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The steady propagation of a surfactant-laden liquid plug
in a two-dimensional channel
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In this study, we investigate the steady propagation of a liquid plug in a two-dimensional channel
lined by a uniform, thin liquid film. The liquid contains soluble surfactant that can exist both in the
bulk fluid and on the air-liquid interface. The Navier-Stokes equations with free-surface boundary
conditions and the surfactant transport equations are solved using a finite volume numerical scheme.
The adsorption/desorption process of the surfactant is modeled based on pulmonary surfactant
properties. As the plug propagates, the front meniscus sweeps preexisting interfacial surfactant from
the precursor film, and the surfactant accumulates on the front meniscus interface. As the front
meniscus converges on the precursor film from the region where the interfacial surfactant
concentration is maximized, the Marangoni stress opposes the flow. In this region, the Marangoni
stress results in nearly zero surface velocity, which causes the precursor film thickness near the
meniscus to be thicker than the leading film thickness. Since the peaks of wall pressure and wall
shear stress occur due to narrowing of the film thickness, the observed increase of the minimum film
thickness weakens these stresses. In the thicker film region, however, the drag forces increase due
to an increase in the surfactant concentration. This causes the overall pressure drop across the plug
to increase as a result of the increasing surfactant concentration. A recirculation flow forms inside
the plug core and is skewed toward the rear meniscus as the Reynolds number increases. When no
surfactant exists, the recirculation flow is in contact with both the front and the rear interfaces. As
the surfactant concentration increases, the Marangoni stress begins to rigidify the front interface and
forces the recirculation flow away from the front interface. Subsequently, the recirculation flow is
directed away from the rear interface in a manner similar to that for the front interface. When the
plug length is shorter, this change in recirculation pattern occurs at a smaller surfactant
concentration. © 2005 American Institute of Physics. �DOI: 10.1063/1.1948907�
I. INTRODUCTION

Pulmonary surfactant plays a vital role in reducing the
surface tension of the liquid lining alveoli and airways. The
surfactant is necessary to reduce the work required to expand
the lungs with each breath. Prematurely born neonates can
develop respiratory distress syndrome �RDS� because their
lungs are not sufficiently mature to produce adequate quan-
tities of the surfactant. RDS is characterized by low lung
compliance, areas of atelectasis, airway closure, poor arterial
oxygenation, and fluid-filled alveoli.1 A thin liquid layer
coating the inside of airways can be unstable and forms a
meniscus or plug due to a capillary instability.2–4 When lung-
surfactant availability is reduced, this tendency can be
increased.5 This will occur particularly near the end of expi-
ration in distal airways, causing the airways to be closed due
to the plug formation. The lung volume at which this airway
closure begins is called the closing volume of the lung,
which can be measured through pulmonary function tests.
Once formed, the liquid plug will then be convected by the
inhaled air, and it can eventually rupture under certain con-
ditions or persist under others. During this airway-reopening
process, pulmonary epithelial cells may be damaged by me-
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chanical stresses associated with the fluid motion6 and the
plug rupture.

Surfactant replacement therapy �SRT� is now a standard
treatment for premature neonates suffering from RDS and
has a dramatic impact on infant survival rate.7–10 The most
common protocol for instilling surfactant is injecting four
quarters dose aliquots into the trachea, although variations of
this procedure have been used clinically.11 Liquid is also in-
stilled into the pulmonary airways in partial liquid ventila-
tion �PLV� �Refs. 12–18 and drug delivery.19–28 In these
medical treatments, the formation of a liquid plug in the
trachea before inspiration is important in creating a uniform
liquid distribution throughout the lung.29 As the plug propa-
gates during inspiration, it deposits a trailing liquid film on
the airway wall and may eventually rupture. The trailing film
thickness is an important factor for the liquid delivery. The
film thickness increases with the plug propagation speed.

Most theoretical studies on plug propagation in liquid-
lined channels and tubes, with or without surfactant, have
been carried out in the Stokes flow regime, neglecting the
effects of fluid inertia, that is, in the limit of zero Reynolds
number. Waters and Grotberg30 asymptotically investigated
the effects of soluble surfactant on liquid plug propagation.
They assumed that the bulk surfactant concentration and the

fluid pressure in the plug core were constant. They showed
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that the driving pressure difference �P for a given capillary
number, Ca=�*U* /�*, increases with increasing surface
elasticity, but decreases with precursor film thickness. Here,
�* is the fluid viscosity, �* is the surface tension, and U* is
the fluid speed. The trailing film thickness increases with
�P, but at a slower rate when the surface elasticity is larger.
Howell et al.31 analyzed surfactant-free liquid plug propaga-
tion in a prewetted flexible tube in the asymptotic limit Ca
→0. They identified a critically imposed pressure drop
above, which the liquid plug will eventually rupture. Fujioka
and Grotberg32 numerically investigated the effect of the
plug length and the fluid inertia on a liquid plug with a
surfactant-free interface. The results showed that the trailing
film thickness decreases as the plug length decreases below
the channel width, and for sufficiently short plugs, there is a
significant interaction between the leading and the trailing
menisci and their local flow effects.

When the plug length is long enough, the interaction
between both menisci can be negligible,32 therefore, analysis
for the plug propagation can be reduced to a long bubble
propagation. Ginley and Radke33 assumed that the surfactant
concentration in the bulk fluid was uniform and that the
adsorption/desorption process was the controlling mecha-
nism for the surfactant transport. Their results indicate that,
under these conditions, the surface concentration of surfac-
tant increases in the thin-film region compared to the bubble
front so that the film thickness decreases compared with the
surfactant-free case. Ratulowski and Chang34 carried out a
more comprehensive asymptotic analysis for different con-
vective, diffusive, and kinetic timescales at low bubble
speeds. They showed that if the transport in the film is mass
transfer limited so that a bulk surfactant concentration gradi-
ent exists in the film, the film thickness increases by a maxi-
mum factor of 42/3. There are some numerical studies fo-
cused on the effect of surfactant on a semi-infinite
bubble.35–37 Ghadiali and Gaver36 numerically investigated
the effect of a soluble surfactant on the fluid dynamics of a
semi-infinite bubble propagating in a capillary tube filled
with a viscous liquid. They found that the surfactant proper-
ties could strongly influence the interfacial pressure drop
through modification of the surface tension and the creation
of the Marangoni stress. They showed when the bulk Péclet
number is large or sorption rates are low, bulk surfactant
concentration profiles can substantially differ from near-
equilibrium approximations and can result in film thinning.

Bilek et al.6 investigated surface-tension-induced lung
epithelial cell damage in a model of airway reopening, con-
sisting of a semi-infinite bubble propagating in a narrow
fluid-filled channel lined with pulmonary epithelial cells.
They showed that cell damage increased with decreasing re-
opening velocity, and that the presence of pulmonary surfac-
tant prevented this injury. Using a computational model, they
demonstrated that the cells lining the channel walls could
experience different types of mechanical stress as the finger
of air propagated over these cells: shear stress, pressure,
shear stress gradient, and pressure gradient. They concluded
that the steep pressure gradient near the finger front was the
most likely cause of the observed cellular damage. Our pre-
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vious study of a finite-length liquid plug is comparable to
that of Bilek et al.6 in the limit of long plug length and zero
Reynolds number by focusing on the rear interface. How-
ever, we also showed that these mechanical stresses have a
sharp peak where the precursor liquid film thickness is the
smallest, which is in the capillary wave located at the front
interface. Particularly, with a finite Reynolds number, these
stresses and their variations are significantly larger than those
at the rear, and consequently larger than those examined by
Bilek et al.6 In addition, the single finger of air has a trailing
film, which increases in thickness as Ca increases for zero
Reynolds number, so shear stresses decrease with increasing
Ca. For the plug at finite Reynolds number, both the front
and the rear shear stresses and pressure amplitudes increase
as the velocity increases, so there are qualitative and quanti-
tative differences between the two models. These facts sug-
gest that there is a higher risk of pulmonary epithelial cell
damage in the front of the liquid plug than in the rear.

