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Abstract

We consider the effect of quantum interactions on Pauli-Fierz massive
gravity. With generic graviton cubic interactions, we observe that the 1-
loop counterterms do not conform to the tree level structure of Pauli-Fierz
action, resulting in the reappearance of the sixth mode ghost. Then to explore
the quantum effects to the full extent, we calculate the resummed graviton
propagator with an arbitrary interaction and analyze its complete structure,
from which a minimal condition for the absence of the ghost is obtained.

PACS numbers: 04.50.—h, 04.50.Kd, 04.60.—m

1. Introduction

As a first step to reconcile gravity and quantum physics, or to understand the quantum nature
of gravity, quantum corrections to general relativity (GR) have been extensively studied. The
works on induced gravity [1] can be considered as an approach to matter loop corrections
to Newton’s constant, whereas 1-loop corrections to the massless graviton propagator were
obtained for various types of fields: scalars [2], gauge bosons [3], fermions [4], and even
gravitons themselves [5].

On a different front of the gravitational research, the theory of massive gravity has been
an interesting topic for both theoretical and phenomenological reasons. On the theory side,
it has been studied how to deal with the classical pathologies of massive gravity, the most
famous one being the van Dam—Veltman—Zakharov (vDVZ) discontinuity [6]: adding a mass
term to the linearized Einstein—Hilbert action seems to be a natural way of giving mass to a
graviton. But doing so breaks the general coordinate invariance (GCI) of GR, so that a massive
theory ends up with more degrees of freedom (DOFs) than the massless one. Requiring that
none of these extra DOFs have any pathology, one is forced to choose Pauli-Fierz (PF) theory
[7]. Then the coupling of the extra scalar DOF to the sources remains finite even in the limit
of vanishing graviton mass. That is, no matter how small the graviton mass is, the massive
theory is finitely different from the massless one.
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To elucidate, let us look at the linearized massive gravity action with a generic mass term
in a flat 4D background:
4 op B 1 o LV 1 o o mi’ v 2
Smg.a= [ d"x| dh*" dph), — Eaah,wa "+ Eaaha h — 0,h"*0,,h — T(h hyy —ah®)g,

(D
with h = n*"h,,, and n,, = diag(—1, 1, 1, 1). The corresponding tree level propagator is
o _ ! <_I_1+I_2>+ i L —! LI )
mg.a 24 m2 24 m2 da—1 ’
k> +m3 2 2 k*+m3 6 k2+2(17a)m§ 6
——
H2 HO, HO,

where the I;’s are a complete set of tensor bases with four indicies, whose definitions will
be given in section 2. The propagator has a GR-like helicity-2 pole(H2) and two helicity-0
ones(HO0; and HO0,), while - - - is terms that vanish upon contraction with conserved sources.
In the mg; — 0 limit, (2) becomes k’—, ( — 17‘ + 172) +- - -, which is the same as the massless graviton
propagator of GR, and hence we do not have any discontinuity problem. But unfortunately
(1) has a ghost DOF; (2) shows that H0, has a negative coupling. In fact, it is this ghost that

cancels the other scalar in the massless limit, allowing a smooth transition to the massless

theory.
By choosing a = 1 the ghost mode decouples because its mass diverges, and we obtain
PF theory:
i I 1 1
PO — ! I N DL B 3)
¢ kK2 +m? 2 2 k2 +m2 6

But then HO0; survives the m, — 0 limit, creating an untraversable gap between the massive
and the massless theories. How or if we can remove this discontinuity has been an active
subject of research [8, 9].

