary in the previous section.

The direct pull-out problem

Before solving the two-sided pull-out problem, the direct
pull-out {one-sided) of an embedded fibre from a cement
matrix, shown in Figure 5, needs to be considered. The x
coordinate system in the figure is with respect to the
undeformed fibre geometry (before loading) and is
associated with the material particles. For example,
during the process of pull-out, x always equals 0 for Point
1, the embedded end, and equals L; for Point 2, the
loading end.

The slippage distance, s(x), with respect to the
matrix of an infinitesimal fibre segment at x is equal to
the sum of the slippage distance of the fibre embedded
end, s(0), plus the elastic elongation of the fibre segment
located between 0 and x:

s(x) = (0) + [ elx) dx (1)
o]

Note that s(0) = 0 before complete debonding, and s(0)
varies from 0 to L, during subsequent pull-out. The axial
strain of the fibre, €(x), can simply be calculated from the
fibre axial load P(x):

€(x) P(x) (2)

N X df2 Ef
and P({x) is given from the equilibrium condition:

P(x) = Po + [ “Hx) 7 de [1 + €] dx (3)

where P, is a constant representing the fibre end
anchorage effect when the fibre end slips (P, = 0 before
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complete debonding). P, usually is very small, and can be
estimated from the experimental load vs. crack separa-
tion curves. The shear stress, 7(x), between the fibre and
the matrix is determined by the slippage distance, s{x),
given by the 7—s law as 1(s), for fibre sections inside the
matrix:

(x) = 7(s(x)) (4a)
Tx) =0 (4b)

These equations, equation (1) to equation (4), are, in
general, coupled nonlinear questions, but can be solved
by numerical methods without iteration.

At each loading stage, the load and the correspond-
ing displacement can be obtained after solving these
equations from:

for x+s(0) < L, (inside matrix)
for x+s{0) = L, (outside matrix)

P, =Plx=1L) (5)
81 = S(X = L1) (6)

The two-sided pull-out problem
For a fibre embedded in a matrix across a crack plane, as
that shown in Figure 4, the pull-out of the short and the
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longer fibre segments are first analysed separately, and
then these load and displacement responses are
combined to obtain the total load-displacement relation,
as illustrated in Figure 6. Details of this procedure are
described in this section.

The fibre in the matrix is not directly loaded by
external forces. Instead, the load in the fibre is trans-
ferred from the fibre—matrix interface. Apparently, the
longer fibre segment (L,) would provide a higher pull-out
force than the shorter segment (L,} if they were pulled
out independently. For this reason, the shorter fibre
segment will be pulled out from the matrix as though it
were directly pulled out by an external force, and the
load-displacement relation P;—31 derived in the previous
section applies to this process. Due to equilibrium
constraint, the pulling forces for both segments must be
equal, i.e. Py = P,. The maximum pulling force experi-
enced by the longer fibre segment during the two-sided
pull-out will be the same as that for the shorter fibre
segment.

Before reaching the maximum load Pyax, the longer
fibre segment (L) is monotonically loaded with pulling
force provided by the shorter fibre segment (L), and the
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longer segment deforms and slips in response to the
load according to the load—displacement relationship
derived for the one-sided pull-out problem (after
replacing subscript ‘1" with ‘2" in equations 1-86).

The axial force, the axial strain, and the slippage
distance states at P = P.x provide the initial conditions
for the unloading process. Referring to Figure 7a, the
axial force, strain, and slippage distance as functions of
coordinate x at the instant of P = P, are designated as
Pmix), emix) and sm(x), respectively. After reaching the
maximum load P.x the load in the shorter segment will
drop, and so will the load in the longer segment (P,).
Since the longer segment still has the potential for higher
loads and the load actually decreases, the segment can
no longer be pulled out and its embedded end will remain
where it was when the load reached P, During
unloading, part of the elastic elongation of the longer
fibre segment is recovered and the fibre tends to ‘shrink
back’ into the matrix, and this is resisted by the fibre—
matrix interfacial frictional stress. For a given unloading
instant, a parameter h is defined to be the x-coordinate at
which the shear stress reverses its direction as shown in
Figure 7b. The fibre section with x < h is not affected by
unioading. For x < h, the axial force, strain, and slippage
distance associated with P, are maintained at P, (x),
enix), and s (x), i.e.