The capillary wave is developed due to a force balance
between the surface tension and the fluid forces. When sur-
factant exists on the interface, it affects the surface tension
and creates a gradient in the surface tension that induces the
Marangoni stress. The Marangoni stress affects local flow
and changes stresses acting on the wall. In this paper, we
numerically investigate the propagation of a liquid plug,
which is laden with soluble surfactant, varying plug propa-
gation speed, plug length, and the concentration of surfac-
tant. The present study simulates the surfactant transport
phenomena with the regime for pulmonary surfactant, which
is characterized by surfactant adsorption rate onto the inter-
face that is faster than desorption rate into the bulk, and
convective transport that is much faster than the adsorption
and the desorption processes.

II. METHOD

A. Model description

In this paper, we investigate the steady propagation of a
liquid plug of length LP

* inside a two-dimensional channel of
width 2H* as shown in Fig. 1. A pressure difference between
the front and the rear air fingers, �P*= P1

*− P2
*, drives the

liquid plug consisting of an incompressible, Newtonian fluid
*

FIG. 1. A sketch of the liquid plug model. A pressure difference between the
front and the rear air fingers, �P*= P1

*− P2
*, drives the liquid plug of the

length LP with constant speed U* in a two-dimensional channel of half-
width H* lined by a precursor film of thickness h2

*. For steady state, h2
* is

equal to the trailing film thickness at the rear end boundary h1
*. The liquid

contains surfactant molecules, which can exist either in the bulk solution
with concentration C* or adsorbed onto the interface with concentration �*.
The surface tension �* is a function of �*.
with a constant speed U . The gas-phase viscosity is assumed
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negligible so that only fluid dynamics of the liquid phase is
considered. The liquid contains surfactant molecules, which
can exist either in the bulk solution with concentration C* or
adsorbed onto the interface with concentration �*. At the
precursor film far ahead of the plug, the bulk surfactant con-
centration is prescribed to be C0

*. The interfacial surfactant
concentration there is in equilibrium with C0

*. In this compu-
tational analysis, the plug propagation speed U* is specified,
so that �P* is one of the unknown quantities. The plug is
assumed symmetrical about the channel centerline, and only
the lower half of the domain is considered. Under steady-
state conditions, the precursor film thickness h2

* has to be
equal to the trailing film thickness h1

*. In a moving frame
with a constant velocity U*, the flow inside the liquid plug is
described by the nondimensional Navier-Stokes equations
and the continuity equation,

Re�u · � �u = − � p + �2u , �1�

� · u = 0, �2�

and the surfactant mass balance in the bulk,

Pe � · �uC� = �2C , �3�

where u is the fluid velocity scaled on U*, u=u* /U*, p is the
fluid pressure scaled on the viscous pressure scale, p
= p* / ��*U* /H*�, C is the bulk surfactant concentration
scaled with Ccmc

* , which is the critical micelle bulk surfactant
concentration; the bulk surfactant concentration cannot ex-
ceed this value without forming micelles, �x ,y� are the Car-
tesian coordinates scaled on H*, and �= �� /�x ,� /�y�. The
Reynolds number, which represents the ratio of inertia to
viscous forces, is defined as Re=�*U*H* /�*, where �* is the
liquid density. The bulk Péclet number, which represents the
ratio of convection to diffusion, is defined as Pe=U*H* /D*,
where D* is the diffusion coefficient of the surfactant in the
liquid phase. A frame of reference is chosen so that y= ±1
denote the channel walls, y=0 represents the centerline of
the channel, and x=0 denotes the middle section of the plug.
The no-slip condition and no penetration of the surfactant on
the channel walls require

u = �− 1,0�,
�C

�y
= 0 at y = − 1. �4�

Symmetry conditions are applied at the channel center,
y=0. The boundary conditions at the end boundary in the
precursor film are the following: the pressure is uniform in y
and equal to the front gas pressure, P2=0; the fully devel-
oped condition is applied for the velocity; and the bulk sur-
factant concentration is prescribed as C=C0. At the end
boundary in the trailing film the pressure is uniform in y and
equal to the rear gas pressure P1, which is a part of the
solution, and the fully developed condition is applied for the
velocity, �C /�x=0, for the bulk surfactant concentration.

At each air-liquid interface, we apply a kinematic bound-

ary condition
u · n = 0, �5�

where n is the unit vector normal to the interface. A balance
of normal forces which accounts for the jump in stress due to
surface tension is

− pn + ��u + � uT� · n = Ca−1���n + �s�� − Pan , �6�

where Pa represents the air pressure �a=1 or 2�, �=�*H* is
the dimensionless interface curvature, �s= �I−nn� ·�, �
=�* /�M

* is the dimensionless surface tension, �M
* is surface

tension when there is no surfactant exists in the interface.
Ca=�*U* /�M

* is the capillary number that relates viscous
force to surface tension. The transport equation for the inter-
facial surfactant is

Pes�s · �us�� − �s
2� = jn, �7�

where us is tangential component of the fluid velocity on the
surface, Pes=U*H* /Ds

* is the surface Péclet number, Ds
* is

the diffusion coefficient of the surfactant in the air-liquid
interface, and �=�* /��

* , where ��
* is the maximum equilib-

rium concentration; the interfacial surfactant concentration
cannot exceed this value without dynamic compression of
the interface.38 jn is the surfactant flux from the bulk to the
interface. The boundary condition at both meniscus tips is
�� /�s=0 because of symmetry. � is uniform for s far away
from the plug, so that �� /�s=0 is applied at both ends of the
film. The boundary condition for the bulk surfactant concen-
tration along the interface is that the diffusion of the bulk
surfactant balances with the surfactant flux from the bulk to
the interface, jn, so that

−
1

�

Pes

Pe
�n · � �C = jn, �8�

where �=��
* /Ccmc

* H* is the dimensionless adsorption depth
which is a parameter of the critical micelle bulk surfactant
concentration.

In a static system, as the bulk concentration increases,
the interface becomes saturated with surfactant and �* attains
��

* . In a dynamic system, �* can exceed ��
* in the region

where the surfactant accumulates due to the surface flow.
The surface surfactant monolayer will buckle or collapse
when �* exceeds the maximum dynamic surface concentra-
tion �max

* .38,39 The interfacial surfactant directly modifies the
surface tension which decreases as �* increases. The surface
tension �* is almost a linear function of �* in an equilibrium
state for �*	��

* . For ��
* 
�*	�max

* , the �*-�* curve be-
haves nonlinearly, and �* decays to a constant value when �*

reaches �max
* because the surface tension is determined by

only the surfactant layer in contact with the air phase.38,39 In
this study, the relation between the surface tension and the
interfacial surfactant concentration is approximated as the

flowing equation:
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� = �1 − E� �� 	 1� ,

�1 − E�exp� E

1 − E
�1 − ��� �� � 1� , � �9�

where E=−	���
* /�M

* ����* /��*�	�*	�
�
* is the elasticity num-

ber, which represents the ability of the surfactant to modify
the surface tension.