The phenomenological reason to study massive gravity is a possibility of solving (a part
of) the cosmological constant(A) problem by modifying gravity at large distances. Among
many proposed solutions to the A problem, the infrared(IR) modification of gravity is the
idea that gravity behaves differently at large distance scales compared to short distances.
Let us assume that by some mechanism, e.g., [10], we succeed in achieving vanishing A.
The next step is to reconcile our zero A with the small but non-zero A calculated from the
observational data. The ‘observed’ A [11] is obtained with the assumption that GR holds
at all scales. Then we can imagine that if the characteristic of the ‘real’ gravity is different
from that of GR, interpreting the data with the right gravity may give an explanation to the
accelerated expansion of the Universe without A. But this idea gets severely constrained by
experiments and observations which confirm the validity of GR from mm to the solar system
scale. Therefore, the desired modification of gravity should be consistent with GR at short
distances, while getting weaker than GR at large distances in order to mimic A. PF theory
meets our demands in the IR, but fails to satisfy the short distance criterion because of the
vDVZ discontinuity.

While interesting enough already at the classical level, not much attention has been paid
to the quantum aspects of massive gravity theories. The simplest case where we might expect
to see some quantum effects is a real massive scalar field, ¢, minimally coupled to gravity:

1
So=3 / At/ =g (g" 0updup + m*¢?). @

By expanding it in M;l, using g,» = Nuv + Z/IL:_ with Mp the Planck mass, we can get the terms

describing the quantum interactions between ¢ and the graviton #,,. But as is well known
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[1, 12], the effective action obtained by integrating out ¢ (or any matter field in general) takes
the form of

fv/d“x«/_—g(A+aR+b1R2+b2RWR’”+---). (5)

Since this result is independent of the specifics of the gravity sector, it holds for massive
gravity as well as for GR. That is, PF theory gets no more unusual or unexpected contributions
from matter loops than GR does, which leads us to considering graviton loops in order to
see something interesting. Therefore, in this paper, we will explore what the combination
of ‘quantum effects’ and ‘massive gravity’ can offer, by investigating loop corrections to PF
theory from the graviton with a generic cubic interaction (section 2) and the graviton with an
arbitrary interaction (section 3).

2. Graviton loop corrections to PF

The tree level quadratic action of PF massive gravity in a flat background is

1 1 m’
Spr = /d4x [aahwaﬂhﬁ = 5l 0" + S0, h0h — 8 h" 9, — Tg(h‘”h,w - hz)}

2] @n)* 2 2

with A*" the Fourier transform of h™*¥, from which we obtain the tree level massive graviton
propagator,

1 [ d* ., | | R
h““{(k2+m§) (ILMW— 2 '“’)+ il —14,,W;Ap}h*f’, (6)

3 2 2m§ 3m§, 3mg

i I I . | Y ) . 215 ..
P(O) (_ 1,nviap " 2, )LV A0 " 3,V A0 4, v Ap " 5,/4v,kp> . (7)

I; is a complete set with which a symmetric second rank tensor can be expanded:

Lo = Mgy Lo uvine = Npatlop + Nuptons

L g = nuakokp + nupkoks + (<> v), ®)
Liyvine = Latjovsnp + a2 jvngs  Lat e = Nuwokankp,  Lag v = Kukomyy,

Is vp = kukokok,.

Hereafter, we omit spacetime indices on I; and P,,, for the sake of simplicity. Note that we
do not have to worry about fixing a gauge nor introducing Faddeev—Popov ghost, because the

general covariance is explicitly broken by the graviton mass terms. To (6), we add a generic
cubic interaction:

2
A m
4 8 3
Sint = /d X G531 2t I AR+ BR b+ y ), ©
which gives a 3-graviton vertex:
3 i om
Vg = _W M (O”’Mlvz Noypa Moaps + :377#1/12 Nopwa Msvs ¥V Npwgo Mpovs Mz vs

+ symmetrization in pv + permutation in 123). (10)

With the necessary building blocks ready, let us calculate loops. The details are given in
appendix A. The first is the tadpole:

Q 1 _Sikmg 3o +4 fini 11
W=—————= + w t te,
c 1927T2MP( o +4p)n, nite (11)
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which is non-zero for a generic choice of the interaction, and therefore would imply that we
have chosen the wrong background. But we can use the freedom of choosing «, 8 and y, and

renders (11) to vanish. With this choice, vertex (10) becomes

mZ
V) = ik i (@l — ak + Sy, (1

where Ji(2, 3 is the symmetrization and permutation of 7., v, M, 1 Mvases (Mper 1o Moy v My »

