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ABSTRACT

Development of Safety control for Hidden Mode Hybrid Systems and Verification in the
Multi-vehicle lab

by

Rajeev Verma

Co-Chairs: Domitilla Del Vecchio and Jim Freudenberg

In this thesis, we consider the safety control problem for Hidden Mode Hybrid Systems

(HMHS), which are a special class of hybrid automata in whichthe mode is not available

for control. For these systems, safety control is a problem with imperfect state information.

We tackle this problem by introducing the notion of non-deterministic discrete information

state and by then translating the problem to one with perfectstate information. The perfect

state information control problem is obtained by constructing a new hybrid automaton,

whose discrete state is an estimate of the HMHS mode and is thus available for control.

This problem is solved by computing the capture set and the least restrictive control map

for the new hybrid automaton. Sufficient conditions for the termination of the algorithm that

computes the capture set are provided. We show that the solved perfect state information

control problem is equivalent to the original problem with imperfect state information under

suitable assumptions on the original HMHS.

A multi-vehicle roundabout test-bed is developed that employs scaled vehicles that are

designed to have longitudinal dynamical response similar to a full scale vehicle. The appli-

cation of the proposed formal hybrid control approach to thecollision avoidance problem

xiv



between an autonomous vehicle and a human driven vehicle at atraffic intersection is exper-

imentally illustrated in the multi-vehicle test-bed. We model the human driving behavior

through a hybrid automaton, whose current mode is determined by the driver’s decisions.

On the autonomous vehicle, we implement formal methods for safety control, in which

a mode estimator identifies in real time the current human driving behavior and uses this

information to update a hybrid feedback map. The experimental results demonstrate that

the solution proposed in this thesis is substantially less conservative than solutions employ-

ing worst-case design. Furthermore, they also demonstratethat, in structured tasks, human

behavior can be reliably modeled and recognized for safety-critical closed loop control

applications.
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CHAPTER I

Introduction

Hidden Mode Hybrid Systems (HMHSs) are a special class of hybrid automata [52, 68],

in which the mode is unknown and mode transitions are driven only by disturbance events.

There are a large number of applications that can be well described by hybrid automata

models, in which it is not realistic to assume knowledge of the mode. This is the case, for

example, of intent-based conflict detection and avoidance for aircrafts, in which the intent

of aircrafts in the environment is unknown and needs to be estimated (see [82] and the

references therein). In robotic games such as RoboFlag [32, 27], the intents of non-team

members are unknown and need to be identified to allow decisions toward keeping the

home zone safe. Next generation warning and active safety systems for vehicle collision

avoidance will have to guarantee safety in the presence of human drivers and pedestrians,

whose intentions are unknown [1]. More generally, in a variety of multi-agent systems, for

example assistive robotics, computer games, and robot-human interaction, the intentions of

an observed agent are unknown and need to be identified for control [37].

There has been a wealth of research on safety control for hybrid systems in which the

state is known [64, 88, 87, 68, 85, 43, 47, 11]. In [88, 87, 68, 85], the safety control problem

is elegantly formulated in the context of optimal control and leads to the Hamilton-Jacobi-

Bellman (HJB) equation. This equation implicitly determinesthe maximal controlled in-

variant set and the least restrictive feedback control map.Due to the complexity of exactly

1



solving the HJB equation, researchers have been investigating approximate algorithms for

computing inner-approximations of the maximal controlledinvariant set [88, 53, 54, 81].

Termination of the algorithm that computes the maximal controlled invariant set is often

an issue and work has been focusing on determining special classes of systems that allow

to prove termination [85, 83, 84]. The safety control problem for hybrid systems has also

been investigated within a viability theory approach by a number of researchers [47, 11].

The safety control problem for hybrid systems when the mode is not available for feed-

back has been rarely addressed in the literature. The safetycontrol problem in the case

when the set of observations is a partition of the state spacewas discussed by [80]. The

problem is first transformed into a game of perfect information and a controller with mem-

ory is derived. The proposed algorithm can deal with a systemwith finite number of states.

It excludes important classes of systems such as timed and hybrid automata. A number of

recent works have addressed the safety control problem for special classes of hybrid sys-

tems with imperfect state information [95, 31, 50, 33, 29]. In [95], a controller that relies

on a state estimator is proposed for finite state systems. Theresults are then extended to

control a class of rectangular hybrid automata with imperfect state information, which can

be abstracted by a finite state system. In [31, 50, 33], linearcomplexity state estimation and

control algorithms are proposed for special classes of hybrid systems with order preserving

dynamics. In particular, discrete time models are considered in [31, 29] while continuous

time models are considered in [50, 33]. In these works, the mode is assumed to be known

and only continuous state uncertainty is considered.

Here, we consider the safety control problem for HMHSs, in which the mode is un-

known and its transitions are driven only by uncontrollableand unobservable events. The

continuous state is measured and the control input enters its dynamics, but these dynamics

are driven also by the mode and a continuous disturbance input. For this class of systems,

designing a controller to guarantee safety is a control problem with imperfect state informa-

tion. Within this context, a controller is adynamicfeedback map from the system history

2



and as a consequence notions of maximal controlled invariant set and least restrictive feed-

back map need to be revisited. In the theory of games, controlproblems with imperfect

state information have been elegantly addressed by translating them to problems with per-

fect state information [66, 63]. This transformation is obtained by introducing the notion

of derived information state (non-deterministic or probabilistic), which, in the case of the

non-deterministic information state, keeps track of the set of all possible current states

compatible with the system history up to the current time. Inthe case in which a recursive

update law can be constructed for the derived information state, the control problem can

be described completely in terms of this new state. Since thederived information state is

known, the problem becomes one with perfect state information. Among the difficulties

of this approach is the construction of a recursive update law for the non-deterministic in-

formation state as this in general is not guaranteed to existin any simple form suitable for

analysis [66, 63].

We utilize the notion of non-deterministic discrete information state for a HMHS and

formulate the safety control problem in terms of this derived information state. We trans-

late this problem to one with perfect state information by introducing a new hybrid system

called an estimator, which updates a discrete state estimate in the form of a set of possible

discrete states. We only require that the discrete state estimate is correct, that is, that it con-

tains the current mode of the original HMHS at any time, whilewe are not concerned with

tightness or convergence guarantees [34]. This ensures that an estimator always exists and

allows toseparatethe estimation problem from the control problem. Since the estimator

state is measured, the original control problem becomes onewith perfect state information.

We solve the new perfect state information control problem by providing an algorithm

to determine the capture set (the complement of the maximal controlled invariant set) and

the least restrictive control map. Then, we provide sufficient conditions for the termination

of the algorithm that determines the capture set. We furtherillustrate how to construct an

abstraction of the estimator for which the algorithm that determines the capture set always
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terminates and has as fixed point the capture set of the estimator. Finally, we tackle the

question of how the perfect state information problem that we have solved is related to the

original problem with imperfect state information. Under astructural assumption and a

mode distinguishability assumption on the original HMHS, we show that the two problems

are equivalent, that is, their solution gives the same capture sets and control maps.

The problem considered has much in common with two-person repeated games of in-

complete information, in which one player is informed aboutthe environment state while

the other is not [12, 49]. In these types of games, the informed player must take into

account how his/her actions may reveal information that will affect future payoffs. The

control of a HMHS can be viewed as a game between the controller (uninformed agent)

and the disturbance (informed agent), in which the actions of the latter can reveal informa-

tion on the current mode of the hybrid automaton. In turn, a given information/uncertainty

on the current mode corresponds to the disturbance taking values in a restricted range of

its domain. Therefore, even if the disturbance acts not to reveal information on the mode,

it may still indirectly reveal information about the actions it is constrained to take. This in-

formation aids the controller as the controller now has to counteract only a restricted range

of possible disturbance actions. The equivalence result implies that the best strategy for the

disturbance is simply to keep the maximal uncertainty possible on the mode. In doing so,

it will in fact not reveal useful information to the controller regarding its range of action.

The second part of this thesis focuses on the problem of building a laboratory-scale ve-

hicle whose longitudinal dynamics are similar to those of a full-size High-Mobility Multi-

purpose Wheeled Vehicle (HMMWV). This laboratory-scale vehicle uses Hardware-in-the-

Loop (HIL) simulation, in the sense of matching key dynamicsof the full-size HMMWV

(e.g., its inertia) physically, while using an onboard processor to simulate the rest. This is

performed with the ultimate goal of developing a scaled experimental testbed. This testbed

is used to validate safety control algorithms for HMHS, thatform a part of the intelligent

transportation systems (ITS) applications.
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ITS include a wide range of systems from the basic cruise control system, to the more

advanced adaptive cruise control system, to more complex systems that exploit embedded

wireless communication technology. These systems includecooperative intersection col-

lision avoidance systems, lateral collision avoidance systems, and longitudinal collision

avoidance systems [16, 58]. In response to the highway incident statistics [72], several

major automotive companies have established research programs focusing on cooperative

safety systems [65]. These systems are conceived with threedifferent levels of automa-

tion: advise or warn the driver, partially control the vehicle, and fully control the vehicle in

emergency situations. Testing autonomous or partly autonomous algorithms directly on a

full scale transportation system is challenging due to costlimitations and safety constraints.

We thus develop a lab-scale testbed composed of 1/13 scale vehicles to validate decision

and control algorithms for cooperative intersection collision avoidance systems. In such a

testbed, the vehicles are equipped with wireless communication, with a positioning system

emulating GPS, and with an on-board computer solving decision, control, and communi-

cation tasks. The vehicle’s longitudinal dynamics play a central role in collision avoidance

algorithms. For a meaningful algorithm validation, it is therefore crucial to design scaled

vehicles whose dynamics are a faithful reproduction of the longitudinal dynamics of a full

scale vehicle.

The scaled vehicle hardware is composed only of the chassis including wheels, tires,

axis, and a DC motor with encoder. The unavailability of an exact scaled replica of engine

or transmission makes it impossible to include a scaled physical drivetrain on the prototype.

Therefore, a HIL setup is designed in which a microprocessorcontrolling the DC motor

emulates the scaled drivetrain dynamics of a HMMWV includingengine and transmission.

The software coded in the microprocessor takes as input the throttle command by the on-

board computer and applies voltage commands to the DC motor in order to obtain the

desired drive torque at the wheels. The net result of such a HIL setup is that the system

composed of the software on the microprocessor and the DC motor takes as input a throttle
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Figure 1.1:HIL setup. The hardware of the vehicle includes chassis, wheels, axis,and a DC motor
with encoder. The scaled drivetrain dynamics is implemented on the microprocessor
controlling the DC motor.

command and applies to the wheels the desired drive torque. This way, we are able to

obtain a scaled vehicle that as a whole responds to throttle commands in a way similar

to the full scale vehicle. The HIL setup is shown in Figure 1.1. Scaling of the drivetrain

dynamics is performed by applying well known concepts from scaling theory, including

the Buckinghamπ theorem andπ groups. Scaling of active components such as engine and

transmission is difficult to achieve in hardware. Thus we come up with a HIL setup and the

scaling of these components is carried out in software.

Researchers have been studying scaled vehicles since 1930s for different reasons, such

as trailer sway [40], vehicle dynamics [96, 15], performance on rough terrain and to de-

termine vehicle turning radius [15], for automobile accident reconstruction [44]. More

recently, work has been reported on vehicle dynamics and controls [21, 38, 18, 20, 19,

69, 22, 23], to study the lateral motion and design of steering controller [25, 56, 60], con-

trol prototyping of Anti-lock Braking System (ABS) [70, 76, 67, 75], and to study vehicle

rollover [89, 94]. The work that exists in literature has focused mostly on lateral dynam-

ics. The unique contribution of this work is the demonstration of longitudinal dynamics

scaling of a vehicle with all the active powertrain subsystems present in it using HIL ap-

proach. In making this contribution, we build on well-established HMMWV powertrain

and vehicle dynamics models, scaling techniques, and HIL simulation techniques to create

a unique scaled testbed for ITS applications. The validation experiments confirm that the

longitudinal response of the scaled vehicle matches the longitudinal response of a full scale
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vehicle.

Similitude research has been used for over a century to studythe behavior of systems

that are difficult to analyze in their original size and normal operating environment. Typ-

ically, such research uses scaled models that are dynamically similar to a system much

larger than the model. A historic account of development of similitude theory can be found

in [23]. Many published studies on this topic are available [78, 22, 23, 77]. Using simil-

itude theory, dynamics of a system can be studied in terms of dimensionless parameters.

An important contributor in the development of this theory is Buckingham [24]. He for-

mulated a theorem, called theπ theorem, that can be used to study the scaling properties of

any system. See the Appendix A.1 for more details.

In the third part of this thesis, we consider the applicationscenario of collision avoid-

ance between two vehicles, one human driven and the other autonomous. We apply the

safety control approach, developed in the first part of this work, to the semi-autonomous

intersection system scenario of Figure 4.1, in which an autonomous vehicle and a human-

driven vehicle are engaged in a conflict resolution problem at a traffic intersection. We

model human-driving behavior in the proximity of an intersection through a hybrid au-

tomaton that can be in either of two modes: acceleration modeand braking mode. There

is a rich literature about the classification through dynamical models of human behav-

ior in structured tasks (see, for example [36, 35, 92] and thereferences therein). These

works show that human behavior can be reliably recognized provided certain identifiabil-

ity assumptions are satisfied, which depend on the system dynamical model and on how

coarse/fine the behavior classification is. The human-driving behavior parameters learned

through a process of supervised learning are then used by thedynamic feedback map imple-

mented in the autonomous vehicle. A mode estimator, based onposition measurements (as

obtained, for example, from road-side sensors) determinesthe current driving mode of the

human-driven vehicle. The automatic vehicle, on the basis of the current mode uncertainty,

determines the control map that guarantees that the currentsystem configuration is kept
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outside of the current mode-dependent capture set. This results in safe throttle commands

applied to the autonomous vehicle.

This thesis is organized as follows. In Chapter 2, the problemof safety control of

HMHS is discussed. The solution to the problem is presented along with the application

example of collision avoidance between a human driven and anautonomous vehicle at a

traffic intersection. In Chapter 3, the development of a1
13 scale vehicle that has longitudinal

dynamics similar to that of a HMMWV is presented. In Chapter 4, results from experimen-

tal validation of safety control algorithm of Chapter 2 are presented. These experiments are

conducted in the Multi-vehicle lab that utilizes the in-scale vehicle hardware discussed in

Chapter 3. Chapter 5 concludes the thesis and discusses possible extensions of the current

work.
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CHAPTER II

Safety Control of Hidden Mode Hybrid Systems

In this chapter, we define the problem of safety control of hybrid systems with hidden

modes and propose a solution for the problem. In Section 2.1,we recall basic definitions

and concepts. In Section 2.2, we introduce the HMHS model andits information structure.

In Section 2.3, we introduce the control problem with imperfect state information (Problem

1) and its translation to a problem with perfect state information (Problem 2). We then

provide the solution to Problem 2 in Section 2.4. We considerthe problem of termination

in Section 2.5. In Section 2.6, we show the equivalence of Problem 1 and Problem 2. In

Section 2.7, we illustrate the application of the proposed control algorithms to a collision

avoidance problem at a traffic intersection.

2.1 Basic notions and definitions

In this section, we introduce some basic notions and definitions. We employ basic

notions from partial order theory [28]. Apartial order is a setP with a partial order

relation “≤” and it is denoted by (P,≤). If any two elements inP have a unique supremum

and a unique infimum inP, thenP is a lattice. If (P,≤) is a lattice, we denote for any subset

S ⊆ P its supremum by
∨

S. For a setX, we denote by 2X the power set, that is, the set of

all subsets ofX. In this thesis, we consider the lattice given by 2X with order established

by set inclusion. This lattice is denoted by (2X,⊆). For any subsetS ⊆ 2X, the supremum
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∨

S is given by the union of all sets inS. Another partial order that is considered in this

work is given byRn with order established component-wise, that is, forx = (x1, ..., xn) ∈ Rn

andw = (w1, ...,wn) ∈ Rn, we say thatx ≤ w providedxi ≤ wi for all i ∈ {1, ...,n}. We

denote this partial order by (Rn,≤). Let (P,≤) be a lattice, an interval inP is denoted by

[L,U] := {p ∈ P | L ≤ p ≤ U}. For any vectorv ∈ Rn, we denote byvi its ith component.

LetR+ denote the set of non-negative real numbers and letu : R+ → R denote a signal with

values inR. Denote the set of all such signals byS(R). We define a partial order on this

space of signals as follows. For any two signalsu,w ∈ S(R), we say thatu ≤ w provided

u(t) ≤ w(t) for all t ∈ R. Let (P,≤) and (Q,≤) be two partial orders and consider the map

f : P→ Q. This map is said to be anorder preserving mapif for all p1, p2 ∈ P such that

p1 ≤ p2, we have thatf (p1) ≤ f (p2). It is said to be astrongly order preserving mapif for

all p1, p2 ∈ P such thatp1 < p2, we have thatf (p1) < f (p2). For any mapf : P→ Q and

any subsetS ⊆ P, we definef (S) :=
⋃

p∈S f (p).

Notions from viability theory as found in [10] are here recalled. Let X be a normed

space and letS ⊂ X be nonempty. Thecontingent coneto S at x ∈ S is the set given by

TS(x) := {v ∈ S | lim inf h→0+
dS(x+h v)

h = 0}, in which dS(y) denotes the distance ofy from

setS, that is,dS(y) := infz∈K‖y− z‖. WhenS is an open set, the contingent cone toS at any

point inS is always equal to the whole space.

A set valued mapF : X → 2X is said to beMarchaudprovided (i) the graph and the

domain ofF are nonempty and closed; (ii) for allx ∈ X, F(x) is compact, convex and

nonempty; (iii)F has linear growth, that is, there existα > 0 such that for allx ∈ X we

have sup{‖v‖ | v ∈ F(x)} ≤ α(‖x‖ + 1).

A set valued mapF : X → 2X is said to beLipschitzcontinuous onX if there isλ > 0

such that for allx1, x2 ∈ X we have thatF(x1) ⊆ F(x2) + λ‖x1 − x2‖B1(0), in whichB1(0) is

a ball inX of radius 1 centered at 0.
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2.2 Hidden Mode Hybrid Systems

A hybrid system model with hidden modes is a hybrid automaton[68] in which the

current mode of the system is unknown and mode transitions are driven by disturbance

events only. This model is formally introduced by the following definitions.

Definition II.1. A hybrid system with uncontrolled mode transitionsis a tupleH = (Q,X,U,

D,Σ,R, f ), in whichQ is a finite set of modes;X ⊆ Rn is a vector space;U = [uL,uH] ⊆ R,

with uL,uH ∈ R is a set of control inputs;D = [dL,dH] ⊆ R, with dL,dH ∈ R is a bounded

set of disturbance inputs;Σ is a finite set of disturbance events, which includes a silent

event denotedǫ; R : Q× Σ→ Q is the discrete state update map;f : X × Q× U × D→ X

is the vector field, which is piecewise continuous onX × U × D.

The vector fieldf is allowed to be piecewise continuous in order to model switches in

the dynamics determined by submanifolds in the space of states and inputs. We denote by

(q, x) ∈ Q × X the hybrid state of the system. Similarly, we denote by (u,d) ∈ U × D the

continuous inputs to the system and byσ ∈ Σ the disturbance event. We defineR(q, ǫ) := q

for all q ∈ Q. Let {τ′i }i∈I ⊂ R for I = {0,1,2, ...} with τ′i ≤ τ′i+1 be the sequence of times at

whichσ(τ′i ) ∈ Σ/ǫ andσ(t) = ǫ for t < {τ′i }i∈I . LetT :=
⋃

i∈I [τi , τ
′
i )] in which τi ≤ τ′i = τi+1

with τ0 = 0, and the “)]” parenthesis is closed (“]”) ifτ′i is finite and open (“)”) if it is not

finite. Then, we define the discrete and continuous trajectories of H, that is,q(t) andx(t)

for t ∈ T as follows.

Definition II.2. Given initial conditions (qo, xo) ∈ Q× X,

the discrete trajectory q(t) for t ∈ T is such thatq(τi+1) = R(q(τ′i ), σ(τ′i )) andq(t) =

q(τi) for t ∈ [τi , τ′i ] if τi < τ′i with q(τ0) = qo;

the continuous trajectory x(t) for t ∈ T is such that ˙x(t) = f (x(t),q(t),u(t),d(t)), d(t) ∈

D for t ∈ [τi , τ′i ] with τi < τ′i andx(τi+1) = x(τ′i ) with x(τ0) = xo.
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Since we can have thatτ′i = τi+1, multiple discrete transitions can occur at one time. The

value of x immediately before and immediately after a set of transitions occurring at the

same time is unchanged. Basically, a hybrid system with uncontrolled mode transitions is a

hybrid automaton [52] in which there is no continuous state reset and the discrete transitions

cannot be controlled. The vector fieldf immediately after a set of transitions occurring at

the same timet is evaluated on the value thatq takes after the last transition occurred at

time t. It is therefore useful to define also the discrete and continuous flows ofH as follows.

Let σ : T → Σ, u : T → U, andd : T → D be the disturbance event, the continuous

control, and the continuous disturbance signals. We assumethat the signalu is a piecewise

continuous signal which is continuous from the right, that is, limδ→0+ u(t + δ) = u(t) for all

t ∈ T .

Definition II.3. For initial condition (qo, xo) ∈ Q× X,

the discrete flowis defined asφq(t,qo,σ) := q(supτi≤t τi) for all t ≥ 0;

the continuous flowis defined asφx(t, (qo, xo),u,d,σ) := x(t) in which ẋ(t) = f (x(t),

φq(t,qo,σ), u(t),d(t)), d(t) ∈ D for all t ≥ 0.

Therefore,φq(t,qo,σ) is a piecewise constant signal that at timet takes the value ofq at

the last transition that occurred before or at timet. Whenσ(t) = ǫ for all t, we denote the

corresponding continuous flow byφx(t, (qo, xo),u,d, ǫ).

Definition II.4. A Hidden Mode Hybrid System(HMHS) is a hybrid system with uncon-

trolled mode transitions in whichq(t) is not measured andqo is only known to belong to a

setq̄o ⊆ Q.

Therefore, in a HMHS onlyx(t) is measured and its evolution is driven by hidden mode

transitions. In the reminder of this thesis,H denotes a HMHS.

Definition II.5. Let q̄ ⊆ Q. The set of modesreachablefrom q̄ under the trajectories ofH

is denoted Reach(¯q) ⊆ Q and is defined as Reach(¯q) :=
⋃

qo∈q̄
⋃

t≥0
⋃

σ φq(t,qo,σ).
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Note that since hybrid systemH allows multiple transitions at the same time, any mode

q can instantaneously transit to any element in its reachableset Reach(q).

2.2.1 The non-deterministic discrete information state

For a signals : R+ → S, we define its truncation up to timet asst : [0, t] → S and its

truncation up to timet− asst− : [0, t) → S. At time t, the measured signals ofH are given

by ut− andxt, in whichx0 := xo. Furthermore, the knowledge of the functionxt : [0, t] → X

implies that also the functioṅxt− : [0, t)→ X is known.

Definition II.6. Thehistoryof systemH at timet for t ≥ 0 is defined asη(t) := (q̄o,ut− , xt, ẋt−),

in which for q̄o ⊆ Q is the initial mode information.

The availableinformationon the system mode at timet must be derived from the history

signalη(t), in which η(0) = (q̄o, ∅, xo, ∅) contains information on the initial state of the

system. We define the set of all possible current modes of the system compatible with the

history. This set is called the non-deterministic discreteinformation state and is formally

defined as follows in analogy to what is performed in the theory of games with imperfect

information [66].

Definition II.7. Thenon-deterministic discrete information stateat timet ≥ 0 for system

H is the set ¯q(η(t)) ⊂ Q defined as

q̄(η(t)) :=











































q ∈ Q | ∃ qo ∈ q̄o, σ s.t. q = φq(t,qo,σ)

and∃ d s.t.ẋ(τ) = f (x(τ), φq(τ,qo,σ),u(τ),d(τ))

for all 0 ≤ τ < t











































.

Hence, a modeq is possible at timet provided (a) there is a discrete state trajectory

starting from a mode in ¯qo that reachesq at timet and (b) such a discrete state trajectory is

consistent with the continuous state trajectory up to timet. It follows thatq(t) ∈ q̄(η(t)) for

all t and that ¯q(η(0)) = Reach(¯qo).
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Figure 2.1:(Up) Two-vehicle Conflict Scenario. Vehicle 1 is equipped with a cooperative active
safety system and communicates with the infrastructure wirelessly. Vehicle 2 does not
communicate with the infrastructure. A collision occurs when both vehicles occupy
the conflict area. We refer to vehicle 1 as the “autonomous vehicle” and to vehicle 2 as
the “human driven vehicle”. (Down) Hybrid automaton modelH, in which f1 and f2
are given by equations (2.1-2.2).

2.3 Problem Formulation

In this section, we first employ the notion of non-deterministic discrete information

state to formulate the safety control problem with imperfect state information. Then, we

translate this problem to one with perfect state information by introducing a mode estima-

tor.

2.3.1 Safety control problem with imperfect mode information

Let Bad ⊂ X represent a set of unsafe continuous states. We consider theproblem of

determining the set of all initial informations (¯qo, xo) for which adynamic feedbackmap

does not exist that maintains the trajectoryx(t) outsideBad for all time. For this purpose,

we first define the closed loop systemH under a feedback mapπ : 2Q × X→ U.
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Definition II.8. Consider a feedback mapπ : 2Q × X → U. Theclosed loop system Hπ is

defined as systemH, in which u(t) = π(q̄(η(t)), x(t)) for all t ≥ 0. The continuous flow of

Hπ is denotedφπx(t, (qo, xo),d,σ).

The set of all initial informations (¯qo, xo) for which there is no feedback mapπ that

maintains the trajectoryφπx(t, (qo, xo),d,σ) outsideBad for all qo ∈ q̄o, σ, andd is called

thecapture setand is formally defined as follows.

Definition II.9. For Bad ⊆ X, thecapture setfor systemH is defined asC := {(q̄o, xo) ∈

2Q × X | ∀ π, ∃ qo ∈ q̄o, σ, d, t ≥ 0, s.t. φπx(t, (qo, xo),d,σ) ∈ Bad}.

The following alternative expression of the capture set (obtained directly from the def-

inition) is used in this thesis.

Proposition II.10. For all q̄ ∈ 2Q, let the mode-dependent capture set be defined as Cq̄ :=

{xo ∈ X | ∀ π, ∃ qo ∈ q̄, σ, d, t ≥ 0, s.t. φπx(t, (qo, xo),d,σ) ∈ Bad}. Then, C=
⋃

q̄∈2Q(q̄×Cq̄).

Proposition II.11. For all q̄ ∈ 2Q, we have that C̄q = CReach(q̄).

