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Abstract

A longstanding problem for Monte Carlo (MC) criticality simulation is the slow con-
vergence of the fission source distribution for systems with a high dominance ratio (DR).
In this thesis, we have developed and tested a new hybrid deterministic and MC method,
called the Functional Monte Carlo (FMC) method, to solve such problems. We show herein
that the FMC method produces a significant improvement in the speed of convergence and
accuracy of criticality calculations, which are particularly important for nuclear reactor
operation and design, as well as for nuclear safety applications. Different from any previous
hybrid method, the FMC method does not directly estimate the eigenfunction and eigenvalue
via MC particle simulation. Instead, it uses MC techniques to directly estimate certain
nonlinear functionals. These functionals are then used in the low-order FMC equations to
calculate the k-eigenfunction and eigenvalue. The resulting estimates have no spatial or
angular truncation errors, and are generally more accurate than estimates obtained using
conventional MC methods.

The FMC method is based on two assumptions:
1. The functionals depend weakly on the angular flux and can be evaluated with MC
more accurately than direct MC estimates of the angular or scalar flux.
2. If the low-order FMC equations are solved with small errors in the functionals, the
resulting errors in the eigenfunction and eigenvalue will be small.
In this work, we have developed the FMC method for monoenergetic, multigroup, and
continuous energy k-eigenvalue problems in 1-D planar geometry. We have tested the FMC

method on various problems, in which standard MC estimates of the eigenfunction tend

Xiii



to “wobble.” Our numerical results indicate that the fission source distribution is found to
converge orders of magnitude faster using the FMC approach. Inter-cycle correlation is
very weak for the FMC method. The true and apparent relative errors are about the same
for the FMC method. And with FMC feedback, the performance of MC estimates of the
eigenfunction improved significantly. For future research, it remains to extend the FMC
method to include realistic cross sections and multi-dimensional problems. We see no

fundamental impediment to doing this.
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Chapter 1

Introduction

Nuclear criticality is the ability to sustain a nuclear fission chain reaction in the absence
of external sources - that is, to make the fission chain reaction maintain a steady state. This
is particularly important for nuclear reactor operation, nuclear reactor design, and nuclear
safety applications. Nuclear criticality analyses include k-eigenvalue (core multiplication)
and fundamental mode eigenfunction calculations (flux or power distribution). The calcu-
lation of these quantities is the most common analysis performed in nuclear core studies.
The power distribution is of significant importance to thermal analysis and fuel depletion
studies of the reactor core. These quantities may be obtained by solving a steady-state Boltz-
mann transport equation, which can be derived from the general time-dependent Boltzmann

transport equation [4; 105 (115 21], given by

la =d g - —
—a—‘f(?,Q,E,z)JrQ-vly(?, O E. 1)+ 5 E)w(7, O, E,1)
\%
= / / Y(7Q - Q E — E)y(#,Q E' 1)dQ dE’
0 4w
+@/m VEs(F ENy(# Q' E' t)dQ’dE’JriQ(?,fz,E,t) (1.1)
471,' O 47[ ) ) ) 47t )

with boundary condition:
V(R QE ) =y (#QE ), F€EIR, Q-7i<0,0<E <o, 1>0, (1.2)

where y? is specified. If y” = 0, then dR becomes a vacuum boundary.



Also, y(7, QE, t) should satisfy the initial condition:

— —

V(R Q. E 1) =y(#Q,E,0),7€ER, Qc4n , 0<E <oo. (1.3)

The variables and the physical meaning of each term in Eq. (1.1)) are given as follows:

7 = (x,y,z) = spatial variable,

—

Q= (Q,,Q,,Q;) = direction, or angular variable,

E = energy,
t = time,
v(7,Q,E) = angular flux,

Q- Vy(7, Q,E) = net leakage rate,

%, (7, E)w(7,Q,E) = collision rate,

/ / Y(7,Q - Q E' — E)y(7,Q E')dQ'dE' = in-scattering rate,
0 J4r

X(E)

e / VE (7, E ) w(7,Q E')dQ/dE' = fission neutron production rate, and
0 Jar

O(7, QE, t) = external source.

It is possible to obtain a static eigenvalue problem by setting dy/df =0 and Q = 0 in
Eq. (1.1), and modifying the fission source term by a factor 1/k. Then Eq. (1.1)) becomes a

steady-state Boltzmann transport equation,

Q- Vy(7,Q,E)+%.(F, E)y(7,O,E)
= / / Y79 - Q E — E)y(7,Q E'dQ dE'
0 J4arm

L 1x(E)

B Y (FENVw(7.Q ENAQ dE’ 1.4
A ] ve ey B adaE (14)

where k = eigenvalue = effective multiplication factor, and y/(7, Q.E ) = fundamental mode

eigenfunction.



Eq. can be solved by varying & to adjust the magnitude of the fission source. The
significance of the effective multiplication factor k can be understood as follows: If k =1,
the production of neutrons due to fission exactly balances the loss of neutrons due to leakage
and capture, i.e. a steady state is achieved. In this case, the fission system is critical. If
k > 1, the production of neutrons is greater than the loss of neutrons. In this case, the fission
system is supercritical. If k < 1, the production of neutrons is less than the loss of neutrons.
In this case, the fission system is subcritical.

Eq. (1.4) can be written in an matrix form:

1
LI[/—I—Cl//:SI//—l-%Fl[/, (1.5)

where L = Leakage operator, C = Collision operator, S =Scattering operator, and F =

fission operator.

Letting M = (L+C —S)~'F, Eq. (1.5)) can be further simplified as
1
Y= %M V. (1.6)

In general, M has k; > kp > --- > k,, eigenvalues, and i} ,u> ,--- ,uy,, are the corre-
sponding normalized eigenfunctions. Eq. (I.6) may be solved using power iteration [4; 27],

i.e.

y D = ) (1.7)

that is to solve

L gyt

_ (n+1) _
(L+C—-S)y )

The next estimate of the effective multiplication factor k is obtained by

n+1
) _ k<n>M , (1.8)
[Fymav



We express the initial flux guess l//(o) in terms of the normalized eigenfunctions, giving
l//(o) =cCluy + oy + -+ Clly - (1.9)

Substituting Eq. (1.9) into Eq. (1.7), we obtain

1
k()

:L;.L ntl
k() k( -1 (0

Hk }Cl kn+1u1+C2 kn—H +"'Cm'k:ln+lu711)
i=0

] e 202"

ll/(""'] ) — Mlll(n)

ol
iy

ka

Cl[ ro

YDy 4 ] (1.10)

Also, substituting Eq. (1.10) into Eq. (1.8]), we obtain

fFCl [u1+C2(—2)(”+1)u2+ }dV

k(n-l—l) k k
JFC, [u1+C2(k—2) u+ .. ]dV
kyy(n+1)
:k(n)1+C3(kf)n +...
1+G () + ...
k2. (nr1) k2 (n)
~ky [1+C( ) —I—...][l—Cg(—) +}
ki ki
ka k2
=k |1+C ——1 . 1.11
[I+GE) (G =D +--] (111)
In these equations, k; > k > - -- are the eigenvalues and it} ,u5 , - - - are the corresponding

eigenfunctions of the transport equation. Then k; and ) are the fundamental eigenvalue and
eigenfunction, respectively. Cy, C;, and C3 are constants, and n is the number of iterations.

The dominance ratio (DR) [27};[30] is defined as k»/k;. DR can be obtained using Eq.



(1.10). We rewrite Eq. (1.10) as

l[/(n+l)

=u —i—Cz(—)(rH_l)lZz +...
Gy

= _‘1—{—C2DR(n+1)ZZ)2—|—... ,

then the error after n+ 1 iterations becomes

(n+1)
gntl) wC] —u :CQDR(nJrl)LTz—I—... .

Thus the dominance ratio satisfies the following condition:

[l

prR="__1
[em]

(1.12)

Since the absolute true errors are generally unknown, one can use pseudo-errors instead in

calculating the dominance ratio, i.e.

lot+) — ¢t

DR = .
lp) — p@n=D]

(1.13)

DR is the key parameter that determines the convergence rate of the power iteration pro-
cedure. As the number of iterations increases, the higher order terms die away as DR" — 0,
the eigenfunction will converge to the fundamental eigenfunction i}, and k will converge
to the largest eigenvalue k; . However, for optically thick fissile systems, k, — k; and
DR — 1. In this case, the eigenfunction and the eigenvalue do not converge at the same
rate. As shown in Eq. (I.TT)), the higher mode terms in the eigenvalue contain terms like
DR"(DR — 1). The additional factor (DR — 1) will guarantee that the eigenvalue converges
quickly even for optically thick fissile systems. The convergence of the eigenfunction in
optically thick fissile systems is not as fast, because the higher mode terms contain only

the factor DR". It may take several hundreds or thousands of iterations for the higher mode



terms to die away. The slow convergence of the eigenfunction with Monte Carlo has been
known for decades and has been examined in several recent publications [36; 29;30]]. In
this dissertation we propose a new hybrid deterministic and Monte Carlo method called
the “Functional Monte Carlo” (FMC) method for k-eigenvalue problems. This new method
improves the convergence of the eigenfunction significantly.

The calculation of the fundamental k-eigenvalue and eigenfunction is one of the most
important calculations in nuclear reactor design. Typically, there are two sets of methods
that are most commonly used for this calculation: deterministic methods and Monte Carlo
methods.

In the deterministic approach, the integro-differential transport equation is discretized in
space, angle, and energy, and the resulting algebraic equations are solved using iteration
methods. In energy discretization, the energy variable E is discretized into a number of
energy bins or groups, i.e. the multigroup energy approximation. Within each energy group
the fission source, fission spectrum, and flux are integrated. The multigroup cross sections
are treated as flux-weighted cross sections over the given energy group. There are two
types of angular discretization methods, the Py method and the Sy method. The Sy method
discretizes the angular flux using a quadrature set, and assumes further that the particles can
only travel along a finite number of directions. The Py method approximates the angular
flux by a finite sum of spherical harmonic moments. In spatial discretizations, we impose a
spatial grid on the system. We can then approximate the relation between the cell-averaged
flux and cell-edge flux using finite difference, diamond difference, or step characteristic
methods. Owing to these discretizations in energy, angle and space, a deterministic solution
contains truncation errors.

In the Monte Carlo approach [15;27], another form of the transport equation, i.e. the
integral transport equation, is solved by simulating a large number of Monte Carlo particles
and recording tallies of their average behavior. Due to the stochastic nature of the Monte

Carlo simulation, this solution contains statistical errors. The advantage of Monte Carlo



simulations is that there is no approximation in modeling the geometries and physics behind
the theory (there are no truncation errors). However, to simulate a large system, such as a
loosely coupled reactor, within a reasonable statistic error, one needs to process an extraordi-
narily large number of Monte Carlo particles. Thus in general, the Monte Carlo approach is
more expensive computationally, as compared with the deterministic approach. It is natural
to think that if one could combine deterministic methods with the Monte Carlo methods for
solving k-eigenvalue problems, some distinct advantages would be gained. Techniques used
to couple the deterministic and Monte Carlo methods are called hybrid methods.

Historically, Monte Carlo simulations have often been used to generate limited informa-
tion about a physical problem — for instance, “source-detector” problems in which the goal
is to calculate a single detector response. Here, one runs an entire transport calculation with
the goal of calculating a single number. When this is done properly (i.e. when the weight
windows are chosen optimally), one gets accurate estimates of the solution in a small part of
phase space (the part needed to calculate the desired response), but not elsewhere.

Over time, several hybrid methods have been developed for source-detector problems
[9; 1135 145 132]]. In this type of problem, the source and detector are separated far enough
that relatively few Monte Carlo particles can actually reach the detector. In order to decrease
the statistical error, a variance reduction technique called weight window was introduced.
The principle idea of the weight window technique is to keep the Monte Carlo particle’s
weight within a certain “window” by splitting and Russian roulette algorithms. By doing
this, a Monte Carlo particle’s weight can only fluctuate within the “window”, and this
will greatly decease the statistical error if the window is chosen properly. Historically,
users must design the window manually by trial and error. Recently, adjoint deterministic
fluxes (A>MCNP approach) [13;132] have been used to automatically generate the weight
window. In source-detector problems, we mainly try to have better statistics at the “local”
detector regions. Recently, Cooper’s weight window method [6; 7; 8] utilized the forward

deterministic solution of the “Quasidiffusion” (QD) equation [12;22; 23]] to generate weight



windows, which were then used to solve global deep-penetration transport problems with the
Monte Carlo method. At Oak Ridge National Laboratory (ORNL), the Forward-Weighted
Consistent Adjoint Driven Importance Sampling (FW-CADIS) method [24; 31] has been
developed for effective global variance reduction. In the FW-CADIS method, a forward
deterministic calculation is performed first. Then, the forward results are used to define
an adjoint source, which is then used in a deterministic adjoint calculation to generate
the adjoint importance function. Finally, the adjoint importance function is employed to
calculate weight windows to be used in a Monte Carlo simulation. The work was done
during the past five years at ORNL by John Wagner and his group. To date, Becker and
Larsen [2} 3] have developed hybrid user-specified particle distribution methods which
can be used to solve many types of shielding problems such as a single response classic
source-detector problem, or a global problem in which accurate estimates of the angular flux
are made in all of phase space. However, the work in this thesis departs from all the prior
work. Our work is not based on the weight window, nor is Monte Carlo used to directly
simulate the flux.

We propose a new hybrid method called the Functional Monte Carlo (FMC) method
to solve the slow convergence k-eigenvalue problem. The FMC method does not employ
standard Monte Carlo particle transport techniques to directly estimate the eigenfunction
and eigenvalue. Instead, the FMC method uses these techniques to directly estimate certain
nonlinear functionals, which depend only weakly on the eigenfunction. These estimated
functionals are then used to calculate the k-eigenfunction and eigenvalue. Because the
functionals depend only weakly on the eigenfunction, the resulting estimates of the k-
eigenfunction and eigenvalue are generally more accurate and have less statistical noise than
estimates obtained using conventional Monte Carlo methods.

The approach of using Monte Carlo to estimate a set of nonlinear functionals, and
solving a discrete algebraic set of low-order equations containing these functionals for the k-

eigenvalue and eigenfunction, has recently been considered by other authors [19; 205 134; 33]].



In some of this prior work, the discrete low-order equations resemble spatially-discretized S»
equations [33[]; in the rest, the low-order equations resemble discretized diffusion equations
[19; 205 33]]. Two of these papers treat 2-D, multigroup problems [19; 20]. The work in
[19; 1205 [33]] is based on the Coarse Mesh Finite Difference (CMFD) method, which has
been used for more than two decades to accelerate the iterative convergence of deterministic
high-order transport calculations for reactor physics problems [25} 15; [18}; 265 135]. The
CMFD approach consists of deriving from the (high-order) transport equation an algebraic
system of low-order equations obtained from the exact neutron balance equation, integrated
over a coarse spatial cell, together with an equation containing a discrete version of Fick’s
Law and a nonlinear functional D. (The functional D is calculated from the high-order
transport equation; it accounts for the fact that Fick’s Law is not exact.) The resulting
low-order CMFD equations yield coarse-grid scalar fluxes, which are used to update the
fine-grid scalar fluxes in the high-order equation. In the Monte Carlo work using this
approach, the high-order transport calculations, previously performed deterministically, are
now performed with Monte Carlo [19; 20; 33]]. Variations of this work include modifying
the nonlinear functional D, to try to make it less sensitive to statistical noise [33]].

The basic approach in the CMFD-based Monte Carlo work and FMC is the same. The
differences occur in how the low-order equations are constructed; and in making these
choices, there are many logical possibilities. CMFD-based methods have used the standard
neutron balance equation, obtained by spatially integrating the angularly-integrated transport
equation over a coarse spatial cell. FMC methods have used higher spatial moments of
the angularly-integrated transport equation (involving spatial tent functions) and attempt to
minimize the effect of the terms involving the neutron current in the low-order equations.
(These terms have been seen to produce larger statistical fluctuations than desired in the
solutions of the low-order equations.)

The FMC method is related to the deterministic QD method, sometimes called the “Vari-

able Eddington Factor” method [[12; 22; 23]. This iterative technique for eigenvalue (and



fixed-source) problems does not employ “high-order” transport sweeps to directly estimate
the eigenfunction, but rather to directly estimate Eddington factors, which depend weakly
on the eigenfunction. The Eddington factors are then used in a “low-order” quasi-diffusion
eigenvalue problem to determine new estimates of the eigenvalue and eigenfunction. These
estimates are used to construct an updated fission source, which enables a new QD iteration
to begin. Because the Eddington factors generally depend weakly on the eigenfunction, the
QD iteration process usually converges rapidly.

The QD method is a deterministic approach for solving particle transport problems;
its converged estimates of the scalar flux have spatial and angular truncation errors. The
QD method can be implemented with Monte Carlo-estimated Eddington factors [[12]]; the
resulting scalar flux estimates have spatial truncation errors and statistical errors arising
from the Monte Carlo-estimated Eddington factors.

Like the QD method, the FMC method employs a ‘“high-order” particle transport pro-
cess to estimate nonlinear functionals, which are then used in a “low-order” equation to
estimate the eigenfunction and eigenvalue (One FMC functional is closely-related to the QD
Eddington factor). Another similarity is that the QD and FMC eigenfunctions are estimated
on a preassigned spatial grid.

The FMC method differs from the QD method in the following ways: (i) the FMC
method uses Monte Carlo (rather than a deterministic method) to perform the high-order
calculations used to estimate the functionals; and (ii) the FMC method yields estimates of
the eigenfunction and eigenvalue that have no spatial truncation errors. The only errors in the
FMC estimates of the k-eigenfunction and eigenvalue are those arising from the statistical
errors in the Monte Carlo estimates of the functionals. In this sense, the FMC method is
a pure Monte Carlo method — although the use of a spatial grid could tempt one to think
otherwise.

In this dissertation, all analyses are restricted to 1-D planar geometry. Energy depen-

dence is first taken to be monoenergetic; then multigroup; and finally, continuous energy.
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There appears to be no fundamental obstacle to extending the FMC method to 3-D problems.

(This will be discussed later.) The remaining chapters of this thesis are organized as follows.

Chapter 2: The FMC method for Mono-energetic k-eigenvalue Problems

In this chapter, we first discuss the relationship between the new functional Monte
Carlo method, the previous QD method [12]], and Cooper’s work [6; [7; 8]]. We then present
the mathematical theory of the FMC method [17; [16] for a monoenergetic k-eigenvalue
problem. We motivate the use of the tent function for the FMC method. A procedure to
generate low-order equations with material discontinuity within a cell is presented. Finally,
we give a brief overview of the Monte Carlo tallies, and the FMC feedback technique used

in this thesis.

Chapter 3: Monoenergetic k-Eigenvalue Problems: Numerical Results

In this chapter, we compare the FMC and standard MC numerical simulations of
k-eigenfunctions and eigenvalues for four mono-energetic problems (including a 1-D full
PWR reactor core). We find that the FMC method significantly reduces the “tilting” that
is often seen in simulations of systems containing one large fissile region, or in systems
with tightly-coupled fissile regions (e.g. nuclear reactor cores). For these problems, FMC
estimates of the k-eigenfunctions and eigenvalues are significantly more accurate than those
obtained using standard Monte Carlo methods. Problems involving weakly-coupled fissile
regions (e.g. storage tanks for spent fuel rods) are inherently more difficult, because the
eigenfunctions for these problems can be highly sensitive to small perturbations. For such
problems, the FMC estimates of the eigenfunction have larger variations from one cycle
to the next than standard Monte Carlo estimates. Nonetheless, our numerical simulations
indicate that the FMC estimate of the eigenvalue and eigenfunction are more accurate than
standard Monte Carlo estimates. We further compare the Shannon entropy behavior of the

fission source for the problems with FMC feedback and without FMC feedback.
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Chapter 4: The FMC method for Multigroup Energy k-eigenvalue Problems

In this chapter, we extend the one-group FMC method derived in Chapter 2 to multi-
group k-eigenvalue problems. We follow the same basic procedure in developing the
multigroup FMC method as was used for monoenergetic problems, but now there is addi-
tional complexity because of the occurrence of between-group scattering processes. We
successfully tested the multigroup FMC method on a homogeneous slab problem. We did
not further develop and test the multigroup FMC method, because it is a straightforward

extension of the monoenergetic FMC method.

Chapter 5: The FMC method for Continuous Energy k-Eigenvalue Problems

In this chapter, we extend the FMC method to planar geometry continuous-energy
k-eigenvalue problems [37; 38]. This is an important step, because energy-varying
cross-sections are necessary for practical applications. In the formulation given here, energy-
integrated or multigroup nonlinear functionals are estimated using the standard Monte
Carlo method. These functionals are then used in multigroup, low-order FMC equations
to estimate the eigenvalue and eigenfunctions. Here the tent functions are defined on the
original spatial grid; initially there is only one kind of material in each spatial cell and the
scalar fluxes are averaged on a staggered grid. Later, we generalize the method to: (1)
accommodate any number of materials within one coarse spatial cell; (2) define the tent
functions on a staggered grid; and (3) obtain the averaged scalar fluxes on the original spatial
grid. To accommodate the continuous-energy feature, we introduce a U-function into the
calculation. The U-function satisfies an adjoint equation. We also give a detailed procedure

to solve for U-function for both the energy-independent case and the multigroup case.
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Chapter 6: Continuous Energy k-Eigenvalue Problems: Numerical Results

In this chapter, we compare the FMC and standard MC numerical simulations of
k-eigenfunctions and eigenvalues for two representative problems. Again, FMC estimates of
the k-eigenfunctions and eigenvalues are shown to be significantly more accurate than those
obtained using standard Monte Carlo methods. We further compare the Shannon entropy for
the standard Monte Carlo calculation and the FMC calculation. Finally, we compare the
true variance and apparent variance for the Monte Carlo simulation with and without FMC

feedback.

Chapter 7: Conclusions and Future Work

We conclude with a summary of the numerical results, and then outline our future work

to extend the FMC method to 3-D problems with a more realistic continuous energy library.
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Chapter 2

The FMC method for 1-D
Monoenergetic k-Eigenvalue Problems

In this chapter, we first discuss the mathematical basis for the Functional Monte Carlo
(FMC) method. We then present the mathematical theory of the FMC method for a monoen-
ergetic k-eigenvalue problem. We motivate the use of the tent function for the FMC method.
A procedure to generate low-order equations with material discontinuity within a cell is

presented. Finally, we give a brief overview of the Monte Carlo tallies used in this thesis.

2.1 Mathematical Basis for the Functional Monte Carlo
Method

Motivated by Cooper’s work on global Monte Carlo simulations for deep penetration
problems [6; 7 8], we decided to investigate the quasidiffusion (QD) method as the first step
in a hybrid technique for eigenvalue problems. To describe the QD method, we consider for

simplicity a slab-geometry monoenergetic problem with isotropic scattering:

al// _1 VZf(x) ! / !
S (o) + 2 0w ) = 5 (B + >/11//(x,,u)du L 0<x<X, (2.1a)
vO,u)=0,0<u<l, (2.1b)
v(X,u)=0, -1<u<0. (2.1c)
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We define the angular flux moments as
1
O (x) = / W) m=0,1.2. 2.2)
Operating on Eq. (2.14) by

1
/ ‘um()d‘u’m:O7l7
-1

we obtain:
d X
0 0) + 2l = D ) @30
d
) 2,01 () =0 (2.3b)
Eq. (2.3b)) gives:
___1 4%
01 (x) = 50 dr (x) . (2.4)
Introducing this into Eq. (2.34), we obtain:
d d X
_EZ,l(x) %(x)%—Ea(x)qﬁo(x) _V i(x) do(x), 0<x<X. (2.5a)

Next, operating on Eq. 1| by fol 2u(-)du and using Egs. |i and lb we obtain:

1
0= /0 2uy(0,1)du
1 1
= [ wyO.pdu + [ luly(0.p)dn

1
= 010)+ [ luly(0.u)du
1

d¢y
Y, (0) dx

Similarly, operating on Eq. Ii by f?l 2|ul(-)du and using Eqgs. 1j and 1' we

1
(0)+ /_ 1 |y (0, p)dp . (2.5b)
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obtain:

0
0= [ 2uly(x.u)du
1 1
=~ [ nypdu + [ iy (x.pdn

1
= =000+ [ |uly(udu

1 dy !
——Zt(X)E(XH/_IIulw(X,u)du. (2.5¢)

The Eddington factor is defined as:

_ 9
o (x)
S Py (x,p)dy
f—ll y(x, p)du

= (¥ (x), 0<x<X, (2.62)

E(x)

and the boundary Eddington factors are defined as:

S5y (e, p)dp
S vl p)du
=(luh(x) , x=0,X. (2.6b)

B(x) =

From Egs. (2.6), we obtain:

and

[ iy m)an = B
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We may then write Egs. (2.5) as the following quasidiffusion problem:

B+ L) = g 0<x<x, e
0= BO)#(0) 555 7 0). (2.7b)
0 =B(X)do(X)+ 5 (lx) dgj’o (X). (2.7¢)

The Quasidiffusion method employs the following iteration scheme:
1. Starting with estimates ¢"(x) and k", an updated angular flux w"+1/2) (x, 1) is obtained

by solving the “high-order” transport problem:

u#(m) + 2, () w2 ()
- % (zs(x) + "i{ngx)) 0" (x),0<x<X, (2.8a)
y 2 0,u)=0, 0<pu<1, (2.8b)
y (X u)y=0, —1<p<o0. (2.8¢)

2. The updated angular flux y(*+1/2) (x, ) is then used to estimate the Eddington factors:

Em/2) () = Lll w2y 2 (x ) dp
JLope 2 (e ) dp
fl | | (n+1/2) )d
plr1/2) () — LBV T mdi (2.9b)
JL w2 () dp

L, 0<x<X, (2.92)

3. The following “low-order” quasidiffusion problem is solved for the new eigenfunction
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and eigenvalue estimates ¢ "1 (x) and k"1,

e W00+ 20
- Vki’;(f?w“)(x) 0<x<X, (2.10a)
0= gn+1/2) (O)¢(n+1)(0) B tho) dE(an/;)(P(nH) 0. 2.105)
0 = BIrH1/2) (x) (1) (x) — 2,(1)() dE(n+10/;)¢(n+1) X 2100

Egs. (2.8)—(2.10) have been solved previously using deterministic methods [1;12]. With
Cooper’s work in mind, we develop a hybrid technique for eigenvalue problems by: (1) using
the Monte Carlo method to solve Egs. for l[/("'H/ 2) and Egs. lb for E("t1/2) and
B +1/2) "and (ii) using a standard cell-average discretization to solve a discretized form of
Egs. (2.10). We describe this hybrid technique as the Monte Carlo quasidiffusion method
(MCQD).

To accomplish this, we assume a spatial grid of J cells with cell-edges
OZX]/2 <X3/2 <... <)Cj_]/2 <Xj+]/2 < - Xj41/2 =X. 2.11)

The j* spatial cell is Xj1/2 <X <Xjy/2, Withwidth hj =x; 1/ —x;_1/5. We assume that
within each j’h cell, the cross sections are constant.

At the beginning of the (n+1)* iteration, ¢ ") (x) and k") are known from having solved
a cell-averaged discretization of Egs. in the previous iteration. We use Monte Carlo to
simulate Eqgs. and determine l[/("'H/ 2) (x, ). The results of this Monte Carlo simulation

are used to estimate the integrals in Egs. (2.6), and these are used to estimate the Eddington
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factors in Egs. (2.9), e.g.

nt1/2) _ J! fx]]+11//22,u O H12) (x ) dxdp

( .
! S L w2 (x, ) dxdp
(n+1/2) (0 d
B(lr;-;l/Z)_f By (0.p)dp (2.12b)
S w120, n)du
1 (n+1/2) (x
p1/2) _ Jolnly (X, u)du . (2.12¢)

TR 2 (X ) dp

Finally, these Monte Carlo-generated Eddington factors are used in the standard cell-average
discretization of Eqgs. (2.10) on the grid defined by Eqs. (2.11)). For the first (j = 1) spatial

cell, we find:

¢1(n—|—1)

n+1/2 n+1/2
, <E§n+1/2)¢2(n+1) _E1(n+1/2)¢1(n+1)> Bg/; / )El( +1/2)
— +
E

Sohy + I 0172 Tugh gl 172

+Eaihi ol = vEah 0" : (2.13a)

k(n+1)

for the interior (2 < j < J —1) spatial cells:

(n+1/2) , (n+1) (n+1/2) , (n+1) (n+1/2) , (n+1) (n+1/2) , (n+1)
(B T —E T LB R
X jrthjr1 + 2 jh; Yo jhj+Xij-1hj
(n+1) _ (n+1) |
o b9 = oy VERRIT S

(2.13b)

and for the last (j = J) spatial cell:

(n+1/2) 2(n+1/2) n n n n
BPE |y (B g g
Ej(fl}éz) 4o 4 by Bg’f] 1/22) /  ghy+E j-1hj—

+ X b0l = vZsho"Y (2130

k(n+1)

In Cooper’s work [7] for deep shielding calculations, it was found that Monte Carlo
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estimates of the Eddington factors Eqgs. are much more accurate and stable than the
Monte Carlo estimates of ¢. The reason for this is that the estimates of the Eddington
factors depend only on the angular shape of the Monte Carlo estimate of y and not on its
amplitude. We reasoned that for difficult eigenvalue problems, Monte Carlo could yield
accurate Eddington factors, even if it could not yield accurate eigenfunctions, and that these
Eddington factors could be used in Egs. to yield accurate estimates of ¢ and k.

The MCQD method described above has spatial truncation errors, because of the errors
that occur in approximating Eqs. (2.10) by the discrete Egs. (2.13). We may then inquire: is
it possible to formulate equations of the general form of the QD equations above, but which
have no truncation errors? If so, these equations could be adapted for use in Monte Carlo
simulations by employing nonlinear functionals as in the QD method. One would then have
a finite set of equations having the general form of a MCQD equation, but which in fact con-
stitute a pure Monte Carlo method having only statistical errors that occur in the estimates
of nonlinear functionals. The affirmative answer to this question is the newly-developed

Functional Monte Carlo (FMC) method, which we describe next.

2.2 Analytical Formulation of the Functional Monte Carlo
Method for the Monoenergetic k-Eigenvalue Problem

Here we consider a standard planar-geometry, monoenergetic k-eigenvalue problem

with anisotropic scattering and vacuum boundaries:

0 1
pSE ) + v - [ Syl p)dn!
Y 1
= L(X)/ vix,u)dy' , 0<x<X, (2.14a)
2k 1
y(0,u)=0, 0<u<t, (2.14b)
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where:

> 2n+1
(e p ) = ), =
n=0

Y () Py () By (1) . (2.15)

Eqgs. are the “high-order” transport equations for y(x, i) and k. The “low-order”
FMC equations are derived by the following procedure:

1. First, we construct specified angular moments of Egs. (2.14). Specifically, we take
the zero-th and first angular moments of Eq. (2.14a), multiply Eqs. (2.14b) and
by u, and integrate over the incident directions. No approximations are made
in performing these operations, and the exact solution of Egs. satisfies the
angularly-integrated equations. This step duplicates the first step of deriving the
low-order QD equations.