Mo Mpavy Masvs)-
Without the tadpole, the only 1-loop contribution to the 2-point function is

A 1 Si)hzmg’ 2 2 2 2 2
v = T {7k = m3) 1y — (5k* — 2m )1, + 1815 — 18}

k4
+0 (—2> + finite. (14)
M
We can immediately see that it does not conform to (6). Reconstructing the full counterterms
out of (14) reveals the trouble it causes:

W Tk — mi)Ly — (5k* — 2mg)Ty + 1815 — 1814}
= 70,h0%h — 1003h,0, 0 R +T20,h 05 hP — 363,078, h — m2(4h"h,,, — h?)
= —33(h0) 4 (1

As shown in [8] using the Arnowitt—-Deser—Misner-decomposed version of (6),

A 1 o1
SpF = /d4x {T[Uhij — (7Tl~2j — 577.’5») +2h0i8jn” + EhOO(aizhii — 8i8jhij) +3R|h2
my
4

— —£(h}; — hi; — 2hoi” + 2hoohi;) } (16)
with 7;; being the conjugate momentum to h;; and * R being the curvature scalar constructed
with h;;, PF theory comes to have five healthy DOFs because among the 10 DOFs of A,
hoo and h; are non-dynamical, and furthermore the action is linear in Ay That is, being
a Lagrange multiplier, /oo provides a constraint to eliminate another DOF, the sixth ghost
mode. What we see from (15) is that quantum effects remove such a feature, incurring the
reappearance of the ghost DOF.
A similar outcome is obtained with the 3-point function:

wv
- L 50me 2 130, — Lasa + 32500 + (11 + 16903
=« aJ; — =(35a + + (1o +
@ € 44236872 M}, { 13 I+ V) 3}
SoR%) w3

+ terms with external momenta + finite. a7

No nontrivial choice of @ and y can make (17) conform to the tree level vertex (13).
If we interpret terms with derivatives in (6) as 2M ,234/—gR| e With g =m0 +

Mp®
might well have to consider derivative interactions such as 2M 12,4 /—8R | ,s as well as (9). The
case of a more general interaction including the cubic and quartic expansion of \/—gR is

analyzed in appendix B with the same conclusion.

we
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3. Resummed graviton propagator

We just saw the breakdown of PF theory at the quantum level. But since we tried only one
type of interaction, it is still possible that the situation gets better for different types of well
designed interactions. To explore the full capability of quantum effect, let us perform a general
analysis independent of the details of the interactions.

No matter what the interaction is, the one particle irreducible diagram (1PI), IT, for the
2-point function may be written as

5
M, = Y b0, (18)
j=1

because I; is a complete basis. In the previous section, we concentrated only on O(k?) part of
IT, but of course there are pieces of O(k*) and higher. Being generically nonrenormalizable,
the tree level PF theory cannot handle the divergences of higher powers of k. Here we take the
idea of [13] and treat the massive gravity as an effective field theory (EFT). That is, we assume
the tree level PF action gets complemented by EFT terms, which can absorb divergences
from the loops. But regardless of the EFT treatment, O(k”) and O(k?) divergences must be
absorbed by the bare theory. Then, the very first requirement for our interaction is

O(ko) and (’)(kz) divergences of 1PI for the 2-point function

conform to the tree level PF action. (19)
From here on, it is understood that b;’s are the finite parts of the quantum corrections with the

divergences taken care of.
To obtain the resummed graviton propagator

ng=P£32+P’S?3.H.P$§+PS2.(H.Pfr?z)2+...’ (20)
we need to find (IT - Pf,?;)" as a function of n. By writing

m-PD =3 nl;, 1)
and then

(PO =50, =5 - Y el L, (22)
i i J

we can obtain the recurrence relations between ai(") and a}"”). Explicit solutions for ai(") are

given in appendix C, and the resummed propagator is

P, = B0+ 3 PO (1. pO)"™!