Proof. We first show thatCq̄ ⊆ CReach(¯q). Let xo < CReach(¯q). Then, there is a feedback map

π∗ such that for allqo ∈ Reach(¯q) and t ≥ 0 we have thatφπ
∗

x (t, (qo, xo),d,σ) < Bad for

all d, σ, andη with η(0) such that ¯q(η(0)) = Reach(¯q). In particular, suchπ∗ is such that

for all qo ∈ q̄ andt ≥ 0, φπ
∗

x (t, (qo, xo),d,σ) < Bad for all d, σ, andη with η(0) such that

q̄(η(0)) = Reach(¯q). This, in turn, implies thatxo < Cq̄ from the definition ofCq̄ and the

fact thatη(0) = (q̄, ∅, xo, ∅) implies q̄(η(0)) = Reach(¯q).

We then show thatCReach(¯q) ⊆ Cq̄. Let xo < Cq̄. Then, there isπ∗ in which q̄(η(0)) =

Reach(¯q) such that for allqo ∈ q̄, σ, d, we have thatφπ
∗

x (t, (qo, xo),d,σ) < Bad for all t.

For all qj ∈ Reach(¯q), there isσ andqo ∈ q̄ such thatφq(0,qo,σ) = qj. Therefore, for any

piecewise continuous signalφq(t,q′o,σ
′) with q′o ∈ Reach(¯q), we can findσ andqo ∈ q̄ such

thatφq(t,qo,σ) = φq(t,q′o,σ
′) for all t ≥ 0. This implies that the feedback mapπ∗ is such

thatφπ
∗

x (t, (q′o, xo),d,σ′) < Bad for all t, σ′, andq′o ∈ Reach(¯q). Hence,xo < CReach(¯q). �
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Problem II.12. (Safety Control with Imperfect State Information) Determine the capture

setC and the set of feedback mapsπ such that if (q̄o, xo) < C, then (q̄(η(t)), φπx(t, (qo, xo),d,σ)) <

C for all t ≥ 0, d, σ, andqo ∈ q̄o.

2.3.2 Motivating example

In this section, we present an example in the context of cooperative active safety at

traffic intersections [1], wherein a controlled vehicle has to prevent a collision with a non-

controlled/non-communicating, possibly human-driven, vehicle (Figure 2.1). A possible

approach to tackle this problem is to treat the non-communicating vehicle as a “distur-

bance” and employ available safety control techniques for hybrid systems with measured

state. This approach, however, leads to conservative controllers, which are not acceptable

as they result in warnings/control actions that the driver perceives as unnecessary. There-

fore, in this application it is crucial to exploit all the available sensory information to reduce

as much as possible the uncertainty on the non-communicating vehicle. For the controller

on board the autonomous vehicle, the human-driven vehicle is a hybrid automaton with

unknown state. A related but different application is the one in which a single vehicle

can receive inputs from both a human driver and an on-board controller as considered,

for example, by [73] in the context of a red-light violation problem. As opposed to our

application, the resulting hybrid automaton to control in [73] has known state.

Since both vehicles are constrained to move along their lanes (see Figure 2.1), only the

longitudinal dynamics of the vehicles along their respective paths are relevant. The longitu-

dinal dynamics of vehicle 1 along its path are modeled by the equationp̈1 = k1u−k2v2
1−k3,

in which p1, v1 are the longitudinal displacement and speed along the path,respectively,u

represents throttle/braking,k3 > 0 represents the static friction term, andk2v2
1 with k2 > 0

models air drag (see [90] for more details). The control input u ranges in the interval

[uL,uH] for given maximum braking actionuL < 0 and maximum throttle actionuH > 0.

For vehicle 2, we assume a model given by ¨p2 = βq + d, in which d ∈ [−d̄, d̄] for some
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d̄ > 0 andq represents theunknowndriving mode that can be acceleration mode, denoteda,

coasting mode, denotedc, and braking mode, denotedb. For each mode,βq has a different

value representing the nominal acceleration corresponding to that mode. For more details

on modeling human (controlled) activities through non-deterministic hybrid systems, the

reader is referred to [35, 36]. Vehicle 1 receives information about the position and speed

of vehicle 2 from the infrastructure, which monitors speed and position of vehicles through

road-side sensors. We assume that there are a lower boundvmin and an upper boundvmax on

the achievable speed of the vehicles due, for example, to physical limitations (i.e., vehicles

cannot go in reverse and have a finite maximum achievable speed).

The resulting HMHSH = (Q,X,U,D,Σ,R, f ) modeling the system is such thatQ =

{a,b, c}, X = R4, U = [uL,uH], and D = [−d̄, d̄]. Denotex = (x1, x2, x3, x4) with x1 =

p1, x2 = v1, x3 = p2, x4 = v2. Let α := k1u − k2x2
2 − k3. The vector fieldf is piecewise

continuous and given byf (x,q,u,d) = ( f1(x,u), f2(x,q,d)), with

f1(x,u) =







































(x2, α), if x2 ∈ (vmin, vmax)

(x2,0), if x2 ≤ vmin andα < 0

or x2 ≥ vmax andα > 0

(2.1)

f2(x,q,d) =







































(x4, βq + d), if x4 ∈ (vmin, vmax)

(x4,0), if x4 ≤ vmin andβq + d < 0

or x4 ≥ vmax andβq + d > 0.

(2.2)

We assume that the human driven vehicle can transit from acceleration, to coasting, to

braking [62]. This scenario can be modeled byΣ = {ǫ, σ∗} andR : Q × Σ → Q such that

R(a, σ∗) = c andR(c, σ∗) = b. Here, we assume thatβb < 0, βc = 0, andβa > 0, with

d̄ < |βq| < 2d̄ for q ∈ {a,b}. This system is a HMHS, in which ¯qo = {a,b, c} and it is

pictorially represented in the right-side plot of Figure 2.1. Finally, the unsafe set is given

by Bad= {x | (x1, x3) ∈ [L1,U1] × [L2,U2]} corresponding to both vehicles constrained to
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their paths being in the conflict area of Figure 2.1.

2.3.3 Translation to a perfect state information control problem

In order to solve Problem II.12, it is necessary to compute the setq̄(η(t)). Computing

this set from its definition is impractical as one would need to keep track of a growing

history. Hence, it is customary to determine it recursivelythrough a suitable update law

[66]. A wealth of research on observer design and state estimation for hybrid systems has

been concerned with determining such an update law and in particular with its properties

for special classes of hybrid systems [34, 30, 32, 14, 91, 13,41, 17]. Specifically, key

properties, when considering discrete state estimation, are correctness, tightness, and con-

vergence [34, 30]. Correctness requires that the estimated set of modes contains the true

mode at any time; tightness requires that the estimated set of modes contains only modes

compatible with the system history and dynamics; convergence requires that the estimated

set converges to a singleton. In this thesis, we only requirethat the discrete state estimator

has the correctness property. We are not concerned with tightness nor with convergence

guarantees, which usually require observability assumptions. Hence, a discrete state esti-

mator always exists as, for example, ˆq(t) ≡ Q for all t is also an estimator. This allows us

to separatethe design of the estimator from that of the control map.

More formally, letĤ = (Q̂,X,U,D,Y, R̂, f̂ ) be a hybrid system with uncontrolled mode

transitions with state ( ˆq, x̂) ∈ Q̂ × X, in which Q̂ ⊆ 2Q, and disturbance eventsy ∈ Y. Let

{τ̂′i }i∈Î ⊂ R for Î = {0,1,2,3, ...} with τ̂′i = τ̂i+1 ≤ τ̂′i+1 be the sequence of times at which

y(τ̂′i ) ∈ Y/ǫ andy(t) = ǫ for t < {τ̂′i }i∈Î . DenoteT̂ :=
⋃

i∈Î [τ̂i , τ̂
′
i )] in which τ̂i ≤ τ̂′i = τ̂′i+1, and

τ̂0 = τ0 = 0. For allq̂ ∈ Q̂, we defineR̂(q̂, ǫ) := q̂. Let the initial state be (¯qo, xo) ∈ Q̂× X.

The trajectories ofĤ are defined as in Definition II.2, in which the continuous state obeys

the differential inclusion

˙̂x(t) ∈ f̂ (x̂(t), q̂(t), v(t),d(t)), d(t) ∈ D, for t ∈ [τ̂i , τ̂
′
i ], τ̂i < τ̂

′
i ,
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in which x̂(τ̂i+1) = x(τ̂′i ) andx̂(τ0) = xo. As performed for systemH, we can define the flow

of systemĤ. Specifically, the discrete flow of̂H is denotedφq̂(t, q̄o, y) := q̂(sup̂τi≤tτ̂i) and

any continuous flow ofĤ is denoted byφx̂(t, (q̄o, xo), v,d, y) := x̂(t) for all t ≥ 0. When

y = ǫ, it is useful to extend the definition of this flow to when ¯q is any element in 2Q, that

is, φx̂(t, (q̄, xo), v,d, ǫ) := x̂(t) with x̂(t) such that˙̂x(t) ∈ f̂ (x̂(t), q̄, v(t),d(t)) for all t > 0

andx(0) = xo. Note that, however, this may not be realizable inĤ if q̄ < Q̂. Also, for all

q̄o ∈ Q̂, we denote ˆReach(¯qo) ⊆ Q̂ the set of reachable modes from ¯qo and it is defined as

ˆReach(¯qo) :=
⋃

t≥0
⋃

y φq̂(t, q̄o, y). Then, we have the following definition of an estimator

for H.

Definition II.13. The hybrid system with uncontrolled mode transitionsĤ with initial state

(q̄o, xo) ∈ Q̂× X is called anestimatorfor H provided

(i) for all input/output signals (u, x) of H and all initial mode informations ¯qo ∈ Q̂, there

is an event signaly in Ĥ such thatφq̂(t, q̄o, y) ∋ q(t) for all t ∈ T ;

(ii) for all y ∈ Y andq̂ ∈ Q̂, we have that̂R(q̂, y) ⊆ Reach(ˆq);

(iii) for all ( x̂, q̂, v,d) ∈ X × Q̂× U × D, we have thatf̂ (x̂, q̂, v,d) =
⋃

q∈q̂ f (x̂,q, v,d).

The dynamics of ˆx model for a suitable event signaly the set of all possible dynamics

of x in systemH compatible with the current mode estimate ˆq(t). Note that inH we can

have thatτ′0 = τ0 with the modeq(τ′0) taking any value in Reach(¯qo). Since by (i) of the

above definition ¯qo can be any element of̂Q, we must have that for all ˆq ∈ Q̂ there is

y ∈ Y such thatR̂(q̂, y) = Reach(ˆq) to ensure thatφq̂(t, q̄o, y) ∋ q(t). According to the above

definition, an estimator always exists as one can choose, forexample,Q̂ = {q̄o,Reach(¯qo)},

Y = {ǫ, y0}, R̂ such thatR̂(q̄o, y0) = Reach(¯qo), τ̂′0 = τ̂0, andy(τ̂′0) = y0. This implies that

q̂(τ̂0) = q̄o, that q̂(τ̂′0) = Reach(¯qo), and that ˆq(τ̂′0) ≡ Reach(¯qo) for all t ≥ τ̂′0. Hence,

φq̂(t, q̄o, y) ≡ Reach(¯qo) always containsq(t) for all t ∈ T as q(t) ∈ Reach(¯qo) for all

t ∈ T . An example of how to construct a less trivial estimator is provided in the following

paragraph.
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Example II.14. Consider the HMHSH = (Q,X,U,D,Σ,R, f ), in which X = R2, Q =

{a,b}, U = ∅, D = [−d̄, d̄] ⊂ R for d̄ > 0, Σ = {ǫ}, and f (x,d) = (x2, βq + d), in whichβq

is a parameter whose value depends on the modeq. This system can model, for example,

the non-communicating vehicle of the application example of Section 2.3.2, in which “a”

is acceleration mode and “b” is braking mode. Let the initial information be (¯qo, xo), in

which q̄o = Q. We letQ̂ = {q̂1, q̂2, q̂3}, in which q̂1 = Q, q̂2 = {a}, andq̂3 = {b}. The signal

y determines how to transit among these modes on the basis ofx(t) so to guarantee that

φq̂(t, q̄o, y) ∋ q(t). SinceR does not allow transitions betweena andb, the only transitions

allowed byR̂are fromq̂1 to q̂2 and fromq̂1 to q̂3 by property (ii) of Definition II.13. Then,

let Y = {ya, yb, ǫ}, in whichya is such thatR̂(q̂1, ya) = q̂2 andyb is such thatR̂(q̂1, yb) = q̂3.

Let β̂(t) = 1
T

∫ t

t−T
ẋ2(τ)dτ, t > T and definey(t) asy(t) = ya if |β̂(t) − βb| > d̄, y(t) = yb if

|β̂(t) − βa| > d̄, andy(t) = ǫ otherwise.

Note that while the discrete state of systemH is unknown, the discrete state of system

Ĥ is known as its initial state is known and both ˆq(t) and x̂(t) are measured. Hence, we

define the closed loop system under astaticfeedback map as follows.

Definition II.15. Consider a feedback map ˆπ : Q̂ × X → U. Theclosed loop system̂Hπ̂

is defined as system̂H, in whichv(t) = π̂(φq̂(t, q̄o, y), x̂(t)) for all t ≥ 0. The flow ofĤπ̂ is

denoted bŷφπ̂(t, (q̄o, xo),d, y) and the continuous flow byφπ̂x̂(t, (q̄o, xo),d, y).

Definition II.16. The capture set for system̂H is denotedĈ and is given byĈ := {(q̄o, xo) ∈

Q̂× X | ∀ π̂, ∃d, y, t ≥ 0 s.t. someφπ̂x̂(t, (q̄o, xo),d, y) ∈ Bad}.

Proposition II.17. Let q̄ ∈ Q̂ and define the mode-dependent capture setĈq̄ := {xo ∈

X | ∀ π̂, ∃d, y, t ≥ 0 s.t. someφπ̂x̂(t, (q̄, xo),d, y) ∈ Bad}. Then, we have that̂C =
⋃

q̄∈Q̂
(

q̄× Ĉq̄

)

.

Problem II.18. (Safety Control with Perfect State Information) LetĤ be an estimator for

H. Determine the capture setĈ and the set of feedback maps ˆπ such that if (q̄o, xo) < Ĉ,

then all flows (φq̂(t, q̄o, y), φπ̂x̂(t, (q̄, xo),d, y)) < Ĉ for all t ≥ 0, d, andy.
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Definition II.19. Consider the feedback map ˆπ : Q̂ × X → U and an estimator̂H. The

estimator-based closed loop system Hπ̂
e is defined as systemH, in whichu(t) = π̂(φq̂(t, q̄o, y),

x(t)) for all t ≥ 0.

Definition II.20. We say that system̂Hπ̂ with initial state (q̄o, xo) is safe provided (¯qo, xo) <

Ĉ implies that ˆx(t) < Bad for all t, d, andy. Similarly, we say that systemHπ̂e with initial

information (q̄o, xo) is safe provided (¯qo, xo) < Ĉ implies thatx(t) < Bad for all t, d, andσ.

Definition II.21. (Weak equivalence) We say that Problem II.12 and Problem II.18 are

weakly equivalentprovided that

(i) if Ĥπ̂ with initial state (q̄o, xo) is safe then alsoHπ̂e with initial information (q̄o, xo) is

safe;

(ii) for all q̄ ∈ Q̂, we have thatCq̄ ⊆ Ĉq̄.

Definition II.22. (Equivalence) We say that Problem II.12 and Problem II.18 areequivalent

provided that

(i) they are weakly equivalent;

(ii) for all q̄ ∈ Q̂, we have thatCq̄ = Ĉq̄.

Weak equivalence guarantees that any feedback map ˆπ that keepsĤπ̂ safe keeps also

systemHπ̂e safe. Equivalence guarantees that systemĤ has the same mode-dependent cap-

ture sets as systemH.

Proposition II.23. Problem II.12 and Problem II.18 are weakly equivalent.

Proof. (i) If Ĥπ̂ is safe with initial state (¯qo, xo), we have that (¯qo, xo) < Ĉ implies that

x̂(t) < Bad for all t, d, andy. In particular, this is true fory such thatφq̂(t, q̄o, y) ∋ q(t) for

all t and hence for ˆx∗(t) such that˙̂x∗(t) = f (x̂∗(t),q(t), π̂(φq̂(t, q̄o, y), x̂∗(t)),d(t)), d(t) ∈ D,

and hence forx(t) trajectory ofHπ̂e.
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(ii) We show thatCq̄ ⊆ Ĉq̄ for all q̄ ∈ Q̂. Specifically, we show that ifxo < Ĉq̄

then xo < Cq̄. If xo < Ĉq̄, there is a feedback map ˆπ such that for alld, y, t ≥ 0

all flows φπ̂x̂(t, (q̄, xo),d, y) < Bad. In particular, this is true fory′ such that ˆτ0 = τ̂′0,

R̂(q̄, y′(τ̂′0)) = Reach(¯q), andy′(t) = ǫ for all t > τ̂′0 (note that ay for which R̂(q̄, y) =

Reach(¯q) must always exist inY by the definition of an estimator). This implies that

φq̂(t, q̄, y′) = φq̂(0, q̄, y′) = Reach(¯q) for all t. In such a case,π′(x̂) := π̂(Reach(¯q), x̂) is

a map from the continuous state only as the first argument is always constant. Hence, the

flow x̂(t) = φπ
′

x̂ (t, (q̄, xo),d, y′) satisfies˙̂x(t) ∈ f (x̂(t),Reach(¯q), π′(x̂(t)),d(t)) for all t. In

turn, anyx̂(t) that satisfies this also satisfies˙̂x(t) = f (x(t), φq(t,qo,σ), π′(x(t)),d(t)) for all

qo ∈ q̄ and allσ. As a consequence,π′ is such thatφπ
′

x (t, (qo, xo),d,σ) < Bad for all t ≥ 0,

all d, all σ, and allqo ∈ q̄. This, in turn, implies thatxo < Cq̄. �

We first solve Problem II.18 and then address the question of when this problem is

equivalent to Problem 1.

2.4 Solution to Problem 2

SinceĤ is a hybrid system with uncontrolled mode transitions, it has more structure

than the general class of hybrid automata. We exploit this structure to provide a specialized

iterative algorithm for the computation of the capture set and of the feedback maps ˆπ.

2.4.1 Computation of the capture setĈ

In order to compute the set̂C, we introduce the notion of uncontrollable predecessor

operator.

Definition II.24. For a setS ⊂ X andq̄ ∈ Q̂ theuncontrollable predecessor operatorfor

Ĥ is defined as Pre(¯q,S) := {xo ∈ X | ∀ π̂∃d, t ≥ 0, s.t. someφπ̂x̂(t, (xo, q̄),d, ǫ) ∈ S}.

This set represents the set of all states that are mapped toS when the mode estimate is

constant and equal to ¯q. Note that the feedback map ˆπ is thus a simple feedback map from
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x asq̂ is constant during the entire evolution. The following properties of the Pre operator

follow from the fact that it is an order preserving map in bothof its arguments.

Proposition II.25. The operator Pre: Q̂ × 2X → 2X has the following properties for all

q̂ ∈ Q̂ and S∈ 2X:

(i) S ⊆ Pre(q̂,S);

(ii) Pre(q̂,Pre(q̂,S)) = Pre(q̂,S);

(iii) Pre(q̂,S1) ⊆ Pre(q̂,S2), for all S1 ⊆ S2;

(iv) Pre(q̂1,S) ⊆ Pre(q̂2,S), for all q̂1 ⊆ q̂2;

(v) Pre(q̂1,Pre(q̂2,S)) = Pre(q̂1,S), for all q̂2 ⊆ q̂1;

(vi) Pre(q̂0,S0 ∪ Pre(q̂1,S1) ∪ . . . ∪ Pre(q̂n,Sn)) = Pre(q̂0,S0 ∪ S1 ∪ . . . ∪ Sn) for q̂i ⊆ q̂0

for all i .

Proof. Property (i) follows directly from the definition of Pre, in which t = 0. To show

property (ii), let xo ∈ Pre(q̂,Pre(q̂,S)). By the definition of Pre, we have that for all ˆπ

there isd1 and a timet1 such that someφπ̂x̂(t1, (xo, q̂),d1, ǫ) ∈ Pre(q̂,S). Define x′o :=

φπ̂x̂(t1, (xo, q̂),d1, ǫ). Sincex′o ∈ Pre(q̂,S), we have by the definition of Pre that for all

π̂ there isd2 and t2 > 0 such that someφπ̂x̂(t2, (x
′
o, q̂),d2, ǫ) ∈ S. Let t = t1 + t2 and

defined such thatd(τ) = d1(τ) for τ < t1 and d(τ) = d2(τ − t1) for τ ≥ t1. Then,

we have thatφπ̂x̂(t2, (x
′
o, q̂),d2, ǫ) = φπ̂x̂(t, (xo, q̂),d, ǫ). Since for allπ̂ there isd such that

φπ̂x̂(t, (xo, q̂),d, ǫ) ∈ S, we also have thatxo ∈ Pre(q̂,S). Property (iii) is an immediate

consequence of the definition of Pre. Property (iv) follows from the fact that if for allπ

a trajectory ˆx(t) such that˙̂x(t) ∈ f̂ (x̂(t), q̂1, π̂(q̂1, x̂(t)),d(t)) entersS, then also a trajectory

such that˙̂x(t) ∈ f̂ (x̂(t), q̂2, π̂(q̂2, x̂(t)),d(t)) with q̂2 ⊇ q̂1 entersS. Property (v) follows

from the fact that (a) Pre(ˆq1,Pre(q̂2,S)) ⊇ Pre(q̂1,S) by property (i) and (iii); and from

the fact that (b) Pre(ˆq1,Pre(q̂2,S)) ⊆ Pre(q̂1,Pre(q̂1,S)) by properties (iv) and (iii); and

23



from the fact that (c) Pre( ˆq1,Pre(q̂1,S)) = Pre(q̂1,S) by property (ii). Finally, we show

property (vi). By property (i), we have thatS1 ∪ . . . ∪ Sn ⊆ Pre(q̂1,S1) ∪ . . . ∪ Pre(q̂n,Sn).

Thus, applying property (iii), we have that Pre(ˆq0,S0 ∪ S1 ∪ . . . ∪ Sn) ⊆ Pre(q̂0,S0 ∪

Pre(q̂1,S1)∪ . . .∪Pre(q̂n,Sn)). Also, applying property (iv) and property (iii), we have that

Pre(q̂0,S0 ∪ Pre(q̂0,S1) ∪ . . . ∪ Pre(q̂0,Sn)) ⊇ Pre(q̂0,S0 ∪ Pre(q̂1,S1) ∪ . . . ∪ Pre(q̂n,Sn)).

However, Pre( ˆq0,S0 ∪ Pre(q̂0,S1) ∪ . . . ∪ Pre(q̂0,Sn)) = Pre(q̂0,S0 ∪ S1 ∪ . . . ∪ Sn) by

the definition of Pre (using the same strategy as used for proving property (ii)). Hence

Pre(q̂0,S0 ∪ Pre(q̂1,S1) ∪ . . . ∪ Pre(q̂n,Sn)) = Pre(q̂0,S0 ∪ S1 ∪ . . . ∪ Sn) for q̂i ⊆ q̂0 for all

i. �

We use for all ˆq ∈ Q̂ the notationR̂(q̂,Y) := {q̂′ ∈ R̂(q̂, y) | y ∈ Y}, in which we set

R̂(q̂, y) := ∅ if R̂(q̂, y) is not defined for somey ∈ Y.

Proposition II.26. The setsĈq̂i for all q̂i ∈ Q̂ satisfyĈq̂i = Pre
(

q̂i ,
⋃

{q̂ j∈R̂(q̂i ,Y)} Ĉq̂ j ∪ Bad
)

.

Proof. DefineD := Bad ∪{q̂ j∈R̂(q̂i ,Y)} Ĉq̂ j andA := Pre(q̂i ,D). Takexo ∈ A. This implies,

by the definition of Pre that for all ˆπ there existst and disturbance signald such that some

φπ̂x̂(t, (q̂i , xo),d, ǫ) ∈
⋃

{q̂ j∈R̂(q̂i ,Y)} Ĉq̂ j ∪ Bad. SinceBad⊂ Ĉq̂ j for all q̂j, this implies that for

all π̂ there exists timet1, a signald, andq̂j ∈ R̂(q̂i ,Y) such that ˆx(t1) = φπ̂x̂(t1, (q̂i , xo),d, ǫ) ∈

Ĉq̂ j . Let y be such that ˆq(t1) = φq̂(t1, q̂i , y) = q̂j . Then, (q̂(t1), x̂(t1)) ∈ Ĉ. Therefore for all ˆπ,

there existst and signalsd, y such that someφπ̂x̂(t, (q̂i , xo),d, y) ∈ Bad. This in turn implies,

by the definition ofĈq̂, thatxo ∈ Ĉq̂i .

Now considerxo ∈ Ĉq̂i . By definition ofĈ, we also have that ( ˆqi , xo) ∈ Ĉ. If ( q̂i , xo) ∈ Ĉ,

then for allπ̂ there ared, y such that some (ˆq(t), φπ̂x̂(t, (q̂i , xo),d, y)) ∈ Ĉ, for all t, otherwise

the definition ofĈ would be contradicted. Ify makes ˆqi switch to some ˆqj ∈ R̂(q̂i ,Y) at

time t1, it must be thatφπ̂x̂(t1, (q̂i , xo),d, ǫ) ∈ Ĉq̂ j . If insteady does not make ˆqi switch, then

it must be thatφπ̂x̂(t2, (q̂i , xo),d, ǫ) ∈ Bad for somet2. Combining the last two statements,

we obtain that for all ˆπ, there existst, d, andy such that eitherφπ̂x̂(t, (q̂i , xo),d, ǫ) ∈ Ĉq̂ j or

φπ̂x̂(t, (q̂i , xo),d, ǫ) ∈ Bad, which impliesxo ∈ A. �
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Definition II.27. A set Ŵ ⊆ Q̂ × X is said acontrolled invariant setfor Ĥ if there is a

feedback map ˆπ such that for all (¯qo, xo) ∈ Ŵ, we have that all flowŝφπ̂(t, (q̄o, xo),d, y) ∈ Ŵ

for all t, d, andy. A setŴ ⊆ Q̂× X is the maximal controlled invariant setfor Ĥ provided

it is a controlled invariant set for̂H and any other controlled invariant set forĤ is a subset

of Ŵ.

Proposition II.28. The setŴ := (Q̂× X)/Ĉ is the maximal controlled invariant set for̂H

contained in(Q̂× X)/(Q̂× Bad).