2. Next, with the spatial grid of J cells from Eq. (2.11)), we define J+ 1 “tent” functions
on this grid [see Egs. (2.21) and (2.22))]. Using the tent functions, we construct certain
spatial moments of the angularly-integrated equations obtained in Step 1. Again, no
approximations are made in performing these operations, and the exact solution of
Eqgs. (2.14) satisfies these spatially- and angularly-integrated equations. This step is
not part of the QD method.

3. Introducing no approximations, we manipulate the spatially- and angularly-integrated
equations from Step 2 to obtain a discrete system of “low-order” FMC equations,
containing (1) nonlinear functionals of the exact solution, and (i1) spatial moments of
the scalar flux around each of the J+ 1 grid points. Again, no approximations are
made in performing these operations. If the nonlinear functionals are known exactly,
the discrete system yields exactly (i) the spatial moments of the scalar flux around
each of the J+ 1 grid points, and (ii) the k-eigenvalue.

After deriving the low-order FMC equations, the Monte Carlo simulation of Eqgs.

can proceed. In this standard Monte Carlo simulation, the user specifies the number of
Monte Carlo particles per generation, the simulation begins with a crude (flat) estimate of

the fission source, “inactive” cycles (generations) are performed to converge the fission
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source, and then “active” cycles (generations) are performed to estimate the eigenfunction
and k. All of these operations are performed using conventional Monte Carlo procedures.

However, while performing these standard Monte Carlo simulations, information from
the Monte Carlo particle histories is used to generate estimates of the scalar flux ¢ (the
eigenfunction), and of the nonlinear functionals in the low-order FMC equations. More
specifically: for each active generation, we calculate new estimates of the FMC functionals,
using the new data generated from the Monte Carlo histories processed during that genera-
tion. At the end of each generation, after all the “fission” Monte Carlo particles have been
processed, the FMC functionals are calculated and the discrete low-order FMC equations
are solved. This yields the FMC estimates of the k-eigenfunction and k-eigenvalue for that
generation. The process is repeated for each active generation. After a specified number of
active generations, the mean value and standard deviation of the (standard Monte Carlo and
FMC) generation-wise eigenvalues and eigenfunctions are calculated in the usual way.

We pursue two different approaches: (1) the Monte Carlo simulation of Egs.
proceeds independently of the results of the FMC calculations. The FMC calculations are
performed using information extracted from the conventional Monte Carlo particle histories,
but none of this new information impacts the Monte Carlo simulation of Eqs. (2.14). The
purpose of this approach is to describe the FMC method and show that even with a tilted
or otherwise poorly-represented Monte Carlo fission source, this method is much more
accurate than standard Monte Carlo. (2) A more sophisticated approach is the Monte Carlo
simulation with FMC “feedback”, i.e. use the (generally more accurate) estimate of the
fission source from the low-order FMC calculations to modify the Monte Carlo fission
source for the next generation.

Because the FMC functionals are weakly-dependent on the angular flux y, the Monte
Carlo estimates of these functionals are less statistically noisy than those of ¢, and the FMC
estimates of the eigenvalue and eigenfunction generally have a smaller variance than the

standard estimates. Also, because both the standard Monte Carlo and the FMC methods
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have only statistical errors, in the limit of an infinite number of Monte Carlo particles per
generation and an infinite number of generations, both methods will converge to the exact
eigenvalue and eigenfunction.

We now begin the derivation of the low-order FMC equations. Following Step 1
described above, we take specific angular moments by operating on Eq. with
f_ll 1" (-)du for n =0 and 1. Defining:

1
0u0) = [ Hylxm)du (2.162)

-1
To(x) = %, (%) — B0 (x) (2.16b)
T (%) = B (x) — T () (2.16¢)

we obtain:

W 4 mm = g, @172
%(x) + X (%) (x) =0. (2.17b)

Next, operating on Eq. (2.14b)) by fol 2u(-)du and on Eq. ll by ffl 2u(-)du, we get:

1
0=01(0)+ [ |uly(0.m)du, (2.18a)

1
0= 0100 [ Inly(X.u)du. (2.18b)

Solving Eq. (2.17b)) for ¢;(x):

01(x) = —————(x). (2.19)
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Using Eq. (2.19) to eliminate ¢; from Eqgs. (2.17a) and (2.18), we obtain:

d_1 d¢  VEp(x)
T dx M) T EE00) = — () (2.20a)
1 d¢, !
z,,(o)a@ = /_ ey (O, p)du (2.20b)
1 d¢ _ 1
zt,(X)E(XF—/_l (X, p)du . (2.20¢)

Egs. are exactly satisfied by the solution of Eqgs. (2.14). This completes Step 1 of the
derivation of the FMC equations.

Next we perform Step 2 described above. We prescribe a spatial grid consisting of J + 1
points x; 1/ satisfying 0 =xy jp <x3p <+ <X;_1/0<Xjy10<-+-<x5_12<Xp412=X.
The j* spatial cell consists of the interval x j—1/2 <X < xjy1/2; the width of this cell is
hj =xj,1/2—xj_12. Within each 7 spatial cell, the cross sections are assumed to be
constant and are written as X;(x) = Xy, j, L (x) = X4, j, and VI (x) = VI, ;. Later, we will
discuss problems in which the cross sections are discontinuous within spatial cells.

For each grid point x; |, we define the functions f(x) = fji/2(x). For0 < j <J—1,
we let:

(X3 —x) , 0=xj1p <x<Xi3p

h.
frap®=4"" (2212)
0 , otherwise .

For 1 < j < J, we let:

1
h—j(x—xj,l/z) , O:xj,1/2<x<xj+1/2

fiiipt) = (2.21b)

0 , otherwise .
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fjtl/z(x) fJ+—l/2(x)

| > X

Xj-172 Yivz Yaan Xpcy2 o Xy =X
Figure 2.1 The functions f;_l 1 (x).
A
Sr12(0)
l l > X
Xic12 Xiv1/2 Xiv3/2 Xy X=X
Figure 2.2 The functions f,, (x).
Then we define the “tent” functions f;,  »(x) by:
(
+ P
j+1/2(x) y J= 0
, — .+ - ; _ 222
Jiv12 j+1/2(x)+ j+1/2(x) , 1<j<J—1 (2.22)
| Fr1p®) =
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Since for 1 < j < J,

1 X; <x<ux;
- ’ j—1/2 A > Aj41/2
fj__l/z(x) +fj+1/2(x) =
0o , otherwise ,
the tent functions satisfy the condition:
J
Y fir1p)=1,0<x<X. (2.23)
j=1

fj+1/2(x)

|
0=x,, X372 Yj-1/2 Xiv1/2 Xi+3/2 Xi-v2 Xy+12 T

> X

X

Figure 2.3 The tent functions.
Next, we multiply Eq. (2.20a) by f;,/>(x) and integrate over 0 < x < X. For j =0 we

obtain:

X3/2 d 1 a’¢2 X372
Ly 50 e ae ) o+ R COLICE

1 /%32

=7 J1/2(x)VEf(x)do(x)dx .
X1/2
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Integrating the first term by parts and using Eq. (2.20D), we get:

%52 d 1 do
/){1/2 Ji/2(x) {E Etr(@a(x)} dx

1 d¢»
= x —(x
fiyal )Zml ax s, o

1 d¢ 1 32 d@n
— —(0)+ / x)dx
Z"tr,l dx Z"tr,lhl X1/2 dx ( )

! 1
= _/l |.U|1I/(X1/2=u)du+ m [¢2(X3/2) — d)z(xl/z)} .

o (%pdfin 1 d¢,
— d
/x o T, ax W

Thus, the preceding equation can be written:

1 1
/_1 |y (xy o, u)dp — Tt [02(x32) — 92(x1/2))]
1

X3/2 X3/2
+ fl/z(x)Za’l (P()(X)dX = z fl/z(x) VZﬁ] (P()(x)dx . (2.24a)
X1/2 X1/2

For 1 < j <J—1, we obtain:

B /mm ) l % erl(x)% (x)] et /xj/;/z Fi1/2(¥)Za(x) o (x)dx

Xj-1/2

I [Yi+32
= [ B @ vE @ )
Xj—1/2

Integrating the first term by parts, we get:

/xj+3/2fj+1/2(x) [ d 1 @(x)} I

i1 dx Yr(x) dx

Y dfip, 1 dg
— d
/x dx ir(x) dx (x)dx

Yiv12 1 d Xj+3/2 1 d
= _/ A ﬁ(x)dx—l—/ " 02 (x)dx
Xj_1/2 hjsz' dx Xjt1/2 hj+12tr7j+l dx
B 1
Y jrthjv

i-1/2

[02(xj53/2) — $2(xj41/2)]

1
 Zinjhy (92(xj41/2) = 02(xj12)] -
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Thus, the preceding equation can be written:

1 1
TS [02(xj1372) — 92(xj412)] + S [02(xj51/2) — $2(xj_1/2)]
Xj+3/2 1 [*j+3/2
[ fap@E @@= [ fapeve e, @24b)
Xj—1/2 Xj—1/2

For j = J we follow similar steps as for j = 0 and get:

1 1
/_] || W (412, 1)d e+ S [02(xy41/2) — $2(x7112)]

XJ+1/2 1 [*X+1)2
+/ : Jrs1/2()Zas00(x)dx = — : Jrs12(0)VEf j9o(x)dx . (2.24¢)

XJ-1/2 k XJ-1/2

Eqgs. (2.24) are a system of J + 1 discrete equations, which are exactly satisfied by the
solution y(x, i) and k of Egs. . This completes Step 2 of the derivation of the FMC
equations.

Next we perform Step 3 described above. For each 0 < j < J, we introduce new func-
tions g, 1/>(x) that are nonzero only where f;/,(x) are nonzero. These functions are not
uniquely defined; there is considerable flexibility in choosing them. We use two definitions

of gj;1/2(x). First, we use a “delta-function” definition:
gjr12(x) =6(x—xj112) , 0<j<J. (2.25)

We also use a “histogram” definition. With x; = (x;;1/2 +x;_1/2)/2 = midpoint of the Vi

spatial cell, we define: for j =0,

2
oo X1 Sxsag,

gipx)=14" (2.26a)
0o . otherwise ,
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for1 <;j<J—1,

e,y <x<xj,

hi+h;
gjr1plx) =97 (2.26b)
0 , otherwise ,
and for j =J,
2
;0 XJ SXS-XJ—H/Z;
gra1p)=9" (2.26¢)
0o otherwise .

Other definitions of g;, |, are possible; for example, ;12 = f;11/2- However, these will
not be considered in this dissertation.

For 0 < j < J, we define:
Xj+3/2
Pji1/2 :/x 8j+1/2(xX)o(x)dx (2.27)
i-1/2

where @(x) is the scalar flux, x_; , = x;/, =0, and x;,3/> = x;11/» = X. The quantities
@, 12 will be the “flux” unknowns in the low-order FMC equations. If Eq. (2.25) is used

to define gjﬂ/z(x), then for 0 < j < J,

Djir1p= ¢0(xj+1/2)

= pointwise (cell-edge) scalar flux atx; 1/, .
If Eqs. (2.26) are used to define g /»(x), then for 1 < j <J—1,

B ) o
; = x)dx
j+1/2 it e Jy, 0

= scalar flux averaged between the midpoints of the j and (j+ 1) cells.

In the remainder of this dissertation we refer to the @, , obtained using g/, defined by
Eq. (2.25) as the edge unknowns, and to the @, |/, obtained using g;,/, defined by Eq.

(2.26)) as the average unknowns.
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To proceed, we multiply and divide each of the terms in Egs. @ by a suitable @

to obtain the following equivalent system of J + 1 equations:

SRl A 1 (k) Jxs fijp(0)Za1 o (x)dx
+ +
@y)s i @y D)

1 Jos Fi2(X)VEF1 9o(x)dx
k D)y

D3/ =

- [ 1 $2(x3)) @), (2.28a)

Erih @3

( - 1)@@Hm+ﬁm%ﬁmwmw%mw
D12 D12

Yirjrthjr1r  Xopjh;
1 $(xj_12)
— [ =1/ D -

1 P2 (xj43/2)
Lonjrthjrr Pji3p

Ejhj @12

1 [faéﬁi/; Fir1/2(x)VEr(x)@o(x)dx

Dy, 1<j<T1, (2.28b)

ok D12

_|_

Dyi1)2 Yirghy ®ri1)2 Dyi1)2

S G o, )du 1 $2(x41)2) fjjjjll//zzfJ+1/2(x)Za,J¢0(x)dx
+ D12

X
XJlel//zz Jr1/2(x)VEy 160 (x)dx

D12

_[ 1 0a(xy_1)2) Dyiip. (228¢)

Yirghy Pj_1p2

1
Dy 1= Z
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Equivalently, if we define the following nonlinear functionals of y:

f—ll |I~L|V’(X1/2,I~L)dl~l

B1/2 = = 5 (2293.)
ety 1181 (0)W(x, u)dudx
1
Ju)d
By = xj+]/{1l\H\W(xJ+1/2 p)du ’ (2.29b)
ijq/z f—lgl+l/2(x)lll(x7“)d.udx
L2
10, 0)d
Ejoip= xwfllu Y(xjy1/2, H)dp | (2.29¢)
fx]:q/z f—l 8j+1/2(x)‘V(x7H)dﬂdx
o L p @ () (2200
j+1/2 = Xj43/2 d :
ij—l/z g]+1/2(x)¢0('x) X
Fiorp = féﬁﬁ%z Fir1/2(x0) VEf(x) o (x)dx (2.29¢)
j+1/2 — X; .
f S/ 871/2(x) 90 (x)dx
then Egs. (2.28) can be written more compactly as:
1
{Bl/z " EtrlhlEl/z +A1/2] Pry2- |:Ztr1h1E3/2} a2
1
= % |:Fl/2] (I)l/z s (2303)

1 1 1
+ Ei1p+A; 1c1>- —{—E_ 1c1>-_
Kzrr,jhj Ztr7j+1hj+1> A i P T

1 1
—|=—E; (OB = — |F; OR 1<j<J—1 2.30b
[Etr,j+1hj+1 ]+3/2} 327 % Fiv1/2) @jsrjp » 1< < ; ( )
{BJ+1 2+ 0 hJEJ+1 2+Arn /2} Djy1p— [Ztr,J I E; /2} D12
1
% [ J+1/2] Dy (2.30¢)

Egs. (2.29) and (2.30) are exactly satisfied by solution y/(x, ) and k of Egs. (2.14). However,

the following is also true: if the functionals in Egs. (2.29)) are evaluated using the exact

eigenfunction y(x, 1), and Egs. (2.30) are then solved for @, /, and k, then the resulting

31



D, 1/ and k are exact, 1.e. k is the exact eigenvalue, and @, |, are the exact appropriate
space-angle moments of y. We remark that the QD method has “boundary” and “Eddington
factor” functionals Egs. (2.9) that are closely related to the B and E functionals in Egs.
(2.29).

To summarize the FMC procedure used here: Egs. (2.14)) are simulated using the stan-
dard Monte Carlo method of processing fission particles from one cycle to the next. The
standard Monte Carlo k-eigenvalue is estimated for each cycle, and the final (standard
Monte Carlo) estimate of k is obtained by averaging k over all active cycles. During this
process, additional information is processed and stored beyond what is needed to perform
the standard simulation. Specifically, Monte Carlo estimates of each of the integrals in
the numerators and denominators of Eqgs. are obtained. At the end of each active
cycle, the functionals in Egs. (2.29) are calculated and Eqs. are solved to obtain the
FMC cycle-wise estimates of ®;,; and k. After the active cycles are completed, the FMC
eigenvalues and eigenfunctions are averaged over the active cycles to obtain the final FMC

estimates of k and ¢.

Remarks

1. The FMC method is based on two assumptions:
(a) The functionals in Eqgs. (2.29) depend weakly on y and can be evaluated with
Monte Carlo more accurately than direct Monte Carlo estimates of ¢y.
(b) If Egs. are solved with small errors in the functionals, the resulting errors
in®;, /, and k will be small.
To argue the first point, we note that the functionals in Egs. are all local,
e.g. Ej 1/, depends on estimates of y only in the jand (j+ 1)”’ spatial cells. Also,
these functionals depend only on low-order spatial and angular moments of y, and
because of their nonlinear character, they are only weakly-dependent on the amplitude

of y. Therefore, if a Monte Carlo estimate of y yield a poor estimate of the ampli-
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tude but a reasonably good estimate of the spatial and angular shape of y, then the
functionals in Eqgs. (2.29) should be evaluated accurately.

To argue the second point, if we use the crude estimate of y:

_90j+1/2

ll/(x,‘u)w 2 ) xj*l/z <X<Xj+1/2
in Egs. (2.29), we obtain:
1
Bijp=Bp=75, (2.31a)
1
Ejr1= 3 (2.31b)
(
%Za’lhl ) j: 0
Ajr12=§ 3 (Zajhj+Eajurhin) , 1<j<J—1 (2.31¢c)
\ 1Xashy , j=J,
)
3VEfih , j=0
Fiop = §(vEpjhj+VEpjnihjn) , 1<j<J—1 (2.31d)
SVErshy , j=J.

When these functional values — all of which are independent of ¢ ;, |/, — are intro-
duced into Egs. (2.29), we obtain the standard cell-edge diffusion discretization of the
diffusion approximation to Eqs. (2.14).

Thus, the discrete system of Egs. is closely related to the classic diffu-
sion approximation to Eqs. (2.14). If the underlying physical transport problem has
eigenfunctions and eigenvalues that are weakly-sensitive to small perturbations in the
fuel or moderator, then small statistical errors in the FMC functionals should produce
comparably small statistical errors in the FMC estimates of the eigenfunction and

eigenvalue.

33



2. We give our argument for choosing “tent functions” as in Step 2. Let f; /z(x) be
an arbitrary local function, which involves the spatial grid point it is identified with
and adjacent spatial grid points. We shall see what conditions the function fj./»(x)

needs to satisfy. Again operating on Eq. (2.20a)) by

/ v fir12(x) []dx

Xj—1/2

we get:

Xj+3/2 d d Xj+3/2
7 )| s ] e [ sz oms

Xj-1/2 dx ¥ (x) dx Xj-1/2

1 [Xj+3/2
= / / i1 2 (0)VE ()@ (x)dx . (2.32)
Xj—1/2

Using integration by parts, the leakage term becomes:

Xj13/2 d 1 d¢g
/x. ” fiv12(x) [a—zﬁma(ﬁf)} dx
i
1 d¢ . xj+3/z_/xj+3/2 dfii12 . 1 dp
r(x) dx x dx Yr(x) dx

= fir12(x) (x)dx .

Xj-1/2 j—1/2

If the function fj+1/2 (X) satisfies fj+1/2 (Xj,l/z) = fj+1/2 (Xj+3/2) = 0, then the first

term is zero and the leakage term is simplified to:

= (x)dx .

_/xf+3/2 dfis12 . 1 dp
x dx Y (x) dx

i—1/2

Here we require that function f; 1 (x) is continuous but need not possess a derivative
at the spatial grid point it is identified with. If we also assume that df; > (x)/dx
is a constant between adjacent spatial grid points, then the integral above can be
further simplified. The “tent functions” satisfy all the conditions discussed above. By

defining f; /2(x) as a tent function at spatial grid point x; 1, the above integral
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can now be easily carried out, yielding

- _ /x/ﬂ/z 1 @(x)dx+ /XM/Z ! d¢2(x)dx
x h

j=1/2 hjz’”vj dx Xjt+1/2 j+121r,j+1 dx
1
= — - X - X
il [02(xj43/2) — 92(x11/2)]
1

~ 5 [92) = 0]

The “tent function” is not the only possible choice here. However, it is certainly a
straightforward one. We note that the tent function is also used in the finite element
method as a first-order basis function. However the finite element method has trunca-
tion errors, but in the present context, the use of the tent function does not lead to any
truncation error.
. We give a brief discussion of attempts to develop an FMC method in which the
functionals depend on the neutron current. (We were not able to obtain a satisfactory
method of this type, for reasons discussed below.)

For simplicity, without considering the spatial dependence, we write the Monte

Carlo estimate of the angular flux as

Vest (1) = (1) +0w(u)

where y(u) is the true angular flux, and Sy(u) is a small perturbation.

If we define the nonlinear functional

1
n d
fn:f_lu v(u)du Ca—12 (2.33)

S w(p)dy

35



then the Monte Carlo estimate of the nonlinear functional becomes:

fn,est = fn + (an

e + Sy(w)dp
SL w(p) + Sw(u)]du
_Sherywdp+ [ Sy (u)dp
Jhww)du+ [ Sy(u)du
(1)

S un Sy (u)du
_ Jopylu du[1+ S ury(u)du ]

1 S Sy (w)du
f‘IW(“)d“[l+ .L'lw(u)du}

filu”ﬁw(mdu] 1- M+...]
S5y (u)du SLww)dp
A (fllu”&/f(mdu L 5w(u)dﬂ> ]

= i1+

= ] ] (2.34)
Jopry(wydu 2 y(p)dp
The relative error in the nonlinear functional can expressed as:
1 1
"o d 0 d
Sfn _ Jom"Sy(w)dp 2, 8w (p)di (235)

S Sherw(wydu [ y(u)du

When n =1 (odd), f_ll py(u)du can be very small for diffusive problems where y
is nearly isotropic, thus the relative error in f;, can be very large. This is not true when
n =2 (even), since [', u?y(u)du is always positive.

Our conclusion is that the “functional” approach is likely to be advantageous
when the FMC method is based on low-order equations in which the current- related
(n = 1) term is algebraically eliminated. This does not mean that efficient methods
containing current do not exist; but it does mean that methods containing these terms
are more likely to be problematic.

. The FMC method does not have the conventional standard neutron balance equation

for each cell. Integrating Eq.(2.17a) over [x;_;/5, X112, we obtain the standard
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neutron balance equation for cell j:

Xjs1/2 VE£(x)

. Po(x)dx 1< j<J.

01512 =915 1)+ [ R d)dx = [
Yj-1/2 *

j=1/2

(2.36)

J
However, operating on Eq. (2.36) by Z() , we get
j=1

X X yY o (x
¢1(x1+1/2)—¢1(x1/2)+/0 Za(x)%(x)dx:/o v J];( )q)o(x)dx. (2.37)

Eq. (2.37) is a statement of neutron conservation over the system. Eq. (2.37) is also

an ingredient of the FMC method, because the FMC method is based on :

X
/O Fior2(x) [Eq.(2.20)]dx . (2.38)

J
and operating on Eq. (2.38) by Z () , we have
j=1

J X i
j;l [/0 fj+1/2(x)[Eq. 2.20 ]dx_

- /OX ( z; fin /z(x)) [Eq.(2.20)]dx

X
= /O [Eq.(2.20)]dx , (2.39)

which states that the FMC method satisfies neutron conservation over the system.

. In this section, the tent functions are defined on a spatial grid having J spatial cells.
The eigenfunctions obtained from the low order FMC equations are defined either “at”
the cell edges [Eq.(2.23))] or averaged on a “staggered” grid [Eqs.(2.24)] as shown in
Figure 2.4, rather than averaged over the spatial cells. We may inquire: is it possible
to make accurate estimates of ¢ over the spatial cells? The answer to this question is

discussed next.
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Figure 2.4 The FMC eigenfunctions are averaged on a “staggered” grid as shown.
2.3 Cross Sections that are Discontinuous within a Cell

In Section 2.2, we have assumed that each spatial cell only contains one kind of
material. Here we adopt the assumption that each interior spatial cell may consist of two
regions with different cross sections except at the boundary layers. For boundary layers,
we assume that each layer only contains one kind of material. The case of a spatial cell

containing multiple regions is discussed later in Chapter 5.

2.3.1 Procedure to Generate Low-order Equations with Material Dis-
continuities within a Cell

Again, we prescribe a spatial grid, consisting of J+ 1 points x;,/, satisfying
O0=ux1/p <x320 <+ <xXj_1p<Xjy120<--<x5_1/2<x7112=X. The 7' spatial cell
consists of the interval x;_j, <x <x;1/; the width of this cellis hj = x;, 1/ —x;_1/2-

To obtain the flux average over a spatial cell:

1 Xj+1/2
P; = / ¢o(x)dx
Xjr1/2 =Xj—1/2 Jxj1p

1oy
T bodx 1<j<T (2.40)

hj Xj_1/2
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we introduce a staggered grid point x;j such that x; 1, <x; <xj1pfor2 <j<J—-1.
There are two ways to choose staggered grid points: (1) x; is chosen as the material interface
if the spatial cell contains two material regions; (2) x; is chosen to be the midpoint if the
cell only contains one kind of material. Let hf =Xj—Xj_1/2, and hf =xj;1/2 —Xj. Clearly
the width of the j** cell i = h%; + .

For 1 < j <J, we define tent functions f;(x) at the staggered grid point x;.

For j =1:

1
h1+hL(x2—x) , 0=x1<x<x

filx) = 2 (2.41a)

, otherwise .

For2<j<J—1:

1
W(X—Xj_l) 5 Xj_1<X<Xj

f]('x) - W(Xj_}_] —X) s Xj <x< Xj+1 (241b)

0 , otherwise .

And for j =J:

1
R 1+hj<x_xj—1) s X <x<xy=X

frlx) = (2.41¢)

0 , otherwise .

The tent functions defined on a staggered grid are displayed in Figure 2.5, while detailed
information for a staggered grid point x; is shown in Figure 2.6. We note that the number of

tent functions is equal to the number of spatial cells.

We now begin the derivation of the low-order FMC equations. We multiply Eq. (2.20a))

by f;(x) and integrate over 0 < x < X.
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Figure 2.5 The tent functions defined on a staggered grid.
S
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> X
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—————— S — e e e
K hy hy Ko
Figure 2.6 Detailed information for a staggered grid point x;.
For 2 < j <J—1, we obtain:
Xj+1 d 1 dp Xjt
— f~xl— —x]dx—f—/ fi(0)Xq(x)0o(x)dx
L7000 | G e @] 4t [ omatan)
1 [+
=7 Fi(xX)VEs(x)o(x)dx . (2.42)
Xj—1
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Using integration by parts, we write the first term of Eq. (2.42)) explicitly as:

- /:Hf (x) {sz,rl(x) cizdf( )} dx

_/x’“ i (1 d¢2( )dx

Lip(x) d
1 des | /ml 1 dé
—_ x)dx — ———— dx
h§71+hj X1 Zer(X) dx( ) hf%—hgfﬂ x, o Zor(x) dx( %)

Xj

_ 1 $2(xj_1/2) — 92(xj-1) N $2(x;) — P2(x;-1/2)
Wiy + b5 i y
1 P2 (xjp12) — P2(x;)  da(xj41) — ¢2(Xj+1/2)]
+ . (2.43)
hR+hj+l [ 25‘] ZtLr,j—H

To simplify notation in Eq. (2.43)), we define the contents of the second square bracket as

1 1
Gj= =z [$2(x41/2) — $2(x))] + o [$2(xj41) — D2(xj112)] - (2.44)
Z’tr] Zl‘r]—b—]

In Section 2.3.2, the function G is rewritten in terms of ¢ (x;) and ¢ (x;41):

N 16+ &
Gj B [Ztr] 2 ¢2(x]+ ):| ¢2(xj+1)
1|&| - _
{Ztrj 2 ¢2(xj) ]¢2(xj)
=Ly j0a(xj11) — L2 j2(x;) (2.45)

where

(2.46)
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and

. L LE1+6,
b Zl}’j 2 ¢2(xj+1)
1|&j[=&;

Ly ;i + — .
I Z:tr] 2 ¢2(xj+1)

(2.47)

Using Eq. (2.43), Eq. (2.43) can be written:

-J) 00 |

1 1
=x 91" G
A Wk

1
e (L1 02(x)) — Lo i1 92(xj1)]
j-1 T

[L1j02(xj1) — Lo j $2(x))]

Lyj-1 n Ly
R N R

= ¢2( 1)+

- —; 02 (xj+1) » (2.48)

where the second moments defined at the spatial grid points ¢ (x4 /2) have been collapsed

into the parameters L; ; and L ;.

Using Eq. 2.48), for 2 < j <J — 1, Eq. (2.42) becomes:

Ly -1 Ly j Ly ; Ly
rPax)+ | | 92(x)) — g $2(xj41)
TR W FhE T R R
Xj+1 1 X+
+ fi(x)Zalx)90(x)dx = [i(x)vEs(x)do(x)dx . (2.49)
Xj—1 Xj—1

Similarly, for j = 1 (left boundary, Figure 2.7) we multiply Eq. (2.20a)) by fj(x) and
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integrate to obtain

= d_1_doy,
—/XI fi(x) {Eﬁn( ) dx ]dx+/ filx

_r : f](x)vZf(x)(Do(x)dx

TN AG)

Z1‘r,l Zl‘r.2 i Ztr,2

X

0=x, X372 X Xs/2

h h5 h%

a(%) 9o (x)dx

Figure 2.7 Detailed information on the left boundary.

Integrating the first term of Eq. (2.50) by parts, we get:

/fl [detrl )éﬁz()]dx

1 $2(x3/2) — P2(x1)

$2(x3/2)

- / 1w (0. p)d -

hy + h% |

1
= [ Iy (O.)dn — G

1
h —|—/’l§

1
= 0,pn)dp —
[ w0 p)d e

Thus, the preceding Eq. (2.50) for j = 1 can be written:

Lo, Ly
/ Hlw(O. 0+ - +hL¢2( D +hL¢z<xz>

N P2 (x2) —

EL

% [Ll,l ¢2(-x2) —L271 (])z(xl)} .

tr,2

(2.50)

(2.51)

= [F AR w0 = [*A@VEn@dr. @5
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For j = J (right boundary, Figure 2.8), We follow similar steps as for j = 1 by multiplying

Eq. (2.20a) with f7(x) and integrate to obtain

‘/x:f”[icz,,l< e }d +/J £1(0)Ea () o (x)dlx

= % J1(x)vEs(x)do(x)dx

XJ—1

JAx)

L ‘ R
DI Z:r,J-l er,J

Xy

X312 X1 X2 X=X

N .
R
hi, hj hy

Figure 2.8 Detailed information on the right boundary.

Integrating the first term of Eq. (2.53)) by parts, we get:

X7 d 1 d
_/XJ_lfJ(X) [azﬂ( ) dqjcz( ):| dx
I 1
- [ s

Thus, the preceding Eq. (2.53) for j = J can be written:

! Ly Ly
/_1 Iy (X, pw)dp + i (Pz(xf)—m $2(xy-1)
[ @@= 7 v @ e
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Next, for 1 < j < J, we introduce functions g; (x) that are to satisfy:

1

no Xj-1/2 <X < Xjp1)2
gj(x) =
0 , otherwise .