n=0
i I, + i I, ,b5k4 +2(2b3 + b4)k2 +b+2b I
= — — —_— —l —
K2+m2+2by 3 K2+m2+2b, 2 (k) 3
+ (13 + I4 + 15), (23)

where
dy (k) = 2bsk® — (4by +2by — 3m3)(2by + m )
+ (8D + b4(4 + 3bs) — bs(3by +2by) + 2bsm’ Jk*
+{2b1 (1 = 6b3) +4by(1 — 2b3 — by) +2(4bs — by)m; k. (24)
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Comparing the first two terms of (23) with the tree level propagator, (7), we can immediately
see that the tree level theory gets renormalized by b,, which is a progress over the 1-loop
analysis where it was not clear which counterterm renormalized what. Next, by rewriting (23)
as

1 I] Iz l I] —1 I]
P,=——|—-——+—=|+ — + _
¢ k2+m§+2b2 2 2 k2+m§+2b26 K2+ M2 6
+(I3 +I4+IS), (25)
with
X 1
M? =
2{b5k4 + 2(2b3 + b4)k2 + b1 + 2b2}
— 2{6b1b3 +2b5(2b3 + by) — m}(4bs — by) }i°
— (4b1 +2b, — 3m3) (2by + m})], (26)

we note that (25) takes the same form as the tree level non-PF propagator, (2), implying that a
generic interaction revives the ghost sixth mode. But (23) shows how to avoid this pathology;
the ghost pole can be removed if

bsk* +2(2bs + by)k> + by +2b, = 0. 27)

Therefore, in order to be quantum-safe, 1PI from a desirable interaction should satisfy at least
(19) and (27).

({367 — bs(3b1 +2b, — 2m ) }i*

4. Discussion

Through straightforward loop calculations and the analysis on the propagator, we showed
that although loop corrections from a quantum interaction may spoil PF massive gravity by
reviving the sixth mode ghost, we may still be able to have a healthy theory by requiring the
allowed interactions to satisfy appropriate conditions.

Then the next task would be to find the right interactions. For this purpose, understanding
why the cubic interaction of section 2 failed would be useful. In fact, the results of section 2
should not be surprising, once we realize that in PF the elimination of the sixth mode is
achieved by an onshell symmetry. To identify this symmetry, we start with action, (1), with a
generic mass term. The equation of motion for the graviton, 4, with a source, 7, is

Ty = 8%y — 100 0°h — 0,040 — 8,06 h%, + 0,001 + 1,1, 040ph“? — m (hy, — anyyh).
(28)
On the RHS, terms with derivatives come from the Einstein tensor, and the Bianchi identity

guarantees that their contraction with 0 vanishes. Then for a conserved source, i.e.
0#T,, = 0, we get the following onshell constraint:

0=0"h,, —adh. 29)
Next we vary (1) under the infinitesimal coordinate transformation, x — x + & or

huv = Ry, = hyy + 9,6, + 0,€,. Again, terms with derivatives are ./—gR]h2 and therefore
invariant. A remainder of the variation of the mass term is

88, = m; f d*xEY (3" h,,, — adyh). (30)

Then a generic massive gravity seems to have GCI if constraint (29) is imposed. Of course
this is not true, because we have yet to take into account that the transformed field should also
satisfy (29), i.e.

0=9"h, —ad,h’' = (1 —2a)3,3,6" + 8°¢,. 31)
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Decomposing £ into a transverse vector £ and a longitudinal scalar o such that &, = ég +0,0,
(31) becomes

3T +2(1 — a)d,8%°0 = 0. (32)

Thus, we end up with &7 = 0 and for @ # 1 o should also vanish: Non-PF action has no
symmetry. But when a = 1, which is the case of PF theory, (32) can be satisfied with a
nontrivial o, and PF theory has a residual symmetry parametrized by £, = 9d,,0. Since this
symmetry works under the onshell constraint (29), it may not be preserved when we go offshell
in the loop calculations.

