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Abstract 
This paper is on modeling and measuring fiber-bridging constitutive law of Engineered Cementitious Composites 
(ECC), a high performance fiber-reinforced cementitious composite featuring high tensile ductility. Fiber-bridging con-
stitutive law plays an important role in the multiple cracking behavior of ECC. Therefore, proper control of fiber-
bridging behavior through tailoring material microstructure is the key to successfully designing tensile strain-hardening 
ECC. In this paper, an analytical fiber-bridging model of ECC which connects material constituent parameters and 
composite properties, built on a previous simplified version, was proposed. To improve accuracy of crack opening pre-
diction, new mechanisms of fiber/matrix interactions, specifically fiber two-way debonding and pull-out, matrix micro-
spalling, and Cook-Gordon effects were included. This revised model was compared with experimental measurement of 
fiber-bridging behavior and the validity of the model was confirmed. It is expected that this model will greatly improve 
ECC design technology in terms of steady-state crack width control, key for structural long-term durability, and in terms 
of composite tensile properties important for structural safety at ultimate limit state. 
 

 
1. Introduction 

Engineered Cementitious Composites (ECC) represents 
a special kind of high performance fiber-reinforced ce-
mentitious composites featuring high tensile ductility. 
Unlike concrete and conventional fiber-reinforced con-
crete (FRC) which show unloading after matrix first 
cracking (tension softening), ECC exhibits tensile 
strain-hardening behavior achieved by sequential devel-
opment of matrix multiple cracking. Figure 1 gives the 
typical tensile stress-strain-crack width curve of an ECC 
containing 2 vol.% polyvinyl alcohol (PVA) fiber. 

As can be seen, the tensile ductility of ECC is several 
hundred times that of normal concrete and crack width 
in ECC is self-controlled and reaches a constant value 
(~ 60 μm) after 1% elongation. The fracture toughness 
of ECC is similar to that of aluminum alloy (Maalej et 
al. 1995) and ECC remains ductile even when subjected 
to high shear stress (Li et al. 1994). High tensile ductil-
ity and toughness of ECC material greatly elevates the 
mechanical performance of reinforced ECC (R/ECC) 
structure by preventing brittle failure and loss of struc-
tural integrity which is usually found in traditional rein-
forced concrete (R/C) structure under excessive loading. 
In fact, it has been demonstrated experimentally that 

R/ECC structural members surpass normal R/C struc-
tural members in structural load carrying capacity, de-
formability, and energy absorption capacity under 
monotonic (Li and Wang 2002), reverse cyclic (Fischer 
and Li 2002, Fukuyama et al, 1999), and impact (Zhang 
et al. 2005) loading. 

In addition, high ductility and tight crack width of 
ECC are expected to improve the durability of infra-
structure in three ways. First, the magnitude of crack 
width controls various transport properties in cracked 
concrete materials and has a direct impact on durability 
(Lepech and Li 2005a). It has been reported that ECC 
has lower water permeability (Lepech and Li 2005b) 
and lower effective chloride diffusivity (Miyazato and 
Hiraishi 2005; Sahmaran et al. 2006) in the presence of 
microcracks when compared with cracked concrete in 
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which the crack width is not self-controlled and is usu-
ally in the range of several hundred micrometer to sev-
eral millimeter. Second, self-healing of cracked ECC 
has been observed due to the tight crack width in ECC 
(Yang et al. 2005; Li and Yang, 2007). Third, even if the 
first two mechanisms fail and corrosion occurs, ECC 
material ductility is likely to prevent corrosion intro-
duced spalling as a secondary protection (Li and Stang 
2004). These observations suggest that steel reinforced 
concrete structures will most likely have better durabil-
ity when ECC with self-controlled tight crack width is 
used in place of normal concrete. 

The ingredients of ECC are similar to that of normal 
FRC, except for the absence of coarse aggregates. While 
various fiber types have been used in the past, ECC re-
inforced with PVA fibers (PVA-ECC) has attractive 
characteristics in terms of cost, processing, mechanical 
properties, and durability and represents the most prac-
tical ECC for field application to date. Notably, PVA-
ECC utilizes short, randomly distributed fibers with a 
moderate volume fraction (2% or less in general). With 
this relatively small amount of short fibers, self-
consolidating PVA-ECC (Kong et al. 2003; Fischer et al, 
2003) has been designed for use with regular construc-
tion equipment (Li et al. 2005). The high performance, 
moderate fiber content combination is attained by mi-
cromechanics-based composites optimization (Li 1997; 
Lin and Li 1997). Micromechanics provides guidance in 
specific selection and tailoring of the type, size and 
amount of ingredients. As a result, the fiber, matrix and 
interface interacts synergistically to produce controlled 
multiple microcracking when overloaded in tension, 
while suppressing the localized fracture mode com-
monly observed in FRC. PVA-ECC is currently emerg-
ing in full scale structural applications in Japan 
(Kunieda and Rokugo 2006) and in the United States 
(Michigan_DOT 2005). 