For 1 < j <J, we define:

b= / ).Cj? 8j(x)¢o(x)dx , (2.56)

where xo = x1, =x1 =0, and xy41 = x;,1/2 = x; = X. The quantities ®; are the flux
average over spatial cells, which are also unknowns for the low-order FMC equations as

indicated in Figure 2.9. We note that Eq. (2.56) is equivalent to Eq. (2.40).

A .
o LA | . LG . e

X L X X1, X | Xy Xy

0=x,, x5, X512 Xica2 o Yic2 Yien Xiv3/2 Xj-3/2 Xj-12 Xy

[
><v

Figure 2.9 The heavy line (spatial cell) intervals show the regions where the ®; are averaged using
tent functions defined on a staggered grid.

In the next step, we define the nonlinear functionals, which are similar to the monoener-

getic case, as follows:
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P
Ji g1(x)do(x)dx
Jh (X, ) dp
o 8r(x)go(x)dx
N ePy(xg p)dp
= T g o
[ 0B (0) ()
[T g (00 dx
Je L fi(x) VE(x) do(x)dx

F; = _ . 2.57
N YT e 27

Bj =

Aj=

In terms of nonlinear functionals, Egs. (2.49), (2.52), and (2.55) can be written as:

B+l piia e - |- gl
P e T T e
1
= [Fl®r, (2.58a)
Ly (Llj—l Ly ; >
|G Ej | P+ Sl T VB A @
R L= J R LR L JTAG|F]
Ly 1 ,
~ | gEgr B | R = [F] @y, 2<j< U1 (2.58b)
j T
Ly Lij_q
—|———Ej_1|Pj_1+ |Bj+——"E;+A;| P
h§,1+hj J—1 J—1 J h§71+hj J J 7
1
= ¢ [E] Py (2.58¢)

Egs. are the FMC low-order equations, which are solved to obtain the FMC
eigenfunctions averaged over spatial cells. To summarize the FMC procedure used here with
material discontinuities within spatial cells, Egs. are simulated using the standard
Monte Carlo method of processing fission particles over a series of cycles. The standard

Monte Carlo k-eigenvalue is estimated for each cycle, and the final (standard Monte Carlo)
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estimate of k is obtained by averaging k over all active cycles. During this process, Monte
Carlo estimates of each of the integrals in the numerators and denominators of Eqgs.
and the remainder term & Eq. are obtained. At the end of each active cycle, the
functionals in Eqgs. and the terms L; ; and L, ; in Egs. are calculated. Egs.
(2.58)) are solved to obtain the FMC cycle-wise estimates of ®; and k. The FMC cycle-wise
estimates of ®; are averaged over spatial cells. This information can be used to update the
Monte Carlo fission source distribution.

It remains to evaluate the G; function defined in Eq. (2.44). A detailed procedure to

accomplish this is described next.

2.3.2 Procedure for Evaluating the G; function

We recall from Section 2.3.1, the G; function is defined as:

1
Gj=ox [92(xj112) = 02 (x))] + o [$2(xj11) — (x4 2)] (2.59)
er,j Zl‘r,j—ﬁ—l

where x; and x| are staggered grid points, x;, 1 5 is the spatial grid point (Figure 2.10). Let

R _ L _ _ R L :
hi =xjy10—xj, iy =xj41—Xj012, and Aj = h7 +h; . For region [xj, Xj11/2], the
cross section is assumed to be constant and is written as Zf , while for region [x;, /2, xj11],

the cross section is assumed to be constant and is written as Zﬁ 1

R L
Zz‘r,j Ztr,j-*-l
x; Xiv1/2 X1
—————— e ~———
R L
h; hj

Figure 2.10 G, function is defined on two neighboring staggered grid points.

We want to rewrite G in Eq. (2.59) so as to eliminate ¢(x;y1/,). The second moment
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¢>(x) can be approximated using linear interpolation:

(x—x;)

(Xj+1—x)
)H— iy

$2(x) ~ ¢ (x; A

+ @2 (xj41)

Pursuing this approximation, we define E; to satisfy the following equation:

ey h
02(xj172) = 02 ()= + 92 (xje1) 1= +E; (2.60)
] J

then E; = O(A?).
Next, using Eq. (2.60) to eliminate ¢ (x;/») from Eq. (2.59), we obtain:

1 1 1 1
Gj= g 9201) — gr920x) + ZT_ZL—> $2(xj11/2)
tr,j+1 tr,j tr,j tr,j+1
1 1 1 1 e R
02(xj01) = s () + | s — s | [$200) = + G2 (xj1) - HE;
1 Zir Y Ihin A, A,
1 1 1\ ¥ 1 1 1\ Ay
:¢2(Xj+1) + — L —¢2(x;) — — ) J
Ihi \Zhy Zoa) A I O\EN Ehia) A
+ | ! E
YR  vL J
i T
h hR hR ok 1 1 1
+1 J J j+1
= 0(xj1) |5+t | o~ 00 |+ —+|=—=— | E;.
T Tl A Tni T A \Zhy o Ihga
(2.61)
To simplify Eq. (2.61)), we define
R L
Sj \Ihy  Zhjar ) BSHRE
W hk 1
J j+1
=| =+ —. (2.62)
(Zfr,j ZtLr7j+1> Aj
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1 1 1
Gi==—[0o(xj1) =)+ | = —=— | E; - (2.63)
Zirj I T
Let:
1 1 )
&= SFyL E; = remainder term. (2.64)
tr,j tr,j+1

Rewriting the remainder term and combining it with the first term in Eq. (2.63)), we get

Gj= EL [$2(xj+1) — 92(x))] + &

tr,]

S [0~ 021)] + 5 1651+ ) — 5 (1651 )

tr,J
1 1 1 1
- {fm"”(’“f“”a <’5f‘+é3>} - {gw%(xj)g (5] —éaj)}
_ ! l\5j|+éi} . _{1 1|éaj\_gj} |
_{fw. 2 ¢ (xj41) $2(xj41) T 2 o)) 02(x)) , (2.65)

where 1 (|| +&;) > 0and 1 (& — &) >0.

We further define
L 1g1+6
Lijj=s—+3
Yj 2¢(xj11)
1 1|&]=&
Lyj=—+- : (2.66)
T T 2¢(xje)
which yields
Gj =Ly j¢2(xj+1) — Lo, j¢2(x;) - (2.67)
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Note that if &5 > 0,

Lg+8 _ &

2¢2(xj1)  P2(xj41)

o Lo\,
$a(xj) \ IR T !

1 1 1 M KR
- N (P X _(P X J——¢ X _J
(Zﬁ.j ZtLr,j+1> ¢2(xjr1) 2(¥j1172) = 02(%)) A 2( /“)AJ.

( 1 1 >[¢2(xj+1/2)_ ¢ (x;) h§+1_§

I8 Timj) | 20)  ¢xn) A A,

In this way, we show how the remainder term &’ and the L ;, L, ; in Eq. (2.66) are evaluated

using MC simulation.

2.4 MC Fission Source with FMC feedback

A longstanding problem for Monte Carlo criticality calculations is the slow conver-
gence of the fission source distribution for systems with a high dominance ratio (DR). Since
the resulting FMC eigenfunction estimates from the low-order equations are more accurate
than the standard MC estimates, the MC fission source distribution can be improved by
utilization of the FMC fission source distribution. We now list the steps involved in the
straightforward feedback algorithm.

1. Calculate the fraction of fission source distribution occurring in each cell j,

VEf iQ;

= DIV oy 1< <
J J =J = ’
Y Vi Oy

where ¢; is the resulting eigenfunction estimate for cell j from the low-order FMC
equations.
2. The expected number of fission neutrons in cell j can then be calculated as

nj = total number of neutrons/cycle *P; .
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3. Finally, we adjust the number of fission neutrons in cell j according to the following

ratio
expected number of fission neutrons 7;

~ actual number of MC fission neutrons in cell j

rj

We do this by randomly deleting particles in cell j if there are too many, or randomly

duplicating in the cell if there are too few.

2.5 Analog Monte Carlo method

2.5.1 Path Length Estimator and Related Functions Tally

The Monte Carlo method can be used to solve the transport equation by following
each of many MC particles from its birth to its death. We can then obtain the information
of interest by tabulating the average behavior of the simulated particles. Quantities we are
interested in here are the scalar flux and FMC nonlinear functionals. The most widely used
method for estimating the scalar flux is the path length estimator. For each MC particle, we
record the path lengths of its tracks from its birth to its death. The scalar flux is defined as
the mean path length generated per MC particle per unit volume, i.e. the scalar flux is in
units of per MC particle per unit area:

1 NN
¢ = ﬁ; (,; Inj) (2.68)
where V is the volume of tallied region, N is the total number of simulated MC particles,
N, is the total number of track lengths generated by the n'” history, and In,j 1s the 7' path
length tracked by the n'" history in tallied region V.

To evaluate FMC nonlinear functionals, we need to estimate integrals of the type

/ T b)Y o (x)dx (2.69)

Xj—1/2
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To do this, let x; be a MC particle initial position and x, be the ending position within
the tallied region [x;_; »,x;;1/2]. Then the path length the MC particle traverses equals
I =|(x, —x5)/u|, where u is the direction cosine of the MC particle. The integrals of type

fx]’ +1'/22 (ax+ b)(x)dx can be evaluated as the average of /:

/Xj+1/2(ax+b)¢(x)dx: ~Yi, (2.70)
j—1/2

where

(xe _xv) [; (xv +xe) +b]

[% (x5 +xe) )1 @.71)

2.5.2 Surface Crossing Estimator

The scalar flux on a planar surface at depth x can be evaluated as

n:]

(2.72)
Iun ,I

where
My, j = direction cosine of the n'" particle, the j* time it crosses the surface at depth x;
N, = number of times the n' particle crosses the surface at depth x.

The surface flux also has the unit of per particle per unit area.

The second moment can be evaluated as

3

~—

<
W)
=
N~—
|
Z| =

|, |
1|un,]r nil)

F

2|~

M= M=
T

> |tnj) - (2.73)
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2.5.3 Estimators for the k-eigenvalue

The following information is required to set up a criticality calculation using Monte
Carlo simulation [27]:

1. initial guesses of k. ¢ and the initial fission source distribution;

2. number of histories N per k.7 cycle (generation);

3. the number of inactive cycles;

4. the number of active cycles M.

With the initial guess for the fission source distribution, N Monte Carlo particles are
simulated. Both eigenvalue and eigenfunction are estimated, and the fission sites for the
next cycle are generated. This iterative process is continued until all active cycles are
completed. The criticality eigenvalue for any active cycle is estimated using the following

three estimators.

k-eigenvalue definition

kery 1s estimated using its definition:

number of fission neutrons in generation 7+ 1

kerr = 2.74
eff number of fission neutrons in generation i ( )
Path Length Estimator
The rate of fission neutron production is given by
/ VE(x)9 (x)dx . (2.75)
14
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Thus the path length estimator of k. s can be accumulated when a MC particle traverses a

distance [ in a fissionable material region with fission cross section X:

1 N
@ﬁ:Nwa. (2.76)

n=1

Collision Estimator

The collision estimator of ks takes account the collisions which occur. It is a summa-

tion of the probability of fission occurring over all collisions.

1 N VZf

ke =N L5 7v 1%
n=1<s Y f

1 N VZf

%

=N (2.77)

n=1

2.5.4 Mean, Variance and Relative Standard Deviation

The Monte Carlo estimate of the mean value (sample mean) is calculated as

1

X=—
Mi

Mk

Xi , (2.78)

1

where x; is the estimated value for the i active cycle and M is the total active cycles

simulated in the problem.

The unbiased Monte Carlo estimate of variance of the x values can be estimated as

M —\2
2 Zi:l(xi_x)
= &= 2.7
Ox M—1 (2.79)
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The Monte Carlo estimate of variance of the sample mean X is given by

|
_ 1 EY (i—%)? (2.80)
M oM_1 :

The square root of the variance is called the standard deviation. We define the relative

standard deviation of x values as

O
Orel = Tx > (2.81)
X
and the relative standard deviation of the sample mean X as
RSD = &
X
1 o,
= ——. (2.82)

The relative standard deviation in population o,,; is a dimensionless quantity, while
the relative standard deviation of sample mean RSD is inversely proportional to v/M. In
this thesis, the sample mean and the relative standard deviation of the sample mean are
compared in eigenvalue and eigenfunction calculations for all different methods.

For a single MC run with M active cycles, the apparent relative standard deviation of
the sample mean (apparent RSD) is obtained using Eqs. (2.80) and (2.82)). The true relative
standard deviation of the sample mean (true RSD) is estimated from L independent MC
runs (with the same M active cycles, and different random number seeds). We then obtain

L estimates of the value of X. The estimated true RSD of X is obtained using equations

analogous to Egs. (2.79) and (2.81):

L
o2(true) = —— Z((x)i —3)?, (2.83)
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and

ox(true)

Oy (true) = (2.84)

X

L = 25 independent MC runs are used in obtaining the estimated true RSD. The central
limit theorem states that we can use the normal distribution to approximate the sampling
distribution of the sample mean. For the uniform, normal, and exponential population distri-
butions, the sample distribution of the sample mean tends to become very nearly normal for
sample size as small as L = 25.

Due to inter-cycle correlation, the MC estimates of the apparent relative standard devia-
tion of the eigenfuntion are much smaller than the MC estimates of the true relative standard

deviations. This is particularly true for problems with high dominance ratios.

2.5.5 Shannon Entropy

The Shannon entropy [29;130; 28] of a source distribution is defined as
J
H=-Y Pjin(P) (2.85)
j=1

where P; is the source fraction in region ;.

Shannon entropy can be used as an index to judge whether the fission source distribution
has converged. (The Shannon entropy fluctuates when equilibrium of the fission source
distribution has not been achieved, but becomes nearly constant when the fission source is

converged.)
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Chapter 3

Monoenergetic k-Eigenvalue Problems:
Numerical Results

In this Chapter, we numerically test the FMC method as described in Chapter 2 on four
problems for which the standard Monte Carlo method is problematic. These problems were

chosen to highlight the strengths and the weaknesses of the FMC method.

3.1 Monoenergetic Problem 1: A Large, Homogeneous
Fissile Region

First, we consider the relatively straightforward problem of a large homogeneous fissile

region surrounded by a thin reflector. The physical data is given in Table 3.1.

Table 3.1 Data for Problem 1.

Region Location X Y50 | Xspn | VI
1 O0<x<5 1.0 | 0.856 | 0.1 0
2 5<x<205 | 1.0]0.85 | 0.1 |0.144
3 205 <x <210 | 1.0 | 0.856 | 0.1 0

Here x has units of cm, £ has units of cm™!, in column 5 of the data Table 3.1 n = 1,2,3,
and X , = 0 for n > 4. We consider anisotropic P3 scattering. The exact eigenfunction of
Problem 1 has a basic “cosine” shape in the central fissile region. Our fine-mesh Sy solution
of this problem, which used the Sz, Gauss-Legendre quadrature set with 2z = 0.01, produced

k =0.999384. The dominance ratio (DR) of this problem is 0.995, which is obtained by
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using the the S3, Gauss-Legendre quadrature set with 50 inner iterations.

3.1.1 Flat Initial Fission Source without FMC Feedback

We now present results of Problem 1 for a flat initial fission source guess and without
FMC feedback. Our Monte Carlo simulations use 50,000 histories per cycle with a uniform
grid h = 1.0.

In Figures 3.1-3.3 we display for Problem 1 the Sy eigenfunction and averaged estimates
of the eigenfunction from (i) standard Monte Carlo (MC), (ii) Functional Monte Carlo using
the “edge” unknowns (FMC edg), and (iii) Functional Monte Carlo using the “averaged”
unknowns (FMC avg). As is indicated in the figures, these plots are obtained by averaging
the Monte Carlo estimates of the eigenfunction over nine 100-cycle spans, i.e. cycles
101-200, 201-300, 301-400, 401-500, 501-600, 601-700,701-800,801-900, and 901-100.

Figures 3.1-3.3 show that the Sy and FMC estimates of the eigenfunction are virtually
coincident and are much more accurate than the MC estimates. The MC eigenfunction
appears to be trying to converge to the correct “cosine” shape, but it slowly “wobbles”
around it. This “wobbling” is caused by undersampling of the fission source and can be
suppressed by increasing the number of Monte Carlo particles per cycle.

Figure 3.4 shows the estimates of the eigenfunction, averaged over the last 500 cycles
(501-1000), and the estimated apparent relative standard deviations and true relative standard
deviations in the Monte Carlo, FMC edge, and FMC average scalar fluxes over the cycles.
The apparent relative standard deviations are obtained from a single 1000-cycle (500 inactive
cycles, and 500 active cycles) run; the true relative standard deviations are obtained from 25
independent 1000-cycle runs. A detailed procedure is given in Chapter 2, Section 2.5.4.

The figure shows that, even though it is averaged over a large number of cycles, the
MC estimate of the eigenfunction is inaccurate and “tilted.” The estimated relative standard
deviations (both apparent and true) in the FMC eigenfunctions are smaller than those of the

MC eigenfunction, and the FMC eigenfunction estimates are clearly much more accurate. A
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Problem 1 averaged eigenfunction estimates during cycles 101-400.
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Figure 3.2 Problem 1 averaged eigenfunction estimates during cycles 401-700.
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Figure 3.3 Problem 1 averaged eigenfunction estimates during cycles 701-1000.
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detailed comparison between the apparent relative standard deviation and the true relative
standard deviation in the MC, FMC edge, FMC average eigenfunction estimates is given
in Figure 3.5. This figure shows that the true relative standard deviation is more than a
factor of 10 greater than the apparent relative standard deviation in the MC eigenfunction
estimate. This is because of the correlations in the fission source between one cycle and the
next. Figure 3.5 also shows that the true relative standard deviations in FMC edge and FMC
average eigenfunction estimates are approximately the same as the apparent relative standard
deviations. Thus, fission source correlations do not seem to affect the FMC estimates. We
conclude that the estimated relative standard deviations in the FMC eigenfunctions from a
single 1000-cycle run can be trusted.

Figure 3.6 gives the apparent relative standard deviations and the true relative standard
deviations in the nonlinear functionals E and A, and in the MC, FMC edge, FMC average
scalar fluxes. The figure shows that the true relative standard deviations in the nonlinear
functionals E and A are approximately the same as the apparent relative standard deviations.
As expected, the MC estimates of the nonlinear functionals £ and A are much more accurate
than the direct MC estimates of the eigenfunction. Also, the relative standard deviations
in the “average” FMC functionals are smaller than the relative standard deviations in the
“edge” functionals.

Figures 3.7-3.8 display results for eigenfunction estimates at the 100, and 500" cycles.
These figures show that the MC eigenfunction estimate is noisier than the FMC “edge”
eigenfunction estimate, which in turn is noisier than the FMC “average” eigenfunction
estimate. These figures also show that the “average” FMC functionals are less noisy than
the “edge” functionals.

We note from Figures 3.7-3.8 that for individual cycles, the MC and FMC estimates of
the eigenfunction all contain high-frequency spatial errors, and from Figures 3.1-3.4 that
by averaging these eigenfunction estimates over 100 or more cycles, the high-frequency

errors are greatly suppressed. However, the MC eigenfunction estimates contain much
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Figure 3.6 Comparison for Problem 1 of apparent RSDs and true RSDs in MC, FMC edge, FMC
average scalar fluxes, and the nonlinear functionals E and A.

larger low-frequency errors than the FMC eigenfunction estimates, and these are not greatly
suppressed by averaging over active cycles.
In Table 3.2 we display the estimates of the Problem 1 eigenvalue and the relative
standard deviation during each of the ten 100-cycle spans that we ran.
This table shows that the FMC estimates of k are several orders of magnitude more accu-
rate than the MC estimates; this is due to (i) the insensitivity of the nonlinear functionals to

statistical errors in the flux estimates, (ii) the insensitivity of the low order FMC equations to
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Figure 3.7 Problem 1 eigenfunction and nonlinear functional estimates for cycle 100.
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Table 3.2 Estimates of k and its Relative Standard Deviation for Problem 1.

Cycles | Standard MC | FMC edge | FMC average

1-100 0.998050 0.999385 0.999385
(0.0007701) | (0.0000002) | (0.0000002)

101-200 0.998768 0.999385 0.999385
(0.0005659) | (0.0000002) | (0.0000002)

201-300 0.999546 0.999385 0.999385
(0.0005243) | (0.0000002) | (0.0000002)

301-400 0.998978 0.999385 0.999385
(0.0005663) | (0.0000002) | (0.0000002)

401-500 0.997939 0.999385 0.999385
(0.0005906) | (0.0000002) | (0.0000002)

501-600 0.998691 0.999385 0.999385
(0.0004900) | (0.0000002) | (0.0000002)

601-700 0.999997 0.999385 0.999385
(0.0005218) | (0.0000002) | (0.0000002)

701-800 0.998958 0.999385 0.999385
(0.0006221) | (0.0000002) | (0.0000002)

801-900 0.999819 0.999385 0.999385
(0.0005835) | (0.0000002) | (0.0000002)

901-1000 0.999810 0.999385 0.999385
(0.0005316) | (0.0000002) | (0.0000002)

small errors in the functionals, and (ii1) the relative geometric simplicity of the problem. An
unexpected result is that even though the FMC-edge eigenfunction estimate is noisier than
the FMC-average eigenfunction estimates, the two eigenvalue estimates are of comparable
quality.

Since the Sy solution of Problem 1 is known, we can calculate the true relative standard
deviation using the “exact” (Sy) k. value. Our calculation results show that the true relative
standard deviations are identical to the apparent relative standard deviations in the FMC
estimates of k.sr. Also, the ratios of the true relative standard deviations to the apparent
relative standard deviations for the MC estimates of k, ¢ for ten 100-cycle spans are given in
Table 3.3. From this table, we note that the true relative standard deviations are only slightly
greater than the apparent relative standard deviations (difference in the Sth digits). These

ratios are approximately equal to one. Thus the Monte Carlo estimates of the eigenvalues
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can be trusted.

Table 3.3 MC estimates of Relative Standard Deviation of k for Problem 1.

Cycles | True Rel. Std. Dev. | Apparent Rel. Std. Dev. | Ratio

1-100 0.0007807 0.0007701 1.0138
101-200 0.0005689 0.0005659 1.0053
201-300 0.0005246 0.0005243 1.0006
301-400 0.0005675 0.0005663 1.0021
401-500 0.0006074 0.0005906 1.0284
501-600 0.0004946 0.0004900 1.0094
601-700 0.0005257 0.0005218 1.0075
701-800 0.0006233 0.0006221 1.0019
801-900 0.0005854 0.0005835 1.0033
901-1000 0.0005335 0.0005316 1.0036

3.1.2 Flat Initial Fission Source with FMC Feedback

In Section 3.1.1, it is seen that the MC estimates of the eigenfunction do not converge
to the correct “cosine” shape during a 1000 cycle test run. On the other hand, the resulting
FMC eigenfunction estimates from the low-order equations are seen to converge almost
immediately and remain stable in all 100-cycle spans. A more sophisticated approach to
this problem is the MC simulation with FMC feedback, in which the MC fission source
distribution is improved by utilization of the FMC fission source distribution. A detailed
procedure is given in Chapter 2, Section 2.4.

Figure 3.9 shows estimates of the eigenfunction from standard Monte Carlo (MC) with
FMC feedback, and the consequent Functional Monte Carlo (FMC avg). This figure is
obtained by averaging the Monte Carlo estimates of the eigenfunction over 100-cycle spans,
i.e. cycles 1-100, 101-200, and 201-300. Examining Figure 3.9 we see that Monte Carlo
estimates of the eigenfunction with FMC feedback converge within the first 100-cycle
average.

The Shannon entropy behavior of the fission source for Problem 1 without FMC feed-
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Figure 3.9 Problem 1 averaged eigenfunction estimates during cycles 1-300 with FMC feedback.
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back is shown in Figure 3.10, while the Shannon entropy behavior of the fission source for
Problem 1 with FMC feedback is shown in Figure 3.11. Figure 3.11 shows that the Monte

Carlo estimates of the eigenfunction with FMC feedback converges almost immediately.

5.4E+00
= \1C FMC
5.3E+00 9
5.2E+00 1
ho . ,
v W

5.1E+00 4

5.0E+00 T T T T

0 200 400 600 800 1000

Cycle

Figure 3.10 Shannon entropy behavior of the fission source for Problem 1 without FMC feedback.
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Figure 3.11 Shannon entropy behavior of the fission source for Problem 1 with FMC feedback.

With FMC feedback, the estimates of the Problem 1 eigenvalue with their estimated
relative standard deviations over ten 100-cycle spans are given in Table 3.4 for the standard

Monte Carlo and FMC average. We note that with FMC feedback (Table 3.4) or without
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FMC feedback (Table 3.2), the estimates of the eigenvalue are identical for the FMC average
simulations, and the estimates of eigenvalue agree within statistical errors for the standard
Monte Carlo simulations. Therefore, the use of feedback can greatly improve the MC

eigenfunction estimates, but not the MC eigenvalue estimates.

Table 3.4 Estimates of k and its Relative Standard Deviation for Problem 1 with FMC Feedback.

Cycles | Standard MC | FMC average

1-100 0.998977 0.999385
(0.0007465) | (0.0000002)

101-200 0.999337 0.999385
(0.0005985) | (0.0000002)

201-300 0.999038 0.999385
(0.0006221) | (0.0000002)

301-400 0.999360 0.999385
(0.0005173) | (0.0000002)

401-500 0.999587 0.999385
(0.0005406) | (0.0000002)

501-600 0.999293 0.999385
(0.0005925) | (0.0000002)

601-700 0.999616 0.999385
(0.0005773) | (0.0000002)

701-800 1.000814 0.999385
(0.0005949) | (0.0000002)

801-900 0.999419 0.999385
(0.0005751) | (0.0000002)

901-1000 0.999264 0.999385
(0.0005360) | (0.0000002)
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3.1.3 Asymmetric Initial Fission Source, with and without FMC Feed-
back

Next, we further demonstrate the strengths of FMC by considering an asymmetric
initial fission source guess. We assume that the initial source sample probability of the left
half fissile region (5cm-105cm) is 85%, while the initial source sample probability of the
right half fissile region (105cm-200cm) is 15%.

First, we run for 1000 cycles, using 50,000 histories/cyc without FMC feedback. In
Figures 3.12-3.14, we compare results for the estimated flux, averaged over 100 cycle
intervals (from a 1000-cycle sequence) for (a) standard Monte Carlo and (b) FMC average.
Although the initial fission source is extremely asymmetric, the FMC results are seen to
have only small fluctuations for the first 100-cycle average, and the fluctuations die out by
the fourth 100-cycle (301-400) average. The MC results are far from the symmetric “cosine”
shape for all 100 cycle averages (from a 1000-cycle sequence).

We also ran this asymmetric initial fission source problem with FMC feedback. Figure
3.15 is obtained by averaging the Monte Carlo estimates of the eigenfunction over 100-cycle
spans, i.e. cycles 1-100, 101-200, and 201-300. This figure shows that the Monte Carlo
estimates of the eigenfunction with FMC feedback converge within the first 100 cycle aver-
age. We investigate the convergent behavior further by averaging the Monte Carlo estimates
of the eigenfunction over 10-cycle spans, i.e. cycles 1-10, 11-20, and 21-30. Figure 3.16
shows that the Monte Carlo estimates of the eigenfunction with FMC feedback converge
within the second 10-cycle span.

The Shannon entropy behavior of the fission source without FMC feedback during 1000
cycles is shown in Figure 3.17, while the Shannon entropy behavior of the fission source
with FMC feedback is shown in Figure 3.18. Again, the figures show that the MC estimates

of the eigenfunction with FMC feedback converge almost immediately.
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Figure 3.12 Problem 1 averaged eigenfunction estimates during cycles 101-400 for asymmetric
initial fission source without FMC feedback.
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Figure 3.13 Problem 1 averaged eigenfunction estimates during cycles 401-700 for asymmetric

initial fission source without FMC feedback.
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Figure 3.14 Problem 1 averaged eigenfunction estimates during cycles 701-1000 for asymmetric

initial fission source without FMC feedback.
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Figure 3.15 Problem 1 averaged eigenfunction estimates during cycles 1-300 for asymmetric initial

fission source with FMC feedback.
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Figure 3.17 Shannon entropy behavior of the fission source in Problem 1 for asymmetric initial
fission source without FMC feedback.
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Figure 3.18 Shannon entropy behavior of the fission source in Problem 1 for asymmetric initial
fission source with FMC feedback.

Next we consider two related problems, each having two slightly different fissile re-
gions separated and surrounded by an absorbing moderator. The purpose of these problems

is to examine the MC and FMC methods when fissile regions begin to decouple.
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3.2 Monoenergetic Problem 2: Two Separated Fissile Re-
gions

In Problem 2, two nearly identical 5.0 cm wide fissile regions are (i) separated by a
7-cm moderator, and (ii) surrounded by equivalent 5.0-cm moderators. This problem differs
from Problem 1 because there are now two local maxima in the scalar flux (corresponding to
the two separated fissile regions), and the amplitude of the scalar flux at these two maxima
depends sensitively on the problem details (the width and values of VX in the two fissile
regions, the optical distance between the two regions, etc.). The data for this problem is

given in Table 3.5.
Table 3.5 Data for Problem 2.

Region Location X Y0 | Lo 12}

1 O<x<5 |10]0.85 | 0.1 0.0
5<x<10 | 1.0 0.856 | 0.1 | 0.19680
10<x<17 1.0 0.856 | 0.1 0.0
17<x<22|10|0.85 | 0.1 | 0.19764
22 <x<27|1.0]0.856 | 0.1 0.0

DR W

As in Problem 1, column 5 holds for n = 1,2, and 3, with X, = 0 for n > 4. The
entire system is 27 cm thick. The S3; solution, obtained with 2 = 0.01, yields kK = 0.992429.
The dominance ratio (DR) of this problem is 0.993, which is obtained by using the the
S3> Gauss-Legendre quadrature set with 50 inner iterations. Because of the slight (0.43%)
asymmetry in VX, the Sy eigenfunction is asymmetric about the midpoint of the system;
the peak of the eigenfunction in the right (slightly more fissile) region is nearly double that
in the left (slightly less fissile) region. Our Monte Carlo simulations used 100,000 histories
per cycle with a uniform grid 2 = 0.1.

In Figure 3.19, we show plots obtained by averaging the MC and FMC estimates of the
eigenfunction over cycles 101-200, 201-300, and 301-400. As in Problem 1, the Sy and
FMC eigenfunction estimates are virtually coincident. However, the MC eigenfunction does

not converge during the first 400 cycles.
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Figure 3.19 Problem 2 averaged eigenfunction estimates during cycles 101 to 400 without FMC

feedback.
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Figure 3.20 Problem 2 averaged eigenfunctions and their RSDs over 501-1000 cycles.
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Figure 3.20 shows the MC estimates of the eigenfunction, averaged over 500 active
cycles (501-1000), and the estimated apparent relative standard deviations and true relative
standard deviations in the MC, FMC edge, and FMC average scalar fluxes over the cycles.
As in Problem 1, the apparent relative standard deviations are obtained from a single 1000-
cycle (500 inactive cycles, and 500 active cycles) run; the true relative standard deviations
are obtained from 25 independent 1000-cycle runs. The figure shows that the apparent
relative standard deviation in the MC eigenfunction estimate is smaller than the apparent
relative standard deviation in the FMC eigenfunction estimates, but the true relative standard
deviation in the MC eigenfunction estimate is noticeably greater than the relative standard
deviation in the FMC eigenfunction estimates. A detailed comparison between the apparent
relative standard deviation and the true relative standard deviation in the MC, FMC edge,
FMC average eigenfunction estimates is given in Figure 3.21.