The surfactant flux from the bulk into the interface in-
volves an adsorption and a desorption process from the sub-
surface to the interface in the bulk. In this study, we em-
ployed Langmuir-Hinshelwood kinetics36,40 to determine the
form of jn when the interfacial surfactant concentration is
smaller than the maximum equilibrium concentration ��

* ; but
when the surfactant concentration exceeds the maximum
equilibrium concentration, the adsorption is switched off:

jn = 
KaCs�1 − �� − Kd� �� 	 1� ,

− Kd� �� � 1� ,
� �10�

where Ka=ka
*Ccmc

* H*2 /Ds
* represents the ratio of adsorption

to surface diffusion rate and Kd=kd
*H*2 /Ds

* is the ratio of
desorption to surface diffusion rate, ka

* and kd
* are adsorption

and desorption rates, respectively, and Cs is the dimension-
less bulk surfactant concentration in the subsurface.

B. Numerical methods

The calculation starts from an assumed velocity profile
and interface shape. The grid inside the domain is generated
and then the coordinate transform-matrices are calculated.
The governing equation �1� and �2� and for the flow and the
interface shape, subject to the boundary conditions described
above, are solved numerically using the SIMPLER
algorithm41 with the boundary fitted coordinate
transformation.42 A kinematic update scheme43 is employed
to correct the interface shape. The details are given in our
previous paper.32 The surfactant transport equations �3� and
�7� and are solved with the finite volume method and incor-
porated with the SIMPLER algorithm. At both ends of the
thin-film regions, the velocity is uniform in y, which is u
= �−1,0�. The flow rate coming into the plug, −h2, has to
match with the flow rate going out from the plug, −h1, be-
cause of the steady state. This yields h2=h1. Since the trail-
ing film thickness h1 is one of the unknown quantities, the
precursor film thickness h2 has to be specified as h2=h1 at
each iteration step. These steps described above are repeated
until all the computing variables converge.

The grid nodes were generated using the elliptic genera-
tion system,44 where a uniform computational domain �� ,�
is mapped to inside a plug domain �x ,y� that is determined
by solution of two-dimensional Poisson’s equations. The
right-hand side of Poisson’s equation, which controls the grid
space, was defined to gather the grid lines to the free surface.
The node points, which are located inside from the free sur-
face, are adjusted to make a local orthogonal grid at the free
surface.45 To check the grid convergence, we compared the
trailing film thickness and the pressure drop across the plug
in three different mesh systems: �a� 5504 total node
points—9 node points in film depth, 52 node points between

the front and the rear menisci tips, and 272 node points on
each free surface; �b� 6304 total node points—9 node points
in film depth, 77 node points between the front and the rear
menisci tips, and 272 node points on each free surface; and
�c� 8704 total node points—14 node points in film depth, 77
node points between the front and the rear menisci tips, and
272 node points on each free surface. The difference of the
trailing film thickness was within 2%, and the difference of
the pressure drop was within 1% in three mesh systems,
when the dimensionless parameters were LP=2, Ca=0.05,
Re=50, Pe=500, Pes=5000, Ka=104, Kd=102, �=10−2, E
=0.7, and C0=10−4, where C0 is the bulk surfactant concen-
tration prescribed in the leading front edge of the film. So in
this study, the mesh system �b� is employed for LP=2. For
LP=1 and 0.5, 52, and 32 node points between the front and
the rear menisci tips are employed. We compared the trailing
film thickness with studies for a semi-infinite bubble propa-
gation without surfactant; our previous paper32 showed that
our result in the Stokes flow regime agrees with the numeri-
cal studies by Giavedoni and Saita46 and Halpern and
Gaver.47 For small Ca, the trailing film thickness approaches
the theoretical result by Bretherton.48 Also our result in finite
Re regime agrees with other numerical studies.46,49

III. RESULTS

The dynamics of liquid plug propagation can vary sig-
nificantly, depending on the breathing rate, the tidal volume,
the airway radius, the properties of the instilled liquid, and
the properties and the amounts of surfactant. Since Re and
Ca are both functions of the plug speed U*, it is convenient
to introduce the parameter, �=Re/Ca=�*�M

* H* /�*2. When
U* changes, Re and Ca vary, but �=Re/Ca remains constant;
it depends on the geometry of the channel and fluid proper-
ties of the plug. Since the properties of Survanta are �*

=0.94 g/cm3, �*=42 cP, and �M
* =25 dynes/cm,50 these di-

mensionless parameters for the SRT are in the range of 1
	�	20, 0.1	Re	40, and 0.1	Ca	2 for airway genera-
tions from 0 to 13 in an infant’s lung. Therefore, at higher
generations, the Reynolds number is quite small. In the PLV
or the airway closure, the values of Re and � are somewhat
larger than in the SRT, and the inertial effects cannot be
neglected. For example, for perfluorocarborn Peflubron �Al-
liance Pharmaceuticals, San Diego, CA� �*=1.93 g/cm3,
�*=2.1 cP, and �M

* =18 dynes/cm.50 Thus, the range of � is
�103	�	104 and of Re is 10	Re	1000.

The Péclet number is also a function of U*. In this study,
the Schmidt number, which is the ratio of kinematic viscosity
to diffusivity �bulk or surface�, is used to determine the Pé-
clet number as a function of Re; Pes=Scs Re is the Péclet
number for the interfacial surfactant and Pe=Sc Re is the
Péclet number of the bulk surfactant.

The dimensionless parameters for the surfactant are de-
fined referring to the adsorption and the desorption kinetics
of pulmonary surfactant, which are ka

*�1.7
�103� cm3 g−1 s−1 and kd

*�1.7�10−2� s−1.39,51 Assuming
the critical micelle bulk concentration for pulmonary surfac-
tant is Ccmc

* 10−3 g cm−3,52 the ratio of the dimensionless
adsorption and desorption rates, Kd /Ka=kd

* /ka
*Ccmc

* , is
−2
�10 , which means the desorption is much slower than the
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adsorption. The maximum equilibrium interfacial concentra-
tion for the pulmonary surfactant is ��

* �3.1
�10−7� g cm−2.53 Assuming the channel half-width H* is of
order of 10−1 cm, the dimensionless adsorption depth is
��=10−2. The dimensionless elasticity number is
�E=0.7.39 Agrawal and Neuman54 measured the surface dif-
fusivity Ds

* of pulmonary surfactant in myristic acid and
found 10−7	Ds

*	 �7�10−5� cm2 s−1. In this study, Ds
*

=10−6 cm2 s−1 is used to determine the dimensionless ad-
sorption and desorption rates, Ka=104 and Kd=102.

The surface Péclet number Pes should be very large be-
cause the surface diffusivity is very small. For large Pes, the
surface convection dominates the transport and the
adsorption/desorption process has relatively negligible effect.
In this regime, the surfactant can be thought of as insoluble
in the bulk. During the propagation of the plug, the front
meniscus sweeps up preexisting surfactant and the surfactant
accumulates; the surface surfactant concentration �* in-
creases to a very large value. When �* exceeds the maximum
dynamic surface concentration �max

* , the surface surfactant
monolayer buckles or collapses and forms micelles.38,39,55–61

The micelles detach from the interface and transport in the
bulk without desorption, which is not considered in the
present transport model. Due to this limitation, the simula-
tion has to be performed within the regime where micelles
are not created. To keep the bulk surfactant concentration
smaller than the critical micelle concentration and to keep
the interfacial surfactant concentration smaller than the
maximum dynamic surface concentration, we employed an
even larger surface diffusivity; the Schmidt number for the
interface, Scs=100, is used to determine the surface Péclet
number.

The diffusivity for pulmonary surfactant molecules in
the bulk solution is D*= �5.4�10−8� cm2 s−1.51 Again, we
employed even larger values of the bulk diffusivity for the
transport system to be consistent; the Schmidt number for the
bulk, Sc=10, is used to determine the bulk Péclet number.
However, in the present study, for 10
Re
70, the surfac-
tant transport process is calculated with the bulk Péclet num-
ber in the range 100
Pe
700 and the surface Péclet num-
ber in the range 1000
Pes
7000, which is large enough to
resolve the feature of the regime that the convective transport
dominates diffusion.

