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APPENDIX
Algorithm 4 (Bounded Below Constraint (modified from Dykstra, 1982)).
1. Setig = 0,4 =1and m' = max{i: ny; > 0}.
2. If there exists b > i,y such that K (ip—1 + 1,b) > 0, then let i, = min {argmax,.,,
K(ig—1 +1, b)} and kg = K (ig—1 + 1,iy). Otherwise, let i, = m/, ky = 0.
3. Let hyj = log{1 — dyj/(ny; + ke)},ie1 +1 < j <.
4. If i, = m/, stop. Otherwise, set £ = £ + 1 and go to step 2.

Note that this algorithm gives a KM type estimator in which the number at risk is potentially
modified at each potential failure time. It can be shown that k; > ko > - - -, so that this estimate
is essentially a KM estimate based on modified data where k; more subjects are placed at risk at
time 0, and at time a;,, k¢ — k¢+1,¢ = 1,2, ... of these additional subjects are censored.

Step 2 in Algorithm 4 is looking for the next active constraint in the solution. A root finding
procedure is needed to calculate K (iy—1 + 1,b). To find a root with high precision is compu-
tationally intensive, so it is inefficient to calculate K (i,—1 + 1,b) for all b > i, to find the
index of the next active constraint. Instead we propose another algorithm that is equivalent to
Algorithm 4 but only calculates K (i,—1 + 1,b) when necessary.

Algorithm 5 (Bounded Below Constraint).

1. Setip =0,¢=1and m" = max(i : ny; > 0).

2. Letiy, = mings;,_, {b: H(ig—1 + 1,b,0) < 0}, then set ky = K (ig—1 + 1,4¢). If no such
ip exists, set iy = m’ and ky, = 0 and go to step 4.

3. Let I = mings;, {b: H(ig + 1,b,k¢) < 0}. If no such I exists, then go to step 4. Other-
wise, set ¢ = I and repeat step 3.

4. Let hlj = lOg{l - dlj/(nlj + k@)}, iZ—l + 1 S ] S Z[

5. If iy = m/, stop. Otherwise, set £ = £ + 1 and go to step 2.

The two Algorithms are equivalent because steps 2 and 3 in Algorithm 5 are looking for
min{arg maxys;, , K(i¢c—1 +1,b)} as in Algorithm 4. However, Algorithm 5 implements a
root finding procedure only when it finds a position b, where K (i,_1 + 1,b) is larger than the
previously found maximum K (iy_; + 1,4,). This significantly improves the efficiency of the
calculations.

Proof of Theorem 4. First, we show that S (t) is a C-NPMLE. Let S, (t) be a C-NPMLE sub-
ject to T1 < T5. Note that S1(¢) is the maximum likelihood estimator subject to fewer con-
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straints (only at times X/) compared to S)(t), we have that L(S(t)) > L(S(t)). Further
L(S1(t)) > L(Sl( t)) since Si(t) = min(S1(t), S2(t)) < SQ( ). Note that at every time X7,
i=1,-  ngors S1(X!) < S5(X)), the difference between Sy (¢) and S (t) may only occur
in time interval (X, X; ) for some i. The five possible time intervals are (C,C), (C,X ™),
(X,C) (X, X)and (X, X ), where C represents censoring time, X event time and X ~ time
just before X. None of these intervals includes C', X or X ~, the three elements that determine
likelihood (3). So L(S1(t)) = L(S;(t)) = L(Si(t)), which implies that S, (t) is a C-NPMLE
subject to T <g T5.

Then, we show that S (t) is the MC-NPMLE. Suppose it is not, we must be able to
find a time z* where S; (2*) > Sy (2*) = min{$ (z*), S(x*)}. Then Sy (x*) > S (z*) since
Sy (x*) < Sa(x*). Consider another survivor function S (t) with jumps only at the times X and
S1(X!) = S1(X) for all i, S} (t) is constrained estimator of Sy (¢) subject to discrete constraint
at all X/s. Since 9 (z*) = S} (max(X!: X < z*)) = S1(max(X!: X < z*)) > S1(z*) >
Si(x*) and Sy (t) is the MC-NPMLE with discrete constraint, S} () is not a C-NPMLE subject
to the discrete constraint. So L(S(t)) = L(S}(t)) < L(S1(t)) = L(S,(t)), which is a contra-
diction. Thus, S (t) is the MC-NPMLE. ®

Proof of Theorem 5. To fix notation, let ag = 0, a1, a9, - - - a,, be the complete ordered observed
event times of any given data in the two sample case, ig = 0,41, %2, - - i1, the index of active
constraint times, and k1, ko, - - - , kz, be the corresponding k values from Algorithm 2.