Fiber-bridging constitutive law σ(δ) describes the re-
lationship between the bridging stress σ transferred 
across a crack and the opening of this crack δ. In the 
development of ECC, σ(δ) relationship is of primary 
importance. It relates to material microstructure (micro-
scale) on one hand, and governs composite tensile 
strain-hardening behavior (macro-scale) on the other. 
Therefore, control of σ(δ) curve through tailoring mate-
rial microstructure is the key to successfully design 
ECC material properties in general, and tensile proper-
ties, i.e. tensile strain capacity and ultimate tensile 
strength, and steady-state crack width in particular. The 
tensile properties of ECC are important to the structural 
safety at ultimate limit state as the steady-state crack 
width is to the structural long-term durability. 

This paper aims at establishing an analytical fiber-
bridging model of ECC, built on a previous simplified 
version (Lin et al. 1999). To improve accuracy of crack 
opening prediction, new mechanisms of fiber/matrix 
interactions, specifically fiber two-way debonding and 
pull-out, matrix micro-spalling, and Cook-Gordon ef-

fects are included. It is expected that this improved σ(δ) 
model will greatly benefit future ECC material design 
technology in terms of steady-state crack width control 
which is the key for structural long-term durability and 
composite tensile properties which is important for 
structural safety at ultimate limit state. In the following 
section, the role of σ(δ) curve in controlling ECC tensile 
strain-hardening behavior is introduced first. A fiber-
bridging model for ECC is then proposed. To verify the 
fidelity of the revised fiber-bridging model, σ(δ) curve 
was determined experimentally for comparison with the 
predicted σ(δ) relationship. 

 
2. Strain-hardening criteria 

The pseudo strain-hardening behavior in ECC is a result 
of sequential development of matrix multiple cracking. 
A fundamental requirement for this multiple cracking 
behavior is that steady-state cracking occurs under ten-
sion, i.e. a flat crack can form after initiating from a 
defect site and extends indefinitely through the matrix 
(Wang and Li 2006). In this condition, the ambient load-
ing and the crack opening remain constant and bridging 
fibers sustain and pass the load without rupturing and 
diminishing. Further loading initiates another micro-
crack from another defect site and subsequent flat crack 
propagation. Repeated formation of such steady-state 
cracks results in multiple cracking and strain-hardening 
as depicted in Fig. 1. 

The condition for steady-state flat crack propagation 
was analyzed by Marshall and Cox (1988) using J-
integral method. When fiber-bridging behavior is char-
acterized by the σ(δ) relation, the condition can be ex-
pressed in the following form,  

'

0
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0

)( btip JdJ ≡−≤ ∫
δ

δδσδσ  (1) 

i.e. the crack tip toughness Jtip must be limited to less 
than the complementary energy J’

b of the bridging fibers 
(springs) as defined by the right-hand-side of Eqn. (1). 
Jtip approaches the matrix toughness Km

2/Em at small 
fiber content, where Km is the matrix fracture toughness 
and Em is the matrix Young’s Modulus. Eqn. (1) ex-
presses the energy balance (energy supplied by external 
work and energy consumed by material break-down at 
the crack tip and subsequently opening of the springs 
near the crack tip) per unit crack advance during steady-
state crack propagation. Figure 2 schematically illus-
trates such energy balance concept, where J’

b and Jtip are 
represented by the hatched and shaded area respectively. 

Prior to flat crack propagation, it is necessary for a 
microcrack to initiate (from a defect site) at a load level 
below the fiber-bridging capacity. This consideration 
translates into another condition for strain-hardening: 
that the matrix tensile cracking strength σc must not 
exceed the maximum fiber-bridging strength σ0.  
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0σσ <c  (2) 

where σc is determined by the preexisting flaw size and 
the matrix fracture toughness Km. While the energy cri-
terion (Eqn. (1)) governs the crack propagation mode, 
the strength-based criterion represented by Eqn. (2) 
governs the initiation of cracks. Satisfaction of both Eqn. 
(1) and (2) is necessary to achieve ECC tensile strain-
hardening behavior; otherwise, relatively poor tensile 
strain-capacity or even normal tension-softening FRC 
behavior results. 

As can be seen, both criteria are related to fiber-
bridging constitutive law. It determines the complemen-
tary energy J’

b in Eqn. (1) as well as the maximum 
bridging strength σ0 in Eqn. (2). Therefore, the σ(δ) 
relationship critically controls the tensile strain-
hardening behavior of ECC materials. 

 
3. Fiber-bridging model 

ECC is a cement-based composite and usually rein-
forced with short (6-12mm), randomly distributed small 
diameter (10-100μm) micro-fibers. The construction of 
fiber-bridging constitutive law starts from modeling a 
single fiber pullout behavior against the surrounding 
matrix. The σ(δ) relationship can then be obtained by 
averaging the contributions from fibers with different 
embedment length and orientation across the crack 
plane. Specific consideration is placed on ECC systems 
which exhibit two-way fiber debonding-pullout due to a 
slip-hardening interfacial bond. PVA-ECC belongs to 
this class. Finally, matrix micro-spalling as well as 
Cook-Gordon effect are considered to refine the model. 
Due to the absence of coarse aggregate in ECC mix de-
sign, aggregate bridging is not considered in the present 
study. 
 