In this paper, we employed the following values of the
dimensionless parameters: �=1000, Sc=10, Scs=100, Ka

=104, Kd=102, �=10−2, E=0.7. In Sec. III A, we investigate
the propagating liquid plug with 10
Re
70 for three dif-
ferent plug lengths, LP=0.5, 1, and 2, when the bulk surfac-
tant concentration prescribed at the end boundary of the pre-
cursor film is C0=10−4. The effect of C0, in the range 0

C0
10−3, on the plug for Re=50, LP=0.5, 1, and 2 is
given in Sec. III B.

A. The effect of the plug propagation speed U *

In this section, we investigate the liquid plug behavior
with changing propagation speed U* through the Reynolds
number Re. The remaining dimensionless parameters are as

above.
Figure 2 shows the overall pressure drop across the plug
divided by the plug length, �= ��P* /LP

* ��H2 /�M
* � versus Re

for three different plug lengths, LP=0.5, 1, and 2, with or
without surfactant. The three thick lines �solid, dash, dash
dot� represent � for the surfactant-laden liquid plug when
the bulk surfactant concentration of C0=10−4 is prescribed at
the precursor film far ahead of the plug. The three thin lines
denote the “no surfactant” case. As Re increases, � increases
monotonically for all cases. Comparing the cases with and
without surfactant at a fixed LP, � with surfactant is larger
than � without surfactant for whole range of Re in Fig. 2;
the surfactant increases the overall pressure drop across the
plug. The curves of � with surfactant increase almost lin-
early with Re, but the curves of � without surfactant in-
crease like a quadratic function of Re, which has been dis-
cussed in our previous study32 for the plug propagation
without surfactant: approximating to ��1 Re+�2 Re2,
�1 Re term comes from viscous dissipation in the plug core
and �2 Re2 term comes from dynamic pressure that depends
on the flow in the front and the rear transition regions. As
LP→0, the value of �2 becomes larger; the dynamic pressure
in the transition region dominates the pressure drop. As LP

increases, because the dynamic pressure drop in the transi-
tion region becomes relatively smaller than the viscous dis-
sipation in the plug core, � approaches the Poiseuille flow
value, which is a linear function of Re as �1→3�1−h1� /�
and �2→0. The Marangoni stress induced by the surface
tension gradient makes the interface less mobile, requiring a
larger force to move the menisci. This situation is similar to
the study by Park62 who showed that the pressure drop for a
bubble in a liquid-filled channel increases as it propagates in
a soluble surfactant solution. Since we assumed � to be a

FIG. 2. The overall pressure drop across the plug divided by the plug length,
�= ��P* /LP

* ��H*2 /�M
* �, vs Re for LP=0.5, 1, and 2. Thick lines represent �

for the liquid plug with surfactant when �=1000, Sc=10, Scs=100, Ka

=104, Kd=102, �=10−2, E=0.7, and C0=10−4. Thin lines denoted with “No
Surfactant” are the plug with surfactant-free interface when �=1000.
linear function of � when �	1 as described in Eq. �9�, the
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Marangoni stress is a linear function of the surface concen-
tration gradient that increases as the surface Péclet number
increases, so that � increases linearly with the surfactant.

The trailing film thickness h1 as a function of Re and LP

is shown in Fig. 3. For all cases, h1 increases as Re increases,
which is rather attributed by the increase of Ca with U*,
because the effect of the fluid inertia on the trailing film
thickness is moderate.46,49 Our previous study without the
surfactant32 showed that the interaction between the front
and the rear menisci makes h1 smaller and the changes in h1

by LP increase with Re. As LP decreases, the interaction
between the front and the rear menisci makes the pressure
between the menisci almost uniform. This results in smaller
h1. As LP decreases, h1 with surfactant decreases in a manner
similar to that for no-surfactant case. The curves of h1 versus
Re with surfactant are larger than without the surfactant at a
fixed LP; the surfactant thickens the trailing film thickness in
a way similar to that for semi-infinite bubble propagation.37

The interfacial surfactant in the rear meniscus lowers the
surface tension. An effective capillary number is larger than
Ca, which is defined by the surface tension in surfactant-free
interface. Since h1 increases with the capillary number, h1

FIG. 3. The trailing film thickness h1 as a function of Re for LP=0.5, 1, and
2. Thick lines represent h1 for the liquid plug with surfactant when �
=1000, Sc=10, Scs=100, Ka=104, Kd=102, �=10−2, E=0.7, and C0=10−4.
Thin lines denoted with no surfactant are the plug with surfactant-free in-
terface when �=1000.
increases with the surfactant concentration. Also because the
Marangoni stress acts from the meniscus tip toward the trail-
ing film �it is shown later in Figs. 7 and 8�, more liquid is
induced to flow toward the trailing film, resulting in thicker
h1.

Figure 4, lower half, shows streamlines �black�, isopres-
sure lines �white�, and the pressure field as grayscale inside
the liquid plug for Re=50, �=1000 without surfactant, and
LP=0.5. Figure 4, upper half, shows velocity vectors through
the cross section at several values of x. Figures 5 and 6 also
show isoconcentration lines �white� and the concentration
field in grayscale for LP=0.5 and LP=2 with surfactant. At
the far right of the domain, x=23 �not shown�, the bulk sur-
factant concentration is set to C=C0=10−4 for the cases in
Figs. 5 and 6, the liquid pressure equals the gas pressure P2,
which we defined as the reference pressure and set to zero.
At the far left of the domain, x=−42 �not shown�, the bound-
ary condition for the bulk surfactant is �C /�x=0 for the
cases in Figs. 5 and 6; the pressure equals the gas pressure
P1, which is a part of the solution.

For the streamlines, there are two major flow regions in
the domain. One is a band of streamlines passing through the
plug from the precursor film to the trailing film. Another is a
recirculation region inside the plug core that does not com-
municate directly with the precursor or the trailing films. At
steady state, all the recirculation streamlines are closed and
there is no convective momentum flux between these two
regions. The center of the recirculation skews toward the rear
meniscus due to the inertial effect.32 If there is no surfactant,
Fig. 4 shows stagnation points on the front and the rear me-
nisci at the tips �midline�, as well as off the midline, a total
of four in the half domain, all on the interface, i.e., there are
six interfacial stagnation points in the whole domain. The
streamline connecting these two points separates the recircu-
lation and the band of streamlines regions. When the front
and the rear menisci are close enough, the fluid between both
the menisci is almost static; for LP=0.5, Figs. 4 and 5, the
recirculation velocity between the menisci is very small. Fig-
ure 5, now with soluble surfactant, shows for LP=0.5 that in
the rear meniscus there is just one interfacial stagnation point
at the tip. The second stagnation point now appears inside
the plug, on the midline, off the meniscus tip, close to the
rear surface stagnation point. Similarly, in the front menis-
cus, there is one stagnation point on the interface at the me-
niscus tip. Another stagnation point appears inside the plug
on the midline, off the meniscus tip. The recirculation zone is

FIG. 4. Streamlines, velocity, pres-
sure, and bulk surfactant concentration
inside the liquid plug without surfac-
tant for LP=0.5, �=1000, and Re=50.
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no longer in contact with the front and the rear interfaces.
There are four stagnation points in the whole domain, all on
the midline.

For LP=2 in Fig. 6, the front meniscus and its stagnation
points are similar to the case of Fig. 5, one on the midline at
the interface and one on the midline just interior to the inter-
face. On the rear meniscus, however, the situation is like that
in Fig. 4, where both stagnation points are on the interface,
one at the midline and one off it. This streamline pattern
varies with the surfactant concentration. The Marangoni
stress causes the surface velocity to be almost zero and the
recirculation zone to be off the interface, which is shown by
Ghadiali and Gaver36 in their study for semi-infinite bubble
propagation in a soluble surfactant solution. The details are
shown in Sec. III B. We confirmed that the location of these
stagnation points is not sensitive to the mesh systems �a�, �b�,
and �c�, described in Sec. II B.