Proof. Let (q̂i , xi) ∈ Ŵ. Then, by the definition ofĈ we have that there is a feedback

map π̂i such that allφ̂π̂i (t, (q̂i , xi),d, y) ∈ Ŵ for all d, y and t ≥ 0. Define the set̄Wi :=
⋃

d,y,t≥0 φ̂
π̂i (t, (q̂i , xi),d, y) ⊆ Ŵ, which is controlled invariant with feedback map ˆπi. Since

the class of controlled invariant sets contained inŴ is closed under union (see the proof of

Proposition 3 of [68]), there is a feedback map ˆπ that makes the union
⋃

{i | (q̂i ,xi )∈Ŵ} W̄i ⊆ Ŵ

controlled invariant. ThereforêW is also controlled invariant. It is the maximal controlled

invariant set contained in (̂Q× X)/(Q̂× Bad) because if ( ˆq, x) < Ŵ then (q̂, x) ∈ Ĉ, which

implies that for all maps ˆπ some flowφ̂π̂(t, (q̂, x),d, y) entersQ̂ × Bad for somed, y, and

t ≥ 0. �

Let Q̂ = {q̂1, ..., q̂M} with q̂i ∈ 2Q for i ∈ {1, . . . ,M}, Si ∈ 2X for i ∈ {1, . . . ,M}, and

defineS := (S1, . . . ,SM) ⊆ (2X)M.We define the mapG : (2X)M → (2X)M as

G(S) :=









































Pre
(

q̂1,
⋃

{ j|q̂ j∈R̂(q̂1,Y)} S j ∪ Bad
)

...

Pre
(

q̂M,
⋃

{ j|q̂ j∈R̂(q̂M ,Y)} S j ∪ Bad
)









































.

Proposition II.29. Let S := (S1, ...,SM) be a tuple of sets Si ⊆ X such that S= G(S).

Then,(Q̂× X)/
⋃

i∈{1,...,M}(q̂i × Si) is a controlled invariant set for̂H.

Proof. Let (q̂, xo) <
⋃

i∈{1,...,M}(q̂i × Si) for q̂ = q̂i ∈ Q̂. Then xo < Si, whereSi =

Pre(q̂i ,
⋃

{ j|q̂ j∈R̂(q̂i ,Y)} S j ∪Bad). By the definition of Pre, this implies that there is a feedback

mapπ̂ such thatφπ̂x̂(t, (q̂i , xo),d, ǫ) < Si. Let t∗ be such that ˆq(t∗) switches to ˆqj ∈ R̂(q̂i ,Y).
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At time t∗, we also have that any ˆx(t∗) := φπ̂x̂(t
∗, (q̂i , xo),d, ǫ) is not inSi and thus ˆx(t∗) < S j

which implies (q̂(t∗), x̂(t∗)) <
⋃

i∈{1,...,M}(q̂i ×Si). Proceeding iteratively on the mode switch,

we obtain that the flows of̂H starting from any (ˆq, xo) <
⋃

i∈{1,...,M}(q̂i × Si) stay outside
⋃

i∈{1,...,M}(q̂i × Si) for a proper control map. Thus, the set (Q̂× X)/
⋃

i∈{1,...,M} (q̂i × Si) is a

controlled invariant set. �

Let Z := (2X)M represent the set of all M-tuples of subsets ofX and define the partial

order (Z,⊆), where⊆ is defined component-wise. One can verify thatG : Z → Z is an

order preserving map (it follows from property (iii) of the Pre operator from Proposition

II.25).

Algorithm II.30. S0 := (S0
1, S0

2, . . . ,S
0
M) := (∅, . . . , ∅),

S1 = G(S0)

while Sk−1
, Sk

Sk+1 = G(Sk)

end.

If Algorithm II.30 terminates, that is, if there is aK∗ such thatSK∗ = (SK∗
1 , ...,S

K∗
M ) =

(SK∗+1
1 , ...,SK∗+1

M ) = SK∗+1, we denote the fixed point byS∗.

Theorem II.31. If Algorithm 1 terminates, the fixed point S∗ is such that S∗ = (Ĉq̂1, ..., Ĉq̂M ).

Proof. If Algorithm 1 terminates, then there isN∗ > 0 such thatG(⊥)N∗ = G(⊥)N∗+1 = S∗,

in which ⊥ = ∅. Thus,S∗ is a fixed point ofG. To show that it is the least fixed point,

consider any other fixed point ofG, calledβ. Since⊥ ≤ β andG is an order preserving map,

we have thatG(⊥) ≤ G(β) = β, G2(⊥) ≤ G(β) = β,....,GN∗(⊥) ≤ β. SinceGN∗(⊥) = S∗, we

have thatS∗ ≤ β. ThusS∗ is the least fixed point ofG.

Proposition II.26 indicates that the setĈ =
⋃

q̂i∈Q̂(q̂i × Ĉq̂i ) is such that the tuple of sets

(Ĉq̂1, ..., Ĉq̂M ) is a fixed point ofG. Assume that such a tuple of sets is not the least fixed

point ofG. This implies that there are setsSi ⊆ Ĉq̂i such that the tuple (S1, ...,SM) is also

a fixed point ofG. Consider the setŝW = (Q̂ × X)/
⋃

q̂i∈Q̂(q̂i × Ĉq̂i ) and the new set̂W′
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defined asŴ′ := (Q̂× X)/
⋃

i∈{1,...,M}(q̂i × Si). By Proposition II.29, these two sets are both

controlled invariant and are both contained in (Q̂× X)/(Q̂× Bad). SinceŴ ⊂ Ŵ′, we have

thatŴ is not the maximal controlled invariant set contained in thecomplement ofQ̂×Bad.

This contradicts Proposition II.28. Therefore, the tuple (Ĉq̂1, ..., Ĉq̂M ) must be the least fixed

point ofG. Since the least fixed point ofG equalsS∗ by the first part of the proof, it follows

that (Ĉq̂1, ..., Ĉq̂M ) = S∗. �

This result is based on the assumption that Algorithm 1 terminates and hence it is suf-

ficient that the mapG is an order preserving map. A stronger property forG, such as

omega-continuity [59], is required for the result of Theorem II.31 to hold if termination of

Algorithm 1 is not assumed. In Section 2.5, we address termination.

2.4.2 The control map

To determine the set of feedback maps that keep the complement of Ĉ invariant, we

employ notions from viability theory.

Definition II.32. A set valued mapF : X → 2X is saidpiecewise Lipschitz continuouson

X if it is Lipschitz continuous on a finite number of setsXi ⊂ X for i = 1, ...,N that cover

X, that is,
⋃N

i=1 Xi = X, andXi ∩ Xj = ∅ for i , j.

The next result extends conditions for set invariance as found in [10] to the case of

piecewise Lipschitz continuous set valued maps. This extension is required in our case

because the vector fieldf is allowed to be piecewise continuous.

Proposition II.33. Let F : X → 2X be a set-valued Marchaud map. Assume that F is

piecewise Lipschitz continuous on X. A closed set S⊆ X is invariant under F if and only if

F(x) ⊆ TS(x) for all x ∈ S .

Proof. We construct fromF an impulse differential inclusion whosex trajectories are the

same as the ones of the system ˙x ∈ F(x) and then apply Theorem 3 from [11] to the resulting
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impulse differential inclusion to conclude invariance ofS. An impulse differential inclusion

is a tupleH̄ = (X̄, F̄, R̄, J̄), in which X̄ is a finite dimensional space,̄F : X̄ → 2X̄ is a set

valued map regarded as a differential inclusion˙̄x ∈ F̄(x̄), R̄ : X̄ → 2X̄ is a reset map,

and J̄ ⊂ X̄ is a forced discrete transition set. SinceF is piecewise Lipschitz continuous

on X, there are setsXi ⊂ X for i = 1, ...,N that coverX on whichF is Lipschitz. Define

for eachi ∈ {1, ...,N} the mapsFi : X → 2X such thatFi(x) = F(x) for all x ∈ Xi

and for x < Xi the mapFi(x) is extended so that it is Lipschitz continuous onX. Then,

Fi : X → 2X is Marchaud and Lipschitz continuous. Letzi ∈ {1,0} for i ∈ {1, ...,N} and

define X̄ := X × {1,0}N. Let z = (z1, ..., zN) and define the new map̄F : X̄ → 2X̄ as

F̄(x, z) :=























z1F1(x) + ... + zNFN(x)

0N×1























, ∀(x, z) ∈ X̄. Define a reset map̄R : X̄ → X̄ by

R̄(x, z) = (x,ei), if x ∈ Xi . Define the set of forced transitions̄J ⊂ X̄ asJ̄ = {(x, z) ∈ X̄ | x ∈

Xi and z , ei}. By construction, thex trajectories ofH̄ starting from initial conditions

z = ei andx ∈ Xi for all i coincide with the trajectories of ˙x ∈ F(x) starting with the same

x ∈ Xi.

Let E := {e1, ...,eN} ⊂ {1,0}N and define the set̄S ⊂ X̄ as S̄ = S × E. This is

a closed set. Theorem 3 from [11] states that ifF̄ is Marchaud and Lipschitz and̄J is

closed, thenS̄ is invariant underH̄ if and only if (1) R̄(S̄) ⊆ S̄ and (2)∀(x, z) ∈ S̄\J̄

we haveF̄(x, z) ⊆ TS̄(x, z). Notice thatR̄(S̄) ⊆ S̄ by the wayR̄ is constructed. Let then

F(x) ⊆ TS(x) for all x ∈ S. We show that this implies that alsōF(x, z) ⊆ TS̄(x, z) for all

(x, z) ∈ S̄\J̄. By the wayF̄, S̄, and J̄ have been defined, for all (x, z) ∈ S̄\J̄ we have that

F̄(x, z) = (Fi(x),0N×1) with x ∈ Xi. Since alsox ∈ S, we haveFi(x) ⊆ TS(x) because

x ∈ Xi and Fi(x) = F(x) for x ∈ Xi. Sincez ∈ E, we have thatTE(z) = 0N×1. As a

consequence,̄F(x, z) ⊆ TS(x)×TE(z). Given thatTS×E(x, z) = TS(x)×TE(z) [26], it follows

that F̄(x, z) ⊆ TS×E(x, z) for all (x, z) ∈ S̄\J̄. By Theorem 3 in [11], set̄S is invariant under

H̄, which implies that setS is invariant byF as thex trajectories of the first system starting

in (xo, zo) ∈ S̄ are the same as thex trajectories of the second system starting atxo ∈ S.

Conversely, ifF(x) * TS(x) for somex ∈ S, then for somei such thatx ∈ Xi we have
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that Fi(x) * TS(x). This in turn implies that for (x, z) ∈ S̄\J̄ (that is, forz = ei) we have

F̄(x, z) * TS̄(x, z). By Theorem 3 in [11] set̄S is thus not invariant under̄H. This implies

that there is a timet at which eitherx(t) < S or z(t) < E. However, ifz(0) ∈ E we must

have thatz(t) ∈ E for all t asz can change its value only through̄R, which always mapsz

back inE. Therefore, there must be a timet such thatx(t) < S for systemH̄. Since thex

trajectories ofH̄ starting at (xo, zo) ∈ S̄ are the same as those of ˙x ∈ F(x) starting atxo ∈ S,

it must be thatx(t) < S also for system ˙x ∈ F(x), implying thatS cannot be invariant for

F. �

For simplifying notation, for each mode ˆq ∈ Q̂define the set valued map̄f : X×Q̂×U →

2X as f̄ (x̂, q̂,u) = { f̂ (x̂, q̂,u,d),d ∈ D} for all (x̂, q̂,u) ∈ X × Q̂× U. DefineLq̂ := X\Ĉq̂ for

all q̂ ∈ Q̂ and consider the set valued map defined as

Π(q̂, x̂) := {u ∈ U | f̄ (x̂, q̂,u) ⊂ TLq̂(x̂)}. (2.3)

Theorem II.34. Assume that̂π : Q̂× X→ U is such that for allq̂ ∈ Q̂ the set-valued map

F(x̂, q̂) := f̄ (x̂, q̂, π̂(x̂, q̂)) is Marchaud and piecewise Lipschitz continuous on X. Then, the

set(Q̂× X)\Ĉ is invariant forĤπ̂ if and only if π̂(q̂, x̂) ∈ Π(q̂, x̂).

Proof. (⇐) Assume that ˆπ(q̂, x̂) ∈ Π(q̂, x̂) and that ( ˆq(τ̂0), x̂(τ̂0)) < Ĉ, we show that all

(q̂(t), x̂(t)) < Ĉ for all t ≥ τ̂0. This is shown by induction argument on the transition times

τ̂′i . (Base case) By assumption we have that ( ˆq(τ̂0), x̂(τ̂0)) < Ĉ. (Induction step) Assume

that (q̂(τ̂i), x̂(τ̂i)) < Ĉ. We show that this implies ( ˆq(t), x̂(t)) < Ĉ for all t ∈ [τ̂i , τ̂i+1], in

which τ̂i+1 = τ̂
′
i . This in turn is equivalent to showing that ˆx(t) < Ĉq̂(τ̂i ) for all t ∈ [τ̂i , τ̂′i ]

and x̂(τ̂i+1) < Ĉq̂(τ̂i+1). SinceĈq̂(τ̂i+1) ⊆ Ĉq̂(τ̂i ) by the properties of the Pre operator and by

Proposition II.26, then if ˆx(τ̂′i ) < Ĉq̂τ̂i+1
also x̂(τ̂′i ) < Ĉq̂(τ̂i+1). Therefore, it is enough to show

that x̂(t) < Ĉq̂(τ̂i ) for all t ∈ [τ̂i , τ̂′i ]. If τ̂′i = τ̂i, then since ˆx(τ̂′i ) = x̂(τ̂i) we have that ˆx(τ̂i) <

Ĉq̂(τ̂i ). If τ̂i < τ̂′i , for t ∈ [τ̂i , τ̂′i ), the trajectory ˆx(t) satisfies˙̂x(t) ∈ f̄ (x̂(t), q̂(τ̂i), π̂(q̂(τ̂i)) =

F(x, q̂(τ̂i)). Sinceπ̂(q̂, x̂) ∈ Π(q̂, x̂), it follows that F(x̂, q̂(τ̂i)) ⊆ TLq̂(τ̂i )
(x̂). Proposition
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II.33 thus implies thatLq̂(τ̂i ) is invariant byF. Therefore, we have that ˆx(t) ∈ Lq̂(τ̂i ) for all

t ∈ [τ̂i , τ̂′i ]. Thus, x̂(t) < Ĉq̂(τ̂i ) for all t ∈ [τ̂i , τ̂′i ].

(⇒) The fact that ifπ̂(q̂, x̂) < Π(q̂, x̂) the set (̂Q× X)/Ĉ is not invariant forĤπ follows

from Proposition II.33. �

Given the current mode estimate ˆq, a control map as given in Theorem II.34 is one that

makes all the possible vector fields point outside the current mode-dependent capture set

Ĉq̂. Once the mode estimate switches to ˆq′, the current mode-dependent capture set also

switches to the new mode-dependent capture setĈq̂′, which is (by Algorithm 1) contained

in the previous onêCq̂. At this point, the feedback map switches to one that makes all the

possible vector fields originating from ˆq′ point outside the new current mode-dependent

capture set̂Cq̂′. Note that control map (2.3) guarantees safety for any choice of an estimator.

However, a coarser estimator leads to larger mode dependentcapture sets to be avoided at

any time and, as a consequence, the control actions are more conservative.

2.5 Termination of Algorithm 1

There are two main difficulties in the implementation of Algorithm 1. The first one is

the exact computation of the Pre operator, which is known to be a hard problem for general

classes of nonlinear and hybrid dynamics and general results are still lacking. Hence,

research has been focusing on special classes of systems forwhich such an operator can be

exactly computed [85, 83, 84]. The second difficulty lies in the fact that even when one can

exactly compute the Pre operator, Algorithm 1 is not always guaranteed to terminate in a

finite number of steps. In this section, we address the termination of Algorithm 1, that is,

the existence of afinite N such thatSN = SN+1. We then discuss the problem of the exact

computation of the Pre operator.

For the termination problem, we first provide sufficient conditions onĤ for which Al-

gorithm 1 terminates. Then, we show that one can construct anabstraction ofĤ for which
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Algorithm 1 always terminates and such that the fixed point gives the mode-dependent

capture sets of̂H. In order to proceed, we introduce the notion of kernel sets for Ĥ.

Definition II.35. (Kernel set) Thekernel setcorresponding to a mode ˆq∗ ∈ Q̂ is defined as

ker(q̂∗) := {q̂ ∈ Q̂ | q̂ ∈ ˆReach(ˆq∗) andq̂∗ ∈ ˆReach(ˆq)}.

The kernel set for a mode ˆq∗ is thus the set of all modes that can be reached from ˆq∗

and from which ˆq∗ can be reached. One can verify that for all pairs of modes ˆqi , q̂j ∈

Q̂, we have that ˆqi ∈ ˆReach(ˆqj) and q̂j ∈ ˆReach(ˆqi) if and only if ker(q̂i) = ker(q̂j). The

next result shows that any two modes ofĤ in the same kernel set have the same mode-

dependent capture set and hence the same set of safe feedbackmaps.

Proposition II.36. For every kernel set ker⊆ Q̂ and for any two modeŝq, q̂′ ∈ ker, we

have thatĈq̂ = Ĉq̂′ and hence thatΠ(q̂, x) = Π(q̂′, x).

Proof. Sinceq̂, q̂′ ∈ ker, we have that ˆq′ ∈ ˆReach(ˆq) and that ˆq ∈ ˆReach(ˆq′). By Proposition

II.26, the first inclusion implies that̂Cq̂′ ⊆ Ĉq̂, while the second inclusion implies that

Ĉq̂ ⊆ Ĉq̂′. Hence, we must have thatĈq̂ = Ĉq̂′. By equation (2.3), this in turn implies also

thatΠ(q̂, x) = Π(q̂′, x). �

Definition II.37. (Type of a kernel set) We say that a kernel setker1 ⊆ Q̂ transitsto a

kernel setker2 ⊆ Q̂ if there isq̂1 ∈ ker1, q̂2 ∈ ker2, andy ∈ Y such that ˆq2 = R̂(q̂1, y). A

kernel set istype(1) if it does not transit to any other kernel set. A kernel setis type(n) if it

transits totype(n− 1) kernel sets and only totype(n− 1), . . . , type(1) kernel sets.

LetK := {ker(q̂1), . . . , ker(q̂M)}. Let there bep distinct elements inK denotedker1, . . . ,

kerp. Note thatkeri ∩ kerj = ∅, for i , j. If each of the kernel sets is just one element inQ̂,

it means that there are no discrete transitions possible inR̂ that bring a discrete state ˆq back

to itself. That is, there is no loop in any of the trajectoriesof q̂. In this case, one can verify

that Algorithm 1 terminates in a finite number of steps. If instead there are kernel sets

composed of more than one element, it means that there are discrete transitions that bring a
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discrete state back to itself, that is, there are loops in thetrajectories of ˆq. In this situation,

Algorithm 1 may not terminate. The next result shows that even when there are loops in the

trajectories of ˆq, Algorithm 1 still terminates if each kernel set contains a maximal element.

Proposition II.38. Let q̂i for i ∈ {1, ...,M} be in a type(1) kernel set. Then, Algorithm 1 is

such that there is a K∗ ≥ 0 for which SK∗
i = SK∗+1

i .

Proof. Consider a mode ˆql ∈ kera, in which kera is type(1) and letq̂o ∈ kera be the max-

imal element ofkera. Sincekera is a type(1) kernel set, we have that ˆqo transits only to

modes inkera. Let there bena elements in kernel setkera and letn > na. Then there

existsk and a sequence{q̂l i }i≤n with q̂l i ∈ R̂(q̂l i−1,Y) and q̂l0 = q̂l such that ˆqo = q̂lk.

Thus, from Algorithm II.30 and property (i) of Proposition II.25, we have thatSn
l ⊇

Pre
(

q̂o,
⋃

{q̂lk+1∈R̂(q̂lk ,Y)} Pre
(

q̂lk+1,
⋃

{q̂lk+2∈R̂(q̂lk+1 ,Y)} Pre
(

q̂lk+2, . . .
⋃

{q̂ln∈R̂(q̂ln−1 ,Y)} Pre(q̂ln, Bad)...
)))

.

Sinceq̂o is the maximal element of kernel setkera, we have, by repeatedly applying prop-

erty (vi) of Proposition II.25, thatSn
l ⊇ Pre(q̂o, Bad). In turn, from Algorithm II.30 and

property (iv) of Proposition II.25, we have that

Sn
l ⊆ Pre

(

q̂o,
⋃

{q̂l1∈R̂(q̂l ,Y)} Pre
(

q̂l1,
⋃

{q̂l2∈R̂(q̂l1 ,Y)} . . .
⋃

{q̂ln∈R̂(q̂ln−1 ,Y)} Pre(q̂ln, Bad)...
))

.

By repeatedly applying property (vi) of Proposition II.25, we finally obtain thatSn
l ⊆

Pre(q̂o, Bad). Hence,Sn
l = Pre(q̂o, Bad). Since this holds for alln > na, Algorithm II.30

terminates for all modes in atype(1) kernel set. �

Theorem II.39. Algorithm II.30 terminates if all the kernel sets ker1, . . . , kerp have a max-

imal element with respect to the partial order(Q̂,⊆).

Proof. We first show that Algorithm II.30 is such that if ˆqi is in type(1) kernel set, then

there isK∗i such thatS
K∗i
i = S

K∗i +1
i (base case). We then use the induction argument to prove

that if for q̂i in type(1), . . . , type(n) kernel sets there isK∗i such thatS
K∗i
i = S

K∗i +1
i , then for

q̂j in type(n + 1) kernel sets there isK∗j such thatS
K∗j
j = S

K∗j +1

j (induction step). Sincen

is arbitrary andker1 ∪ ... ∪ kerp = {q̂1, ..., q̂M}, this leads to the conclusion that there is
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a K∗ such that for all ˆqi ∈ {q̂1, ..., q̂M} we have thatSK∗
i = SK∗+1

i . This, in turn, implies

termination of Algorithm II.30. Proposition II.38 shows the base case.

(Induction step.) By the induction assumption, Algorithm II.30 is such that for all ˆqi

in type(1), . . . , type(n) kernel sets there isN∗ such thatSN∗
i = SN∗+1

i . Consider a mode

q̂l ∈ kera wherekera is a type(n+ 1) kernel set. Then from Algorithm II.30, we have that

for all J > 0

SJ
l = Pre(q̂l ,

⋃

{l1|q̂l1∈R̂(q̂l ,Y)∩kera}

SJ−1
l1

⋃

{l∗1|q̂l∗1
∈R̂(q̂l ,Y)\kera}

SJ−1
l∗1

), (2.4)

in which q̂l∗1
belongs totype(1), . . . , type(n) kernel sets. By the induction assumption, we

thus have thatSN
l∗1
= SN+1

l∗1
= SN∗

l∗1
for all N > N∗. Let q̂l transit toq̂o in N1 transitions.

Starting from mode ˆqo, there is an input signaly such that the discrete flow is taken back

to q̂o after visiting all the states ofkera asq̂o is in kera. Let N2 be the number of transitions

that the discrete flow makes in doing so. Leti ≥ N∗ + N1 + N2.

Let q̂o be the maximal element ofkera, then by employing property property (iv) of

Proposition II.25 to the right hand side of 2.4 forJ = i, we obtain

Si
l ⊆ Pre

























q̂o,
⋃

{l1|q̂l1∈R̂(q̂l ,Y)∩kera}

Si−1
l1

⋃

{l∗1|q̂l∗1
∈R̂(q̂l ,Y)\kera}

Si−1
l∗1

























. (2.5)

SubstitutingSi−1
l1
= Pre(q̂l1,

⋃

{l2|q̂l2∈R̂(q̂l1 ,Y)∩kera} Si−2
l2

⋃

{l∗2|q̂l∗2
∈R̂(q̂l1 ,Y)\kera} S

i−2
l∗2

) in equation (2.5),

we obtain

Si
l ⊆ Pre

























q̂o,
⋃

{l∗1|q̂l∗1
∈R̂(q̂l ,Y)\kera}

Si−1
l∗1

⋃

{l1|q̂l1∈R̂(q̂l ,Y)∩kera}

Pre





















q̂l1,
⋃

{l2|q̂l2∈R̂(q̂l1 ,Y)∩kera}

Si−2
l2 (2.6)

⋃

{l∗2|q̂l∗2
∈R̂(q̂l1 ,Y)\kera}

Si−2
l∗2

















































.
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Employing property (vi) of Proposition II.25, we obtain

Si
l ⊆ Pre

























q̂o,
⋃

{l∗1|q̂l∗1
∈R̂(q̂l ,Y)\kera}

Si−1
l∗1

⋃

{l1|q̂l1∈R̂(q̂l ,Y)∩kera}

⋃

{l∗2|q̂l∗2
∈R̂(q̂l1 ,Y)\kera}

Si−2
l∗2

(2.7)

⋃

{q̂l1∈R̂(q̂l ,Y)∩kera}

⋃

{l2|q̂l2∈R̂(q̂l1 ,Y)∩kera}

Si−2
l2





















,

which leads toSi
l ⊆ Pre

(

q̂o,Si
l∗1
∪ Si

l∗2

⋃

{l1|q̂l1∈R̂(q̂l ,Y)∩kera}
⋃

{l2|q̂l2∈R̂(q̂l1 ,Y)∩kera} S
i−2
l2

)

, in which

Si
l∗1
=

⋃

{l∗1|q̂l∗1
∈R̂(q̂l ,Y)\kera} S

i−1
l∗1

andSi
l∗2
=

⋃

{l1|q̂l1∈R̂(q̂l ,Y)∩kera}
⋃

{l∗2|q̂l∗2
∈R̂(q̂l1 ,Y)\kera} S

i−2
l∗2
.

Proceeding by repeatedly expandingSi−m
lm

for m = 2, . . . , i − 1 and employing property

(vi) of Proposition II.25, we finally obtain that

Si
l ⊆ Pre





















q̂o,Sl∗1
∪ . . . ∪ Sl∗i

⋃

{l1|q̂l1∈R̂(q̂l ,Y)∩kera}

⋃

{q̂l2∈R̂(q̂l1 ,Y)∩kera}

. . .
⋃

{l i |q̂li ∈R̂(q̂li−1 ,Y)∩kera}

Pre(q̂l i , Bad)





















,

(2.8)

whereSi
l∗m
=

⋃

{l1|q̂l1∈R̂(q̂l ,Y)∩kera} . . .
⋃

{lm−1|q̂lm−1∈R̂(q̂lm−2 ,Y)∩kera}
⋃

{l∗m|q̂l∗m∈R̂(q̂lm−1 ,Y)\kera} S
i−m
l∗m

for m≤

i.

Since q̂l∗m < kera, q̂l∗m belongs to a kernel set of type less than or equal ton. As a

consequence, we have thatSi−m
l∗m
= S j−m

l∗m
for all j ≥ i if i − m ≥ N∗, which in turn implies

thatSi
l∗m
= S j

l∗m
:= S∗l∗m for all j > i if m≤ N1 + N2.