Therefore, further efforts to find a quantum-safe theory of massive gravity can be directed
in two different ways.

(i) We may try to construct a nonlinear completion of PF where the sixth mode is removed
by a full symmetry.

(ii) We can attempt to directly find a quantum interaction whose 1PI satisfies e.g., (19) and
7.

With various versions [14] of the completion of PF already at hand, it would be
straightforward to pursue (i), which in the end might lead us to the right interaction sought
after in (ii).
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Appendix A. Graviton loops

All the 1-loop diagrams constructed with the 3-graviton vertex Vg(3) (10) are drawn in
figure Al. Evaluating them is straightforward but laborious and tedious. The tadpole diagram,

dp Loy . ©
@ = | S5V, 7 @B avis mav) P v (1),

meﬁn dp 1 3a+(d+2)p+3dy ,
M, @)l p2+m§ 9m§d p
N Bd+Da+d>—d+4HB —2(d—-3)dy { p* +1
6 méd 2
1 Si)»mg )
= —gm(3a + 4,3)77;“) + finite, (A.1)

fixes B = —%Ol. Then

d*p
(b) = / ) Ve (v; pavis 1av) P i (PIVE Gups tav2; 10303) P vy (p 4+ 5)

22m? dir ! 1
=—7n d/ dx 2
My 2m)* Jo {12+m§ +x(1 —x)kz}

702 + 320y — 128y 2 4
@ roay V(= 2x(1l — i + @ @r AV )
576m2 8
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()
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[7]
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f; *0, ”%w
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)
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e\ P, " uzvy

P+p,
(c)

Figure Al. Graviton 1-loops.
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(25 = 58x(1 — x))a? — 32(5 — 7x(1 — x))ay +128(5 — 9x (1 — Jc)))/3 2
1152m§

+
L2y +4)/)> I
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2 (5 16x(1 — 2
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8 16m§, 192m§
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kZ
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2 (1+22x(1 — 2
PO (A0 ) % 01— 50k — )
18 64m? 576m?

(71 — 230x (1 — x))a? — 64(1 — 10x(1 — x))ay } #
+ L) —

1728m82, m;‘

. 65(1 — 2x)%a? — 64(11 — 45x(1 — x))ay +768(3 — 10x(1 — )c)))/3k2
6912m§

S5a% — 32ay + 128y2> I
1

576
o {7+20x(1 —x) o?
+— | —— 1)L — ——— (19— 60x(1 — x)I
96( 72m?2 >~ 3456m2 ¢ =k
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3456m? P me
2_24 96y )1, + o1, I8
(o ay +96y )l +a 2 DL oaty
864 m®
o? 5ik2m§ 2
= ———E (7> —m®); — (5k* = 2m3)L, + 1813 — 181, § + O | — | + finite,
¢ 13824n2M,2,{( el = ( )l + 181 — 181, mz) T

(A2)

d*p
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2mg ng 18mg
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36m? 324m? 108m?8
g g g
503 970’ — 4160’y | S3o® —496a’y +2304ary’ — 6144y3J 10
72m10"" 648ml0 216m 10 ’
o? 303 — 1602y o + 480’y — 576ay? +1536y° 12
Yl 12 2t 12 J3 )1
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+ terms with p; and p,



Class. Quantum Grav. 28 (2011) 105012 M Park

_ Sikmg {13 J L350 + 32 D+ (la+16 J}
=—— - = + + +
€ 44236872M; ol =3 Gsa 32l + (e oy)ds

+ terms with p; and p, + finite. (A.3)

Note that in the second equality of (A.3), instead of (I* + mé)_3 there should have been
{P+m3 +x(1—x)pt +y(1 — y)p3 — 2xyp: - pg}_3 with the appropriate integrations over
the Feynman parameters x and y. But here we are only interested in the contribution in the

form of the tree level 3-point vertex, and take the shortcut of ignoring any dependence on the
external momenta p; and p,.