The velocity distributions are plotted in the upper half of
the plug picture in Fig. 4—LP=0.5 without surfactant, Fig.
5—LP=0.5, and Fig. 6—LP=2 with surfactant. The axial ve-
locity at the wall is u=−1 in the reference frame. Our previ-
ous study for the plug propagation without surfactant shows
when the front and the rear menisci are close enough; the
fluid between both menisci is almost static. For Fig. 5, LP

=0.5 with surfactant, because the plug is short, the velocity
near the midline is fairly small; the axial velocity at x=0,
y=0 is u=0.003. For Fig. 6, LP=2; now the plug is long
enough for the flow to develop. The velocity profiles at the
middle cross section, x=0, show a nearly parabolic shape
and the axial velocity component at x=0, y=0 reaches u
=0.23.

The pressure field in the lower half of each plug picture
in Figs. 4–6 is �=Ca p= p*H /�M

* defined as the dimensional
pressure scaled with the surface tension. Figure 4, LP=0.5
without surfactant, shows that � increases with a steep gra-
dient along the rear meniscus as the rear meniscus converges
on the trailing film, −1.5	x	−0.6. The pressure inside the
plug core is smaller than the gas pressure on both sides due
to the resultant effect of the surface tension. In the front
meniscus, � ranges from −2.97 at the narrowest region of
the precursor film to 0.62. For Fig. 5, LP=0.5 with surfac-
tant, at far left end in the trailing film, �1 is larger than in
Fig. 4. In the rear transition region, � increases with a steep
gradient along the rear meniscus as the rear meniscus con-
verges on the trailing film, similar to the case without sur-
factant. In the front meniscus, the pressure shows a local
minimum at x=0.64 in the transition region where the front
meniscus converges on the precursor film. The film thickness
shows a local minimum at x=0.82 �denoted by A�. When
there is no surfactant acting on the interface, as Fig. 4 shows,
the film thickness attains the smallest value at this location in
the front transition region. For the surfactant case, Fig. 5
shows that the precursor film near the front meniscus, 0.8
	x	1.6, is thicker than the film thickness far ahead of the
plug, and the minimum film thickness is observed where this
thicker film region connects to the leading front precursor
film �denoted by B�. For Fig. 6, LP=2 with surfactant, the
pressure in the front and the rear transition regions shows
profiles similar to the case in Fig. 5, but not in the plug core.
There is a region where concentric isopressure lines appear
due to centrifugal forces,32,49 the center of which is located at
x=−0.002, y=−0.599 where �=−0.62, while for Figs. 4 and
5, � does not show such a region within the plug core,
−0.5	x	0.5. This local minimum in � of Fig. 6 is located
off the recirculation center because the pressure field here is
a combination of the pressure gradient through the plug due
to the viscous dissipation with the centrifugal pressure gra-
dient across streamlines. The film thickness near the front
meniscus, 1.6	x	2.4 in Fig. 6, is thicker than the precursor
film thickness, and the minimum film thickness is observed

FIG. 5. Streamlines, velocity, pres-
sure, and bulk surfactant concentration
inside the liquid plug with surfactant
for LP=0.5, �=1000, Re=50, Sc=10,
Scs=100, Ka=104, Kd=102, �=10−2,
E=0.7, and C0=10−4.

FIG. 6. Streamlines, velocity, pres-
sure, and bulk surfactant concentration
inside the liquid plug with surfactant
for LP=2, �=1000, Re=50, Sc=10,
Scs=100, Ka=104, Kd=102, �=10−2,
E=0.7, and C0=10−4.
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where this thicker film region converges on leading front
precursor film �denoted by B�. For Ca	0.5, a capillary wave
appears in the front meniscus and the inertia effect amplifies
the wave.32,63 For both LP=0.5 and LP=2, Figs. 5 and 6, the
capillary wave is overlapped with the thicker film region,
which creates these local minima in thickness that are de-
noted by A and B, and a local maximum film thickness be-
tween A and B.

The bulk surfactant concentration is presented with con-
stant concentration contour lines in the upper half in Figs. 5
and 6. The concentration is maximized at the front meniscus
for both LP=0.5 and 2 because the interfacial surfactant ac-
cumulates on the front meniscus and desorbs into the bulk
here. The bulk surfactant is transported towards the rear me-
niscus along the recirculation streamline. For Fig. 5, LP

=0.5, since the velocity near the midline is fairly small, the
diffusion dominates the bulk surfactant transport there, so
that the concentration contour lines near the midline distrib-
ute vertically between the menisci. For Fig. 6, LP=2, since
the recirculation velocity is large, the concentration contour
lines in the plug core almost correspond with the streamlines,
and the recirculation mixes the bulk surfactant which results
in the almost uniform concentration in the core. This mixing
causes a steep gradient in concentration near the front me-
niscus interface where the velocity is small due to the Ma-
rangoni stress. For both LP values, the bulk surfactant ad-
sorbs onto the rear meniscus surface until the bulk surfactant
concentration reaches equilibrium with the interfacial surfac-
tant concentration far downstream in the trailing film.

Figures 7–9 demonstrate how the liquid thickness h, the
interfacial surfactant concentration �, and the tangential
component of the surface velocity us vary with the plug
speed, which is changed by Re. Figure 7 shows the case of
LP=0.5 without surfactant for Re=10, 30, 50, and 70. Fig-
ures 8 and 9 show the cases of LP=0.5 and 2, respectively,
with surfactant for Re=10, 30, 50, and 70 when C0=10−4 is
prescribed at the leading front end in the precursor film. The

FIG. 7. The variations of the liquid thickness h, the interfacial surfactant co
interfaces for Re=10, 30, 50, and 70 without surfactant. LP=0.5, �=1000,
horizontal axis s is the arch length, where s=0 is defined at
the meniscus tip on the midline. In the rear interface, nega-
tive values of us are in the direction of increasing s towards
the rear, trailing film. In the front interface, positive values of
us are in the direction of increasing s towards the front, pre-
cursor film. Figure 7 shows that the film thickness h in the
rear interface monotonically decays to h1 as s increases and
the length of this transition region increases as Re increases.
For the steady state, the film thickness at the right end of the
precursor film has to be equal to the trailing film thickness,
h2=h1, which increases with Re as shown in Fig. 3. In the
front interface in Fig. 7, a capillary wave appears. As Re
increases, its amplitude increases and its wavelength short-
ens. The film thickness minimizes where the front meniscus
converges on the precursor film, which is at s=1.18 for Re
=50 that is the location denoted by A in Fig. 4. In the rear
interface, the surface velocity in Fig. 7 shows us=0 at s=0.
As s increases, at first, us is positive, which indicates the
surface flow directs towards the midline. Thereafter, us be-
comes negative, and then decays to us=−1 in the trailing
film. For Re=50, the locations of us=0 are at s=0 and 0.89,
where the stagnation points are observed at the rear meniscus
midline and off the midline in Fig. 4. In the front interface,
Fig. 7 shows, as s increases, us=0 at s=0 and then us is
positive, which indicates the surface flow directs towards the
precursor film. Subsequently, us becomes negative and us

oscillates corresponding to the film thickness variation where
the capillary wave is observed, and then decays to us=−1 in
the precursor film. For Re=50, the locations of us=0 are at
s=0 and 0.69, where the stagnation points are observed at
the front meniscus midline and off the midline in Fig. 4.