3.1 Modeling of single fiber behavior 
When a fiber is subjected to a pullout force, it must first 
debond from the surrounding matrix before it can be 
pulled out. The debonding process may be viewed as 
crack propagation along the interface tunnel from near 
the matrix crack surface toward the embedded end. Af-
ter debonding, the interface is purely governed by fric-
tional force. Such tunneling crack problem was studied 
by Lin and Li (1997). Assuming constant frictional 
stress τ0 and debonding fracture energy Gd (also referred 
to as chemical bond in this paper), during debonding 
stage (short-range relative sliding) the single fiber-
bridging stress σdebonding versus the fiber displacement 
(at exit point) relative to the matrix crack surface u is 
given by 

( ) ( )
f

f
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E
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η
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where Ef and df are fiber Young’s modulus and diameter, 
respectively, and η is a parameter expressing the ratio of 
the effective (accounting for volume fraction) fiber 
stiffness to effective matrix stiffness. η approaches to 
zero as the fiber content becomes small. 

After debonding is completed, the fiber is in the pull-
out stage. For some types of fiber, particularly PVA fiber, 
significant slip-hardening response was observed during 
long-range pullout. Assuming the frictional stress is 
linear to the slip distance with coefficient β (referred as 
slip-hardening coefficient (Lin and Li 1997)), the fiber 
stress σpullout during pullout stage can be expressed as 
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where Le is the fiber embedment length and δc corre-
sponds to the displacement at which full-debonding is 
completed. A schematic illustration of single fiber pull-
out behavior is shown in Fig. 3. At the end of debonding, 
there is a sudden load drop due to unstable extension of 
the tunnel crack. Subsequently, the fiber is held back in 
the matrix only by frictional bonding. The magnitude of 
the drop can be used to calibrate the chemical bond Gd. 
During the debonding and pullout stages, the fiber may 
rupture if the load P exceeds the fiber tensile strength, 
which is often the case in PVA-ECC system due to 
strong slip-hardening effect (Redon et al. 2001). 

In short fiber composite systems such as ECC, most 
fibers are oriented at an arbitrary angle φ relative to the 
crack plane (φ = 0 when fiber is perpendicular to the 
plane and φ = π/2 when fiber is parallel to the plane). 
Misaligned fibers are subjected to additional frictional 
stress due to the interaction with the matrix when the 
fiber exits the matrix. For flexible polymeric fiber, Mor-
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Fig. 2 Typical σ(δ) curve for tensile strain-hardening 
composite. Hatched area represents complimentary en-
ergy J’

b. Shaded area represents crack tip toughness Jtip.
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ton and Groves (1976) and Li et al. (1990) suggested 
the following empirical relation to account for the in-
crease of bridging force P due to an inclination angle φ 
by making analogy to an Euler friction pulley at the 
fiber exit point, 

( ) φφ fePP 0)( =  (6) 

where f > 0 is referred to as the snubbing coefficient. 
Some types of fiber have strength which are vulner-

able to bending and lateral stress. Macroscopically, 
these fibers exhibit strength reduction when loaded at an 
inclined angle to the crack plane. For PVA fiber, Kanda 
and Li (1998) introduced a strength reduction coeffi-
cient f’ to account for this effect in the following form, 

( ) φσφσ
'

0)( f
fufu e−=  (7) 

where σfu is the fiber rupture strength. 
 

3.2 Two-way fiber pullout consideration 
Many reinforcing fibers for cementitious composites, 
such as polyethylene fiber, polypropylene fiber, and 
smooth steel fiber, do not exhibit significant slip-
hardening response, i.e. β approaches 0 or even goes 
negative (Fig. 3). Consequently, for bridging fibers, 
after complete debonding of the short embedment side, 
the long embedment side remains anchored since the 
load begins to drop. The increase of crack opening 
causes the short embedment side to be pulled out, and 
the elastic stretch of the long embedment side is negli-
gible. The scenario; however, may be different in PVA 
fiber system, where strong slip-hardening behavior is 
present. Redon and Li (2001) suggested that slip-
hardening of PVA fiber in a cement matrix was due to 
an abrasion and jamming effect during sliding of the 
fiber in the matrix tunnel. Figure 4 shows typical re-
sponses of single PVA fiber pulled out from ECC mix 

45 (M45) matrix. When the embedment length is small 
(e.g. Le = 0.597 mm), the fiber can be pulled out from 
the matrix completely. When the embedment length is 
large (e.g. Le = 1.18 mm), the fiber ruptures. The most 
significant observation however is that due to strong 
slip-hardening behavior the pullout load (after full 
debonding, first peak) can be much higher than the load 
at the completion of debonding. For PVA fibers bridging 
a crack, therefore, after the completion of debonding at 
short embedment side, the long embedment side may 
continue debonding and eventually enter the pullout 
stage such that two-way fiber pullout occurs. In this 
case, the contributions of slip displacement from both 
sides of the fiber across the crack to the total crack 
opening δ should be included. The possibility of two-
way fiber debonding and pull-out was originally sug-
gested by Wang et al (1988). 