Since{⋃{l1|q̂l1∈R̂(q̂l ,Y)∩kera} . . .
⋃

{lm−1|q̂lm−1∈R̂(q̂lm−2 ,Y)∩kera}
⋃

{l∗m|q̂l∗m∈R̂(q̂lm−1 ,Y)\kera} q̂l∗m} is the set of

all modes not inkera that can be reached in one transition from modes inkera andS j−m
l∗m
⊆

Si−m
l∗m

for all j ≤ i, we have thatSi
lN1+N2+ j

⊆ ⋃

k∈{1,...,N1+N2} Si
lk

for all j > 0. As a consequence,

by applying property (iii) of Proposition II.25, we obtain that
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Si
l ⊆ Pre





















q̂o,S∗l∗1 ∪ . . . ∪ S
∗
l∗N1+N2

⋃

{l1|q̂l1∈R̂(q̂l ,Y)∩kera}

⋃

{q̂l2∈R̂(q̂l1 ,Y)∩kera}

. . .

⋃

{l i |q̂li ∈R̂(q̂li−1 ,Y)∩kera}

Pre(q̂l i , Bad)





















. (2.9)

Furthermore, according to our construction, starting fromq̂l the discrete flow reaches

q̂o in N1 transitions and from ˆqo the discrete flow reaches ˆqo again inN2 transitions after

visiting all the modes inkera. Thus form≥ N1 + N2 we have that

{
⋃

{l1|q̂l1∈R̂(q̂l ,Y)∩kera}

. . .
⋃

{lm−1|q̂lm−1∈R̂(q̂lm−2 ,Y)∩kera}

q̂lm−1} = kera

. As a consequence,
⋃

{q̂l1∈R̂(q̂l ,Y)∩kera}
⋃

{q̂l2∈R̂(q̂l1 ,Y)∩kera} . . .
⋃

{l i |q̂li ∈R̂(q̂li−1 ,Y)∩kera} Pre(q̂l i , Bad) =
⋃

q̂∈kera Pre(q̂, Bad) so that equation (2.9) becomes

Si
l ⊆ Pre

















q̂o,S∗l∗1 ∪ . . . ∪ Sl∗N1+N2

⋃

q̂∈kera

Pre(q̂, Bad)

















, (2.10)

which further simplifies toSi
l ⊆ Pre(q̂o,

⋃

{ j∈{1,...,N1+N2} S∗l∗j ) by property (vi) of Proposition

II.25.

We next show thatSi
l ⊇ Pre(q̂o,

⋃

{ j∈{1,...,N1+N2} S∗l∗j ). To this end, note thatSi
l ⊇ Si−N1

lN1
=

Pre(q̂lN1
,
⋃

{lN1+1|q̂lN1+1∈R̂(q̂lN1
,Y)∩kera} S

i−N1+1
lN1+1

⋃

{l∗N1+1|q̂l∗N1+1
∈R̂(q̂lN1

,Y)\kera} S
i−N1+1
l∗N1+1

), for q̂lN1
any mode

reached from ˆql in N1 transitions. Since ˆqo is reachable from ˆql in N1 transitions, we have

that

Si
l ⊇ Pre























q̂o,
⋃

{q̂lN1−1∈R̂(q̂lN1
,Y)∩kera}

Si−N1−1
lN1−1

⋃

{q̂l∗N1−1
∈R̂(q̂lN1

,Y)\kera}

Si−N1−1
l∗N1−1



























. (2.11)
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Simplifying the right hand side of equation 2.11 by repeatedly employing equation (2.4)

in the argument of the Pre operator and using property (vi) ofProposition II.25, we finally

obtain thatSi
l ⊇ Pre(q̂o,

⋃

{ j∈{1,...,N1+N2} S∗l∗j ).

ThusSi
l = Pre(q̂o,

⋃

{ j∈{1,...,N1+N2} S∗l∗j ). Since this result holds for alli ≥ N∗ + N1 + N2,

we have thatSi
l = Si+1

l for all i ≥ N∗ + N1 + N2, so that the proof of the induction step is

concluded. �

This theorem provides an easily checkable sufficient condition for the termination of

Algorithm 1 based on the structure of the mapR̂. Note that a corollary of this theorem

is that if systemĤ is such that all of its kernel sets are singletons inQ̂, then Algorithm 1

terminates forĤ. Here, we illustrate the logic of the proof and the concept ofkernel set on

a simple example.

Example II.40. Consider a simple instance of (R̂, Q̂,Y) in which Q̂ = {q̂1, q̂2}, Y =

{ǫ, y∗}, R̂(q̂1, y∗) = q̂2, and R̂(q̂2, y∗) = q̂1. That is, we have one kernel set equal to

{q̂1, q̂2}. Because of the loop between ˆq1 and q̂2, Algorithm 1 may not terminate. Here,

we show that if we assume that, for example, ˆq2 ⊆ q̂1, then Algorithm 1 terminates

in three steps. In this example, we have thatS = (S1,S2) and G(S) = (Pre(q̂1,S2 ∪

Bad),Pre(q̂2,S1 ∪ Bad)). Hence,S1 = G(∅) = (Pre(q̂1, Bad),Pre(q̂2, Bad)), andS2 =

G(S1) = (Pre(q̂1,Pre(q̂2, Bad)),Pre(q̂2,Pre(q̂1, Bad))). ConsiderS2. On the one hand, we

have that Pre(ˆq1,Pre(q̂2, Bad)) ⊆ Pre(q̂1, Bad) by properties (iv) and (ii) of Proposition

II.25. On the other hand, we have that Pre(ˆq1,Pre(q̂2, Bad)) ⊇ Pre(q̂1, Bad) by property

(iii) of Proposition II.25. Hence, we must have thatS2
1 = Pre(q̂1, Bad). Similar reason-

ings lead toS2
2 = Pre(q̂1, Bad). This leads toS3 = G(S2) = (Pre(q̂1,Pre(q̂1, Bad)),Pre(q̂2,

Pre(q̂1, Bad))), which, employing again the properties of the Pre operator, leads toS3 =

(Pre(q̂1, Bad), Pre(q̂1, Bad)). This set is, in turn, equal toS2 and therefore Algorithm 1

terminates in three steps.
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2.5.1 Proving termination through abstraction

When not all kernel sets have a maximal element, Theorem II.39does not hold. How-

ever, for any estimator̂H, one can construct an abstraction ofĤ, denotedĤa, for which

Algorithm 1 terminates and such that the fixed point gives themode-dependent capture sets

of Ĥ. This abstraction is constructed by merging all the modes ofĤ that belong to the same

kernel set in a unique new mode as follows.

Definition II.41. Given hybrid systemĤ = (Q̂,X,U,D,Y, R̂, f̂ ), the abstractionĤa =

(Q̂a,X,U,D,Ya, R̂a, f̂ a) is a hybrid system with uncontrolled mode transitions suchthat

(i) Q̂a = {q̂a
1, ..., q̂

a
p}, Ya such thatǫ ∈ Ya andR̂(q̂a, ǫ) = q̂a for all q̂a ∈ Q̂a;

(ii) for all i, j ∈ {1, ..., p} there isya ∈ Ya such that ˆqa
i = R̂a(q̂a

j , y
a) if and only if there are

q̂′ ∈ keri, q̂ ∈ kerj, andy ∈ Y such that ˆq′ = R̂(q̂, y);

(iii) for all i ∈ {1, ..., p}, x ∈ X, d ∈ D, and v ∈ U, we have thatf̂ a(x, q̂a
i , v,d) :=

⋃

q̂∈keri f̂ (x, q̂, v,d).

For a feedback map ˆπa : Q̂a×X→ U, initial statesxo ∈ X andq̂a
o ∈ Q̂a, and signalsya, d,

we denote the flows of the closed loop systemĤa,π̂a
byφq̂a(t, q̂a

o, y
a) andφπ̂

a

x̂a(t, (q̂a
o, xo),d, ya),

in which x̂a(t) := φπ̂
a

x̂a(t, (q̂a
o, xo),d, ya) satisfieṡ̂xa(t) ∈ f̂ a(x̂a(t), φq̂a(t, q̂a

o, y
a), π̂a(φq̂a(t, q̂a

o, y
a),

x̂a),d(t)). We also denote bŷCa
q̂a

i
for i ∈ {1, ..., p} the mode-dependent capture sets ofĤa.

For any q̂a ∈ Q̂a, we defineker(q̂a) := keri provided q̂a = q̂a
i . Also, for all q̂a ∈ Q̂a,

we denote the set of reachable modes from ˆqa as ˆReach
a
(q̂a) :=

⋃

t≥0
⋃

ya φq̂a(t, q̂a, ya).

In the sequel, we denotêRa(q̂a,Ya) :=
⋃

ya∈Ya R̂a(q̂a, ya), in which we setR̂a(q̂a, ya) :=

q̂a if R̂a(q̂a, ya) is not defined for someya ∈ Ya. The following proposition is a direct

consequence of Theorem II.39 and of the fact that all kernel sets ofĤa are singletons.

Proposition II.42. Algorithm 1 terminates for system̂Ha.

The next result shows that any piecewise continuous signal,which is continuous from
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the right and contained inker(φq̂a(t, q̂a
o, y

a)) is a possible discrete flow of̂H for suitabley

starting from some ˆqo ∈ ker(q̂a
o).

Proposition II.43. For any piecewise continuous signalα that is continuous from the right

and such thatα(t) ∈ ker(φq̂a(t, q̂a
o, y

a)), there areq̂o ∈ ker(q̂a
o) and y such thatα(t) =

φq̂(t, q̂o, y) for all t.

Proof. Sinceα(t) ∈ ker(φq̂a(t, q̂a
o, y

a)) for all t, there are timest0, ..., tN ≤ t and a sequence

j0, ..., jN ∈ {1, ..., p} such thatα(t) ∈ kerj i for all t ∈ [ti , ti+1). Since any mode inkerj i can

transit to any other mode inkerj i instantaneously under the discrete transitions ofĤ, we

have that there are ˆqo,i ∈ kerj i andyi such thatα(t) = φq̂(t − ti , q̂o,i , yi) for all t ∈ [ti , ti+1).

Also, for any two modesαi ∈ kerj i andαi+1 ∈ kerj i+1 we have thatαi+1 ∈ ˆReach(αi). Hence,

let α−i := lim t→t−i+1
φq̂(t − ti , q̂o,i , yi) andα+i := lim t→t+i+1

φq̂(t − ti+1, q̂o,i+1, yi+1). Then, since

multiple transitions are possible in̂H at the same time, there is a signalyi,i+1 such that

α+i = φq̂(0, α−i , yi,i+1). Hence, there is a signaly such thatα(t) = φq̂(t, q̂o,0, y) for all t. �

Theorem II.44. For all kernel sets keri with i ∈ {1, ..., p} and for all q̂ ∈ keri, we have that

Ĉq̂ = Ĉa
q̂a

i
.

Proof. Let q̂ ∈ keri. We first show thatĈq̂ ⊆ Ĉa
q̂a

i
. Let xo ∈ Ĉq̂, then for all π̂ :

Q̂ × X → U, there arey, d, and t > 0 such thatφπ̂x̂(t, (q̂, x),d, y) ∈ Bad. This is

in particular true for all those feedback maps ˆπ such that ˆπ(q̂, x) = π̂(q̂′, x) whenever

q̂, q̂′ ∈ kerj for some j ∈ {1, ..., p}. Hence, we also have that for all ˆπa : Q̂a × X →

U, there arey, d, and t > 0 such that ˆx(t) := φπ̂
a

x̂ (t, (q̂, x),d, y) ∈ Bad, in which ˙̂x ∈

f̂ (x̂(t), φq̂(t, q̂, y), π̂a(α(t), x(t)),d(t)) with α(t) := q̂a
j if φq̂(t, q̂, y) ∈ kerj. Such a signal ˆx(t)

also satisfieṡ̂x ∈ f̂ a(x̂(t), α(t), π̂a(α(t), x(t)),d(t)) by the definition off̂ a. By the definition

of R̂a, there isya such thatα(t) = φq̂a(t, q̂a
i , y

a) for all t. Hence, ˆx(t) is also a continuous

flow of Ĥa starting at ( ˆqa
i , xo) and thereforexo ∈ Ĉa

q̂a
i
.

We now show that̂Ca
q̂a

i
⊆ Ĉq̂. If xo ∈ Ĉa

q̂a
i
, then for all feedback maps ˆπa : Q̂a × X→ U,

there areya, d, and t > 0 such that ˆxa(t) := φπ̂
a

x̂a(t, (q̂a
i , xo), ya,d) ∈ Bad. Here, we have
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that x̂a(t) satisfies˙̂xa(t) ∈ f̂ a(x̂a(t), φq̂a(t, q̂a
i , y

a), π̂a(φq̂a(t, q̂a
i , y

a), x̂a),d(t)), which is equiva-

lent (by the definition off̂ a) to ˙̂xa(t) ∈ f̂ (x̂a(t), ker(φq̂a(t, q̂a
i , y

a)), π̂a(φq̂a(t, q̂a
i , y

a), x̂a),d(t)),

which is equivalent tȯ̂xa(t) = f̂ (x̂a(t), α(t), π̂a(φq̂a(t, q̂a
i , y

a), x̂a),d(t)) for piecewise continu-

ous signalα (continuous from the right) such thatα(t) ∈ ker(φq̂a(t, q̂a
i , y

a)). By Proposition

II.43, any suchα(t) is such that there arey and q̂o ∈ ker(q̂a
i ) such thatα(t) = φq̂(t, q̂o, y)

for all t, that is, it is a discrete flow of system̂H. Hence, for allπ′ : Q̂ × X → U

with π̂′(q̂, x) = π̂′(q̂′, x) for all q̂, q̂′ ∈ kerj for all j, there arey, d, q̂o ∈ keri, such that

φπ̂
′

x̂ (t, (q̂o, xo), y,d) ∈ Bad. By Proposition II.36, this implies that for allπ : Q̂ × X → U

there arey, d, q̂o ∈ keri, such thatφπ̂x̂(t, (q̂o, xo), y,d) ∈ Bad. Hence,xo ∈ Ĉq̂o. �

The above theorem provides a useful result for the computation of the mode-dependent

capture sets of̂H. In particular, one constructs the abstractionĤa and applies Algorithm 1

to it. Algorithm 1 is in turn always guaranteed to terminate for systemĤa. The result (by

Theorem II.44) provides the setŝCq̂. Hence,Ĥa can be considered only as a structural ab-

straction as it does not provide an over-approximation of the capture set of̂H, but provides

it exactly.

The next two technical propositions provide a characterization of the Pre operator com-

puted for systemĤa and the relationship between̂Ra andR. Specifically, denote the pre-

decessor operator for system̂Ha by Prea(q̂a,S) for someS ⊆ X as Prea(q̂a,S) := {xo ∈

X | ∀ π̂a ∃ t,d, s.t.φπ̂
a

x̂a(t, (q̂a, xo),d, ǫ) ∈ S}.

Proposition II.45. For all q̂a ∈ Q̂a and S⊆ X, we have that Prea(q̂a,S) = Pre(
∨

ker(q̂a),S).

Proof. From the definition of Prea(q̂a,S), we have thatxo ∈ Prea(q̂a,S) if and only if for

all π̂a, there aret,d such that ˆxa(t) = φπ̂
a

x̂a(t, (q̂a, xo),d, ǫ) ∈ S, in which ˙̂xa(t) ∈ f̂ a(x̂a(t), q̂a,

π̂a(x̂a(t)),d(t)), which, by the definition off̂ a and of f̂ is equivalent to˙̂xa(t) ∈ f (x̂a(t),
⋃

q̂∈ker(q̂a)
⋃

q∈q̂ q, π̂a(x̂a(t)),d(t)) = f (x̂a(t),
∨

ker(q̂a), π̂a(x̂a(t)),d(t)). Hence, by the defini-

tion of Pre, we have thatxo ∈ Prea(q̂a,S) if and only if xo ∈ Pre(
∨

ker(q̂a),S). �

Proposition II.46. Letq̂a
j1
, q̂a

j0
∈ Q̂a. If q̂a

j1
∈ R̂a(q̂a

j0
,Ya) then

∨

ker(q̂a
j1
) ⊆ Reach(

∨

ker(q̂a
j0
)).
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Proof. If q̂a
j1
∈ R̂a(q̂a

j0
,Ya), then by the definition of̂Ra there are ˆq ∈ ker(q̂a

j0
) and q̂′ ∈

ker(q̂a
j1
) such that ˆq′ = R̂(q̂, y) for somey ∈ Y. By the definition of a kernel set, this also

implies that for allq̂ ∈ ker(q̂a
j0
) andq̂′ ∈ ker(q̂a

j1
), there is a sequence of eventsy1, ..., yk and

of modes ˆqj0, ..., q̂jk ∈ Q̂ such that ˆqj0 = q̂, q̂jk = q̂′ andq̂j i+1 = R̂(q̂j i , yi+1) for i ∈ {0, ..., k−1}.

SinceR̂(q̂, y) ⊆ Reach(ˆq) for all y ∈ Y andq̂ ∈ Q̂, this in turn implies that ˆqj i+1 ⊆ Reach(ˆqj i )

for i ∈ {0, ..., k− 1}. This leads to ˆq′ ⊆ Reach(ˆq) for all q̂ ∈ ker(q̂a
j0
) andq̂′ ∈ ker(q̂a

j1
). This

also implies that ˆq′ ⊆ Reach(
∨

ker(q̂a
j0
)) and hence (since this holds for all ˆq′ ∈ ker(q̂a

j1
)) to

∨

ker(q̂a
j1
) ⊆ Reach(

∨

ker(q̂a
j0
)). �

Lemma II.47. For all q̄ ∈ Q̂, we have that̂Cq̄ = Pre(Reach(¯q), Bad).

Proof. First, we show that̂Cq̄ ⊆ Pre(Reach(¯q), Bad). Since Algorithm II.30 terminates in

a finite numbern of steps forĤa, we have that

Ĉa
q̂a = Prea (q̂a,

⋃

q̂a
j1
∈R̂a(q̂a,Ya)

Prea























q̂a
j1,

⋃

q̂a
j2
∈R̂a(q̂a

j1
,Ya)

Prea
(

q̂a
j2, ...

⋃

q̂a
jn−1
∈R̂a(q̂a

jn−2
,Ya)

Prea(q̂a
jn−1
, Bad)...



































































.

By Proposition II.45, we also have thatĈa
q̂a = Pre

(

∨

ker(q̂a),
⋃

q̂a
j1
∈R̂a(q̂a,Ya) Pre

(

∨

ker(q̂a
j1
),

⋃

q̂a
j2
∈R̂a(q̂a

j1
,Ya) Pre

(

∨

ker(q̂a
j2
), ...

⋃

q̂a
jn−1
∈R̂a(q̂a

jn−2
,Ya) Pre(

∨

ker(q̂a
jn−1

), Bad)...
)))

.We have from

Proposition II.46 that
∨

ker(q̂a
j1
) ⊆ Reach(

∨

ker(q̂a)) and, for i < n, that
∨

ker(q̂a
j i+1

) ⊆

Reach(
∨

ker(q̂a
j i
)). Since the Pre operator and Reach preserve the inclusion relation in the

first argument, these imply that̂Ca
q̂a ⊆ Pre(Reach(

∨

ker(q̂a)), Bad). Since for allq̄1, q̄2 ∈

ker(q̂a) we have that Reach(¯q1) = Reach(¯q2), we also have that Reach(¯q) = Reach(
∨

ker(q̂a))

for all q̄ ∈ ker(q̂a). Hence,Ĉa
q̂a ⊆ Pre(Reach(¯q), Bad) for all q̄ ∈ ker(q̂a). This along with

Theorem II.44 finally imply that for all ¯q ∈ ker(q̂a) we haveĈq̄ ⊆ Pre(Reach(¯q), Bad).

To show thatĈq̄ ⊇ Pre(Reach(¯q), Bad), we employ the properties of the Pre operator

and Proposition II.26. By such a proposition, by the fact that(sinceĤ is an estimator for
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H) for all q̄ ∈ Q̂ there isy ∈ Y such thatR̂(q̄, y) = Reach(¯q), and by property (iii) of

Proposition II.25, it follows thatĈq̄ ⊇ Pre(q̄, ĈReach(¯q)). In turn we have that̂CReach(¯q) ⊇

Pre(Reach(¯q), Bad) by Proposition II.26 and property (iii) of Proposition II.25. Hence, we

have thatĈq̄ ⊇ Pre(q̄,Pre(Reach(¯q), Bad)), which by property (i) of Proposition II.26 leads

to Ĉq̄ ⊇ Pre(Reach(¯q), Bad). �

This result shows that the mode-dependent capture setĈq̄ can be computed by com-

puting the Pre operator only once as opposed to being determined through a (finite, by

Theorem II.44 and Proposition II.42) iteration of Pre operator computations. Exact com-

putation of Pre for general dynamics is not always possible.However, there are a number

of works that have focused on the exact computation of uncontrollable predecessor opera-

tors for restricted classes of systems. For example, the work of [83] shows that Pre can be

exactly computed for special classes of linear systems; [84] further extends this result to

linear hybrid systems; [85] shows that Pre is exactly computable also for triangular hybrid

systems. Finally, [50, 33] show that Pre is computable with alinear complexity algorithm

for classes of order preserving systems. Based on these results and on Lemma II.47, we

conclude that Problem II.18 isdecidablewhen for each mode ¯q ∈ Q̂ the continuous dynam-

ics ẋ ∈ f (x, q̄,u,d), d ∈ D belong to one of the above cited classes of systems. Since the

application example falls in the class of systems describedin [50, 33], we summarize the

main result here. For this sake, we restrict the structure ofH andBad to that of a two-agent

game.

Definition II.48. The pair (H, Bad) has the form of a two-agent game providedH = H1 ‖

H2 with H i = (Qi ,Xi ,U i ,Di ,Σi ,Ri , f i) for i ∈ {1,2} with Q1 = ∅, D1 = ∅, Σ1 = ∅, U2 = ∅,

andBad= B1 × B2 with Bi ⊆ Xi.

The next result provides a class of systems for whichx ∈ Pre(q̂, Bad) for q̂ ∈ Q̂ can be

exactly determined in finite time. This result is taken from [50, 33] and is here stated as a

proposition.
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Proposition II.49. Let (H, Bad) be in the form of a two-agent game. Assume that

(i) U 1 = [uL,uH] ⊆ R; the flow of H1 denotedφ1(t, ·, ·) : X × S(U) → X is an order

preserving function in both arguments; there isζ > 0 such that f11 (x1,u) ≥ ζ; B1 =

B1
1 × Rn1−1;

(ii) For q̂ ∈ Q̂ there areθL, θU ∈ R and a function f̄ : Rn × R → Rn such that

{ f 2(x2, q̂,d) | d ∈ D2} = { f̄ (x2, θ) | θ ∈ [θL, θU ]}; the flow of ẋ2 = f̄ (x2, θ), that

is, φ2(t, ·, ·) : X × S([θL, θU ]) → X, is an order preserving map in both arguments;

there isζ > 0 such thatf̄1(x2,u) ≥ ζ; B2 = B2
1 × Rn2−1.

Then, Pre(q̂, Bad) = Pre(q̂, Bad)L ∩ Pre(q̂, Bad)H, in which Pre(q̂, Bad)L = {xo ∈ X | ∃ t, d

s.t. someφx̂(t, (q̂, xo),d,uL, ǫ) ∈ Bad} and Pre(q̂, Bad)H = {xo ∈ X | ∃ t, d s.t. some

φx̂(t, (xo, q̂),d,uH, ǫ) ∈ Bad}. A feedback map̂π(q̂, x) ∈ Π(q̂, x) is given by

π̂(q̂, x) :=



























































uL i f x ∈ Pre(q̂, Bad)H ∧ x ∈ ∂Pre(q̂, Bad)L

uH i f x ∈ Pre(q̂, Bad)L ∧ x ∈ ∂Pre(q̂, Bad)H

uL i f x ∈ ∂Pre(q̂, Bad)L ∧ ∂Pre(q̂, Bad)L

∗ otherwise.

(2.12)

By virtue of this result, one can avoid computing the set Pre(ˆq, Bad), which requires op-

timization over the space of control inputs. One can insteadcompute the sets Pre(ˆq, Bad)L

and Pre(ˆq, Bad)H, which, since the control input is fixed and the flow preservesthe or-

dering, can be computed by linear complexity algorithms. The structure of the setBad

well models collision configurations between agents sharing a common space as illustrated

in the application examples of Section 2.7. We omit the details of the algorithms, which

can be found elsewhere [33, 50] and instead present in Section 2.7 their application to a

concrete example.
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Figure 2.2:(Left) Example II.50, in which the continuous dynamics are given by equations (2.13).
(Right) Example II.50, in which the continuous dynamics are given by equations
(2.14). The set Pre(q1, Bad) is in red while the set Pre(q2, Bad) is in blue. Both sets
extend to−∞.

2.6 Equivalence between Problem II.12 and Problem II.18

Showing that Problem 1 is equivalent to Problem 2 is based on showing that for all

q̄ ∈ Q̂ we have thatĈq̄ = Cq̄. In general, the set of possible continuous trajectories of

systemĤ for every mode ¯q ⊆ Qcontains but is not equal to the set of continuous trajectories

possible inH. This is due to the fact that inH not all transitions may be possible among

the modes in ¯q due to the structure ofR. This information was lost in the construction

of Ĥ in order to obtain a hybrid system with uncontrolled mode transitions andknown

discrete/continuous state. In order to illustrate this point, consider the following example.

Example II.50. Consider systemH with two modesq1 andq2 between which there is no

transition and let the continuous dynamics for each mode be given, for x ∈ R2, by

ẋ =























2

1























u, for q = q1 and ẋ =























1

2























u, for q = q2, (2.13)

in which u ∈ [0,1] andq̄o = {q1,q2}. Let Bad= [1,2] × [1,2]. In order to determineCq̄o,

refer to the left plot of Figure 2.2, in which we depict the sets Pre(q1, Bad) and Pre(q2, Bad).

Any point xo < Pre(q1, Bad) ∪ Pre(q2, Bad) admits a control that keepsxo outsideBad for

every initial mode. This is due to the fact that the mode ofH does not switch and hence a

continuous trajectory starting atxo will follow either of the two directions depicted, none
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of which takes the flow insideBad. Hence, we have thatCq̄o = Pre(q1, Bad)∪Pre(q2, Bad).

By contrast, we have that̂Cq̄o = Pre(q̄o, Bad), which includes pointxo in Figure 2.2 as this

can be taken toBad by, for example, first flowing underq1 and then underq2. Hence, in

this case we have that̂Cq̄o is strictly larger thanCq̄o.

