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MASS PREDICTIONS, PARTIAL DIFFERENCE EQUATIONS 
AND HIGHER-ORDER ISOSPIN EFFECTS 

P. J. Masson and J. Janecke 
The University of Michigan, Ann Arbor, Michigan 48109, USA 

ABSTRACT 

The Garvey-Kelson mass relation has been extended by introducing 
inhomogeneous source terms to improve problems with long-range extra- 
polations. Such mass relations are third-order partial difference 
equations with solutions representing mass equations. It was found 
that inhomogeneous source terms based on shell-dependent Coulomb and 
symmetry energy terms are not suf f ic ient  to improve upon extrapola- 
t ions. However, contributions from higher-order perturbations in 
isospin (mostly cubic) have a signi f icant effect. A many-parameter 
mass equation was constructed as the solution of an inhomogeneous 
difference equation with properly adjusted shell-dependent source 
terms. The standard deviation for reproducing the experimental mass 
values is ~m = 194 keV. Nuclear contributions were subjected to the 
constraint of charge symmetry, and Coulomb displacement energies are 
reproduced with % = 41 keV. Mass predictions for over 4000 nuclei 
with A > 16 and both N ~ Z and N < Z (except N = Z = odd for A < 40) 
are reported. 

Mass relations are recursion relations which can be used to 
predict unknown masses. When viewed as part ial difference equations 
they can also be used to construct mass equations. The Garvey-Kelson 
relat ion I has been very successful to predict masses and binding 
energies of nuclei close to the known nuclei. However, long-range 
extrapolations display systematic effects. Figs. 1 and 2 show syste- 
matic deviations when a band of nuclei along the l ine of B-stabi l i ty  
is used as data base to predict the masses of the known nuclei out- 
side this band. Fig. 1 displays the average deviations for bands of 
di f ferent widths. Cubic contributions in isospin are suggested. 
Fig. 2 displays the individual residuals for one specific example. 
Coulomb and symmetry energy contributions to nuclear binding energies 
energies are known to generate inhomogeneous source terms.2, 3 Detai- 
led shell-model expressions were therefore derived and included in 
the mass equation. Fig. 3 shows again the comparison between the ex- 
perimental and predicted mass values outside the data base along the 
l ine of B-s tab i l i ty .  Only minor improvements are observed. I t  was 
therefore concluded that shell-dependent terms in isospin of the type 
f(A)(T - Tstab) 3 must be included in the description of the symmetry 
energy. Such terms arise from higher-order perturbations in isospin 
due to subshell mixing, core excitations or departures from simple 
coupling schemes and also indi rect ly  from deformation effect. Fig. 4 
shows a graphical representation of these higher-order shel l-  
dependent contributions which were constructed from the data taking 
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into consideration the combined effects of the homogeneous and inho- 
mogeneous parts of the partial difference equation. Fig. 5 shows 
greatly improved extrapolations when these higher-order terms are 
included. The solutions were subjected to the constraint of charge 
symmetry of nuclear forces. They are therefore valid for nuclei with 
both N > Z and Z > N, and the accuracy of the Coulomb energies 
(Oc = 41 keV for the Coulomb displacement energies 4) is preserved. 
The final many-parameter mass equation (see Ref. 5 for details) was 
derived using all available data as input. The standard deviation 
for reproducing the data is ~m : 194 keV, and mass predictions for 
over 4000 nuclei with A > 16 were made. 
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Fig. 2, Differences between experimental and calculated (extra- 
polated) masses for the transverse Garvey-Kelson re la t ion.  Only the 
empty band of nuclei along the l ine of B -s tab i l i t y  is used as data 
base in the f i t t i n g  procedure, (See also Figs. 3 and 5.) 

Fig. 3. Differences between experimental and calculated (extra- 
polated) masses, Shell-dependent Coulomb and symmetry energy terms 
(quadrat ic in isospin) are included as inhomogeneous source terms. 
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Fig. 4. Shell-dependent symmetry-energy eontributions of higher 
order in isospin (T > 2). 

Fig. 5. Differences between experimental and calculated (extra- 
polated) masses. The inhomogeneous source terms include those used 
in Fig. 3 and the higher-order terms of Fig. 4. 