Figure 3.22 displays the apparent relative standard deviations and the true relative stan-
dard deviations in the nonlinear functionals E and A, and in the MC, FMC edge, FMC
average scalar fluxes. The figure shows that the MC estimates of the nonlinear functionals £
and A are much more accurate than the direct MC estimates of the eigenfunction, and the
relative standard deviations in the “average” FMC functionals are smaller than the relative
standard deviations in the “edge” functionals.

We show Problem 2 eigenfunction plots for individual cycles 100, 101, and 102 in
Figure 3.23, and eigenfunction plots for individual cycles 500, 501, and 502 in Figure 3.24.
As in Problem 1, the correlations that exist between cycles cause the MC estimate of the
eigenfunction to change slowly from one cycle to the next. Because the eigenfunction is
sensitive to perturbations in the cross sections (a 0.43% change in VX in one region causes
a factor of 2 change in the eigenfunction), the FMC estimates of the eigenfunction show
considerable variation from cycle to cycle.

Figures 3.25-3.26 display information concerning eigenfunction estimates at the 100",

and 500" cycles. These figures show that the “average” FMC functionals are less noisy than
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Figure 3.22 Comparison for Problem 2 of apparent RSDs and true RSDs in MC, FMC edge, FMC
average scalar fluxes, and the nonlinear functionals E and A.

the “edge” functionals.

In Table 3.6, we present the estimates of the Problem 2 eigenvalue during each of the
ten 100-cycle spans that we ran. This table shows that estimated relative standard deviations
in the FMC estimates of k are about a factor of 6 smaller than the MC estimates. The true
relative standard deviations in MC, FMC edge, FMC average (obtained by comparing to
the Sy estimate) are given in Table 3.7, Table 3.8 and Table 3.9 respectively. From Table

3.7-3.9, we note that these ratios are approximately equal to one. Thus the estimated relative
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Figure 3.23 Problem 2 eigenfunction estimates for cycles 100, 101 to 102.
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Figure 3.24 Problem 2 eigenfunction estimates for cycles 500, 501 to 502.
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Figure 3.25 Problem 2 eigenfunction and nonlinear functional estimates for cycle 100.
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Figure 3.26 Problem 2 eigenfunction and nonlinear functional estimates for cycle 500.
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Figure 3.27 Problem 2 averaged eigenfunction estimates during cycles 1 to 300 with FMC feed-
back.
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standard deviations in k for the MC, FMC edge, FMC average methods can be trusted.

As in Problem 1, we applied the FMC feedback to Problem 2. Figure 3.27 shows the
estimates of the eigenfunction from standard Monte Carlo (MC) with FMC feedback, and
the consequent Functional Monte Carlo (FMC avg). This figure is obtained by averaging
the Monte Carlo estimates of the eigenfunction over 100-cycle spans, i.e. cycles 1-100,
101-200, and 201-300. Again, the Monte Carlo estimates of the eigenfunction with FMC

feedback converge within the first 100-cycle span.

Table 3.6 Estimates of k and its Relative Standard Deviation for Problem 2.

Cycles | Standard MC | FMC edge | FMC average

1-100 0.987194 0.992272 0.992264
(0.0049541) | (0.0002106) | (0.0001965)

101-200 0.992240 0.992460 0.992441
(0.0003695) | (0.0000524) | (0.0000626)

201-300 0.993296 0.992540 0.992488
(0.0004312) | (0.0000601) | (0.0000545)

301-400 0.992658 0.992478 0.992529
(0.0003634) | (0.0000554) | (0.0000611)

401-500 0.993024 0.992477 0.992528
(0.0004106) | (0.0000580) | (0.0000503)

501-600 0.992746 0.992519 0.992460
(0.0004383) | (0.0000525) | (0.0000552)

601-700 0.992537 0.992527 0.992608
(0.0003638) | (0.0000476) | (0.0000580)

701-800 0.992988 0.992352 0.992395
(0.0004511) | (0.0000554) | (0.0000469)

801-900 0.992907 0.992490 0.992478
(0.0004164) | (0.0000577) | (0.0000594)

901-1000 0.992255 0.992496 0.992491
(0.0003977) | (0.0000509) | (0.0000532)

With FMC feedback, the estimates of the Problem 2 eigenvalue with their estimated
relative standard deviations over ten 100-cycle spans are given in Table 3.10 for the standard

Monte Carlo and the FMC average methods. We note that with FMC feedback (Table 3.10)
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Table 3.7 MC Estimates of Relative Standard Deviation of k for Problem 2.

Cycles | True Rel. Std. Dev. | Apparent Rel. Std. Dev. | Ratio

1-100 0.0049564 0.0049541 1.0005
101-200 0.0003700 0.0003695 1.0014
201-300 0.0004404 0.0004312 1.0213
301-400 0.0003642 0.0003634 1.0022
401-500 0.0004153 0.0004106 1.0114
501-600 0.0004396 0.0004383 1.0030
601-700 0.0003640 0.0003638 1.0005
701-800 0.0004549 0.0004511 1.0084
801-900 0.0004194 0.0004164 1.0072
901-1000 0.0003980 0.0003977 1.0008

Table 3.8 FMC Edge Estimates of Relative Standard Deviation of k for Problem 2.

Cycles | True Rel. Std. Dev. | Apparent Rel. Std. Dev. | Ratio
1-100 0.0002112 0.0002106 1.0028
101-200 0.0000525 0.0000524 1.0019
201-300 0.0000611 0.0000601 1.0166
301-400 0.0000556 0.0000554 1.0036
401-500 0.0000582 0.0000580 1.0034
501-600 0.0000533 0.0000525 1.0152
601-700 0.0000486 0.0000476 1.0210
701-800 0.0000559 0.0000554 1.0090
801-900 0.0000580 0.0000577 1.0052
901-1000 0.0000514 0.0000509 1.0098

Table 3.9 FMC Average Estimates of Relative Standard Deviation of £ for Problem 2.

Cycles | True Rel. Std. Dev. | Apparent Rel. Std. Dev. | Ratio
1-100 0.0001972 0.0001965 1.0036
101-200 0.0000626 0.0000626 1.0000
201-300 0.0000549 0.0000545 1.0073
301-400 0.0000620 0.0000611 1.0147
401-500 0.0000513 0.0000503 1.0199
501-600 0.0000553 0.0000552 1.0018
601-700 0.0000608 0.0000580 1.0483
701-800 0.0000470 0.0000469 1.0021
801-900 0.0000596 0.0000594 1.0034
901-1000 0.0000535 0.0000532 1.0056
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or without feedback (Table 3.6), eigenvalue estimates agree within statistical errors in MC

and FMC.
Table 3.10 Estimates of k and its Relative Standard Deviation for Problem 2 with FMC Feedback.
Cycles | Standard MC | FMC average

1-100 0.987645 0.992297
(0.0050033) | (0.0001963)

101-200 0.992661 0.992496
(0.0004103) | (0.0000486)

201-300 0.992969 0.992420
(0.0003614) | (0.0000553)

301-400 0.994029 0.992575
(0.0004095) | (0.0000601)

401-500 0.992368 0.992550
(0.0003979) | (0.0000511)

501-600 0.992851 0.992455
(0.0003831) | (0.0000538)

601-700 0.992706 0.992593
(0.0003511) | (0.0000565)

701-800 0.993234 0.992494
(0.0003544 ) | (0.0000532)

801-900 0.992830 0.992562
(0.0003935) | (0.0000508)

901-1000 0.993140 0.992575
(0.0003766) | (0.0000537)

The Shannon entropy behavior of the fission source without FMC feedback during
1000 cycles is shown in Figure 3.28. This figure shows that the FMC estimates of the
eigenfunction have considerable variation from cycle to cycle, while the MC estimate of the
eigenfunction changes slowly from one cycle to the next. Figure 3.29 shows the 10-cycle
running average Shannon entropy behavior without FMC feedback. The FMC variations are
now greatly reduced. The Shannon entropy behavior with FMC feedback in every cycle is
shown in Figure 3.30.

As in Problem 1, these figures indicate that the FMC solution has a notably different
character than the MC solution. Figure 3.28 depicts (i) the slow convergence of the MC

fission source to the correct solution, caused by the correlations between sequential fission
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sources. It also depicts (i1) the relatively rapid convergence of the FMC fission source to the
approximate correct solution, but with a much large statistical variance about this solution
than in Problem 1. This larger statistical variation is caused by the eigenfunction’s inherent
sensitivity to small perturbations in the details of the problem. For example, if the 7.0cm
moderator region between the two fissile regions is increased, the problem will inherently
become more sensitive, and the cycle-to-cycle variations in the FMC Shannon entropy will
increase. Figure 3.29 shows that a 10-cycle running average of the eigenfunction yields
nearly an identical MC result as in Figure 3.28, but a FMC result with greatly reduced
statistical variance. This indicates that the relatively large-amplitude statistical variance in
the FMC solution quickly cancels out when averaged over a small number of cycles. Finally,
Figure 3.30 shows that when the MC method is used with FMC feedback, the resulting

Shannon entropy has the same character as that of the FMC Shannon entropy depicted in

Figure 3.28.
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Figure 3.28 Shannon entropy behavior of the fission source for Problem 2 without FMC feedback.
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Figure 3.29 Shannon entropy (10 cycle running average) behavior of the fission source for Problem
2 without FMC feedback.
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Figure 3.30 Shannon entropy behavior of the fission source for Problem 2 with FMC feedback.

3.3 Monoenergetic Problem 3: Two Loosely Coupled Fis-
sile Regions

Problem 3 is similar to but more difficult than Problem 2. The two fissile regions are now
separated by a wider 10 cm absorbing moderator, and now a smaller (0.073%) increase in

vy in the right fissile region yields an eigenfunction with a factor of 2 difference in the
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peaks at the two fissile regions. The data for this problem is given in Table 3.11.
Table 3.11 Data for Problem 3.

Region Location X, Y50 | Lon 122}
1 O0<x<5 [1.0]085 | 0.1 0
2 S5<x<10 | 1.0 0.856 | 0.1 | 0.19680
3 10<x<20| 1.0 0.856 | 0.1 0
4 20<x<25(1.00.85 | 0.1 | 0.196944
5 25<x<30]1.00.85 | 0.1 0

Again, column 5 holds for n = 1,2, and 3; with X, = 0 for n > 4. The entire system
is 30 cm thick. The S3, solution, obtained with & = 0.01, yielded k = 0.987828. The
dominance ratio for this problem is 0.999. Our Monte Carlo simulations of this problem
used a uniform grid 7 =0.1.

In Figure 3.31 we show plots obtained by averaging the MC and FMC estimates of the
eigenfunction over cycles 201-300, 301-400, and 401-500 using 100,000 histories per cycle.
For this problem the two FMC eigenfunction plots are very similar to each other but are not
as close to the Sy eigenfunction as they were in Problem 2. However, the errors in the FMC
eigenfunctions (compared to the Sy eigenfunction) are smaller than the errors in the MC
eigenfunctions. In Figure 3.32, we show eigenfunction plots for individual cycles 500, 501,
and 502. As in Problem 2, the MC eigenfunction estimate changes slowly from one cycle to
the next, while now the FMC eigenfunction estimates vary more from cycle to cycle than
in Problem 2. This happens because the system is more sensitive to perturbations in the
cross sections than in Problem 2 (now only a 0.073% change in V¥ in one fissile region
causes a factor of 2 change in the eigenfunction). The Shannon entropy behavior without
FMC feedback during 1000 cycles is shown in Figure 3.33. Again, the figure shows that the
MC eigenfunction estimate changes very slowly from one cycle to the next, while the FMC
eigenfunction estimates vary rapidly from cycle to cycle. The variation in the FMC Shannon
entropy behavior indicates that the eigenfunction can not be trusted. Since Problem 3 is the

most difficult eigenvalue problem with DR nearly equal to one, 100,000 histories per cycle is
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simply not sufficient.
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Figure 3.31 Problem 3 averaged eigenfunction estimates during cycles 201 to 500 without FMC
feedback (100k histories/cycle).
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Figure 3.32 Problem 3 eigenfunction estimates for cycles 500, 501 to 502 (100k histories/cycle).
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Figure 3.33 Shannon entropy behavior of the fission source for Problem 3 without FMC feedback
(100k histories/cycle).

In Figure 3.34 we show plots obtained by averaging the MC and FMC estimates of the
eigenfunction over cycles 201-300, 301-400, and 401-500 using 1,000,000 histories per cy-
cle. The figure shows that the FMC estimates are almost converged to the Sy eigenfunction,
while the MC estimates are still far from the Sy value.

We show eigenfunction plots for cycles 500, 501, and 502 in Figure 3.35. Again, the
MC eigenfunction estimate changes slowly from one cycle to the next, while the FMC
eigenfunction estimates vary significantly from cycle to cycle.

Figure 3.36 shows the MC estimates of the eigenfunction averaged over 500 active
cycles (501-1000), its estimated apparent relative standard deviations, and the true relative
standard deviations in the MC, and FMC average scalar fluxes over the cycles. The apparent
relative standard deviations are obtained from a single 1000-cycle (500 inactive cycles, and
500 active cycles) run. The figure shows that the apparent relative standard deviation in
the MC eigenfunction estimate appears to be smaller than the apparent relative standard
deviation in the FMC eigenfunction estimates, but the true relative standard deviation in the
MC eigenfunction estimate is noticeably greater than the relative standard deviation in the

FMC average eigenfunction estimate as in Problem 2. A detailed comparison between the
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Figure 3.34 Problem 3 averaged eigenfunction estimates during cycles 201 to 500 without FMC
feedback (1 million histories/cycle).
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Figure 3.35 Problem 3 eigenfunction estimates for cycles 500, 501 to 502 (1 million histo-
ries/cycle).
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apparent relative standard deviation and the true relative standard deviation in the MC, FMC
average eigenfunction estimates is given in Figure 3.37.

The Shannon entropy behavior without FMC feedback during 1000 cycles (one million
histories per cycle ) is shown in Figure 3.38. This figure shows that the MC eigenfunction
estimate changes very slowly from one cycle to the next, while the FMC eigenfunction esti-
mates vary from cycle to cycle but with a smaller magnitude compared to that using 100,000
histories per cycle. Figure 3.39 shows the 10-cycle average Shannon entropy behavior. The
variations are greatly reduced.

In Table 3.12 we present the estimates of the Problem 3 eigenvalue during each of the
ten 100-cycle spans that we ran. As in Problem 2, the FMC estimated standard deviations in
k are about a factor of 6 smaller than the MC estimates. The true relative standard deviations
in MC, FMC edge, FMC average (obtained by comparing to the Sy estimate) are given in
Table 3.13, Table 3.14 and Table 3.15 respectively. From Table 3.13-3.15, we note that these
ratios are approximately equal to one. Thus the estimated relative standard deviations in k
for the MC, FMC edge, FMC average methods can be trusted.

As in Problem 2, we applied the FMC feedback to Problem 3. The Shannon entropy
behavior with FMC feedback is shown in Figure 3.40. Figure 3.41 shows the estimates of
the eigenfunction from standard Monte Carlo (MC) with FMC feedback, and the conse-
quent Functional Monte Carlo (FMC avg). This figure is obtained by averaging the Monte
Carlo estimates of the eigenfunction over the first three 100-cycle spans. The Monte Carlo
estimates of the eigenfunction with FMC feedback converges within the second 100-cycle
span.

Problems 2 and 3 show that for systems with fissile regions that are becoming weakly-
coupled, FMC estimates of the eigenfunction can vary significantly from one cycle to the
next, and this variation increases as the fissile regions increasingly decouple. This happens
because (i) the eigenfunction in such physical systems becomes increasingly sensititve

to small perturbations in the cross sections, and (ii) the number of Monte Carlo particles
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Figure 3.36 Problem 3 averaged eigenfunctions and their relative standard deviations over 501-
1000 cycles (1 million histories/cycle).
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Figure 3.37 Comparison for Problem 3 of apparent RSDs and true RSDs in MC and FMC average
eigenfunction estimates (1 million histories/cycle).

per cycle must be increased to avoid undersampling of the fission source. However, the
eigenvalues in such systems are much less sensitive than the eigenfunctions, and indeed our
FMC k-eigenvalue estimates for these problems are significantly more accurate than both
the FMC eigenfunction estimates and the MC eigenvalue estimates. We note that a factor
of 6 difference in the FMC and MC statistical errors in k (roughly seen in Problems 2 and
3) translates into a factor of 67 = 36 computation time. That is, the MC code would have

to run about 36 times as many particles or cycles to obtain an accuracy comparable to the
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Figure 3.38 Shannon entropy behavior of the fission source for Problem 3 without FMC feedback

(1 million histories/cycle).
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FMC results.
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Table 3.12 Estimates of k and its Standard Deviation for Problem 3.

Cycles | Standard MC | FMC edge | FMC average
1-100 0.982371 0.987647 0.987670
(0.0054625) | (0.0001993) | (0.0001894)
101-200 0.987948 0.987853 0.987877
(0.0001301) | (0.0000191) | (0.0000204)
201-300 0.988025 0.987864 0.987835
(0.0001428) | (0.0000169) | (0.0000187)
301-400 0.988036 0.987890 0.987854
(0.0001254) | (0.0000169) | (0.0000185)
401-500 0.988040 0.987851 0.987877
(0.0001438) | (0.0000191) | (0.0000179)
501-600 0.988071 0.987839 0.987854
(0.0001288) | (0.0000177) | (0.0000189)
601-700 0.988042 0.987851 0.987854
(0.0001142) | (0.0000185) | (0.0000165)
701-800 0.988069 0.987868 0.987821
(0.0001342) | (0.0000175) | (0.0000165)
801-900 0.988075 0.987851 0.987842
(0.0001187) | (0.0000184) | (0.0000179)
901-1000 0.988137 0.987864 0.987825
(0.0001294) | (0.0000179) | (0.0000177)
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Figure 3.41 Problem 3 averaged eigenfunction estimates during cycles 1 to 300 with FMC feed-

back.
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Table 3.13 MC Estimates of Relative Standard Deviation of k for Problem 3.

Cycles | True Rel. Std. Dev. | Apparent Rel. Std. Dev. | Ratio
1-100 0.0054606 0.0054625 0.9997
101-200 0.0001307 0.0001301 1.0046
201-300 0.0001442 0.0001428 1.0098
301-400 0.0001272 0.0001254 1.0144
401-500 0.0001455 0.0001438 1.0118
501-600 0.0001312 0.0001288 1.0186
601-700 0.0001163 0.0001142 1.0184
701-800 0.0001365 0.0001342 1.0171
801-900 0.0001214 0.0001187 1.0227
901-1000 0.0001332 0.0001294 1.0294

Table 3.14 FMC Edge Estimates of Relative Standard Deviation of £ for Problem 3.

Cycles | True Rel. Std. Dev. | Apparent Rel. Std. Dev. | Ratio
1-100 0.0002001 0.0001993 1.0040
101-200 0.0000192 0.0000191 1.0052
201-300 0.0000173 0.0000169 1.0237
301-400 0.0000181 0.0000169 1.0710
401-500 0.0000193 0.0000191 1.0105
501-600 0.0000177 0.0000177 1.0000
601-700 0.0000187 0.0000185 1.0108
701-800 0.0000179 0.0000175 1.0229
801-900 0.0000185 0.0000184 1.0054
901-1000 0.0000182 0.0000179 1.0168

Table 3.15 FMC Average Estimates of Relative Standard Deviation of k for Problem 3.

Cycles | True Rel. Std. Dev. | Apparent Rel. Std. Dev. | Ratio

1-100 0.0001901 0.0001894 1.0037
101-200 0.0000210 0.0000204 1.0294
201-300 0.0000187 0.0000187 1.0000
301-400 0.0000187 0.0000185 1.0108
401-500 0.0000186 0.0000179 1.0391
501-600 0.0000191 0.0000189 1.0106
601-700 0.0000167 0.0000165 1.0121
701-800 0.0000165 0.0000165 1.0000
801-900 0.0000180 0.0000179 1.0056
901-1000 0.0000177 0.0000177 1.0000
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3.4 Monoenergetic Problem 4: A 1-D PWR Full Reactor
Core

Problems 1-3 are challenging problems with very high dominance ratios. Problem 4
however is a simplified 1-D PWR full reactor core. This problem was proposed by Professor
Han Gyu Joo and his student Min-Jae Lee from Seoul National University. The core consists
of 17 assemblies, in which 15 are fuel assemblies and 2 are reflectors. There are 4 different
types of fuel assemblies in the core: fresh U O, fuel, MOX fuel, burnable poison GD fuel,
and sightly low enrichment fresh U O, fuel. Each assembly consists of 16 pin cells, and
each pin cell consists of 3 regions of 0.425cm in thickness. The detailed core descriptions

are shown in Figures 3.42-3.44. The material cross sections are given in Table 3.16.

[T clcl e[ sl s s [Tw] e[ s[w] o] = AN c[R]

Figure 3.42 Problem 4 reactor core configuration.
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Figure 3.43 Problem 4 five different type of assemblies’ layout.
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Figure 3.44 Problem 4 structure of the six pin cells.
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Table 3.16 Material Cross Sections for Problem 4.

Material | Description X X 250 2
ml h,0%*0.69 1.74712E-01 | 9.33242E-04 | 1.73779E-01 | 0.00000E+00
m2 U0, 3.32736E-01 | 5.78256E-02 | 2.74910E-01 | 3.32433E-02
m3 MOX*0.85 2.82549E-01 | 6.76607E-02 | 2.14888E-01 | 3.60099E-02
m4 UO,BP*0.035 | 8.58461E-02 | 4.25733E-02 | 4.32728E-02 | 7.73288E-04
m5 UO,L 3.33356E-01 | 5.78218E-02 | 2.75534E-01 | 3.31856E-02
m6 H>0*0.25 7.85602E-02 | 7.65957E-04 | 7.77942E-02 | 0.00000E+00
m7 H,0%0.35 9.01554E-02 | 5.25823E-04 | 8.96296E-02 | 0.00000E+00

We consider isotropic scattering in this problem. Our fine-mesh Sy solution, which
used the S3, Gauss-Legendre quadrature set with 4 = 0.0425c¢m, produced k = 1.212215
and dominance ratio DR = 0.989. We ran this problem with a flat initial source guess. Our
Monte Carlo simulations used 100,000 histories per cycle with a uniform grid 2 = 0.425cm
for total 200 cycles.

The Shannon entropy behavior without FMC feedback for the 200 cycles is shown in
Figure 3.45. The figure shows that the FMC estimates of the eigenfunction converge imme-
diately and the Monte Carlo estimates of the eigenfunction appears to be nearly converged
after 20 cycles. This is due to the fact that the reactor is super critical. There are more
fission sites available in each cycle, so that it is easier to establish the correct fission source
distribution than a critical or sub-critical reactor. We also notice that the Shannon entropy
behavior for the Monte Carlo estimates does not stay constant. It slowly “wobbles” around.
This is due to the fact that Monte Carlo particles are not sufficient to keep the correct fission
source distribution for an asymmetric core configuration. There is more fuel available at
the left side of the core (3rd from left is a fresh U O, fuel assembly) than the right side (3rd
from right is a low enrichment fresh U O, fuel assembly).

In Figure 3.46, we show plots of the MC and FMC estimates of the eigenfunction
averaged over cycle 101-200, and the associated estimated relative standard deviations and
true relative standard deviations. The Sy and FMC eigenfunction estimates are virtually

coincident. And as expected, the MC eigenfunction is slightly tilted near both ends. The true
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Figure 3.45 Shannon entropy behavior of the fission source for Problem 4 without FMC feedback.

relative standard deviations are obtained from 25 independent 200-cycle runs (100 inactive
cycles, and 100 active cycles). The estimated relative standard deviations (both apparent
and true) in the FMC eigenfunctions are smaller than those of the MC eigenfunction. A
detailed comparison between the apparent relative standard deviation and the true relative
standard deviation in the MC, FMC average eigenfunction estimates is given in Figure 3.47.
This figure shows that the true relative standard deviation is at least a factor of 5 greater than
the apparent relative standard deviation in the MC eigenfunction estimate. Figure 3.47 also
shows that the true relative standard deviations in FMC average eigenfunction estimates
are approximately the same as the apparent relative standard deviations as we observed in
previous problems.

Table 3.17 displays estimates of the eigenvalue and the relative standard deviation for
Problem 4 during each of the two 100-cycle spans that we ran. The results show that the
FMC estimates of k are much more accurate than the MC estimates.

We ran this problem with FMC feedback for 30 cycles. Figure 3.48 is obtained by
averaging the Monte Carlo estimates of the eigenfunction over 10-cycle spans. Figure 3.48

shows that the Monte Carlo estimates of the eigenfunction with FMC feedback converge
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cycles without FMC feedback.
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Figure 3.47 Comparison for Problem 4 of apparent RSDs and true RSDs in MC, and FMC average
eigenfunction estimates.

within the second 10-cycle span. The Shannon entropy behavior with FMC feedback is
shown in Figure 3.49. This figure shows that the MC estimates converge to the correct

fission source distribution once the FMC feedback is applied.
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Figure 3.48 Problem 4 averaged eigenfunction estimates for 30 active cycles with FMC feedback.

114



Table 3.17 Estimates of k and its Standard Deviation for Problem 4.

Cycles | Standard MC | FMC average
1-100 1.211187 1.212480
(0.0009683) | (0.0000193)
101-200 1.212105 1.212480
(0.0003376) | (0.0000193)
6.00E+00
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Figure 3.49 Shannon entropy behavior of the fission source for Problem 4 with FMC feedback.

3.5 Summary of the Mono-energetic Numerical Results

We have tested the FMC method on four problems for which the standard Monte Carlo
method is problematic:

1. Accuracy in the estimates of the eigenvalue and eigenfunction.

2. Source convergence with a flat initial source guess or an extremely asymmetric initial

fission source guess.

3. Inter-cycle correlation.

4. FMC feedback.

As expected, estimates of the eigenvalue and eigenfunction with the FMC method were
more accurate and more rapidly convergent. For a large, homogeneous fissile region prob-

lem, the FMC estimates of the eigenfunction converged within the first 100-cycle averages
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(50,000 histories per cycle) starting with a flat initial source guess. The FMC estimates of
the eigenfunction also converged at the third 100-cycle averages with an extremely asym-
metric initial fission source guess. However, the MC estimates of the eigenfunction did
not converge after a test run with a total of 1000 cycles. Inter-cycle correlation is quite
weak for the FMC method. The true relative standard deviations are about the same as the
apparent relative standard deviations for the FMC method. The apparent relative standard
deviations are more than a factor of 10 smaller than the true relative standard deviations for
the MC method. With FMC feedback, the MC estimates of the eigenfunction converged
after skipping only 20 cycles. We then tested two problems with loosely coupled fissile
regions. The FMC method was shown to be highly efficient relative to the MC method. One
of the heterogeneous problems has a DR = 0.999, which represents a very difficult problem
in source convergence. With FMC feedback (1 million histories per cycle), the MC results
were fully converged after only 100 inactive cycles. Finally, we tested the FMC method for
a simplified 1-D full PWR reactor core. With FMC feedback, the performance of the Monte
Carlo estimates of the eigenfunction improved significantly. The MC estimates converge to

the correct fission source distribution promptly once the FMC feedback is applied.
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Chapter 4

The FMC method for 1-D Multigroup
Energy k-eigenvalue Problems

In this chapter, we extend the one-group FMC method derived in Chapter 2 to multi-
group k-eigenvalue problems. We follow the same basic procedure in developing the
multigroup FMC method as was used for monoenergetic problems, but now there is ad-
ditional complexity because of the occurrence of between-group scattering processes. As
in the monoenergetic case, the resulting multigroup FMC estimates of eigenvalues and
eigenfunctions have only statistical errors. The FMC method has no spatial, angular, or

energy truncation errors, beyond the errors associated with the multigroup approximation.

4.1 Analytical Formulation of the Functional Monte Carlo
Method for the Multigroup k-eigenvalue Problem

To derive the multigroup approximation to the continuous-energy transport equation,

the energy variable FE is discretized into G energy groups.

Emin=Ec  Eg g gl
L l | | l J

(¢ energy group)

The general planar-geometry, multigroup, anisotropically-scattering transport equation
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for a k-eigenvalue problem is:

oy, G ol
B ) + V) = Y [ Bt )W

g=1""

Xg (%) g N
50 L VE @ (ep)dn 0<x <X, 1<g<G . (4l

g=1""

v (O,u)=0, 0<pu<1l, 1<g<G, (4.1b)
Ve(X,u)=0, -1<pu<0,1<g<G. (4.1c)

For each energy group g , we have defined the following parameters:

Eg+1
velw) = [ i E)E (4.22)

8

= angular flux for the g" energy group ,

Eg+1

1) = [ 2 E)E (4.2b)

= multigroup fission spectrum .