The modeling of two-way fiber pullout is illustrated 
in Fig. 5. For given crack opening δ, the contribution δL 
and δS from the long embedment segment (length LL) 
and the short embedment segment (length LS), respec-
tively, can be calculated from the fiber load balance, 

SL δδδ +=  (8) 

SL δδ =         for S02δδ <  (9) 

( ) ( )SSpLd LPP ,δδ =   

                      for SS 0δδ >  and LL 0δδ <   (10) 

( ) ( )SSpLLp LPLP ,, δδ =   

                      for 0S S>δ δ  and 0L L>δ δ  (11) 

The debonding load Pd and pullout load Pp are given 
by 
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Fig. 3 Single fiber pullout behavior: (β > 0) slip-
hardening; (β = 0) interface friction is independent of slip 
distance; and (β < 0) slip-softening. 
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where δ0 is the crack opening corresponding to com-
plete debonding, 
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3.3 Matrix micro-spalling consideration 
Matrix micro-spalling at the fiber exit is commonly ob-
served in random fiber reinforced brittle matrix compos-
ites, including PVA-ECC (Kanda and Li 1998). When 
the pullout force at the fiber exit is misaligned with the 
orientation of the embedded segment, stress concentra-
tion at the bearing point causes local failure of support-
ing matrix. The size of the spalled matrix piece is gov-
erned by the bearing force, which is a function of exter-
nal load on the fiber, matrix strength, matrix stiffness, 
and inclination angle. 

A semi-empirical equation for estimating the spalling 
size s is proposed as following, 

⎟
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where P is the external force acting on the fiber; φ is the 
fiber inclination angle; σm is the matrix tensile strength, 
and k is the spalling coefficient (Fig. 6). k is a dimen-
sionless constant related to fiber geometry and matrix 
stiffness, and can be calibrated by experimental obser-
vation. In this equation, the spalling size is assumed to 
be proportional to the external load on fiber exit and 
inversely proportional to matrix tensile strength and 
fiber diameter. The trigonometric terms reflect the force 
decomposition and geometric feature of the bearing 
portion of the matrix. An illustration of Eqn. (17), by 
plotting spalling size s against force P and inclination 
angle φ, is shown in Fig. 6. For typical forces in PVA 
fibers in ECC, the predicted spall size (for k = 500) is in 
the range of 0-28 μm, consistent with those observed 
experimentally. 

Physically, matrix micro-spalling relieves stress con-
centration particularly on stretched bridging fibers. As 
illustrated in Fig. 7, spalling also changes the fiber in-
clination angle φ to a smaller φ’. Since the strength of 
PVA fiber degrades significantly at high inclination an-
gle, the existence of matrix spalling serves to delay fiber 
rupture and allows larger crack opening as well as 
higher peak bridging stress. 

Microscopic observation indicates that the spalling 
size s of PVA-ECC ranges from several micrometers to 
several tens of micrometers and is mostly limited by the 
fiber diameter. In PVA-ECC system, considering a typi-
cal steady-state crack width of 60 μm, the maximum 
elastic stretch of the fiber segments freed from spalling 
(i.e. total length 2s) will not exceed 2 μm at the peak 
load, which is negligible compared to the crack opening. 
Therefore, the elastic deformation of the fiber segments 
freed from spalling can be neglected without significant 
influence on the model accuracy. With this simplifica-
tion, the modeling of single fiber-bridging behavior with 
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Fig. 5 Modeling of two-way pullout: (left) load vs. displacement curve of the long embedment side; (right) load vs. dis-
placement curve of the short embedment side. 
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consideration of both two-way pullout and matrix 
spalling can be reduced to the problem of two-way pull-
out with a modified δ. As illustrated in Fig. 7, for a 
given crack opening δ, 

22' cos44 δφδδ ++= ss               (18) 

⎟
⎠
⎞

⎜
⎝
⎛= −

'
1' sinsin

δ
φδφ               (19) 

seff 2' −= δδ               (20) 

where δeff will replace δ in Eqn. (8) and s is given by 
Eqn. (17). Single fiber-bridging behavior P(δ) can then 
be obtained by evaluating Eqn. (8) – (20). 
 
3.4 Averaging – modeling of fiber randomness 
The randomness of fiber location and orientation is ac-
counted for in the modeling of the σ(δ) relation by 
adopting probability density functions that describe the 
spatial variability of the fibers (Wang et al. 1990). Eqn. 

(21) shows the formulation of bridging stress σ versus 
crack opening δ relation. P(z, φ) is the bridging force 
contributed by a single fiber with centroidal distance z 
and orientation angle φ relative to the crack plane. 
p(z, φ) is the probability density function of fiber with 
distance z and orientation φ. Af and Vf are the cross-
sectional area and volume fraction of fiber, respectively. 