(a) AT P,=P_

ax

|—> s, (x)

4—4—4—4—4—4—%

I ! H p2 = F,max
T (x)
P_ (x
m ( ) Pmax
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X:h\ %
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Figure 7 Schematic diagram for determination of load
displacement relation at P, and during
unloading for the longer fibre segment (L,)

P(x) = Pmix) {x = h) (7)
€lx) = emlx) (x < h) (8)
s(x) = smix) (x <h) ()

Beyond h (i.e. for x > h), the load is found from
equilibrium conditions as:

P(x) = Pl — [ 20 wdi [1 +ebdldx  (x>h) (10}

h
and the slippage distance at x is given by the slippage
distance when P = P, (sm{X)) plus the sliding distance
due to fibre elastic shrinkage:

sx) = Sm(x) + [ lem(h) = el dx (x> h) (1)

Similar to equation (4), the shear stress distribution is
given by:

T(x) = 7 (s{x)) forx + s (0) < L, (inside matrix) (12a)
Tx) =0 {(12b)

and the relationship between the axial force (P{x)) and the
axial strain (e(x)) is the same as equation {2). Once these
equations are solved, the pullout load and the
displacement corresponding to the instant in the unioad-
ing process can be obtained from:

P, = P(x = Ly} (13)
8, = slx = L) (14)

By decreasing h from L, (no unioading when P> = P,
until P, = 0, the P,—3, relationship for the unloading
process can be obtained.

forx + s (0) = L, {outside matrix)

To calculate the complete load—displacement (crack
separation) relationship, first the P;—38, curve for the
shorter fibre segment is computed, from which the
maximum load Pmax is identified. Then the loading and
unloading parts of the P,—3, curve for the longer fibre
segment are calculated. Finally, by adding the
displacements of both segments together (8 = §; + &,)
for the corresponding load (P = P; = P}, the complete
load vs. crack separation curve, P—38, is obtained. This
procedure has been illustrated schematically in Figure 6.
Note that the function &(P) is multivalued, therefore this
operation must be performed on the branches before
and after P reaches Pyax separately.

Theoretical predictions

Theoretical load vs. crack separation curves for the
pull-out tests were calculated based on the model. The
7(s) functional relationship used in the model can be
expressed in any convenient form, such as linear,
multilinear, piecewise constant, or polynomial. In the
calculations, the frictional bond strength () was
assumed to be a quadratic function of the slippage
distance (s):

7(s)=ap + a; s + a, s? (15)

where ag, a;, and a, are constants, determined empiri-
cally such that the theoretical curves are reasonably
close to the experimental results.
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The theoretical predictions for nylon and poly-
propylene fibre pull-out are shown in Figure 8 and the
experimental results are given in Figure 9. In these tests,
the specimen configuration shown in Figure 4 was used,
with df = 0.508mm, Ly = 50mm, and L, = 70mm, for
both nylon and polypropylene. Cement paste matrix was
used and the specimen age at test was three days.
Details of the experiments have been reported else-
where [10]. Figure 10 shows the theoretical prediction
for steel fibre pull-out together with the experimental
result reported by Naaman and Shah [13]. The difference
between the predicted and the experimental curves in
the ascending part in Figure 10 is presumably due to the
inclusion of deformations other than fibre elongation
(e.g. testing machine and fixture deformations) in the

15

experimental curve, for a fibre elongation of 0.25mm
(displacement near peak load in experimental curve)
would correspond to a uniform fibre strain of 2%,
requiring an axial load over 800N in the fibre if the steel
fibre could still remain linear elastic.

By comparing the experimental load vs. crack separ-
ation curves with the theoretical results, it can be seen
that the proposed model is indeed able to predict closely
the pull-out test result. However, it should be pointed out
that the T—s relations determined empirically are unlikely
to be fully independent of geometry and loading condi-
tions. An alternative expression based on the theory for
fibre on cement friction and wear might be more
desirable to represent the 7—s relationship.

Itis interesting to note from these results the strong
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Figure 8

Theoretical predictions for
nylon and polypropylene
fibre pull-out. Figure on left
shows the 7—s relations
used. (df = 0.508mm, E; =
1GPa, Ly = 50mm, L, =
70mm, P, = 0}
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Experimental results for the
fibre pull-out tests: (a)
Nylon fibre, (b)
Polypropylene fibre
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Comparison of model
prediction (solid line) with
experimental result {(broken
line} by Naaman and Shah
{13] for steel fibre pull-out
test. Figure on left shows
the t-s relation used. (d; =
0.254mm, E; = 209GPa, L,
=12.7mm, P, = 2N)
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influence of the T—s relation on fibre pull-out response. In
the case when 1 increases with s due to fibre surface
abrasion as seen in synthetic fibres like nylon and
polypropylene, the pull-out load could remain at relatively
high level over a wide range of crack separation, and the
final crack separation could be greater than the
embedded length of the shorter fibre segment. These
contribute to an increase in energy absorption during
pull-out and could have important implications on the
crack resistance of FRC [14].

CONCLUSIONS

Fibre pull-out is often modelled with an elastic bond
strength and a frictional bond strength for the fibre—
matrix interface. However, the frictiona! bond strength
generally varies with the fibre slippage distance relative
to the matrix. In this study, a theoretical model for the
pull-out test has been developed which takes into
account the bond strength variation during pull-out. Good
predictions of the experimental load vs. crack separation
relations are obtained for pull-out tests with nylon,
polypropylene as well as steel fibres.
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