If we instead had that Pre(¯qo, Bad) = Pre(q1, Bad) ∪ Pre(q2, Bad), we would also have

that Ĉq̄o = Cq̄o. In order to illustrate how we can obtain this equality, we modify system

(2.13) to

ẋ =
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u+
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1























d, d ∈ [0,1], whenq = q1

ẋ =
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2























u+
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1























d, d ∈ [0,1], whenq = q2. (2.14)

In this case, the sets Pre(q1, Bad) and Pre(q2, Bad) are larger than before and are depicted

in the right side plot of Figure 2.2. One can check that in thiscase we still have that

Cq̄o = Pre(q1, Bad) ∪ Pre(q2, Bad) and thatĈq̄o = Pre(q̄o, Bad). But, as opposed to before,

we also have that Pre(¯qo, Bad) = Pre(q1, Bad) ∪ Pre(q2, Bad) so that the two capture sets

are the same, that is,̂Cq̄o = Cq̄o.

This example illustrates an instance of a system in whichCq̄ , Ĉq̄ due to Pre(¯q, Bad)

not being equal to
⋃

qi∈q̄ Pre(qi , Bad). It also illustrates how requiring that Pre(¯q, Bad) ⊆
⋃

qi∈q̄ Pre(qi , Bad) (note that
⋃

qi∈q̄ Pre(qi , Bad) ⊇ Pre(q̄, Bad) derives from the definition of

Pre) is sufficient to haveCq̄ = Ĉq̄. We thus pose the following assumption.

Assumption II.51. For all q̄ ∈ Q̂ we have that Pre(¯q, Bad) ⊆ ⋃

qi∈q̄ Pre(qi , Bad).

This assumption requires that if an initial statexo is taken toBad by an arbitrary se-

quence of modes in ¯q, then there is a disturbance signal for which it is also takento Badby

at least one modeqi ∈ q̄. We provide at the end of this section classes of systems for which

this assumption is satisfied.
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Since by Lemma II.47, Pre(qi , Bad) ⊆ Ĉq̄ for all qi ∈ q̄, in order to obtain equivalence,

we should at least have that Pre(qi , Bad) is also a subset ofCq̄, which is not the case in

general. In fact, an elementxo is in Pre(qi , Bad) if and only if there is no feedback mapπ′(x)

that prevents the flow starting from this element to end-up inBad. Nevertheless, for such an

elementxo there could still be a feedback mapπ(q̄(η(t)), x) that prevents the flow originating

from it to enterBad. Hence,xo may not be inCq̄. However, ifx(t) = φx(t, (xo,qi),u,d, ǫ)

implies thatq̄(η(t)) is equal to a constant for allt > 0, then the mapπ(q̄(η(t)), x) that

prevents the flow from enteringBadbecomes a simple feedback mapπ′(x). In this case, if

xo is in Pre(qi , Bad), it must also be inCq̄. The next assumption and proposition provide

conditions for when this is the case.

Definition II.52. A modeqi ∈ Q is calledweakly distinguishableprovided

(i) there is a set of modesIqi ⊆ Q such thatf (x,qi ,u,D) ⊆ f (x,q,u,D) for all q ∈ Iqi

and for all (x,u) ∈ X × U;

(ii) for all ( x,u) ∈ X × U there isd ∈ D such thatf (x,qi ,u,d) < f (x,q,u,D) for all

q < Iqi .

The setIqi is called theindistinguishable setfor qi.

Note that in the case in which the indistinguishable set forqi is qi itself, the modeqi is

distinguishable from any other mode, that is, for all (x,u) there isd such thatf (x,qi ,u,d) <

f (x,qj ,u,D) for all qj , qi. Weak distinguishability allows forqi to generate the same

vector fields as those generated by the modes in the setIqi .

Assumption II.53. SystemH is such that all modes inQ are weakly distinguishable.

Proposition II.54. Let qi ∈ q̄o, and x(t) = φx(t, (qi , xo),u,d, ǫ). Then, Assumption II.53

implies that there is d(0) such thatq̄(η(t)) = Reach(Reach(q̄o) ∩ Iqi ) for all t > 0.

Proof. Assumption II.53 implies that for all (x(0),u(0)), there is ad(0) such thatf (x(0),qi ,

u(0),d(0)) = f (x(0),qj ,u(0), d̄(0)) for somed̄(0) ∈ D implies thatqj ∈ Iqi . Hence, ¯q(η(t))
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can be re-written as

q̄(η(t)) =











































q ∈ Q | ∃ qo ∈ q̄o, σ s.t. q = φq(t,qo,σ),

φq(0,qo,σ) ∈ Iqi , and∃ d̄ s.t.

ẋ(τ) = f (x(τ), φq(τ,qo,σ),u(τ),d(τ)) for all τ < t











































.

This, in turn, implies that ¯q(η(t)) ⊆ Reach(Reach(¯qo) ∩ Iqi ) for all t > 0.

Let q∗ ∈ Reach(Reach(¯qo) ∩ Iqi ). Then, for allt > 0 there areσ andqo ∈ q̄o such

that q∗ = φq(t,qo,σ) andφq(τ,qo,σ) ∈ Reach(¯qo) ∩ Iqi for all τ < t. This, in turn, im-

plies thatφq(0,qo,σ) ∈ Iqi . Since for alld we have that ˙x(τ) = f (x(τ),qi ,u(τ),d(τ)) ∈

f (x(τ),q,u(τ),D) for all q ∈ Iqi , there must be a disturbance signald∗ such that ˙x(τ) =

f (x(τ), φq(τ,qo,σ),u(τ),d∗(τ)) for all τ < t. Hence, we also have thatq∗ ∈ q̄(η(t)) for all

t > 0. �

Lemma II.55. Let Assumption II.53 hold. Then, we have that Pre(qi , Bad) ⊆ Cq̄ for all

qi ∈ q̄.

Proof. Let xo < Cq̄, then there is a feedback mapπ such that for allq ∈ q̄,σ, d, it guarantees

thatφπx(t, (q, xo),d,σ) < Bad for all t ≥ 0. This holds in particular forq = qi, σ = ǫ and

d such thatd(0) leads to ¯q(η(t)) = Reach(Reach(¯q) ∩ Iqi ) for all t > 0, which exists by

Proposition II.54. In this case,π(q̄(η(t)), x) = π(Reach(Reach(¯q) ∩ Iqi ), x) =: π′(x) is a

simple feedback fromx for all t > 0. Sincex(0+) = x(0) = xo, we thus have thatπ′ is also

such thatφπ
′

x (t, (qi , xo),d, ǫ) < Bad for all d. Hence,xo < Pre(qi , Bad). �

Theorem II.56. Under Assumptions II.51 and II.53, Problem II.12 and Problem II.18 are

equivalent.

Proof. Proposition II.23 proves thatCq̄ ⊆ Ĉq̄. We next prove the reverse inclusion. Specif-

ically, by Lemma II.47 and Assumption II.51 we have thatĈq̄ ⊆
⋃

q∈Reach(¯q) Pre(q, Bad), in

which by Lemma II.55 we have that Pre(q, Bad) ⊆ CReach(¯q), in which CReach(¯q) = Cq̄ by

Proposition II.11. This proves equivalence. �
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2.6.1 Systems that satisfy Assumption 1 and Assumption 2

Assumption II.51 can be difficult to check for general hybrid systems. We thus provide

two classes of systems for which such an assumption is satisfied and illustrate in the next

section how one of these classes well models the applicationexample. We first introduce

two intermediate results.

Proposition II.57. Let x ∈ Rn, θ ∈ Θ ⊆ Rp with (Θ,≤) a lattice, and consider the system

ẋ = f̄ (x, θ), in whichθ ∈ ∪k∈{1,...,N}[θkL, θ
k
U ]. Assume that

(i) the flow of the systemφ(t, xo, ◦) : S(Θ) → Rn is a continuous and order preserving

map for all xo ∈ Rn and t∈ R+;

(ii) we have that[θkL, θ
k
U ] ∩ [θk+1

L , θ
k+1
U ] , ∅, θ1L ≤ θkL, andθNU ≥ θkU for all k ∈ {1, ...,N− 1}.

Then, for all xo, T > 0, i ∈ {1, ...,n}, andx̄i such that there isθ with θ(t) ∈ ∪k∈{1,...,N}[θkL, θ
k
U ]

for t < T and withφi(T, xo, θ) = x̄i, there are k∈ {1, ...,N} andθ′ with θ′(t) ∈ [θkL, θ
k
U ] for

t < T such thatφi(T, xo, θ
′) = x̄i.

Proof. Let x̄i = φi(T, xo, θ) for θ(t) ∈ ∪k∈{1,...,N}[θkL, θ
k
U ] for t < T. By property (i) and

property (ii), we have that [φi(T, xo, θ
j
L), φi(T, xo, θ

j
U)] ∩ [φi(T, xo, θ

j+1
L ), φi(T, xo, θ

j+1
U )] , ∅

for all j ∈ {1, ...,N − 1}. Hence, it follows that
⋃

k∈{1,...,N}[φi(T, xo, θ
k
L), φi(T, xo, θ

k
U)] =

[φi(T, xo, θ
1
L), φi(T, xo, θ

N
U)]. Since x̄i ∈ [φi(T, xo, θ

1
L), φi(T, xo, θ

N
U)], this implies that there

is k ∈ {1, ...,N} such that ¯xi ∈ [φi(T, xo, θ
k
L), φi(T, xo, θ

k
U)]. Sinceφ is a continuous map

from the space of input signals toRn, it maps the connected setS([θkL, θ
k
U ]) for all k to the

connected setφi(T, xo,S([θkL, θ
k
U ])). Since all connected sets inR are intervals, we have that

φi(T, xo,S([θkL, θ
k
U ])) = [φi(T, xo, θ

k
L), φi(T, xo, θ

k
U)]. Hence, ¯xi ∈ φi(T, xo,S([θkL, θ

k
U ])), which

implies that there isθ′ with θ′(t) ∈ [θkL, θ
k
U ] for t < T such thatφi(T, xo, θ

′) = x̄i. �

This proposition states that for a system defined on partial orders whose flow preserves

the order and whose set of inputs is a connected union of intervals, any point reachable by
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a coordinate of the flow through an arbitrary input signal canalso be reached by an input

signal that takes values in one only of the possible intervals.

Proposition II.58. Let x, Lk,Uk ∈ Rn for k ∈ {1, ...,N} and consider a differential inclusion

of the formẋ ∈ [L1,U1]∪...∪[LN,UN]. Assume that there are L,U ∈ Rn such that[L1,U1]∪

... ∪ [LN,UN] = [L,U]. Then, for all xo, x̄ ∈ Rn and T > 0 such that xo +
∫ T

0
ẋ(t)dt = x̄,

there is k∈ {1, ...,N} such that xo +
∫ T

0
ẋ(t)dt = x̄ with ẋ(t) ∈ [Lk,Uk] for t < T.

Proof. Let x̄ = xo +
∫ T

0
ẋ(t)dt for ẋ(t) ∈ [L,N] for all t ≤ T. Re-writing this equality

component-wise, we have that for alli ∈ {1, ...,n} x̄i − x0i =
∫ T

0
ẋi(t)dt for ẋi(t) ∈ [Li ,Ui]

for all t ≤ T. Then, there isci ∈ [Li ,Ui] such that
∫ T

0
ẋi(t)dt = ciT and hence such that

x̄i − x0i = ciT. The constant vectorc := (c1, ..., cn)′ is thus such that ¯x − x̄o = cT, in

which c ∈ [L,U]. Since [L,U] = [L1,U1] ∪ ... ∪ [LN,UN], there isk ∈ {1, ...,N} such that

c ∈ [Lk,Uk]. Hence, there isk ∈ {1, ...,N} such that ¯x − x̄o =
∫ T

0
ẋ(t)dt for ẋ(t) ∈ [Lk,Nk]

for all t ≤ T. �

This proposition states that any point that can be reached under a rectangular differential

inclusion in the form of a union of “smaller” rectangular differential inclusions can also be

reached under at least one of these smaller rectangular differential inclusions.

Proposition II.59. Let (H, Bad) be in the form of a two-agent game. Assumption 1 is

satisfied if for allq̄ ∈ Q̂ with q̄ = {q1, ...,qN} either one of the two following properties are

satisfied by H2:

(i) for all qk ∈ q̄ there are Lk,Uk ∈ Rn such that{ f 2(x2,qk,d) | d ∈ D2} = [Lk,Uk], there

are L,U ∈ Rn such that{ f 2(x2, q̄,d) | d ∈ D2} = [L,U], and[L1,U1]∪...∪[LN,UN] =

[L,U];

(ii) for all q k ∈ q̄ there areθkL, θ
k
U ∈ Θwith (Θ,≤) a lattice and a function̄f : Rn×Θ→ Rn

such that{ f 2(x2,qk,d) | d ∈ D2} = { f̄ (x2, θ) | θ ∈ [θkL, θ
k
U ]} and { f 2(x2, q̄,d) | d ∈

D2} = { f̄ (x2, θ) | θ ∈ ∪k∈{1,...,N}[θkL, θ
k
U ]}, ẋ = f̄ (x, θ) with θ ∈ ∪k∈{1,...,N}[θkL, θ

k
U ] satisfies

(i) and (ii) of Proposition II.57, and B2 = B2
1 × Rn.
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Proof. Let (x1
0, x

2
0) ∈ Pre(q̄, Bad), we show that when either (i) or (ii) is satisfied there is

qk ∈ q̄ such that (x1
0, x

2
0) ∈ Pre(qk, Bad). We consider first case (i). Then, for all feedback

mapsπ there is aT > 0 such thatφπ
x1(T, x

1
0) ∈ B1 andx2

0 +
∫ T

0
ẋ2(t) = x2(T) ∈ B2 for ẋ2(t) ∈

[L,U] for all t < T. Let x̄2 := x2(T), then by Proposition II.58 there isk ∈ {1, ...,N} such

thatx2
0+

∫ T

0
ẋ2(t)dt = x̄2 ∈ B2 with ẋ(t) ∈ [Lk,Uk] for t < T. Hence, (x1

0, x
2
0) ∈ Pre(qk, Bad).

Consider now case (ii). We have that for all feedback mapsπ there areT > 0 andθ

with θ(t) ∈ ∪k∈{1,...,N}[θkL, θ
k
U ] for all t < T such thatφπ

x1(T, x
1) ∈ B1 andφx2

1
(T, x2, θ) ∈ B2

1.

Let x̄2
1 := φx2

1
(T, x2, θ), then by Proposition II.57 there are alsok ∈ {1, ...,N} andθ′ with

θ′(t) ∈ [θkL, θ
k
U ] for all t < T such that ¯x2

1 := φx2
1
(T, x2, θ′). Hence, (x1, x2) ∈ Pre(qk, Bad). �

This proposition states that if (H, Bad) is in the form of a two-agent game and the

continuous dynamics ofH2 (the uncontrolled agent) have either the order preserving prop-

erties established by the assumptions of Proposition II.57or can be modeled by a family

of differential inclusions according to Proposition II.58, then Assumption II.51 is satisfied.

In turn, the assumptions of Propositions II.57 and II.58 aresimple to check. Note that

modeling the uncontrolled agent by a family of switching differential inclusions is often

a practical approach when an accurate dynamical model of such an agent is missing. In

this case, rectangular differential inclusions can be effectively employed to approximate

the agent dynamics for safety control purposes. Similarly,systems whose dynamics have

order preserving properties are found in several application domains, including biological

networks [9, 8] and networks of agents evolving on pre-specified paths such as trains on

rails [74, 55], aircrafts on their routes [79, 57], and vehicles in their lanes [39, 42].

Assumption II.53 requires that for all values (x,u), the possible vector fields generated

by any given modeqi cannot be all generated by modes that do not belong to the indistin-

guishable set forqi. In the case in whichf (x,qi ,u,d) is affine in the disturbanced, that is,

f (x,qi ,u,d) = h(x,qi ,u) + g(x,u)d, in which h(x,qi ,u) can be regarded as the “nominal”

dynamics, a sufficient condition for weak distinguishability of modei is given, for exam-

ple, when the nominal dynamics of modeqi are not possible dynamics in any other mode.
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This can, in turn, be ensured if‖h(x,qi ,u)− h(x,qj ,u)‖ > supd∈D‖g(x,u)d‖. As an example,

considerf in the form of a chain of integrators, that is,f (x,qi ,u,d) = (x2, ..., xn, βi +u+d).

Letting d ∈ [−d̄, d̄] for somed̄ > 0, one can verify that any modeqi is weakly distinguish-

able if |βi − β j | > d̄ for all j , i. For the special case in whichf is linear, one can obtain the

following general sufficient condition for weak distinguishability.

Proposition II.60. Let f(x,qi ,u,d) = Ai x+ Biu+ Mid with u∈ U ⊆ Rm and d∈ D ⊆ Rp

for all qi ∈ Q . Then, mode qi is weakly distinguishable if ColSpan{Mi} ∩ ColSpan{Ai −

Aj | Bi − Bj | M j} = 0 for all j , i.

Proof. If ColSpan{Mi} ∩ ColSpan{Ai − Aj | Bi − Bj | M j} = 0 for all j , i, then for all

d,d∗,u, x with Mid , 0 we have thatMid , (Ai − Aj)x + (Bi − Bj)u + M jd∗, which is

equivalent to havingMid + Ai x + Biu , M jd∗ + Aj x + Bju. This, in turn, is equivalent to

having that there isd such thatf (x,qi ,u,d) , f (x,qj ,u,d∗) for all x,u,d∗, which implies

weak distinguishability. �

Finally, consider the class of systems introduced in Proposition II.49, in which for all

q̂ = qk ∈ Q we haveθ ∈ [θkL, θ
k
U ]. If for every k we have that [θkL, θ

k
U ] *

⋃

j,k[θ
j
L, θ

j
U ] and the

map f 2 : X×Θ→ X is strongly order preserving with respect to the second argument, then

Assumption II.53 is satisfied. Similarly, consider case (i)of Proposition II.59. If for allk

such thatqk ∈ Q we have that [Lk,Uk] *
⋃

j,k[L
j ,U j], then Assumption II.53 is satisfied.

2.7 Application Example: Control Design

Consider the application example described in Section 2.3.2and depicted in Figure 2.1.

Here, we construct an estimator, calculate the mode-dependent capture sets, and determine

the feedback map. An estimatorĤ = (Q̂,X,U,D,Y, R̂, f̂ ) is uniquely determined bŷQ, R̂,

and Y. We setQ̂ = {q̂1, q̂2, q̂3}, in which q̂1 = {a,b, c}, q̂2 = {c,b}, and q̂3 = {b}. To

determineR̂ andY, consider the estimatêβ(t) = 1
T

∫ t

t−T
v̇2(τ)dτ, t > T. For each possible
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value ofq(t), we compute the interval in whicĥβ(t) must lie. Thus, we have to consider

three cases: (1)q(t) = a; (2) q(t) = c; (3) q(t) = b.

Case (1):q(t) = a. Then, in the interval of time [t − T, t], the modeq(t) can only have

been equal toa. Since it is still possible that ˙v2(t) = 0 whenvmax is exceeded, we have

that v̇2(τ) = βa + d̃(τ) with |d̃(τ)| ≤ βa for τ ∈ [t − T, t]. This, in turn, leads to having

|β̂(t) − βa| ≤ βa.

Case (2):q(t) = c. Then, in the interval of time [t − T, t], the modeq(t) can bec for all

time or be first equal toa and then be equal toc. In this case, we have that ˙v2(τ) =
βa
2 + d̃(τ)

for somed̃(τ) such that|d̃(τ)| ≤ βa2 + d̄. As a consequence, we have thatβ̂(t) ∈ [−d̄, βa + d̄].

Case (3):q(t) = b. Then, in the interval of time [t − T, t], the modeq(t) can be inb for

all time, or also inc for some time, or also ina and thenc for some time. It is easy to verify

that this implies that̂β(t) ∈ [−|βb| − d̄, βa + d̄], that is,β̂(t) can be anywhere.

Hence, we have that if̂β(t) ∈ [−|βb| − d̄,−d̄] then necessarilyq(t) = b. Similarly, if

β̂(t) ∈ [−d̄,0] then,a is not currently possible and thus we must have thatq(t) ∈ {c,b}.

As a consequence, we letY = {ycb, yb, ǫ} and define fort > T y(t) = ycb if β̂(t) ∈ [−d̄,0],

y(t) = yb if β̂(t) ∈ [−|βb|−d̄,−d̄], andy(t) = ǫ otherwise. Thus,̂R is such that̂R(q̂1, ycb) = q̂2,

R̂(q̂1, yb) = q̂3, and R̂(q̂2, yb) = q̂3. SystemĤ is represented in the top left diagram of

Figure 2.3. The properties of an estimator are satisfied as when a or {a, c} are ruled out,

the structure ofR guarantees thatq(t) cannot take again those values. By Theorem II.39,

Algorithm 1 terminates and by Lemma II.47 we have thatĈq̂1 = Pre(q̂1, Bad), Ĉq̂2 =

Pre(q̂2, Bad), andĈq̂3 = Pre(q̂3, Bad). Since for allq̂ ∈ Q̂, the assumptions of Proposition

II.49 are satisfied, we employ such a proposition to determine whetherx ∈ Pre(q̂i , Bad)

for all i ∈ {1,2,3} and to determine the feedback map ˆπ. Assumption II.51 is satisfied

and Assumption II.53 is also satisfied forx4 ∈ (vmin, vmax). Simulation results are shown in

panels (a)-(e) of Figure 2.3.
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Figure 2.3:(Top Left) Diagram representinĝH. In each of the plots (a)–(e), the red box represents
[L1,U1] × [L2,U2]. In the simulation, we haveL1 = L2 = 500, U1 = U2 = 550,
U = [−1,1], D = [−0.4,0.4], βa = 0.6, βc = 0, and βb = −0.6. The black solid
lines delimit the slice of the set Pre( ˆq, Bad)H for the current speeds values (x2, x4).
Similarly, the green dashed lines delimit the slice of the set Pre( ˆq, Bad)L for the same
current speeds values (x2, x4). The intersection of these two slices delimits the slice of
the current mode dependent capture setĈq̂ for the same current speeds values (x2, x4).
The red circle denotes the pair of current longitudinal displacementsx1, x3, while the
blue trace represents the trajectory of this pair. The initial (unknown) driving mode
of the human driver is accelerationa and it stays constant for the first 1 second, then
from 1 to 3 seconds, the driving mode is coastingc, and finally after 3 seconds the
mode is brakingb. Plot (a) shows the pair of initial longitudinal displacements. Here,
the current mode estimate is ˆq = {a,b, c} and the current mode dependent capture
set isĈq̂1. Plot (b) shows the mode estimate switching to ˆq = {c,b} and the current
mode dependent capture set shrinks toĈq̂2. Plot (c) shows the time at which the mode
estimate becomes ˆq = {b}, so that the current mode dependent capture set further
shrinks toĈq̂3. Plot (d) shows when the continuous state hits the boundary ofĈq̂3 and
thus control is applied. Plot (e) shows the vehicles passing the intersection.

2.8 Application example: Human driving model with two modes

In this case, we assume that there are two modes only, that is,accelerationa and braking

b and that in the proximity of the intersection the driver makes the decision of either braking

or accelerating. This scenario can be modeled by the HSHMH = (Q,X,U,D,Σ,R, f ), in
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which Q = {a,b},X = R4,U = [uL,uH],D = [−d̄, d̄],Σ = {ǫ}, andR : Q × Σ → Q is

represented by the top left diagram of Figure 2.4. The vectorfield f is piecewise continuous

and given byf (x,q,u,d) = ( f1(x,u), f2(x,q,d)), with

f1(x,u) =







































(x2, k1u− k2x2
2 − k3), if x2 ∈ (vmin, vmax)

(x2,0), if x2 ≤ vmin andk1u− k2x2
2 − k3 < 0

or x2 ≥ vmax andk1u− k2x2
2 − k3 > 0,

(2.15)

f2(x,q,d) =







































(x4, βq + d), if x4 ∈ (vmin, vmax)

(x4,0), if x4 ≤ vmin andβq + d < 0

or x4 ≥ vmax andβq + d > 0.

(2.16)

We assume thatβb < 0, βa > 0, and|βq| < d̄ for q ∈ {a,b}. Therefore, we have that

0 ∈ [βq − d̄, βq + d̄] for q ∈ {a,b}, which implies a possible confusion between the two

modes [35]. The estimator̂H, in which we have 2Q = {q̂1, q̂2, q̂3} with q̂1 = {a,b}, q̂2 = {a},

q̂3 = {b}, andq̂(0) = q̂1, is uniquely defined once the setY and mapR̂ are defined. For this

sake, consider the estimateβ̂(t) = 1
T

∫ t

t−T
v̇2(τ)dτ, t ≥ T.1 If the mode isq, then necessarily

we have that|β̂(t) − βq| ≤ d̄. In fact, while the mode isq, we have that ˙v2(τ) = βq + d(τ) or

v̇2(τ) = 0 for τ ∈ [t − T, t]. Since 0∈ [βq − d̄, βq + d̄] and |d(t)| ≤ d̄, for all τ ∈ [t − T, t]

there isd̃(τ) with |d̃(τ)| < d̄ such that ˙v2(τ) = βq + d̃(τ) for τ ∈ [t − T, t]. Thus |β̂(t) − βq| ≤
1
T

∫ t

t−T
|d̃(τ)|dτ ≤ d̄. Define thus fort > T

y(t) =







































ya if |β̂(t) − βb| > d̄ andq̂(t−) = q̂1

yb if |β̂(t) − βa| > d̄ andq̂(t−) = q̂1

ǫ otherwise

.

Thus,R̂ is represented by the bottom left diagram of Figure 2.4. The properties of a mode

estimator are satisfied. In fact (i) is satisfied as ifq is currently possible (i.e.,|β̂(t)−βq| ≤ d̄),

1Note that in practice, we will not require measurement of acceleration as we will consider discrete time
models where derivative is replaced by time anticipation.
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Figure 2.4:Example 1. (Left) Diagram representing mapR (top) and diagram representing mapR̂
(bottom). In each of the plots (a)–(d), the red box represents [L1,U1] × [L2,U2]. Since
the sets Pre(ˆq, Bad)H and Pre(ˆq, Bad)L are four dimensional, we plot slices of these
sets in the (x1, x3) position plane corresponding to the current speed values (x2, x4).
The black solid lines delimit the slice of the set Pre( ˆq, Bad)H in position plane for the
current speeds values (x2, x4). Similarly, the green dashed lines delimit the slice of
the set Pre( ˆq, Bad)L in position plane for the same current speeds values (x2, x4). The
intersection of these two slices delimits the slice of the current mode dependentcapture
setĈq̂ for the same current speeds values (x2, x4). The red circle denotes the current
position x1, x3, while the blue trace represents the projection in the position plane of
the continuous trajectory ofH. Plot (a) shows the initial configuration in the position
plane. Here, the current mode is ˆq = {a,b}. Plot (b) shows the time at which the mode
estimator identifies thatH is in braking mode, so that ˆq = {b} and the current mode-
dependent capture set shrinks. In plot (c) the system trajectory hits theboundary of the
current mode-dependent capture set and control is applied. Plot (d)shows that both
vehicles cross the intersection safely.

it cannot be discarded starting from ˆq1. Similarly, once modeq is discarded, sinceR does

not allow transitions,q cannot be possible even when|β̂(t) − βq| ≤ d̄.