The last active constraint time from Algorithm 2 satisfies a;, < 7. S1(t)/S}(t) is non-
decreasing and 5:2(15) /S5 (t) is non-increasing in ¢ in any sample. At the last active constraint
iy» ST(aiy) < Siai,) = S2(ai,) < S3(as,).

So forany z < a;,,

Si(x) < Si(x) < Si(2) =,

t
S* <
< | S8 00 < [

Similarly,

53(0) > $a() > |1
For any z > a;, in the same sample,

S1(2) < S1(2) = Su(ar,) x o2

ST (aiL)
S5 (t)] Si(x) [ S5 (t)]
< |su ST (a;, ) % = [sup—=—-=%| Sj(z).
< i) St * sy = wSics] 51
So, regardless of where a;, is, in any sample, for any © < 7, we always have

51(0) < $160) > [sup P20 57(0) and 83(0) > Sa(o) > [ 510 ] 8500

As ny, ny go to oo, from (4), for any x < 7, S} (x) — Si(x) and S5 (x) — Sa(x). So
S5(x) _ Safx) S5 () Sa(x)
— = su — su
Si@) " Si@) " azr Si@) <k Si(w)
in probability if indeed S (t) > Sy(t) for all &. Thus P{sup,, 1Sy (x) — S%(x)] > e}— 0 for
every € > 0. Then using Meier’s result (4), we obtain the desired result for S, (t).

:]_7
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Similarly, we can show that P{sup,., |Sy () — S5 (x)| > e}— 0 forevery € > 0 and hence
we obtain the desired result for Sy(t).
To simplify the proof, we only show consistency of the C-NPMLE in the case of iid data.

However, it can be shown that the estimators are consistent in the more general situation as
discussed in Dykstra (1982). ®

Proof of Theorem 3. Recall that my = max{i : ng > 0}, g = 1,2 and m’ = min(my, ms). In
this section, we prove that the hy;,9 = 1,2, =1,...,m4 in Theorem 3 and Algorithm 2 is the
C-NPMLE. We use fLA and ET to distinguish the results from Algorithm 2 and Theorem 3 before
we prove that they are the same. In Lemma 2, we show that hA = h;, and in Lemma 3, we show
that hh is the C-NPMLE and hgz is the MC-NPMLE.

Characteristics of Results From Theorem 3 and Algorithm 2

Steps 2,3 and 4 in Algorithm 2 are used to calculate k;. Suppose the algorithm has Ry itera-

tions with initial step 2 to 3 (0*" iteration) and step 4 to 3 (1¢, ..., R!" iteration) before it finds
i. Here, iy) and kér), r=0,..., Ry are results from iteration r. Let 2.571) = 4y_1 and kéfl) =0

for convenience. Note that Hs(a, b, k) is a non-decreasing function in  and strictly increasing if
there is at least one observed event between a and b.

Lemma 1. The result for any data from Algorithm 2 has the following properties:
(). Y5y (b —hsy) =0, £=1,...,L;

(b). ky = min{KQ(ig_l -+ 1, ig), TLQQ} and HQ(ig_l -+ ].,ig, kg) <0,

(). kK7 > kY = 1 . Ry

(d). Z; 1hll4j 2 Z] 1 2]’ i=1,...,m’;

(e) ki > ko >--- >k >0.

Proof. (a) Itis obvious since Y0, hi, =370, hfl.0=1,... L.

(b) From step 3 in Algorithm 2, &, can take two values: ky = ng;, if Hg(u_l +1,ip,m9;,) <
0 (in this case Ks(ig—1 + 1,4¢) > n2;, ), or kg = Ka(ig—1 + 1,1p).

(c) Show by contradiction. Suppose there exists 7/ such that k;(r/) < kérbl). It follows that
Hy(ip1 + 1,0 K™Y < Hy(ip_y + 1,07 K7Y)
— Hy(ipq + 1,7 k) 4 Hy (6 1,400 k) ©6)
= WiV +1,i7 k") <0 (step 2 or 4 in Algorithm 2 ).
However, from step 3 in Algorithm 2, ky/) must either satisfy:
Ko (ip—1, iff/)) Then Hy(ig—1 + 1 i[/) k(T/)) 0, which contradicts (6); or

n, i Then k(r -b > k( )= =n, i which contradicts the condition n, i > k( U that

is requlred to reach iteration 7/ in step 4 of Algorithm 2.