The g multigroup cross sections in Eq. (4.1a) are defined as neutron-spectrum-weighted

average cross sections over the g energy range:

Je£ 5 (1) ® (x, E)dE
Eg+l
ng Y(x,E)dE

e(x) = (4.2¢)

Je5 T p(x) W (x, E)dE
Eg+1
ng Y(x,E)dE

% ro(x) = (4.2d)

where W(x, E) is the specified neutron spectrum. In this chapter, we assume that the multi-
group cross sections have been assigned and are fixed, and we develop an FMC method
that solves Eqs. (4.1) with only statistical errors. (Thus, errors due to the multigroup

approximation will be present in the FMC solution.)
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The differential scattering cross section in Eq. (4.1a)) can be expanded as a summation

of Legendre polynomials:

= 2n+1
Zs,g’—>g(xa.u/nu) = Z Tzsn,g’ag(x)Pn(»u/)Pn(u) . (43)
n=0

The FMC equations are obtained by calculating certain space-angle moments of Eqs

lb To begin, we operate on Eq. |D by f_ll u"(-)du for n =0 and 1. Defining
Ogn(x) = I W1y, (x, 1) dp, we obtain:

dog1 G 2 G
dx “ax ) I 00(x) Z 50.9'—¢(¥) @0 (X) + k Z VI (X)9g0(x),  (4.42)
- o]
d
%(’C)Jrz’g (x) @1 (x Z I g—g (%) 91 (x) - (4.4b)

Also, we operate on the left boundary condition [Eq. 1i by fol pu(-)du:

1 1
0= [ w01 dn = 01(0)+ [ ulya(0.p)du, (4.40)
and on the right boundary condition [Eq. ] by fgl w(-)du:
0 1
0=/_1ul/fg(X,u)du=<z>g1(X)—/_1 |y (X, 1) dp . (4.4d)

Eq. (4.4D) can be written explicitly as:

dopp

L 1 0 -~ 0 011 Esl,l—>l 25172_& z‘4sl,G—>1 o1
d

d¢)2€2 . 0 %X - 0 021 Y112 Xsip2 0 Xgl.G2 $21
d
_2)?2 0 0 0 X¢ dG1 I J1—=G Z"sl,2—>G ZSLG—’G PG

4.5)
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By rearranging Eq. (4.5)), we obtain

d
3)162 Yo—2a0-1  —Xa2-1 0 —Egl 6ol 011
d
5;2 “Xi11-2 X —Xgp2 ot —Xg,G—2 (053]
= - . (4.6)
d
2?2 —X1,1-G X126 ' %G — Xs1,6-G 061

Solving the set of G simultaneous equations Eq. (4.6) for multigroup first moments in terms

of the second moments, we have

011 Yn—Xi1-1  —La2-1  —XaGo1 dﬁ’%
d¢p
021 _ —Xi1-2 X —Xgp2-2 ot —Xg.G2 o @)
0G1 —X51,1-G —X12-6 0 Ei6—Ls1,6-6 %
If we define the G x G matrix
~1
Dy1 Dy -+ Dgy Yi—Xai-1 g1 —Xi,6o1
Dip Dn - Dc2 | X512 Xp—Xap-2 0 —Xg.G-2
Dig Dy -+ Dge —X61,1-G —X12-G6 0 X6 —Xs1,6-G
(4.8)
then for each energy group g, the first order moment ¢, (x) can be written as:
d‘P (%)
Dyg(x)—5=——=. 4.9
Og1 (x Z o (4.9)
Using this result to eliminate ¢, from Eqgs. @, , and @, we obtain:
d | & d g (x) o Xy &
T dx [ L D= [ +Td0= 1 Tag—s(0r0() + 5 1 vEw(0r0().
4= ¢= g=
(4.10a)
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G do,»(0 1
) Dg'g(O)%—Z()=/_llu|wg(0,u)du, (4.10b)

P dx

G d(])/ ( 1

). Dyy(X) gdzx —/llu\wg(X,u)du- (4.10¢)
g'=l1 B

These angularly-integrated equations are exactly satisfied by the solution to Egs. (@.1).

To perform the spatial integrations, we define a spatial grid 0 = x5 <x3/5 <:-- <
X7+1/2 = X, and for each grid point x;; , we define the tent functions f(x) = fj;1/2(x) as
in Chapter 2.

For each j, we now perform the operation fé( fi+1/2(x)(-)dx on Eq. . For the

interior j’s,i.e. for 1 < j<J—1, we get:

G

- /0 X f(x)% [Z Dg,g(x)d%(x)] dxt /0 Y ) (1) 00 ()

g'=1

X G X X G
=[50 X By sWogotet [ 1% Y v @ogotodr. @1
g=1 g=1

Integrating the leakage (first) term by parts, we get:
d /
Z D (pg 2( )] dx

X
_/0 dx o) dx

Xjt3/2 d G do,
= _/ : fj+1/2(x)a [Z Dg’g(x)%d—ZOC)] dx

Xj-1/2 =1 .

G do.
[f ir1/2(x Z (Pili(X)

xj+3/2_/ J+3/2 dfj+l/2 Z D dd)g,z(x)dx
= Y dx
:/XHI/ZL i d¢g’2(x)dx+/xf+3/2 i d(ng(x)dx
xj71/2 h 1—1 dx xj+1/2 h]+l g/: d.x
G D, G
= Y (g0 (xj41/2) = Pea(x1/2)] 2(xj43/2) = Og2(xj41/2)]
h]

(4.12)
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Thus, Eq. (4.10a)) yields the following result:

Q

G
Dg’g,j+1

n(Xja1/2) = Oga(xj_12)] = Y, W[¢g’2(xj+3/2) — P2 (xj11/2)]

= g=1

2 Xjt+3/2
‘|‘Ztg,j/ fj+1/2(x)¢g0(x)dx‘I'Ztg,jJrl/
X

j—1/2 Xj+1/2

f]+1/2( )‘pso( )

G Xj+1/2 Xj+3/2
= Z Zs@g/g,j/ fj+1/2(x)¢g’0(x)dx+ZsO,g’g7j+1/ f+1/2( )(pg’O( )
X; /2

g=1 J-1 Xj+1/2
G , .
X Xj+1/2 Xj+3/2
+ 2y s / Frt @80 (X)dx+ Vs i / £ @0 |
k g'=1 Xji-1/2 Xj+1/2
(4.13)

To define the FMC flux unknowns, we define functions g;, /> (x) for0< j<J. As

before, we consider two sets of such functions; the first set is:

gjr12(x) =6(x—x;112), 0<j<J. (4.14)

The second set is defined by taking x; = (x4 1/ +xj_1/2)/2 = midpoint of the j" cell and

setting, for j =0,

% s X1/2 <x<x
g12(x) = (4.152)
0o otherwise ,
for1 <;j<J—1,
2 < < x;
gjr1plx) =9 (4.15b)
0 , otherwise |,
and for j =J,
2
no XISXS<Xpp
grip0)=q" (4.15¢)
o otherwise .

122



We now use either definition of g;, 1 » (x) to define flux quantities:

X
Dyo(xj412) = /0 gi+1/2(0)9e0(x)dx . 4.16)

With Eq. (4.14), Pgo(xj41/2) is a cell-edge flux at x; 1 ;. With Egs. (4.15), Pgo(xjy1/2) isa
cell-averaged flux between the midpoints of the j* and (j+ 1)* cells. With either definition,

®D,0(xj41/2) can be used to define the nonlinear functionals:

S 02w (xj1 o, w)dp

Eg(xj11/2) = 0<j<J,1<g<G, (4.17a)

g\ j+1/2 q)gO(-xj+1/2)
Fr(xi1)0) = B L p)9e0 () 1<j<J,1<g<G (4.17b)

X; /> ) 8> ) :
g Utl/2 Do (xj41/2)

Ff(xj1) = Sl £ 090 (1) 0<j<J-1,1<g<G (4.17¢)
SIS — y S8 . d1/C

g it/ Doo(xj11/2)

We use these functionals to rewrite the interior Eq. (4.13)) as:

|
Mea

D / H G D / +1
;gf’]E (xj—1/2)Pgo(x;-1/2) Z { £8] | 5] ]Eg'(xj+1/2)¢)g’0(xj+l/2)

g1 N = hji1
& Dy i1 - +

-Y I Ey(xj13/2)@g0(x43/2) + [Zrg,iFy (Xji1/2) + Zugjr1 By (xjs1/2)] Poo(xj41/2)
g=1 "N

I
Mo

Xs0.g'g.iFg (Xj1/2) + Zs0.gg, j+1FgJ/r (%41 /2)] Dyio(xj11/2)

OQ\
I
—_

_|_
~ |3
Mo

[Vng/JFgT (Xj+1/2) + Vng/7j+1Fg_£— (Xj+1/2)] q)gIO(Xj+1/2) . (4.18)

%\
I
_

It remains to develop similar equations at the boundaries. Similarly, we define the

boundary Eddington factors:

fi1 ’N"l’g(xl/zaﬂ)dﬂ
Do (x1/2)

El(x1)p) = , 1<g<G (4.19)
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I W (xyq1 /2, 4)d U

E’(x = L 1<g<G. (4.19b)
g( J+1/2) q’gO(XJH/z)
We may rewrite Eqs. (4.10b) and as:
G ()
Y Dg/g(O)%() = E2(0)®40(0) , (4.20a)
g'=l1
& dg(X)
Y Dg,g(x)gd—x = EX(X)®g(X) . (4.20b)
g'=1

For the left boundary (j = 0), we introduce f; /(x) = ff;z(x) (Eq. (2.22)) into Eq. (4.10a)).
Using Eq. (4.174) and Eq. (4.20a), the leakage term becomes:

X d
—/0 f(x)a P
X3/2 d
—— [ W
X1/2 g/:]
d‘Pg’Z(x)

G
= - [fl—i}z(x) Z Dg’g(x)T
g'=1

dx

" Dyy(x) —d‘pg’Z(x)] dx
1

Z Dyie(x) dx

g d¢g/2<x)] W

x3/2_/x3/2 dfl—i}z(x) i Dg/g(x)d(PgIZ(X)dx

12 dx ¢

X1/2 =1 dX

G / X3/2 G /
= Y Dl P [ 3 P2
g=1

dx . n = g dx
b & Dy
= EJ(x12)Pg0(x1/2) — Y, I [9g2(x3/2) — Pgra(x12)]
g'=1
b & Dyig
= Eg (xl/z)q)g()(xl/z) - Z hl [Eg/(.X3/2)CI)g/O(X3/2) —Egl<x1/2)q)g/0(xl/2)] . (421)
g=1

Then Eq. (4.104) yields the following result:

G D.
E2(x/2)®@e0(x12) — Y Zlg’l [Egr(x3/2)Pgr0(x3/2) — Egr(x1/2)Pgro(x1/2)]
g'=1
+ Zig 15, (x12) Pg0(x12)
G G
X

= ). Zoge1Fy (x1/2)Pgo(x1 /) +7g Y VEsg 1 Fy (x12)Pg0(x1/2) - (4.22)

g=1 g=1
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For the right boundary j = J, we introduce fy/(x) = f,., ” (x) into Eq. (4.10a). Using
Eq. and Eq. (4.20b), the leakage term becomes:

X
_/o dx

Z D d¢g’2< )] dx

o dx
X2 d | & ddyn(x)
=— fra (0 Dy (x)—5=— | dx
/xj_l/2 J+1/2 dx g,z_‘,l 88 dx
G Ay (x) [%r41/2 Xj41/2 dfj+1/2 d¢ 12 (x)
— | f7. X D, (x) /=2 —/ Dyq 8= dx
[fmm I M Z 2
G d¢’g’2(x1+1/2) p 18 do ’2(x)
= x —+/ — D, (x)—= dx
g J+1/2 dx e hy ggl gg( ) dx
b S Dggy
= E](x7512)Pg0(x7112) + Y I [9g2(Xy41/2) — Dgr2(X7-1/2)]
g'=1
G D
'g.J
= EJ(x7412)P0(xs412) + Y fj [Eg (x741/2)Pg0(X741/2) — Eg (x7-1/2)Pgro(xs-1/2)] -
g'=1
4.23)
Then Eq. (4.10a) yields the following result:
G D
'g.J
E2(xp112)®Pe0(xy41/2)+ Y, flf [Eg(x751/2)@g0(X741/2) — Egr(x7-1/2)Pgro(x7-1/2)]
g=1
+ ng,Jng (XJ+1/2)q)g0(xJ+1/2)
G G
_ X _
=Y 250,090 Fy (XJ+1/2)q)g’O(XJ+1/2)+7g Y VEfe sFy (X74172)Pgro(xy11/2) -
g’=1 g’=l
4.24)

Eqgs. (4.18), (4.22) and (4.24) are exactly satisfied by the solution to the original k-eigenvalue
problem. No approximations have been introduced, even though the introduction and use of

a spatial grid may suggest otherwise.
In the FMC method, we use the foregoing equations in the following way:

1. We run a standard Monte Carlo simulation of Eqgs. (#.1). The standard Monte Carlo
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estimate of & is obtained by averaging the k for each cycle over all active cycles. We
also tally standard Monte Carlo estimates of the eigenfunctions ¢, for each energy
group.

2. During this standard Monte Carlo run, we also estimate the integrals used in Egs.
and Eqs. (#.19) for each cycle. At the end of each active cycle, the estimated
values of the integrals so obtained are used to estimate the functionals Eg(x; /2),

Fy (xj172)s B (Xjy1)2)s Eg (x1/2), and Eg (Xy11/2)- These values are introduced into

8
Egs. @.18)), (@.22)) and (#.24), which are then solved to obtain estimates of k and the

space-angle moments of the eigenfunctions ®g(x ;| /2). [We note that if the values
of the nonlinear functionals are free of statistical errors, the resulting values of k£ and
Do (x4 /2) will be exact.] The FMC estimate of & is obtained by averaging the k
values from Eqs. (4.18), and (4.24) for each cycle over all active cycles.

We note that the basic procedure employed in this chapter is a straightforward general-

ization of the procedure developed previously in Chapter 2 for one-group problems.

4.2 Numerical Results

We consider a homogeneous slab of thickness X = 100 cm surrounded by 5.0-cm
reflectors. We specified four energy groups. The probability that a fission neutron will
be born in energy groups 1 to 4 is taken to be 0.5,0.2,0.2,0.1, respectively. We assume
P3 anisotropic scattering, with both up scattering and down scattering. The differential
scattering cross sections are defined as follows: for each 1 < g, g’ < 4: X50,9—g = 0.21,

Y1 grmg = Ls2 g'—g = Ly3,¢/—g = 0.03. Other data are listed in Table 4.1.

The Monte Carlo simulation starts with a flat fission source. This problem was run for
410 cycles, using 100,000 histories/cycle. The FMC calculations employed a grid with
h = 0.5 cm. The estimated values of k, with their estimated standard deviations over 5

different ranges of 10 cycles, are given in Table 4.2 for the standard Monte Carlo and the
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Table 4.1 Data for Multi-Group Problem.

Region Location X1 | Zo | X3 | X4 Yre
1 O0<x<5 1.05 | 1.25 | 1.50 | 1.75 0
2 S5<x<105 | 1.05| 125|150 | 1.75 | 0.187
3 105<x<110|1.05| 125|150 | 1.75 0

FMC methods. The fine-mesh (2 = 0.05 cm) Sy eigenvalue estimate is k = 0.996713.
Also, the eigenfunction estimates for each energy group, averaged over cycles 11-20,
101-110, 201-210,301-310, and 401-410, for the standard Monte Carlo and FMC methods

are shown in Figures 4.1-4.5. For comparison, the Sy results are plotted as well.

Table 4.2 Estimates of k and its Relative Standard Deviation for Multi-Group Problem.

Cycles Standard MC | FMC Edge | FMC Average
11to 20 0.995486 0.996711 0.996710
(0.0008962) | (0.0000009) | (0.0000003)
101 to 110 0.996010 0.996709 0.996712
(0.0009095) | (0.0000006) | (0.0000006)
201 to 210 0.996137 0.996709 0.996711
(0.0012731) | (0.0000009) | (0.0000006)
301 to 310 0.996661 0.996711 0.996710
(0.0011447) | (0.0000006) | (0.0000003)
401 to 410 0.996562 0.996710 0.996710
(0.0012978) | (0.0000006) | (0.0000006)

Figures 4.1-4.5 show that the standard Monte Carlo estimates of ¢,, averaged over
cycles 11-20, 101-110, 201-210,301-310, and 401-410, are noisier and less accurate than the
corresponding FMC estimates. Overall, the standard Monte Carlo method shows a very slow
“convergence” of the fission source. In fact, the FMC eigenfunction is essentially converged
after only 10 cycles, while the standard Monte Carlo estimate of the eigenfunction shows
evidence of not being converged even after 400 cycles. Moreover, the standard Monte Carlo
flux estimates never fully converge to the exact smooth nearly cosine-shape; these estimates
always “wobble” in a noisy way around this estimate.

The reason for the more rapid and less noisy convergence of the FMC solution is that the
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nonlinear functionals depend only weakly on the estimated eigenfunctions. (However, the
Monte Carlo-estimated surface fluxes exhibit more fluctuation than the cell averaged fluxes,
so the estimates of ¢, using the FMC “edge” method are slightly noisier than estimates
using the FMC “average” method.)

Table 4.2 shows that the errors in k obtained with the FMC methods are much smaller
than the errors in the standard Monte Carlo estimate of k. The standard Monte Carlo es-
timates are only accurate to the first two digits, while both FMC edge and FMC average
results are accurate to five digits.

We did not pursue the development and testing of the FMC method for multigroup
problems, for following reasons.

1. Although the resulting FMC solutions have no spatial or angular truncation errors, they
have energy-truncation errors resulting from the multigroup approximation. (These
solutions also of course have statistical errors.) It seemed inappropriate to invest effort
into developing a method free of spatial and angular truncation errors, but not free of
energy truncation errors.

2. As can be seen from the results described in this chapter, the FMC method adapted to
multigroup problems is a reasonably straightforward extension of the monoenergetic
FMC method.

For these reasons, we decided instead to generalize the FMC method to continuous-energy
problems in such a way that the resulting solution would have either no or exceedingly small

energy truncation errors. This work is described next.
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Figure 4.1 Estimates of the k-eigenfunction for cycles 11-20.
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Figure 4.2 Estimates of the k-eigenfunction for cycles 101-110.

130



1.6E-02

1.2E-02

8.0E-03

4.0E-03

0.0E+00

1.6E-02

1.2E-02

8.0E-03

4.0E-03

0.0E+00

1.6E-02

1.2E-02

8.0E-03

4.0E-03

0.0E+00

1.6E-02

1.2E-02

8.0E-03

4.0E-03

0.0E+00

Sn (group 1)
—e— MC (group 1)

—=—FMC edg (group 1)
—><— FMC avg (group 1)

Thickness (cm)

100 120

Sn (group 2)
—e— MC (group 2)
—=—FMC edg (group 2)
—><—FMC avg (group 2)

Thickness (cm)

100 120

Sn (group 3)
—=—MC (group 3)

—=— FMC edg (group 3)
—<— FMC avg (group 3)

Thickness (cm)

100 120

Sn (group 4)
—e— MC (group 4)

—=— FMC edg (group 4)
——FMC avg (group 4)

Thickness (cm)

100 120

Figure 4.3 Estimates of the k-eigenfunction for cycles 201-210.
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Figure 4.4 Estimates of the k-eigenfunction for cycles 301-310.
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Figure 4.5 Estimates of the k-eigenfunction for cycles 401-410.

133



Chapter 5

The FMC method for 1-D Continuous
Energy k-Eigenvalue Problems

In this chapter, we extend the FMC method to continuous-energy k-eigenvalue problems.
This is an important step, because energy-varying cross-sections are much more realistic for
practical applications. The continuous-energy approach has several noticeable differences
compared with the monoenergetic and multigroup approaches. The low-order equations that
we derive here are in two forms: (1) the low-order equations are energy-independent, and the
eigenfunction is an energy-integrated scalar flux; (2) the low-order equations are multigroup
in form with two or more groups. Specifically, (a) energy group nonlinear functionals are
estimated using standard Monte Carlo with continuous-energy cross-sections; (b) these
functionals are then used in low-order multigroup equations to estimate the eigenvalue and
the multigroup fluxes. As in the previously-discussed monoenergetic and multigroup cases,
the resulting FMC estimates of the eigenvalue and energy-integrated or multigroup fluxes
have (i) no spatial or angular truncation errors, and (ii) very small energy truncation errors
and statistical errors.

We begin by deriving the low-order energy-integrated equations and discussing a proce-
dure to evaluate the U (x, E) function. We then formulate the low-order multigroup equations,
and accordingly we discuss a procedure to evaluate the multigroup U, (x, E) function intro-
duced in our method of solution. Finally, a procedure to generate low-order equations with

any number of material discontinuities of cross sections within a spatial cell is presented.
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5.1 Procedure to Generate Low-Order Energy-Integrated

Equations

We consider a general planar-geometry, continuous energy k-eigenvalue problem with

vacuum boundaries

.ua&_l)lcl(xnqu)+Z[(X,E)W(X,H,E) = //ZS(X,,U,‘U,,E/ *E)W(X,NI,E/)d/.L'dE’

E
_|_%//vZf(x,E’)l//(x,u’,E’)du’dE’, 0<x<X,

v(0,u,E)=0 , O<u<t,
y(X,u,E)=0 , —-1<u<o0,

and with elastic neutron scattering:

> 2n+1
(o, u,u' E'—E) =Y
n=0

L(0,E) =2y(x,E)+Xr(x,E) + E4(x,E) ,

Lon(x, E'— E)Pn(.u)Pn(Nl) )

(X, E) = /0 Yo0(x,E — E"dE',

/ Y(E)E =1,
0

where

1

A+1 E A—1 E’
E -E)=|—— = [ — -
1
P(E' —E)={ 7 e EsE
0 otherwise .
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Our procedure to solve Eqgs. consists of two principal parts. The first part follows
closely the three-step procedure used earlier to determine and solve the monoenergetic
low-order FMC equations in Section 2.2. However, we now must introduce a function
U (x,E) into these equations to accommodate the continuous-energy feature. The second
part is to show how the function U (x, E) is determined with very small energy truncation

errors. These two parts are presented in Sections 5.1.1 and 5.1.2, respectively.

5.1.1 Low-Order Energy-Integrated Equations (Part 1)

For continuous energy problems, the FMC equations are obtained by calculating certain
space-angle-energy moments of Eqs. (5.1)). Following the first step used in the monoen-
ergetic case, we begin by operating on Eq. with f_11 w"(-)du forn=0and 1. We
define

1
CIJn(x,E):/ wylx,u,E)du n=0,1,2. (5.2)
-1

For n = 0, we obtain

%(Dl(x,E) +ZI(X7E)(I)O(X’E) -
X(x%E)

/ Zso(x,E'—>E)<I>O(x,E’)dE’+T / VE;(x,E)®o(x,E")dE"; (5.3)
0 0

and for n = 1, we obtain

%cbz(xﬁ) + % (x,E)® (x,E) = / B o (x,E' — E)®(x,E")dE" . (5.4)
0

Eqgs. and are two exact equations satisfied by the angular flux moments
Dy (x,E), P1(x,E), and P, (x, E). To derive the most efficient low-order equations for the
FMC method, we found it beneficial to eliminate ®; (x, E) from these equations. Eliminating
@ can be done by introducing a new function U (x, E ), which satisfies an infinite-medium ad-

joint transport equation, and which can be determined to arbitrary accuracy at the beginning
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of an FMC calculation. Next, we derive the equation defining U (x, E).

We subtract a term u(x, E)®; (x, E) from both side of Eq. (5.4). [The definition of u(x, E)

will be stated below. |

%CI)Q (¢ E)+[Z (x5, E) —u(x, E)|® (x, E) = /Om Y1 (x,E' — E)®|(x,E"YdE'—u(x,E)® | (x,E) .

From the preceding equation, we obtain

Pi(xE) = %(x,E) 1— u(x,E) %@ﬂx,E)

1

T E) —ulx.E) Uo L1 (3, E' = E)®1 (5, E')dE' —u(x, )1 (x,E) |

(5.5)

Now we define the energy integrals
On(x) = / ®,(x,E)dE, n=0,1.
0
Then, operating on Eq. (5.3) by [;"(-)dE, we get:

d

- 91(x)+ /O "8, (x, E)®o (x, E)dE — /0 "5, (6, EN Do x, E)dE

1 [
o / VE; (0, E')®o(x,E)dE' .  (5.6)
0

Howeyver,

L(x,E) =2, E) +Zy(x,E) +X¢(x,E)

=X(x,E)+X4(x,E) , (5.7)
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so Eq. (5.6) simplifies to

d - | e
- 01(x)+ /0 o, E) o (x, E)AE = /O VE/(x,E)®o(x,E)E.  (58)

Also, operating on Eq. (5.5) by [;(-)dE, we get

8
/Z,xE u(x,E) dx P2(x. E)dE

51 (nE — E)®y (x,E')dE' — u(x,E)®\ (x,E) | dE .
+/ % (x,E) — u(x,E) [/ s1(x,E' — E)® (x,E")dE" —u(x,E)®(x,E)| d

Interchanging the dummy variables E and E’, we find

(9
/ Z,xE u(x,E) 0x ©2(x. E)AE

(x,E — E') ,
E"| ®((x,E)dE
+/ {/ thE’ —uxE’)d v E)d

u(x, E)
_/ % (x,E)— (xE)cpl(x’E)dE

0
/ % (x,E) —u(x,E) 8xq> 2(x. E)dE

SIXEHE) / M(X,E)
+/ U 5 B)—u(e BN 5 E)—u(nE) | T

~~

Set this term = 0. (5.9

Now we specify that u(x, E) be chosen to eliminate the @ (x, E) term, yielding

,
/ T (x o E_:f ;/)dE/_ z,<x,2(>x’_?<x,E> =0:
or
.
ZME;’“’ —1—/ 50 Zn (x, E_u f;,)dE’. (5.10)
Defining
Ux,E)= !

Y (%, E) —u(x,E)’
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then Eq. (5.10) can be rewritten as the linear equation
Y (6, E)VU(X,E)— 1= / Y (x,E— EU(x,E"dE', (5.11)
0

where U (x, E) satisfies U (x,E) > 0.
In Section 5.1.2, the function U (x,E) is determined so as to satisfy Eq. (5.11)). [Note
that if scattering is isotropic, then U (x,E) = £, ! (x,E) .] Then Eq. (5.9) for ¢ (x) becomes

01(x) = — /0 wU(x,E)%CDZ(x,E)dE. (5.12)

Substituting Eq. (5.12)) for ¢ (x) into Eq. (5.8) then gives:

)

_5/MU(X’E)iq)Z(X’E)dE“L/wza(vaVPO(X’E)dE = %/w VE(x, E)@o(x, E)dE .
0 0 0

ox
(5.13)

Eq. (5.13)) for ®y(x,E) and ®;(x, E) has been derived from Eqs. (5.3) and (5.4) using
the function U (x, E), which satisfies the infinite-medium adjoint Eq. (5.11). The important

features of Eq. are:

1. This equation contains ®y(x,E) and ®;(x,E) but not ®;(x,E). (We have found
that eliminating ®; is an important aspect of reducing the statistical errors in FMC
simulations.)

2. The function U (x, E) can be calculated for each material region at the beginning of a
simulation, by applying a very fine energy grid to Eq. (5.11)). This calculation only
needs to be done once, and it can be made as accurate as desired by refining the energy
grid.

Eq. completes the first step in the method to solve Eq. (5.1).
In step 2, we perform the spatial integrations Eq. (5.13)) using the same tent functions

f(x) as were used for monoenergetic problems. Thus, for each j, we perform the operation
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fé(fj+1/2(x)(-)dx on Eq. (5.13). For j = 0 we obtain

_/x3/2f1/2<x)i/OOU<X7E)iCI>2(X,E)dEdX+ B zfl/z(x) /ooza(qu)(I)O(qu>dde
X1/2 dx Jo Jx e "
0

Integrating the first term by parts gives

/x”f ()2 /MU( E)2 &y (x. E)E d
— X) = x,E)=—®;(x, x
x1/2 1/2 ax O a 2
& x3/2 X3/2
=—fiplx / U(x,E)5-Pa(x, E)dE|x)), — / / (x,E) CIJZ(x E)dE
dx h X1/2
X3/2 0
:/0 U<x1/2,E)£q>2(x1/2,E E——/ /0 (3.F) 5 ®2(x. E)dE

X1/2

1 <)
2—051(961/2)—h—1 A Ui (E)[P2(x3/2,E) — P2(x1 2, E)]dE (5.15)

In Eq. 5.15, we assumed that each spatial cell [x j—1/2:%j 11 /2] consists of a single material.
Therefore in the j cell, U(x,E) = U;(E) independent of x.

From the vacuum boundary condition, we have

o rl
¢1(x1/2):/0 /lull/(o,,u,E)dudE
:/o [/0 MW(O,M,E)dHJr/llillf(O,u,E)du} dE
o r0
:/0 /_1uw(0,u,E)dudE

o 0
—/0 /1 |1y (0, E)dpudE . (5.16)
Substituting Eq. (5.16) into Eq. (5.13)), the first term in Eq. (5.14) can be written

—/x”f ()i/mu( )2 s (x. E)dE d
1/2X8x 0 X, ox 2\, X

X1/2

= [ v E)apdE o [0 @a(x3 0. E) ~ @alor o, ENE . (517
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Thus, for j =0, Eq. (5.14) becomes

L[ v E)andE = - [ UE) @l 2. ) a5, E)dE

/x3/2f1/2( )/ooza(x,E)q)()(x,E)dde

X1/2
1 %32

= [ " hpl )/w VE(x, E)®o(x, E)dEdx (5.18)
X1/2

We emphasize that this equation is exact; no approximations were introduced to derive it.

For the interior j’s, i.e. for 1 < j <J—1, we find

Xj+3/2 pal oo p)
_/le/z fj+1/2(x)$/0 U(va)aq)ZOC,E)dde
Xj+3/2 oo
+ / fis12(x) /O %4 (x, E)®@o(x, E)dEdx
Xj-1/2
1 [%j+3)2 oo
= /x » fi1/2(x) /0 VEf(x, E)®o(x, E)dEdx . (5.19)
i

Integrating the first term of Eq. (5.19) by parts, we get

_/xj‘+3/2fj+1/2 { / U(x E)aa Dy (x, E)dE} dx
Xj—1/2
:/xj+3/2 ifj+1/2(x) {/ U(x,E)aicbz(x,E)dE] dx
i~1/2 0 X
12 1 / 0 ]
X, E)—®,(x,E)dE | dx
= [ L v S
321 o 0
/ﬁm o [ / U(x,E)ECQDZ(x,E)dE] dx
h / UJ(E) [@2(x):1/2.E) — @(xj-1/2.E) | dE

- e [ U ) [®ay372,B) ~ @12, B (5.20)
]
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Substituting Eq. (5.20) into Eq. (5.19)) then leads to

1 (o]
;/0 UJ(E) [@2(xj11/2,E) —P2(xj_12,E)| dE

J

1 oo
o [T E) [@2(5)1572.E) — ®(x01, B)] dE

h]+1 0

Xj+3/2 oo
+ / Fi1 (%) /0 %, (x, E) Do (x, E)dEdx

Xj-1/2

1 [*i+32 o
= / Fiora) /O VE;(x, E)®o(x, E)dEd:x (5.21)
Xj-1/2

These equations also are exact.

For j = J, following similar steps as for j = 0, we obtain another exact equation:

o rl
/O/Ouw(xf+1/z,u,E)dudE

1 oo
+h_1/() UJ(E)[¢2(XJ+1/27E)_(I)Z(x]fl/z,E)]dE

XJ+1/2 ©
+ 1) /0 %o (x, E)®o (x, E)dEdx

Xj-1/2
1 %12

= Fri12(0) /0 VE(x, E)®o(x, E)dEdx (5.22)

Xj-1/2

We have now obtained a system of J + 1 discrete equations, Eqs. (5.18), (5.21) and (5.22),
which are exactly satisfied by the solution y(x, i, E) and k of Egs. . This completes
the second step in the method to solve Egs. (5.1).

In the third step, we use Eqs. (5.18), (5.21) and (5.22) to define energy-integrated
nonlinear functionals. [These functionals are then used in energy-independent low-order

equations derived from Eqs. (5.18), (5.21)) and (5.22)) to estimate the eigenvalue and the

energy-integrated flux.]