( ) ( )∫= φφφδσ dzdzpzP
VA ff

,,1)(               (21) 

In general, the probability density functions of z and 
φ are independent of each other. For the case of 3-D 
uniform random distribution, p(z, φ) can be expressed as 
following: 
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Fig. 6 Dependence of matrix spalling size s on inclination angle φ and fiber load P (Eqn. (17), assuming matrix tensile 
strength σm = 5 MPa, fiber diameter df = 39 μm, and spalling coefficient k = 500). 
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( )φφ sin)( =p             
2

0 πφ ≤≤               (24) 

The random distribution assumption is generally valid 
in ECC materials, where short fiber and low fiber vol-
ume fraction, typically no more than 2%, are adopted. 
Mix rheology of ECC is also engineered such that uni-
form fiber distribution is readily achievable without 
clustering. The fiber orientation however may be con-
strained, for instance in spray process where ECC is 
applied layer by layer. In the case of 2-D random distri-
bution, the orientation probability of fiber can be ex-
pressed as 

π
φ 2)( =p                   

2
0 πφ ≤≤               (25) 

The composite fiber-bridging behavior σ(δ) relation 
is available through averaging of all fiber force on the 
crack plane, as defined by Eqn. (21). In this study, Eqn. 
(21) and Eqn. (8) – (20) are numerically evaluated. 
Small increment in δ was chosen to ensure accuracy. 

 
3.5 Cook-gordon effect 
Another mechanism which contributes to additional 
compliance in the σ(δ) curve is the Cook-Gordon effect. 
Cook-Gordon effect describes a premature fiber/matrix 
interface debonding normal to the fiber axis caused by a 
tensile stress located ahead of a blunt matrix crack 
propagating towards a fiber under remote tensile load as 
depicted in Fig. 8(a). Therefore, fiber debonding takes 
place ahead of the matrix crack, resulting in stretching 
of a free fiber segment α (Cook-Gordon parameter) and 
additional crack opening δcg as shown in Fig. 8(b). Li et 
al. (1993) assumed that this phenomenon applies to all 
fibers regardless of orientation, so that δcg can be di-
rectly computed from the bridging force P. For a single 
fiber, the additional displacement may be estimated as 
follows, 

ff
cg Ed

P
2

4
π

αδ =               (26) 

Noting that when P is independent of φ and z, the in-
tegration of Eqn. (21) gives the number of fibers bridg-
ing across the crack per unit area times P. 
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where NB is the number of fiber-bridging across the 
crack per unit area and can be defined as 
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where 

( )∫≡ φφη dzdzpB ,               (29) 

defines the efficiency of bridging in terms of the amount 
of fibers bridging across a crack with respect to orienta-
tion effect. The P – δcg relationship for a single fiber, 
Eqn. (26), may be substituted into Eqn. (21). That is: 

Bff
cg EV η

ασδ =               (30) 

so that the total crack opening δtot is approximately 
given as 

cgtot δδδ +=              (31) 

with δ related to σ by Eqn. (21) and Eqn. (8) – (20), and 
δcg given by Eqn. (30) above. This procedure allows us 
to calculate the fiber-bridging stress σ indirectly as a 
function of the total crack opening δtot. The flow chart 
of the numerical procedure for computing the bridging 
stress vs. crack opening displacement relationship can 
be found in Fig. 9. 

 

α 

δtot = δ + δcg 

(a) (b)

 
 

Fig. 8 Cook-Gordon effect (a) induces fiber-matrix separation due to the tensile stress in the horizontal direction associ-
ated with the elastic crack tip field of the approaching matrix crack, and (b) leads to an additional crack opening δcg due to 
elastic stretching of the fiber segment α in addition to the δ associated with interface frictional debonding. 



188 E-H. Yang, S. Wang, Y. Yang and V. C. Li / Journal of Advanced Concrete Technology Vol. 6, No. 1, 181-193, 2008 

 

4. Experimental determination of σ(δ) curve 

To verify the fiber-bridging model, deformation-
controlled tensile tests were conducted on notched cou-
pon specimens to measure the σ(δ) relationship of PVA-
ECC. Due to the multiple cracking nature of PVA-ECC 
with close crack spacing (1mm on average), it is chal-
lenging to measure the σ(δ) curve over a single crack. 
(A reasonably sized gauge length will cover the opening 
displacements of a number of subparallel microcracks, 
and therefore masks the true value of δ.) An alternative 
way to fulfill the purpose of verifying the model ex-
perimentally is to reduce the fiber content (< 2 vol.%) 
so that single cracking occurs. Although interfacial bond 
properties may change due to the reduction of fiber, the 
mechanisms, i.e. two way fiber pullout, Cook-Gordon 
effect, etc., which govern the fiber bridging behavior 
should nominally be unaltered. Once the validity of the 

fiber-bridging model is proven, the σ(δ) curve of higher 
fiber content can be calculated by using the correspond-
ing micromechanics parameters. 

In this study, PVA-ECC mix 45 (M45) which is the 
most widely used ECC in the field was adopted for 
measuring the σ(δ). The mix proportion of M45 can be 
found in Table 1. The ingredients of PVA-ECC include 
Type I ordinary Portland cement, ASTM Class F fly ash, 
fine silica sand with a mean size of 110 μm, water, su-
perplasticizer, and PVA fibers. Generally, the fiber con-
tent in PVA-ECC is 2 vol.%. In this study, M45 matrix 
with 0.5 vol.% and 0.1 vol.% were used in order to gen-
erate a single crack under uniaxial tensile loading. The 
dimensions of the PVA fiber are 12 mm in length and 39 
μm in diameter on average. The nominal tensile strength 
of the fiber is 1600 MPa and the density of the fiber is 
1300 kg/m3. The fiber is surface-coated by oil (1.2% by 
weight) in order to reduce the fiber/matrix interfacial 
bond strength. This decision was made through ECC 
micromechanics material design theory and has been 
experimentally demonstrated from previous investiga-
tions (Li et al. 2002). 