(d) Suppose there exists i’ such that Z 5 < Z;/ 1 iL‘é‘j, equivalently Z;I iy 41 fL‘l“J
Z;/:uﬂ,l 11 h2 ;- Then each of the three p0531ble valld ranges of 7’ leads to a contradiction. That
is either:

1! = 4,0 < L. Then Ziﬁ sz- = Z h2j, which contradicts Lemma 1 (a); or

i’ > ir. Then Hy(if, + 1,7/,0) = Z] zL+1(h1j - hzj) < 0, which contradicts the condition
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Hy(ir, +1,b,0) > 0 forall b > iy, in step 2 of Algorithm 2; or
ip—1 <1 <ipforal < L. Then for v = max{r : iy) <i'},

’
K2

Hy(ig—1 + 1,8 ke) = Y (haj —haj) <0.
J=tg—1+1
It follows that Ho(ig—1 + 1,4, kéw)) < 0 since kérl) < kéRZ) = k¢ from (c) and Hy(ig_1 +
1) kS 4+ Hy(i0) + 1,1, k) < 0. Thus Hy (i) + 1,47, k(™) < 0, which implies

that there exists 7* with r* > ' and iér ) < 4. This is impossible because if so, then i’ =

iylﬂ) and for any 7’ + 1 < Ry, we have

./
7

0= Hy(ie—y + 1,i" T k) < Haligor + 1, ™ k)= Y (b — g < 0.
Jj=tg—1+1

(e) Suppose there exists £ such that k,yy > k¢ > 0. Then ky < kgy 1 < ng;,,,. Moreover,
Hy(ig + 1,441, ke) < Ha(ig+ 14041, ker1) < 0. It follows that the algorithm must not have
stopped at Rﬁh iteration in step 4 of Algorithm 2, which is a contradiction. M

Lemma 2. Based on the same data, the results from Algorithm 2 and Theorem 3 satisfy:
(@) k' =kpifi=ip1+1,....0p (=1,....,Land k' =0 ifi > ir;
(b) hl = hgg=1,2,i=1,...,m,.
Proof. (a) If iy_1 < 1 < iy for £ < L, then for any a < i, there exists ¢/ < £ such that i, _; <
a < ig. Then from Lemma 1 (b),

Hy(igr 1,10, ke) <0 = Ha(a,ip, Ka(a,ip)).
It follows that Hg(a,ig/, k(/) < Hg(a,ig/,Kz(a,i[/)), since Hg(i(/_l, a—1, kg/) >0 from
Lemma 1 (d) and so Ko (a,ip) > ke > -+ > ky from Lemma 1 (e). Thus

£
Hy(a,ig, Ko(a,ir)) = 0= Ha(a,ip, Ko(a,ie)) + Y Ha(ij1,i5,k))
=611
)4
> Hy(a,ip, k) + > Halij-1,ij,ke) = Haa, i, ke).
=41

It follows Ko(a,ig) > ke > 0 and min(K5 (a,i¢),n2;,) > ke since kg < ng;, from Lemma 1
(b). Therefore,

k' = min max min{ K (a, b), ngp} > min min{ K (a,is), na;, } > ky.
a<i b>i a<i

However, obtaining ki is a minimization problem and its lower bound can be reached when
a=14y_1+ 1and b = ip. Thus k* = ky.

If i > iy, then Ko(iy, +1,b) <0 for all b > iy, because Hy(ir, + 1,b,0) > 0 from step 2
of Algorithm 2. So K3 (i, +1,b) = 0 for all b > 1. Hence, 0 < k' < maxy>; min{ K (iz, +
1,0),ng} = 0, ie. k' = 0.

(b) For population 1, AT, =log[l — d1;/(n1; + k%), hil =log[l — dy;/(n1i + k¢)] and
ki =kpifip_y <i<igpi=1,...,LsohT, =h{foralli <iy.Ifi> iy, then hT, =log[l —
dh—/nh—} = }Alﬁ, i, <1< mq.

For population 2, we use induction.