Appendix B. Graviton loops with a more general interaction

An interaction more general than (9) may contain derivatives, and a reasonable way to introduce
such interactions is to expand ,/—g R to higher orders in 4. That is, we now investigate

Sm, = Ser +2M} / d*x i[«/—gR]lh»* + [V =g Rl

2

8 V0o v 3
— —————(x1h"*h°h° + x2h,, h" h + x3h
4(2!)33!M;(1 vl A )

m?

_ 8
4 4
42H)*4IM,
hHvL pr2va [ R3V3
4 3
= SPF +/d X ( MP V; )M1V1§M2V2:M3V3
hMlVIhMZVZhM3V3hM4V4
v ) (B.1)
MZ g  MIVIsH2V2 [43V3 gV ) - .
P

vieu

(VihERL RS, + ya(huh™)? + ysht L hGh + yahy ' B> + y5h4)}

+

Now that M ;1 plays the role of the coupling, we need the cubic and quartic vertices in order to
get loops 0f(9(M;2). N R|h3 and \/—g R|h4 are O(h*) and O(h*) parts of ./—g R, whose
explicit form can be found at, e.g., [15], and then we obtain Vg(3) and Vg(“) straightforwardly.

To find loop corrections to Spg, we path-integrate over ki, while O(4?) and Oh*) terms
provide quantum interactions:

Z[J] = /Dh exp |:i (Smg +/d4x1“”h,w)]
iV(3) 53 V(4) 34
— Nexpli [ d*z [ =2 M
P [‘/ ‘ ( Mp 517 " M 8T

X exp [% f d4xd4yJ(x)(—iI~’f1?;(x — y))J(y)i| , (B.2)

©0) i5 the inverse Fourier transform of the tree level

where N is a normalization constant and P,

PF graviton propagator, (7). With

135,?: =, i/d“xj(x)(—iﬁf,?:(x —y)) = x3An, (B.3)

10
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szv\x + 6 _
X
)

l\J\H

+18 x\,\{}w (B.4)
~—~—

(b) (c) (d)

where (a) ~ (d) are the loop parts of corresponding diagrams. The linear tadpole, (a), is

CL

Sim4
(a) = 768—( 2+ 3x1 +4x2)nqp + finite. (B.5)
In order not to have a tadpole, we have to fix x, = 2*43)“ , which in turn makes (c¢) vanish. The

rest of the loops are
2

by=——35 _ {(18k> + (4y; — 4y, +27y3 + 36 1
(b) 138247{2M%e{( (4y1 — 4y +27y3 + 36y)m )Ly
— (9% — (9 + 19y, +44y,)m;)L; + 915 — 1814} + finite, (B.6)
2
d)=——5  {((600+312x; + 63x2)k> — (376 — 348x; + 9x?)m?)I
@ = 5006567z | K1+ 63K~ Ko+ 9 )m

— ((272 + 456x, +45x7)k* — 2(376 — 348x; + 9x7)m;, )
k4

+ 18(28 +4x; +9x )I3 — (428 +102x; + 81x )14} +0 (M ) + finite. (B.7)

P

Applying 8%/(i8J*V)(i8 J**) to (B.4) gives the 1-loop correction to the 2-point 1PI:

12(b) — 18(d) = [{3(376 — 104x; — 21x7)k*

_"Ts
11059272 M %€

— (348x) — 9x] — 8(47 + 48y, — 48y, + 324y; +432y4))m; 11

— {(592 — 456x; — 45x7)k> — 2(56 + 348x; — 9x7 + 912y, +2112y,)m] I

4
+ 18(20 — 4x; — 9x])I; — 2(436 — 102x; — 81x])L] + O (A]; > + finite.
P
(B.8)
Then,
h*{12(b) — 18(a) }i*
oc {9(k%)*(40 — 81x; +33x7) — (k')*(56 — 600x; — 27x7) + - - hoo” + -+, (B.9)

which does not vanish for any x;.