A Hobart mixer with 10L capacity was used in pre-
paring the PVA-ECC mixes. Solid ingredients, including 
cement, fly ash, and sand, were first mixed for a couple 
of minutes. Water and superplasticizer were then added 
into the dry mix and mixed for another three minutes. 
The liquefied fresh mortar matrix should reach a consis-
tent and uniform state before adding fibers. After exam-
ining the mortar matrix and making sure that there is no 
clump at the bottom of the mixer, PVA fibers were 
slowly added into the mortar matrix and mixed until all 
fibers are evenly distributed. The mixture was then cast 
into coupon molds. The specimens were demolded after 
24 hours, and air cured at 50±5% RH, 23±2 0C until the 
age of 28 days for testing. 

Notched coupon specimens with thickness 13mm, 
width 76mm, and height 90mm were used to conduct 
uniaxial tensile test at the age of 28 days. The 2mm 
wide circumferential notch was produced before testing 
by a diamond saw. Deep notches (6mm) were generated 
at two laterals for crack initiation and shallow notches 
(2mm) were produced on the front and back surfaces as 
crack guides (Fig. 10). A servohydraulic testing system 
was used in deformation-controlled mode to conduct the 
uniaxial tensile test. The loading rate used was 0.0001 
mm/s to simulate a quasi-static loading condition. Alu-
minum plates were glued both sides at the ends of cou-
pon specimens to facilitate gripping. Two extensometers 
with 5mm gauge length were attached to the laterals of 
the specimen and across the notches to measure the 
crack opening δ. The test setup is shown in Fig. 11. The 
crack opening was extracted from the total average dis-
placement across the crack measured by the two exten-
someters and elastic deformation outside the crack but 
within the 5mm gauge length was subtracted out. 

 

Input Micromechanics 
Parameters 

 

Start 

δ=δ+Δδ 

For a given δ, check fiber 
status for each φ and Le

Output  
σ(δ) 

Calculate single fiber stress for each 
φ and Le considering two way fiber 
pullout and matrix micro-spalling

Eqns (8)-(20) 

Calculate fiber bridging stress 
by averaging single fiber stress 
over the full range of φ and Le 

Eqns (21)-(25) 

Modify crack opening taking 
Cook-Gorden Effect into account 

Eqns (26)-(31) 

Final σ(δ) 

 
Fig. 9 Flow chart of the numerical procedure for comput-
ing σ(δ). 
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5. Experimental validation of σ(δ) curve 

5.1 Determination of micromechanics parame-
ters 
As can be seen, the σ(δ) model is related to a set of mi-
cromechanics parameters, including interface chemical 
bond Gd, interface frictional bond τ0, and slip-hardening 
coefficient β accounting for the slip-hardening behavior 
during fiber pullout. In addition, snubbing coefficient f 
and strength reduction factor f’ are introduced to ac-
count for the interaction between fiber and matrix as 

well as the reduction of fiber strength when pulled at an 
inclined angle. Besides the interfacial properties, σ(δ) 
curve is also governed by the matrix Young’s modulus 
Em, matrix tensile strength σm, matrix spalling coeffi-
cient k, fiber content Vf, fiber diameter df, length Lf , 
and Young’s modulus Ef, apparent fiber strength σfu, and 
Cook-Gordon parameter α. 

In order to calculate the analytical σ(δ) curve, mi-
cromechanics parameters of ECC were independently 
measured or deduced. Tables 2 and 3 summarize the 
values of those micromechanics parameters used in the 
model calculation. Among them, all fiber parameters Ef, 
Lf, and df are measurable with good accuracy. The ap-
parent fiber strength σfu and fiber strength reduction 
coefficient f’ were measured by single fiber in-situ 
strength test (Kanda and Li 1998) and interface proper-
ties τ0, Gd, and β were measured by single fiber pullout 
test (Redon et al. 2001). To measure the interfacial bond 
properties of ECC with different fiber volume content, 
M45 mortar matrix with the presence of 0.1, 0.5, and 2 
vol.% PVA fibers were cast into molds and single PVA 
fiber was surrounded by the ECC matrix. As can be seen 
from Table 3, interfacial bond strength reduces with the 
increase of fiber volume content. This may be attributed 
to the higher air content and therefore loose pore struc-
ture in ECC when the fiber volume increases. 

Wu (2001) measured f values using the early develop-
ing version of the PVA fiber that has only 0.5% oiling 
coating instead of 1.2% used in the current commercial-
ized PVA REC-15 fiber, and found that the f value 
ranged from 0.2 to 0.8. Considering that snubbing coef-
ficient is closely related to fiber surface frictional coef-
ficient, which decreases significantly with increase of 
oiling coating content (Li et al. 2002), the lower end 
value of snubbing coefficient f = 0.2 is hence assumed 
in this study. 