When the surfactant acts on the interface, Fig. 8 for LP

=0.5 shows that h in the rear interface is similar to the case
without surfactant as shown in Fig. 7. In the front interface,
the precursor film thickness near the front meniscus is
thicker than the precursor film thickness far ahead. For Re
=50, h for 1.2	s	1.6 is about 1.5 times larger than h2. This
thicker film region in Fig. 8 corresponds to the film region

ration �, and the tangential component of the surface velocity us along both
e=50.
ncent
and R
0.8	x	1.4 in Fig. 5. As the plug propagates, the front me-
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niscus sweeps up the preexisting interfacial surfactant in the
precursor film. The interfacial surfactant accumulates on the
front meniscus, and � increases with the surface convection
that increases with Re. The Marangoni stress induced by the
surface tension gradient acts on the interface for the opposite
direction to the flow in the precursor film, which causes the
interface to be like a rigid wall. The surface velocity us in
this rigidified interface is fairly small. The film thickness in
this region becomes thicker because of the conservation of
the flow rate in the film.62,64 The surface flow in Fig. 8 shows
us=0 only at s=0 on both the interfaces, which confirms the
finding of one stagnation point in each interface �Fig 5�. In
the front interface, the curves of us oscillate in the capillary
wave. The peak of us �negative� is observed apart from the
meniscus where the thicker film region converges to the pre-
cursor film and h attains the smallest value, while Fig. 7
without surfactant shows this peak where the front meniscus
converges to the precursor film.

When LP becomes larger, Fig. 9 for LP=2 with surfac-
tant shows that the variations of h, �, and us in the front
meniscus have a tendency similar to that in the case of LP

=0.5 shown in Fig. 8. In the rear interface, � near the me-
niscus tip �s=0� increases with Re more than LP=0.5. As Re
increases, the surfactant flux that comes in the front menis-
cus increases. The interfacial surfactant � in the front menis-
cus increases with Re. Also the bulk surfactant concentration
near the front meniscus increases, as Fig. 6 shows. The
strong recirculation velocity transports the bulk surfactant

FIG. 8. The variations of the liquid thickness h, the interfacial surfactant co
interfaces for Re=10, 30, 50, and 70. LP=0.5, �=1000, Re=50, Sc=10, Sc
toward the rear meniscus, which raises the bulk surfactant
concentration near the rear meniscus as well as � in the rear
meniscus interface. The surface velocity in the rear interface
in Fig. 9 indicates that for Re�10 now two stagnation points
appear on the rear meniscus in the half domain, while for
Re=10 there is just one stagnation point on the rear menis-
cus. When the recirculation momentum is large enough to
resist the Marangoni stress that acts in the opposite direction
to the recirculation flow, the recirculation is attached on the
interface and there are two stagnation points on the rear me-
niscus in the half domain. When the amount of the surfactant
increases, the Marangoni stress becomes strong and this
causes the recirculation to be off the rear interface again. The
details for this are shown in Sec. III B.

The pressure along the wall shown in Fig. 10 at y=−1 is
plotted versus x for LP=2 and C0=10−4 and for Re=10, 30,
50, and 70. At the right-end boundary, the liquid pressure is
equal to the right gas pressure, P2=0. At the left-end bound-
ary, the liquid pressure is equal to the left gas pressure P1,
which is a part of the solution. At the left end boundary, the
values of �wall increase linearly with Re, as Fig. 2 shows that
the curve of LP=2 with the surfactant is almost a linear func-
tion of Re. The wall pressure shows a local minimum around
x=1.5, as Fig. 6 shows that the pressure attains the smallest
value where the film thickness has a local minimum. As Re
increases, the capillary wave is pronounced in the precursor
film near the meniscus, the wall pressure oscillates, and the
wave amplitude increases. For Re=70, the capillary wave is
developed, and the region where the wall pressure attains the

ration �, and the tangential component of the surface velocity us along both
0, Ka=104, Kd=102, �=10−2, E=0.7, and C0=10−4.
ncent
minimum value switches to x=3.5 in the precursor film.
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Figure 11 shows the dimensionless wall shear stress,
where �w=Ca��u /�x�=�*��u* /�x*��H* /�M

* � at y=−1 is plot-
ted versus x for LP=2 and C0=10−4, and for Re=10, 30, 50,
and 70. At both ends of the domain, �w=0 because the flow
is uniform in the film cross section. If the plug is long
enough, �w in the plug core approaches the Poiseuille flow

FIG. 9. The variations of the liquid thickness h, the interfacial surfactant co
interfaces for Re=10, 30, 50, and 70. LP=2, �=1000, Re=50, Sc=10, Scs=

FIG. 10. The dimensionless pressure distribution along the wall �wall vs x
for Re=10, 30, 50, and 70. LP=2, �=1000, Sc=10, Scs=100, Ka=104, Kd

2 −2 −4
=10 , �=10 , E=0.7, and C0=10 .
limit, �w→��=3 Ca�1−h1�. For −1	x	1, �w minimizes
near x=0 and shows almost the same value as ��. On both
sides of the plug core, �w has a local peak that increases with
Re. As x decreases from the left peak �x1.7�, �w decays to
zero. The length of this transition region increases as Re

ration �, and the tangential component of the surface velocity us along both
Ka=104, Kd=102, �=10−2, E=0.7, and C0=10−4.

FIG. 11. The dimensionless wall shear stress distribution vs x for Re=10,
30, 50, and 70. LP=2, �=1000, Sc=10, Scs=100, Ka=104, Kd=102, �

−2 −4
ncent
100,
=10 , E=0.7, and C0=10 .
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increases. In the precursor film near the front meniscus,
where the capillary wave is observed, �w oscillates with the
film thickness. In the region where the front meniscus con-
verges on the precursor film, the film thickness shows a local
minimum. In this region, �w shows a local minimum, but the
value is not sensitive to Re. Since the wavelength becomes
shorter and its amplitude increases as Re increases, the gra-
dient of �w in the capillary wave becomes steep for larger Re.
For Re=70, the maximum value of 	�w	 is observed in the
precursor film ahead of the plug, x=2.8.

FIG. 12. The effect of the bulk surfactant concentration prescribed at the
end boundary of the precursor film, C0, on the overall pressure drop across
the plug divided by the plug length, �. �=1000, Sc=10, Scs=100, Ka

=104, Kd=102, �10−2, E=0.7, and Re=50.
B. The effect of the bulk surfactant concentration C0

In this section, we investigate the liquid plug propaga-
tion with changing bulk surfactant concentration prescribed
at the front boundary in the precursor film, C0. The remain-
ing dimensionless parameters are Re=50, �=1000, Sc=10,
Scs=100, Ka=104, Kd=102, �=10−2, and E=0.7.

Figure 12 shows the overall pressure drop across the
plug divided by the plug length, �= ��P* /LP

* ��H2 /�M
* � ver-

sus C0 for LP=0.5, 1, and 2 and at Re=50. As C0 increases,
for a fixed LP, � changes moderately when C0 is very small,
� changes rapidly for 5�10−5	C0	10−4; thereafter, the
slope of � becomes gentle. This indicates that the force re-
quired for the plug moving at a fixed speed increases with
the surfactant concentration. Because of the steady state, the
drag force acting on the channel wall balances with the force
that is needed to push the plug, which is described by

�H* − h1
*��P* = �

−�

+�

�w
* dx*, �11�

where �w
* =�*��u* /�x*� is the wall shear stress. Since �P*

increases with C0, as Fig. 12 shows, Eq. �11� indicates that
the net wall shear stress increases with C0. As LP increases,
� at a fixed C0 decreases. As LP→�, the pressure drop near
both the menisci becomes negligible compared to the viscous
dissipation in the plug core. If the plug is long enough, the
flow in the plug core apart from both the menisci is fully
developed and, thus, the pressure drop across this region is
determined by Poiseuille’s law. So as LP→�, � approaches
the Poiseuille flow values of 3 Re�1−h1� /� and becomes in-
dependent of C0.