By Theorem II.39, Algorithm 1 terminates and by Lemma II.47 wehave thatĈq̂1 =

Pre(q̂1, Bad), Ĉq̂2 = Pre(q̂2, Bad), Ĉq̂3 = Pre(q̂3, Bad). Since for allq̂ ∈ Q̂, the assumptions

of Proposition II.49 are satisfied, we employ such a proposition to determine whetherx ∈

Pre(q̂i , Bad) for all i ∈ {1,2,3} and to determine the feedback map ˆπ. Assumption II.51 is

satisfied and Assumption II.53 is also satisfied forx4 ∈ (vmin, vmax).
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Simulation results. In the simulations, the bad set coordinates are taken asL1 = L2 =

500, U1 = U2 = 550, the continuous control input lies in the intervalU = [−1,1], the

continuous disturbance input lies in the intervalD = [−0.6,0.6], βa = 0.4 andβb = −0.4.

The simulation results are shown in Figure 2.4. The initial mode estimate is{a,b} (Figure

2.4(a)). The driver drives in braking mode but initially choses a disturbance input com-

patible with both acceleration and braking mode. As a consequence, the estimate of the

mode remains{a,b} until the driver applies a disturbance input that makes the estimator

classify the current mode as braking (Figure 2.4(b)). As a consequence, the current mode-

dependent capture setĈq̂ shrinks. In plot (c) of Figure 2.4, the system continuous trajectory

hits the boundary of the current mode-dependent capture set. Thus, controlu = uL is ap-

plied according to the control law of equation (2.12) in sucha way that the vector field

points outside the current mode-dependent capture set. Plot (d) of Figure 2.4 shows the

vehicles successfully avoiding the collision.
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CHAPTER III

Development of a scaled vehcile with Longitudinal

dynamics of a HMMWV for Multi-vehicle lab

This chapter presents the development of a scaled vehicle that has dynamical similitude

to a High Mobility Multipurpose Wheeled Vehicle (HMMWV) for use in the Multi-vehicle

lab for validating the safety control algorithms developedin the previous chapter. The

symbols used in the chapter are listed in Section 3.1. In Section 3.2, we describe the

drivetrain model that we consider. In Section 3.3, we perform the computation of theπ

groups and simulate the scaled model to show the match with the full scale model. In

Section 3.4, we implement the scaled dynamics on the microprocessor. In Section 3.5, we

show experimental results and validate the obtained data against the simulation data of the

scaled model.

3.1 NOMENCLATURE

Table 3.1 lists all the symbols used in this chapter.

Table 3.1:Nomenclature.
Symbol Meaning Unit
ρair Air density Kg/m3

g Acceleration due to gravity m/s2

θCS Angular displacement of flywheelradian
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θi Angular displacement of turbine radian
θt Angular displacement of transmission radian
θp Angular displacement of propeller shaft radian
ρ Average density of vehicle material Kg/m3

τbrake Brake torque Nm
B Damping coefficient of transmission Kg/s
Rdcm DC motor armature resistance ohm
Kτ DC motor torque coefficient constant
KB DC motor back EMF coefficient constant
I DC motor current ampere
Ldcm DC motor armature inductance henry
θ DC motor angular displacement radian
CD Drag coefficient constant
τw Drive shaft output torque Nm
Je Flywheel moment of inertia Kgm2

i t Gear ratio ratio
τi Impeller torque Nm
U Longitudinal speed of the vehicle m/s
τd Output torque produced by final drive Nm
θ f Output angular displacement of final driveradian
θw Output angular displacement of drive shaftradian
Af Projected front area of the vehicle m2

τp Propeller shaft input torque Nm
τ f Propeller shaft output torque Nm
VPWM PWM voltage signal applied to DC motor volt
Crr Rolling resistance coefficient constant
θroad Road gradient radian
K Stiffness of transmission Kg/s2

R Tire radius m
K f c Torque converter capacity factor Kg−0.5m−1

Tratio Torque converter torque ratio ratio
Nratio Torque converter speed ratio ratio
τt Torque output of the torque converter Nm
τm Torque produced by DC motor Nm
τe Torque produced by the engine Nm
It Transmission inertia Kgm2

τt Turbine torque Nm
m Vehicle mass Kg
l Vehicle track length m
Jw Wheel inertia Kgm2

3.2 Drivetrain model

The literature presents physics-based models of the longitudinal and powertrain dynam-

ics of the HMMWV, as well as explanations of the assumptions underlying these models57



[45, 46, 61, 48]. This work adopts these models, as describedbriefly below. Figure 3.1

shows the schematic of a vehicle drivetrain. We consider a 4 speed vehicle with automatic

transmission and rear wheel drive.

Figure 3.1:Drivetrain.

3.2.1 Engine

The engine produces torque resulting from the combustion process. The engine is mod-

eled as a map (Figure 3.2[45]), which takes throttle commandand engine speed as input

and calculates torque generated by the engine,τe. For the low frequency dynamics we are

interested in, a map based engine model can be used. Engine acceleration is calculated

from equation (3.1), which takes as input engine torque,τe, and load torque from torque

converter,τi. Flywheel is modeled as inertia. The governing equation forthe engine and

flywheel is

Jeθ̈CS = τe− τi , (3.1)

whereJe is the engine and flywheel moment of inertia,θ̈CS is the acceleration of the fly-

wheel,τe is the torque produced by the engine andτi is the impeller torque.
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Figure 3.3: Torque converter characteristics [45].

3.2.2 Torque converter

The torque converter model is a tabular relationship between the impeller torque,τi, the

turbine torque,τt, the impeller speed, which is assumed to be equal to˙θCS, and the turbine

speed,θ̇i. The inputs to this model are speed ratio,Nratio =
θ̇i
˙θCS

, and impeller speed. The

capacity factor,K f c, and the torque ratio,Tratio, are determined by the map shown in Figure

3.3. The impeller torque and turbine torque are calculated as:

τi =
˙θCS

2

K f c
2
, (3.2)

τt = Tratioτi . (3.3)

59



3.2.3 Transmission

The transmission is modeled as a variable gear ratio transformer. To derive transmission

dynamics, we treat it as a mass-spring-damper system. This system takes as input the torque

output of the Torque converter,τt, and the gear ratio,i t. It produces propeller shaft input

torque,τp. The model is given by
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, (3.5)

in which B is the damping coefficient, It is the inertia, andK is the stiffness of the trans-

mission.

3.2.4 Shift Logic

Gear shift is modeled as a shift map (Figure 3.4), which takespropeller shaft speed and

throttle position commanded by the driver as the input and determines the instantaneous

gear ratio as the output [45]. Torque and speed variations during the gear shift are cap-

tured by incorporating a blending function into the model. The blending function (Figure

3.5) gives the variation of torque ratio and speed ratio during the gearshift and captures

important dynamics observed during a gearshift [45, 61].
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3.2.5 Propeller shaft

The propeller shaft dynamics are taken into account in the transmission model, and thus

the propeller shaft input torque,τp, and speed,̇θt, are equal to the output torque,τ f , and

speed,̇θp:

τ f = τp (3.6)

θ̇t = θ̇p. (3.7)

3.2.6 Final drive

Final drive is modeled as a ratio,i f , which reduces the input speed,θ̇p, and increases

the input torque,τ f , to produce the output speed,θ̇ f , and torque,τd, respectively:

τd = τ f i f (3.8)

θp = θ f i f . (3.9)

3.2.7 Drive shaft

The drive shaft dynamics are taken into account in the transmission model, and thus the

drive shaft input torque,τd, and speed,̇θ f , are equal to the output torque,τw, and speed,̇θw:

τw = τd (3.10)

θ̇w = θ̇ f . (3.11)

3.2.8 Vehicle Model

Point mass vehicle model is considered here, in which we consider only longitudinal

vehicle dynamics. We do not address the lateral vehicle dynamics in this work. The longi-

62



tudinal motion of the vehicle is defined by:

(Jw +mR2)θ̈w = τw − τbrake−
ρair

2
CDAf U

2R

−Crr mg− Rmgsin(θroad),
(3.12)

whereJw is the wheel inertia,m is the mass of the vehicle,τbrake is the brake torque,U

is the longitudinal vehicle velocity,ρair is the air density,CD is the drag coefficient,Af is

the projected front area of the vehicle,Crr is the rolling resistance cofficient,R is the tire

radius, andθroad is the road gradient, assumed 0 here.

The system, equations (3.1) to (3.12), is simulated using Simulink. The main com-

ponents modeled are engine, automatic transmission, gear shift logic, shafts and vehicle.

This constitutes a point mass longitudinal dynamics model that does not account for roll

and pitch. The model considered serves well the purpose of predicting the behavior of a

HMMWV in longitudinal maneuvers in the frequency range relevant for control (including

the lowest resonance modes of the driveline), and is simple enough to be programmable on

the motioncontroller, given its processing and memory constraints.

3.3 Scaling

To apply Buckingham’sπ theorem to the system described in equations (3.1) to (3.12),

the governing dynamical equations are examined and parameters and variables associated

with the system that are used in this study are listed in Table3.2.

The fundamental quantities (basic units) chosen for the formulation of nondimensional

groups (π groups) areM,T, L. Similitude is achieved by grouping the parameters into

(n − m) independent nondimensional groups, wheren is the number of parameters andm

is the number of fundamental quantities. The parameters listed in Table 3.2, which are

important to design the scaled vehicle, can be written in terms of fundamental quantities as

illustrated in Table 3.3.
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Engine Throttle, Je, θCS, τe, τi
Torque Converter τt,K f c,Tratio,Nratio

Transmission θi , θt, It, τp, i t, B,K
Propeller shaft,
Final drive and
Drive shaft

θp, θ f , θw, τ f , τd, τw, i f

Vehicle model Brake,R,m, τbrake, τw
U, l, Jw, ρair ,CD,Af ,Crr

Table 3.2: Parameters and variables associated with the vehicle.

Nratio,Tratio, i t, i f ratio [M0L0T0]
θCS, θi , θt, θp, θ f , θw radians [M0L0T0]
Throttle, Brake percentage [M0L0T0]
τe, τi , τt, τp, τ f , τd, τw Nm [M1L2T−2]
τbrake

Je, It, Jw kgm2 [M1L2T0]
m kg [M1L0T0]
R, l m [M0L1T0]
U m/s [M1L0T−1]
ρ, ρair kgm−3 [M1L−3T0]
K f c kg−0.5s/m [M−0.5L−1T1]
Af m2 [M0L2T0]
B kg1/s [M1L0T−1]
CD,Crr dimensionless [M0L0T0]

Table 3.3: Parameters associated with the vehicle in terms of fundamental quantities.
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All of the unitless parameters, such as angles and percentages form their ownπ group.

Now, we have 3 fundamental dimensions and 34 parameters (Table 3.3). Out of these, if

we choosem,U andl as repeating parameters (parameters that can appear in someor all of

theπ groups), the remaining parameters will form 31 dimensionlessπ groups.

A list of all theπ groups is given in Table 3.4.

π group Description
π1 = Throttle, π2 = Brake Non-dimensional driver in-

puts
π3 = i t, π4 = i f , π5 = Nratio, π6 =

Tratio

Non-dimensional transmis-
sion and final drive gear
ratio

π7 =
Je

mL2 , π8 =
It

mL2 , π9 =
Jw

mL2 Non-dimensional engine,
transmission and wheel
inertia

π10 = θCS, π11 = θi , π12 = θt, π13 =

θp, π14 = θ f , π15 = θw

Non-dimensional angular dis-
placements

π16 =
τe

mU2 , π17 =
τi

mU2 , π18 =
τt

mU2 , π19 =
τp

mU2 , π20 =
τ f

mU2 , π21 =
τd

mU2 , π22 =
τw

mU2 , π23 =
τbrake

mU2

Non-dimensional torques

π24 = K f c

√
mU2 Non-dimensional capacity

factor
π25 =

R
l Non-dimensional wheel ra-

dius

π26 =
ρL3

m , π27 =
ρair L3

m Non-dimensional vehicle and
air density

π28 =
Af

l2 Non-dimensional projected
front area of vehicle

π29 =
BU
ml Non-dimensional damping

π30 = CD, π31 = Crr Non-dimensional drag and
rolling resistance coefficient

Table 3.4:π groups associated with the system.

3.3.1 Design of the scaled vehicle

It follows from Buckinghamπ theorem that if two dynamical systems are described by

the same differential equations, then the solution to these differential equations will be the
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scale-invariant if theπ groups are the same. To design the scaled vehicle, we thus start with

analyzing theπ groups given in Table 3.4. For the scaled vehicle to be dynamically similar

to the actual vehicle, the value of theseπ groups should be the same for both systems.

Based on this concept, we can derive the parameter values of the scaled vehicle or of the

actual vehicle.

3.3.1.1 Calculation of parameter values for the scaled vehicle

The track length of the full scale vehicle and of the scaled vehicle are fixed. The tire

size of the scaled vehicle is calculated by equating theπ group corresponding to tire size of

the scaled vehicle to the full size vehicle as follows (Table3.4, row 5):

(R
l

)

Full
=

(R
l

)

S caled
(

0.4412
3.302

)

=

( R
0.257

)

Dscaled= 0.0343m. (3.13)

The actual tire diameter of the RC car is 0.033m. This error is compensated by using a

feedforward control loop as discussed in detail in Section 3.4.
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3.3.1.2 Mass of the full scale vehicle

The mass of the scaled vehicle is 3.15 Kg. Using theπ groups corresponding to the

vehicle density (Table 3.4-row 6), we calculate the mass of actual vehicle as follows:

(

ρl3

m

)

S caled

=

(

ρl3

m

)

Actual

(ρ)S caled= (ρ)Actual(assumed)
(

l3

m

)

S caled

=

(

l3

m

)

Actual
(

3.3023

m

)

Actual

=

(

0.2573

3.15

)

S caled

mActual = 6681Kg. (3.14)

Note that the Gross Vehicle Weight of the full scale vehicle is 5112 kg [45]. It is assumed

that the full scale vehicle is carrying a payload of 1569 kg.

3.3.1.3 Velocity of the scaled vehicle

To find the ratio of velocity that the scaled vehicle should maintain with respect to the

full scale vehicle in response to the same input, first observe that time is not being scaled.

Thus, we can considerUt/l to form anotherπ group. Now we can write:

(Ut
l

)

S caled
=

(Ut
l

)

Actual

U f ull

US cale
= 3.302/0.257= 12.84. (3.15)

Thus, the full scale vehicle velocity should be 12.84 times the velocity of the scaled vehicle

when the same maneuver is performed on both systems.
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3.3.1.4 Moment of inertia of the scaled engine

The moment of inertia of the engine in the full scale HMMWV is 0.5 kg m2 [46]. We

proceed as follows to scale the moment of inertia:

( Je

ml2

)

S caled
=

( Je

ml2

)

S caled
(

Je

3.15(0.2572)

)

S caled

=

(

.5
6681(3.3022)

)

Actual

JeS caled= 1.51∗ 10−6, (3.16)

which gives the moment of inertia of the scaled engine.

3.3.1.5 Engine torque scaling

To determine the ratio of torque produced by the engine of thescaled vehicle to the full

scale vehicle, theπ groups corresponding to engine torque are equated (Table 3.4 - row 2).

We thus obtain the following relation:

(

τe

mU2

)

S caled
=

(

τe

mU2

)

Actual

(τe)S caled= 2.855∗ 10−6 (τe)Actual (3.17)

This torque scaling is used to scale the engine torque map (Figure 3.2).

It is difficult to measure parameters such asIt, Jw,Af , B,CD,Crr for the scaled vehicle.

The difference in these parameters is compensated by simulating it in the HIL setup and

will be discussed in Section 3.4.1.

3.3.2 Validation of scaled model

The validation of the derivedπ groups and scaled vehicle design based on these groups

is done in two steps. A simulation of scaled model is carried out as a first step and is
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discussed in this section. This is followed by experimentaltests with the scaled vehicle

hardware. These are discussed in Section 3.5.

This section presents the simulation results of the scaled vehicle compared to the full

scale vehicle. All parameters of the scaled model are derived as illustrated in Section 3.3.1.

The full scale and scaled vehicle simulation are carried outfor the same input commands.

It is found that the longitudinal velocity of the full scale vehicle is 12.84 time the velocity

of the scaled vehicle (Figure 3.6). The gearshift in both full scale and scaled vehicle occur

at the same time as shown in Figure 3.7.
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Figure 3.6: Scaled vehicle velocity vs full scale vehicle velocity.

3.4 Implementation on scaled RC car

A Tamiya scaled RC car chassis [2] is used as the hardware platform to implement the

scaled dynamics and validate the simulation results. The vehicle originally had four wheel

drive. A quadrature encoder is used to sense the tire speed. The front axle of the vehicle

is modified to fit the encoder and it no longer drives the vehicle. Thus the vehicle has rear

wheel drive and front wheel steering.

69



0 5 10 15 20 25 30 35 40 45 50
1

1.5

2

2.5

3

3.5

Time (sec)

G
ea

r 
ra

tio

Gear ratio vs time for full scale vehicle simulation
Gear ratio vs time for scaled vehicle simulation
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Figure 3.8: Scaled vehicle command flow.

Figure 3.8 shows the system architecture. In the present configuration, a human driver

issues throttle, brake and steer commands through a centralcontrol station. These com-

mands are transmitted to the on-board computer (Mini ITX) through a wireless connection.
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These commands act as input to the driveline dynamics which are programmed on the mo-

tioncontroller. The driveline dynamics consist of the engine, fluid coupling, transmission

and gearshift logic, as explained in Section 3.2. Shift logic is programed in the form of a

shift map. The output of this program is the drive torque,τd.

The drive torque is the torque that should be applied to the wheels. Since we have a DC

motor, it is difficult to measure or control such a torque because of the absence of current

measurement. To overcome this problem, a set of experimentswere performed to identify

the relationship between drive torque and motor voltage forany given wheel speed. This

is discussed in the next section. Vehicle speed is measured using an optical encoder and is

used for calculations in drivetrain and motor map blocks. This speed is sent to on-board

computer and is transmitted to central control station through a wireless connection, where

it is recorded.

3.4.1 DC motor system identification

The dynamics of the electromechanical system comprising a car being run by the DC

motor includes three parts: (1) A dynamic mechanical subsystem, which is the scaled ve-

hicle, (2) a dynamic electrical subsystem, which includes all of the motor’s electrical ef-

fects, and (3) a static relationship which represents the conversion of electrical quantities

into mechanical torque. Assuming very high torsional stiffness of drivetrain components

transmitting torque, the mechanical subsystem dynamics ofthe vehicle run by a permanent

magnet brush DC motor are assumed to be of the form

Mθ̈ + Bθ̇ = τm, (3.18)

in which

M = Jw +mR2,
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and

τm = KτI .

The motor armature current,I (t), is given by the electrical subsystem dynamics for the

permanent magnet brush DC motor, which is assumed to be of theform:

Ldcmİ = VPWM− RdcmI − KBθ̇. (3.19)

in which, Jw is the wheel moment of inertia,m is the vehicle mass,B is the damping in

the drivetrain,K is the stiffness in drivetrain,θ(t) is the angular motor position,Kτ is the

coefficient which characterizes the electromechanical conversion of armature current to

torque,Ldcm is the armature inductance,Rdcm is the armature resistance,KB is the back-emf

coefficient (which is equal toKτ), andVPWM is the Pulse Width Modulation voltage signal

supplied to the DC motor. For the above model, the statesθ and θ̇ are easy to measure

while I is difficult to measure. Because of the inability to measure motor current I , the

Figure 3.9: Electromechanical system.

control of the torque produced by the motor is hard. This difficulty is overcome by noticing

that in this mechatronic systems, the time constant of the electrical subsystem is faster than

the mechanical subsystem. This means that we can assume the current and voltage to be

statically related. This allows us to perform system identification of the electromechanical
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system to obtainVPWM vs speed (̇θ) vs total torque (τtotal) map. AssumingLdcm to be

negligible, we can write equation (3.19) as:

I =
VPWM

Rdcm
− KBθ̇

Rdcm
. (3.20)

From equation (3.18), we have

Mθ̈ +

(

B+ Kτ
KB

Rdcm

)

θ̇ − Kτ
VPWM

Rdcm
= 0. (3.21)
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Figure 3.10: Vehicle speed vs time.

Mθ̈ is the torque that accelerates the vehicle. We call it the total torque,τtotal. It is equal

to the torque produced by the motor minus the torque lost in damping of the scaled vehicle.

Our objective is to be able to control the torque generated bythe DC motor,τm, and make

it proportional at all time to the torque generated by the engine, τe, that is programmed

on the motioncontroller. As stated earlier, this is a hard problem in the absence of current

measurement. Thoughτm cannot be measured,τtotal can be determined experimentally.

We shift the problem from trying to makeτe proportional toτm to makingτd = τtotal.
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The torqueτtotal corresponds to the torque generated by the drivetrain that accelerates the

vehicle, i.eτd. In order to solve this problem, we identify the coefficients ofθ̇ and ofVPWM

in equation(3.21) by running experiments.

Experiments are performed, in which a constant PWM signal (VPWM) is applied to the

DC motor and the vehicle response (vehicle velocity vs time)is recorded (Figure 3.10

shows an example). The data is logged at a frequency of 7.7 Hz.Vehicle acceleration

is obtained by differentiating vehicle velocity. As vehicle velocity is noisy, a polynomial

fit of the third order to the vehicle velocity vs time curve is used before differentiation to

calculate the accelerationa. The value of̈θ is calculated from this acceleration as follows:

θ̈wheel=
a
R

(3.22)

θ̈ = 7.21θ̈w (3.23)

where,θ̈w is the wheel angular acceleration and 7.21 is the gear ratio of the scaled model.

Using equation (3.21),τtotal for a given vehicle velocity and PWM signal can be calculated.
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This data can be plotted asτtotal vs vehicle velocity at a constant PWM. A number of

such experiments are performed, for a particular PWM, to check the repeatability of the

experiment. PWM signals are chosen to cover the whole range ofoperation of the DC

motor. A motor map is obtained by plottingτtotal vs vehicle velocity at a constant PWM

value as shown in Figure 3.11. In calculatingM, we considerJw negligible when compared

to mR2.

To use this map on a running vehicle at any instant of time, thedrivetrain block (Figure

3.8) calculates the torque that is to be applied to the scaledvehicle. The PWM that has to

be supplied to the DC motor to generate this torque, given thevelocity of the scaled vehicle

and requiredτd is given by:

VPWM = k1τd + k2v, (3.24)

wherev is the vehicle velocity,k1 andk2 are constants that are determined by performing

system identification on motor map. The value calculated were k1 = 2503 andk2 = 1.

However, during experimentation, we found that the relation that produced the best re-

sponse was

VPWM = 70+ 2800τd + 0.72v.

The experiments were conducted as a constant throttle performance for 30 %, 40 % and

50 % throttle. The values ofk1 andk2 are found to be different for these 3 cases, though not

significantly. The values ofk1 andk2 is thus kept constant corresponding to 30 % throttle

for the rest of this study.

3.4.2 Description of the scaled vehicle hardware

In this section, specifications of the scaled vehicle hardware are provided. The scaled

vehicle specifications are given in Table 3.5.
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Overall length 375mm, Width: 185mm,
Wheelbase: 257mm, Weight:
890g

Transmission type Longitudinally mounted mo-
tor with shaft-driven 4WD

Gear ratio 7.21:1
Suspension Double wishbone (front and

rear)
Damper CVA oil dampers (front and

rear
Tire Width 27mm, Diameter: 67mm
Tread Pattern Racing slick

Table 3.5: Basic specifications of the scaled model.

3.4.2.1 Motor specifications

The model uses GT-Tuned-Motor (25T), which is a replaceablebrush standard type

electric motor. The motor specifications are in Table 3.6.

Turns 25
Voltage 7.2 Volt
Speed Unloaded RPM 19000
Maximum Torque 500 gf/cm (Gram Force per Centimeter) @ 7.2V

Table 3.6: Basic specifications of the DC motor.

3.4.2.2 Electronic architecture

Each vehicle (Figure 3.12) is equipped with a motioncontroller (BrainStem Module)

implementing the scaled driveline dynamics of a HMMWV (Section 3.2). The on board

computer (running Linux, Fedora core) communicates with the motioncontroller by means

of a serial connection. The computer is also equipped with wireless communication ca-

pability. The computer handles the high level control functions by commanding steering

braking and throttle to the motioncontroller. The motioncontroller offers 2 channels of

high-resolution motion control. These channels offer flexible PWM or PID control of mo-

tors with various types of feedback including encoders, quadrature encoders, analog input,
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Figure 3.12: Scaled vehicle.

and Back-EMF speed control. The motioncontroller can handlea variety of motion con-

trol needs. This processor can run concurrent TEA programs,reflexes, and handle slave

commands from a host PC, all simultaneously. The motioncontroller board can accept

two 3 Amp H-Bridge with back EMF control. Access to the module is through a Console

Application and C language. For more information, refer to [4].

3.4.3 Description of the scaled vehicle software

The high level control algorithms are programmed on the onboard computer. A data-

logging module is programed on the on board computer which can read vehicle speed from

the motioncontroller at a frequency of 10 samples/sec. The drivetrain components, includ-

ing Engine, Fluid coupling, Transmission, Gear shift logicand Final drive are programmed

on the motioncontroller. The motioncontroller issues control signals to the steering servo

and controls the PWM signal to the DC motor. The programming onthe motioncontroller

is performed in TEA language, described in the next section.
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3.4.3.1 Brainstem TEA language

The Tiny Embedded Application (TEA) [3] language is a subsetof the C programming

language. TEA has integer math operations, simple looping constructs, conditional state-

ments, and parameterized subroutines. It is ideally suitedfor simple control loops, sequenc-

ing behaviors in robotics, and other tasks that can be offloaded from the main controller of

a complex system. TEA is precompiled, enabling conditionalcompilation, macros, and

inclusion of other files. Programs are typically very small and have no memory alloca-

tion, structures, or objects. All variables are stack-based; the stack can be very small on

some environments so minimal recursion is possible. Program compilation is done through

the Console application. The compiler translates the TEA language file into the virtual

machine’s specific instructions (opcodes).

3.5 Experiments

A number of experiments were performed to ascertain the behavior of the scaled vehicle

and its dynamic similitude to a HMMWV. The following sectionsdiscuss the experimental

setup and results.