Matrix Young’s modulus Em was determined from the 
initial slope of the tensile stress-strain curve and the 
matrix tensile strength σm was deduced based on a 
wedge splitting test. The wedge splitting test 
(Bruehwiler and Wittmann 1990) measured the matrix 
fracture energy and σm was calculated by means of in-
verse analysis (Ostergaard 2003; Ostergaard et al. 2004). 
Factor k can be calibrated by measuring the spalling 
size. Matrix micro-spalling was collected during the 
uniaxial tensile test and the maximum size of matrix 
micro-spalling was 30 μm. Matrix spalling coefficient k 

Table 1 Mix proportions of PVA-ECC (M45). 

Vf 
(vol.%) 

Cement 
(kg/m3) 

Fly Ash 
(kg/m3) 

Sand 
(kg/m3)

Water
(kg/m3)

HRWR(1)

(kg/m3) 
Fiber(2) 
(kg/m3) 

Total 
(kg/m3) 

2 571 685 456 332 6.8 26 2076.8 
0.5 571 685 456 332 6.8 6.5 2057.3 
0.1 571 685 456 332 6.8 1.3 2052.1 

(1) polycarboxylate-based high range water reducer 
(2) PVA fiber 
 

 

90 mm 

76 mm 

2 mm 6 mm 

13 mm

2 mm 

 
Fig. 10 Dimensions of notched coupon specimen. 

 
 

extensometer

load 

5 mm 

 
Fig. 11 Setup of uniaxial tensile test of notched specimens 
for experimental determination of σ(δ) curve. 
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= 500 is chosen such that the maximum spalling size 
calculated from Eqn. (17) (see Fig. 6) will not exceed 
the size observed in microscopic observation, i.e. 30 μm 
in PVA-ECC system.  

To determine the Cook-Gordon parameter α, Bentur 
(1992) suggested α = 2df to 10df for steel fiber in neat 
cement paste. Li et al. (1993) adopted α = 15df for 
polypropylene fiber-reinforced concrete and found that 
resulting σ(δ) curve matched those of experimental data 
very well. For the PVA-ECC, a smaller Cook-Gordon 
parameter is expected due to the hydrophilic nature of 
PVA fiber which may introduce a stronger interface 
chemical bond between fiber and matrix. For lack of 
more precise experimental evidence, the low end sug-
gested by Bentur, α = 2df is adopted in this study. 

 
5.2 Comparison between model prediction and 
experimental results 
The analytical σ(δ) curve can be calculated as long as 
all micromechanics parameters are determined. 2-D 
random fiber distribution (Eqn. (25)) was assumed in 

calculating the fiber-bridging model for comparison 
with experimental σ(δ) curves measured from coupon 
specimens. Because the thickness of the coupon speci-
men is small (13 mm) when compared with fiber length 
(12 mm), fiber is most likely distributed in a 2-D ran-
domness manner. Figure 12 shows the predicted fiber-
bridging constitutive law (solid line) for M45 with Vf = 
0.5 and 0.1 vol.%, respectively. In calculating these two 
curves, all micromechanics parameters for model input 
are listed in Table 2 and 3. Post-cracking σ(δ) curve 
(hollow circular dots) measured experimentally are also 
plotted together with the model prediction in Fig. 12 for 
comparison purpose. At least 6 uniaxial tensile tests 
were conducted and reported in Fig. 12 for each fiber 
volume. 

The scattered σ(δ) curves obtained from experiments 
are results of material inhomogeneity, e.g. varying num-
ber of bridging fiber across crack plane for the six dif-
ferent specimens. Although the peak bridging stress 
varies in a wider range, the corresponding crack open-
ing δ remains fairly constant. This is likely a result that 
with larger number of fibers, a higher load can be 
reached, but the crack opening will be limited by an 
effectively stiffer (averaged) fiber spring. This observa-
tion is also consistent with the two sets of experimental 
data of Vf = 0.1 and Vf = 0.5. As can be seen, the pre-
dicted σ(δ) curves which represent the mean fiber-
bridging constitutive law fit well with experimental ob-
servations and the validity of this newly developed σ(δ) 
model is therefore confirmed. 

 

Table 2 Micromechanics parameters used as model input. 

Fiber parameters Interface parameters Matrix parameters 
df 

(μm) 
Lf 

(mm)
Ef 

(GPa) 
σfu 

(MPa)
f 
 

f’ 

 
α 

(μm) 
Em 

(GPa)
σm 

(MPa) 
k 
 

39 12 22 1060 0.2 0.33 78 20 5 500 
 

Table 3 Interfacial properties of ECC. 

Matrix type τ0 
(MPa) 

Gd 
(J/m2) 

β 
 

0.1 vol.% PVA 1.91 1.24 0.63 
0.5 vol.% PVA 1.58 1.13 0.60 
2 vol.% PVA 1.31 1.08 0.58 
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Fig. 12 Comparison of σ(δ) curves obtained from uniaxial tensile tests of notched speciemns and from model predictions of 
PVA-ECC for (a) Vf = 0.1 vol.% and (b) Vf = 0.5 vol.%. 
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6. Discussions 

The middle curve in Fig. 13(a) displays the predicted 
mean σ(δ) curve of PVA-ECC M45 with Vf = 2 vol.% 
based on the same micromechanics parameters and fi-
ber-bridging model. As can be seen, the peak bridging 
stress is 6.7 MPa and the corresponding crack opening 
is 130 μm. These values are considerably larger than the 
observation from composite tensile test result, in which 
composite ultimate tensile stress is around 5 MPa and 
the average crack opening is around 60 μm as depicted 
in Fig. 1. 