Figure 13 shows the streamlines and the bulk surfactant
concentration inside the plug core for LP=0.5 and Re=50,
for four different bulk surfactant concentration prescribed far
ahead of the plug, C0=0, 5�10−5, 10−4, and 5�10−4. When

FIG. 13. The streamline patterns for
four different surfactant concentra-
tions, C0=0, 5�10−5, 10−4, and 5
�10−4, for LP=0.5, �=1000, Re=50,
Sc=10, Scs=100, Ka=104, Kd=102,
�=10−2, and E=0.7.
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no surfactant acts on the interface, Fig. 13�a�, C0=0 shows
that the recirculation zone attaches to both the front and the
rear interfaces and there are four stagnation points on the
interfaces in the half domain. When C0 increases to C0=5
�10−5, Fig. 13�b� shows that the bulk surfactant near the
front meniscus increases and the maximum C is 4.1�10−3.
The streamline on the front interface climbs up to the front
meniscus tip; thus, there is only one interfacial stagnation
point at the tip in the front interface and a stagnation point
appears inside the plug on the midline, while the two stag-
nation points remain on the rear interface. As C0 increases,
the streamlines rear the rear meniscus change as those near
the front meniscus. For Fig. 13�c�, C0=10−4, the recirculation
zone is off both the front and the rear interfaces and four
stagnation points appear on the midline. The bulk surfactant
concentration for Fig. 13�c� increases approximately twice as
much as for Fig. 13�b� and the maximum C is 8.4�10−3 on
the front interface. For Fig. 13�d�, C0=5�10−4, the maxi-

FIG. 15. The effect of the surfactant concentration on the liquid thickness h

surface velocity us along the both interfaces. LP=2, �=1000, Re=50, Sc=10, Sc
mum C is now 3.8�10−2 near the front interface. The
streamline shows a similar pattern as in Fig. 13�c�, but the
two stagnation points that are off the interface on the midline
are now close together.

When C0=10−4, for Fig. 6, LP=2, two stagnation points
remain on the rear interface while for Fig. 5, LP=0.5, all the
stagnation points appear on the midline. When C0=5�10−4,
Fig. 14 shows that the streamline for LP=2 now changes to a
similar pattern as in Fig. 5; the streamline on both the inter-
faces climbs up to the meniscus tip and all stagnation points
appear on the midline. The bulk surfactant concentration at-
tains the maximum value of C=2.6�10−2 on the front inter-
face. The precursor film near the front meniscus is thick for
a longer length than in Fig. 6. The surface velocity in this
region is almost zero and the wall shear rate is large. The
details for this are shown later.

Figure 15 shows h, �, and us along both the interfaces
for LP=2 and Re=50, and for four different surfactant con-

FIG. 14. Streamlines, velocity, pres-
sure, and bulk surfactant concentration
inside the liquid plug for LP=2, �
=1000, Re=50, Sc=10, Scs=100, Ka

=104, Kd=102, �=10−2, E=0.7, and
C0=5�10−4. The upper half contour
plot represents the bulk surfactant con-
centration, and the lower half contour
plot represents the pressure field.

interfacial surfactant concentration �, and the tangential component of the
4 2 −2
, the
s=100, Ka=10 , Kd=10 , �=10 , and E=0.7.
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centrations, C0=0, 5�10−5, 1�10−4, and 5�10−4. The film
thickness h in the rear interface �Fig. 15�a�� monotonically
decreases with s to the trailing film thickness h1 that in-
creases with C0. The film thickness h in the front interface
�Fig. 15�b�� for C0=0 is smallest at s=1.1, but when a small
amount of surfactant exists in the precursor film, for C0=5
�10−5, this minimum in h disappears. Due to the accumula-
tion of the surfactant on the front meniscus surface, � arises
in the front meniscus that causes a steep gradient in � for
1	s	1.2 as shown in Fig. 15�d�. In this region, the film is
thicker because the Marangoni stress causes us in this region
to be small. As C0 increases, the Marangoni stress affects
larger region of the precursor film interface; for C0=1
�10−4, h for 1.2	s	1.6 is about 1.7 times thicker than h2.
For C0=5�10−4, this region is longer and h for 1.7	s
	3.5 is about twice thicker than h2. The rear interfacial sur-
factant concentration � �Fig. 15�c��, increases with C0 and
shows a maximum value at the meniscus tip, s=0. � de-
creases with s and minimizes around s=2 in the trailing film,
then increases to the equilibrium values that are �eq=4.98
�10−3, 9.90�10−3, and 4.76�10−2 for the cases C0=5
�10−5, 1�10−4, and 5�10−4, respectively. The change in �
reflects the change in the surface tension; the surface tension
� minimizes at s=0 and increases with s. The gradient in �
induces the Marangoni stress that affects the surface flow us.
In the front meniscus �Fig. 15�d�� the surfactant accumulates
for 0
s	0.8 and � here increases with C0. Attains � a
maximum around s=0.8. The Marangoni stress acts towards
the meniscus tip for 0
s	0.8, where � decreases from s
=0.8 towards the tip. For s�0.8, as s increases from s=0.8,
� decreases with a steep gradient until � reaches an equilib-
rium value with C0. The Marangoni stress acts towards the
precursor film here. In this region, where the front meniscus
converges to the precursor film, the Marangoni stress causes
the surface velocity us to be small. The surface velocity us in
the rear meniscus �Fig. 15�e�� for C0=0 is negative for 0
	s	0.9; there are two stagnation points at s=0 and 0.9. For
C0�5�10−5, the Marangoni stress makes the interface less
mobile and us in the rear meniscus small, but there are still
two stagnation points on the interface for C0
10−4. When
C0=5�10−4, there is one stagnation point on the rear inter-
face. In the front meniscus �Fig. 15�f��, us for C0=0 is posi-
tive for 0	s	0.7; there are two stagnation points at s=0
and 0.7. For C0�5�10−5, us is negative in whole range of s
and us is almost zero from the meniscus tip to the region
where h is thicker than h2.

For C0=5�10−4, ��1 for 0
s
1; the interfacial sur-
factant concentration exceeds the maximum equilibrium con-
centration. In this regime, the surfactant layer is compressed
due to the surface convection. When the interfacial surfactant
concentration attains the maximum dynamic concentration,
the surfactant layer will buckle or collapse and will form
micelles.38,39,55–61 This concentration is approximately
�max

* /��
* =1.1–1.2.38,39 Figure 15�d� shows � for C0=5

�10−4 attains the maximum value of �=1.17 at s=0.76.
When C0=7�10−4 is prescribed, the maximum interfacial
surfactant concentration becomes ��1.4 in the front menis-

cus. The interfacial surfactant might form multilayer in this
region. The second layer will form micelles and may detach
from the interface by the bulk convection, which is not con-
sidered in the present study.

The pressure along the wall, �wall, is shown in Fig. 16,
where the dimensionless pressure, �=Ca p= p* / ��M

* /H*� at
y=−1, is plotted versus x for LP=2 and Re=50, and for C0

=0, 5�10−5, 1�10−4, and 5�10−4, which are the bulk sur-
factant concentrations prescribed at the boundary of the pre-
cursor film. The values of �wall at the left end boundary
increase with C0, as Fig. 12 shows that the curve of LP=2 is
monotonically increasing with C0. The wall pressure is nega-
tive in the plug core and shows a local minimum around x
=1.5, as Figs. 6 and 14 show that the pressure attains the
smallest value where the film thickness has a local minimum.
As C0 increases, the magnitude of this local peak in �wall

decreases, because the film thickness in this region becomes
thicker.