3.5.1 Experimental Setup

The scaled vehicle can take throttle, steering and braking commands from the human

driver at a central control station. The driving maneuver that is considered for verifying the

longitudinal response of the scaled vehicle vis a vis an actual vehicle is constant throttle

performance test. In this test, a constant throttle input isgiven to the scaled vehicle and

the resulting velocity and gear shift response are logged. This test is repeated for several

throttle values (30%,40%,50%). The 4th floor corridor in the Electrical Engineering and

Computer Science building is utilized for testing because the testbed dimension (6.6 meter

by 5.6 meter) is not sufficient to run the vehicle for significant length and duration.All
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communication to and from the scaled vehicle is through a local wireless network from

the lab. The maximum length that is avialable with wireless coverage is limited to 42.67

meters. This also restricts the length of a test run.

Throttle inputs more than 50% cannot be applied because of the difficulty in controlling

the vehicle at high speed while conducting the experiment inthe corridor. During the

experiments, the voltage supply to the scaled vehicle has tobe kept constant at 15.4 volts.

Therefore, for this test, we power the vehicle through a power supply method instead of

using the on-board batteries. One person carrying the powersupply has to follow the vehicle

while it is running. Due to the limited length of the corridor, the steady state speed of

the vehicle is never achieved. This issue is not relevant forthis research because it is

not expected to experience high speed of the scaled vehicle in the testbed, which is only

6.6 by 5.6 meters. Since the purpose of this testbed is to testalgorithms for multiagent

traffic intersection, we do not expect to attain high velocities orsteady state response of the

vehicle.

It is observed during the experiments that the scaled vehicle does not start as soon as

the throttle command is applied by the driver. There is a delay between the application

of throttle command and start of the vehicle. An external excitation is required to set the

vehicle into motion. This can be attributed to the friction in the scaled hardware drivetrain.

3.5.2 Experimental Results

Figure 3.13 shows the speed response of the scaled vehicle vis-a-vis simulation. The

delay in start of vehicle can be clearly see in Figure 3.13.

The results are presented for a constant input of 30 %, 40 % and50 % throttle to

the vehicle. Figures 3.14, 3.16 and 3.18 show the speed response of the scaled vehicle

vis-a-vis simulation. It is seen that the response of the scaled vehicle closely follows the

simulated response. The average root mean square (RMS) errorin speed for 30 % throttle

is 0.0525m/s, 40 % throttle is 0.0809m/s and 50 % throttle is 0.1099m/s. There seem to be
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Figure 3.13: Scale Vehicle speed vs time for 40 percent throttle.
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Figure 3.14: Vehicle speed vs time for Scaled vehicle model and Scaled vehicle simulation.
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Figure 3.15: Gear ratio vs time for Scaled vehicle model and Scaled vehicle simulation.
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Figure 3.16: Vehicle speed vs time for Scaled vehicle model and Scaled vehicle simulation.
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Figure 3.17: Gear ratio vs time for Scaled vehicle model and Scaled vehicle simulation.
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Figure 3.18: Vehicle speed vs time for Scaled vehicle model and Scaled vehicle simulation.
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Figure 3.19: Gear ratio vs time for Scaled vehicle model and Scaled vehicle simulation.

an increasing trend in the RMS error. This, in part, can be attributed to the higher speeds

attained by the vehicle with increasing throttle because ofwhich we normalize RMS error

with maximum speed. Normalized RMS error attained by the vehicle with 30 %, 40 % and

50 % is 0.4375, 0.559 and 0.605 respectively. The lower errorfor the 30 % throttle can be

attributed to the fact that the motor map parameters were chosen so as to obtain the best

results for the 30 % throttle (as explained in Section 3.4.1).

Gear ratio of the scaled vehicle as compared to the simulation is shown in Figures 3.15,

3.17 and 3.19. We see that the gearshift occurs before it is expected to occur, as indicated

by the simulation, if the actual speed is more than simulatedspeed. Similarly, the gearshift

occurs after it is expected to occur, as indicated by the simulation, if the actual speed is less

than simulated speed. This agrees with the observed data. Table 3.7 presents the error in

longitudinal response of prototype vs the scaled vehicle simulation.

Overall, it is observed that the scaled vehicle response matches the simulated response

of the scaled vehicle both in terms of speed as well as gear shift vs time. The scaled vehicle

simulation was shown to be dynamically similar to a HMMWV in Section 3.3.2. Thus, the
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RMS error in speed for 30 % throttle 0.0525m/s
RMS error in speed for 40 % throttle 0.0809m/s
RMS error in speed for 50 % throttle 0.1099m/s
1st to 2nd gearshift time difference for 30 % throttle 1.25 sec
2nd to 3rd gearshift time difference for 30 % throttle 1 sec
3rd to 4th gearshift time difference for 30 % throttle 2.5 sec
1st to 2nd gearshift time difference for 40 % throttle 1 sec
2nd to 3rd gearshift time difference for 40 % throttle 1.8 sec
3rd to 4th gearshift time difference for 40 % throttle 3.3 sec
1st to 2nd gearshift time difference for 50 % throttle .45 sec
2nd to 3rd gearshift time difference for 50 % throttle 1.6 sec
3rd to 4th gearshift time difference for 50 % throttle 4.5 sec

Table 3.7: Error in experimental results.

match of the experimental vehicle longitudinal response tothat of the simulated vehicle is

sufficient to prove dynamic similitude of the scaled vehicle to a HMMWV.
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CHAPTER IV

Validation of safety control algorithms

In this chapter, we present the experimental validation of the theory proposed in Chapter

2. In particular, in Section 4.1, we describe the application scenario. Section 4.2 describes

the experimental setup and Section 4.3 presents the experimental results.

4.1 Application example

In this section, we show how the formulation of the safety control problem for hid-

den mode hybrid systems and its solution, as proposed in Chapter 2, applies to the semi-

autonomous intersection system. In doing so, we make use of various definitions and

concepts formalized in Chapter 2. We introduce the application under study, that is, the

two-vehicle conflict scenario depicted in Figure 4.1. Vehicle 1 is autonomous and commu-

nicates with the infrastructure, while vehicle 2 is human-driven and does not communicate

its intents to the infrastructure nor to the other vehicle. We assume that the infrastructure

measures the position and speed of vehicle 2 through road-side sensors such as cameras and

magnetic-induction loops and that it transmits this information to the on-board controller

of vehicle 1. Vehicle 1 has to use this information to avoid a collision.
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Figure 4.1:Two-vehicle Conflict Scenario. Vehicle 1, whose longitudinal displacement
and speed are denotedp1 andv1, respectively, is autonomous and communi-
cates with the infrastructure via wireless. Vehicle 2, whose longitudinal dis-
placement and speed are denotedp2 andv2, respectively, is human-driven and
does not communicate with the infrastructure. A collision occurs when more
than one vehicle occupies the conflict area at the same time.

Vehicle 1 longitudinal dynamics along its path is given by the second order system

ṗ1 = v1

v̇1 = a u+ b− cv2
1, (4.1)

in which p1 is the longitudinal displacement of the vehicle along its path andv1 is the

longitudinal speed (see Figure 4.1),u represents the input command (positive when the ve-

hicle accelerates and negative when the vehicle brakes),b < 0 represents the static friction

term, andc > 0 with thecv2
1 term modeling air drag (see Chapter 3 for more details on the

model). The control input to vehicle 1 is the throttle or braking actionu, which can range

in the interval [uL,uH] for given maximum braking actionuL < 0 and maximum throttle

actionuH > 0.

Vehicle 2 is controlled by the driver decisions. There has been a wealth of work on

the modeling of human driving behavior for vehicle safety applications, in which driving

behavior is modeled through hybrid system models, wherein each mode corresponds to a
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primitive behavior such as braking, acceleration, steering, run-out, lane change maneuver,

etc. [6, 86]. Each mode is typically modeled through a (most often linear) dynamical

system, whose parameters are in one-one correspondence with the mode. Depending on

the number of modes, on the amount of “separation” between the nominal parameter values

of each mode, and on the error about these nominal values, theaccuracy of the mode

classification problem changes [36, 35]. In this work, we model human driving behavior in

the proximity of an intersection through a simple hybrid system with two modes: a braking

mode and an acceleration mode, that is,

ṗ2 = v2

v̇2 = βq + γqd, with q ∈ {A, B}, d ∈ [−d̄, d̄], (4.2)

in which p2 is the longitudinal displacement of the vehicle along its path andv2 is the

longitudinal speed (see Figure 4.1),d̄ > 0, q is the mode withq = B corresponding to

braking mode andq = A corresponding to acceleration mode, andγq > 0. The value

of βq corresponds to the nominal dynamics of modeq and thus we have thatβB < 0 and

thatβA > 0. The disturbanced models the error with respect to the nominal model. This

implies that ifv̇2 ∈ βq + γq[−d̄, d̄], the current mode can be modeq. This allowed error in

each mode captures the fact that there are several ways in which modeA or modeB can

be realized (for example, having harder braking or softer braking, harder acceleration or

softer acceleration). It also captures (as we shall see in the experimental section) variability

among drivers. We finally assume that there is confusion between the modes, that is,{βB +

γB[−d̄, d̄]} ∩ {βA + γA[−d̄, d̄]} , ∅, which leads to havingβB + γBd̄ ≥ βA − γAd̄. As we will

see in the experimental section, this is the case in practicedue to subject variability and

measurement errors.

Since the vehicles do not go in reverse, there is a lower non-negative speed limit, de-

notedvmin. Note that a strictly positivevmin also guarantees the liveness of the system
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Figure 4.2: Hybrid model for vehicles 1 and 2. The switches are designed to enforce lower
vmin and uppervmax bounds on the speed. In the diagram, we have denoted
α1 := a u+ b− cv2

1 for vehicle 1 andα2 = βq + d for vehicle 2.

preventing vehicles to stop. Similarly, we allow an upper speed limit (which could be

infinity), denotedvmax, to respect speed limitation regulations in the proximity of the in-

tersection. This results in the hybrid system model for eachvehicle depicted in Figure

4.2.

The safety control problem is to determine the least restrictive control actions for ve-

hicle 1 to prevent a collision with vehicle 2 at the intersection. Given the coordinate

system as depicted in Figure 4.1, collision configurations are those for which (p1, p2) ∈

[L1,U1] × [L2,U2].

Figure 4.3: Hybrid automatonH. The continuous state isx = (p1, v1, p2, v2), A refers to
acceleration mode andB refers to braking mode for the human-driven vehicle.

The intersection system is a hybrid automaton with uncontrolled mode transitionsH,

shown in Figure 4.3 (see definition 2.2), in whichQ = {A, B}; X = R4 andx ∈ X is such
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thatx = (p1, v1, p2, v2); U = [uL,uH] ⊂ R; D = [−d̄, d̄] ⊂ R; Σ = {ǫ} as there is no transition

allowed between the modes;R : Q × Σ → Q is the mode update map, which is trivial as

Σ = {ǫ}, that is, the mode can start in eitherA or B and no transitions ever occur between

these two modes andf : X × Q × U × D → X is the vector field, which is piecewise

continuous and it is given byf (x,q,u,d) = ( f1(p1, v1,u), f2(p2, v2,q,d)) in which

f1(p1, v1,u) =
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with α1 = au+ b− cv2
1 and

f2(p2, v2,q,d) =
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, (4.4)

with α2 = βq + γqd. The hybrid automatonH can also be viewed as the parallel com-

position of two hybrid automataH1 and H2 modeling vehicle 1 and vehicle 2, respec-

tively. That is,H = H1||H2, in which H1 = (Q1,X1,U1,D1,Σ1,R1, f1), in which Q1 = {0},

X1 = R
2 with x1 = (p1, v1), U1 = U = [uL,uH], D1 = ∅, Σ1 = ∅, f1(p1, v1,q1,u1,d1) =

f1(p1, v1,u) is as given in equation (4.3). Similarly,H2 = (Q2,X2,U2,D2,Σ2,R2, f2) in

which Q2 = Q = {A, B}, X2 = R
2 with x2 = (p2, v2), U2 = ∅, D2 = D = [−d̄, d̄],

Σ2 = {ǫ}, f2(p2, v2,q2,u2,d2) = f2(p2, v2,q,d) is as given in equation (4.4). Referring to

Figure 4.1, the set of bad states for systemH models collision configurations and it is given

by Bad := {(p1, v1, p2, v2) ∈ R4 | (p1, p2) ∈ [L1,U1] × [L2,U2]}.

For the application scenario, system̂H = (Q̂,X,U,D,Y, R̂, f ), in which Q̂ = {q̂1, q̂2, q̂3}

with q̂1 = {A, B}, q̂2 = {A}, q̂3 = {B}, andq̂(0) = q̂1, is uniquely defined once the setY and

mapR̂ are defined (see definition II.13). We defineY = {yA, yB, ǫ}. Starting inq̂1, eventyA

occurs as soon asB is not currently possible given the measurementx and eventyB occurs
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as soon asA is not currently possible given the measurementx. This results in the map̂R

defined aŝR(q̂1, yA) := q̂2 andR̂(q̂2, yB) := q̂3, which leads to the automaton of Figure 4.4.

Figure 4.4: Hybrid automaton̂H.

In order to establish whenA or B are ruled out given the measurement ofx, we consider

the following estimate

β̂(t) =
1
t

t
∫

0

v̇2(τ)dτ, t ≥ T, 1

whereT > 0 is a time window. If the mode isq, then necessarily we have that|β̂(t) − βq| ≤

γqd̄. Thus, fort > T, define

y(t) =







































yA if |β̂(t) − βB| > γBd̄

yB if |β̂(t) − βA| > γAd̄

ǫ otherwise

.

The properties of a mode estimator are satisfied. In fact (i) is satisfied as ifq is currently

possible (i.e.,|β̂ − βq| ≤ γqd̄), it cannot be discarded starting from ˆq1. Similarly, once

modeq is discarded, sinceR does not allow transitions,q cannot be possible even when

1Note that in practice, we will not require measurement of acceleration as we will consider discrete time
models where derivative is replaced by time anticipation.
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|β̂ − βq| ≤ γqd̄. Condition (ii) is satisfied as ˆq2 ⊆ R(q̂1) andq̂3 ⊆ R(q̂1).

Let us now use Algorithm II.30 for calculation of the Capture set. The system̂H is such

that Q̂ = {q̂1, q̂2, q̂3} with q̂1 = {A, B}, q̂2 = {A}, andq̂3 = {B}. As a consequence, we have

that

G(S) :=









































Pre(q̂1,S2 ∪ S3 ∪ Bad)

Pre(q̂2, Bad)

Pre(q̂3, Bad)









































,

so that

S1 :=









































Pre(q̂1, Bad)

Pre(q̂2, Bad)

Pre(q̂3, Bad)









































andS2 :=









































Pre(q̂1,Pre(q̂2, Bad) ∪ Pre(q̂3, Bad) ∪ Bad)

Pre(q̂2, Bad)

Pre(q̂3, Bad)









































.

By the properties of the Pre operator (see Proposition II.25), we haveB ⊆ Pre(q̂1, Bad),

Pre(q̂2, Bad) ⊆ Pre(q̂1, Bad), and Pre(ˆq3, Bad) ⊆ Pre(q̂1, Bad). Therefore Pre(ˆq1,Pre(q̂2, Bad)∪

Pre(q̂3, Bad)∪Bad) ⊆ Pre(q̂1,Pre(q̂1, Bad)) = Pre(q̂1, Bad). Also, we have that Pre(ˆq1, Bad) ⊆

Pre(q̂1,Pre(q̂2, Bad) ∪ Pre(q̂3, Bad) ∪ Bad). Therefore we finally obtain that

Pre(q̂1,Pre(q̂2, Bad) ∪ Pre(q̂3, Bad) ∪ Bad) = Pre(q̂1, Bad),

so that Algorithm 1 terminates at the second step. Therefore, we have that̂Cq̂1 = Pre(q̂1, Bad),

Ĉq̂2 = Pre(q̂2, Bad) andĈq̂3 = Pre(q̂3, Bad).

4.1.1 Computational tools

The sets Pre(ˆq, Bad) can be efficiently computed for the application under study. This

is because for every mode estimate ˆq the continuous dynamics are the parallel composition

of two order preserving systems [51, 33]. Specifically, for the application example, define
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the restricted Pre operators fori ∈ {1,2,3}

Pre(q̂i , Bad)uL := {x ∈ X | ∃ d, t ≥ 0 s.t. someφx̂(t, (q̂i , x),uL,d, ǫ) ∈ Bad}

and

Pre(q̂i , Bad)uH := {x ∈ X | ∃ d, t ≥ 0 s.t. someφx̂(t, (q̂i , x),uH,d, ǫ) ∈ Bad}.

Then, we have that (refer to [51])

Pre(q̂i , Bad) = Pre(q̂i , Bad)uL ∩ Pre(q̂i , Bad)uH for i ∈ {1,2,3}. (4.5)

Each of the sets Pre(ˆqi , Bad)uL and Pre(ˆqi , Bad)uH can be computed by linear complexity

discrete time algorithms. This is because the control inputu is fixed so that only plain

backward integration is needed. Backward integration is in turn very efficient because of

the order preserving property of the dynamics (see Section 4.2.6).

For each mode ˆqi for i ∈ {1,2,3}, a safe control map ˆπ(q̂i , x) acts in such a way to

maintain the state outside the current mode-dependent capture setĈq̂. This results in a map

π̂(q̂i , x) that makes the vector field point outside setĈq̂i whenx is on the boundary of̂Cq̂i .

For Ĥ, we haveĈq̂i = Pre(q̂i , Bad) for all i ∈ {1,2,3}, in which the sets Pre(ˆqi , Bad) for

every i ∈ {1,2,3} satisfy relation (4.5). Because of this relation, one can show (refer to

[51]) that a control map ˆπ(q̂i , x) that maintains the statex outside Pre(ˆqi , Bad) is given by

π̂(q̂i , x) :=



























































uH if x ∈ Pre(q̂i , Bad)uL andx ∈ ∂Pre(q̂i , Bad)uH

uL if x ∈ Pre(q̂i , Bad)uH andx ∈ ∂Pre(q̂i , Bad)uL

{uH,uL} if x ∈ ∂Pre(q̂i , Bad)uH andx ∈ ∂Pre(q̂i , Bad)uL

U otherwise.

Since we have that Pre(ˆqi , Bad) ⊆ Pre(q̂1, Bad) for i ∈ {2,3}, when the mode switches from
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q̂1 to q̂2 or from q̂1 to q̂3 the continuous statex being outside Pre(ˆq1, Bad) implies that it is

also outside Pre(ˆq2, Bad) or Pre(q̂3, Bad). Therefore, the feedback map above guarantees

that the state never enters the capture set.

4.2 Experimental setup

The two-vehicle conflict scenario of Figure 4.1 was implemented in an in-scale multi-

vehicle lab. In this section, we briefly describe the hardware and software setup and imple-

mentation details pertaining to the lab. The lab is equippedwith a over-head camera-based

positioning system, a control station, a human-driver interface, the roundabout system and

six scaled vehicles. Various software modules are developed for each of these components,

notably the software on-board the vehicle that implements various vehicle subroutines, the

control algorithms and communication subroutines, the software on the control station and

the software for the positioning system. These components are briefly described in this

section.

(a) The scaled vehicle. (b) The roundabout system.

Figure 4.5:Sub-figure (a) shows the scaled vehicle with its label, sub-figure (b) the human-driver
interface and the roundabout system,LO is the length of the outer path whileLI is the
length of the inner path.
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4.2.1 Scaled vehicle and human-driver interface

A car chassis (length 0.375 m, width 0.185 m and wheelbase 0.257 m) [2] is used as

the hardware platform for the scaled vehicle. The vehicle, as shown in Figure 4.5 (a), is

equipped with an on-board computer (Mini ITX) and a motion controller. The longitudinal

dynamics of this vehicle are dynamically similar to that of ahigh mobility multipurpose

wheeled vehicle (HMMWV). The in-scale vehicle acts as a hardware-in-the-loop setup

that implements the scaled engine, fluid coupling, transmission and gearshift logic of a

HMMWV. See Chapter 3 for more details on this implementation.

One of the scaled vehicles is configured to be an autonomous vehicle that can follow

a predefined path and control its throttle/brake input while another acts as a human-driven

vehicle that can be driven by a human-driver using a human-driver interface. The human-

driver interface comprises a steering wheel and two pedals for throttle and brake commands

(see Figure 4.5 (b)). The hardware used is a Logitech MOMO force feedback racing wheel

and pedal set2. The steering wheel has a range of−1000 to 1000. The hardware gives

an output in the range of−1000 to 1000 for both brake and throttle pedal, where−1000

corresponds to pedal not being pressed and 1000 correspondsto pedal being fully pressed.

These values are scaled to a range of 0 to 100, where 0 corresponds to pedal not being

pressed and 100 corresponds to the pedal being fully pressed. The hardware is connected to

the control station via a USB cable and the input command fromthe hardware is transmitted

to the vehicle controlled by the human via the wireless connection.

The high level control algorithms are programmed on the on-board computer. A data-

logging module is programed on the on board computer which can read vehicle speed from

the motioncontroller at a frequency of 10 samples/sec. The drivetrain components, includ-

ing engine, fluid coupling, transmission, gear shift logic and final drive are programmed on

the motioncontroller. The motioncontroller issues control signals to the steering servo and

controls the PWM signal to the DC motor. The programming on themotioncontroller is

2Seehttp : //www.logitech.com/index.c f m/gaming/wheels/devices/320&cl = us,enfor specifications
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performed in Tiny Embedded Application (TEA) [3] language which is a subset of the C

programming language.

4.2.2 Roundabout system

The roundabout system is designed to replicate a collision situation at a road inter-

section where two vehicles merge. Figure 4.5 (b) shows the roundabout system. There

are two circular paths that share a common section on a 6 m by 6 marena. The human-

driven vehicle follows the outer path while the autonomous vehicle follows the inner path.

Both of the vehicles travel in an anti-clockwise direction. Acollision is possible at the

intersection when both vehicles are in the area shaded red, in Figure 4.5 (b), at the same

time. This area corresponds to the set,B = {(p1, p2)|(p1, p2) ∈ [L1,U1] × [L2,U2]}, with

L1 = 7.863 m, L2 = 12.414 m,U1 = 8.763 m andU2 = 13.314 m. The length of the outer

path is 14.22 m and the inner path is 11.62 m. The human-drivercontrols the vehicle from

the human-driver interface and has the full view of the roundabout system at any time. Point

DP is referred to as the human-decision point, this is the pointwhere the human-driver has

to decide if he/she wants to break or accelerate in order to force both vehicles to enter the

bad set at the same time. We have assumed that pointDP is located 6 m before the pointL2

on the outer path.

The maximum allowable speed that can be achieved by a vehiclein the roundabout

system is 1100 mm/sec and the minimum speed is 350 mm/sec. A software module is

present on all the vehicles that maintains the speed at minimum or maximum if the speed

drops below the minimum or exceeds the maximum speed limit. When the two vehicles

are simultaneously present in the shared path (between points Pt1 andPt2), another soft-

ware module prevents rear end collision by appropriately accelerating or decelerating the

autonomous vehicle when the two vehicles are too close. The maintain speed and rear end

collision prevention modules are based on a simple PID control scheme.

The lab is equipped with an overhead camera based positioning system. The positioning
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system can simultaneously monitor 6 vehicles and provide the position coordinates with an

accuracy of 50 mm. The system consists of six cameras mountedon the ceiling in a way

to cover the whole of the lab area. Each vehicle is mounted with distinguishable label that

can be tracked (Figure 4.5 (a)). The labels are concentric white or black circles on a white

or black background. The cameras are connected via FireWireto three dedicated desktop

computers which implement the tracking software. Each computer receives input from two

cameras and runs image processing and tracking algorithms developed in the lab3. These

algorithms are implemented in C++. Each camera runs on its own PCI card. This allows

running two cameras per computer without any loss in frame rate. The tracking algorithms

are run independently on each computer rather than having a central computer do all the

processing. The lab is divided into three zones. Each zone corresponds to the area viewed

by two cameras attached to a particular computer. The computer tracks the vehicle labels

present in its zone at any time and transmits the positioninginformation to the vehicles

over the wireless network. Once a vehicle label is about to exit its current zone, a message

is sent to the computer corresponding to the next zone it is entering. This computer now

takes over the responsibility of tracking the vehicle label. Tracking is performed by doing

a pixel-by-pixel comparison of the image captured by the camera with the images of the

vehicle label references.

For initialization, the tracking software performs an exhaustive search of all region to

look for vehicle labels. Once it has initialized the position of vehicles, tracking of vehicle

position is performed by conducting a localized search around the vehicle. Computational

load is reduced by searching for middle strip of the label andnot the whole label. This also

reduces the effect of image distortion, that can occur if the label is not mounted correctly

on the vehicle. The vehicle position is converted to a globalcoordinate system and is

transmitted to the vehicles via the lab network.
3http://wiki.eecs.umich.edu/delvecchio/
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(a) Scaled vehicle with label

(b) Label with middle strip

Figure 4.6:The vehicle with a label.

4.2.3 Learning of human driving model

As mentioned in Section 4.1, we model the human-driven vehicle using a hybrid au-

tomaton whose discrete state models the intention of the human-driver. In this work, we

assume that the human either decides to brake or accelerate near the intersection, depend-

ing on the situation. A set of experiments are performed in which human subjects drive

a vehicle on the outer path in the roundabout system (Figure 4.5 (b)). The driving task is

designed to generate a model of the human behavior near the intersection of the inner and

outer path (collision point) when the human decides to either brake or accelerate. In these

experiments, since we intend to characterize the human driving model, the subjects drive
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the vehicle in the outer path and are directed to either brakeor accelerate at the human-

decision point in Figure 4.5 (b), while also avoiding a moving target on the inner path.

The data collected in these braking and acceleration trialsis then analyzed to estimate the

parametersβq andγq as described in Section 4.1.

The experiment is started by first allowing the subject to getaccustomed to driving the

vehicle using the human-driver interface. Once the subjectis confident, he/she is asked

to run one trial each of braking/acceleration, in which the vehicle is run on the outer path

and the subject decelerates/accelerates the vehicle once the decision point is crossed.In

the trials, the vehicle is started 2 m after the collision point (see Figure 4.5(b)) at a random

velocity. The steering is locked at a value such that the vehicle approximately follows

the outer path. At the decision point (4 m before the collision point) the driver is asked

randomly to either pass through the intersection before themoving target on the inner

path or let the moving target pass the intersection before the human-driven vehicle. The

former case is considered acceleration trial while the latter case is a braking trial. The

subject is allowed to take control of the vehicle 3 to 4 m before the collision point.We

used 5 different subjects to run 10 acceleration and 10 braking trials each. For each of

these trials, the position of the vehicle and time at which this measurement was taken are

recorded. The data is analyzed starting 3 m before the collision point. We denote the

position measurement at time stepk by p(k) and the time lapsed between two consecutive

steps isdT =0.1 sec. The acceleration/deceleration at time stepk is denoteda(k) and can

be calculated as

a(k) =
p(k) − 2p(k− 1)+ p(k− 2)

dT2
.