It should be pointed out that in the composite tensile 
test, multiple crack surfaces are generated during the 
strain-hardening stage and the final failure plane is the 
one with the weakest bridging (lowest tensile strength 
capacity). If material inhomogeneity in ECC is inevita-
ble, the observed 5 MPa ultimate tensile stress in the 
composite tensile test (Fig. 1) actually represents the 
lowest peak fiber-bridging stress. This observed value (5 
MPa) is 25% less than the calculated peak bridging 
stress (6.7 MPa) and is likely attributed to varying num-
ber of bridging fiber from one crack plane to another. To 
simulate this variation, σ(δ) curves with Vf = 1.5 vol.% 
(25% less) and 2.5 vol.% (25% more) were calculated 
using the same set of micromechanics parameters as 2 
vol.% except the fiber volume was changed as the lower 
and higher bonds of bridging, respectively. These three 
curves represent the variation of σ(δ) curve in PVA-
ECC M45, among the multiple crack planes. 

Following the discussion above, the weakest fiber-
bridging σ(δ) curve is expected to dominate the com-
posite tensile behavior. Damage localization in ECC 
occurs as soon as the weakest bridging plane reaches its 
peak bridging stress (5 MPa for M45). Figure 13(b) 
displays a magnified view of Fig. 13(a). As can be seen, 
crack opening δ for each σ(δ) curve at σ = 5 MPa varies 
from 37 μm to 133 μm with a mean of 62 μm. This pre-
dicted mean crack opening is remarkably consistent 

with the average crack opening observed from the com-
posite uniaxial tensile test (Fig. 1). 

To evaluate contributions to the σ-δ of each of the 
three newly introduced mechanisms, theoretical σ(δ) 
curves calculated by various models are presented in 
Fig. 14. When only one-way pullout is considered, e.g. 
previous simplified model by Lin et al. (1999), the pre-
dicted peak bridging stress and corresponding crack 
opening are 6.2 MPa and 93 μm respectively. If two-
way pullout is accounted for but without considerations 
of spalling and Cook-Gordon effects, a peak stress 6.3 
MPa is attained at crack opening of 130 μm. When both 
two-way pullout and matrix spalling are considered but 
without consideration of Cook-Gordon effect, the model 
predicts a peak stress 6.7 MPa at 131 μm. If all three 
newly introduced mechanisms are accounted for, the 
predicted peak bridging stress and corresponding crack 
opening are 6.7 MPa and 133 μm respectively. A direct 
comparison between these four curves reveals that two-
way pullout is most responsible for overcoming the un-
derprediction of crack opening in PVA-ECC system 
using the previous model version. The contribution of 
matrix spalling to crack opening is rather small. Matrix 
spalling, which effectively reduces the inclination angle 
for individual fibers, delays fibers to rupture, and there-
fore raises the peak bridging stress. In contrast, if there 
is no matrix spalling, fiber with large inclination angle 
will rupture at much earlier stage due to higher fiber 
strength reduction. Cook-Gordon effect does not show 
remarkable impact on crack opening due to the assump-
tion of small Cook-Gordon parameter α = 2df which is 
likely the case for the hydrophilic PVA fiber. However, 
the Cook-Gordon effect may play an important role in 
other fiber-reinforced ECC systems, such as polyethyl-
ene (PE) and polypropylene (PP) fibers, in which the 
fiber/matrix interface chemical bond is close to zero and 
a larger Cook-Gordon parameter α is expected due to 
the hydrophobic nature of PE and PP fibers. 
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Fig. 13 (a) Predicted σ(δ) curve of PVA-ECC M45 with Vf = 2 vol.% (full span), and (b) magnified view of (a) (δ = 0 ~ 0.3 
mm). The three curves in each plot are generated assuming fiber volume variation due to processing of ECC composites, 
see text. 
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7. Conclusions 

An analytical fiber-bridging model was developed and 
experimentally verified in this study. This model im-
proves over an earlier version by including three new 
mechanisms of fiber/matrix interactions in order to ac-
curately predict the σ(δ) curve of ECC in general, and 
improve accuracy of crack opening prediction in par-
ticular. For the PVA-ECC system, it was found that two-
way fiber pullout mechanism is most responsible for 
enhancing the correction prediction of the crack opening. 
The predicted crack opening based on this model can 
reproduce those in PVA-ECC composite tests when 
variability in bridging fiber volume from one crack 
plane to another is recognized.  

Although this model is suitable especially for the 
PVA-ECC system, it is likely applicable to other fiber 
systems as long as the appropriate governing fi-
ber/matrix interaction mechanisms are captured. This 
revised fiber-bridging model will greatly improve ECC 
micromechanics-based material design theory in terms 
of crack width (which strongly governs structural dura-
bility) and composite tensile ductility (which strongly 
governs structural load carrying capacity and deform-
ability). 
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Fig. 14 Theoretical bridging stress vs. crack opening rela-
tion of PVA-ECC calculated by various models. 
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