Appendix C. Summing up 1PI’s

First of all, we need to know various contractions between I;’s, which are worked out in
table C1. Here tensors on the leftmost column with (¢f8; nv) index structure are multiplied
into those on the top row with (uv; Ap), and Iy = negk,k, or n,.kik,, Lo = kykgn,, or
k. kyny,. A graviton self energy, I1,g.5,, has the general form of

5
=Y bk (C.D
j=I
because I's are a complete basis.

11
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Table C1. Tensor multiplication table.
I, I, I; Ly L Is
I, 41, 21, 41, 414, k1, k214
L 21, 2L, 2L ) ) 9 21,
| B 414, 21 21 + 81s 4l 4k°Ly, 4k
L, K, 214 4k, Kl k' k*Lyy
Ly, 41y 2l 415 415 kL, KI5
Is KLy, 215 4115 KI5 kL, ks
C.1. GR
Let us look at the case of GR first. To do the summation
P=PO+P?.11.PO+P?. (1. PD)*+..., (C2)
with the graviton propagator in the de Donger gauge,
] I, I,
P(O) — [ — s C3
k2 2 2 €3
we should find the n-dependence of (IT - P®)". Using table C1, we get
II. PO — Z rl;, (C4)
i
with
b1+ by + by by b3
ro= —, In=——, r=—-——,
! k2 20 P TR TR
by 2bs +by  bs bs
rg=—=, Ip=—>5—+—, Is=——. C.5
41 2 42 k2 ) 5 2 (€.5)
Then, by writing
-1
(H P(O))n+1 Z (Vl)I — Z rl Za;n )Ij’ (C6)
we obtain the recurrence relations between a ) and a("+1)

("+1) = @r; +2r + rak? )a + 2r1a(") +(r + r4|k2)k2af£), (C.7)
a"*"Y =2ra"”, (C.8)
al"™P =210l +2(ry + r3k¥al”, (C.9)
af(l”l) = 2?‘416151) +4(I"1 +r41k2)a +(4r1 +2r2+r41k )a41 +(}’1 +r41k2)k2a(") (CIO)

alth = (4ry + 4rg +rsk®)al + 2rpal” + Qry + (4r3 + rip + rskHk?)aly, (C.11)

é'm) = 2r;s a(”) +4Q2r3 + 140 + r5k2)a(")

+ (47‘3 + 4r42 + r5k2)a(n) + (21’2 + (47‘3 +rqp + r5k2)k2)a(”). (C12)

(C.8) and (C.9) are trivial to solve. With aé") and agn) determined, the remaining equations
are grouped into two sets of coupled equations: (C.7) and (C.11) and (C.10) and (C.12). Each

12
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of these sets can be solved in the same way as solving the Fibonacci sequence. The complete
answer is rather lengthy:

Y™ —y iy (2r2 +2r3k*)"! — (2r)""!

1
(n) (n) n+l (n)
a Ve — 7 Gy = 5(272) * , a3 = 212 s
(n) 7/+X@ - J/fXJ(rn) (n) Yin) - Yin) (n) XJ(rn) - X@
Ay =———"—, Qp =—"—, a5 = —7"—, (C.13)
Vi — V- Ve — V- Ve — V-
where
—ay + oy, £ /(o) —ab)? +4alan
ye = 12y — =, (C.14)
20
ol — (2ry)" ol —2r+ 2r3k%)"
X" = (ra + " £ , C.15
+ = (ra1 +yars)ol + pix or =2 P r 1 2k (C.15)
. " ol — 2r)"
Yj([) = (r1 + y+rp)ol + pr——— (C.16)
o4 — 27‘2
with
o) =4r| +2r +rak®,  ar = (r) +ra kK>,
Ol; =4r3+4r42+r5k2, (x§=2r2+(4r3 +r42+r5k2)k2,
) +ab £ /(o) —ab)? +4a’ay
o+ = S 5 2 L2 o =2r(r1 + yars), (C.17)
2
Ple = —2ry 1 T4 + Yals + p(rl +y+(2r3+7r4)) ¢,
2 2 2
px =4 (ﬁ + 7’3) {r1 +r41k” + Y2 2r3 + rap +75k7)}.
Then,
P(O) . (H A P(O))n+1
i P2 —ol) @y =K p_(2'f —0")Qy. — k)
2y — yo)k? 2y — 0y 2r —o_
—2r)"™ (s — ) + VL 1+ 1y Q- — k) — ¥ (1 +raay) Qys — kD) I
1
+—C2rn)"L + (15, L, Is). (C.18)