We first define volume-averaged fluxes as in the monoenergetic case [15]

G0 = [ g dx. (523)

Xj-1/2
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Next, we multiply and divide each term in Eqs. (5.18), (5.21), and (5.22)) by a suitable
volume-averaged flux defined by Eq. (5.23). This gives the following equivalent set of J + 1

equations:

[( S5 21 | (0. 1. E)dpdE ) (fﬁi/;fl/z( )fo°°2a<x7E)<1>o(x,E)dde>

J5 I3 81/2(x)@o(x, E)dxd E J57 S5 812(x)@o(x, E)dxd E

+i( foxUl( )2 (x1/2,E)dE ) 5x1/2) — 1 ( fS;Ul( )P2(x3)2, E)dE >¢_’(x3/2)
Jo fx13//2281/2( )®@o(x, E)dxdE Jo fx15//22g3/2( )Po(x, E)dxdE

= 1 (fxl/z f1/2(x322f0 VZf(X,E)CDO(X,E)dde> qS(xl/z) | 5200
k Jo Ji)> 8172(x)@o(x, E)dxdE

p—

S‘

( f(il/i( )CI)Z(Xj—l/27E)dE ) <5(Xj71/2)

i\Jo fx, 32 8j—1/2(X)®o(x,E)dx dE

L ( Jo Uj(E)®2(xj11)2,E)dE >+ 1 (fo Ujt1(E)D, (j+1/27E)dE)
Jo fxff/zzgjﬂ/z( x)®g(x,E)dx dE hjvi \ Jy ij+13/22g,+1/2<1>o(x,E)dxdE
N (fx,ﬁ%//zzfj—kl/Z( ) o a(x,E)tbo(x,E)dxdE) o)
Jo ij?/zzgjﬂ/z( )Po(x,E)dx dE /2

1 (fo Ui 1 (E)®a(ajs/2, E)AE >‘73(Xj+3/2)

hjt I ij+1/2 gj+3/2CI>o(x E)dx dE
(fx J+13//22 fj+l/2( ).fO VZf(X,E)CI)O(X,E)dx dE
k fO fxﬁf/zzgj—l—l/Z( )q)o(va)dXdE

)‘f;(xj+l/2)v 1<j<J-1,

(5.24b)
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1 Jo Ui(E)®2(x)_1/2,E)dE -

h (f(;o fffi'/f 81—1/2(x)q>o(x7E)dXdE> Pl

[ ( & Jo (i1 0,1, E)dudE ) . (fffﬁbffmn(x) f5°2a<x,E)c1>o(x,E>dde)
Jo f;fjll/zz 8r+1/2(x)Po(x, E)dxdE Jo f;;ffll/zz 8r+1/2(x)Po(x, E)dxdE

+i< Jo Us(E)®a(xy 412, E)AE )
hi \ Jy fz;]jll/zz 87+1/2(x)Po(x, E)dxdE

U Jo25 Frinp@) J5 VEF(x.E)@o(x, E)dEdx )

K ( 5 FT 8141200 @0 (x, ) dd E ) i)

PXy11/2)

(5.24¢)

We simplify the foregoing equations by defining the following energy-integrated nonlinear

functionals:

5 S0 1w (0, 1, E)dpdE

Bl/2 = "= y (5253)
Jo f;%zgl/z(x)q’o(X,E)dXdE
B . f5° fO1 “W(XJ—H/ZvlL?E)d“dE 525h
J+1/2 = T %n ; (5.25b)
Jo S ) 8rv172(x)Po(x, E)dxdE
S5 F12(®) Jg7 VE(x,E)®o (x, E)dE dx
Fitip= Py , (5.25¢)
Jo ij71/2 gj+1/2(x)fl>0(x,E)dx dE
JI58 £r12(%) J5° Zalx, E)Po (x, E)dx dE
A2 = = o %o (5.25d)
Jo S50 8jv172(x)Po(x, E)dE dx
T Jo Ujs1(E)@a(xjy1 )2, E)E (5.25¢)
J+1/2 oo (Xjt+3/2 ) :
Jo S50 8jv1/2(x)Po(x, E)dx dE
T UE) a0, ENE e
JH1/2 7 Treo (Xjt3)2 . (5.251)
Jo [ 8j41/2(x)Po(x, E)dx dE
Then, in terms of the functionals in Eq. (5.25)), Eqs. (5.24) may be written:
1]~ 1 & - 1
Bip+Aip+ h—1U1/z ¢ (x1/2) — h—1U3/2¢(X3/2) = %Fl/2¢(xl/2> ; (5.26a)
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1 1 1
I Ui 1/2¢( i—1/2)+ [ JU,+1/2+ o U,+1/2+AJ+1/21 ¢ (xj41/2)

1 _ 1 _ .
- hj+1Uj+3/2¢(xj+3/2) = Fipdlajp), 1<j<7-1,
(5.26b)
Lyt 6 1 R - 1 _
_h_JUJ*I/Z(p(xJ‘l/Z)Jr BJ+1/2+AJ+1/2+h_JUJ+1/2 0(er12) = i1 29 (g 2)
(5.26¢)

The functionals in these equations can be evaluated using the standard Monte Carlo method.
Once they are obtained, Eqs. (5.24) then become energy-independent, low-order equations
which can be used to estimate the k-eigenvalue and the energy-integrated volume-averaged
scalar fluxes ¢ i+1/2- This concludes the step 3 of Part 1 of our method to solve Egs. .
Remark: At this point, we wish to point out that other approaches are possible in

deriving low-order FMC equations from Eqgs. (5.3)) and (5.4)). For example, one can write

Eq. (5.4) as

(oo}

§¢z(x,E)+Z,,(x,E)CI>1(x,E): / Yo (x,E' — E)®|(x,E"YdE' — X4 (x,E)®1 (x,E)
X 0

=LP|(x,E) .

This gives:
1 [ d

1) = =5y lax

@y (x,E) — chl(x,E)} .

Introducing this result into Eq. (5.3)), we obtain

J 1 J _ [ / T
e ) Y )= [ Sl
X(x,E) / ! I J 1
+ % Jo VI (x,E")Do(x, E\dE DX T (x, E)Ld)l(x,E) . (5.27)

We attempted to develop an FMC method for Eq. (5.27), by using the same techniques

described above for Eq. (5.13). Unfortunately, numerical tests showed that this approach
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was not as efficient as the approach described in detail in Eqgs. (5.14)- (5.26). Our experience
has indicated that eliminating ®;(x,E) by using the U-function is an important step in
developing an efficient FMC method.

It remains to determine U (x, E) [Part 2 of our procedure to solve Eqgs. (5.1)]. A numerical

procedure to accomplish this is described next.

5.1.2 Procedure for Evaluating U (x,E) (Part 2)

We recall from Section 5.1.1, Eq. (5.11)), that U (x, E) satisfies the following adjoint
equation:

Y (x, E)U(x,E) — /O ) Y1 (x,E — ENU(x,E'YdE' = 1. (5.28)

We introduce the scattering ratio

and note that

Y (x,E —E'")=X(x,E)P(E - E"QA(E — E').

Thus, Eq. (5.28]) can be rewritten as

U(x,E)—C(x,E) /0 OOP(E — ENQ(E — E"U(x,E")dE' = (5.29)

Y (x,E)

Eq. cannot be solved analytically, so we proceed to solve it numerically. To do
this, we take account of down-scattering only. Energy grids 1 </ < L can be specified at
arbitrary intervals as shown in Figure 5.1. For simplicity, we assume that the edges of the
energy grid satisfy the condition £}, | = aE;, which means that a neutron with energy E;

can scatter into its own energy group and the following m neighboring energy groups.
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min=Er  Er Er E; E, E =E

~————

(1™ energy group)

Figure 5.1 The energy grid.

For each energy E;, Eq. (5.29) can be written as

E,
U(x,E)) —C(x,El)/ P(E, — E"a(E, — E"U(x,E"dE' = (5.30)
aE L (x, Ep)
Substituting the following expression for tiy(E; — E') and P(E; — E'):
. A+1 E' [(A—-1 E;
E—E)="—"=)=—(— /=2
HolEr = E) ( 2 )\/E, ( 2 )\/E”
1
A oE; <E <E
P(El _ El> — (1 a)El
0 otherwise ,
Eq. (5.30) becomes
E A+ 1 |E E; 1
U(x,E;)—C(x,E / E")dE' = ;
wE) = C B | e 2 VB V E’ % (v, Ey)
or
C(x,Ep) {A—i—l
Ux,E VE'U(x,E
E) T a)E (2B Jur, VY
( _1)\/_ 1 ! / 1
-U(x,E')dE"| = . 5.31
2 aE; VE (.E) L (x, Ep) ( .

Here we make an approximation. We assume that for E; | <E < E;, U(x,E) is a linear
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interpolation of U (x,E;) and U (x,E; 1), i.e

U —-U, U_E—UE
vg) 29—V g Ui B~ Ui
E —E E —Ej 4
U —-U Ui1E1—UlE1
= E 5.32
AE, T AE, ’ (5-32)

where for simplicity, we denote U (x, E;) = U,. This linear interpolation will generate a small

truncation error in U (x, E). Using Eq. (5.32), we evaluate the two energy integrals in Eq.

(3.37) as:

E E
"VEU(E)E = [ VEU(xE)dE'

oE; El+m+1
I+

B i” Ev [Ul’_Ul/+1E/+Ul’+1El’_Ul/El’+1]dE/
=By AEy AEy

fm 2 5 s 2Ep
“Er+1
) I,ZZHSAEN = Ei) 3, i - Eﬁ“)] o

2 5 s 2Ey 3 3
b | s B - B e B - B, ) U |

SAEI’ 3AEI/
[+m+1
— Z RyUy (5.33)
I'=l
where
1= 55, Bl B~ 3 (BT ER)
_2 2E14i1
Rii =~ SAE; i (Elzﬂ ! Elz*’) + M(Elzﬂ 1 E12+l)
2 g 5 2B it _
+ SAE;; (Eﬁ” Frivt) 3AE;; (E12+z - E12+z+1) I1<i<m
—2 5 3 2E1m 3
Rime1 = = SAE; (Elz+m o Elererl) + 3AE (E12+m Elererl)
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and

El 1 El 1
——U(x,E"dE' :/ ——U(x,E"dE'
/OCEI VE' ( ) Eymir VE' ( )

l4m E, {Ul’ —Up iy

B 1;1 Ey VE'

Ui Ey —UpEy
E/+ I'+1E51 'El41
AEy AEy

] dE'

t4m 2 3 3 2Ep,, 1 1
— Y |am B - B - et} )| o

2 3 3 2Ep , ) 1
b | g (B B )+ 8~ )| Ui )

= ) SUr,
=l
where
S; _3AE1 (E12 —E12+1) E(Elz _E12+1) :
2 > 5 2El+1—1 L 1
S . E2 i _E2 ) E2 . _E2 .
o 3AE1+1—1( fric1 — B+ AE1+1—1( G~ Bl
2 g _p 2E i1, b b '
i 3AE (Eii = Eii) = AE;; (Bl —Eli) 1<i<m
2 2 2 2E14m 4 1
Stam+1 = — M(Elz—l—m —E/ )t m(Elerm —El,. )

Next,we rewrite Eq. ([5.31)) as

CZ(A— ) B

Ci(A+1) [E
U;—l(—-i_)3 VE'U(x,E"YdE' +

U(x,E"dE'
2(1 _ a)Elj OE; 2(1 —OC)\/E OE; \/ﬁ ( )
H, I
_ 1
Zt(val) .

(5.34)

Using the indicated definitions of H; and [;, and substituting the integral expressions Egs.
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(5.33) and (5.34)), we find

I+m—+1 I+m+1 1
U —H RyUp| +1; SpUp| = ,
[l;l ! l} [l;l ! l} Zl‘(xaEl)
or
[+m , , 1
1—-HR +1;S|U + —H Ry 1+ LSy 1|Up 1 = ————, (5.35)
| Uit YR 1Sl = 5
where:
G(A+1) (A+1) X(x,Ep)
i = 3 ESHEN DN
2(l-a)Ef  2(1-a)E; 1\l
o GA=D _ (A=1) E(xE)
- T 1 :
2(1-aE  2(1—a)Ep B E)

Using the expressions stated for the coefficients, we now solve the set of linear Egs.
for values of U (x, E;) over the entire energy grid. For this purpose, we assume the
first m + 1 values U (x,EL), U(x,Er_1),--- ,U(x,EL—n) to be equal to one another. The
value of U(x, E;) so obtained can then be used to generate, by linear interpolation, all values
of U(x, E) required to solve Eq. (5.26).

The calculation of U(x, E) only needs to be done once, in each material region, at the
start of calculation. Also, U(x,E) can be calculated as accurately as desired by taking the
energy grid sufficiently fine. We assume that U (x, E) has been calculated to an accuracy

comparable to the accuracy of X,(Q'-Q,E' — E).

5.2 Procedure to Generate Low-Order Multigroup Equa-
tions

For many problems encountered in practical nuclear reactor design, the energy-
integrated scalar flux is not adequate; multigroup fluxes are more desirable. In this section,

we extend the FMC method in the following ways: (a) Energy group nonlinear functionals
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are estimated using standard Monte Carlo with continuous-energy cross-sections; (b) These
functionals are then used in low-order multigroup equations to estimate the eigenvalue and
the multigroup fluxes. As in the case of energy-integrated flux, the resulting FMC estimates
of eigenvalue and multigroup fluxes have very small energy truncation errors and statistical

errors. Furthermore, the FMC method has no spatial or angular truncation errors.

5.2.1 Low-Order Multigroup Equations

The procedure to obtain the low-order multigroup equations from Eq. (5.1)) follows
closely the three-step procedure used earlier to solve the energy-integrated low-order FMC
equations in Section 5.1.1. These three steps are presented as follows.

In the first step, we take the zeroth and first angular moments of Eq. (5.1) by operating

on Eq. li with f_ll w"(-)du forn=0and 1. We define
1
®,(x,E) :/ Wy, EYdy . n=0,1,2.
-1
For n = 0, we obtain

9
5 @100 E) + 5 (x, E)Po(x,E) =

o x,E) [
/0 Yo0(x, E’ _>E)q)0(x7El>dE,+¥/o VE((x, E")®y(x,E)dE" ; (5.36)
and for n = 1, we have

%Cbz(x,E) + 2 (x,E)® 1 (x,E) = / OOZ‘,Sl(x,E' — E)®y(x,E")dE" . (5.37)
0

To obtain the multigroup fluxes, we first define an energy group structure as shown in Figure
5.2:
[Note that this energy grid is not necessarily related to the energy grid described previously

for calculating U (x, E); see Figure 5.1.]
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Emin=Ec  Egi E Eg—l E, Ey=E

(g energy group)
Figure 5.2 The energy group structure.

Next, we define the “characteristic” functions j§,(E) for each g'" energy group as:

A 1 E,<E<E,
o (E) = (5.38)

0 otherwise ,

and we define multigroup functions U, (x,E) that satisfy the following adjoint equations:

%, (x, E)Uq (x, E) — /0 1 (0,E — EUg(x,E')dE' = f,(E), 0<E <oo. |  (539)

The multigroup functions Uy (x, E) are used to eliminate the first-order moment ®; (x,E) in

Eqs.(5.36) and (5.37). Eq.(5.39) for Uy (x, E) cannot be solved analytically. A small energy

truncation error in Uy (x, E') will be generated when we solve it numerically in the following
Section 5.2.2.

To proceed, we operate on Eq.(5.36) by

[ e as = [ (ar.

Eg
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and get

d Eg—1 Ee 1
a/ ¢1(X,E)dE+/Eg Y (x,E)o(x,E)dE =

Eg
* Eg-1 / ! /
/ / So(r,E' — E)dE | 9o(x,E')dE
o L/E,

+ng()c) /0 VE((x,E")¢o(x,E")dE', (5.40)

where x,(x) = fb%'” X (x,E)dE. Next, we operate on Eq.(5.37) by [;°U,(x,E)(-)dE, and

get

/O ) Ug(x,E)%(])z(x,E)dE
_ /0 U, (x,E) { /0 S (L E — E)o1(x, EN)dE —i(x,E)éy (x,E)] dE
_ /0 ) { Omzsl(x, E —>E’)Ug(x,E’)dE’] 01(x,E)dE — /0 " Uy, E)E (3, E) 1 (x, E)AE

L (x,E — E"Uy(x,E")dE" — %, (x,E)Ug(x,E)} 01 (x,E)dE
0

oo Ey
—— /0 (EY0 (. EVE = — [ g1 E)IE (5.41)

Eg

Substituting Eq.(5.41) into Eq.(5.40) then gives the following identities, which are exactly
satisfied by the solution of Eq.(5.1):

_i/wU( E)i¢( E)dE+/EgIZ( E)oo(x,E)dE
ax 0 g X, ax 2 (X, Eg t\ X, 0 X,
G E E,_
- Z/g 'U ‘ lzso(x,E'—>E)dE} do(x, E'\dE'
g=1"Ey g

E

X (x) G Egr_y
+5 =) / VEf(x,E')go(x,E')E", 1<g<G. (5.42)
g=1 Eg/

To proceed, we consider elastic down-scattering only. Thus, the integral in square brackets

in Eq.(5.42) may be evaluated explicitly as shown below.
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For elastic scattering, we have Ly (x,E' — E) = X50(x, E")p(E’" — E), where

1 / /
A oF <E<E
p(E'—E) =4 "

0 otherwise .

Then we define for each energy group:

E,

Zs0,(%,E") = / Yo(x,E' — E)dE

E

8
Eg-1 / !

= [ sl E)p(E'— E)E
Eg

Eo i
:Zso(x,E')/ p(E' - E)dE ,

Eg

which leads to

Yo(x,E")
!/ S ? !/
Z50,6(x, E') = ng(E )
where
(
0 E, 1 < oE’
E; 1 —aE' E, <aE' <E, | <E
E, 1—E oFE' <E,<E, | <E
4 g g < Lg
Qg(E/) =
E' —oFE' E, <aE' <E' <E,
E'—E, QFE <E; <E'<Egq_4
0 E' <E,
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(Case A)
(Case B)
(Case C)
(Case D)

(Case E)

(Case F) .

(5.43)

(5.44)



Eq.(5.44) then gives for these cases:

For Case =

Lo0g(x,E)=0

Ty 5 (0 E') = L (Bg 1 — ak)
To04 (5 E') = (2 (Eg 1 — Ey)
To05(6 E') = L (B — aE') = I,(E')
Yoo (6 E') = 2L (B — Ey)
Lo0e(x,E)=0

Substituting Eq.(5.44) into Eq.(5.42), we get:

o Ee
2 ) S onteEraE + [ I n e E) (e )

Ey_y
= z o S 0.8 (. )

Xg(
k

Eg_y
(Z/ VZf(xE)(Po(xE)dE) 1<g<aG.

(5.45)

If Uy(x,E) is exact, then Eq.(5.45) is satisfied exactly by the solution y(x, u,E) of the

continuous-energy transport equation (5.1a). Eq.(5.45]) completes the first step.

Steps 2 and 3 follow closely the derivation in Section 5.1.1. In the following, we only

give highlights from these steps.

We define a spatial grid 0 = x5 <x3/;..

. <Xj41/2 = X. For each grid point x; 5,

we define the same tent functions f; 1/, (x) as were used in the energy-integrated flux case.

For each j we now perform the operation f(f( fi+12(x)(-)dx on Eq. (5.45).
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For j = 0 we obtain:

X3/2 d oo p)
_/ /fl/z(x)a/o Ug(x»E)a(Pz(x,E)dde

X1/2
X3/2

Eg,l
fi 2( )/E Y (x,E)¢o(x,E)dEdx

x1/2
¢ e BWE) ,
X / gl R 0 E ol BNt
1 /2 Eg-i / T
k fl/Z( ) ) <Z / VZf(x,E )¢0(X7E )dE ) dx . (5.46)
X1/2 ¢=1"Ey

Following the exact same steps as in the energy-integrated flux case, Eq.(5.46) becomes

Eg,1 0 1 oo
/ / ’H’I]/(O,[J,,E)d‘udE—Fh—/ Ug<x17E)¢2(x1/27E)dE
E, -1 1J0

(o)

X3/2 Eq 1
_h_l 0 Ug(xlaE)¢2(x3/27E)dE+ fl/Z(x)/E Zt(x7E)¢0(x7E)dde

X1/2 g
B G [Ey x?/z s(x E) ,
X / // 1 al0) (7 gy g 0slE V00l ) ddE
1 X3/2 E/
+1 J12(x0) 2 (x (Z / vzf(x E"¢o(x,E )dE) dx . (5.47)
X1/2 /=1

Next, we define cell-averaged fluxes as in the monoenergetic case:

g—1 j+3/2
(xj11/2) = / / 8j+1/2(X)9o(x, E) dxdE .
~1)2

We multiply and divide each term in Eq.(5.47) by a suitable cell-averaged flux. The j =0

case may be written
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Je~ 0 1l w(0, 1, E) du dE +1 I Ug(x1,E) (x4 12, E)dE
Je£™ a2 81/2(x) 00 (x, E) dxdE Je£ " o €1/2(0) 90 (x,E) dx dE

[52 a0 S5 5 (. E) ol E) dE dx S
JE 227 g12 ()00 (x, E) dxdE e

1 Jo Ug(x1,E)92(x32,E)dE bo(32)
flfgl ;3/2281/2( ) o (x, E) dxdE |

G Ul A TS O () g (v E') dxdE"
- Z 1/2/1 X3/2 e 9y (x1/2)
g=1 fl/z 812X ( )¢0(X7El)dXdEl

E/ X
¢ lfxf/ff (% (VS (v, E o x, E') ddE"
F iy /E,”zx Golnn)| . (5.48)
& L g (9005, ) dxdE!

X1/2

k‘

Similarly, for 1 < j <J—1, we get Eq.(5.49), and for the right boundary j =J , we get

Eq.(5.50).
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i( Jo Ug j(E)$2(x;_1 /2, E)E 5.z,
hi \ g R 852 (060 (x EydxdE | 172

{1 ( 5 Ug i (E)9a(x,1/2. E) dE
ng lij+13//22g]+1/2( )¢o(x,E) dxdE

1 Jo Ug,j1(E)2(x 112, E)dE
hjs JE, o lfx,ﬁf/zzgjﬂ/z( )9o(x,E)dxdE

(fx +13//22fH—1/2( )fE - Zt<x7E)¢()(X,E)dEdX _
JE, - 1ij+172281+1/2( )¢o(x,E)dxdE 5(541/2)

1 Jo Ug,j+1(E)92(xj43/2,E)dE G )
x.
hi ng lijﬁ/zzgjﬁ/z( X)0o(x,E)dxdE | J+3/2

£ ( . lfx,”j/ff]+1/z( ) 2L 0 (E')go(x,E') dxdE!
= S g1 2(x) G0 (x, E) dx dE!

lf ( fx,'?/;f,+1/z<x>xg<x>vzf<x,E')¢o<x,E'>dxdE' )

kf= L g p (000, B dxd ! )%( i

) Py (xj41/2) (5.49)
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1 Jo Ug s (E)®2(x5—1 2, E)dE 5o 1n)
h ng lijtl/zng 1/2(x)@o(x, E) dxdE Sy

{( ng "o uw(xyi1)0,10,E)dpdE )
1 0 Ugg(E)92(xy 412, E)dE
ng 1 )2”11/2281+1/2( )9o(x,E) dxdE

= 1ijj+11//22gj+1/2( )oo(x,E)dxdE
( ;ijﬁl//;fJH/Z ng lzt(x E)¢o(x, E)dde>] ; : |
g\ XJ+1/2
y

2 S 80412090 (x,E) dx dE
( e "fﬁl/j Fre1 2 () 25 Qg (E') o x, E') dxdE!
= L gt 2 (X)90(x, EY) dx dE!
f ( f’i”f/;le/z(x)xJ(x)vzf(x,E'>¢o<x,E'>dxdE'

foJ+ll//22gJ+1/2( )oo(x,E")dxdE’

)(ﬁgl(x‘]_’_l/z) (550)

8

| =

) Py (Xy41/2) -
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To simply the notation, we define the following energy group nonlinear functionals:

Bg 12
Bgji1)2
Feg jt1/2
UR]—H/Z
Ug i1

Lsg—g j+1/2

Zt,g,jJrl/Z

E,_
ij SO Il w (0,1, E) dpudE

ng 1 )613//2281/2( )oo(x,E)dxdE

ng 'Jo Ly (xyp1)2: 0, E)didE

Je5 ™ 5 i jp(0)g0(x, E) dxdE
f ol ijJr]3//22 fj+1/2(x)Xg'(x)vzf(x7E)¢0(x7E)dXdE

ng lij]+13//22gj+1/2( x)¢o(x,E) dxdE
hjt1 Jo Ug jr1(E)@2(x 11 )2, E) dE

f . lij-?//zzg]—i-l/Z( )¢0(X7E)dXdE
h iJo Ug j(E)§2(xjy1/2,E)dE

JE! 5 lfx’ﬁ%zgﬁl/z(x)(l’o(x E)dxdE
I, 5 L Fie (0 G aEQg( )o(x,E) dxdE

f I gw1/2(x)90(x, E) dxdE
Jx ]+13//22fj+1/2( )ngg 1sz()C,E)%()C,E)dde

f o lf)fj+13//22gj+l/2( )(PO(x?E)dXdE

(5.51)

Then in terms of these functionals in Eq.(5.51)), Eqgs.(5.48), (5.49), and (5.50) can be written

more concisely as:

1 1 _
g1/2+ Ugl/2+2,g,1/2:|¢g<xl/2) th;3/2¢g(X3/2)

G

Z s.g/—g1/20g (X1 2) + ZF’gl/2¢g (x12)

1

[

e Uy 132 Pe(xj43/2) =
j+1

thée] 12 ég(xj—l/z)

1

— U~

h2 gJ+1/2+h2 UR it gy | Oexjiiy2)

G

g g—
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(5.52a)

li7g—>gj+1/2¢g( J+1/2 + Z g7g1+1/2¢g( J+1/2)

(5.52b)



1 - - _
_ﬁygf—l/ﬂg(x#lﬂ)*’ Bg,J+1/2+ﬁU;J+1/2+Zt7g,J+1/2 P (xy11/2)
7 7

G G
3 i} 1 _
=Y Eigeu12 O (xysr )+ x Y Fyeuri o (Xsp1)2) - (5.52¢)
g=1 g=1

The energy group nonlinear functionals in Eq.(5.51) can be evaluated using the stan-
dard Monte Carlo method. Once these functionals are obtained, Eqs. then become
low-order multigroup equations, which can be solved to estimate the k-eigenvalue and the
multigroup fluxes @ (x;11/2).

In this section, the multigroup flux (ﬁg (X1 /2) is defined on a “staggered” grid rather

then on the original spatial grid of the problem as shown in Figure 5.3.

Original spatial grid 1 2 3 4

el | 1/2 1 3/2 i 5/2 i 7/2 -Y7)

Figure 5.3 Original spatial grid and the staggered grid.

In Section 5.3, we are going to generalize the method to: (1) obtain fluxes on the original
spatial gird; and (2) accommodate “a fine grid” with many material discontinuities inside

each coarse cell.
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5.2.2 Procedure for Evaluating U, (x,E)

We recall from Section 5.2.1, Eq. (5.39), that U, (x, E) satisfies the following adjoint

equation:
Y (x,E)Uy(x,E) —/ 1 (x,E — ENUg(x,E")dE" = Z4(E), 0 < E < o0, (5.53)
0
where for each g energy group, the characteristic functions X¢(E) are defined as:

A 1 E, <E<E; 1,
Ae(E) =
0 otherwise .

Eq. (5.53) for the multigroup functions Uy (x, E) cannot be solved analytically. To solve
it numerically, we discretize Eq. (5.53) following the same procedure for the one-group
functions U (x, E) as described in Section 5.1.2, which yields:

I+m )A{g(El)
[1 _HlRl +IlSl]Ug,l + Z [—Hl/Rll+1 +Il/Sl/+1]Ug7l'+1 = m ’

I'=l

(5.54)
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where:

L GA+D) (At LB
! 2(1 % %Zt(xaEl) ’
(1-a)E}  2(1-Q)E
po GA-) (A1) I(E)
= T T ’
21— a)E?  2(1—a)Ep 2 ED)
R = 5A_EZ(E’2 —Ej ) - 3AE, (Ef —EZ,),
2 3 3 2E14 i1 .3 3
Riyi= — m(bﬁiq —EL )+ 3AE,; | (E4io —EZ)
2 3 3 2E11iv1 3 3 -
+m(Elz+i_ i) — 3AE;.,; (Efi—Eli1) I<i<m
Riyme1 = — m(Elz—Q—m - Elz—i-m—i-l) + 3AEl+m <E12+m - Elz—i-m—i-l) ’
S TAEI(EIZ —EL,) E(Ef —EL,),
2 3 3 2E14io1 3 )
St+i 3AE (B —EL )+ AE (Efyio1 —Ef)
2 3 3 2E1 v 4 3 -
o ELi B ) (B —ELyy),  1<i<m

3AE;

2

3 3
Stymt1 = —W(Ez —E}
m

1 1
I4+m l+m+1>""—m(E2 —E;

o~ Elpmin) -

For clarification, the integer g represents the energy group used in generating the low-order
multigroup FMC equations. U, ; = U, (x, E;) represents the value of the multigroup function
Uq(x,E) evaluated at the energy grid point /. The integer / is an energy grid point index
used in discretizing Eq. (5.53)), where 1 <[ < L. Figure 5.4 shows the multigroup structure

and the energy grid adopted for evaluating U, (x,E) .
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(1™ energy group)

Emin=Er  Er B B Ey E, Ej=Epa

Figure 5.4 Multigroup structure and the energy grid adopted for evaluating U, (x,E)

Eq. (5.54) is a discretized multigroup adjoint equation. For each energy group g,
we solve the set of linear Eq. for the value of U,(x,E;) over the entire en-
ergy gird point [. Again, we start with the assumption that the first m + 1 values
Ug(x,EL) , Ug(x,Er—1) , -+ , Ug(x,Er—,,) are equal to one another. Because f,(E) is
nonzero only within the energy group [E, E,_i], the numerical values for Ug(x,E) will

change dramatically at the energy group boundaries. However, operating on Eq. (5.54) by

Zgzl(-), we get

G I+m G ZG:1 R (Er)
N —HR+1S]Y Ui+ Y [—HyRy 1 +1rSps1] Y, Ugry = —o————
— /_ — Zl (X,E[)
g=1 I'=l g=1
or
G I+m G 1
[1=HR + 181 Y, Ui+ ) [=HirRy o+ loSpa] Y Ugrn = 5 — - (559)
g=1 V=] g=1 t(x7 l)
Comparing Eq. (5.53) with Eq. (5.35)), we have
G
U=Y Ug. (5.56)
g=1

In the numerical results presented in Chapter 6, we assume that the edges of the energy
grid for evaluating U, (x, E) function satisfy the condition E;;»; = @E;, which means that a
neutron with energy E; can scatter into its own fine energy group and the following 20 fine
energy groups indicated in Figure 5.4.