The effect of the surfactant concentration on the wall
shear stress is shown in Fig. 17, where the dimensionless
wall shear stress, �w=�*��u* /�x*��H* /�M

* � is plotted versus
x for LP=2 and Re=50, and for C0=0, 5�10−5, 1�10−4,
and 5�10−4. In the rear half of the plug, x	0, �w for the
four different C0 values shows similar behavior, because the
shape of the rear interface is not sensitive to C0 for the range
0
C0
5�10−4, and also the surface velocity in the rear
film region, s�1, does not change much, as shown in Figs.
15�a� and 15�e�. In the front part, however, �w changes sig-
nificantly with the value of C0. For the case without surfac-
tant, C0=0, �w shows a sharp negative peak around x=1.7
where the film thickness is smallest in the capillary wave. As
C0 increases, this sharp peak weakens. For C0�1�10−4, the
maximum of 	�w	 is observed in the rear transition region.
For the case C0=5�10−4, �w keeps a positive value in the
precursor film near the front meniscus where the film is

FIG. 16. The effect of the surfactant concentration on the wall pressure.
LP=2, �=1000, Re=50, Sc=10, Scs=100, Ka=104, Kd=102, �=10−2, and
E=0.7.
thicker.
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Figure 18 shows the velocity and the pressure profiles in
the precursor film near the front meniscus for LP=2 and
Re=50, and for C0=0, 5�10−5, 1�10−4, and 5�10−4. For
C0=0, the velocity is uniform in y while the film thickness is

FIG. 18. The velocity and pressure profiles in the precursor film near the
4 2 −2

FIG. 17. The effect of the surfactant concentration on the wall shear stress.
LP=2, �=1000, Re=50, Sc=10, Scs=100, Ka=104, Kd=102, �=10−2, and
E=0.7.
Sc=10, Scs=100, Ka=10 , Kd=10 , �=10 , and E=0.7.
uniform in x. In the cross section where the film is thinnest at
x=1.58, the fluid velocity at the film surface is faster than the
velocity at the wall to conserve the flow rate in the film, −h2.
The wall shear rate attains a large negative value; thus, �w

has a negative peak in this region, as shown in Fig. 17 for
C0=0. When a small amount of surfactant preexists on the
leading film, for C0=5�10−5, the Marangoni stress results in
nearly zero surface velocity for x	1.6, which causes the
film to thicken in order to conserve the flow rate −h2 �Ref.
62� and reduces the peak of �w. For C0=1�10−4 and 5
�10−4, in the thick film region, the velocity has a gradient in
y because the surface velocity is almost zero, which causes a
positive value of �w, as shown in Fig. 17.

IV. DISCUSSION

A thin liquid layer coating inside an airway is unstable
and tends to form a meniscus because of a capillary
instability.2–4 When the amount of surfactant acting on air-
liquid interface is reduced, this tendency can be increased5

and, if enough liquid exists, it forms a plug. Liquid plugs are
also instilled into airways in some medical treatments such
as surfactant replacement therapy, partial liquid ventilation,
and drug delivery. Mechanical stresses induced by propaga-
tion of the liquid plug may cause pulmonary epithelial cell
damage.6 Particularly, in the front meniscus, when there is no
surfactant present, the wall pressure and the wall shear stress
have sharp peaks where the liquid film is thinnest.32 These

meniscus for C0=0, 5�10−5, 10−4, and 5�10−4. LP=2, �=1000, Re=50,
front
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peaks increase with the plug propagation speed and a devel-
oping capillary wave causes these stresses to oscillate corre-
sponding to the oscillation of the film thickness. In this study,
we have shown that if a surfactant acts on the interface, the
surfactant reduces the peaks of wall pressure and wall shear
stress in the front meniscus. As the plug propagates, the front
meniscus sweeps the preexisting interfacial surfactant on the
precursor film. When the desorption rate is slower than the
interfacial surfactant’s convective flux rate, the surfactant ac-
cumulates on the front meniscus interface, which results in a
gradient in surface tension on the precursor film near the
front meniscus. The Marangoni stress induced by the surface
tension gradient causes the liquid surface to be less mobile.
Since the interface becomes like a ridged wall, the film thick-
ness must be thicker than the leading film thickness to con-
serve the flow rate.62 Since the peaks of the mechanical
stresses occur due to narrowing of the film thickness, the
increase of the minimum film thickness weakens these
stresses.

As the surfactant concentration prescribed at the precur-
sor film far ahead of the plug increases, the region where the
interface is less mobile increases. This causes the force re-
quired for plug propagation to increase. The overall pressure
drop through the plug increases with the surfactant concen-
tration, as shown in Fig. 12. Since under the steady-state
condition, the drag force balances with the total force to push
the plug, the total tangential stress acting on the wall in-
creases with the surfactant concentration. The surfactant re-
duces the peak of the wall shear stress, but the total wall
shear stress increases with the surfactant concentration.
When a liquid plug is driven by a constant pressure differ-
ence between the front and the rear air phases, the presence
of surfactant will reduce the plug propagation speed. Since
the trailing film thickness increases with the plug propaga-
tion speed, we can infer that decreasing of the trailing film
thickness delays or avoids plug rupture when the plug propa-
gates with losing mass.

A pair of recirculation regions appears in the plug core
for all cases in this study. The magnitude of recirculation
velocity decreases as the plug length decreases. For a finite
Re, if the plug is long enough, centrifugal forces due to the
strong recirculation velocity cause the pressure near the cen-
ter of the recirculation to be small. The Marangoni stress acts
to reduce the surface velocity and changes the locations of
the stagnation points. When no surfactant exists, there are
four stagnation points in the half domain: two on each front
and rear menisci, one at the midline, the other off of the
midline on each interface. As C0 increases, the streamline
from the precursor film begins to climb up to the front me-
niscus tip. The stagnation points appear at the front meniscus
tip and near the tip on the midline inside the plug. Subse-
quently, as C0 increases, the streamline pattern in the rear
meniscus also changes in a manner similar to that of the front
meniscus. The stagnation points in the rear meniscus appear
at the rear meniscus tip and near the tip on the midline inside
the plug. This change in the streamline pattern occurs at
smaller C0 when the plug length is shorter.

In Sec. III B, C0=0, 5�10−5, 1�10−4, and 5�10−4 are

employed for the bulk surfactant concentration prescribed at
the end boundary in the precursor film. The equilibrium in-
terfacial surfactant concentrations with these values are �eq

=0, 4.98�10−3, 9.90�10−3, and 4.76�10−2; the corre-
sponding surface tensions are �=1, 0.999, 0.993, and 0.967,
respectively. In this study, we have shown that even if the
amount of preexisting surfactant is small, the surfactant re-
duces the peaks of mechanical stresses. In this study, the
computations are performed in the regime Ka�Kd; the ad-
sorption rate is much faster than the desorption rate, which is
one of the characteristics of the pulmonary surfactant. This
condition requires the net desorption rate to be slow and
enhances the accumulation of the surfactant at the site where
the net surface convective flux is large. In the present nu-
merical model, the maximum bulk surfactant concentration
must be less than the critical micelle concentration and the
interfacial surfactant concentration must be less than the
maximum dynamic concentration. Due to these limits, we
cannot use a large value of C0 in the present study. For the
model of surfactant replacement therapy, the bulk fluid will
be a suspension colloid of micelles, and the fluid viscosity
has a non-Newtonian behavior, of which the yield stress de-
pends on the concentration of micelles.65 To investigate the
plug propagation with a much higher surfactant concentra-
tion, it is necessary to add micelle production and its trans-
port process to the computational model.
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