2k?
As this is merely a geometric series, summing them up is straightforward. Plugging (C.14)
and (C.17), we finally get

o0
P=P"+) PO ar. POy

n=0
i I i L 2bsk*+ (1 +8bs+4by)k® +2(by +2by) I
= - - t - —1 _+(I31 141 15)7
k2+2by, 3 k2+2b, 2 d (k) 3
(C.19)
with
d(k) = bsk® + {2 + 4by — 2b4(2 — 3bs) — 2bs(3b +2by) }ik*
— 8{b1(1 +3b3) + by(2b3 + by) }k* — 8b,(2b; + by). (C.20)

13
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Since GR has a full GCL, II should be invariant under A, — h},, = hyy + 9,8, + 3,6, i.e.

8
0= /d“x{n(h;w) —M(h,)} = —2/d4xgﬂavwn
j7AY

= 0= (b +k*ba)k,hi + 2(by + k2b3)k, h? + (2b3 + by + k>bs )k, k; h , 1", (C.21)
which gives

bi+k*bys =0, by+k*b3 =0, 2bs+bs+k’bs=0, (C.22)
and (C.19) turns into
p_ | —k* + by LB by by +2b, L 21

T k2+2by |2k2 —3b; —2by ' 2 KV R2QK2—3b, —2b) \ ' k2]
(C.23)

In GR, the forms of the quadratic action and the corresponding propagator can vary as we
change the gauge choice, so that a difference between the resummed propagator and the tree
level one may not be a problem as long as there is a general coordinate transformation that
connects them.

C.2. PF

For PF theory, we can follow the same steps as those of the GR case. The differences are that
there is no Ward identity here and that we use P’ instead of P, which changes (C.5) into

b N 2b, N byk? by by b3
r=-— , R=————\ = — —
! 3m§ 3(k2 + mg,) 3m§ 2 k2 + m§ } mﬁ (k2 + mﬁ) méz,
261, 2b, by (2k* +3m?)
rqg) = —— - )
3m} 3m?2 (k% + mg) 3m
2b, 4bs by bsk?
Fgp = ———— b —— (C.24)
3m2 (k> + mg,) 3m2  3mZ  3m?
4b, 8by  2by  bs(2k* +3m3)
e— — 2 o7 S PV T8
T 3md(@+m2) 3md o 3md 3m?
Then, the resummed PF graviton propagator is
[o¢]
o 0 © 0) n+l
P, =P+ PO . (II-PY)
n=0
. 1 b5k4 + 2(2b3 + b4)k2 + b] + 2b2 I] i 12
=—1 + ~t o5
k2 + m§ +2b, dp (k) 3 k24 m§ +2b, 2
i 1 1 inmg(k)
T \Ramiian e emia2b ) B @m0y a0
+m?2 +2b, 3k? +m2 +2b) (k2 +m?2 +2by)d, (k)
N i 2 6
34 | k2 + m§ +2b,  2bs3k? + m§ +2b,
bsk* — (6 — 4b3 — 8by)k* + 16b, + 8b, — 12m?
_bs 3 4) 1+ 8Dy el (C.25)
dy (k)
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where
Ay, (k) = 2bsk® + (8b3 + by(4 + 3by) — bs(3by + 2by) + 2bsm ) k*
+ (2b1(1 — 6b3) + 4by (1 — 2b3 — by) +2(4bs — by)m?)k*
— (4by +2by — 3m3)(2by + m3), (C.26)

N, (k) = bsk* + (4bs + 3by + by — bibs + bsm?,)k* + by (2 — 4bs)
+2by(1+by) — (1 — 4b3 — by)m. (C.27)
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