We have also tested the one group U(x,E) function and the two group U, (x, E) function
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with a finer energy gird, where the edges of the energy grid satisfy the condition E; 4 = ®E].
This means that a neutron with energy E; can scatter into its own fine energy group and the
following 40 fine energy groups.

For the one group U(x,E) function, the results show that the eigenvalues obtained from
the low order energy-integrated FMC equations are essentially the same for the 20 fine
group and 40 fine group cases. This is because the one group U(x,E) function is smooth
with respect to energy E.

For the two group U, (x, E) function, the results show that the eigenvalue obtained from
the low order multigroup FMC equations with 40 fine groups is slightly more accurate than
the eigenvalue with the 20 fine groups. This is because the two group U, (x, E) function
has a discontinuity at the energy group boundary. Thus, a finer energy grid for evaluating

Ug(x, E) function is recommended for the multigroup case.

5.3 Procedure to Generate Multigroup Low-Order Equa-
tions with Material Discontinuities within a Coarse
Cell

In Section 5.1 and Section 5.2, we assumed that a cell only contains one kind of cross
section. This assumption will limit the application of the FMC method to more realistic
multi-dimensional problems. Realistic reactor core structures contain many fuel assemblies,
and each assembly contains a number of different pin cells. Thus, for practical use, it is
necessary to introduce the assumption that a cell can contain any number of fine mesh cells
with different cross sections. The goal of this section is to apply the FMC method to generate
mutligroup low-order equations with any number of material discontinuities within a cell
(coarse cell). In doing this, we shall also obtain the flux average over a spatial coarse cell.

We prescribe a spatial coarse grid, consisting of J + 1 points x| 5 satisfying 0 =x; , <

X372 < <Xjoyp <Xjyyp < <xy_172 <xy112 =X. The j'" spatial cell consists of
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the interval x; ;5 <x <x; /2 the width of this cell is i1; =x; 12 —x;_1 .
For the interval x;_;/, <x <x;11/,, the “fine grid” and “coarse grid” are related in the

following Figure 5.5:

=

~1

Y12 X1

| 1 1 |
X .
)?/-1/2 J+1/2

hj
Figure 5.5 Detailed structure of the fine grid within a coarse grid.

To obtain the multigroup flux average over a spatial cell:

Jj+1/2 ngl
= / / 0(x, E)dEdx
]+1/2 X 1/2 —-1/2

Xjt+1/2

1
/g O(x,E)dEdx 1<j<J | (5.57)
hJ Xj-1/2

we introduce a staggered grid point xj such thatx; , <x; <x;;pfor2<j<J—1L x;
is chosen near to the center of the j”* coarse cell, and x j 1s the edge of a fine mesh cell. Let
Wi =xj—x;_1, and ¥ = x; 1, —x;. Clearly the width of the j* cell hj = h’; + h¥.

We also make use of the notation:

Z Ji = Sum over all fine cells k that lie between x; and x; .
kej+1/2

For 1 < j <J, we define tent functions f;(x) on the staggered grid.
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For j =1:

1
m(xz—x) , 0=x1<x<xp

filx) = (5.58a)
0 , otherwise .
For2<j;j<J-1:
(
m(x_xj—l) y Xj—1 <x <X
J— J
Jix) = m(xjﬂ—X) y Xj<x<Xjyq (5.58b)
J J
\ 0 , otherwise .
And for j =J:
ﬁ(X—x]_l) , X1 <x<xy=X
filx) =97 (5.58¢)

0 , otherwise .

The tent functions defined on a staggered grid are displayed in Figure 5.6, while the detailed
structure surrounding a staggered grid point x; is shown in Figure 5.7. We note that the
number of tent functions is equal to the number of coarse cells.

A :
1o [A@ | A0 | AR f5@®

5 o\ . X e S| x5
I N B I I 1 I I N O |1 /11 |
X35 Xs/5 Xz Yoz X X312 X732 Xr-12 Xy412

[
kv

0=x,,

Figure 5.6 The tent functions defined on a coarse staggered grid.

We begin by deriving the multigroup low-order FMC equations. We multiply Eq. (5.45) by
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ol

Y12 Xpe1
| I I | [ > x
X.
312 Xi1 Y12 X; Y12 | Y312
) L R L
hj hj hj hj

Figure 5.7 Detailed structure surrounding a staggered grid point x;.

fj(x) and integrate over 0 <x < X. For2 < j <J —1, we obtain:

Xj+1 0 oo b
- ff'(x)g/o Us(x.E) 5 02(x, E)dEdx
Xj+1 Eg_l
+ / - i) / %, (x,E) 9o (x,E)dEdx
= /E/ 1 /xj+1 ) X l“;'E)'/Q (E/)(p()(X,E/)dXdE/

1 X+t

E /_1
+§ fi(x)xe(x) (Z /E 8 VZf(x,E’)q)o(x,E’)dE/) dx . (5.59)
x];l g/:1 g/

We expand the first term of Eq. (5.59) using integration by parts, which yields:

Xj+1 Jd [ pa)
—/ fj(x)a/o Ug(x,E)adh(x,E)dde

le

e /X]+l df] / U (X’E)iq)z(x’E)dde
Xj ox
« 0
- m o 1/ Ug(XaE)a—x%(x,E)dde

/ v / U (0. E) 2 o (v, EVdEA (5.60)
hR+h]+1 0 8 X, ax(pz X, X . .

The two terms on the right hand side of Eq. are similar. We evaluate the last term by
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introducing the coarse grid Ug ;11,2 (E) function as follows:

/xj+1 /m Ug(%E)i%(x,E)dde

hR_Fh]+l
= / e / ¢2(x E)dEdx
-l +h]+1 k61+1/2 Te1/2 /0
- ) [02(Fks1/2,E) — $2(Te—1/2, E)] dE
hR+hj+1 kejgl/Z/ / /
1
- hR+hJ+1/ Ug js1/2(E) [92(xj41,E) — $2(xj,E)| dE
1 ©
Y { )3 / Ugk(E) [92(Fi1/2.E) — $2(%4—1 /2, E) | dE
TR Lkejti)2
_/0 Ug jv12(E) [¢2(xj41,E) — 92(xj,E))] dE}. (5.61)

We now specify that the coarse grid Uy ;11 /> (E) be chosen so that the expression in curly
brackets { } in Eq. (5.61)) vanishes under the condition that ¢ (x,E) = f(E) +xg(E) is a

linear function of x. This requirement leads to

Iy
0= Y /ﬁg,k(E)kaH/z—fk—l/zjg(E)dE—/ Ug jr1/2(E)(xj11 —xj)g(E)dE
kej+1/270 0
—/ [ k(B —Ug j12(E)(xj41 —x)) | §(E)dE.
k€]+l/2

The above quantity in square brackets is then set equal to zero, yielding the following

definition for the coarse grid U, ;| /(E) function:

Yiej+1/2Ugk(E)hx
Yiejr1/2hk

Ug jr12(E) = (5.62)

The coarse grid U, ;1 />(E) function is seen to be a weighted sum of fine grid Ugk(E)
functions. The fine grid ﬁgyk(E ) functions satisfy the adjoint equation which was shown

earlier.
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In addition, let us define a correction term

;.
”g71+1/2 TR | L
i Jrh;+1 {k€j+1/2

- /OooUg,H—l/Z(E) [¢2(xj+1,E)—¢2(xj,E)} dE} ;

then Eq. (5.61)) can be written as

hR —|—h /XH] / ¢2(x E)dEdx

= —/ Uy j1/2(E) [$2(xj41,E) — 02(x/, E) [ dE + Wy i1/ -

W +hky Jo

Using Eq. (5.64), the first term in Eq. (5.59) becomes:

Ay d [~ d
- [T, [ U By ea(xEdEds

j—1

1 Xjo [ 0
:—hR L), / Ug(x, E) 52 (x, E)dEdx
j—1 j VX1

Xj+1
hR +h / / <P2(X E)dEdx

Jj+1
1
hR 1+hL/ Ug j-1/2(E) [¢2(x},E) — 92 (xj—1,E) | dE =W, ;1
1 oo
hR+h_/ Ug j+12(E) [¢2(xj41,E) — 2(xj,E) | dE+Wy 112 -

j+1
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Z /ng ¢’2xk+1/27 ) — ¢2(fk—1/27E)}dE

(5.63)

(5.64)

(5.65)



Incorporating the result in Eq. (5.63) into Eq. (5.59)), for 2 < j <J — 1, we have:

1 o
m/ Uy j—1/2(E) [92(x),E) — $2(xj—1,E) | dE =W, j_1 >
1 [o)
W/ Ug j+1/2(E) [92(xj41,E) — $2(xj,E) | dE+W, ;11
j+1

Xj+1 ngl
[ ) / %, (x,E) 9o (x, E)dEdx

_ & A s(X,E ) / / /
_g; /E / (Tt o (E')00(x, E')dxdE
1 ¥+ Eg/71
o] %) y /E VE (6, E') o (x, E')dE' | dx (5.66)
Xj—1 g=1"ELy

Similarly, we multiply Eq. (5.45) by fi(x) and integrate, for j = 1 (Figure 5.8), we have

w9 e P)

— [TA05 | U E) 3ol E)dEd
X0 Eq 1

+ / AW / %, (x, E) @ (x, E)dEdx

E/ /)
= =0 (E")¢o(x,E")dxdE'
le/f AW G 0B
1 E/
+7 fl( )X (x (Z/ vzf(xE)¢o(xE)dE>d : (5.67)
X1 '—=1
A
1.0 £.0)

Xin| *32 Xsn

Figure 5.8 Detailed structure at the left boundary for a coarse grid.
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Integrating the first term of Eq. by parts, we get:

X2

ad [ d
-/ fl(x)a/o Ug(x,E)a(Pz(x,E)dde

E,_ 0 1
= [ [ v, E)dudE - [ une)S  ba(x. E)dEds

Eg -1 hl+h2 X1

E, 1 0
= [ 1m0, p.E)dudE

E, J-1

1 oo
T /O Uy 32(E) [02(x2, E) — ¢ (x1, E)| dE +W,.3)5 - (5.68)
2

Thus, substituting Eq. (5.68)) into Eq. (5.67), for j = 1 yields:

g—1 0 1 oo
/ [ O E)didE — o [ U a(B) 2052 ) — e ENE + W

Eg,1
fl( )/ % (x,E)¢o(x,E)dEdx
B Z /El / o El) Qg(E/)%(X,E')dxdE’

XD Eng
7 AW 200 ( y / vZf(x,E’)q)o(x,E')dE’) dx. (5.69)
X1 g=1 Eg/

For j = J (Figure 5.9), we follow similar steps as for j = 1, multiplying Eq. (5.45) with
f7(x) and integrating. This yields

xJ ad [ d
_/x, fj(x)a/o Us(x.E) 5 02(x, E)dEdx

Eq
+ fl(x)/E L (x,E)¢o(x,E)dEdx

8

G Y x. E’'
= Z /EEIS’ / fJ(X)%Qg(E/)q)o(%E/)dXdE’

g/:1 g XJ—1
1 /% G Eg’—l / / /
+1 /lefJ(X)Xg(x) g; /E ) VEf(x,E")o(x,E')dE' | dx . (5.70)
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Figure 5.9 Detailed structure at the right boundary for a coarse grid.

Integrating the first term of Eq. by parts, we get:

X pa) o P
- fJ(x)afo Ug(x,E)aw(x,E)dde

XJ—1

Ee1 1
=/ / \uly(X, 1, E)dudE
E, -1

1 oo
— | U, ;_»(E E)— LE)AE =W, 1.
iy U 1B 0200, ) — o ENE W

Thus, substituting Eq. (5.71)) into Eq. (5.70), for j = J yields:

E, .y gl
L v E) dude
E, J-1

1 (o]
o — U, _ E E)— _1,E)|dE—-W, ;_
+ h§_1 Thy /0 gJ 1/2( ) [¢2(XJ7 ) ¢2(X] 1 )] gJ—1/2

X Eq
+ / £(0) / %, (x, E) o (x, E)dEdx

—Z/E”/ BOE) 6 () o (v,

(
G g —1
+]1< (g/E vfoE)q)o(xE)dE>d
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Next, for 1 < j < J, we introduce functions g;(x) that satisfy:

1

no Xj-1/2 <X < Xjp1)2
gj(x) =
0 , otherwise .

For 1 < j <J, we define:

Xj+1 [Eg—1
D, = / / gj(x)¢(x,E)dEdx (5.73)
xj—l Eg

where xo = x1 /5 = x1 =0, and x;41 = x5, 1/, = x; = X. The quantities P, ; are the multi-
group flux average over spatial coarse cells, which are also unknowns for the low-order
FMC equations as indicated in Figure 5.10. We note that Eq. is equivalent to the Eq.
(3.57).

A

\ .
o A@ | . LG @

X

% 1 X x;
I \ ) ]
X3 X512 Xjz2 Yoz Xian Xiv3/2 Xy3/2 Xj12 X541/2

X ‘X j-l:
1| 2 y

0=x,

[
><v

Figure 5.10 The heavy line (spatial coarse cell) intervals indicate the regions where ®, ; are
averaged using tent functions defined on a staggered grid.

We multiply and divide each term in Eq. @ by a suitable ®, ; and rearrange the terms.
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The j = 1 case may be written

(

I
ngle!

hy + h%

ffgg—l SO W (0,u,E)dpdE | [ Uy o (E) a1 EVE
i fEig’l g1(x)¢(x, E)dEdx

J2 5 g1 ()9 (v, E)dEdx

We3/2 )
2 JgE " 1(x)9 (6, E)dEdx+ [ [ g2(x)$ (x, E)dEdx
[ £10) Jp (e E) ol E)Edx | |
S22 JgE " g1(x)9 (x,E)dEdx )] o

hy + h%

1 Jo Ug3/2(E)§2(x2,E)dE
S f;igil 22(x)9(x,E)dEdx

We3/2
J2 25 @1(0)9 (6, E)dEdx + [ [ ¢2(x)9 (x, E)dEdx
E,_ X S (X, !
Egg/ 1 fx12 fl ()C) (ZlﬁogE)/ Qg (E’)(Po (x,E')dxdE’
L2 fe¥ " 61(x)0 (x, E)dE"dx
8

q)gﬂ

q)gﬁl

r Ey_1 oy

55 L Az (VS (v ') 9o x, E'dxd E! .
/ "1

[ [ &1(x)0 (x, E)dE"dx ‘

Similarly, for 2 < j <J —1 we get Eq. (5.75)) and for j = J we get Eq. (5.76).
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1 Jo'U gj 1/2(E)¢2(xj-1,E)dE
hR 1+hL ij 2ngg 'gi-1(x)9(x,E)dEdx
Wej—1/2 &
&Jj—1
(fx, szggﬂgj—l(XW(x E)dEdX+fx’+'f g0, E)dde)]

i 1 fO gj I/Z(E)¢2(xj7E)dE
M H R\ [ [ (00 (x,E)dEdx

le

I (fo U o (E ><z>z<x,~,E>dE)

+ hR+h Xj1 Ll
jrl x]’l ng gj(x)q)(x,E)dde

Wej—1/2
[, J5 g1 ()9 (v E)AEdx+ [ [ g(x)9 (x, E)dEdx

JAR [ 850 (x E)AEdx + [59%2 [ g1 (x) (x, E)dEdx
[ i) fEig‘zt<x,E>¢o<x,E)dde)] o
f;j”f S5t g7(x)0 (x, E)dEdx *

B Jo gj+1/2( )¢2(xj41,E)E
hR+hJ+1 fx’+2 ng 'gj+1(x)9(x,E)dEdx
We jv1/2
| virn Eoi Dy j+1
S ng gj( )¢(X7E)dde+f7+2ngg gj+1(x)9(x,E)dEdx
_ i " f;j”l] fix) 7 = aE/Qg( ")o(x, E")dxdE’ -
' [ 6 gy (000 B dEdx

o [ (1 f;jfﬁ‘f]() X ()VE£(x. E') o x, E ) dxd E/
il o

(5.75)
fx’“f ¢t gj(x)¢(x,E")dE'dx

le
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gJ 1/2(E)¢2(xs-1,E)dE
hy_ 1+h1 sz "¢/ 1(x)¢(x,E)dEdx

Wei-1/2 .
2 Je 819 (x E)dEdx+ [ | [ ¢s(x)9(x, E)dEdx | |
[(ng 1 1|»uWIX M, E)d,LLdE) 1 ( fO g] 1/2( )¢2(XJ,E)dE )
h

R
J—1 +h]

I leg '¢;(x)¢ (x,E)dEdx I8 ng '¢;(x)9(x,E)dEdx

Wei-1)2
fxf Zng Lgr-1(x)6(x, E)dde+fo leg 'g/(x)¢(x,E)dEdx
fw | ng 'Y (x,E)¢o(x,E)dEdx
1 q)gJ
I leg g7(x)¢(x,E)dEdx

E/
B L0, (E’ E"dxdE'
i[ B 1) B 0 (E') o (x, E')dx )q)]

'= ij 1 E, - ( )(P(va/)dEldx

v [ 1f1< D)2 B o B )

1 Z Dy (5.76)
k =1 L2 68 gs(x) 0 (x, E')dE dx
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‘We define the nonlinear functionals as follows:

E,

ng SOl w(0,u,E) dpdE
By =

(
J5 [ 81(x)0 (x. E) dxdE
(

E,
5 e L ey, 1, E) dudE
&) = TE,
ng lij 1 ()C) (va)dXdE

| Je5 J £ 29 (6)VE S (x, E) Qo (x, E) dxd E
8:8J fEig lf;;ﬂrll gj(x)(P(X,E)dxdE
UR Jo Ugjr1)2(E)92(xj11,E) dE
Jj+1/2 = Eq 1 (xi1s
ng f” gj+1(x)0(x,E)dxdE

Io Ug j12(E)¢2(x),E)dE

o Je [ 8;(x)0 (x, E) dxdE
Yooog = fE fgﬁllff( )1 aEQg( VO (x,E)dxdE
ngg lf;i”ll gj(x)¢(x,E)dxdE
$ioi = fé’ﬁlij(X)ij‘Zt(x,E)gz)(x,E)dde
el [ 8(x)9 (x, E) dxdE
o o L (5.77)

S szggﬂgj—l(X)ﬁb(x E)dEdX+fx’+'f “' gj(x)9 (x, E)dEdx

In terms of the nonlinear functionals, Eqs. (5.74), (5.75)), and (5.76) can be written as:

1 L =3 ol 1 R ~
Be1t hy + thg,a/wL Wes/2 +Zz,g,1} Pg1 — [mUm/z—WgS/z g2

I
™o

B 1 &
Z g1 P+ o Y Fyo1®g1, (5.784)
g=1 g'=1
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L ~
i Uei2 T Weimiy2| PejotF
J— J

L yr PR
R LYgj—1/277 3R L “gj+1/2
hj71+hj h; +hj+1

- i - 1 X i
J Jj+1
G
Z 5,8'—8,] gJ+ Z ggjq)g’,ja 2<j<J—-1, (5.78b)

: / =1

L i
B Ug o172 tWeu1/2] P
+|Beat U +5 00| @
’J 9 _1 2 I 71 ,J
TR hy 8T 12— We.s-1/ 1,g 4
G 1 G
e Z ZS,g’—>g,J¢g’,J+ % Z Fg/7g7]+1/2CIDg/J . (5780)
g=l1 g=1

Egs. are the FMC multigroup low-order equations on a coarse grid. In Section 5.2, we
also derived the FMC multigroup low-order equations Egs. (5.52). The differences are that
Egs. @) are limited to one kind of material in each cell, and the FMC tent functions are
defined on a spatial grid. The FMC eigenfunctions are obtained on a staggered grid. On the
other hand, Eqgs. can contain any number of material discontinuities within a coarse
cell. The tent functions here are defined on a staggered grid, and the FMC eigenfunctions
are averaged over spatial coarse cells. These FMC eigenfunctions averaged over spatial

coarse cells can then be used in the FMC feedback calculation.
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Chapter 6

Continuous Energy k-Eigenvalue
Problems: Numerical Results

In this Chapter, we present two different types of problem for the FMC method as

applied to the continuous energy method that we derived in Chapter 5.

6.1 Continuous Energy Problem 1: Large Homogeneous
Fissile Slab Problem

In this section, we apply both the one-group and the two-group FMC method to a
homogeneous fissile slab problem with continuous energy.

We consider a homogeneous fissile region of thickness X = 300 cm surrounded by two
5.0 cm non-fissile regions. The two energy groups are used in the low-order FMC equations
as shown:

E>,=0.0 E;=1.0 Ey=2.0

. 7\ 7

Vv Vv
21 group 1% group

Fission neutrons are born uniformly within the energy range 1.0 MeV - 2.0 MeV. The
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model fission spectrum is :

1.O0Mev'! | 1Mev<E<2Mev,
X(E) = (6.1)

0 , otherwise .

The Monte Carlo simulation starts with a spatially flat fission source. The fissile material
consists of atomic mass number 56, while the non-fissile material consists of atomic mass
number 27. The relevant model cross sections are taken to be inversely proportional to the

square root of energy, given by

Ys(x,E) = 20(x) 4+ 2! (x)\/% : (6.2a)

E

(6, E) = Zy(x) f‘) (6.2b)
E

(6 E) =Zs(x) EO (6.2¢)

The various cross section coefficients in Egs. are presented in Table 6.1, where x

has units of cm and ¥ has units of cm ™1,

Table 6.1 Cross Section Coefficients for a Homogeneous Fissile Slab Problem 1.

Region Location W) | Z(x) | Zy(x) | Zp(x)
1 0<x<5 0.856 | 0.01 | 0.01 0
2 S<x<305 |0.85 | 0.01 | 0.01 |0.0071
3 305 <x <310 | 0.856 | 0.01 | 0.01 0

6.1.1 The One-Group U (x,E) and Two-Group U, (x, E) Calculations

The procedure for evaluating the one-group U (x, E) function is given in Section 5.12,
while the procedure for evaluating the two-group Uy (x, E) function is given in Section 5.22.
We assume that the edges of the energy grid satisfy the condition E; 79 = E;, which means

that a neutron with energy E; can scatter into its own energy group and the following 19
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neighboring energy groups. The calculation of the U function only needs to be done once,
for each material, at the beginning of the calculation.

Figure 6.1 shows the one-group U(x,E) and two-group U,(x,E) functions for the
material consisting of mass number 56. Figure 6.2 shows the one-group U (x,E) and
two-group U,(x, E) functions for the material consisting of mass number 27. From Fig-
ures 6.1 and 6.2, we note that the numerical values for the two-group functions U (x,E)
and U (x, E) fluctuate significantly near the energy group boundary 1MeV. On the other
hand, the one-group U(x,E) is a very smooth function. Furthermore, we notice that

Ux,E)=U(x,E)+ Us(x,E).

6.1.2 FMC Coarse Mesh (5¢m Grid) without FMC Feedback

We now present the results of Problem 1 for a flat initial fission source guess, and
without FMC feedback. This problem was run for 1000 cycles, using 100,000 histories/cycle.
The FMC calculation employs a coarse grid with 2= 5.0 cm and a fine grid 1.0 cm .

In Figures 6.3-6.5 we compare results for one-group fluxes and two-group fluxes, aver-
aged over 100 cycle intervals (from a 1000-cycle sequence), i.e. cycles 101-200, 201-300,
301-400, 401-500, 501-600, 601-700,701-800,801-900, and 901-1000. Results are com-
pared for (a) standard Monte Carlo simulations and (b) the hybrid FMC calculations. For
both the one-group and two-group cases, the FMC results are seen to converge almost
immediately and to remain stable in all 100-cycle averages of the run. The standard Monte
Carlo results do not achieve equilibrium at any point during the 1000 cycle test run because
of undersampling of the fission source.

Figure 6.6 shows the one-group estimates of the eigenfunction, averaged over the last
500 cycles (501-1000), and the estimated apparent relative standard deviations and true
relative standard deviations in the Monte Carlo and FMC eigenfunctions over the cycles.
Figure 6.7 shows the two-group estimates of the eigenfunction, averaged over the last 500

cycles, and the estimated apparent relative standard deviations and true relative standard
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Figure 6.1 The one-group U(x,E) and the two-group U, (x, E) functions for the material with mass
number 56.
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Figure 6.2 The one-group U (x,E) and the two-group U, (x, E) functions for the material with mass
number 27.
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deviations. The apparent relative standard deviations are obtained from a single 1000-cycle
(500 inactive cycles, and 500 active cycles) run, while the true relative standard deviations
are obtained from 25 independent 1000-cycle runs.

Figures 6.6-6.7 show that, even though it is averaged over a large number of cycles, both
the one-group and two-group MC estimates of the eigenfunction are inaccurate and “tilted.”
The estimated relative standard deviations (both apparent and true) in the FMC one-group
and two-group eigenfunctions are smaller than those of the MC eigenfunctions, and the FMC
eigenfunction estimates are clearly much more accurate. A detailed comparison between the
apparent relative standard deviation and the true relative standard deviation in the MC, FMC
eigenfunction estimates for the two-group energy case are given in Figure 6.8 and Figure
6.9. Figure 6.8 shows that the true relative standard deviations are more than a factor of 10
greater than the apparent relative standard deviations in the MC eigenfunction estimates.
This is because of correlations in the fission source between one cycle and the next. Figure
6.9 shows that the true relative standard deviations in the FMC eigenfunction estimates are
approximately the same as the apparent relative standard deviations.

The estimated values of k and their estimated relative standard deviations over 100
different ranges of 1000 cycles each are compared for the one-group eigenfunction case and
the two-group eigenfunction case in Table 6.2.

Table 6.2 shows that the errors in k obtained with the FMC method are much smaller
than the errors in the standard Monte Carlo estimates of k. In this homogenous problem,
the estimates of k from the one-group FMC method and the two-group FMC method agree,
as they should. (Apart from statistical differences, the FMC estimates of k should not be

affected by the choice of spatial or energy grid.)
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Figure 6.4 Continuous energy Problem 1 one-group and two-group eigenfunction estimates during
cycles 401-700 without FMC feedback (5c¢m Grid).
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Figure 6.5 Continuous energy Problem 1 one-group and two-group eigenfunction estimates during
cycles 701-1000 without FMC feedback (Scm Grid).
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Figure 6.9 Comparison for continuous energy Problem 1 of apparent RSDs and true RSDs in
two-group FMC eigenfunction estimates (5cm Grid).
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Table 6.2 Estimates of k and its Relative Standard Deviation for Continuous Energy Problem 1

(5¢cm Grid).
FMC

Cycles Standard MC | One-Group | Two-Group
eigenvalue | eigenvalue

1 to 100 0.993626 0.995227 0.995227
(0.0005722) | (0.0000004) | (0.0000004)

101 to 200 0.994973 0.995227 0.995227
(0.0003738) | (0.0000004) | (0.0000004)

201 to 300 0.994574 0.995228 0.995228
(0.0003649) | (0.0000004) | (0.0000003)

301 to 400 0.995646 0.995228 0.995228
(0.0003614) | (0.0000003) | (0.0000003)

401 to 500 0.995841 0.995228 0.995228
(0.0004063) | (0.0000003) | (0.0000003)

501 to 600 0.995330 0.995228 0.995228
(0.0003679) | (0.0000004) | (0.0000004)

601 to 700 0.995400 0.995228 0.995228
(0.0004416) | (0.0000004) | (0.0000003)

701 to 800 0.995075 0.995228 0.995228
(0.0003765) | (0.0000003) | (0.0000003)

801 to 900 0.995485 0.995227 0.995227
(0.0003580) | (0.0000003) | (0.0000003)

901 to 1000 0.995647 0.995227 0.995227
(0.0003895) | (0.0000003) | (0.0000003)

6.1.3 FMC Coarse Mesh (5¢m Grid) with FMC Feedback

Figure 6.10 shows the one-group and two-group estimates of the eigenfunction with
FMC feedback for the standard MC method and the FMC method. These figures are ob-
tained by averaging the Monte Carlo estimates of the eigenfunction over 100-cycle spans,
i.e. cycles 1-100, 101-200, and 201-300. Examining Figure 6.10 we see that the Monte
Carlo estimates of the eigenfunction with FMC feedback converge within the first 100-cycle
average.

Figure 6.11 shows the one-group estimates of the eigenfunction, averaged over the last
500 cycles (501-1000), and the estimated apparent relative standard deviations and true

relative standard deviations in the Monte Carlo and FMC eigenfunctions over the cycles
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Figure 6.10 Continuous energy Problem 1 one-group and two-group eigenfunction estimates
during cycles 1-300 with FMC feedback (5cm Grid).

with FMC feedback. Accordingly, Figure 6.12 shows the two-group estimates of the eigen-

function, averaged over the last 500 cycles, and the estimated apparent relative standard

deviations and true relative standard deviations with FMC feedback. The apparent relative

standard deviations are obtained from a single 1000-cycle (500 inactive cycles, and 500

active cycles) run with feedback, while the true relative standard deviations are obtained

from 25 independent 1000-cycle runs with feedback.

Figures 6.11-6.12 show that the true relative standard deviation in MC with FMC feed-
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Figure 6.11 Continuous energy Problem 1 one-group averaged eigenfunctions and their RSDs over
501-1000 Cycles with FMC feedback (5cm Grid).
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back is greatly reduced compared to the true relative standard deviation without FMC
feedback. Meanwhile, the true relative standard deviation in MC with FMC feedback is
still marginally bigger then the true relative standard deviation in FMC. The true relative
standard deviations in FMC do not change with FMC feedback or without FMC feedback.
A detailed comparison between the apparent relative standard deviation and the true relative
standard deviation in the MC, FMC eigenfunction estimates with FMC feedback for the
two-group energy case are given in Figure 6.13 and Figure 6.14. Figures 6.13-6.14 show
that the true relative standard deviations in the MC and FMC eigenfunction estimates are
approximately the same as the apparent relative standard deviations.

The Shannon entropy behavior of the fission source for Problem 1 without FMC feed-
back is shown in Figure 6.15, while the Shannon entropy behavior of the fission source for
Problem 1 with FMC feedback is shown in Figure 6.16. As expected, Figure 6.16 shows
that the Monte Carlo estimates of the eigenfunction with FMC feedback converge almost
immediately.