The average acceleration/deceleration is calculated for the trial as ¯a = 1
N−1

∑N
k=2 a(k). A

total of 99 trial runs are obtained from 5 subjects.

These trials are divided into the training set, comprising 79 trials with 40 braking and 39

acceleration trials, and the test set comprising of the remaining trials. The model depicting

the driver behavior is created by fitting two Gaussian distributions to the training data for
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braking and acceleration trials and then using the test datato verify the model. In order

to obtain the best model, more than 1000 randomly chosen training and testing sets are

considered. The average training and testing errors are.56% and.96% respectively. For

use as the final model, we chose a model with no training and testing error. The confusion

matrices and parameters associated with the model are shownin Tables 4.1, 4.2, and 4.3.

The associated Gaussian distribution is shown in Figure 4.7. From these results, we have

that the mean of the acceleration mode is 350.7 mm/sec2 and that of braking mode is -282.7

mm/sec2. We thus take the value of parameters in equation (4.2) asβB = -282.7 mm/sec2

andβA=350.5 mm/sec2. The values ofγB andγA are given byγA =139.6 mm/sec2 and

γB =106.6 mm/sec2. The value ofd̄ is set tod̄ = 3 and corresponds to three standard

deviations. This also results in an overlap of human input range in braking and acceleration

modes.

Confusion Matrix:
Training set

Brake Acceleration

Brake 40 0
Acceleration 0 39

Table 4.1: Training set confusion matrix.

Confusion Matrix: Test
set

Brake Acceleration

Brake 10 0
Acceleration 0 10

Table 4.2: Test set confusion matrix.

4.2.4 Trials experimental conditions

This section presents the experimental conditions. A totalof eight human subjects

participated in the study. This set of subjects is different from the set used to generate the

human driving model. This confirms that the human driving model can generalize and is

able to identify the intent of human subjects not present during training.
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Errors Training Test
Error (%) 0 0

Decision Boundary -2.18 mm/sec2

Mean (βB, βA) (-282.7,350.5) mm/sec2

Standard Deviation (γB, γA) (106.6,139.6) mm/sec2

Gaussian Fit Error 1.00 %
Samples 79 20

Table 4.3: The parameters of the final model.
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Figure 4.7: The Gaussian distribution for braking and acceleration trials. The mean of
braking mode isβB = -282.7 mm/sec2 and standard deviation isγB = 106.6
mm/sec2. The mean of acceleration mode isβA = 350.5 mm/sec2 and standard
deviation isγA = 139.6 mm/sec2.
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To start the experiment, the subjects are given an introduction about the setup. This is

followed by a practice session in which the subject drives the human controlled vehicle on

the outer path. Once the subject is comfortable with maneuvering the vehicle, we proceed

to the next step of the experiment. The autonomous vehicle isrun on the inner path at a

constant speed of 500 mm/sec. The maximum and minimum speeds that can be achieved

by both the human and the autonomous vehicle are 350 mm/sec and 1100 mm/sec, respec-

tively. The subjects are instructed to drive the human controlled vehicle on the outer path.

They are free to drive the human-driven vehicle at any speed between the pointsPt1 and

Pt2. Between pointPt2 andDP, the maintain speed module keeps the vehicle speed at 600

mm/sec. This is performed to ensure that the human-driven vehicle does not cross the de-

cision point with minimum or maximum speed. If the vehicle speed isvmin and the subject

decides to apply brake at the decision point, no discerniblechange in the vehicle speed will

be noticeable. This will result in the mode being identified as both braking and acceleration

resulting in the largest capture set. Since we are interested in scenarios where the mode can

be distinguished, the subjects are instructed to not apply any control between pointPt2 and

DP. A collision situation is one in which the current position of the vehicles is in the setB

(B = {(p1, p2)|(p1, p2) ∈ [L1,U1] × [L2,U2]}, as shown in Figure 4.5 (b)) at the same time.

Thus, we instruct the human subjects to either accelerate ordecelerate as soon as they cross

the decision point, indicatedDP on Figure 4.5 (b), in order to hit the autonomous vehicle

or to force the two vehicles in the bad set at the same time.

During the trial, data relevant to the internal state of the autonomous and the human-

driven vehicle are recorded at a frequency of 10 samples per second, on the computer

on-board each vehicle. The recorded signals include the position coordinates (x, y) of both

vehicles, the derived velocities of both vehicles, the derived acceleration of both vehi-

cles, the estimated discrete state of the human-driven vehicle, the control signals of the

autonomous vehicle and the data relevant to collision avoidance algorithm implementation.

After the conclusion of the trial , this data can be downloaded on to a computer via
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the wireless connection between the vehicle’s on-board computer and the computer where

data is being downloaded. This data can then be analyzed to check whether the controller

performed as desired during the experiment. We next define the mode estimator used for

estimating the set of current possible modes for the human driven vehicle.

4.2.5 Mode estimator

In the application scenario of Section 4.1, the human-driven vehicle is modeled as a

hybrid automaton with two modes: braking and acceleration.However, the system mode at

any time is not measured and so it is unknown. In the absence ofexact current system mode

information, an estimator is designed that provides a set ofmodes in which the current

mode must lie. One such estimator is proposed in Section 4.1.For implementation in the

current experimental setup, we use the discrete time form ofthis estimator. Since the driver

decides to switch the mode to brake or accelerate once the human-driven vehicle crosses

DP on the roundabout system, the mode estimator running on the autonomous vehicle uses

the continuous state measurements of human-driven vehicleafter it crossesDP.

The instancen = 0 corresponds to the time step when the human-driven vehiclecrosses

the decision point. The position measurement of the human-driven vehicle atkth time step

is p(k) anddT =0.1 sec is the time step. We take a time window ofN = 20 for the above

calculation. Considern > N. At the nth time step after the human-driven vehicle crosses

the human-decision point, the estimate is calculated by using the formula:

β̂(n) =
1

n− 1
Σn

k=2a(k)

where,a(k) = p(k)−2p(k−1)+p(k−2)
dT2 is the acceleration atkth time step. Then,n time step after

the human-driven vehicle crosses the decision point,y(n) is given by
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y(n) =







































yA if |β̂(n) − βB| > γBd̄

yB if |β̂(n) − βA| > γAd̄

ǫ otherwise

.

4.2.6 Control map implementation

We introduce the following discretization of systemH given in equations (4.3)-(4.4)

(employing forward Euler approximation) with step sizedT > 0, i ∈ {1,2}, and indexj

pi[ j + 1] = pi[ j] + F i
1(vi[ j], αi[ j])

vi[ j + 1] = F̄ i(vi[ j], αi[ j])

where, for the application example,F i
1 = dT vi[ j], F̄ i(vi[ j], αi[ j]) = vi[ j]+dT γ(vi[ j], αi[ j]),

γ(v, α) := α if v+αdT < vmax andv+αdT > vmin, γ(v, α) := vmax−v if v+αdT > vmax, and

γ(v, α) := vmin−v if v+αdT < vmin. With these definitions, one can check thatvi+dTγ(vi , αi)

is an order preserving function in bothvi andαi. We define the notation for a sequence of

constant inputsαi for i ∈ {1,2}

F̄ i,0(vi , αi) := vi

F̄ i,k+1(vi , αi) := F̄ i(F̄ i,k(vi , αi), αi),

with, k ∈ N. The value ofpi[k] starting from initial conditions (pi , vi) can be calculated as

pi[k] = pi +

k−1
∑

j=0

F i
1

(

F̄ i, j(vi , αi), αi

)

.
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SinceB = [L1,U1] × [L2,U2] and Bad = [L1,U1] × R × [L2,U2] × R, define fori ∈ {1,2}

the sequences

Lk
1(v1, α1) := L1 −

k−1
∑

j=0

F i
1

(

F̄ i, j(v1, α1), α1

)

Uk
1(v1, α1) := U1 −

k−1
∑

j=0

F i
1

(

F̄ i, j(v1, α1), α1

)

Lk
2(v2,max(α2)) := L2 −

k−1
∑

j=0

F i
1

(

F̄ i, j(v2,max(α2)),max(α2)
)

Uk
2(v2,min(α2)) := U2 −

k−1
∑

j=0

F i
1

(

F̄ i, j(v2,min(α2)),min(α2)
)

,

in which max(α2) = βq+γqd̄ and min(α2) = βq−γqd̄ whenq̂ = q, while max(α2) = βA+γAd̄

and min(α2) = βB − γBd̄ whenq̂ = {A, B}. Then, one can show that

Pre(q̂, Bad)u =
{

x ∈ X | ∃ k ≥ 0 s. t.Lk
1(v1, α1) < p1 < Uk

1(v1, α1) and

Lk
2(v2,max(α2)) < p2 < Uk

2(v2,min(α2))
}

.

Hence, given mode estimate ˆq, Pre(q̂, Bad)uL and Pre(ˆq, Bad)uH are computed for the given

pair of speeds (v1, v2) as a union of rectangles in the position plane. Checking whether

a point x = (p1, v1, p2, v2) is in Pre(q̂, Bad)uL ∩ Pre(q̂, Bad)uH is performed by compar-

ing (p1, p2) against the upper and lower boundsLk
1, Uk

1, Lk
2 andUk

2. Moreover, to check

whetherp1 ∈ [Lk
1,U

k
1], it is enough to compute such intervals only whileUk

1 > p1, since the

sequences{Lk
1}k≥0, {Uk

1}k≥0, {Lk
2}k≥0 and{Uk

2}k≥0 are strictly decreasing [51]. Thus, we only

need to make a finite number of computations.

To implement the feedback map ˆπ(q̂, x) of Section 4.1.1, we need to track when the

continuous flow hits the boundary of the relevant set Pre(.,.). In discrete time, we accom-

plish this by projecting the continuous state forward in time. Specifically, we consider the

continuous state to be on the boundary of Pre(.,.) when it is outside it while its projection
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forward in time is inside it. To make this procedure robust toboth communication and

actuator delays, we considernp = 10 forward projections in time instead of one only.

4.3 Experimental results

We now present experimental results for the semi-autonomous collision avoidance sys-

tem. A total of eight subjects took part in the experiments. The duration of each trial

depends on the time each vehicle can operate on a single battery charge. The vehicle

battery, when fully charged, yields an operating time of around 10 to 15 minutes. This

operation time is divided into the driver training time and the actual experimentation time.

Some subjects learn to drive the vehicle and follow the outerpath closely in a reasonable

time (less than 5 minutes), while others are unable to followthe path closely even after the

training for more than half of the total operation time. The variation in subjects results in

the variation of trial length. The shortest trial length that we obtained is 230 seconds while

the longest is 600 seconds.

The cumulative time for which the trials are conducted is 3479 seconds resulting in

a total of 97 instances of collision avoidance in which the human-driver tried to force a

collision and the autonomous vehicle applied control in order to avoid the collision. In

doing so, the autonomous vehicle entered the capture set in 3such instances and resulted

in a collision in 1 such instance resulting in an overall success rate of 96.9 %. The total

number of times that the mode is locked is 161 times. Out of 161times, the total number of

times the mode is locked atA (acceleration) is 102, atB (braking) is 45 times and at{A, B}

(acceleration or braking) is 10 times. These results are presented in table 4.4 and 4.5.

On our data set, the flow entered the capture set only 3% of the times. These failures are

due mainly to the fact that communication delays between thevehicle and the workstation

are not formally accounted for by the algorithm. These delays, when significant, cause the

calculated capture set to be different from the actual one and hence may cause to enforce

control too late. Other possible causes for such failure canbe violation of speed limits
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by the vehicle and the actuator delay. It is assumed that the speed of the vehicle remains

betweenvmin andvmax. However, the vehicle speed can violate these limits for a fewtime

steps causing a failure. The actuators do not repond instantaneously to the control signal

and may cause a failure.

More complex models of human decisions in the proximity of anintersection, such as

those studied in [92], and the incorporation of additional details such as weather condi-

tions and road geometry, offer the potential for reducing the conservatism of safe control

actions even further. Therefore, further work will explorethe refinement of these models

by incorporating additional domain-specific knowledge. The models here considered are

deterministic because most of the tools currently available to perform safety control have

assumed deterministic models, wherein uncertainty is bounded. However, human decision

models are more naturally captured by stochastic frameworks, in which uncertainty due to

variability in both subjects and realizations of the same decision is probabilistic (see [71]

for a review on the topic). As results in stochastic safety verification and design become

available [5, 7], it will be important to extend the proposedtechniques of this paper to

safety control of stochastic hybrid automata, in which the mode estimate is constructed

probabilistically as opposed to being constructed deterministically.

Figures 4.8, 4.9 and 4.10 show collision avoidance instances when the human-driven

vehicle mode is identified asA, B and{A, B}, respectively.
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Subject
number

Total
time
(sec)

Number
of mode
detections

ModeA Mode
B

Mode
{A, B}

1 374.8 16 9 6 1
2 265 13 8 5 0
3 258 9 5 3 1
4 670 28 18 6 2
5 560 29 17 7 3
6 230 13 11 2 0
7 522 27 16 10 0
8 600 26 18 6 2

Table 4.4: Mode detection for various subjects. The first column shows the subject num-
ber, the second column presents the total time the trial lasted, the third column
presents the number of mode detections that occurred duringthe given trial, the
fourth column shows the number of times the mode is locked at acceleration{A},
the fifth column shows the number of times the mode is locked atbraking{B},
and the sixth column shows the number of times mode could not be locked and
remained at{A, B}.

Subject
number

Number
of CA
in-
stances

Times
enteredĈ

Times
entered
Bad

1 14 1 0
2 8 1 0
3 5 1 1
4 19 0 0
5 6 0 0
6 7 0 0
7 16 0 0
8 22 0 0

Table 4.5: Collision avoidance instances for various subjects. ”CA” stands for collision
avoidance and̂C is the capture set. The first column is the subject number, the
second column shows the number of collision avoidance instances generated by
the subject. The third column shows the times the flow enters the capture set
while the control is on. The last column shows the number of times the flow
entered the bad set,Bad.
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(a) Unknown mode, i.e., ˆq = {A, B}, time= 81.9 seconds.

(b) Lab snapshot corresponding to (a).
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(c) Mode identified as acceleration, i.e., ˆq = {A}, time= 91.3 seconds.

(d) Lab snapshot corresponding to (c).
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(e) Autonomous vehicle applies control, time= 91.9 seconds.

(f) Lab snapshot corresponding to (e).
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(g) Collision averted, time= 94.8 seconds.

(h) Lab snapshot corresponding to (g).
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(i) Throttle input of human and autonomous vehicle.

(j) Human and autonomous vehicle speed.

Figure 4.8:Sub-figures (a), (c), (e) and (g) show the displacement of autonomous and human-
driven vehicles along their paths on the x-axis and y-axis respectively (sub-figures (b),
(d), (f) and (h) show the corresponding snapshots from the experiment). The slice of the
current mode-dependent capture set, corresponding to the currentvelocity of the two
vehicles, is shown as the area shaded in red. In the case when the hiddenmode is not
known, both braking and acceleration are taken as possible modes resultingin a larger
capture set (sub-figure (a)). With more data, the estimator is able to identify that the
human-driven vehicle is in braking mode and thus the capture set shrinks (sub-figure
(c)). The control input is applied in sub-figure (e) since the predicted state (denoted
by red circles) enters the capture set. The applied control keeps the two vehicles from
entering the bad set at the same time and thus prevents collision, as shown in sub-figure
(g). Sub-figures (i) and (j) show the control input and velocity for the two vehicles,
respectively.
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(a) Unknown mode, i.e., ˆq = {A, B}, time= 237.8 seconds.

(b) Lab snapshot corresponding to (a).
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(c) Mode identified as braking, i.e., ˆq = {B}, time= 241.1 seconds.

(d) Lab snapshot corresponding to (c).
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(e) Autonomous vehicle applies control, time= 242.4 seconds.

(f) Lab snapshot corresponding to (e).
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(g) Collision situation averted, time= 254.6 seconds.

(h) Lab snapshot corresponding to (g).
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(i) Throttle input of human and autonomous vehicle.

(j) Human and autonomous vehicle speed.

Figure 4.9:Both braking and acceleration are initially taken as possible modes resulting in a larger
capture set (sub-figure (a)). With more data, the estimator is able to identify that the
human-driven vehicle is in acceleration mode and thus the capture set shrinks (sub-
figure (c)). The control input is applied in sub-figure (e) since the predicted state (de-
noted by red circles) enters the capture set. The applied control keeps the two vehicles
from entering the bad set at the same time and thus prevents collision, as shown in
sub-figure (g). Sub-figures (i) and (j) shows the velocity and controlinput for the two
vehicles.
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(a) Unknown mode, i.e., ˆq = {A, B}, time= 141.4 seconds.

(b) Lab snapshot corresponding to (a).
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(c) Autonomous vehicle applies control with mode still unknown, i.e.,
q̂ = {A, B}, time= 145.1 seconds.

(d) Lab snapshot corresponding to (c).

119



(e) Collision averted, time= 157.1 seconds.

(f) Lab snapshot corresponding to (e).
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(g) Throttle input of human and autonomous vehicle.

(h) Human and autonomous vehicle speed.

Figure 4.10:Both braking and acceleration are initially taken as possible modes resulting in a
larger capture set (sub-figure (a)). However, in this case even with more data, the
estimator is unable to identify the mode and the capture set does not shrink (sub-
figure (c)). The control input is applied in sub-figure (c) since the predicted state
(denoted by red circles) enters the capture set. The applied control keeps the two
vehicles from entering the bad set at the same time and thus prevents collision,as
shown in sub-figure (e). Sub-figures (g) and (h) shows the velocity and control input
for the two vehicles.
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CHAPTER V

Conclusions and future work

This thesis focuses on the safety control problem for hybridsystems in which the mode

is not available for control (HMHS). There are three main parts of this thesis. In the first

part (Chapter 2), we addressed the above problem by adopting an approach inspired by

the theory of games with imperfect information. Specifically, we introduced the notion of

non-deterministic discrete information state and formulated the control problem on its basis

(Problem 1). We defined the notion of an estimator and we formulated a control problem

with perfect state information on a new hybrid automatonĤ (Problem 2). We provided an

algorithm for the computation of the capture set forĤ and for the least restrictive control

map. We provided conditions for the termination of the iterative algorithm that computes

the capture set. We also showed how to construct an abstraction of Ĥ for which the al-

gorithm always terminates and has as fixed point the capture set of Ĥ. We showed that

Problem 2 is equivalent to Problem 1 under suitable assumptions and provided classes of

systems for which these assumptions are satisfied. Accordingly, an application example in

the context of cooperative active safety systems has been presented. Future research will

include removing Assumptions 1 and 2 by employing a dynamic feedback design that does

not impose separation between estimation and control.

The second part (Chapter 3) focuses on the development of an in-scaled vehicle which

is dynamically similar to a HMMWV. We introduced the models ofvarious subsystems of
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the full scale vehicle and carried out the scaled vehicle design. Implementation on a scaled

RC car is performed. Finally, we conducted experiments that demonstrate the dynamic

similitude of the scaled vehicle to full scale vehicle.

In the third part (Chapter 4) of this thesis, we illustrated the application of the formal hy-

brid control approach, developed in the first part of this thesis, to design semi-autonomous

multi-vehicle systems that are guaranteed to be safe. Specifically, we illustrated our results

on a roundabout vehicle test-bed involving an autonomous and a human-driven in-scale

vehicle. The autonomous vehicle estimates the driving modeof the human-driven vehi-

cle and selects estimate-dependent collision avoidance maneuvers to ensure safety. Our

experimental results illustrate that in a structured task,such as driving, simple human de-

cision models can be effectively learned and employed in a feedback control system that

enforces a safety specification. They also highlight how theincorporation of these models

in a safety control system makes the control actions required for safety less conservative.

In fact, by virtue of the mode estimate, the current (mode dependent) capture set to avoid to

guarantee safety is considerably smaller than the capture set to be avoided when the mode

estimate is not available. This is essential for the practical applicability of cooperative ac-

tive safety systems. On our data set, the flow entered the capture set only 3% of the times.

These failures are due mainly to the fact that communicationdelays between the vehicle

and the workstation are not formally accounted for by the algorithm. These delays, when

significant, cause the calculated capture set to be different from the actual one and hence

may cause to enforce control too late. These delays, in future work, should be formally

accounted for in the models and in the safety control algorithm.

We assumed that the decision pointDP is a fixed distance away from the intersection.

However, the pointDP may be selected based on studying human-driver acceleration and

braking behavior near the intersection. This will be studied in the future work.

More complex models of human decisions in the proximity of anintersection, such as

those studied in [92], and the incorporation of additional details such as weather condi-
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tions and road geometry, offer the potential for reducing the conservatism of safe control

actions even further. Therefore, further work will explorethe refinement of these models

by incorporating additional domain-specific knowledge. The models here considered are

deterministic because most of the tools currently available to perform safety control have

assumed deterministic models, wherein uncertainty is bounded. However, human decision

models are more naturally captured by stochastic frameworks, in which uncertainty due to

variability in both subjects and realizations of the same decision is probabilistic (see [71]

for a review on the topic). As results in stochastic safety verification and design become

available [5, 7], it will be important to extend the proposedtechniques of this paper to

safety control of stochastic hybrid automata, in which the mode estimate is constructed

probabilistically as opposed to being constructed deterministically.

Finally, in any real-life implementation of cooperative active safety systems, the algo-

rithms implemented by the autonomous vehicle should be capable of interacting with a

human driver. That is, they should first warn the driver and suggest actions, and take con-

trol of the vehicle only when the driver is incapable of preventing a collision. Hence, future

work will consider the incorporation of human response timeto warnings in the algorithms

and the problem of establishing when it is absolutely necessary to override a human driver

for maintaining safety.
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APPENDIX A

Buckingham π theorem and an example

A.1 Buckingham π Theorem

Theorem A.1 (F. M. White Fluid Mechanics Sections 5.3). (Buckinghamπ theorem)If a

physical process satisfies the principle of dimensional homogeneity and involves n dimen-

sional variables, it can be reduced to a relation between onlyk dimensionless variables

or π’s. The reduction j= n − k equals the maximum number of variables which do not

form aπ among themselves and is always less than or equal to the numberof dimensions

describing the variables.

Letq1,q2, ...qn bendimensional variables that are physically relevant in a given problem

and that are inter-related by an (unknown or known) dimensionally homogeneous set of

equations. These can be expressed via a functional relationship of the form:

F(q1,q2, ...qn) = 0

If k is the number of fundamental quantities required to describe then variables, then there

will be k primary variables and the remainingj = (n−k) variables can be expressed as (n−
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k) dimensionless and independent quantities or ‘Pi groups’,π1, π2, ...πn−k. The functional

relationship can thus be reduced to the much more compact form:

Φ(π1, π2, ...πn−k) = 0

Note that this set of non-dimensional parameters is not unique. They are however in-

dependent [93]. Here, independence means that oneπ group can be varied while keeping

other groups constant. The fundamental quantities of a system consist of the minimum

number of unit dimensions needed to describe each parameter. For example, the units of

measure for acceleration are length unit/(time unit)2. The fundamental quantities most of-

ten used are Mass, Length, Time, Temperature, Current, Amount of substance, Luminous

intensity. Two differently-sized physical systems, with different dimensional parameters,

can be reduced to the same dimensionless description if the correspondingπ parameters

have the same numerical values. An example with applicationof π theorem is given in the

next section.

A.1.1 An Example: The Simple Pendulum

Consider a simple pendulum, which is a massmon the end of a massless rod of lengthl.

We wish to investigate what quantities may affect the periodτ of this pendulum. In addition

to the mass and length of the pendulum, the acceleration due to gravityg, the initial angle

θ0 and the tension in the rodT may have an effect on the period. We ignore elasticity in the

rod for this simple example. Thus we have,

τ = F(m, l,g, θ0).

The next step is to identify for each quantity its dimensionsin terms of the fundamental

dimensions appropriate for the problem. Each quantityZ will have its dimensions, [Z],
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written as a product of powers of the fundamental dimensions, L1, L2, ..., Lk:

[Z] = L1
θ1L2

θ2...Lk
θk.

In the case of the simple pendulum, the fundamental dimensions are lengthL1 = L, mass

L2 = M, and timeL3 = T. In terms of these fundamental dimensions, each quantity has the

following dimensions:

[τ] = [M0L0T1], [m] = [M1L0T0], [l] = [M0L1T0]

[g] = [M0L1T−2], [θ0] = [M0L0T0].

The number of fundamental quantities is 3,n = 5 andm= 3. Thus we have 3 fundamental

quantities and 2 dimensionless, independentπ groups. The angleθ0 is a dimensionless

quantity and its dimension can be denoted by 1. The firstπ group isπ1 = θ0. π groups

are not unique. Differentπ groups can result based on the selection of repeating variables.

Repeating variables appear in more than oneπ group. Let us considerm, l,gas the repeating

variables.

[τ][ma][ lb][gc] = [MLT]0.

This means that

[T]1[M]a[L]b([L][T]−2)
c
= [MLT]0.

The dimensions ofT, L andM should match on both sides of this relationship. Equating

exponents on both sides leads to the following set of linear equations in the three unknowns

a, b, andc:

a = 0

b+ c = 0
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2c = 1.

Solving the above linear equations, we obtaina = 0, b = −1/2, andc = 1/2 Thus, the

secondπ group is given by,π2 = τ

√

g
l . The functional relationship of this system can be

reduced to the form:

Φ(π1, π2) = 0.

130



BIBLIOGRAPHY

131



BIBLIOGRAPHY

[1] U.S. DOT Joint Program Office ITS. http://www.its.dot.gov.

[2] webpage : http://www.tamiyausa.com/.

[3] webpage : www.acroname.com/brainstem/tea/tea1.html.

[4] webpage : www.acroname.com/robotics/parts/s10-moto-brd.html.

[5] A. Abate, J.-P. Katoen, J. Lygeros, and M. Prandini. Approximate model checking of
stochastic hybrid systems.European Journal of Control, 16:624641, December 2010.

[6] T. Akita, S. Inagaki, T. Suzuki, S. Hayakawa, and N. Tsuchida. Hybrid system model-
ing of human driver in the vehicle following task. InSICE, 2007 Annual Conference,
pages 1122 –1127, 2007.

[7] Saurabh Amin, Ro Abate, Maria Pr, John Lygeros, and Shankar Sastry. Reachability
analysis for controlled discrete time stochastic hybrid systems. Inin Hybrid Systems:
Computation and Control - HSCC 2006, pages 49–63. Springer Verlag, 2006.

[8] D. Angeli and E.D. Sontag. Interconnections of monotonesystems with steady-state
characteristics.Optimal control, stabilization and nonsmooth analysis. Lecture Notes
in Control and Inform. Sci. Springer, 301:135–154, 2004.

[9] D. Angeli and E.D. Sontag. Oscillations in I/O monotone systems.IEEE Transactions
on Circuits and Systems, 55:166–176, 2008.

[10] J. Aubin.Viability Theory. Birkhäuser, 1991.
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