Let Efo = iLQTO = 0, then the result holds for 7 = 0;
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Assume for all i < j, s = hL;
For the next index j + 1, there are possible cases (i), (ii), (iii):
(l) d2(j+1) > (0. Then

hzT(j+1) = log[l — da(jy1)/(n2gi41) — ifz)]

= log[l — d2(j+1)/(n2(j+1) — /Cg)} = }AL?(J'_H), ifip1 <j+1<4,1<L

h3i; 1) = 10g[1 = dagji1)/magin)] = b 1), ifip <j+1<ma.
(ii). dogjr1y =0andj+1# i, 0=1,--- L Then b} ;) = 0. So
SV RA 5T hd — Z” L(h{l — h4) > 0. It follows that
j+1 j+1

ilz;“) - min{z hi; Z h;, 0} = min{z i Z hi;, 0} =0 = ﬁéﬂ);
i=1 i=1

(iii). dajy1) = 0and j + 1 = ig. Then 3711 (hfl — h4h) = 0. So
Jj+1 j+1

fAL%';-H) = min{z Wl ZhQZ,O} = min{z hi Z s, 0} = iLg‘(j+1). [
i=1 i=1

Optimization Problem for the Two-sample Case
Consider a general nonlinear optimization problem with inequality constraint
minimize f(6)
subjectto g;(0) <0, j =1,2,...,m,
for @ € R™. Define the Lagrangian as

Lagr(6,\) +Z)\]g]

For continuously differentiable functions f and g;, Karush (1939) and Kuhn & Tucker (1951)
independently derived the necessary conditions at the solution 8*. Assume the existence of La-
grange multipliers A* € R™, then at the solution 8*, the following conditions must be satisfied:

+Z/\ 5'g] i=1,....n

9i(0") <0,i=1,....,m
Agi(0)=0,i=1,....,m
Ar>0,i=1,...,m
These conditions, known as KKT conditions, also constitute sufficient conditions if f(6) and
gi(0) are also convex functions. For more details, see Snyman (2005).

In the two-sample problem, we maximize the log likelihood (2) squect to a stochastic or-
dering constraint. As seen in Theorem 3 and Algorithm 2, we estimate hg; fori < mg, g = 1,2,
since for i > my, there is no data available in population g. Further, if we set hq; = 0 for all
1 > m and hg; = —oo for all ¢ > meg, the stochastic ordering constraint is automatically satis-
fied given Z;n:l(lej — ﬁgj) > 0 for all 4 > m’. So the log likelihood (2) can be maximized
separately for i < m’ and ¢ > m/. Like the KM estimator, the log likelihood is maximized
by hgi =log(1 — dg;/ngi), m" +1 <i < mg. So in Lemma 3, we only consider maximizing
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Zf]:l s {dgilog (1 — €"9) + (ng; — dgi) hg; } under the stochastic ordering constraint.

Lemma 3. The result {ﬁgi,g =1,2,i=1,...,mg} from Theorem 3 and Algorithm 2 is the

solution of maximizing the log likelihood (2) under stochastic ordering constraint Z;Zl (haj —
hlj) S O,i: 1,...,m’, andhli,hgi S O,i: 1,...,mg.

Proof. The optimization problem here is:
2 m
minimize — Z Z {dgilog (1 - ehg") + (ngi — dgi) hgi} @)
g=11i=1
gi(ha,ho) = 375, (haj — ) <0
subject to { g/ ii(h1,he) = ho; <0

Gom'+i(h1,ha) = h1; <0
and the corresponding Lagrangian is

m’ 3m/’
Lagr(hl, h27 Z Z {dquOg 1 —€ q7) (ngi - dqz) hqz} + Z /\jgj(h‘17 h2)
g=1i=1 j=1
Thus the KKT conditions are:
dyje
1_ eﬁlt nlz - dlz Z z+2m’ =0 (8a)
do; hai m « o
2 (no; —dai) + > Aj+Xigmr =0 (8b)
1 — eh2i =
Z —h1;) <0 (8¢)
;\i (iLQj — ]A”Llj) =0 (8d)
j=1
Ais Mitmss Aipams > 0 (8e)
h1i <0,hg; <0 (81)
5\i+mil2i = (82)
Nivamhi; =0 (8h)
We define /A\l 5\i+m/ and 5\i+2m/, 1=1,---,m’ as follows :
kr, ifi =1p
Ni=kg—kp ifi=ip 0=1,...,L—1 )
0 otherwise
0 if do; > 0,
Nigm: = A ngi — ke ifdo; =0andip_q <i<igp, £=1,...,L (10)
no; ifdo; =0and i > ip,

The Canadian Journal of Statistics/ La revue canadienne de statistique DOL:



2011 7

~ 0 ifdy; >0
Aiyom: = e an
ni; + 2]21 )\J lf dli = 0

Conditions (8c) and (8f) are satisfied by Algorithm 2. Condition (8e) is also satisfied since
ki >--->kr >0 (Lemma 1 (e)) and k; < ng;, < ng; (Lemma 1 (b)) if 7,1 <7 <4y Al-
gorithm 2 always gives hi; = 0 if di; =0 and Ajj2py = 0 if dy; > 0 from (11), so condi-
tion (8h) is satisfied. If da; =0, he; < 0 only when ¢ =i, for some ¢ and k;, = ng;,. So
in this case, At =0 from (10), which can lead to (8g). From (9), A; # 0 when i = iy.
However, Z hzj hlj) = 0, so condition (8d) is also satisfied. From (9), we also know
that Zj:i )\j =k, and Z;nzll j\j =0if 4 > ir. If d1; = 0, then the condition (8a) is —nq; —
Z;n:i 5\]- + 5\i+2m/ = 0, which is satisfied with definition of 5\i+2m/ in (11). If dy; > 0, then
5\i+2m/ = 0 from (11), so the condition (8a) is also satisfied. Similarly, the condition (8b) is
satisfied.

All KKT conditions are satisfied at the solution from Algorithm 2, and (7) reaches the global
minimum since the optimization function and all constraints are convex. H

Lemma 4. From Theorem 3 and Algorithm 2, {hy;,i =1,...,m1} is the unique C-NPMLE of
hi; and {ha;,i =1,...,ma} is the unique MC-NPMLE of h; under the stochastic ordering
constraint.

Proof. In this proof we first remove some unnecessary stochastic ordering constraints; then we
show that k¢ = Z;” /\ are unique; last we discuss the uniqueness of the C-NPMLE of hy; and
the MC-NPMLE of hs;.
For any C-NPMLE, hy; = 0 if dy; = 0, because A ym: = ny; + Z )\ > 0ifi < ms. So
Z;zl(hgj hlj) < 0 for dy; = 0 will be automatically satisfied given ijl(th — hlj) <0
for dq; > 0 and ]A’Lli, ilgi <0.
Thus for d;; = 0, the condition (8d) is not necessary, or we can simply set A; = 0. Based on
this setting of \;, we show that &’ = doiss A, is unique.
Suppose k; is not unique, then we can find two sets of {k’} and {k’} from {);} and {)\;}
that satisfy the KKT conditions with corresponding solutions {/;} and {hg;}. Let i* = min(i :
k* # k*). Without loss of generality, assume k&* > k*" > 0. Then
i1
> " (haj = haj) = 0. (12)
j=1

Because \j«_; = k(1 — IN# = k=D kT S B0 BT = N > 0.

Let ¢ = min{i > i* : Z;—Zl(hg — h1) = 0,dy; > 0}. Then \; =0 for j =4*,...,7 from
condition (8d). So

A X X A X (13)
and A; g = ng; — k' > ny; — k' > 0 from condition (8b) if do; = 0,7 = i*,...,i. So
ho; =0 ifde; =0,i=1d",...,1 (14)
from condition (8g). Therefore,
i i*—1 i
Z(h2j — hyj) = Z haj — haj) + Z hoj — hyj) = Z(hgj hi;) (from (12))
j=1 Jj=1 j=i* j=i*
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= {log(1 — ds;/(ng; — k) —log(1 — dy;/(n1; + K)}  (from (14))
j=i

> Z {log(l — dgj/(’ngj — ]%J) — log(l — d1j/(n1j + ]%])} (from (13))

j=ir
i R A -1 . i A R
> (hay —hny) = Y (hay = hag) + D (hay — hny) = 0.
j=i* j=1 j=i*

which contradicts condition (8c). Thus ks unique and iLli is unique, because ﬁh» = log{l —
dyi/(ny; + k) }if dy; > 0and hy; = 0if dy; = 0.

Also iLQi = log{l — dgi/(ngi — :I;Il)} if dgi > 0, and iLQi =0if in =0 and IACZ < ng; (be-
cause ;\i+m/ = Nog; — ki > 0). Therefore, all C-NPMLEs may only differ from each other in
population 2 when do; = 0 and k* = no;.

If we sequentially set o = min(zll.:1 ﬁlj — Z;;ll ng, 0) if do; = 0 as in Theorem 3,
then Z;—:l fzgj is maximized. Because if Z;;ll ilgj is maximized, the maximum possible
value of Z;=1 ngj is min(zz;ll ﬁgj,Z;zl iLlj), which can be obtained by setting ho; =
min(Z;.:l illj — Z;;ll ile, 0) if do; = 0. Since R sequentially takes a unique value, the MC-
NPMLE is also unique. MW

The results of Theorem 1 (Theorem 2) can be directly obtained from Theorem 3 by treating
the sample size of stochastically smaller (larger) group goes to infinity and so the proofs are not
presented here. MW
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