With FMC feedback, the estimates of the Problem 1 eigenvalue with their estimated
relative standard deviations over ten 100-cycle spans are given in Table 6.3 for the standard
Monte Carlo and FMC one-group and two-group methods. We note that with FMC feedback
(Table 6.3) or without FMC feedback (Table 6.2), the eigenvalue estimates agree to the 6"
digit for the FMC average, and the eigenvalue estimates agree within statistical errors for

the standard Monte Carlo.
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Figure 6.15 Shannon entropy behavior of the fission source for continuous energy Problem 1
without FMC feedback (5cm Grid).
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Figure 6.16 Shannon entropy behavior of the fission source for continuous energy Problem 1 with
FMC feedback (5cm Grid).
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Table 6.3 Estimates of k and its relative standard deviation for continuous energy Problem 1 with

FMC feedback (5cm Grid).
FMC

Cycles Standard MC | One-Group | Two-Group
eigenvalue | eigenvalue

1 to 100 0.995210 0.995227 0.995227
(0.0005763) | (0.0000004) | (0.0000003)

101 to 200 0.995459 0.995227 0.995227
(0.0003445) | (0.0000003) | (0.0000003)

201 to 300 0.994690 0.995227 0.995227
(0.0003614) | (0.0000003) | (0.0000003)

301 to 400 0.995495 0.995228 0.995228
(0.0003390) | (0.0000003) | (0.0000003)

401 to 500 0.995938 0.995228 0.995228
(0.0003995) | (0.0000003) | (0.0000003)

501 to 600 0.995195 0.995228 0.995227
(0.0003910) | (0.0000003) | (0.0000003)

601 to 700 0.995547 0.995227 0.995228
(0.0004257) | (0.0000003) | (0.0000003)

701 to 800 0.995483 0.995227 0.995227
(0.0003572) | (0.0000004) | (0.0000003)

801 to 900 0.995079 0.995227 0.995228
(0.0003774) | (0.0000003) | (0.0000003)

901 to 1000 0.995628 0.995228 0.995228
(0.0003739) | (0.0000003) | (0.0000003)

6.1.4 FMC Coarse Mesh (10cm Grid) with and without FMC Feed-
back

The one-group FMC method is insensitive to the choice of mesh grid. The choice of
mesh grid has some impact on the two-group FMC method. To illustrate this point, we reran
problem 1 with 2 = 10.0 cm grid, using the same 100,000 histories/cycle.

Figure 6.17 shows the one-group estimates of the eigenfunction, averaged over the last
500 cycles (501-1000), and the estimated apparent relative standard deviations in the Monte
Carlo and FMC eigenfunctions for 4 = 10.0 cm grid case. Comparing Figure 6.17 (10 cm
grid) and Figure 6.6 (5 cm grid), we see no obvious change in the apparent relative standard

deviations in the Monte Carlo and FMC eigenfunctions.
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Figure 6.18 shows the two-group estimates of the eigenfunction, averaged over the last
500 cycles, and the estimated apparent relative standard deviations for # = 10.0 cm grid
case. Comparing Figure 6.18 (10 cm grid) and Figure 6.7 (5 cm grid), we see there are slight
increases in the relative standard deviations in the FMC eigenfunction at both edges of the
system. This is due to the fact that the low-order equations are two-group equations. The
two-group nonlinear functionals require more MC particles to obtain comparable accuracy
to the one-group nonlinear functionals.

Figures 6.19-6.20 show the results for one-group and two-group fluxes and the estimated
apparent relative standard deviations with FMC feedback. Comparing Figure 6.19 (10 cm
grid) to Figure 6.11 (5 cm grid) for the one-group case, we see only slight changes in the
apparent relative standard deviations. Comparing Figure 6.20 (10 cm grid) to Figure 6.12 (5
cm grid) for the two-group case, we see small increases in the apparent relative standard
deviations for FMC at the edge of the system.

Table 6.4 shows the estimated k and its relative standard deviations for continuous
energy Problem 1 with coarse mesh 10cm grid without FMC feedback. Table 6.5 shows the
estimated k and its relative standard deviations for continuous energy Problem 1 with coarse
mesh 10cm grid with FMC feedback. Comparing Table 6.4 (10 cm grid) with Table 6.2 (5
cm grid), and comparing Table 6.5 (10 cm grid) with Table 6.3 (5 cm grid), we see basically
no change in & and its relative standard deviation for the one-group case for both with FMC
feedback and without FMC feedback. Therefore, in general when applying the FMC method
to a system, we may be able to use a relatively coarse grid but still maintain the accuracy.

Figures 6.21-6.23 show the results for one-group and two-group fluxes, averaged over
100 cycle intervals without FMC feedback. Figure 6.24 shows the results for one-group and
two-group fluxes, averaged over the first three 100 cycle intervals with feedback, i.e. cycles
1-100, 101-200, and 201-300. As in the coarse mesh Scm grid case, for both the one-group
and two-group cases without FMC feedback, the FMC results are seen to converge almost

immediately and to remain stable in all 100-cycle averages of the run. The standard Monte
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Carlo results do not achieve equilibrium at any point during the 1000 cycle test run. However,
with FMC feedback, the Monte Carlo estimates of the eigenfunction converge within the
first 100-cycle average.

The Shannon entropy behavior of the fission source for Problem 1 for the coarse mesh
10cm grid case without FMC feedback is shown in Figure 6.25, while the Shannon entropy
behavior of the fission source for Problem 1 with FMC feedback is shown in Figure 6.26.
The Shannon entropy of Problem 1 for the coarse mesh 10cm grid case has the same behavior
as for the coarse mesh 5cm grid case. The only difference is the magnitude of the Shannon
entropy. This is caused by the difference in the total number of coarse mesh grid points for
the 10cm case and Scm case. Again, as expected, Figure 6.26 shows that the Monte Carlo

estimates of the eigenfunction with FMC feedback converge almost immediately.
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Figure 6.17 Continuous energy Problem 1 one-group averaged eigenfunctions and their RSDs over
501-1000 Cycles without feedback (10cm Grid).
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Figure 6.18 Continuous energy Problem 1 two-group averaged eigenfunctions and their RSDs
over 501-1000 Cycles without feedback (10cm Grid).
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Figure 6.19 Continuous energy Problem 1 one-group averaged eigenfunctions and their RSDs over
501-1000 Cycles with FMC feedback (10cm Grid).
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Figure 6.20 Continuous energy Problem 1 two-group averaged eigenfunctions and their RSDs
over 501-1000 Cycles with FMC feedback (10cm Grid).
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Figure 6.21

during cycles 101-400 without FMC feedback (10cm Grid).
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Figure 6.22 Continuous energy Problem 1 one-group and two-group eigenfunction estimates

during cycles 401-700 without FMC feedback (10cm Grid).
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Figure 6.25 Shannon entropy behavior of the fission source for continuous energy Problem 1
without FMC feedback (10cm Grid).
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Figure 6.26 Shannon entropy behavior of the fission source for continuous energy Problem 1 with
FMC feedback (10cm Grid).
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Table 6.4 Estimates of k and its Relative Standard Deviation for Continuous Energy Problem 1
without FMC feedback (10cm Grid).

FMC

Cycles Standard MC | One-Group | Two-Group
eigenvalue | eigenvalue

1 to 100 0.993626 0.995228 0.995254
(0.0005722) | (0.0000007) | (0.0000019)

101 to 200 0.994973 0.995228 0.995257
(0.0003738) | (0.0000006) | (0.0000019)

201 to 300 0.994574 0.995228 0.995259
(0.0003649) | (0.0000006) | (0.0000019)

301 to 400 0.995646 0.995228 0.995260
(0.0003614) | (0.0000006) | (0.0000022)

401 to 500 0.995841 0.995228 0.995258
(0.0004063) | (0.0000006) | (0.0000020)

501 to 600 0.995330 0.995230 0.995262
(0.0003679) | (0.0000006) | (0.0000023)

601 to 700 0.995400 0.995229 0.995262
(0.0004416) | (0.0000006) | (0.0000022)

701 to 800 0.995075 0.995228 0.995258
(0.0003765) | (0.0000005) | (0.0000020)

801 to 900 0.995485 0.995227 0.995262
(0.0003580) | (0.0000005) | (0.0000023)

901 to 1000 0.995647 0.995228 0.995261
(0.0003895) | (0.0000006) | (0.0000028)
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Table 6.5 Estimates of k and its Relative Standard Deviation for Continuous Energy Problem 1
with FMC feedback (10cm Grid).

FMC

Cycles Standard MC | One-Group | Two-Group
eigenvalue | eigenvalue

1 to 100 0.995225 0.995227 0.995258
(0.0005648) | (0.0000006) | (0.0000025)

101 to 200 0.995396 0.995228 0.995263
(0.0003711) | (0.0000007) | (0.0000021)

201 to 300 0.994758 0.995228 0.995264
(0.0003123) | (0.0000006) | (0.0000020)

301 to 400 0.995545 0.995229 0.995263
(0.0003404) | (0.0000006) | (0.0000022)

401 to 500 0.995944 0.995228 0.995255
(0.0003934) | (0.0000006) | (0.0000020)

501 to 600 0.995214 0.995229 0.995262
(0.0003705) | (0.0000006) | (0.0000025)

601 to 700 0.995513 0.995227 0.995257
(0.0003984) | (0.0000006) | (0.0000025)

701 to 800 0.995398 0.995228 0.995259
(0.0003634) | (0.0000006) | (0.0000024)

801 to 900 0.995087 0.995227 0.995264
(0.0003513) | (0.0000006) | (0.0000024)

901 to 1000 0.995795 0.995227 0.995259
(0.0003800) | (0.0000006) | (0.0000021)

6.2 Continuous Energy Problem 2: Heterogeneous 1-D
Slab Problem

In this section, we apply the FMC method to a heterogeneous 1-D slab problem with
continuous energy. We consider nine identical fissile (F) regions, each of thickness 10.0 cm,
enclosed by ten 11.0 cm non-fissile (NF) regions. The detailed configuration is shown in

Figure 6.27.

[N FE]nN [ E]nNe [ EIN ] FIN PN RN F] N F]NE] F NF

Figure 6.27 Continuous energy problem 2 configuration.
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As for Problem 1, the coarse-grid problem has two energy groups:
E;=0.0 E;1=0.5 Ey=2.0

. \\ J

2nd group 15 group
Fission neutrons are born uniformly within the energy range 0.5 MeV - 2.0 MeV. The

model fission spectrum is :

IMev! |, 0.5Mev<E <2Mev,
X(E)= (6.3)

0 , otherwise .

The Monte Carlo simulation starts with a spatially flat fission source. The fissile material
consists of atomic mass number 238, while the non-fissile material has atomic mass number
27. The model continuous-energy capture cross section and fission cross section are taken

to be inversely proportional to the square root of energy:

Y(x,E) = 20(x), (6.4a)
E

Iy(x.E) = )/ 7 (6.4b)
E

(x,E) = Zs(x) EO . (6.4¢)

The various cross section coefficients from Eqgs. used for this case are presented in

Table 6.6, where x has units of cm and ¥ has units of cm ™.

Table 6.6 Cross Section Coefficients for Problem 2: A Heterogeneous 1-D Slab Problem.

Material | Description | ZV(x) | £,(x) | Z(x)
ml NF 0.856 | 0.01 0
m?2 F 0.856 | 0.01 | 0.01272

This problem was run for 200 cycles (generations), using 1,000,000 histories/cycle. The
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FMC calculation employed a coarse grid with 4 = 2.0 cm. We compare results for the
one-group fluxes, averaged over 20 cycle intervals (from the 200-cycle sequence). Results
are compared for (a) standard Monte Carlo simulations, and (b) the hybrid FMC calculations,
averaged over 20 cycle intervals (Figures 6.28-6.29). We also compare results for the two-
group fluxes, averaged over 20 cycle intervals in Figures 6.30-6.32. For both the one-group
and the two-group cases, the FMC results are seen to converge almost immediately and to
remain stable in all 20-cycle averages of the run. The standard Monte Carlo results do not
achieve equilibrium at any point during the 200 cycle test run.

Figures 6.33-6.34 show the one-group and the two-group estimates of the eigenfunction
with FMC feedback for the standard MC method and the FMC method. These figures
are obtained by skipping 1 inactive cycle and averaging the Monte Carlo estimates of the
eigenfunction over 10-cycle spans. Examining Figures 6.33-6.34, we see that the Monte
Carlo estimates of the eigenfunction with FMC feedback converge within the first 10 active
cycle averages.

The Shannon entropy behavior of the fission source for Problem 2 without FMC feedback
is shown in Figure 6.35. The Shannon entropy behavior of Problem 2 with FMC feedback is
shown in Figure 6.36. With FMC feedback, the MC Shannon entropy has the same character
as that of the FMC Shannon entropy.

Without FMC feedback, the estimated values of k£ and their estimated relative standard
deviations over 10 different ranges of 200 cycles each are compared for the standard Monte
Carlo, FMC one-group and two-group cases in Table 6.7. With FMC feedback, the estimated

values of k and their estimated relative standard deviations are given in Table 6.8.
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28 —=Ne(-20) 28 ——NC(2140)

——FMC(1-20) ——FMC(21-40)
24
14
07
0.0
0 50 100 150 200
cm cm
28 ——MC(41-60) 28 ——MC(61-80)
——FMC(41-60) ——FMC(61-80)
24 21
14 14
07 07
0.0 - - . 0.0
0 50 100 150 200 0 50 100 150 200
cm cm
28 ——MC(81-100) 28 ——MC(101-120)
——FMC(81-100) ——FMC(101-120)
24 24
1.4 14
07 07
0.0 . . . 0.0 . . .
0 50 100 150 200 0 50 100 150 200
cm cm

Figure 6.28 Continuous energy Problem 2 one-group eigenfunction estimates during cycles 1-120
without FMC feedback.
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Figure 6.29

200 without FMC feedback.
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Continuous energy Problem 2 one-group eigenfunction estimates during cycles 121-
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Continuous energy Problem 2 two-group eigenfunction estimates during cycles 1-60
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Figure 6.30
without FMC feedback.
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Figure 6.31 Continuous energy Problem 2 two-group eigenfunction estimates during cycles 61-120

without FMC feedback.
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Figure 6.32 Continuous energy Problem 2 two-group eigenfunction estimates during cycles 141-

200 without FMC feedback.
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28 —¥—MC with feedback (1-10) ——MC with feedback (11-20)

28
——FMC with feedback (1-10) —s—FMC with feedback (11-20)
211 21
14 14
0.7 1 07
0.0 T T T 0.0
0 50 100 150 200 0 50 100 150 200
cm cm
28 ——MC with feedback (21-30) 28 ——MC with feedback (31-40)
——FMC with feedback (21-30) ——FMC with feedback (31-40)
211 21
14 14
0.7 1 07
0.0 . : : 00 "
0 50 100 150 200 0 50 100 150 200
cm

cm

Figure 6.33 Continuous energy Problem 2 one-group eigenfunction estimates during active cycles
1-40 (1 inactive cycle) with FMC feedback.
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Figure 6.34 Continuous energy Problem 2 two-group eigenfunction estimates during active cycles

—s—MC with feedback (GP 1, 1-10)
—s—FMC with feedback (GP 1, 1-10)

50 100

150 200

cm
——MC with feedback (GP 1, 11-20)
—+—FMC with feedback (GP 1, 11-20)
50 100 150 200
cm
——MC with feedback (GP 1, 21-30)
——FMC with feedback (GP 1, 21-30)
50 100 150 200
cm

1-30 (1 inactive cycle) with FMC feedback.

223

06 ——NC with feedback (GP 2, 1-10)
—e—FMC with feedback (GP 2, 1-10)
0.3
0.0 T - -
0 50 100 150 200
cm
06 —e—MC with feedback (GP2, 11-20)
—e—FMC with feedback (GP 2, 11-20)
0.3
0.0 T - -
0 50 100 150 200
cm
06 —e—NC with feedback (GP 2, 21-30)
—e—FMCwith feedback (GP 2, 21-30)
0.3
0.0 T - -
0 50 100 150 200
cm



3.9E+00
P
o
o
M’

3.8E+00

FMC without feedback

* MC without feedback
3.7E+00 T T T
0 50 100 150 200
Cycle

Figure 6.35 Coarse mesh Shannon entropy behavior of the fission source for continuous energy
Problem 2 without FMC feedback.
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Figure 6.36 Coarse mesh Shannon entropy behavior of the fission source for continuous energy
Problem 2 with FMC feedback.
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Table 6.7 Estimates of k£ and its Relative Standard Deviation for Continuous Energy Problem 2

without FMC feedback.
FMC

Cycles Standard MC | One-Group | Two-Group
eigenvalue | eigenvalue

1 to 20 0.975435 0.993884 0.993192
(0.0152102) | (0.0006118) | (0.0001252)

21t040 0.992383 0.993262 0.993519
(0.0002770) | (0.0000452) | (0.0000628)

41 to 60 0.992291 0.993260 0.993498
(0.0002587) | (0.0000378) | (0.0000778)

61 to 80 0.992935 0.993234 0.993561
(0.0002820) | (0.0000311) | (0.0000648)

81 to 100 0.993177 0.993201 0.993544
(0.0002791) | (0.0000420) | (0.0000765)

101 to 120 0.992901 0.993276 0.993545
(0.0002900) | (0.0000326) | (0.0000845)

121 to 140 0.993393 0.993265 0.993504
(0.0002665) | (0.0000443) | (0.0000758)

141 to 160 0.993081 0.993231 0.993589
(0.0002636) | (0.0000436) | (0.0000691)

161 to 180 0.992692 0.993252 0.993584
(0.0002876) | (0.0000398) | (0.0000595)

181 to 200 0.993328 0.993330 0.993570
(0.0002965) | (0.0000407) | (0.0000588)
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Table 6.8 Estimates of k£ and its Relative Standard Deviation for Continuous Energy Problem 2

with FMC feedback.
FMC

Cycles Standard MC | One-Group | Two-Group
eigenvalue | eigenvalue

1 to 20 0.977879 0.993904 0.993397
(0.0153202) | (0.0006080) | (0.0001442)

21t040 0.993050 0.993309 0.993651
(0.0002706) | (0.0000322) | (0.0000590)

41 to 60 0.992968 0.993275 0.993505
(0.0002958) | (0.0000371) | (0.0000660)

61 to 80 0.993078 0.993291 0.993673
(0.0001521) | (0.0000293) | (0.0000626)

81 to 100 0.993456 0.993285 0.993569
(0.0002952) | (0.0000324) | (0.0000633)

101 to 120 0.993003 0.993291 0.993453
(0.0002261) | (0.0000411) | (0.0000579)

121 to 140 0.993710 0.993293 0.993709
(0.0002482) | (0.0000479) | (0.0000997)

141 to 160 0.992803 0.993193 0.993538
(0.0002699) | (0.0000371) | (0.0000686)

161 to 180 0.993110 0.993319 0.993637
(0.0002026) | (0.0000326) | (0.0000809)

181 to 200 0.993362 0.993314 0.993655
(0.0002583) | (0.0000418) | (0.0000917)

6.3 Summary of the Continuous Energy Numerical Re-

sults

In this Chapter, we first solved the U-function for both the one-group case and the two-group

case. We then tested the FMC method on two continuous energy problems in which the

following questions were examined:

1. Accuracy in the estimates of eigenvalue and eigenfunction.

2. Source convergence with a flat initial source guess.

3. Sensitivity to the coarse mesh size.

4. Inter-cycle correlation before and after FMC feedback.
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As in the monoenergetic case, estimates of the eigenvalue and eigenfunction with the
FMC method were more accurate and more rapidly convergent. For the large, homogeneous
fissile region problem, we increased the coarse mesh size from Sc¢m to 10cm. The resulting
FMC estimates of the eigenvalue and energy-integrated eigenfunction and their apparent
relative standard deviations were about the same. There was only a slight increase in the
apparent relative standard deviations in the two-group eigenfunction estimates. This is due to
the fact that more MC particles are needed to get better estimates of the nonlinear functionals,
which are associated with the two-group, low-order equations. In the homogeneous test
problem, the apparent relative standard deviations are more than a factor of 10 less than the
true relative standard deviations for the MC method without FMC feedback. With FMC
feedback, the apparent relative standard deviations are about the same as the true relative
standard deviations for the MC method. We then applied the FMC method to a heterogenous
1-D slab problem with nine identical fissile regions, enclosed by ten non-fissile regions. The
one-group and two-group FMC fluxes are seen to converge almost immediately, while the
standard Monte Carlo results did not converge after a 200 cycle run. With FMC feedback,
the Monte Carlo estimates of the eigenfunction converge within the first 10-cycle average (1
inactive cycle). To summarize: the FMC feedback dramatically improves the performance

of the Monte Carlo method in all the test problems we have run.
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Chapter 7

Conclusions

In this thesis, we have developed and tested a new hybrid deterministic and Monte
Carlo method, called the Functional Monte Carlo (FMC) method, to solve slowly converging
k-eigenvalue problems. The FMC method is different from any previous hybrid method.
It does not directly estimate the eigenfunction and eigenvalue via Monte Carlo particle
simulation. Instead, it uses MC techniques to directly estimate certain nonlinear functionals.
These estimated functionals are then used in the low-order FMC equations to calculate
the k-eigenfunction and eigenvalue. The resulting estimates of the k-eigenfunction and
eigenvalue have no spatial or angular truncation errors, and are generally more accurate and
have less statistical noise than estimates obtained using conventional Monte Carlo methods.

The FMC method is based on two assumptions:

1. The functionals depend weakly on the angular flux and can be evaluated with Monte
Carlo more accurately than direct Monte Carlo estimates of the angular flux or scalar
flux.

2. If the low-order FMC equations are solved with small errors in the functionals, the
resulting errors in the eigenfunction and eigenvalue will be small.

In this work, we have developed the FMC method for monoenergetic, multigroup, and

continuous energy k-eigenvalue problems in 1-D planar geometry.
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7.1 The FMC method for 1-D Monoenergetic k-Eigenvalue
Problems

First, we considered a steady-state, planar-geometry k-eigenvalue problem with
anisotropic scattering and vacuum boundaries. The “low-order” FMC equations were
derived in the following three steps: (1) We first construct the zero-th and first angular mo-
ments of the Boltzmann transport equation. (2) Next, we define tent functions. Using these,
we construct certain spatial moments of the angularly-integrated equations obtained in Step
1. (3) Introducing no approximations, we manipulate the spatially- and angularly-integrated
equations to obtain a discrete system of “low-order” FMC equations. Because the low-order
FMC equations are derived without approximation from the high-order Boltzmann equation,
the FMC method has no angular, spatial, or energy truncation errors. The only error is
the statistical error that is introduced from the Monte Carlo estimates of the nonlinear
functionals.

Initially, the eigenfunctions obtained from the low order FMC equations were defined
either “at” the cell edges or averaged on a “staggered” grid. We then developed a procedure
to generate low-order equations with material discontinuities within a cell. This allowed us
to accurately estimate the scalar flux over the spatial cells. The FMC results can then be
used to improve the Monte Carlo fission source distribution.

We tested the FMC method on four problems (including a simplified 1-D full PWR reac-
tor core) in which standard MC estimates of the eigenfunction “wobble.” (These problems
have high dominance ratios.) The results show that the FMC method has the following
advantages compared to standard Monte Carlo.

1. The FMC estimates of the eigenvalue and eigenfunction are much more accurate than
standard Monte Carlo estimates. For a large, homogeneous fissile region problem,
the FMC estimates of k are three orders of magnitude more accurate than the MC
estimates.

2. The fission source distribution converged much faster using the FMC approach than
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the MC approach.

3. Inter-cycle correlation is very weak for the FMC method. The true relative errors are
about the same as the apparent relative errors for the FMC method. The apparent
relative errors are more than a factor of 10 less than the true relative errors for the MC
method in these four test problems.

4. With FMC feedback, the MC estimates of the eigenfunction converged at the same

speed as the FMC estimates.

7.2 The FMC method for 1-D Multigroup k-Eigenvalue
Problems

The multigroup FMC method is a straightforward extension of the monoenergetic
FMC method, although there is additional complexity because of the occurrence of between-
group scattering. As in the monoenergetic case, the resulting multigroup FMC estimates
of eigenvalues and eigenfunctions have only statistical errors. The FMC method has no
spatial, angular, or energy truncation errors, beyond the errors associated with the multigroup

approximation. This method was implemented and successfully tested.

7.3 The FMC method for 1-D Continuous Energy
k-Eigenvalue Problems

We also extended the FMC method to continuous-energy k-eigenvalue problems. The
continuous-energy approach has several noticeable differences compared with the monoen-
ergetic and multigroup approaches. The low-order equations that we derived in this thesis
are in two forms: (1) the low-order equations are energy-independent, and the eigenfunction
is an energy-integrated scalar flux; (2) the low-order equations are multigroup in form. The
resulting FMC estimates of the eigenvalue and energy-integrated or multigroup fluxes have

(i) no spatial or angular truncation errors, and (ii) very small energy truncation errors and
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statistical errors. We also developed a procedure to generate FMC multigroup low-order
equations with any number of material discontinuities within a coarse cell. This makes it
possible to improve the Monte Carlo fission source with FMC feedback.

We tested the FMC method on two continuous energy problems. Compared to the
standard MC approach, the results show that the FMC approach in the continuous energy
case has the same advantages as in the monoenergetic case. The results also showed that
the FMC approach is not sensitive to the size of the coarse mesh. Here we emphasize that
although the low-order FMC equations do not produce highly accurate fine-mesh solutions,
the FMC estimates of the coarse-mesh averaged fluxes are consistently more accurate than
the standard Monte Carlo estimates. With FMC feedback (using FMC coarse-mesh infor-
mation and MC fine-mesh information), the performance of the Monte Carlo method was
dramatically improved in all the test problems we ran.

Overall, in this thesis we have demonstrated that the FMC method offers significant
advantages in solving slowly converging k-eigenvalue problems with high dominance ratios.
We would like to emphasize that the FMC method can be understood as a “global” Monte
Carlo approach in which estimates of the solution are obtained that span across the entire
physical system. The FMC method yields “global” information about a physical problem
through Monte Carlo techniques.

The “FMC Method” is not really a single method, but is a general approach — and there
are many different ways to implement it. The FMC hybrid technique developed in this thesis
is algebraically more complicated than the standard Monte Carlo method and most other
hybrid techniques, such as CMFD. However, the FMC method has noticeable advantages.
The nonlinear functionals defined in the FMC method are ratios of the even-order angular
moments of the flux; thus, they are inherently more stable with less statistical noise than
functionals containing the ratios of odd-order angular moments. Before we settled on the
approach of eliminating the current J(x,E) from the equations, we tried other approaches

that included the current term, but these did not work so well. The CMFD method and
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its variations, studied by Professor Han Gyu Joo, Ming-Jae Lee, and Emily Wolters, is
a type of FMC method in which the current term is not eliminated from the equations.
Preliminary work by Lee showed that the FMC method is more efficient than CMFD, but
these comparisons have been very limited. Also, CMFD is simpler to implement, and in his
work, Lee has gone in the direction of 2-D multigroup rather than 1-D continuous energy, so
comparisons between FMC and CMFD have really not been made except for simple 1-D,

1-group problems.

7.4 Future work

We should continue testing and improving the FMC method performance in the following
ways:

1. A more extensive examination and comparison of the different FMC and CMFD meth-
ods in 1-D should be done, first for energy-independent problems, then for multigroup
problems, and finally, for continuous-energy problems. In addition to comparing the
results for very difficult problems with high dominance ratios, we should also compare
the FMC and CMFD methods with standard Monte Carlo for simpler problems, with
dominance ratios that are not close to unity to see if they are similar in accuracy. From
the test problems we ran, the FMC method gives more accurate values of k even for
simpler problems with low dominance ratios.

2. The continuous-energy FMC approach in this thesis has assumed for simplicity that
the cross sections for each material are inversely proportional to the square root of
energy, and each material region contains only one kind of element. These assump-
tions can be easily removed. In this thesis, the FMC approach considers the elastic
scattering only. For other types of scattering, such as inelastic scattering with tabulated
data structure, we may use the multigroup approach with a very find grid. For neutron

thermal scattering in analog format, we may treat it in a similar manner as we treat
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the elastic scattering in the thesis. In future work, the continuous-energy problems
should be upgraded to include realistic cross sections.

. The 1-D FMC method has shown significant improvement in solving the slow conver-
gence of Monte Carlo k-eigenvalue problems. This method should be extended to 2-D
and then to 3-D.

. The algebraic complexity of the FMC method in this thesis is a concern. We are
certain that the work done in 1-D can be extended to 2-D and 3-D, but it will not
be simple. The treatment of problems in which each coarse cell contains spatial
heterogeneities is not “simple”. It would be beneficial to improve the current FMC
approach by simplifying it in a way that does not impede performance.

. The current FMC and CMFD methods have been implemented without the use of
conventional variance-reduction techniques, such as weight windows. However, there
is no doubt that the Monte Carlo part of the FMC or CMFD methods could be run,
for example, with weight windows. Doing this would add computational cost. Would
this extra cost be offset by a sufficient decrease in variance in the FMC solution? This
would be an interesting topic for future research.

. Currently, there exists little solid theory to guide researchers with the development of
new FMC-like methods. For deterministic methods, a Fourier analysis has proved to
be reliable and accurate. Unfortunately, no such “stability” theory exists at this time
for Monte Carlo FMC or CMFD methods. It would be very beneficial if such a theory

could be developed.
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Appendix

List of Nomenclature

7 = (x,y,z) = spatial variable

Q= (Q, Q,,Q;) = direction, or angular variable

E = energy

t = time

(7, Q- Q,E’ — E) = differential macroscopic scattering cross section
¥, (7, E) = total macroscopic cross section

~y(7,E) = macroscopic capture cross section

¥, (7 E) = macroscopic scattering cross section

X ¢(7, E) = macroscopic fission cross section

Q(?,Q,E ,1) = external source

k = eigenvalue = effective multiplication factor

y (7, Q.E ) = angular flux, fundamental mode eigenfunction

P(E' — E) = scattering probability distribution for elastic scattering
Lip(E" — E) = scattering cosine from energy E’ to E

A = mass number of nucleus

DR = dominance ratio

RSD = relative standard deviation of the sample mean
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apparent RSD = apparent relative standard deviation of the sample mean
true RSD = true relative standard deviation of the sample mean
y(x,u,E) = 1-D angular flux, fundamental mode eigenfunction
®(x, E) = scalar flux, zeroth order moment of the angular flux
®; (x,E) = first order moment of the angular flux
®,(x,E) = second order moment of the angular flux
@, ; = multigroup flux averaged over i spatial (coarse) cell
fj+1/2 = tent function defined on the spatial grid
fj = tent function defined on the staggered grid
8j+1/2 = histogram function defined on the staggered grid
g;j = histogram function defined on the spatial grid
U(x,E) = U function which satisfies an infinite medium adjoint equation
Ug(x,E) = multigroup U function
X¢(E) = characteristic function which is used to define FMC multigroup adjoint equations
Bi)2:Bri1)2:Ejr172:A11/2:Fjr12
= monoenergetic nonlinear functionals defined on the staggered grid
B,Bj,E;,A;}F;
= monoenergetic nonlinear functionals defined on the spatial grid
Byj2:Briij2Aji2 Fionyn Uy o Ul
= one group continuous energy nonlinear functionals defined on the staggered grid
Be1/2:Bgyt1/2:Fgg jr1/25 U;’RJH/Z7 U;j+1/2’is,gﬂg’vﬂl/%it-,g,.i+1/2
= two group continuous energy nonlinear functionals defined on the staggered grid
Be1,Bgs, Feg. s U§j+1/2» UgL7j+1/27 Ly gg o 2. We,j-172

= two group continuous energy nonlinear functionals defined on the spatial grid
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